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The Dirichlet problem for the time-fractional heat conduction equation in a half-line domain is studied with the boundary value
of temperature varying harmonically in time. The Caputo fractional derivative is employed. The Laplace transform with respect
to time and the sin-Fourier transform with respect to the spatial coordinate are used. Different formulations of the considered

problem for the classical heat conduction equation and for the wave equation describing ballistic heat conduction are discussed.

1. Introduction

In the paper [1] and later on in the book [2] Nowacki studied
the classical parabolic heat conduction equation with a heat
source term varying harmonically as a function of time

oT (x,t) _ aaZT(x, t)
ot 0x2

+ g0 (x) " (1

in the domain —co < x < ©co. Here a > 0 is the thermal
diftusivity coeflicient, §(x) is the Dirac delta function, and
w > 0 denotes the frequency.

Nowacki’s solution of (1) is based on the assumption that
temperature can be expressed as a product of the auxiliary
function U(x) and the time harmonic term

T (x,t) = U (x)e“". 2)

In this case, there are no initial and boundary conditions
(excepting the zero condition at x — +00), and the problem
is reduced to solving the corresponding equation for the
auxiliary function U(x). The final result reads

T (x,t) = Le—m iw/ariot )

2aviw/a

The square root of the imaginary unit is defined as Vi = ¢"™*,

If the heat conduction equation

oT (x,t) 0T (x,t) 4
ot T ox @

is considered in a half-line domain 0 < x < oo, then
the boundary condition at x = 0 should be imposed. For
example, we can assume the Dirichlet boundary condition
varying harmonically in time:

T (x,t) = Ty x=0. (5)

Similar analysis can be also carried out in the case of
the boundary value of heat flux varying harmonically in
time (the physical Neumann boundary condition). Boundary
conditions varying harmonically in time describe various
situations, in particular, thermal processing of materials using
pulsed lasers or collection of solar energy [3].

Under Nowacki’s assumption (2), there is no initial
condition, and for the auxiliary function U(x) we obtain

2

in(x):adng), 0 < x < 00, (6)
dx

Ux)=T, x=0, (7)

)}eroloU(x) =0. (8)



To compare with the subsequent results it is worthwhile to
solve (6) under boundary conditions (7) and (8) using the
sin-Fourier transform with respect to the spatial coordinate
x. The solution has a form

U(x)=Tye " wla, 9)
Hence,
T (x’ t) _ Toe—x\/iw/aﬂwt' (10)

If the surface temperature is described by the dependence

T (x,t) =Tysin (wt) x=0, (11)

then the solution becomes [3]

T (x,t) = Ty exp (—4%) sin (wt - xJ%) (12)

Many experimental and theoretical investigations testify
that in media with complex internal structure the standard
heat conduction equation is no longer sufficiently accurate.
This results in formulation of nonclassical theories, in which
the parabolic heat conduction equation is replaced by more
general one (see [4-12] and the references therein).

For example, Green and Naghdi [7] proposed the theory
of thermoelasticity without energy dissipation based on the
wave equation for temperature. In the framework of this
theory, the following boundary value problem can be studied:

T (x,t) aaZT (x,1)
o ox* (13)

T (x,t) = Tye'” x=0.

Under the assumption (2), using the sin-Fourier transform,
we get the solution (see (A.3) from appendix)

T (x,1) = T, cos ( %) ¢, (14)

2. Time-Fractional Heat Conduction

The time-nonlocal generalization of the Fourier law with
the “long-tail” power kernel [11, 13-15] can be interpreted
in terms of fractional calculus (theory of integrals and
derivatives of noninteger order) and results in the time-
fractional heat conduction equation

“DE.T=aAT, 0<a<2, (15)

with the Caputo fractional derivative of order « defined as
[16-18]

a'f(z)
dr,
dr" ’ (16)

n-1<a<mn,

CDngf(t) = W——a
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and having the following Laplace transform rule:

n—-1

L {CDg+f (t)} = S[xf;k (S) — Z f(k) (0+) Soc_l_k’

k=0 17)
n-l<a<mn,

where the asterisk denotes the transform, s is the transform
variable, and I'(x) is the gamma function. The Caputo frac-
tional derivative is a regularization in the time origin for the
Riemann-Liouville fractional derivative by incorporating the
relevant initial conditions [19]. The major utility of the Caputo
fractional derivative is caused by the treatment of differential
equations of fractional order for physical applications, where
the initial conditions are usually expressed in terms of a
given function and its derivatives of integer (not fractional)
order, even if the governing equation is of fractional order
[17, 20]. Additional discussion on the use of the Caputo and
Riemann-Liouville fractional derivatives can be found in [21]
(see Section 3.4 “Which type of fractional derivative? Caputo
or Riemann-Liouville?” in this book).

Equations with fractional derivatives describe many
important physical phenomena in amorphous, colloid, glassy,
and porous materials, in fractals, comb structures, polymers,
and random and disordered materials, in viscoelasticity
and hereditary mechanics of solids, in biological systems,
and in geophysical and geological processes (see, e.g., [22—
30] and the references therein). Important applications of
fractional calculus can be found in such fields as fractional
dynamics [31-35], fractional kinetics [36-38], and fractional
thermoelasticity [11, 12, 39-41].

Equation (15) describes the whole spectrum from local-
ized heat conduction (the Helmholtz equation for « — 0)
through the standard heat conduction (« = 1) to the ballistic
heat conduction (the wave equation when o = 2).

The interested reader is referred to the book [15], which
systematically presents solutions to different initial and
boundary value problems for the time-fractional diffusion-
wave equation (15) in Cartesian, cylindrical, and spherical
coordinates. In [42, 43], this equation was considered in
unbounded domains with the source term varying harmoni-
cally in time.

In the present paper, we study the Dirichlet problem
for the time-fractional heat conduction equation in a half-
line domain with the surface value of temperature varying
harmonically in time. The integral transform technique is
used. Different formulations of the considered problem for
the classical heat conduction equation (a« = 1) and for the
wave equation describing ballistic heat conduction (&« = 2)
are discussed.

3. Formulation of the Problem

We consider the time-fractional heat conduction equation in
a half-line:
O°T (x,1)

ox> (18)

0<x<o00, 0<t<o00, 0<aax<2,

CDgﬂrT =a
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under the harmonic boundary condition
T (x,t) = Tpe™ x=0, 19)
and zero condition at infinity

xli_ngT (x,t) =0. (20)

For the Caputo derivative of the exponential function we
have

C 2 1 t 1 d?l At
Dj e =— | (t-7)"" d
o€ T 7 (n-a) L (=) ar F
1 ! n—o—1 At (21)
— t- dr,
T (n—-a) J U !
n-1<a<n.
Substituting t — 7 = A"'u (with A > 0) gives the final result

o CM =/\oc AtY(n_“’At)

C
D, , n—1l1<a<mn, 22
0+ I'(n-«) @22

where y(a, x) is the incomplete gamma function [44]:

y(a,x) = J. e 't dr. (23)
0

Hence, for fractional (noninteger) values of the order « of
derivative,

C oc /\t¢Azx /\t (24)

Therefore, the Nowacki assumption (2) cannot be used
for the time-fractional heat conduction equation and the
corresponding initial conditions should be imposed (see
also [42, 43]). In the present paper we assume zero initial
conditions:

O0<a<?2 t=0>T=0)

T (25)
l<a<2 t=0, — =0.

ot

4. Solution to the Problem

Application of the Laplace transform with respect to time
t and the sin-Fourier transform with respect to the spatial
coordinate x to (18) under the initial conditions (25) and the
boundary conditions (19), (20) gives

£

al —>
0
s*+akls—iw

T" (&) = (26)

where the tilde denotes the sin-Fourier transform and £ is the
transform variable.

At first, we analyze the standard heat conduction equation
corresponding to o = 1:

3 1

T (&) = m—w (27)

The inverse Laplace transform gives (see (A.6) from
appendix):

s iwt —ak’t

T t) = aTo—E2 . (e e ) (28)
Integrals (A.2) and (A.4) allow us to invert the sin-Fourier
transform and to obtain the solution

iw/at+iwt

T (x,t) =Tye ™

T .
— 0 pxViwlatiot erfc<\/ﬁ—

=)
> wai) (@)

+ Eex iw/“+iwterfc<\/ﬁ+ d >

2 2+at
The first term in (29) coincides with solution (10) and
describes the quasi-steady-state oscillations; the second and
third ones describe the transient process.

Starting in (27) from the inversion of the sin-Fourier
transform, we get

T" (x,s) =T, 1, exp (—i \/E) (30)

—iw Va
Taking into account (A.10) and using the convolution
theorem for the Laplace transform allow us to obtain an alter-
native form of the solution to the standard heat conduction
equation:

T (x,t) =

Tox (f 1 N\ o
5 Oﬂa JO 17/2 exp <_4a—T elw( T)‘ (31)

Another particular case of solution (26) in the transform
domain corresponds to the ballistic heat conduction (« = 2):

T" (&) = aT, d !

E—— 32
02+afzs—zw (32)

Inversion of the sin-Fourier transform (see (A.2)) results in

_liw exp (—%s). (33)

Taking into account (A.9), we obtain

T (x,8) =T,

T, */V0 0 < x < +at,
T (x,1) = (34)
0, Vat < x < 0.

It should be noted that solution (34) describes the wavefront
at x = +/at.

In applications there often appears the value « = 1/2
(see investigations of diffusion on fractals [45] and comb
structures [46, 47]). Using (A.7), we get

_ 261T0 ESIH (XE) 2 iwt
Tlat = T L a?&* —iw [ Se
+ V=iwe™ erfi (\/ —iwt) (35)

_ a£26“2£4t erfc (a£2 \/Z)] dé.



Now we return to the analysis of the time-fractional
heat conduction equation and its solution in the transform
domain (26). The inverse sin-Fourier transform gives

L e <—%s“/2>. (36)

— 1w a

T" (x,8) =T,
s

The inverse Laplace transform of exp(—As”) is expressed in
terms of the Mainardi function M(«;z) (see (A.11) from
appendix). The solution has the form

B (XTox t o X iw(t—T)
T (x,t) = a L T(x/2+1M(E’ \/ar"‘/2>e ’ (37)

0<a<2.

The particular case of the Mainardi function M(1/2; z) is
reduced to the exponential function (see [48, 49]):

1 1 2

M <—; ) = — -=, 38
2 g N exp( 4 ) (38)

and solution (37) for « = 1 coincides with solution (31).

Starting from the inverse Laplace transform of (26), we
have

t .
T (& t) = aT(,gJ T Ey, (-al’r%) e dr,  (39)
0

where E, ,(z) is the Mittag-Leffler function in two param-
eters o and 3 (see appendix). In parallel with (37), the
inverse Fourier transform of (39) leads to another form of the
solution

2aT,

T (x,t) =
t oo (40)
. J J T“_IE%“ (—a ZT“) U IE sin (x) dE dr.
0 Jo

Comparison of (37) and (40) allows us to establish the
relation between the Mainardi function and the Mittag-
Leffler function in the form of sin-Fourier transform (see also
[15, 50], where the similar relations were obtained in terms of
the cos-Fourier transform).

Figures 1 and 2 present the dependence of solution on
distance in the case of the boundary condition

T (x,t) =Tycos(wt) x=0 (41)

for different values of the order « of fractional derivative and
different values of time. In numerical calculations we have
used the following nondimensional quantities:

T-L,
Ty
_ X (42)
X =—=
\/atoc/Z
t = wt.

To evaluate the Mittag-Leffler function E, ,(z), the algorithm
suggested in the paper [51] has been used.
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FIGURE 1: Dependence of temperature on distance (t = 7).
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FIGURE 2: Dependence of temperature on distance (t = 27).

5. Concluding Remarks

We have considered the Dirichlet problem for the time-
fractional heat conduction equation in a half-line with the
Caputo fractional derivative and with the boundary value of
temperature varying harmonically in time. The solution has
been obtained using the integral transform technique.
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The Caputo fractional derivative of the exponential func-
tion has more complicated form than the corresponding
derivative of the integer order. Hence, the Nowacki approach
based on the representation of temperature as the product of
a function of the spatial coordinate U(x) and a function har-
monic in time " cannot be used, and the initial conditions
should be taken into account.

In such a statement of the problem, the particular cases
of the general solution for integer values of the order of
derivative (@ = 1 and &« = 2) describe both the quasi-
steady-state oscillations and the transient process. It should
be emphasized that in the case of the ballistic heat conduction
equation (o = 2) the obtained solution presents the wavefront
at x = +/at (x = 1 in Figures 1 and 2), which does not appear
in the Nowacki-type solution.

The obtained solution may also be used in constructing
solutions for boundary functions varying periodically in an
arbitrary manner. Expanding the boundary function in the
time-Fourier series, the solution can be obtained as a result
of superposition of successive harmonic terms.

Appendix

We present integrals [52, 53] used in the paper:

J % cos (bx)dx = T pbe,

0 X“+c 2c (A.D)

b>0, Rec>0,

J X sin (bx)dx = ge_bc,

T b>0, Rec>0, (A2)
X +cC

sin (bx) dx = gcos (be), b>0,c>0, (A3)

0o x2-¢c2

o0
X 22 . T
J ———e " “sin(bx)dx = —
0 X“+c 4

a*x? [ —bc < b )
-e e “erfc|ac—- —
2a

(A.4)
— ™ erfc (ac+ i)] ,
2a
b>0, Rea>0, Rec>0,
where erfc (x) is the complementary error function
erfe (x) = — ro e dt (A5)
X)=— . .
Vi )

Formulae for inverse Laplace transform (equations
(A.6)-(A.10)) are borrowed from [54, 55]:

(A.6)

} e—bt _ e—at

L {(s+a)(s+b) a-b ’

5
oyt
(s+a)(Vs+b)

+1 7 [be_“t + Vae “erfi (\/E) (A7)

- bebzt erfc (b\/;)] ,

where erfi(z) is the error function of an imaginary argument:

erfi (z) = % J e dt, (A.8)
T Jo
(e eI 0 <c<t,
L { } - (A.9)
s+b 0, 0<t<ec,
L {e_)“/g} = Lexp —}E (A.10)
2/mt32 4t ) '

Equation (A.11) can be found in [15, 48, 49]

L) = A M (@A), 0<a<l, A>0. (Al

t(x+1

Here M(a; z) is the Mainardi function [17, 48, 49], being the
particular case of the Wright function:

00 _1)k gk
Mesz) = ,;, kIt [—(ock)+ (-] (AL2)
0<a<l, zeC.
Equation (A.13) is taken from [16, 17]
L {ﬁ} =P B, 5 (-bt%), (A13)
s*+b ’

where E, 4(z) is the Mittag-Leffler function in two param-
eters « and f3 [16, 17, 56] described by the following series
representation:

[e) Zk

E,p(2) = z (ak+ f)

k=0

a>0, >0, zeC. (Al4)
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