Class. Quantum Grawi4 (1997) 1347-1356. Printed in the UK PIl: S0264-9381(97)80027-5

Maxwell’s theory on a post-Riemannian spacetime and the
equivalence principle

Roland A Puntigam, Clausdmmerzahi and Friedrich W Hehl
Institute for Theoretical Physics, University of Cologne, D-50923rK Germany

Received 2 December 1996

Abstract. The form of Maxwell’s theory is well known in the framework of general relativity,

a fact that is related to the applicability of the principle of equivalence to electromagnetic
phenomena. We pose the question whether this form changes if torsion and/or non-metricity
fields are allowed for in spacetime. Starting from the conservation laws of electric charge and
magnetic flux, we recognize that the Maxwell equations themselves remain the same, but the
constitutive law must depend on the metric and, additionally, may depend on quantities related
to torsion and/or non-metricity. We illustrate our results by putting an electric charge on top
of a spherically symmetric exact solution of the metric-affine gauge theory of gravity (which
indicates torsion and non-metricity). All this is compared to the recent results of Vandyck.

PACS numbers: 0440N, 0450, 0420J, 0350D, 0350K

1. Introduction

It was Minkowski, in 1908, who formulated Maxwell’s theory in a four-dimensional
flat pseudo-Euclidean spacetime, Minkowski's special-relativistic ‘world’. The next step,
generalizing Maxwell’s theory ifgravity can no longer be neglected, was performed by
Einstein and Grossmann in 1913. They ‘lifted’ Maxwell’s theory to a four-dimensional
pseudo-Riemannian spacetime. This amounted to a successful application of the equivalence
principle to Maxwell’s theory. Not too much later, after the creation of general relativity
theory, Einstein [1] reformulated Maxwell's theory such that it became apparent that the
basic structure of Maxwell’s theory, namely the field equations, remains intact even when a
metric is not used. Later Kottler [2], E Cartan [3], van Dantzig [4] and others put forward
the so-called metric-free formulation of electrodynamics; see Post [5, 6] and Schouten [7].
It was recognized in this general framework that Maxwell's equations can be understood as
arising from the conservation laws efectric chargeand magnetic flux see Truesdell and
Toupin [8].

These conservation laws can be reduceddanting statementssince electric charge
comes in quantized portions of elementary charges (or rather as one thirds of them) and
magnetic flux can also exist, in superconducting media, in a quantized form, the flux
quantum or fluxoidi/(2¢), as was already predicted (up to a factor 2) by F London [9]. Thus
it is obvious that the formulation of these laws only requires a four-dimensiliffi@ientiable
manifold and the possibility of a foliation of it into three-dimensional hypersurfaces. The
constitutive lawsdo need a metric, in contrast to the Maxwellian field equations themselves,
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a point of view which has been repeatedly stressed by Post [6, 10]; see also Bamberg and
Sternberg [11]. AnypostRiemannian geometry, that is, any spacetime geometry which
has more geometrical field variables (‘gravitational fields’) than the metric, is irrelevant to
the Maxwell equations. In particular, neither torsion nor non-metricity couple to it, a point
which has already been made by Begiral [12]. Only the constitutive law may depend in
a very restricted way on torsion and non-metricity structures.

In the Einstein—Cartan theory of gravity, spacetime carries an additiorsibn, and,
still more generally, in the framework of metric-affine gravity [13]nan-metricity enters
the geometrical arena of spacetime. What can we predict about Maxwell's theory under
these more exotic circumstances? Can we again apply the equivalence principle? Should
we write down Maxwell's equations in the Minkowski world in Cartesian coordinates and
replace the partial derivatives by covariant ones, or should we do that in the Lagrangian?
What type of coupling to gravity should we assume?

In particular, the application of the ‘comma goes to semicolon rule’ (see Misnal
[14]) creates difficulties for charge conservation if applied to the inhomogeneous Maxwell
equation in post-Riemannian spacetimes. Some test theory for the coupling of the Maxwell
equations to non-metric structures of spacetime has been investigated by Coley [15].

Vandyck has addressed these questions in a recent article [16]. We find his answers
not totally convincing. Therefore we will try to argue that the axiomatic formulation of
Maxwell’s theory, alluded to above, is sufficient for formulating Maxwell's theory in such
post-Riemannian spacetimes, including possibly torsion and non-metricity.

As a formalism we use exterior calculus, for our conventions see [13].

2. Electric charge conservation

Let us be given the odd (or twisted, see [17]) electric current 3-férnve assume that a
(1 + 3) foliation of spacetime holds locally. The different three-dimensional hypersurfaces
are labelled by a parameter We introduce a normal vectar such that: _1dr = 1. Then

we can decompose the current 3-form according to

J=p—jndr, (2.1)

where p is the charge density 3-form andthe electric current 2-form. As axiom 1 we
assume electric charge conservation (d denotes the four-dimensional exterior derivative):

Axiom 1 74 J={ dJ/=0. (2.2)
3V4 V4

Here V, is an arbitrary four-dimensional volume a@dd/, its three-dimensional boundary.
If this is assumed to be valid for all three-cycles= dV,, thenJ is exact [10, 18, 19]:

@3)

The electromagnetiexcitation G is an odd 2-form which decomposes as

G=D-HAdr. (2.4)
Therefore (2.3) is equivalent to the inhomogeneous Maxwell equations

dD =p (Gauss law), (2.5)

dH —-D= (Oersted—Ampre law); (2.6)

here d:= d — dr (n _Id)A is the three-dimensional exterior derivative, abd:= £,D is
defined via the Lie derivative, for details see [20] and references therein. Note that, up to
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now, only the differential structure of the spacetime was needed. The electric excitation
can be measured by means of Maxwellian double plates (see Pohl [21]) as charge per unit
area, the magnetic excitation by means of a small test coil, which compensatésfittld

to be measured, as current per unit length. In other words, the extensive quahtaies

H have an operational significance provided we know the characterizing properties of an
ideal conductor.

3. Lorentz force

From mechanics we take the notion of an even covector-valued force density 4:forim
the conventional manner, waefinethe electromagnetifield strengthF via axiom 2:
Axiom 2 fa=(eadF)AJ. (3.1)

From mechanics originates the notion &f, from axiom 1 the curreny, the e¢,’s denote
the frame. The even 2-forfi can be decomposed as

F =B+ EAdrt, (3.2)
that is, fora,b =1, 2, 3,
fo=—p(ea—E) — j A (ea—B) with fu =Fo AdT. (3.3)

Therefore the Lorentz force (3.3), via (3.2), yields an operational definition of the
electromagnetic field strength as a force field—and hence as an intensive quantity. Again
no metric nor connection is necessary for formulating axiom 2.

An alternative way of introducing™—again independent of the metric etc—is provided
by quantum interference measurements of Aharonov—Bohm type, yielding an observable
phase shif6y = (e/h) [,, F.

Now we have to impose some conditions on the newly defined field strgfigth

4. Magnetic flux conservation

The field strength¥ is a 2-form. Thus we can postulate the conservation of magnetic flux
as axiom 3:

Axiom 3 f F= | dF =0. (4.1)
V3 V3
By Stokes’ theorem and the arbitrariness of the two-cyeles 9Vs, we have

(4.2)

In the (1 4+ 3) decomposition this reads
dB=0 (magnetic field closed) (4.3)

dE+B=0 (Faraday law) (4.4)

Maxwell's equations are represented by (2.3) and (4.2) or, equivalently, by (2.5), (2.6),
(4.3) and (4.4). In this form, they are generally covariant, i.e. valid in arbitrary frames and
arbitrary coordinates. Moreover, neither the metric nor the torsion nor non-metricity take
part in this set-up. Therefore, if one starts from a four-dimensional differential manifold,
which admits a1+ 3) foliation, and introduces a metric and a connection, then the structure
of the Maxwell equations (2.3) and (4.2) is insensitive to it and dae#schange.
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We can argue similarly in the complementary situation: in a Minkowski space, we
formulate the Maxwell equations as above. Then they keep their form with respect to
an acceleratedframe. Consequently, switching aravity and requiring the equivalence
principle to be valid, the Maxwell equations must not change either. In spite of the
‘deformation’ of spacetime by means of gravity, the Maxwell equations remain ‘stable’.
Therefore, in this framework of deriving Maxwell's theory from electric charge and magnetic
flux conservation, the Maxwell equations stay the same in a Minkowskian, Riemannian or
post-Riemannian spacetime. No additional effort is needed in order to adapt the Maxwell
equations if a spacetime is considered with additional geometrical attributes. This is the
most straightforward application of the equivalence principle one can think of.

5. Constitutive law

So far, the Maxwell equations (2.3) and (4.2) represent an underdetermined system of
evolution equations foG and F. In order to reduce the number of independent variables,
we have to set up a relation betwe€nand F':

G =G(F). (5.1)
Special cases of this constitutive law are:
(i) Vacuum.The standard constitutive law for a vacuum is

G="F. (5.2)

On the right-hand side of (5.2), the fact@n/.0)Y/? has been absorbed for simplicity.
Here, by means of the Hodge star, the metric enters the Maxwell theory for the first
time. The appearance of the metric is necessary from a physical point of view in order
to get thelight cone as the characteristic surface of the evolution equations for the
Maxwellian field strengthF. The law (5.2) is valid in Minkowksi, Riemannian and
post-Riemannian spacetimes.

(iiy Axion. The constitutive law of the vacuum (5.2) relates the ordinary 2-férnwvia the
Hodge star (which is twisted), to the twisted 2-foh If we had a twisted O-forn®
(‘pseudo-scalar’) at our disposal, then we could supplement the right-hand side of the
vacuum law by the twisted terF:

G="F+0F=("+0)F. (5.3)
The exterior derivative of this equation, because Bf-d 0, turns out to be

dG =d*F+d9AF. (5.4)
Thus the inhomogeneous Maxwell equation, in termg pfeads

(d* + (dOA)F =T, with dJ =0. (5.5)

The ‘pseudo-scalar’ field is known in the literature as the hypothetical axion field,
see [22, 23]. Its possible implications for cosmology are discussed in [24]. The axion-
Maxwell interaction Lagrangian turns out to bed F A F = 0 d(F A A).

We can relate the axion field to the torsion of spacetime. The torgfoims an
ordinary 2-form. Its axial piece is proportional to the ordinary 3-fdfthA ¢,. The
dual of it is a twisted 1-formt(T* A ¥,). Therefore, with some constanf we can
make the identification

4 = c*(T A Oy) ., (5.6)
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which yields (Gasperini and de Sabbata [25], see also [26])
(d* +c*(T* AVIN)F = J. (5.7)

This equation describes the coupling of the inhomogeneous Maxwell equation to an
axial piece of the torsion. However, this interpretation is not compulsory. Incidentally,

(5.7) seems to represent the most general post-Riemannian coupling linéawimch

is compatible with charge conservation [27]; a piece with, e.g. the Weyl covector, is
excluded since it is an ordinary, not a twisted, form.

We recognize also in this example that there does not seem to exist a chance to
introduce other post-Riemannian structures in the axion—Maxwell equation (5.7) in an
ad hocway. We would like to stress that (5.7) is valid in a spacetime with arbitrary
metric and connection.

(iii) Born—Infeld. The nonlinear Born—Infeld theory [28] represents a classical generalization
of Maxwell’'s theory for accommodating stable solutions for the description of
‘electrons’. Its constitutive law reads (with a dimensionful paramgtethe so-called
maximal field strength, see also [29]):

G- *F—(1/2f% *(FAF)F
VI+A/f2) *(F A*F) = A/AFHF A PP
It leads to a nonlinear equation for the dynamical evolution of the field strefigths
a consequence, the characteristic surface, the light cone, depends on the field strength,
and the superposition principle for the electromagnetic field no longer holds.

(iv) Heisenberg—EulerQuantum electrodynamical vacuum corrections to Maxwell’s theory
can be accounted for by an effective constitutive law constructed by Heisenberg and
Euler [30]. To second order in the fine structure constarit is given by (see also [31])

402 702
45m* 45m*

wherem is the mass of the electron. Again, post-Riemannian structures do not interfere
here.

(5.8)

G=|:1+ *(F/\*F)}*F—i— *(FAF)F, (5.9)

6. Energy—momentum current of the electromagnetic field
For quantifying the gravitational effect of the electromagnetic field, we need its energy—
momentum current. The Lagrangian 4-form of Maxwell’s field reads

Lvax=—3F AG. (6.1)

The canonical energy—momentum current is computed from the Lagrangian 4-form (6.1)
and can be represented by the odd covector-valued 3-form

Ty = ey I Lmax + (ea 1 F) AG = 3[(ea JF) AG — (¢ 1G) A F]. (6.2)

This energy—momentum current will enter the right-hand side of the first field equation, as
we will see below.

7. An electric charge in Einstein—dilation—shear gravity

As a non-trivial example, let us consider the electromagnetic field in the framework of
the metric-affine gauge theory (MAG) of gravity [13], in particular its effect on an exact
solution of this theory [32], see also [33]. Similar solutions have been found by Tucker
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and Wang, see [34, 35]. The geometrical ingredients of MAG are the curvature 2-form
R, = %R,»jaﬁ dx’ A dx/, and, as post-Riemannian structures, the non-metricity 1-form
Q4 = Qiap dx' and the torsion 2-fornT* = %Tij“ dx’ A dx/. The simple toy model that

we want to consider is specified by a gravitational gauge Lagrangian, quadratic in curvature,
torsion and non-metricity, see [32],

1
Viil-sh = —oe (RP Anap =2+ BOA*Q+y T A*T) — 3o R A*RpP, (7.1)

coupled to the Maxwell Lagrangian (6.1) accordinglt@; = Vi.sh + Lmax- In (7.1) we
have introduced the Weyl covect® := Q,”/4 and the covector piece of the torsion
T := e, _1T®. Einstein’s gravitational constant is denoted«by= ¢2/(fic) (with the Planck
length ¢), and X is the cosmological constant. The coupling constant§, and y are
dimensionless.

Varying the coframe and the connection, we find the two relevant field equations of
MAG [13],

DH, — Ey = %, (7.2)
DH®s — E% = A%, (7.3)

referred to as théirst and thesecondfield equation, respectively, with D as the covariant
exterior derivative. In (7.2) and (7.3) we have the canonical energy—momentum and
hypermomentum currents of matt®, and A%, the gravitational gauge field momenta

9 Viil-sh 9 Viil-sh
o = — “gi=— , 7.4
AT P IR,P (7.4)
and the canonical energy—momentum and hypermomentum currents of the gauge fields
Ey = eq A Viish+ (e« I TP) A Hg + (eq ARgY) A HP |, + Z(e0 1 Qp,)MP7 (7.5)
Eaﬁz—ﬁa/\Hﬂ—Maﬂ. (76)
The gravitational gauge field momentun®? is coupled to the non-metricity:
d Viil-
MeB = —p Zdksh 7.7)
8Qaﬁ

We study only the behaviour of the electromagnetic field in the metric-affine framework.
Thus, for the matter currents in (7.2) and (7.3), we haye= =M cf (6.2), andA%s = 0.

The formalism of MAG, as outlined in the present section, is not limited to the simple
and very restricted Lagrangian (7.1); more general choices for the Lagrangian are possible.
It is our intention, however, not to look at MAG for its own interest, but to investigate
the behaviour of Maxwell's theory within a non-Riemannian spacetime. This was our
motivation for making the simplest possible choice of the metric-affine part of the Lagrangian
that still allows for propagating torsion and non-metricity, see Obulkdtoad [32].

8. Exact solution with spherical symmetry

The field equations (7.2) and (7.3), together with Maxwell's equations (2.3) and (4.2)—
assuming the constitutive law (5.2)—are approached as follows. The spherically symmetric
coframe

~ 1 ~ ~
0= fdr, ﬁ1=7dr, 02 =rdo, 93 =r singdg, (8.1)
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contains the O-formf = f(r) and is assumed to be orthonormal, i.e. the metric reads
1 .

ds? = 045 9 @ 0¥ = — f2dr® + 7 dr? + r?(do? + sinf 6 dg?) . (8.2)

The non-metricity 1-form is taken to contain only two irreducible pieces (see
[13, appendix B.1]),

Ous = @ 0up+ @ Qup.. (8.3)
namely the dilation (or Weyl) piec® Q.5 = Qg.s and a proper shear piece
@04 = §(Vwep) JA — 38upA) . with A=09%" _1g3,,. (8.9)

Furthermore, we allow only the covector pigé&® in the torsion 2-form:
T =97 =19 AT. (8.5)

Finally, we use a spherically symmetric electric (Coulomb) charge at the origin of the spatial
coordinates with the corresponding field strength

F=29in00 (8.6)
r

and we impose the constitutive law (5.2).
With these prescriptions and the ansatz

0 =u(r)o®, A = v(r) 90, T =1(r)9° (8.7)
for the 1-form triplet (Q, A, T), the solution is expressed by

f—\/ M Ar?  kq? Kk N2

and
N 38 N B+6 N
= = =L - 8.9
Y YT gy ! 4 fr (8.9)

whereN is an integration constant. The dimensionless coupling constants are subject to the
constraint

b , (8.10)
B+6

i.e. only two of the post-Riemannian coupling constaris 8,y) in (7.1) remain
independent, while the third one,, is determined by (8.10). These results have been
found with the help of the computer algebra system REDUCE [36] making use also of its
Excalc package [37], see [38].

Let us summarize the properties of the MAG—Maxwell solution that is presented here.
The 0-form f, which fixes the orthonormal coframe (8.1), has four contributions, see (8.8).
The terms containing the mass parametgrthe cosmological constant and the electric
chargeq correspond exactly to the (general relativistic) Reissner—Ndnesgolution with
cosmological constant. The additional term with the dilation chafdes a similar structure
as the previous term with the electric chaggeThe non-metricity has the explicit form

~

0% — fﬁ [0 + 2 B(0@e? i — 10|90 (8.11)

R
Y¥="3
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carrying, besides the dilation piece, a shear part—the second term in (8.11) with the factor
B. The torsion 2-form evaluates to

_B+6N
12 fr

and the Faraday 2-form

o

9% A 90, (8.12)

F=29in00 (8.13)
r

has the same innocent appearance as that of a point chafigeé Minkowski space. It is

clear, however, that all relevant geometric objects, coframe, connection, torsion, curvature,
etc, ‘feel'—via the O-form f—the presence of the electric charge. However, as one
can recognize from (8.11)—(8.13), the Maxwell field is otherwise disconnected from non-
metricity and torsion. This exemplifies and is in full accordance with our general statement
concerning the coupling of the Maxwell equations to post-Riemannian structures.

9. Discussion

There is so much experimental evidence in favour of the conservation laws of electric
charge and magnetic flux that one can hardly doubt the correctness of axioms 1 and 3
from a physical point of view. The form of the Maxwell equations is then fixed, and
we have no trouble in predicting how they change in spacetimes with Riemannian and
post-Riemannian geometrical structutbey do not change at allThey are stable against
such ‘deformations’. Thereby the equivalence principle turns out to be rather trivial in this
context. The only ‘freedom’ one has is to modify the constitutive law. Incidentally, if the
limits of classical physics are reached, then, on the level of quantum mechanics, a fresh
look at the equivalence principle is needed, see [39].

Coming back to the article of Vandyck [16], we recognize that the different options for
generalizing the Maxwell equations are atrtificial ones in the sense that they violate the well
established axioms 1 and 3, namely the conservation of electric charge and magnetic flux.
These options can only emerge if one forgets the underlying physical structure of Maxwell's
theory. Clearly, whether one uses the calculus of tensor analysis (see the appendix) or that
of exterior differential forms, does not make any difference, if one starts off with our axioms.

In the framework of the Poincargauge theory of gravitation, the spacetime of which
carries, besides the metric, a propagating torsion, we also found exact electrically charged
solutions, see [40]. In this latter context, as well as in the case of the new charged
solution of MAG that was presented in section 8, we used Maxwell's theory as described
in sections 2-5, and everything is well behaved and consistent with our analysis of how to
couple the Maxwell equations to post-Riemannian structures. There is almost no freedom
for an alternative coupling of Maxwell's equations to gravity within Riemannian or post-
Riemannian spacetimes. Equations (2.3), (4.2) and (5.2) solve the problem completely.
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Appendix. The tensor analysis version of metric-free electrodynamics

We decompose excitation, field strength and current into (holonomic) coordinate
components:

1 : . 1 . . 1 . .
G==Gyde ndy/, F==F;ddAdy, J= 2 Jjedd Adv Adit

2! 21 3!
(A1)

If we use the Levi-Civita antisymmetric unit tenstensity /%' = 41, 0, which is metric-
free,

. 1 .. . 1 ..

Gl = i €M G, J' = 3 €M Ty s (A.2)
then Maxwell's equations read

WG =J", 3 Fiy = 0. (A.3)
The constitutive law for the vacuum can be put in the linear form
G = IxiMEy, Y DKL — 5 i kD) [k — g x Ik = Kl (A.4)
with the specific metric dependent ‘modulus’

XM = 2,/|detg,, | gV g/ . (A.5)

Equations (A.3)—(A.5) remain valid in post-Riemannian spacetimes. Note that the
representation of the electromagnetic excitatigh as a density, see Sdtinger [41],
is vital for these considerations and distinguishes our approach from that of Vandyck.
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