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Abstract

One of the main goals of this paper is to improve the understanding of the way in which the core of a specific
cooperative game, the airport game ( , ), responds to monotonicity properties. Since
such properties are defined for single-valued allocation rules, we use the core-center (

, ) as a proxy for the core. This is natural, since the core-center is the center of
gravity of the core and its behavior with respect to a given property can be interpreted as the “average
behavior” of the core. We also introduce the lower-cost increasing monotonicity and higher-cost decreasing
monotonicity properties that reflect whether or not a variation in a particular agent’s cost is beneficial to
the other agents.

Keywords: cooperative TU games, monotonicity, core, core-center, airport games.

1 Introduction

The airport problem, introduced by ( ), is a classic cost allocation problem that has
been widely studied. To get a better idea of the attention it has generated one can refer to the survey by
( ). The core, introduced by ( ), stands as one of the most studied solution concepts in

the theory of cooperative games. Its properties have been thoroughly analyzed. Airport games are concave games
and therefore balanced games, games with a nonempty core. There is an important family of properties one
often studies when working with single-valued solution concepts: the monotonicity properties. These properties
are very hard to adapt to set-valued solutions. In this respect, there is virtually no paper that studies the
monotonicity of the core. A related issue deals with the question of defining allocation rules that meet some

monotonicity requirement and always selects a core allocation. This issue goes back to ( ) and was
followed by series of other results such as ( ) and, more recently, ( ).1 This type
of studies have also given rise to new set-valued solution concepts that aim to integrate the stability requirements
of the core with some monotonicity properties (see, for instance, ( ) and ( ))-
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Importantly, the cooperative game associated with an airport problem has a special structure that can be
exploited to facilitate the analysis of different solutions. In particular, 2" — 1 parameters are needed to define a
general n-player cooperative game, whereas for an airport game one just needs n. This special structure simplifies
the geometry of the core of such games, since it turns out to be defined by 2n — 1 inequality constraints instead
of the usual 2 — 2.

When the core of a game is nonempty, there is a set of alternatives at which agents’ payoffs differ that are
coalitionally stable. Studying the center of gravity of such set may be interesting in many cases. The core-center
( , ) selects the mathematical expectation of the uniform distribution
over the core of the game. The intuition provided by its definition is a good reason to be interested in it and to
justify the study of its properties.

As we already have mentioned, on the domain of balanced games the properties of core stability and mono-
tonicity are not compatible. However, the existence of monotonic core selectors is known on subdomains of the
domain of balanced games, such as the airport games. The Shapley value and the nucleolus are the best known
monotonic core selectors. A consequence of the results in this paper is that the core-center is also a monotonic
core selector.

Throughout this paper we exploit the aforementioned structure of the core of an airport game to gain
insights in the monotonicity properties of its core-center. More precisely, since most of these properties are
only defined for single-valued allocation rules, we use one special allocation in the core of an airport game as
a proxy to improve our understanding of the core. Naturally, the behavior of the core-center with respect to a
monotonicity property can be interpreted as the “average” behavior of the core with respect to it.

The formal definition of the core-center is given in terms of integrals over the core of the airport game. In
fact, ( , ) show that the j-th coordinate of the core-center of an airport game is the
ratio of the volumes of the core of the airport game obtained by replicating agent j and the core of the original
game. A variation, no matter how small, in any cost parameter of an airport game, produces a change in the
shape of the core and therefore in its volume. The core-center is very sensitive to such changes. This approach
leads, in a natural way, to the definition of two new monotonicity properties that restrict how a change on a
cost parameter of a given agent affects the payoffs of the other agents. They are called “higher-cost decreasing
monotonicity” and “lower-cost increasing monotonicity”. The first one says that if a cost ¢; increases, then the
payoffs of all players with costs higher than ¢; decrease. The second property is a kind of reciprocal, the payoffs
of all players with costs lower than ¢; increase. The study of these properties allows us to check whether or not
the core-center satisfies the usual monotonicity properties in the literature.

The paper is structured as follows. In Section 2 we present the basic concepts and notations. In Section 3 we
derive several ways of decomposing the core volume as a sum of volumes of airport games with some cloned costs.
Higher-cost decreasing monotonicity is introduced in Section 4. We develop our main mathematical results, which
build upon a thorough exploration of the derivatives of the volumes of the core of an airport game, to prove that
the core-center satisfies this property. Similarly, in Section 5 we introduce lower-cost increasing monotonicity
and prove that the core-center satisfies it. Relying on the previous properties, we analyze in Section 6 which of
the classical monotonicity properties are satisfied or violated by the core-center.

2 Preliminaries

There is an infinite set of potential agents, indexed by the natural numbers. Then, in each given problem, only
a finite number of those players are present. Let A be the set of all finite subsets of N = {1,2,...}.

An airport problem ( ( )) with set of agents N € N is a non-negative vector ¢ € RY.
Let CV denote the domain of all airport problems with agent set N. We make the standard assumption that,
for each pair of agents i,j € N, if i < j then ¢; < ¢j. A cost allocation for ¢ € CV is a non-negative vector
T € Rf such that 0 < z; < ¢; for all i € N and Zie N Ti = Cn. A basic requirement is that at an allocation = no
group N’ C N of agents should contribute more that what it would have to pay on its own, max{c; : i € N'}.
Otherwise, the group would unfairly “subsidize” the other agents. The constraints qu% < ¢, t €N, are



called the no-subsidy constraints. A rule 1) associates to each airport problem ¢ € CV a cost allocation v(c)
satisfying the no-subsidy constraints. For a complete survey on airport problems the reader is referred to
(2007).

A cooperative cost game with transferable utility is a pair (NN, c), where N € A is the set of players and the
characteristic function c: 2V — R is a function assigning, to each coalition S C N, its cost ¢(S). By convention
c(P) = 0. Let YV be the domain of all cooperative cost games with player set N. Given a coalition of players
S C N, |S| denotes its cardinality. Given N € N, a vector z € RY is referred to as an allocation. For every
S C N denote z(S) = 3 ,.q ;. An allocation is efficient if z(N) = ¢(N). A cost game ¢ € VN is concave if
c(SU{i}) —c(S) > (T U{i}) — ¢(T), for each i € N and each S and T such that S C T C N\{i}. A solution
defined on some subdomain of cost games is a correspondence v that associates to each cost game ¢ € VY in the
subdomain a subset 1(c) of efficient allocations. Given a cost game ¢ € V¥, the imputation set comprises the
individually rational and efficient allocations, I(c) = {z € RY : 2(N) = ¢(N), z; < ¢({i}) for all i € N}. The
core ( ( )) is defined as C(c) = {z € I(c) : z(S) < ¢(S) for all S C N}. If a solution is single-valued
then it is referred to as a rule.

To each airport problem ¢ € CV one can associate a cost game ¢ € V¥ with N as the set of players and the
characteristic function given, for each S C N, by ¢(S) = max;es{c;}. Such a game is called an airport game.
We denote by the same letter ¢ both the airport problem and the associated cost game. It should be clear from
the context to which one we are referring to. Naturally, any given solution to coalitional games provides a rule
for the airport problem when applied to the associated coalitional airport game. Existing rules are evaluated
and compared in terms of the properties they satisfy or violate. There is an important family of properties that
specify how a rule should respond to changes in the cost parameters of an airport problem: the monotonicity
properties. Generally, these properties are concerned with the effect of a variation of an agent cost parameter,
or the cost parameters of a particular group, on the contribution of that agent, or of that group of agents. We
say that a rule 1 satisfies:

e Individual cost monotonicity if, for each pair ¢,/ € C¥ and each i € N such that ¢, > ¢; and, for all
J € N\{i}, ¢ = ¢j, then ¥;(c') > vi(c).

e Others-oriented cost monotonicity if, under the assumptions of individual cost monotonicity, for each
J € N\{i}, ¥ (¢') < ¢j(c).

e Population monotonicity if, for each N and N’ with N’ C N, ¥ (¢) < ¥(enr).

e Strong cost monotonicity if, for each pair ¢, ¢’ € CIV such that ¢ < ¢/, then ¥(c) < ¥(c).

o Weak cost monotonicity if, for each pair ¢, ¢’ € CV such that ¢/ = c+c” for some ¢’ € CV, then ¥(c¢') > v (c).

e Downstream cost monotonicity if, for each pair ¢,c’ € v and each i € N, such that for each j € N with
¢j < ¢i, ¢ = c¢j and for each j € N with ¢; > ¢;, ¢j —¢; = ¢; —¢; > 0, then for each j € N such that
cj = ¢y ¥i(c’) = ().

e Marginalism if, under the hypotheses of downstream cost monotonicity, for each j € N such that ¢; < ¢;,
Ui () = ¥j(c).

When the core of a cooperative game is nonempty, there is a set of alternatives that are coalitionally stable
at which agents’ payoffs differ. If one considers that all of the core alternatives are equally preferable, then
selecting the average stable payoff seems to be a natural choice. Given a balanced game v € V¥, the core-center
w(v) ( , ) is defined as the mathematical expectation of the uniform
distribution over the core of the game, i.e., the center of gravity of C'(v). Given a convex polytope K C I(v),
denote its center of gravity by u(K). Then u(v) = u(C(v)). Any airport game ¢ € V¥ is a concave game and
its core coincides with the set of allocations satisfying the no-subsidy constraints:

C(c):{wGRN:xZO, x(N):cn,ij < ¢; for alliGN}.

J<i



The core of the airport game is contained in the efficiency hyperplane 1 + - - -+ x, = ¢, and it is defined by, at

most, 2n — 2 inequality constraints, so, whenever ¢; > 0, it is a (n — 1)-dimensional convex polytope. Therefore,

the core-center, when applied to airport games, provides an rule for the airport problem. Exploiting the special

structure of the core of an airport game, ( obtained an integral expression for the
k—1

, )
al ag—=I1 ap— Z Zj
core-center. Given 0 < a3 < -+ < ag, let Vi(ay,...,ax) = / / / =t dxy, .. dxodr, and let
o Jo 0

ﬂ‘(al ak): Vk+1(a1,...,ai,ai,...ak)
¢ B Vk(al,...,ak)

n—1
w(e) is given by: u;(c) = fii(er, ..., en—1) if i € N\{n}, and pu,(c) = cn— > pi(¢). The value V,,_1(c1,...,¢n-1)
i=1

,i=1,..., k. Then, for any airport problem c € CV the core-center

coincides, up to a scaling factor \/n, with the volume of the core, C(c), see Figure 1. Then, what the core-center
assigns to agent j in the original problem is the percentage of stable allocations in the game with a clone of
player j over the original stable allocations. Mathematically, the core-center is the ratio of the volumes of the
core of the airport game obtained by replicating agent j and the core of the original game.
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Figure 1: The domain of integration of Va(cy,co) (left) and Vi(eq,co, c3) (right).

The main goal of this paper is to study which monotonicity properties are satisfied or violated by the core-
center. For most of the following discussion, we start with a fixed n-player set N = {1,2,...,n}. The following
result ( , ), is a key tool to understanding how the core-center varies with respect to
changes in the cost parameters.

Proposition 1. Let c € CY be an airport game with 0 < ¢y and i,j € N\{n}. Then, ifi < j, u;(c) is increasing
with respect to ¢; if and only if pi(ci,...,cn) < pji(er,...,c). Conversely, if i < j, p;(c) is decreasing with
respect to ¢; if and only if fij(c1,...,cn—1) > fj—i(Cit1 — Cis. oy Cno1 — Ci).

Therefore, the monotonicity properties of the core-center of an airport game can be studied by comparing the
core-center assignments given to a player in the original game and in some particular “truncated” games®. These
truncated games suggest the introduction of two new monotonicity properties. Assume that airline ¢ increases
its cost from ¢; to ¢,. We consider two groups: the first group is formed by the airlines with cost larger than

2Given an airport problem ¢ € CN denote by é(c) the projection of the core C(c) onto R™~! that simply “drops” the n-th
coordinate. Figure 1 shows C(c) for a 3-agent and 4-agent problem. The face F; = C(c)N{x € R* ' : a1 + -+ x; = ¢},
1 € N\ {n}, of the polytope C(c) is a cross product of the cores of two airport games: F; = C(c1,...,¢;) X C(ci41 —Ciy---,Cn —Ci).



¢;, and the second group is formed by the airlines with cost lower than or equal to ¢;. Higher-cost decreasing
monotonicity requires that only the higher-cost agents (individually) should benefit (or should not be harmed)
from agent’s ¢ cost increase, because the differences ¢, — ¢, < ¢, — ¢; have diminished for all k£ > i. Conversely,
lower-cost increasing monotonicity requires that the lower-cost agents should pay more (should not be favored),
because the differences ¢, — ¢, > ¢; — ¢ have increased for all k < i. We devote Sections 4 and 5 to formally
define both properties and to prove that the core-center satisfies them.

3 Decompositions of the core volume

Let N = {1,2,...,n} and let ¢ € CV be an airport problem. We devote this section to derive some technical
decompositions of the volume functions Vj,. Easily, one can prove ( , ), that Vi(e1) = ¢1,

Valer, o) = é — w and, for all & > 3,

o (ep - 01 k_l (cp — c;)F—iHt
Vk(Cl,...7ck>:H— Z 714»1 ‘/;‘,1(01,...,@,1). (1)
1
First, we introduce some notations. By convention, V5 = 1. An expression like V45_1(c1,...,¢p,.%., cp) means
that cost ¢, is repeated s times. When all the costs are equal, we write Vj(c1,...,c1) instead of Vi (c1,.%., c1).

k

Lemma 1. For allk € N and a >0, Vi(a,...,a) = G-

Proof. Clearly, the property holds for k = 1. Assume that the result is true for £ — 1 and proceed by induction.
k

Then, Vk(a, .. .,Ot) = foa Vk,1(a — X1y, ml)dacl = Oa %dml = % O]

Lemma 2. Given keN and 0 < a < g <c; <--- < ¢, we have that

B
/ Viler —21,...,cp —z1)der = V(B — a1 — @, ... o — ).
[0

Proof. The result is true for k = 1 since ff(cl —x1)dr = (Clga)z - (01;’8)2. Assume that the equality holds
for all ¢ < k. Then,

B
/ Vi(er — 1, ... cp — x1)day
o

B (cp — x1)* B ler —c1)F e — )kt B
:/ %dzlf/ (lcldl)dxle/ Vi_1(01*I1,---7Ci—1*Il)dl’l
k— 1
G e N () LA (o (cp — ¢;)k—itt _
= ) CES x Q) IZ P Vil —a,c1 — ... o1 — @),

where the first equality holds by Equality (1) and the second by the induction hypothesis. Again by (1), the
last expression equals Vi y1(8 —a,c1 — a, ..., cp — ). O

The following result allows to decompose any given volume in terms of volumes with repeated costs.

Proposition 2. I[f0<a<c <<k, k€N, then

k
1. Vi(ery .o oye) = ZVi(a,...,a)Vk_i(ciH — Q... — Q).



k
2. Vk(cl—a,...,ck—a):ZVZ-(cl—oz,...,cl—a)Vk,i(ciH—cl,...,ck—cl).

i=1
k

3. Viler —a,...,cp —a) = ZW(cl —a,co—a, e —a)Ve_i(cir1 —c2, ., cp — C2).
i—2

Proof. Assume that 0 < a < ¢; < --- < ¢ and let us prove the three statements above.

1. Let s € N such that 1 < s < k — 2 and denote

s k=1
Cst1— Z:lxj Ccp— Z:le s s
Is:/ J / J dxk...d$s+1=kas(Cs+1_ E xj,...,Ck_Zij).
0 0 =1

=1

We claim that

(e} Oz—sile
/ / = I dxs ... dry =
0 0

« Za:j
Vg(a,...,a)Vk_s(cs+1—oz,...,ck.—oz)—k/ / T Iy dgyq ... dxy (2)
0 0

Indeed,

ZwJ ZIJ Ca+172931
/ / =t I dfﬂs dl’l = / / s+1 dl’s+1 dl’l +/ / 5+1 d$5+1 .. .d.Zl.
ij

Then, in order to prove the claim, we just have to decompose the second summand of the last expression.

s+1 s+1 CS_H_ZQ;J

But, since Is41 = Vk7571(05+2 — E TjyovosCl — g a:j>, we have, by Lemma 2, / VT Iy drsyy =
j=1 j=1 a—glxj

Vi—s (cs+1 —Q,Cs42 — Qoo ., Clp — a). Consequently,

s—1
Cs+1— Z Tj @ a— >
j=1
/ / 5+1dx5+1...dx1:/ / / Vk,s(cgﬂ—a,...,ck—a) dxg...dxq
—ZxJ 0 0

afz:r:]
:Vk—s(cs-i-l* ,Ck — & / / dxg...dz,

=Vi—s(Cop1 — ... 0 —

Then, Equation (2) holds. Next, observe that

c1 « c1
Vk(cl, .. .,Ck) = / Ldx, = / Idxq +/ Idxq
0 0 @

[e3 Cc1 (6%
:/ Iidxy + Vk,l(cz—xh...,ck—ml)dxl:/ Lidzy + Vi(er —a,. .. e — ),
0 [ 0



where the last equality holds by Lemma 2. But, now, according to Equation (2),
[e% « a—xy
/ Ldx, = / / Iodxodxy + Vi—1(co — ..., e — @) Vi (a).
0 o Jo
«@ a—xq
Then, Vi(c1,...,cx) = Vil —a,...,co—a)+Vi(a@)Vi_1(ca—a, ..., cp— ) +/ / Irdxodxy. Decompose
o Jo
«@ a—xq
/ / Isdxodx applying Equation (2), and repeat the process until the intended equality is reached.
o Jo

2. To prove the second statement, just take A = ¢; — a, so that (¢; — @) — A = ¢; — ¢1, and apply statement 1.

k
Vi(er —a,.oo e —a) = ZVi(Cl —a,...,c0 — ) Vi—i(cip1 —c1y . 6 — €1).
i=0
Now, simply observe that, for ¢ =0, Vi(c1 —¢1,c2 —¢1,...,¢cp —c1) = 0.

3. From Lemma 2 and statement 2.

C1

Vk(cl — Q... Ck —04) :/ Vk—l(CQ —T1,---5Ck —Il)dCCl

[e3

k 1
= g kai(ci+1_c2v~~wck_c2)/ W71(C2—$17.~~,02—$1)d$1~
i=2 «

c1
But, by Lemma 2, / Vici(co —x1,...,c0 — x1)dr1 = Vi(cr — a,c0 — a, %=L co — a). O
(e}

The next step consists of providing a way to decompose any given volume in terms of volumes involving only
the costs up to a fixed c,.

Proposition 3. Let p,k € N be such that p <k and 0 < ¢y < --- <c¢. Then,

k—p
Vi(er, ... ) = Z Vk—p—i(cp+1+i —Cpy-- oy Ck — Cp)Vp+z'(01, cees val:-i:!7cp)'
i=0
Proof. First we prove that
Vk(cla ceey Ck) = Vk—p(cp-‘rl —Cpy-- s Cp — C;D)Vp(cla RS Cp) + Vk(cl7 <oy CpyCpy Cpt25 - -y Ck)' (3)
Indeed, we know that
p—1
c1 Cp— > T P P
j=1
Vk(cl,...,ck):/ / J Vk_p(cp+1—Zacj,...,ck—ij)dxp...dxl. (4)
0 0 j=1 j=1
p p dUk (x ) p p
— _ ) _ ) 3 TRTP\TP) _ . _ .
If up—p(zp) = Viep (cp+1 ij, e Ck Zajj) then”, i, Vie—p—1 (cp+2 Zasj, ) Ck Zx])
Jj=1 Jj=1 Jj=1 Jj=1
3In general, let 0 < ¢; < --- < ¢k, k € N, 1 < ¢, and denote ug(x1) = Vi(c1 — 21,...,cx — x1). Then, ‘jl%’f(ml) =
—Vi—1(e2 —z1,..., ¢ — 21).



Integrating by parts,

p—1
Cp— > T, p P
=
/ ’ Vk_p<cp+1— g TjyeesCl— E xj)da:pz
0 j=1 j=1
p—1
p—1 Cp— D T 14 P
j=1
Vie—p(Cpt1 — Cpyo oy Clo — Cp) (cp — xj) +/ ZTpVi—p—1 (cp+2 — E N E m]—) dz,. (5)
j=1 0 j=1 j=1
Analogously, integrating by parts,*
p—1
Cp— > T 14 p p
j=1
/ ! Vk,p<cp— E Tj,Cpr2 — E TjyeooyCl — E gcj)dxp:
0 j=1 j=1 j=1
p—1
cp— x; p p
=1
/ =y Vi—p1 (cp+2 — E Tjyen-sCh g xj> dz,. (6)
0 j=1 j=1
Then, combining equations (4), (5), and (6),
p—2
c1 Cp—1— D Tj p—1
=1
Vk(Cl,...,Ck)ZVk_p(Cp+1—Cp,...,ck—cp)/ / ’ (Cp— Zl?j)dl‘p_l...dxl
0 0 =1
j_
p—1
c1 Cp— D T p p p
j=1
+/ / Vk,p<cp — E Tj,Cpp2 — E Tjyoun,Cl— E xj>dxp...d:v1
0 0 j=1 j=1 j=1
= Vk—p(cp-i-l —Cpy-- oy Ck — C[))‘/P(Ch s ,Cp) + Vk(cla < Cpy Cpy Cp425 - -+ 7Ck)'

Therefore, Equation (3) holds. Now, applying Equation (3) to Vi(c1,...,¢p, Cp, Cpt2, - - -, Ck), we find that

Vk(clv <3 Cpy Cpy Cpt 25 - -y Ck) =
Vieep+1(Cpta — Cpy ooyl — cp)Vpya(er, .-y ep,¢p) + Vi(er, ..., Cp, Cpy Cpy Cptgy - -+ 5 C)-
Repeating this process, the result eventually follows. O

4 Higher-cost decreasing monotonicity

The higher-cost decreasing monotonicity property states that if a single cost ¢; increases, then the contributions
requested by the rule for the agents with cost higher than ¢; should not increase.

Definition 1. A rule v satisfies higher-cost decreasing monotonicity if for each pair c¢,c’ € CN and each i € N
such that ¢} > ¢; and ¢ = c; for all j € N\{i}, then ¢;(c') < v;(c) whenever ¢; > ¢;.

As already pointed out, since the core-center is very sensible to changes in the cost parameters, proving
monotonicity properties of the core-center is not a simple task. Basically, one has to check an inequality of

the type fip(ci,...,ck) < fpy1(di,...,dk+1), p < k, which in turn, since the core-center is a ratio of air-
port core volumes, is equivalent to an inequality such as I' = Viyi(er, ..., ¢p,¢p, .oy ) Vig1(da, ..o dit1) —
4In fact, this equality is the key result to express the core-center as a ratio of volumes, see ( R ).



Vi(er, ..oy i) Viga(di, .- . sdpti1,dpy1, - - sdg1) < 0. Then, one uses the volume decompositions developed in
Section 3 to write each of the volumes involved in expression I' in terms of volumes of certain “manageable”
types. Finally, one has to rearrange I' as a sum of expressions involving these types of “manageable” volumes
and study, by induction, their sign.

Let us see how this general scheme works to prove that the core-center satisfies higher-cost decreasing
monotonicity. First, we study one type of “manageable” volumes. We need to introduce some notations. Given
keNandO0<ec <---<g¢p, let Zgp=1and Z¢ = Vi(cp—st1 —Q,...,cx —a), forall s=1,... k, a < cp_st1-
When no confusion arises, we write Z, instead of Z¢.

Remark 1. Let ¢,k €N, ¢ <k, 0<c¢1 <--- <c¢k, and fir a < cx—q. Clearly, Z¢ = Vi(cp — ) = ¢, — . Now,
let Ag=1and A, = Z:" " = Vo(Chmyp g1 — Chogi1s -+ »Ck — Ck—qi1), form = 1,...,q—1. Then, by statement 2
and statement 3 of Proposition 2, respectively,

q
Zg‘ = ZViAq—i7 with V; = Vi(Ch—gt1 — Q.. Ch—gr1 — @), 1 =1,...,¢,

i=1
atl B
Za = Z ViAgii—i, withV; =Vi(ck—q — @, Chgr1 — 57 kg1 — @), j=2,...,q+ 1.

=2
Lemma 3. Forall g,k €N, ¢q <k, and 0 <c; <--- <y, fixa < cp—yq. Then, ZYZ5 — Z 1 > 0.
Proof. We use the notation and decompositions of Remark 1. Clearly, by Lemma 1,

)
po e =)t (7)

il

Besides, applying the definition of V; and Lemma, 1,

_ Ck—q Ch —a—-x 1—1 1 . .
Vs :/ ( k—g—1 1) dry = 7((Ckiq+1 _ oz)’ _ (Cqu+1 . Cqu)l)
0

(i—1)! il

1 _
=V, — X;, where X; = E(Ck_q_;,_l —Ch—gq)’, 1=2,...,¢+ L (8)
g—1
In order to prove that Z1 2, — Zg41 = Z((ck —a)Vq—i — Vq_iH)Ai > 0, we check that, for all i =0,...,q—1,
i=0

(ck — Oé)Vq_i — Vg—i+1 > 0. Certainly,

¥ (ck — @) (Chogi1 — )T (Chogir — @) T (Ch_gy1 — Cp—g)? "t
e e = < - : . >0,
e (4= =i+ D0 gmitDl o

since (cx —a) > (cx—q41 — ) and (¢ — i+ 1)! > (¢ — ). O

Proposition 4. Let t,q,k € N be such thatt < ¢ < k andc; < --- < ¢, Fiz o < ¢ci—q. Then, Zf‘Zg‘ —
7§\ 2y > 0.

Proof. We proceed by induction on ¢ € N. The case ¢t = 1 has been proved in Lemma 3. Now, assume that the
result holds for any i <t —1, i.e.,

2070 - 70\ 7]

J+1207i§j<k,6<ck7ja (9)



and then, let us prove that it also holds for ¢ < k. According to the notation and decompositions of Remark 1,

t

Iylg — Ly 121 = (ZV A z) (ZV Aq— z) — (tz_f ViAt—l—i) (% T}iAq-i-l—i)

t—1q—1
22314&Ar l% s q r_'lG 1— qu+1 T +3Atj£:44q rlk
s=0 r=0 r=1

q
Certainly, Ay Z Aq—+Vr > 0. Then, it suffices to prove that
r=1

t—1q—
S=2
s=0

=0 r=

1
AgAAg >0, where Ay = Vi Vyr — Vi1 Vgrp1- (10)
0

First, we claim that -
ViV = Vi1V 20, ifi <j+1. (11)
Indeed, applying Equality (8) in Lemma 3, we have to prove that V;V; — Vi_1Vjy1 + V-1 X;41 > 0. Since

Vi—1Xj4+1 > 0, it suffices to prove that V;V; — V;_1Vj41 > 0 whenever ¢ < j+ 1. Let B = (cx_q41 — @) and
apply Equation (7) in Lemma 3,

BB Bl Bitl 1 1
ViV = Vii1Vip1 = (

W G-0Gry gl oG+ 1)1)Bi+j'

Now Equation (11) is straightforward, since >0 if and only if i < j 4 1.

1 1
T G=DIG+1)!

r=s-+5b

qg—t+1

Figure 2: The straight line r = s + b, with b =q — ¢t + 1.
Letb=q—t+1>0and T = {(s,7) € [0,t —2] x [0,¢— 1] : » > s+ b} C N? be the set depicted in Figure 2.

According to Equation (11), if (s,7) € [0,t—1] % [0,¢—1] but (s,7) ¢ T then A;A, A, > 0. Now, take (r,s) € T
such that AsA,A,;, <0, then h = (r—s)—b>0and (s+ h,r —h) ¢ T, because (r —h) < (s+h)+0b. In

10



addition, t —s—h =qg—7r+1and g —r+ h =t — s — 1. Therefore, each negative addend A;A4,A;, <0 in
Equation (10) can be paired with the corresponding Ay Ay pAsipr—p > 0 in the following way
AsATAsW + As+hAr—hAs+h,r—h =
ASA’I‘ (thqufr - thsflvq7r+1> + AerhA'rfh (thsfth7r+h - thsfhflvqfrJthrl) =
ASA (Vt s q r Vt s— 1(Vq—r+1 - Xq—r+1)) + As+hAr—h (Vq—r+lvt—s—1 - Vq—r (Vt—s - Xt—s)) =

AS-A’I" (thqufr - thsflvqfrJrl) + AerhArfh(ququthfsfl - qurvtfs)"_
AsAth—s—qu—r—i-l + As+hAr—th—7"Xt—s =
(As+hAr—h - ASAT‘) (Vt—s—lvq—r+1 - Vq—rvt—s) + AsArvt—s—qu—r+1 + As+hAr—th—rXt—s~
Therefore, if we prove that the last expression is positive whenever (s,r) € T, then S > 0. Clearly, the
last two terms are positive. Since (¢ — r 4+ 1) < (¢t — s — 1) + 1 then, applying Equation (11), we get that

Vics—1Vgort1 — Vg—rVi—s > 0. It remains to show that for all (s,r) € T, AgypAr_p — AsA, > 0. Now, if
(s,r) € T, then

1. s<r—h<s+h<r;sinces<s+h=r—b<r,s<s+b=r—h<rand(r—h)<(s+h)+b<(s+h).
2. s+h<t—2sinces+h=r—-b<q—1—-b=t—2.

ThuSa Artherh_AsAr = (Arths+h_Ar7h71As+h+1)+(A'r‘fhflAsthJrl_Ar h— 2As+h+2)+ ‘+(As+1Ar71_
ASAT). All the expressions in parentheses are of the form 4;4; —A;_1A;11 = Z’BZB ZZB 1ZH_17 with ¢ <t —2,
i < jand 8 = cy_qt1. Therefore, we can apply Equation (9), the induction hypotheses and conclude that all
the addends A;A; — A;_1A;11 > 0 are positive and so AsypAr—p — AgAr > 0 as well. O

Lemma 4. Let m € N. Given real numbers H,G7, j=1,....m+2, and Z;, i=1,...,m+ 1, then

mal . m . m m+1
(Z Gz+1Zm+1—i) (Z HZJrlZm—i) _ (Z Gz, z) (Z HT Zm+1—i> =
i=0 i=0 =0

— Z Z(Gm+2—iHm+1—j _ Gm+1—me+2—i) (ZiZj _ Zi71Zj+1)-

where G" = H" =0 forallr #1,...,m+2, Zy=1and Z. =0 for allr #0,...,m+ 1.

Proof. Let
m—4+1 m ) m4+1 .
(Z G Z - z) (Z H*Z,,_ z) - (Z GH_lZm—i) (Z HH_lZm—H—i)-
i=0 i=0

Straightforward computations show that

m

D= Z(Gm+27iHm+17i _ Gm+17i Hm+27i)ZiZi =+ Z(Gle+17i _ Gm+17i Hl)ZiZ'rrL+1

1=0 1=0
m—1 m

+ Z Z (Gm+2—iHm+1—j + Gm+2—me+1—i _ Gm+1—iHm+2—j _ Gm+1_me+2_i)ZiZj.
i=0 j=i+1
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Next, we group all terms of the type A(q,t) = GIH! — GtHY, with t < q. Let A(4,7), i < j, be the coefficient of
Z;Z; in the last expression and let AT (i,7) = A(m+2—4i,m+1—j)and A= (i,j) = A(m+1—i,m+2—j).
For all i =0,...,m, A= (i,i + 1) =0, so, in particular, A(m,m + 1) = A= (m,m + 1) = 0. Then,

A*(4,4) ifi=je{0,...,m}
Ali, ) At (iyi+1) ifj=i+1e{l,...,m}
Z’ = . . . .
J —A(i,m+1) ifj=m+1,i€{0,...,m—1}

At(i,j)— A=(i,5) ifie{0,....m—2}, i+2<j<m.

Observe that m +2 — i > m + 1 — j whenever ¢ < j and also m+ 1 —1¢ > m + 2 — j whenever j > i + 2.
All the coefficients A (4,5) and A~ (4,4) involved are of the type A(q,t) with ¢ < ¢q. But, clearly, A~ (i,j) =
A*(i+1,5 —1). Then,

m—1 m+1

D= Z O Z Z + Z Z A+ 1+ 1,5 — 1)(ZZ‘+1ZJ',1 — ZZZJ)
1=0 =0 j=142

Rearranging the indices and setting, if necessary, G" = H" = 0 for all » # 1,...,m + 2 and Z, = 0 for all
r#0,...,m+ 1, we obtain the expression of the statement of the theorem. O

Next, we use the decomposition of Proposition 3 to extend, by induction, the sign inequalities of the “man-
ageable” volumes Z; to volumes of a more general type. We need some extra notation. Given p,s € N and
0<6<d < <dpy, wewrite gy = (d1 —0,...,d, —9,.7.,dy = 0), G, = Vpys-1(9,), hy, = (0,d1, ..., dp, .7, dp)
and Hy = p+8(hs)

Lemma 5. For all s € N and 0 < § < dy, we have ji1(dy — 6,.5.,dy — §) < [ia(d,dy,.%.,dy).

Proof. By Lemma 1, fi1(dy — §,.5.,dy — §) = d;+—15. We have to prove that A = (dl 6) Vs+1(8,dy,.5.,dy) —

Viyo(d,d1, 511, dy) < 0. Now, by Proposition 3 with p =1 and k = s + 1, and Lemma 1 Viro(d,dy, 5t dy) =
% (dy — §)s—i+t g+l

it Gray

=0

DY 1 (6,dy, .5 dy) = D20 (=) F 8 g~ (di =)ot o
RS T T AT T i D) S (s (s =) i+ DY

=0 i

Then, since (s —i+ 1)l =(s—i+1)(s—i)land s+1>s+1—¢, forall0<i<s

S _ s 1+151+1

- Z ( 1 . 1 )_ §o+2 .
l+1 (s+1)(s—9)! (s—i+1) (s+2)!
as we wanted to prove. O
Proposition 5. Let p,s,t,g €N and 0 < <dy <--- <dp. It holds that
1. fp(dh —6,...,dp—9,.5.,dp —0) < fipp1(0,d1,...,dp, . 5., dp).
2. if t <q then GIH, — GLHI < 0.

Proof. Let us prove the first statement proceeding by induction on p € N. Lemma 5 solves the case p = 1. Next,
fix p > 1, and assume that for all s € N, fi,_1(dy — 6, ...,dp—1 —9,.5.,dp—1 —6) < fp(d,d1,...,dp_1,.%.,dp_1),

s+1 H9+1
or, equivalently, for all s € N, GS = < . We claim that
—1 p—1
Gl \H, |-G, |H! <0, foralt<q. (12)
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Gh1 Hp_4 : . . G_ Gl GiTh G
Indeed 2=t < %= because of the induction hypothesis and the fact that -3+ = —2=4 2= . —2=1 and
prl prl prl szl sz1 prl
H?_ | H | HI”} H'TY .
= T 7+ In order to establish the result for p > 1, we have to prove that for all s € N,
p—1 p—1 Tp—1 p—1
s+1 S s
1 1 iy 1 _ i+1 _ i+1 _ i+1
G;+ Hp —G;H;+ < 0. From Proposition 3, G;+ = E Gyl Zsy1-i, Hy = E H" Zs i, Gy = E GyliZs—i
i=0 i=0 i=0
s+1

and H3t' =Y H*Z.1 4, where Zy = 1 and Z, = Vi(dp — dp_1,...,dp — dp1), for all 7 = 1,...,5+ 1.
=0

S S
By Lemma 4, G5 Hy — GoHy ™ =Y "N (G HY S ™ — Gy HY Y ) (202, — Zi1Z44), where Z, =0
i=0 j=i
forall r #0,...,s +1land G,_; = H, ; =0 forall 7 # 1,...,s + 2. Applying Equation (12), the induction
hypothesis, and Proposition 4, we obtain that indeed, G5 HS — Gs H5t! < 0.
As for the second statement, it is in fact a generalization of statement 1. Indeed, we have just proved

s+1 s+1
that for all s € N, G5 Hs — GSH3™' < 0 or, equivalently, % < Iil"—p Now, given t < ¢, we have that
GgHé — G;Hg < 0 if and only if g—? < Z—’E Again, this inequality follows directly from the hypothesis and the
" G: Gy Gt GLt? H?  HS HI! HIT!
decompositions e ile e e R e7s and S gt HT O
Finally, we can state and prove the main result of this section.
Theorem 1. For all p,k € N such that k > p, and all 0 < < dy --- <dp < -+ < dy, we have that
fp(di —6,....dy—0,....dk —8) < fipr1(0,d1,. .. dp,...,dg).
Proof. By definition,
R Vig1(dy = 6,...,dp — 8,dp — 9, ..., dy — 9)
dy—0,...,dy,—0,...,di, —0) =
fiplcy =0,y dp =0, dy =) Vildy —0,....dy—0,...,dp —0)
N Vk+2(67d1,'"adpadp"'adk)
O, dy, ... dp, ..., dg) = .
IU’P+1< b P ’ k) Vk+1(67dla"'adpa"'adk)
Therefore, fi,(dq1 —6,...,dp —0,...,dx — ) < fip+1(0,d1,...,dp,...,dy) if and only if
A=Vip1(dr —96,....dp —0,dp — 0,...,dx — ) Vis1(6,dx,...,dp,...,dx)
—Vi(di —0,...,dp —6,...,d — 0)Viy2(d,d1,...,dp,dp,...,dp) <O0. (13)

Now, applying Proposition 3, we decompose each of the four factors in the last inequality as sums involving
volumes of the types G, and H,. Then,

k—p k—p

Viddy = 6,...,de = 0) = > Gy Zi_ i, Vigpa(di =0, dp = 8odp =0, i —0) = Y GoPZk s,
1=0 =0
k—p k—p

Vi1 (8,dy, . di) = > HY T Zy s, Vip2(8,d1, ..o dp,dp, .. di) =y HY2Zy g,
1=0 =0

where Zy =1 and Z; = Vi(dg—¢+1 — 9,...,dr, — 6), t =1,...,k — p. Therefore, applying Lemma 4,

k—pk—p
A = Z Z(G’;_p“_iH}’;_p“_i _ G’;—p+1—jH§—p+2—i) (ZiZj _ Zi71Zj+1)'

i=0 j=i
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where Z, = 0 for all 7 # 0,...,k —p and G}, = Hy = 0 for all r # 1,...,k — p+ 2. Therefore, for A <0 it
is sufficient to establish that A(g,t) < 0 whenever ¢t < ¢ and that Z,Z, — Z;_1Z4+1 > 0 if ¢ < g. These two
properties were already proved in Propositions 5 and 4, respectively. O

As a particular case of Theorem 1 we deduce that the core-center satisfies higher-cost decreasing monotonicity.
Proposition 6. The core-center satisfies higher-cost decreasing monotonicity.

Proof. Let ¢ € CV be an airport problem. Given j € {2,...,n — 1} and r € {0,...,7 — 2}, the inequality

fj—r(Crg1—CryooosCno1—Cp) > flj—p—1(Crp2—Crit, ..., Cne1 —Crp1) follows by taking k =n—r—2,p=j—r—1

and (6,dy,...,dg) = (¢r41 — CryCrpa — Cryo oy Cn—1 — ¢) in Theorem 1. Therefore, if j € {2,...,n — 1} then
ﬂj(cl, e ,Cn_l) Z ﬂj_l(CQ —Cly...yCp—1 — Cl) Z “ee Z [Ll(Cj — Cj—la ceeyCp—1 — Cj—l)-

Now, applying Proposition 1, if i,j € N\{n}, i < j, then u;(c) is decreasing with respect to ¢;. O

5 Lower-cost increasing monotonicity

The lower-cost increasing monotonicity property states that if a single cost ¢; increases, then the contributions
requested of the agents with cost lower than ¢; should not decrease.

Definition 2. A rule ¢ satisfies lower-cost increasing monotonicity if for each pair c,c’ € CN and each i € N
such that ¢} > ¢; and c; = c; for all j € N\{i}, then v;(c') < v;(c) whenever ¢; < ¢;.

In order to establish that the core-center satisfies lower-cost increasing monotonicity, we follow the scheme
developed in Section 4 but with a significant difference: the decomposition of a given volume provided by
Proposition 3 has to be changed (Proposition 7). We need some extra notations. Given p,k,s,t,q € N

such that kK > pand 0 < ¢; < -+ < ¢, < -+- < ¢, write Aﬂs = Vigs—1(c1, .y CpyensCry o Ch)s AZ,S =
Virs(C1se oy CpyCp ooy, 5o, 0r) and AV (t,q) = Ap Ap — Ap Ap The superscript in Aks, though some-
how unnecessary or amblguous in cases like A” = Ap si1> 18 helpful to refer to a particular coordinate of the

core-center. It is also worth noting that A% (¢, t) = 0.
Proposition 7. Given p,k,s € N such thatk>p>1and0<c; <---<¢, <--- <, let 6(p,k)=p—1if
p=k and §(p,k) =p if p < k. Then,
1 sk i 3 1 sk i
AZ,S = Z 5Ak(f1,s)+1—z' (ck — cr-1)", Aﬁ,s = 5Ak(—p1,(2+1—¢ (ck — cr—1)".
i ’ i=0
Proof. Let p,k,s € N with k > p > 1. Then

o c;ﬁl—kfmj k=1 i
Azys:Vk+5,1(01,...,Cp,...,ck,.§.,ck):/ / j=1 ‘/’S(ck—z.%'j7..., Z dsck 1- d.%‘l
0 0 :
Jj=1 Jj=1
Cr1— sz 1 k—1
/ / —(ck —ij)sdxk_l...dxl
j=1
where the last equality is obtained applying Lemma 1. Now, we expand the integrand by the binomial theorem,
k-1
setting Xy =cp —cp_1 and Y1 =cp_1 — Z x;. Then,
j=1
k—1 s s
1 s 1 .1 S e 1
g(ck =) ) = &+ Y1) =4 > (i)XiYks_f => kaYks o
j=1 i=0 i=0
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sti _

S 1 C1 Cl—1— 2 xj 1 i .
Therefore, AZ,S = Z a </ / T =Y g - dazl)Xk Again, by Lemma 1, o Vet
i=0

(s —1)!

s— z)'

Veri(Yi—1, ... ,Yk_;) and, consequently,

Ch— 1*2@ 1 Ch_ 172%
/ / (s —1)! Y’; fdxk 1..-day = / / Veei(Yio1, .o, Yeo1)dzp—1 ... day

Ch_ 2_2% k-2
/ / S+1 z(ck 1 — E LjyeuryCh—1 — E xj>dxk,2...dx1:Ak_lﬁs_‘_l_i.

Jj=1

The above equality leads to A} | Z =AY 1 Xi.
The case k = p and the second part of the proof can be easily adapted from the previous one. O

Lemma 6. Given p,k,s € N such thatk>p>1and0<c; <---<ep <+ <oy, let Xy, =cp —cp—1. Then,

AV(s,s+1) i(iB (i,7) ( (i, r),q(i,r)))X;i,

i=0 r=0
where, r; € N for alli € {0,...,2s}. Besides, for allr € {0,...,r;}, it holds that B(i,r) > 0 and t(i,r) < q(i,r).

Proof. Using the decomposition of Proposition 7, one can derive that

s 7
1 3(p.k , - i
AZ(S, S+ 1) = Z(Z mAk(fl )(tl(za 7“), q1 (Zv T))>Xk:
i=0 r=0 = ’
2s+1 2s+1—1

(p,k . . i
+ Z ( Z (s+1—r)!(i1—(s+1—r))!Ak(f1 )(tz(m“),fh(z,?“)))Xk,

1=s+1 r=0

where t1(i,7) =s+1—7r, q1(t,r) =s+2— (i —7r), ta(i,r) =25+ 2 —i—r and ¢2(i,7) =7 + 1.

First, we examine the coefficients of the powers X,i, i = 0,...,s, in the sum above. Observe that the
coefficient of X,(C) that corresponds to i = 0, r = 0, is just Aé(p’k)(s + 1,8+ 2). Next, fix i € {1,...,s} and
introduce r} = 2 . Clearly, if ¢ is an odd number, r} € N and the term corresponding to the index r = r} is
zero, because t1(i,77) = q1(4,7}). As a consequence, the coeflicient of X,i has an odd number of addends, in fact,
i when i is odd and i + 1 when ¢ is even. In any case, the term corresponding to the index r = i (the last one)
is B(4, Z)Ak( 1k) (t(i,4),q(i,i)) where B(i,i) = % >0, t(i,i) = s + 1 — i, and q(i,i) = s + 2. Since i € {0,..., s},
t(i,1) < q(i,7). Therefore, we are left with an even number of terms.

Now, consider the terms corresponding to indices r1,72 € {0,...,4 — 1} such that r1 < ro and r1 +
ro = i — 1. We have that r1 < rf < 7o, t1(4,71) = q1(i,72), and ¢1(¢,71) = t1(é,72). Subsequently,
Ai(_p’lk) (t1(i,71),q1(2,71)) = ng(p’ (t1(i,72),q1(2,72)), so we can add up both terms and write

1
7"1!(7; —Tl)!

1

Aé(p,k) .
TQI(i — '1"2)! (tl(Z TQ) Q1(27T2))

AN (# (iy 1), g0 (6,71)) +

- (Tz!(ilfTQ)! B 7”1!(1'1—7”1)!)Ai( 1 )(tl(l TQ) Q1(iﬁr2))-

Therefore each pair of indices 71, ry, with the properties listed above, produces a single term of the form
B(i,r)Ai(plk)( t(i,7),q(i,r)) satisfying:
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1. B(i,r) > 0.
Indeed, TZ!(il_TQ)! - Tl!(il_rl)! > 0 if and only if M > (’%,2)' But, 71 + ro = ¢ — 1 implies that

i—r =7r9+1,i—7r9=r; +1. Then, =l — ) +1><l 2l =y 1L

rol

2. t(i,r) < q(3,7). .
Certainly, t(i,r) = t1(i,r2) = s+1—ry < q(i,7) = q1(i,r2) = s+ 2 — (i —r2) if and only if rp > =L = 7.

7

A similar analysis can be done for the coefficients of the powers X}, i=s+1,...,2s+ 1. O
Lemma 7. For allp,s € N, py(ci,...,cp,.5.,¢p) > pp(cr, ..., cp, 5T cp).

Proof. We proceed by induction on p. The case p = 1, that is, pui(c1,.5.,¢1) > pi(c1, Tl ep) for all s € N is a
simple consequence of the fact that p1(c1,.¢.,c1) = <. Next, assume that the result holds for p — 1, that is, for
all s €N, pp1(c1,. . cp1,.5,6p-1) = pp—i1(c1,...,cp—1,5tL cp1). Then, it follows that Agj(s,s +1)>0
for all s € N, or equivalently, Agj(t, q) > 0 whenever t < q. We have to prove that the result holds for p.
But, again, that is equivalent to proving that Ag(s, s+ 1) >0, for all s € N, which is a direct consequence of
Lemma 6 and the induction hypothesis. O

Lemma 8. For all p,k,s € N such that k > p, pp(ci,...,Cp, .., Chy .5 0k) = pp(Cy ..o Cpyeo sy ST ).

Proof. We proceed by induction on k. The case k = p was proven in Lemma 7. Next, assume that the result
holds for k — 1 > p, that is, pp(c1,. . CpyooyChm1s .50, Cho1) > pp(Ciy. oy CpyonnyClmt, ST cp1), for all s € N.
Then, A} ,(s,s+1) >0 for all s € N, or equivalently, A} | (¢,q) > 0 whenever ¢ < ¢q. We have to prove that
the result holds for k£ > p. But, again, that is equivalent to proving that A?(s,s +1) > 0, for all s € N. But
this inequality follows immediately from Lemma 6 and the induction hypothesis. O

Theorem 2. Given p,s € N and costs 0 <c; < --- < ¢, < cpy1 < -+ - < Cpps, we have that

Mp(cla .. '7Cp) > /Lp(clw .. 7Cpacp+1) > > Mp(ch <o Cpy Cppds - - 'acp+s)-

Proof. Observe that pp(ci,...,¢p) = (¢p — cp—1) + fip—1(c1,...,cp—1) and /Lp(C1, . cp7cp+1) = fip(cr,. .. 3 Cp)-
Then, ppy(c1,...,cp) > pplcr, ..., cp, cprr) if and only if A, = (cp—cp,l)Ap 1147 1—|—Ap 1240 —AY Ap 11 >
0. Note that A, does not depend on the cost cp,1, therefore, using Lemma 7, it is easy to see that the firs
inequality of the chain is satisfied.

Now, whenever k > p, up(cl,..., k) > /Lp(Cl,- ,Ck, Ck+1) if and only if fi,(c1,. .., ce—1) > fp(er, ..., ck).
The last inequality is equivalent to Ak 1 1Ak 1 Ak,1AZ71,1 > 0. Consider the left-hand expression as a function
of the cost ¢y, that is, f(cx) = Ak—1,1Az.1 A£,1Ai—1,17 ¢k € [ek—1,ck41]- A straightforward computation
shows that f’(cx) = 0. Henceforth, f is constant in the interval [cx_1,cry1]. Consequently, f(c) > 0 if and
only if f(ex— 1) > 0. Since f(ck— 1) = AP 1(1,2) then f(ck—1) > 0 if and only if fip(c1,...,¢p,. ., Ch1) >
fp(c1,. .. Cpy... Ck—1,Ck—1). Finally, the last inequality has already been established in Lemma 8. O]

Immediately from Theorem 2, we deduce that the core-center satisfies lower-cost increasing monotonicity.
Proposition 8. The core-center satisfies lower-cost increasing monotonicity.

Proof. Let ¢ € CN be an airport problem. Then the core-center satisfies lower-cost increasing monotonicity if
and only if p;(c) is increasing with respect to ¢; for all j < ¢ < n. First, assume that j < i < n. According

to Theorem 2, pj(c1,...,¢5) > pi(cr,...,¢j, ..., ¢) > wier, ..., cn) = wj(c), and lower-cost increasing mono-
tonicity is now a direct consequence of Proposition 1. As for the case j < i = n, we already know that u;(c),
j=1,...,n—1,is independent of ¢,, and that g’c‘" (c) =1. O
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6 Monotonicity properties

The monotonicity properties in the literature on airport problems focus on how changes in the cost parameters
of an agent, or group of agents, impact the payoff assigned by a single-valued rule to that particular agent or
group of agents. Of course, such cost variations also have an effect on the core of the airport game. But, how to
measure it? We argue that the core-center, as the “average” stable payoff vectors, is a good indicator of the core
monotonicity. In fact, the lower-cost increasing monotonicity and higher-cost decreasing monotonicity properties
studied in the previous sections capture the general behavior of the core-center with respect to such changes,
providing an insight on the corresponding core fluctuations. In this section, building on these two properties,
we analyze whether or not the core-center satisfies the usual monotonicity properties listed in Section 2.

First, we state several implications relating some of these well known properties with higher-cost decreasing
monotonicity and lower-cost increasing monotonicity.

Proposition 9. If a rule satisfies lower-cost increasing monotonicity then it satisfies individual cost monotonic-
ity. If a rule satisfies downstream cost monotonicity and lower-cost increasing monotonicity then it satisfies weak
cost monotonicity.

Proof. The first statement is trivial. Then, we just have to prove that, for each pair ¢,/ € CV such that
¢ =c+ " for some ¢’ € CV, then (') > 1(c). Consider the following airport problems:

Problem | Costs
COZC C1 Co N 3 N
/! /! /! /!
ct cp+cy co+cy ... ctce ... et
c a+dl cotdy .. o+ oo oentdf
— A /! /! /! /!
c"=c ci+c] catcy ... citc ... cptcy

Now, noting that ¢ = ¢™ and combining downstream cost monotonicity (DOWN) and lower-cost increasing
monotonicity (LCIM) we have

1/11(0”)2 Lcmm Z LCIM ¢1(Cl)2 LCIM Z LCIM wl(cl) Z DOWN,I/}I(C)
1/)2(Cn)2 Lo Z LCIM ¢2(61)2 LCIM > DOWNwz(Cl) 2 DOWN,IZJQ(C)
’(/Jl(cn) Z LCIM Z LCIM wi (Cl) Z DOWN Z DOWN,(/}Z_ (Cl) Z DOWNwi (C)
wn(cn)z DOWN Z DOWan(C’L')Z DOWN Z DOWan(Cl)Z DOWN¢7L(C)'
Then, in fact, ¥(c’) > ¥(c). O

As an immediate consequence of Propositions 8 and 9 we have the following result.
Proposition 10. The core-center satisfies individual cost monotonicity.

Obviously, if a rule satisfies others-oriented cost monotonicity then it also satisfies higher-cost decreasing
monotonicity. Nevertheless, the converse is not true.

Example 1. Let N = {1,2,3}. Consider the pair of airport problems c,c’ € CV where ¢ = (1,2,3) and
 =(1,3,3). Then, pi(c) = § < pr(c’) = {5. Observe that an increase in the cost of player 2 results in a lower
core-center payoff for player 1. Then, the core-center violates others-oriented cost monotonicity.

The analysis of the downstream cost monotonicity property for the core-center follows a similar structure as
that of Theorem 1. Hence we just provide an outline.
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Theorem 3. Given indices i,j € N, j >, a value v > 0 and costs 0 < ¢; < --- < ¢, we have that
/u’j(017027"'7Ci+77"'7ck+7) Z,Uj(cl,CQ,...,Ck).

Proof. Let us examine some simple situations. If i = j = k, then ug(c1,...,ch—1,¢c6 +7) =7+ pr(cr, ..., cx) >
pr(cr, .., e). Ifi < kand j = k then pg(c1, ... ¢+, c6+7) = (ck—ch—1)Hg—1(c1, - - Gi+Y, o ooy Che1+7)
and pg(cr, ..., cx) = (ck —cp—1) + fig—1(c1, ..., ck—1). Therefore, px(c1,...,ci+7v,...,ce+7) > pr(ci, ..., cx) if
and only if fix—1(c1,...,ci+7, ..., co—1+7) > fie—1(c1, ..., cx—1). Obviously, if i < j < k then p;(c1,c2,..., ¢+
Yyooscr +) = filer, . e+, ce—1 +y) and pjer, ..., cn) = fii(cr, ..., cp—1). It suffices to prove that
forall i <j <k, fr(cr,...,cic1,¢+7, ..., ¢ +7....ce+7) = ftj(ci,...,c,). This is equivalent to

A:Vk+1(01,...,ci71761‘+’Y,...,Cj+’Y,Cj +’77"'ack+7)Vk(cla"'7ck)
7Vk(clv"'7Ci—1vci+77"'7cj +"Y,...,Ck+’}/)Vk+1(01,...,Cj,Cj,...,Ck) 20
Denote Zg = 1 and

G =Vjis-1(cr, .o cimn, i+, ¢+, 550 +7), s=1,...,k—j+2
H;:‘/j+s_1(61,...,6j,.‘?.70j), S:LJC—']—FQ

Zt:‘/%(Ck,t+1—0j,...7ck—0j), t:L,k—j

k—j k—j
Applying Proposition 3, Vi(c1,...,cx) = Z H]H'le_j_,., Vit1(e1, ... ¢j,¢5, .. c) = Z H;+2Zk_j_,., and
r=0 r=0
k—j
Virr(Cy ooy it s &+ 7,6 + 9,y +y) = G;+2Zk7jfr
r=0
k—j
Vk(Cl,.-.,Ci—F’Y,-.-,Cj +77"-ack+7) = G;+1Zk—j—r
r=0
Therefore, applying Lemma 4,
A= 3 S G L G ) (0,2, 7,z
r=0 t=r

where Z, = 0 for all r # 0,...,k —j and G; = H = 0 for all r # 1,...,k — j + 2. Then, in order to prove
that A > 0 it is sufficient to establish that A(q,¢) > 0 whenever ¢ < ¢ and that Z,.Z;, — Z,_1Z;41 > 0 if r < t.
The first property can be established, with very few adjustments, as in Proposition 5, and the second holds by
Proposition 4. O

Proposition 11. The core-center satisfies downstream cost monotonicity.

Proof. Let ¢ € CN be an airport problem. Observe that downstream cost monotonicity can be rewritten as
follows. If for each pair ¢,¢’ € CV and each i € N, if for each j € N such that ¢; < ¢;, c;- =c; and each j € N
such that ¢; > ¢;, ¢; = ¢j +7 (v > 0), then for each j € N such that ¢; > ¢;, 1;(c’) > ¥;(c). Therefore the cost
vectors ¢ and ¢’ can be written as ¢ = (¢1,¢2,...,¢i—1,Ci,...,¢n) and ¢ = (c1,¢2,- .., Ci—1,C + Yy oy +7)-

Now, the result is a direct consequence of Theorem 3. O
By applying Propositions 8, 9 and 11 we derive the following result.

Proposition 12. The core-center satisfies weak cost monotonicity.
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Example 2. The core-center does not satisfy strong cost monotonicity. Indeed, let N = {1,2,3} and ¢ =
(1,2,4) € CN. Then p(c) = (2,%,2). Now, for the airport problem ¢ = (1,3,4) € CN, u(c) = (£, 12, 3)

Thus, ¢ < ¢ but pz(d) < ps(c).
Proposition 13. The core-center satisfies population monotonicity.

Proof. We prove the result for the case in which there is k € N such that N = N’ U {k}. The general case
follows from repeated application of that property. Thus, given N’ = N\{k}, we prove that un(c) < p(en).
We distinguish three cases.

Case 1: ¢k = ¢,. Then, for each i € N'| ¢; < ¢ = ¢, But, by Theorem 2, u;(cn/) = pi(cr, ..., cno1) >
wi(C1y ..y Cn_1,¢n) = pi(c), for each i € N'.

Case 2: ¢, =c3. Then ¢; > ¢ = ¢p for all i € N'. Now, for each ¢ > 0, let ¢ = (g,¢2,...,¢,). Clearly,
p(en') = puns(c®). By higher-cost decreasing monotonicity, for each ¢ € (0,¢1], pun/(c) < un/(c®) and, by
continuity, un(c) < uns(c?). Therefore, pun(c) < pun/(c®) = pu(enr).

Case 3: ¢; < ¢ < ¢,. Let 1 € N'. We distinguish two subcases.

c; > ci: Consider the airport problems ¢ € CV, with ¢ = (g,¢1,...,Ch_1,Chi1,Chi2;---,Cp) and € €
(0,c1]. As in Case 2, higher-cost decreasing monotonicity and continuity ensure that p;(cn) = i (%) > p;(c?).
Combining this with a repeated application of higher-cost decreasing monotonicity, we have

pi(enr) = pi(c®) > p1i(C1,€1,C, ooy Cho1y Chpls Cht 2y« - -5 Cn) > Hi(C1y €2y Coyev vy Chm1y Chit 1, Ch 2y -« + 5 Cn)
> > pi(C1,02,C3 ooy Ch—1y Cloy Clt 1y - -+ 5 Cn) = pi(C).

c; < cg: If ¢; = ¢, we assume, without loss of generality, that ¢ < k. Now, applying lower-cost increas-

ing monotonicity repeatedly, w;(cn') = pi(C1y -y Chm1y Cht1s Cht2y - -3 Cn) = Hi(Cly vy Ch—1, Chiy Chig 1y -« -5 Cre1)-
Now, by Case 1, we also have that p;(c1, ..., Ch—1,ChyChiatty -+, Cn1) > i(Cly -y Che1, ChyChtls s Cne1,Cn) =
pi(c). Combining the inequalities in both equations we get that u;(cn+) > pi(c). O

Example 3. The core-center does not satisfy marginalism. Consider the airport problems with player set
N =1{1,2,3} and costs c = (1,2,3) and ¢ = (1,3,4) that satisfy the hypothesis of downstream cost monotonicity
(with i = 2)/. Their respective core-centers are p(c) = (%,%,%) and p(c) = (1—75,%,%) so, in particular,
pi(e) # pa(c).

Remark 2. The core-center is an intuitive but quite complex solution concept defined for the class of balanced
games. What we show up in this paper is a well established model, the class of airport problems, for which the
core-center has good monotonicity properties. The task of proving the results of the paper requires a deep analysis
of the geometric structure of the core.

Besides, two mew monotonicity properties, higher-cost decreasing monotonicity and lower-cost increasing
monotonicity, are the key to check if the core-center satisfies the usual monotonicity properties. The relation of
these two properties with the usual properties for airport problems and their implications for the ranking of rules
has been studied in (2017).

As a summary, of the monotonicity properties listed in Section 2, the core-center violates others-oriented
cost monotonicity, strong cost monotonicity, and marginalism, but it satisfies individual cost monotonicity,
downstream cost monotonicity, weak cost monotonicity, and population monotonicity.
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