
Research Article
Dynamic Modeling and Vibration Analysis for the Vehicles with
Rigid Wheels Based on Wheel-Terrain Interaction Mechanics

Jianfeng Wang,1,2 Yiqun Liu,1 Liang Ding,1 Bing Yan,3 Haibo Gao,1 Baoyu Song,1 Tie Gao,2

Yuzhou Hao,1 and Mingdi Sun2

1State Key Laboratory of Robotics and System, Harbin Institute of Technology, Harbin 150001, China
2School of Automotive Engineering, Harbin Institute of Technology, Weihai, Shandong 264209, China
3Beijing Institute of Astronautical Systems Engineering, Beijing 100076, China

Correspondence should be addressed to Liang Ding; liangding@hit.edu.cn

Received 31 August 2014; Revised 16 February 2015; Accepted 16 February 2015

Academic Editor: Sakdirat Kaewunruen

Copyright © 2015 Jianfeng Wang et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The contact mechanics for a rigid wheel and deformable terrain are complicated owing to the rigid flexible coupling characteristics.
Bekker’s equations are used as the basis to establish the equations of the sinking rolling wheel, to vertical load pressure relationship.
Since vehicle movement on the Moon is a complex and on-going problem, the researcher is poised to simplify this problem of
vertical loading of the wheel. In this paper, the quarter kinetic models of a manned lunar rover, which are both based on the rigid
road and deformable lunar terrain, are used as the simulation models. With these kinetic models, the vibration simulations were
conducted. The simulation results indicate that the quarter kinetic model based on the deformable lunar terrain accurately reflects
the deformable terrain’s influence on the vibration characteristics of a manned lunar rover. Additionally, with the quarter kinetic
model of the deformable terrain, the vibration simulations of a manned lunar rover were conducted, which include a parametric
analysis of the wheel parameters, vehicle speed, and suspension parameters. The results show that a manned lunar rover requires a
lower damping value and stiffness to achieve better vibration performance.

1. Introduction

As a part of the deep space detection project of China,
astronauts will land on the Moon from 2020 to 2030 to
establish the lunar observation station and to detect available
mineral resources, which will be used to build the basic
facilities for further lunar exploration [1]. For the manned
lunar-landing project, the vehicle plays a key role, in making
it possible for the astronauts to complete long distance
exploration tasks with heavy equipment and to transport
samples back. Until now, the manned lunar rover vehicles
belonging to the Project Apollo have been the main manned
vehicle that has landed on the Moon and completed serious
exploration [2, 3]. However, with the limitations of research
conditions, the studies of the American manned lunar rover
are not perfect.

Given the enormous value of a manned lunar rover for
landing and exploration, the development of new manned
lunar rovers is rapidly occurring around theworld. Until now,

a number of manned lunar rovers with different concepts
have been designed and manufactured globally. Among the
performance considerations of themanned lunar rovers, both
the vibration performance and the ride comfort are essential.

At present, some researchers have studied the vibration of
the lunar rover. Gao et al. established a vibration model with
seven degrees of freedom for a planetary-wheel lunar rover
and optimized the choice of suspension spring stiffness and
damping value [4]. At the same time, the authors proposed a
revised method for equivalent surface roughness functions.
In addition, this work established a kinetic model with 11
degrees of freedom for a six-wheeled, rocker-style lunar rover
to analyze the ride comfort. X.-L. Wang and R.-B. Wang
built a rigid-elastic coupling model for the lunar rover and
determined the resonance frequency area by simulating the
surface roughness of the lunar terrain [5].

Considering the characteristics of a manned lunar rover
and the contact model of the wheel and terrain, this paper
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Figure 1: Bekker’s contact model.

establishes a quarter kineticmodel and analyzes the influence
of wheel size on the vibration performance.

In this paper, the contact model of a rigid wheel and
lunar terrain is established based on Bekker’s equations [6, 7].
Moreover, the quarter kinetic model of a manned lunar rover
is established, which is used to study the influence of wheel
parameters, suspension parameters, and vehicle speed on the
vibration performance.

2. Lunar Terrain Model

Lunar terrain is similar to the sandy environment of the Earth
with the addition of a variety of different-size meteorites
distributed on the lunar surface [8, 9]. Therefore, the lunar
terrain will cause vibrations of a manned lunar rover when it
is moving on the lunar surface. Additionally, wheels on the
lunar terrain will sink because of the plastic deformation and
elastic deformation of the terrain under the normal pressure
of the wheel. The contact model between the wheel and the
lunar terrain is a very complex, nonlinear contact model.

For the analysis of the contact model between the
wheel and lunar terrain, three effective methods include the
semiempirical method, finite element method, and analytical
method [10–12]. Given the characters of a manned lunar
rover, the semiempirical method is applied. Figure 1 shows
the relationship of the normal stress and the wheel sinkage
in Bekker’s model; the following describes the contact model
[7, 11]:

𝜎 = (

𝑘
𝑐

𝑏

+ 𝑘
𝜑
) ⋅ 𝑧
𝑛

. (1)

The variables are defined as follows: 𝜎 (Pa) is the mean
normal stress under the plate, 𝑏 (m) is the short-edge length
or the radius of plate, 𝑛 (dimensionless) is the sinkage
exponent of the terrain, 𝑧 (m) is the wheel sinkage, 𝑘

𝑐

(Pa/m𝑛−1) is the cohesive modulus of the terrain in Bekker’s
model, and 𝑘

𝜑
(Pa/m𝑛) is the frictionalmodulus of the terrain

in Bekker’s model. For the study in this paper, the 𝑘
𝑐
=

1.4Pa/m𝑛−1 and the 𝑘
𝜑
= 820 kPa/m𝑛−1 [13].

When driving a manned lunar rover, the wheel driving
force is mainly provided by the shear stress between the
wheel and the lunar terrain. The shear performance of the
lunar terrain is shown with the shear force versus shear
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Figure 2: Wheel-soil interaction mechanics model.

displacement diagram. Based on Janosi’s terrain shearing
model [14], the relationship of the terrain shear stress and
shear displacement is described by

𝜏 = 𝜏max (1 − 𝑒
−𝑗/𝑗0

) = (𝑐 + 𝜎 tan𝜑) (1 − 𝑒−𝑗/𝑗0) . (2)

The variables are defined as follows: 𝑐 (Pa) is the cohesion
of the terrain, 𝜑 (∘) is the internal friction angle of the terrain,
𝑗 (m) is the shear displacement of the terrain, and 𝑗

0
is

the shear deformation modulus of the terrain. For the lunar
terrain, the value of 𝑐 is in the range of 0.1 kPa to 2.5 kPa, and
𝜑 is in the range of 25 to 50 degrees [13].

3. Wheel-Terrain Interaction Mechanics Model

For amovingmanned lunar rover, the wheels mainly bear the
vertical force and longitudinal force. Figure 2 shows the stress
distribution of a spinning wheel. The variables are defined as
follows: 𝑇 (N ⋅m) is the driven torque of the wheel, 𝑓DP (N) is
the horizontal resistance force,𝑊 (N) is the vertical load, 𝜃

1

(∘) is the entrance angle of the wheel moving on the terrain,
𝜃
2
(∘) is the leaving angle of the wheel moving on the terrain,

and 𝜃
𝑀

(∘) is the angular position of the maximum stress of
the terrain acting on wheel.

As shown in Figure 2, the force balance consists of a stress
system including the shearing force, the normal force, driven
torque, the horizontal resistance, and the vertical load force.
The normal stress and the shear stress change with both the
entrance angle and leaving angle of the wheel moving on the
terrain.

Lunar terrain is a type of elastic-plastic soil. Therefore,
the wheel sinkage happens under the effect of lunar gravity
and vertical vibration. The wheel sinkage is determined by
the geometric parameters in Figure 2, and the relationship is
shown in (3). In addition, the shear deformation, which is
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caused by the slipping between the wheel and the terrain, is
described by [15]

𝑧 = 𝑟 (1 − cos 𝜃
1
) , (3)

𝑗 = 𝑟 ((𝜃
1
− 𝜃) − (1 − 𝑠) (sin 𝜃

1
− sin 𝜃)) . (4)

The variables are defined as follows: 𝑧 (m) is the depth
of the wheel sinkage, and also is the distance from the low
of wheel to the ground. 𝑟 (m) is the wheel radius, and 𝑠

(dimensionless) is the slip ratio of the wheel.
When the wheel is in the static state, the normal stress

under the wheel is symmetrically distributed, and the max-
imum stress occurs at the bottom-dead-center. If the wheel
is in the rolling state, the maximum stress is in the front
part of the wheel, which is caused by the wheel slipping.
The following shows that the location of the maximum shear
stress and normal stress on the wheel are coefficients of the
wheel-soil interaction angel (dimensionless):

𝜃
𝑀
= (𝑐
1
+ 𝑐
2
|𝑠|) 𝜃
1
. (5)

The normal and shear stress distribution equations of the
Wong-Reecemodel are shown by (6) and (7), respectively [15,
16]. Consider the following:

𝜎
1
(𝜃) = (

𝑘
𝑐

𝑏

+ 𝑘
𝜑
) 𝑟
𝑛

(cos 𝜃 − cos 𝜃
1
)
𝑛

, (𝜃
𝑀
≤ 𝜃 ≤ 𝜃

1
) ,

𝜎
2
(𝜃) = (

𝑘
𝑐

𝑏

+ 𝑘
𝜑
) 𝑟
𝑛

[cos(𝜃
1
−

𝜃 − 𝜃
2

𝜃
𝑀
− 𝜃
2

× (𝜃
1
− 𝜃
𝑀
))

− cos 𝜃
1
]

𝑛

, (𝜃
2
≤ 𝜃 < 𝜃

𝑀
) ,

(6)

𝜏
1
(𝜃) = [𝑐 + 𝜎

1
(𝜃) tan𝜑] (1 − exp(−

𝑗

𝑗
0

)) ,

(𝜃
𝑀
≤ 𝜃 ≤ 𝜃

1
) ,

𝜏
2
(𝜃) = [𝑐 + 𝜎

2
(𝜃) tan𝜑] (1 − exp(−

𝑗

𝑗
0

)) ,

(𝜃
2
≤ 𝜃 ≤ 𝜃

𝑀
) .

(7)

As Figure 2 demonstrated, the vertical load on the wheel
from the terrain consists of the vertical component of the
normal stress and the vertical component of the shear stress.
From this, the vertical load on the wheel can be obtained by
(8). In this equation, 𝑏 (m) is the width of the wheel:

𝑊 = 𝑏𝑟∫

𝜃1

𝜃2

(𝜎 (𝜃) cos (𝜃) + 𝜏 (𝜃) sin (𝜃)) 𝑑𝜃. (8)

In order to achieve sufficient driving forces, lugs are added
to the rigid wheel to provide a larger shear force for the
manned lunar rover. The contact model of the lunar terrain
and rigid wheel with lugs is complicated; therefore, this paper
does not consider the lugs. This paper mainly studies the
smooth rigid wheel and the vertical load. According to our

previous research [16, 17], the shear stress of the smooth rigid
wheel has almost no influence on the vertical load, and, thus,
it can be ignored. Simplifying the equation for the vertical
load, we can write

𝑊 ≈ 𝑏𝑟∫

𝜃1

𝜃2

𝜎 (𝜃) cos (𝜃) 𝑑𝜃

= 𝑏𝑟(∫

𝜃𝑀

𝜃2

𝜎
1
(𝜃) cos (𝜃) 𝑑𝜃 + ∫

𝜃1

𝜃𝑀

𝜎
2
(𝜃) cos (𝜃) 𝑑𝜃) .

(9)

Equation (9) is a complex, nonlinear equation. Janosi et
al. describe a method that has simplified (9) [14]. In this
work, they describe 𝜎

𝑀
= 𝑘
𝑠
𝑟
𝑛

(cos 𝜃
𝑀
− cos 𝜃

1
)
𝑛, where the

variable 𝑘
𝑠
(dimensionless) is the equivalent sinkagemodulus

of the terrain, defined as 𝑘
𝑠
= 𝑘
𝑐
/𝑏 + 𝑘

𝜑
. Equation (10) shows

the simplified result of (6) [17]. Consider the following:

𝜎
1
(𝜃) ≈ 𝜎

𝐿

1
(𝜃) =

𝜎
𝑀
(𝜃
1
− 𝜃)

(𝜃
1
− 𝜃
𝑀
)

(𝜃
𝑀
≤ 𝜃 ≤ 𝜃

1
) ,

𝜎
2
(𝜃) ≈ 𝜎

𝐿

2
(𝜃) =

𝜎
𝑀
(𝜃 − 𝜃

2
)

(𝜃
𝑀
− 𝜃
2
)

(𝜃
2
≤ 𝜃 < 𝜃

𝑀
) .

(10)

By substituting (10) into (9), we obtain

𝑊 =

2𝑏𝑟𝜎
𝑀
(1 − cos 𝜃

1
)

𝜃
1

=

2𝑏𝑧𝜎
𝑀

𝜃
1

=

2𝑏𝑘
𝑠
𝑧
𝑛+1

𝜃
1

. (11)

The entrance angle of amanned lunar rover wheel is small
and changes with a change in the depth of the wheel sinkage
and the slip angle. The wheel entrance angle is describes by

𝜃
1
= √

2𝑧

𝑟

. (12)

Substituting (12) into (1) produces [17]

𝑊 =

2𝑏𝑘
𝑠
𝑧
𝑛+1

𝜃
1

≈ √2𝑟𝑏𝑘
𝑠
𝑧
𝑛+1/2

. (13)

4. Kinetic Model of a Manned Lunar Rover

The quarter kinetic model is an efficient method to study the
vibration performance of a moving manned lunar rover. The
assumptions of the quarter kinetic model are that the wheel
is a single rigid body, only vertical vibration occurs, and the
wheel must be in contact with the terrain.

4.1. Kinetic Model of a Manned Lunar Rover on a Rigid Road.
In the studies of traditional vehicles, the deformation of
the road surface is not taken into consideration in dynamic
performance, and the contact point is considered as a type
of effective simplified model for the contact area of the
wheel and road. First, the quarter kinetic model of a manned
lunar rover on a nondeformable road was built as shown in
Figure 3. The kinetic equations are described by

𝑚
1
𝑧̈
1
+ 𝑐 (𝑧̇

1
− 𝑧̇
2
) + 𝑘 (𝑧

1
− 𝑧
2
) = 0,

𝑚
2
𝑧̈
2
+ 𝑐 (𝑧̇

2
− 𝑧̇
1
) + 𝑘 (𝑧

2
− 𝑧
1
) = 0.

(14)
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Figure 3: The quarter kinetic model of a manned lunar rover on a
rigid road.
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Figure 4: The quarter kinetic model of a manned lunar rover on a
deformable terrain.

The variables are defined as follows: 𝑚
1
(kg) is the

sprung mass, 𝑚
2
(kg) is the unsprung mass, 𝑘 (kN/m) is the

suspension stiffness, 𝑐 (kN/(m/s)) is the damping coefficient
of the suspension, 𝑧

1
(m) is the deformation of the sprung

mass, 𝑧
2
(m) is the deformation of the unsprungmass, and 𝑧

𝑔

(m) is the deformation of the ground.

4.2. Kinetic Model of a Manned Lunar Rover on a Deformable
Terrain. The lunar terrain will sink when in contact with
the rigid wheel, which will press the wheel surface as seen
in Figure 2. Figure 4 depicts the kinetic model of a manned
lunar rover on a deformable terrain. The definition of the
variables is the same as those in Figure 3. The kinetic
equations are described by

𝑚
1
𝑧̈
1
+ 𝑐 (𝑧̇

1
− 𝑧̇
2
) + 𝑘 (𝑧

1
− 𝑧
2
) = 0,

𝑚
2
𝑧̈
2
+ 𝑐 (𝑧̇

2
− 𝑧̇
1
) + 𝑘 (𝑧

2
− 𝑧
1
) = Δ𝐹

𝑛
.

(15)

In (15), Δ𝐹
𝑛
(N) is the vertical load on the wheel, which

comes from the terrain, and is equal to 𝑊 (N). Combining
this equation with (13) results in

Δ𝐹
𝑛
= 𝑊 = √2𝑟𝑏𝑘

𝑠
𝑧
𝑛+1/2

. (16)

For (16), the sinkage exponent of the terrain relates to
the slip ratio. According the study of Ding et al. [16, 17], the
sinkage exponent of the terrain can be treated as linear. In
this case, the sinkage exponent is constant at 𝑛 = 1. Then, the
vertical deformation of the rigid wheel mainly relates to the
roughness of the lunar terrain.

5. Surface Unevenness Simulation of
the Lunar Terrain

Since there are few studies on the surface roughness of the
lunar terrain, the recent topography and geomorphology
are mainly at the kilometer level. Obviously, the size of
the manned lunar rover has warranted the need for surface
unevenness data at the meter level. The surface roughness
model was built based on the expressive method of road
roughness for traditional vehicles.The power spectral density
(PSD) expression of the lunar terrain surface unevenness is
defined by [18]

𝐺
𝑑
(𝑛) = 𝐺

𝑑
(𝑛
0
) ⋅ (

𝑛

𝑛
0

)

−𝑤

, (𝑛 > 0) . (17)

The variables are defined as follows: 𝑛
0
is the reference

frequency, 𝐺
𝑑
(𝑛
0
) is the coefficient of the road roughness,

𝐺
𝑑
(𝑛) is the road roughness, and𝑤 is the frequency exponent

that is experientially determined to be 2.
The method used to filter white noise is a type of road

roughness reconstruction method, which has a high simula-
tion precision [18].The road roughness equation constructed
by this model is descried by.

̇𝑞 (𝑡) = 2𝜋𝑓
0
𝑞 (𝑡) = 2𝜋𝑛

0
√𝐺𝑞 (𝑛

0
) V𝑤 (𝑡) . (18)

The variables are defined as follows:𝑓
0
is the lower cut-off

frequency of the filter, 𝑞(𝑡) is the surface roughness amplitude
of a random road, and 𝑤(𝑡) is the uniformly distributed unit
of white noise with an average value of 0 and intensity of 1.

6. Simulation and Analysis

Table 1 displays the vehicle parameters before the simulation.
In the Chinese lunar exploration project [19], the manned
lunar rover should transport two astronauts, and the com-
bined weight is 660 kg. Obviously, the wheel size has a vast
influence on the mechanical properties. Referencing the size
of the current lunar rover wheels, the width ranges from
100mm to 300mm, and the radius ranges from 200mm
to 500mm. Therefore, the wheel width was chosen to be
230mm, and the radius was chosen to be 410mm. The
velocity of the lunar rover ranges from 5 km/h to 18 km/h.
In this study, the velocity used was 10 km/h. Table 1 contains
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Table 1: Parameters of the manned lunar rover used for the
simulations.

Number Parameter Value
1 Wheel radius 410mm
2 Wheel width 230mm
3 Sprung mass 150 kg
4 Unsprung mass 15 kg
5 Suspension stiffness 6260N/m
6 Suspension damper 5753N⋅s/m

the parameters of the manned lunar rover used in our
simulations.

In order to investigate the vibration performance of a
manned lunar rover on both rigid road and deformable
terrain, the kinetic models were simulated using (14) and
(15), respectively. The PSD of the rigid road and deformable
terrain was based on the road roughness of level E road for
a traditional vehicle, which is shown in Figure 5. Figure 6
shows that the vertical vibration acceleration of the lunar
rover on the rigid road is much greater than that on the
deformable terrain. When the lunar rover moves on the rigid
road, the surface roughness transferred to the wheel directly,
creating a vigorous vibration. However, once the lunar rover
moved on the deformable terrain, the terrain sinkage absorbs
the energy of the vibration, as it plays the role of a damper.
On the Moon, most of the area is elastic-plastic terrain with
few areas covered bymeteorites of varying size.Therefore, the
kinetic model of the lunar rover on the deformable terrain
is more suitable to study the vibration performance of the
manned lunar rover.

Through the wheel, themanned lunar rover and the lunar
terrain interact. The parameters of the wheel affect not only
the drive performance, but also the vibration performance of
the manned lunar rover. Figure 6 shows the acceleration and
displacement of the sprung mass of the lunar rover with dif-
ferent wheel radii. The acceleration and displacement of the
sprung mass decreased with a decrease in road deformation.
The vibration acceleration was at a minimumwhen the wheel
radius was 0.15m and increasedwith increasing wheel radius.

Figure 7 shows the acceleration of the manned lunar
rover with different wheel widths. The wheel width had a
considerable influence on the acceleration of the sprungmass.
When the vibration acceleration was low, the wider wheel
weakened the vibration; however, when the acceleration was
high, the wider wheel enhanced the vibration.

Figure 8 shows the acceleration and displacement of
the manned lunar rover sprung mass with different vehicle
velocities. We observe that the vehicle velocity has little
influence on the acceleration but shows obvious effects on
the displacement. With an increase of vehicle velocity, the
displacement of the sprung mass decreased gradually, which
was a result of minor changes in the acceleration of the
sprungmass under different vehicle velocities. Higher vehicle
velocities correlated with decreased response times of the
sprung mass, which led to a reduction of the displacement
of the sprung mass.
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Figure 5: Comparison between the kinetic models of the rigid road
and deformable terrain.
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Figure 6: Acceleration of the sprung mass of different wheel radii.

The acceleration and displacement of the sprung mass
of the manned lunar rover with different stiffnesses are
displayed in Figure 9. The vibration variables indicated
minor changes when the suspension stiffness changed from
3000N/m to 9000N/m. However, when the suspension stiff-
ness changed from6000N/m to 60000N/m, obvious changes
in vibration were observed. At a high stiffness, the sprung
mass vibrated violently, indicating reduced ride comfort.

The damping coefficient also had a considerable effect
on the vibration performance, as shown in Figure 10. The
acceleration is damped quickly at high suspension damping
coefficients because a damperwith a high damping coefficient
more quickly absorbs the energy of vibrations. However, once
the road simulation amplitude increased, the acceleration
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Figure 7: Acceleration and displacement of the sprung mass with different wheel widths.
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Figure 8: Acceleration and displacement of the sprung mass with different vehicle velocities.

increased as well.Therefore, too high of a damping coefficient
is not beneficial to the ride comfort of a manned lunar rover.

7. Conclusions

(1) The quarter kinetic model of a manned lunar rover
can adequately simulate the vibration performance of
the vehicle. When the manned lunar rover was on the
deformable terrain, the vibration performance was

greatly affected by the stress between the wheel and
terrain. Note that the quarter kinetic model can be
used only under the condition that the wheels main-
tain contact with the terrain. Further investigation is
needed for the vibration performance when the wheel
loses contact with the terrain.

(2) The wheel size of the manned lunar rover affected
the vibration of the sprung mass. A bigger wheel
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Figure 9: Acceleration and displacement of the sprung mass with different suspension stiffnesses.

radius correlated with better obstacle-climbing per-
formance, but also a higher acceleration of the sprung
mass. In addition, the influence of the wheel width
on the vibration performance was found to be com-
plicated, though mainly determined by the surface
roughness of the lunar terrain. On a gentle road,
a wider wheel decreased the vibration acceleration.
While on a bumpy road, a wider wheel increased the
vibration acceleration.

(3) The vehicle velocity had little influence on the vibra-
tion acceleration but obvious effects on the vibra-
tion displacement of the sprung mass of a manned
lunar rover. With an increase in vehicle velocity, the
displacement of the sprung mass decreased. This is

because a high velocity shortens the action time of the
acceleration, which changes minimally with different
velocities, causing a decrease in the displacement of
the sprung mass.

(4) The suspension conditions included the stiffness and
damping value. Lower stiffness indicated lower vibra-
tion. Obviously, the vibration parameters were equal
when the stiffness ranged over a small scale. As
opposed to the suspension stiffness, the variation in
the suspension damping value can greatly affect the
vibration performance. At a high damping value, the
suspension was able to absorb the vibration energy
on a massive scale but could not effectively decrease
the vibration acceleration amplitude. On the contrary,
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Figure 10: Acceleration and displacement of the sprung mass with different suspension damping values.

at a low damping value, the suspension could not
absorb the vibration energy effectively. Generally, the
choice of the damping value should consider various
performance conditions of the manned lunar rover.

(5) In this paper, the shear force between the wheel
and terrain was ignored. The vertical component
of the shear force had a considerable effect on the
vertical load when the lunar rover required a large
driving force, which greatly affected the vibration
performance.
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