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Abstract

We propose and analyze two strategies for preconditioning linear operator equations
that arise in PDE constrained optimal control in the framework of conjugate gradient
methods. Our particular focus is on control or state constrained problems, where we
consider the question of robustness with respect to critical parameters. We construct
a preconditioner that yields favorable robustness properties with respect to critical
parameters.
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1 Introduction

In this paper we are concerned with the solution of optimization problems, subject to
partial differential equations and inequality constraints on the control and/or the state.
Such problems can be considered as optimization problems in infinite dimensional function
spaces, and in recent years, algorithms have been constructed which tackle these problems in
function space. The common feature of these algorithms is that they can be formulated and
analyzed in the infinite dimensional setting, and each step of such an algorithm requires
the solution of an infinite dimensional problem. Taking, for example, Newton methods,
this means that in each iteration a linear operator equation is solved. In general terms a
perturbed saddle point problem of the form

(5 5)(3)-(1)

has to be solved in each Newton step (we will give a derivation and a precise functional ana-
lytic setting in the next sections). Of course, implementations have to deal with discretized
versions of these subproblems, but have the conceptual advantage that the methods inherit
much of the structure of the infinite dimensional problem.

In this paper we pursue this line of thought one step further and construct a precondi-
tioned iterative solver for the linear systems that occur in certain instances of PDE con-
strained optimization, including control constrained problems and regularizations of state
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constrained problems. In particular we consider two block preconditioners for the cg-method
in function space, applied to this problem class. One of them is straightforward and already
well known. The second is applicable under certain circumstances, namely that the control
and the observation take place in the same space, and yields increased robustness with
respect to certain critical parameters, which may become small or large, if comes from
constrained optimal control problems. It can be viewed as a generalization of a precondi-
tioner proposed in [28] for problems without inequality constraints, which yields bounded
condition numbers independent of critical parameters. While complete independence is not
possible in the presence of inequality constraints, it turns out that the preformance of our
preconditioner depends on critical parameters in a very moderate way.

Finally, we want to point out that our results are valid also in discretized settings, where
the usually infinite dimensional spaces are replaced by finite dimensional (finite element)
subspaces. Our analysis includes but does not require infinite dimensional spaces.

Preconditioning and multigrid for optimality systems in PDE constrained optimization
is an active topic of research and there are several lines of research. Early attempts were
made by Battermann et al [1} 2]. Borzi [3], 4] considers collective Gauss-Seidel smoothers,
while Zulehner et al [23] 28] and Wathen et al [I8, [7] propose and analyze block precondi-
tioners for such systems all-at-once multigrid preconditioners are considered in [22]. While
cases without inequality constraints are well understood meanwhile, the case of control
and/or state constraints is still mostly open. First approaches were taken by Herzog and
Sachs [10] which observed lack of robustness of standard block preconditioners in particular
for state constrained optimization problems and in [24]. In a very recent preprint [I7] a
preconditioner with favorable stability properties for state constrained problems was pro-
posed, but the analysis does not provide useful estimates for the condition number. This
preconditioner fits into our general framework, which works for control constraints and for
state constraints.

2 Theoretical framework

In this section we introduce a set of general assumptions imposed on the system , discuss
its solution in function space by a preconditioned conjugate gradient or MINRES method,
and present a couple of examples that fall into our framework.

2.1 A class of optimal control problems and corresponding saddle
point problems

Let us consider as an example the optimal control problem
.1 2 o 2
m1n§||My—yd||H+§Hu||U st. Ay—Bu=0 u>0. (2)

It can be shown that the minimizer (y.,u.) of our optimal control problem can be
characterized by the following control reduced optimality system, where p, is the so called
adjoint state and the optimal control is given pointwise by u, = max{a~!B*p,,0}:

0=M"(My, —ya) + A" p.

— —1 * (3)
0 = Ay. — Bmax{a~ " B*p.,0}.

This problem can be solved for example by a semi-smooth Newton method with iteration



variables (yx, p) [11} 26], whose Jacobian matrix can be written as

("4 pataon ), ®

where xz(pr) = 0 for pr, > 0 and xz(pr) = 1 for pr < 0 in a pointwise sense. In the case of
bilateral constraints u < u < % one obtains similar systems with max{a~'p,0} replaced
by Proj; (atpg) and xz = 0 for o~ 'ps, €]u,u[ and x7(pr) = 1 otherwise.

u, 7]
To complete our notational framework, we consider py, fixed, write xz = xz(px) and set
C := Ba~?yz. Thus, we end up with solving systems of equations of the form:

M*M  A* oy N\ _( f (5)
A —-CC* o)\ g /)’
Let us fix the theoretical framework for this system. The following abstract and very
basic assumptions will be used throughout the paper.

Assumption 2.1. (Basic Assumptions)

(i) Assume that the state space Y and the space of adjoints P are reflexive Banach spaces.
Assume that the control space U and the space of observations H are Hilbert spaces.
Further, as a matter of notation, we use v*(v) for dual pairings, while (v1, v2)y denotes
a Hilbert space scalar product.

(ii) Let A :Y — P*, the differential operator for the state equation, be an isomorphism,
which implies that its Banach-space adjoint A* : P — Y™ is an isomorphism as well.

(iii) Let C' : U — P* be a continuous operator, and M : Y — H a continuous operator
with dense range.

We denote by the adjoint C* : P — U the mapping that satisfies
(C*p,uyy = (Cu)(p) YueU

It is continuous as well. Analogously, the adjoint M* : H — Y™, defined via
(M*h)(y) = (My,h)a Yy €Y.

It is continuous and injective since M has dense range.

Remark 2.2. Alternatively, one could define C* : P — U* via (C*p)(u) = (Cu)(p), and
analogously M*. This, however, would necessitate to introduce the Riesz isomorphisms Ry
of U and Rj; of M into the notation. Since in all our applications, U and M are of the
form Lo(Q), these Ry (and analogously Rjs) are simply the canonical representation

(Ryu)(v) = /qudw Yv e U.

For this reason we decided to use the definitions of Assumption iii) for M* and C*
leading to a more concise notation. Equivalently, one could introduce the convention that
U and H are identified with their duals.



With these definitions our system of equations is just another way of writing down
the following weak form:

(Méy, Mv)g + (Av)(op) = f(v) YveY
(Ady)(w) — (C*op, C*w)y = g(w) Yw € P.

The reduced system formulation has several advantages, compared to a classical
KKT system, containing y,p,u and additional Lagrangian multipliers for the constraint
u > 0. First of all, it is a system of two PDEs, and thus, the solutions of these system are
contained in a smoother space than the corresponding right hand sides. This has funda-
mental consequences for the convergence theory of Newton’s method, applied to this system
[19]. Second, the use of a projection formula makes an additional special treatment (such
as barrier of penalty regularization) of the control constraints unnecessary, and the system
can be solved directly. Third, only the smooth variables y and p have to be discretized,
leading to optimal discretization schemes [13].

If we apply Galerkin’s method to discretize , then the same definitions as above can
be made on finite dimensional subspaces Y, C Y and P, C P. Moreover, in the following
derivations, no mesh-size parameter appears, so that the following results are automatically
independent of the choice of the mesh.

2.2 Reduction to a convex minimization problem

Next we are going to define a bilinear form (-,-)x together with its domain of definition,
which we will denote by Dy C P. In general Dy is a proper subset of P. This requires a
slight shift in our functional analytic framework from the spaces used in Assumption
which form a natural setting for PDEs in variational form, to modified spaces, more suitable
for the analysis of our saddle point system. This will take place in two steps.

As a first step, we will introduce a stronger norm (in fact a scalar product) on ran M*.
Deunsity of ran M in H (cf. Assumption 1i1)) implies injectivity of M* : H — Y™, so that
M* : H — ran M* can be considered as a bijective operator with inverse M ~* := (M*)~1.
By definition of the scalar product

(vy,wypr = (M~ o, M " wyy Yo, w € ran M*

the induced norm || - || a7~ renders M* an isomorphism by construction. By continuity of M*
this norm is stronger than | -||y+, and (ran M*, (-, ) s+ ) inherits the Hilbert space structure
from H, because as already mentioned M* : H — (ran M*, (-, ) ps+) is an isomorphism.

Let us denote the dual space (ran M*, | - |[a+)* by Y so that Y* = (ran M*, || - ||as+)
by reflexivity. Since || - ||as+ is stronger than || - ||y~ the embedding Y* < Y™, induced
by the inclusion ran M* C Y* is continuous and injective. Thus its adjoint operator maps

Y = Y** continuously into ¥ = Y** and has dense range.

Remark 2.3. The mapping ¥ — Y is, however, not injective in general. This is only true,
if ran M* is dense in Y, which in turn holds, if M : Y — H is injective. If that is the case,
Y can be interpreted as an extension of Y. Otherwise, Y is rather an extension of Y/ ker M
and thus a space of equivalence classes of functions.

As a second step we define the new space

Dk :=A""(ranM*)={peP: A"peranM*} C P.



Then M ~*A*p is well defined for all p € Dy and M ~*A* is a bijective mapping Dg — H.
Thus, on Dy the following bilinear form is well defined and positive definite:

(w,wyg == (M~ A*v, M A*w) g + (C*v, C*w)y,

and Dy is the domain of definition of (-,-)x. Since A* : P — Y* is an isomorphism, and
M* : H — Y™ is continuous, the induced norm || - ||k is stronger than || - ||p (but usually
not equivalent).

Thus, considering Dy equipped with the scalar product (-,-)x it is easy to see that
M—*A* : (Dk,()x) — H is an isomorphism, taking into account the continuity of
C*: P — U. Hence, (Dg, (-, ) k) inherits the Hilbert space structure from H.

So, we can consider the following minimization problem for ¢ € D7,

V) = 3ph ), i () ()

Since (Dg, (-, -) k) is a Hilbert space, this problem has a unique solution p and the mapping
{ — p is nothing other than the Riesz isomorphism in Dg.

Since (Dk, (-,-) k) is continuously embedded into P, we conclude by duality, that the
restriction mapping P* — Dj is also continuous, so that each continuous linear functional
on P is also continuous on Dg. However, the mapping P* — D7 is not injective in general.
This is only true if D is dense in P, which in turn only holds, if M is injective.

Lemma 2.4. The minimization problem @ has a unique solution in D for any £ € D7, .
Moreover, for any right hand sides f € Y* and g € P* the system has a solution
(0y,0p) € Y x P. It can be computed from the solution p of

1 * f—* *
min ~(p,p)rx +g(p) + (C*A™"f,Cp)u. (7)
pEDK 2

via
op=p+A*finY" ®)
Sy = A" (g + CC*dp) in P*.

Proof. As already discussed, a unique minimizer of @ exists, and its first order optimality
conditions read

(M~ A*p, M~* A*w) g + (C*p, C*w)y + (w) =0 Yw € Dg.
Setting £(p) := g(p) + (C*A~* f,C*p)y this yields
(M~ A*p, M~ " A*w) g + (C*p, C*w)y + g(w) + (C*AT*f,C*w)y =0 Yw € Dg. (9)

By definition, dy and dp solve the second row of , so it remains to show that they solve
the first row. Inserting we conclude via Ady = CC*p+ g+ CC*A™* f that

(M™*(A%"6p — f),M " A*w)y + (Ady)(w) =0 Yw € Dg. (10)
For arbitrary v € Y define w as the solution of the equation A*w = M*Mwv, or more

explicitly
(An)(w) = (Mn, Mv)g V€Y.



By definition, A*w € ran M* and thus w € Dg. Then in particular (Ady)(w) = (Mdy, Mv) g
and M ~*A*w = Mwv, and we conclude from

(M™*(A%6p— f),Mv)g + (Mdéy, Mv)g =0 YveY

which yields
(A%p — f)(v) + (M*Moy)(v) =0 VYveY

and thus, in short, the first row of . O

Hence, we can find the solution of our block system by solving @ for p, which is
equivalent to solving @D, and then computing dp and dy by .
Let us finally represent the first derivative of ¢(p) in operator form. Obviously, we have

V' (p)op = (p, 6p) i + L(0p) = (M ~*A*p, M~ *A*6p) + (C*p,C*dp)u + £(6p) Vop € Dr.

We observe that M* : H — Y* and A* : Di — Y* are isomorphisms by definition of
the involved norms, and C* : Dk — U is continuous. Let us denote by M : Y — H,
A:Y — Dy, their respective adjoint operators in the framework of these spaces. Then we
can write:

W' (p)op = (AM "M~ A*p+ CC*p + £)(6p) Vép € D.

The notational distinction has to be done for A and M. , since their domain space differs
from the one of A and M. This is not necessary for C, so C' = C** = C needs not to be
distinguished from C.

Remark 2.5. Recall, that if M is injective, the mapping ¥ — Y is injective and dense.
Then A and M are extensions of A and M, respectively. Otherwise, one has to factor out
ker M, as described in Remark Then A and M are mappings in spaces of equivalence
classes.

2.3 Preconditioned conjugate gradient method in function space

In this paper we concentrate for simplicity on the solution of via the reduction to the
convex problem @ and by applying a preconditioned conjugate gradient method. Several
alternatives have been proposed in the literature, such as preconditioned MINRES [I8] and
a Bramble-Pasciak cg-method [I0]. The application of our preconditioners in the context
of the preconditioned MINRES method will be considered in [2:4]

On the Hilbert space (D, (-, ) k) consider once more the convex, quadratic functional
¥(p) = 2(p,p)k + {(p) from (6). Further, let a different scalar product (-,-)q (a precondi-
tioner) be given on Dg. Denote by Vo (p) the Q-gradient of ¢ at p, the unique vector
Voi(p) € D that satisfies

(Vo (p), w)q = ¥'(p)(w) = L(w) + (p,w)x  Vw € Dk.
Then the method of conjugate gradients can be written as follows (cf. also [9]):

Algorithm 2.6. (preconditioned cg in function space)
po given, do := =V (po)



k=0,1,2,...

B 3.
* (dy, di) i

gk+1 = —Vou(pr+1)  (direction of steepest descent w.r.t (-,-)q)

d  (exact linesearch along dy)

d
di+1 = Gk+1 — {gr11, k>de (orthogonalization w.r.t. (-,-)k)
(i, di) i

In the remainder of the paper we consider application of Algorithm to @ and
construct and analyze bilinear forms (-,-)g on Dx. We will establish estimates of the form
such that kg is small. In particular we want to avoid that kg depends strongly on
certain critical parameters, e.g. « in Example [2.5.3| or v in Example that arise in
optimal control problems.

It is well known that speed of convergence of the cg-method depends on the condition
number k¢ of (-,-)x with respect to (-,-)g. It can be defined as follows. If the following
(sharp) estimates hold,

mo(v,v)g < (v,v)k < Mg(v,v)g Vv € Dg, (11)

then the condition number is given by kg := Mg/mq. Then, if p denotes the minimizer of
1), we have the well known estimate

k
_ Fg — 1 .
I =l <2 (Y25 ) o=l (12)

and the number of iterations to reach a certain accuracy is proportional to \/Fqg (cf. e.g.
[0l Sec. 5.3.2]). Thus, it is crucial to find a good preconditioner @) that renders kg small.

Remark 2.7. In finite dimensions is often formulated as a condition on generalized
eigenvalues. If @ and K are the matrices, corresponding to (-,-)q and (:,-) x respectively,
and Amin, Amax are the extreme eigenvalues of the problem K — A@Q = 0, then

>

max

RQ =

>~

2.4 An alternative: preconditioned MINRES method

While we concentrate on the construction of preconditioners for the reduced system @D, we
briefly show how they can be converted to preconditioners for MINRES applied to the full
system . Instead of solving @D by a preconditioned conjugate gradient method we can

also solve the block system
0

M*M A
A —ccr

B:—(MAM A ):?XDK—AA’*XD}(

e

A —-CC*

with the Hilbert spaces Dy and Y and the iso phisms M* : H — )A/*, A*: Dg — 57*,
M:Y > Hand A:Y — D7, introduced i 1n EP Then the reduced system (9) can be
written as

Kp=—g—CC*A™*f



with the Schur complement K = A\(M*M\)*lA* + CC* : Dg — Dj%. Moreover, we have
the factorization

p_ (MM oA \_( L 0N(MM o0 I (M*M)'a*
B A —ccor ) \AWMM)TY T 0 -K 0 I ‘

Let @ = S*S : Dg — Dj with S : Dg — H be one of the symmetric positive defi-
nite preconditioners for K proposed in this paper. MINRES requires a positive definite
preconditioner. Based on the above factorization we consider the choice

:(&M*Im-l 3><M;M gz)(é (M*Mf)lA*)

Then T:Y x Di — Y* x D7, is symmetric positive definite and

M= 0 1 0
T—l — * — o~ — 14
RR7 R ( 0 Si* )( _A(M*M)—l I)a ( )
where R : V* x D3} — H x H. By using the above factorization it is easy to see that
w«_ (1 0
RBR" = ( 0 —S—*K§-1 ) . (15)

Hence, the preconditioned full system has the eigenvalue 1 and the eigenvalues of —Q 'K.
Now has the form
Bx =10

with a symmetric operator B € L(X, X*), i.e. (x, By) = (y,Bx). Let T"! = R*R: X* —
X be a symmetric and coercive preconditioner with R € £(X*, H) and a Hilbert space H.
The preconditioned MINRES algorithm computes x; = R*yy with

min | RBR*y — Rb||g s.t. yx € yo + Kx(RBR*, Rry),

where rg = Bxg—b and the Krylov space K, (RBR*, Rrq) = span(Rro, ..., (RBR*)*~'Rry).
We now estimate the speed of convergence. We have

IRr&llzr = min [lg(RAR) Rrol

where 7y, is the set of polynomials of degree < k with ¢(0) = 1. Now let V' = (v1,...,vn) be
an arbitrary orthonormal system in H with Kj41(RBR*, Rro) C span(V). Then the ma-
trix C = (V, RBR*V )y is symmetric and we find a matrix Q with diag(Ay,...,A\x) =
QTMQ, QTQ = I. Hence W = (wy,...,wy) = VQ satisfies (w;,w;)y = d;; and
(wi, RBR*w;)g = §;;\;. Let Rrg = Zjvzl zjw;j. We know that ¢q(RBR*)Rr¢ € span(W)
and since (w;, RBR*Rro)y = \;z;, we conclude that RBR* Pry = Zj\;l Ajzjw; and by in-
duction g(RBR*)Rrg = Z;VZI q(A\j)zjw;. Hence, ||g(RBR*)Rrollg < ||Rrol|lm max; |g(A;)].
and we have shown that

[ Rrillz < min max |q(A;)|[| Rrol| &,
qeETE  J

where \; are the eigenvalues of the matrix C' = (V, RAR*V ) y.
If we apply the preconditioned MINRES method with preconditioner to the system
we obatin the following result.



Lemma 2.8. Let J C]0,00[ contain the spectrum of Q1 K, more precisely EZZ;Z € J forall
0 # v € Dg. If the preconditioned MINRES method is applied to (L3) with preconditioner

then it computes xp = Ry with

< mi < i 1 1
[Rrell < min max g Rrolla < min max|\+ Da(V[| Rl (16)

where r, = Bxy — b.

Proof. RBR* has the block diagonal form . Let V = ((‘61), (‘92)) be an orthonor-
mal system in H x H such that Ky (RBR*, Rrg) C span(V). Then the matrix C' =
(V,RBR*V) g« has the form

C =(V,RBR*V)yxpg = ( 0 —(Vo, S™*KS 'Vy)y )

The eigenvalues of the symmetric matrix Co = (V, S™*K S™1V5) i are contained in J, since
for alle 0 # » € R*! with w = S~'V5z holds

2T Cyz B (Voz, ST*KS~Waz)py ~ (w,w)k cJ
2Tz (Vaz,Vaz)u T (w,w)e '

Hence, the estimate is shown, where the second inequality follows from the fact that
for all ¢ € m;—1 the polynomial (- + 1)q is in 7 and vanishes at —1. O

2.5 Examples of optimal control problems

To clarify our abstract setting and our choice of spaces, let us consider several examples
for optimal control problems. We give a couple of examples for the abstract operators
A, B,C, M and the spaces H,U, P,Y involved. For simplicity of presentation we consider
linear-quadratic problems here. Nonlinear problems can be solved iteratively via a Newton
type algorithm, which requires the solution of a linear system of operator equations in each
step.

2.5.1 Elliptic optimal control problems

For elliptic optimal control on a bounded Lipschitz domain € R? with boundary T,
let H}(2) C V C H*(Q) be an appropriate closed subspace of H'(£2) that incorporates
boundary conditions. For example, V = H{({) corresponds to homogeneous Dirichlet
boundary conditions, and V = H!(f2) to Neumann or Robin boundary conditions.

Let Y := P :=V and define A as follows

A: Y=V P =V"

v Ay (A0 = al) = [ (0@ Vol baopdn,

where o(z) : Q — R defines a symmetric bounded elliptic bilinear form which is con-
tinuous in z, and ag : @ — R is nonnegative and bounded. In the case V = H(Q) we
additonally assume that aq is positive on a subset {2 of non-zero measure. This ensures that
a(-,-) is V-elliptic, i.e., there is a constant ¢, > 0, such that

a(v,v) > collv]|3: Vv e V.

Having fixed the framework for A : Y — P*, let us consider two variants in the choice
of H, U, M,C and B. Other combinations are conceivable, as well.
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Distributed control and observation. In this case we set U = H = L2(Q2) and YV =
P = H}(Q). Let us define the operator M = Eg as the Sobolev embedding Eg : Hg (2) —
Lo(Q), while B : Ly(Q) — H(Q2)* is, in the case of distributed control defined via

(Bu)(v) = /Qu - Egv,dr = (Egu)(v). (18)

We observe that, as required M : Y — H is continuous and has dense range. Even more,
M is injective, which implies that ran M* is dense in Y*.

For illustration, let us discuss the shift of framework of Section [2.2] in our concrete
setting. Here M* is the embedding of H = L(Q) into Y* = H}(Q)*, so that ran M* can
be identified with L2(£2) as a subset of H}(Q)*, and || - |[[ar« = |[M~* - ||z = || - ||, Thus,
we simply have Y =L, (©) and M= idp,(q)-

The definition of Dk in our concrete example is consequently

D ={peP:3f € Ly(Q): (A"p)(v) = a(v,p) = /vadx Yo € H (Q)}.

In particular, Dy D H?(Q) N H(Q) and if Q and o are sufficiently regular, Dx = H?(2) N
H}(2). In any case Dy is dense in P so that the mapping P* — D3 is injective.

Remark 2.9. Comparison with the method of transposition (cf. e.g. [L6]) yields, that A* :
Di — Y* canbe interpreted as the strong form of (as a mapping p — divoVp+app :=
f from the solution to the data), while its adjoint, which we called A:Y = Ly(Q?) — D3,
is an extension of , the so called very weak form.

Boundary control and observation at the boundary. In this case we set U = H =
Ly(T'), and in order to allow Neumann boundary control we set Y = P = H(Q). Let us
define the operator M = 7 as the trace operator 7 : H'(Q) < Lo(T), while B : Ly(T') —
HY(Q)* is, in the case of boundary control defined via

(Bu)(v):/FuTvdS’.

Also here M : Y — H is continuous and has dense range, but now M is not injective, so
that ran M* is not dense in Y*.

In our concrete setting M* is the embedding of H = Lo(T) into Y* = H(Q2)*, so that
ran M* can be identified with Lo(T') as a subset of H(Q)*, Y = Ly(T') and M = idp,(r)-
Obviously, the mapping ¥ — Y is not injective in this case.

Here the definition of D reads as follows

D ={peP:3g€c Ly(T"): (A"p)(v) = alv,p) = /FgrvdS Yo € HY(Q)}).

An interpretation is that Dy consists of all functions p with —diveoVp + agp = 0 (in the
distributional sense) and outer (distributional) normal derivative d,,p = g € Lo(T).

Similar to the case of distributed control A* : Dg — Lo(T") can be interpreted as a
mapping p — 9y,p := g from solution to data. The evaluation of (p,w)k for p,w € Dk is
thus performed as

(p,w) Kk = (OouP, DopW) o1y + O {(XTTD, XTTW) Ly (1)
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2.5.2 Parabolic optimal control with control constraints

Consider now the parabolic optimal control problem

min %HM?J — yallZ. o1 La()) + %HUH%Z([O,T],LQ(Q)) st. Ay—Bu=0 u=>0.
This case runs quite similarly to the elliptic case, with the main difference that
A W([0,T]) — L2([0, 7], H(2))*
is now a parabolic operator on
W([0,T]) = {y € La([0, T], H' ()),y: € L2([0,T], H(2)")},

defined via
(Ay)(v) = / (yt(v) + / Vy-o(t,z)Vv + ag(t, z)yv dx) dt.
(0,7 Q

Here y;(v)(t) is the application of the weak derivative y,(t) € H'(Q)* to v(t) € H*(Q),
which yields an integrable function in time. For a more detailed description consider, e.g.,
[25]. We use the spaces Y = W ([0,T]), P = Lo([0,T], H'), U = H = Ly([0,T], L2(f)) and
can now set M = Eyw : Y = W([0,T]) — H = Ly([0,T], L2(?)), the Sobolev embedding
for these spaces, and B : U = Ly([0,T], L2(Q)) — P* = Lo([0,T], H'(2)*) via

(Bu)(v) = /[O’T] /Q uBwv dz dt.

Similar to the elliptic case a control reduced optimality system and its semi-smooth Newton
linearization can be derived, which is again of the form .

In all of the above examples the parameter « > 0 appears as a finite (possibly small) but
fixed value. The next two examples describe situations, where during algorithmic progress
towards the solution such a parameter is adjusted, and makes the problem at hand more
and more difficult as the solution is approached.

2.5.3 Regularized bang-bang control
In some application so called bang-bang control is of interest, here written down for dis-
tributed control and observation:

1
min§||My - yd||%2(9) st. Ay—Bu=0 u<u<u

Usually an optimal solution of such a problem almost everywhere takes either the value u
or w. A simple idea to solve this problem is to consider its regularized versions

.1 a _
min 2 [[My = yal 7,0 + 5 luli,@ st Ay=Bu=0 w<u<w

and pass to the limit & — 0 (cf. e.g. [27]). Under certain assumptions on the adjoint state
p it can be shown that the regularized solutions u, tend to the solution of the original
problem, and that the Lebesgue measure of the set Z := {x € Q : u < u,(z) < u} becomes
smaller and smaller. In most cases it is observed that meas(Z) < Cou.

In this setting it is desirable to obtain a preconditioner that is robust for o — 0.
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2.5.4 Elliptic optimal control with state constraints

In the case of state constraints, algorithms typically apply some kind of regularization
technique [12] 20], usually based on classical approaches such as penalty or barrier methods.
As an example, consider a classical penalty approach, also called “generalized Moreau-
Yosida” regularization in this context, for the problem

1 «
min §|\Esy — Yl T, + 5””“%2(9) st. Ay—Bu=0 y=>0,

where Eg : HY(Q) < L2(f) is again the Sobolev embedding and B, which shall correspond
to distributed control, is defined as in . Penalization of the constraint y > 0 yields the
problem

1 ol . o
min || Esy — yal7, o) + 5 min{y, 0}[1%, o) + §HU||2LZ(Q) s.t. Ay — Bu =0,

which is often tackled by semi-smooth Newton methods. To approach the solution of the
original problem, ~ is driven towards 4+oco in a path-following method. In practice, the
algorithm is terminated with values of 7 in the range of 108 to 10'2. The presence of large
~ affects the condition number of the problem severely, if no appropriate measures are taken.

Similarly, this problem can be tackled by barrier methods with a barrier functional
I(+; 1) :]0,00] — R parametrized by p > 0 such that lim; ¢ l(¢; ) = +00. Path-following
algorithms drive p towards 0 to converge towards the original solution, and similar effects
for the condition number occur.

In both cases computing a Newton step amounts in the solution of a linear system of

the form Eeb(a B " 5
(B ) (3)-(1)

where b(x) is either 1 + yx,<o(z) for the penalty method, or 1+ 1" (y(x); ) for the barrier
method.

Also this problem will fit into our theoretical framework and can be written in the
form , if we set M := vbEg and C* := a~Y/2B*. Clearly, also combinations of control
and state constraints can be treated.

3 Two strategies for operator preconditioning

In the following we shall derive and justify some operator preconditioners for solving the
minimization problem @ with the preconditioned conjugate gradient method, see As
explained in [2:4] the preconditioners can also be used within a preconditioned MINRES
method.

3.1 Preconditioning via the pure differential operators

Our first preconditioner, which is similar to the ones proposed in [10], is defined via the
first part of (-, ) k:

(Qov)(w) == (v,w)g, = (M A%, M *A*w)y Yw € Dg. (20)

If ¢ € P*, then its inverse can be applied to ¢ by computing Qo™ ¢ = A~*M*MA~'Z.
However, since in general ¢ € D7}, we have to use the extended operators from Section

to make this rigorous: N
vi=Qo M= AT M MA L. (21)
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Application of A~! involves one solve of the extended state equation, and to apply A™*
one has to solve the adjoint equation. Clearly we have A*v = M*MA~1¢ € ran M*, hence
v € Dg.

Lemma 3.1. Assume that

is finite. Then
(v, V)Q0 < (v, )k < (1 4+7Q0) (v, V) Qo (23)

and thus the condition number kg, of K, relative to Qo is bounded by

KQy < (1 + 7@0)'
Proof. The left part of follows simply from the positive semi-definiteness of (C*-, C*-)y.
Further, since (C*v, C*v)y < g, (v, v)q,, we obtain the right part. O

3.2 A preconditioner with increased robustness

Our next preconditioner exploits the positive definiteness of C'C* to improve our condition
number estimate. In order to render it well defined, we have to impose the following
assumption, which restricts the class of problems to be tackled:

Assumption 3.2. (Compatibility Assumption) Let I be a non-zero continuous mapping
I1:H—-U.
with || I|| < 1.

In the case I = 0 the preconditioner ) that we will define below coincides with the
simple choice Qg, defined above. By excluding this, we make sure that Q # Q.
For the Hilbert space adjoint I* : U — H, defined by

(I'u,hyg = (u, Ih)y

we note that ||I*]| = ||| < 1.
In all our applications I is defined as in the following example:

Example 3.3. Let Qg and Qp be two subsets of R? of non-zero measure. Define H =
Ly(Qp) and U = La(Qy). Then the mapping I : H — U can be defined by restriction of
h € H to Qg N Qy, followed by extension by zero onto Qy. In turn, I* : U — H is the
restriction to Ny and extension by zero to Qp, namely for all h € La(Qp),u € La(Qu)

(I a0y = [ utmmyds = [
Qu

uh dz =/ (Ifu)hde = (I"u, h) L, @)
QuNQu Qn

The extreme cases are following: if Qg NQy = (), then I = 0 and Assumptionis violated.
The other, most desirable, extreme case is Qg = Qg so that I = id.

By our assumptions the composition CIM : Y — P* is well defined, and thus also its
adjoint (CIM)* : P — Y* via the relations

(CIMy)(p) = (IMy,C*p)y = (My, I"C*p)g = (M*I*C"p)(y) = (CIM)*p)(y).
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Definition 3.4. Define the preconditioner () : D — Dj; by:
(Qu)(w) :== (v,w)g = (M *(A+ CIM)"v, M~ (A4 CIM)"w)y VYw € Dg. (24)

Since, as we will show, (-,-)g and (-,-)x are equivalent (with condition number kg to
be estimated), the inverse Q1 : D} — D needed in the cg iteration is well defined. This
follows from the Lax-Milgram theorem applied on the Hilbert space (D, (-, ) k).

The computation of Q~'¢ proceeds in three steps, two of which correspond to PDE
solves. In the case ¢ € P* the first step would be to solve the modified PDE (A+CIM)y = ¢.
However, since in general ¢ € D3, this extends to the problem (cf. Section

(A+CIM)y =1t (25)
for y € Y. Then one has to compute
w = M*My. (26)
So that w € ran M*. Finally, one has to solve
(A+CIM)*p =w. (27)

so that Q7'¢ := p. Since w € ran M* and (CIM)*p = M*I*C*p € ran M* we conclude
that A*p € ran M*, hence p € D.

An equivalent preconditioner has been proposed and analyzed recently for the uncon-
strained case of distributed control by [28]. For the case of regularized state constraints
an equivalent preconditioner has been proposed recently and independently in [I7], but no
useful estimates for the condition number were derived.

Remark 3.5. Already at this point we can predict the main features of this type of pre-
conditioner. In contrast to Qg it also includes the operator C' in its formulation. Hence,
more information of the problem enters into the construction of the preconditioner. We will
see that this leads to a significant improvement of condition numbers, in cases where ) can
be applied.

However, we also observe the main limitations of our approach. The composition C'TM
has to be non-zero, otherwise @Q = Q9. Here our main focus is restricted to simple mappings
1, as defined in Example because C'IM has to be simple enough to make the involved
PDEs solvable at low cost.

The following lemma plays a pivotal role in our analysis:

Lemma 3.6. Assume that the following quantity is finite:

<C*'U, C*U>U
Yo = sup —————. 28
@ vEDK <Ua U)Q ( )
Then we have the following estimates:
1
3w v)Q = (v,v)k < (2+319)(v, v)q, (29)

and thus the condition number kg of K, relative to Q) is bounded by

kg <4+ 67q.



15

Proof. For the proof we recall the parallelogram law in Hilbert spaces:
-+l + llz = ylI* = 2(|=1* + ly]*),

which implies that each summand on the left hand side can be estimated from above by
the right hand side.
We use this estimate to compute

(v,0) = [IM ™" A" + I"C*o|f; < 2(||M " A||} + [ I*C*olF)
< 2(||M A F + ([ClIE) = 2(v, v) k.
Let us consider the opposite direction. For given = € Dk define
vi=(MTTA*+I"C*)x
so that (v,v) g = (z,z)q. Then, using the definition of vg, we can compute:
(r,2)k = M7 A%z||G + [|C72lf = |lv — I"C*aF + | C 2|l
< 2lvl|f + 2 Calf + O llf < 2(x,2)q + 3] C 2| (30)
< 2+ 37)(z,v)q-
O
In order to motivate the quantity ¢ further, consider the auxiliary quantity r, defined

by
(A+CIM)* v =r,

which means in turn that v(r) is the solution of a partial differential equation with right
hand side r. Then 7g can be written as follows:

(C*v(r), C*v(r))u
= su .
e TGraan* <M7*’I’, Mﬁ*r>H

Hence, our task will be to establish estimates of the form
1Cvllu < (A, CIM)[|M ™ r||u

on the solution v(r) of the above PDE in terms of r. This reduces the estimation of the
condition number of our saddle-point system to an estimate for a PDE solution. We will
use this technique in Sections [5] and [6] below, where the particular structure of the PDE
at hand is used. In the following and in Section |4 we keep arguing purely in terms of
functional analytic estimates.

Sharpness of Lemma With some additional effort one can refine the estimate
slightly. However, for us, the asymptotics kg = O(vg) for large 7¢ is the main point of
interest. This relation cannot be improved substantially, as we will briefly explain.

Consider the left bound first. Since usually A* is a differential operator, we may assume
that there is a sequence vy, such that |M~*A*vg||g = 1, while ||[C*vg]ly — 0. Then the
terms in K and @ containing C* can be neglected, and we obtain (vg, vk)q/(vk, vk)x — 1.

As for the right bound in 7 v can be chosen such that (1 — €)yq is attained in
for sufficiently small €. Then instead of we can compute

(v,0)x = [M7* A3 + [C*0]|G > IC*0l[E > (1= e)e(v, v)e-

Hence, taking both estimates together we obtain a lower bound for the condition number,
given by
KQ 2 Q- (31)
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4 Applications to concrete problems

In this section we will discuss a couple of examples for which our preconditioning strategy
can (or cannot) be applied effectively. This should clarify the advantages, but also the lim-
itations of the preconditioner @) from . Included are problems with control constraints,
and also with state constraints. The following bounds hold in a quite general setting. Under
stronger assumptions they can be refined, as shown in Section [5] and Section [6]

We will proceed in two steps. First we will exploit the properties of the differential
operator A, corresponding to elliptic or parabolic PDEs to give a more concrete estimate
for vg. Second, we will use these estimates to compute condition numbers for a selection
of examples.

4.1 Estimating 7 for elliptic and parabolic problems

In this section we will establish estimates on vq, exploiting the properties of the differential
operators A and A*.

We will show that both elliptic and parabolic problems admit estimates of the common
form

(C*v, C*v)y {(Mv, M)
Yo < ¢ sup » 59
veDx ((v,v) + (C*v, IMuv))
where the notation ((-,-)) stands for one of the scalar products (-, )y and (-, -),-wt (defined
below), which are suited for the elliptic and the parabolic case, respectively.
In fact, follows from and by taking into account that A* is positive definite
in the corresponding scalar product, i.e.,

(A*0)(v) = calfv, v)).

In the elliptic case, this it true due to ellipticity of (A*v)(v) = a(v,v), in the parabolic
canse, this follows from , below.

(32)

4.1.1 The elliptic case

Consider the preconditioner @ from for the elliptic case, where A : HY(Q) — HY(Q)*
is defined via an elliptic bilinear form a(-,-) as in from subsection m

Lemma 4.1. For the elliptic equation we have the estimate
<¢ s (C*v, C*v)yy(Mv, Mv) g
9= ((AT0)(0) + (CFo, M)y )P

Proof. Let v € D C P = H*(Q), so that (A* + M*I*C*)v € ran M* C Y*. We start with
the Cauchy-Schwarz inequality:

((A* + M*I*C*)v)(v) = (M~ (A* + M*I*C*)v, Mv) g
< |MTHAT + MACT ol |[ Mo g

= \/(U,U>Q<MU,MU>H.

(33)

Hence, we may estimate
(C*v, C*v)y (Mv, Mv) g (C*v, C*v)y{(Mv, Mv) g
Y@ = sup < sup 3
veDr (v v)(Mv, M)y veDk (((A* + M*I*C*)v)(v))
~w (C*v, C*v)y (Mv, Mv) g
v (A7) (v) + (€, IMu)u)*
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4.1.2 The parabolic case

To establish an estimate for 7o in the parabolic case, as in subsection we have to
modify our proof slightly in order to cope with the non-symmetry of its differential operator,
which reads

(Ay)(v) = /[O’T] <<yt,v> + /Q<Vy,a(t,ar)Vv>Rd + ap(t, x)yv dx) dt, (34)

together with initial conditions y(0) = 0. We have to employ a special scalar and duality
product. For w > 0 we set

(U, W) gmwrt 1= / e”(o(t), w(t)) L, (o) dt,
[0,7]

which induces an equivalent norm G_WTH'||L2([O,T]XQ) < - fle—wt < - lLaqo,m)x )~ Similarly,
for a Banach space V' we write the duality product on Lo([0,T],V*) x Lo([0,T],V)

(0" U)ot 1= /M e~ (" (H) (0 (1)) d,

Our motivation is that A* is positive definite with respect to this scalar product, as long
as w is chosen sufficiently large, as will be shown in the first part of the proof of the next
result (in fact this is a standard result in the theory of parabolic equations).

Lemma 4.2. Let A be defined as in (34)). Assume that (M*v,w)e-wt = (v, Mw),-w:. Then
A* is positive definite w.r.t. (-, -)o-wt, and we obtain the following condition number:

<C*’U,O*U>U<MU,M’U>67M
<c(T) su
Q= ( )UGDpK (<A*'U"U>e*“’t + <I*C*U7M'U>e*“’t)2

(35)

Proof. First, we show that A* is positive definite w.r.t. the scalar product (-, -),-w:. Insert-
ing w = e~ “'v into the formula of integration by parts (cf. e.g. [8, Satz 1.17])

(0(T), w(T)) = (v(0), w(0)) = /[O " (ve(t), w(t)) + (we(t), v(t)) di

and taking into account our restriction v(0) = w(0) = 0 we infer after a short computation

(0, 0yt = % (e “To(T)? + w(v,v) o)

As for the remaining part of A* we have
/ / (Vv,0(t,2)Vo)ga + a(t, z)v? dre™*tdt > 0,
[0,7] Jo

and hence
(A0, V) gmwt > %<’U,U>e—wt. (36)
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From this point our proof runs in parallel to the elliptic case. Similar as before, let v € Y =
W([0,77]). Then also v € P = Ly([0,T], H'(2)), such that (A* + M*I*C*)v € Y*. Thus,
we can use the Cauchy-Schwarz inequality:
(A" + M I*C*)u,v)% o
<M~ (A" + M*T"C*)o, M~ (A* + M*I"C*)v) g—wi (Mv, M) g—wt
< {v,v)q(Mv, Mv)-w:.

Hence, we may estimate, also as before:

(C*v, C* )y (Mv, M) gt (C*v, C*v)y (Mv, Mv) -t
YQ = Sup S sup * s T (Y 2
veDx (U, U){(Mv, Mv)—wt veDg ((A* + M*I*C*)v,v)7_,

— s (C*v, C*v)y (Mv, M) -t
" vebr (A 0,0) ot + (I*C*0, M) -r)?

O

Remark 4.3. Recall that M* : H — Y™ is the adjoint of M : Y — H w.r.t.(-,-)m, so our
assumption (M*v, w),-wt = (v, Mw).-w: is needed. However, it can easily be verified, if for
example M can be written as (Mv)(t) = M (t)v(t), where M (¢t) depends on the “slice” v(t)
only.

The dependence of g on the interval length 1" can be worked out to be proportional to
T by choosing w optimally.

4.2 Application to concrete examples

Let us now continue the discussion of the examples, presented in Section [2.5

4.2.1 Distributed control problems with control bounds

Let us consider as an example the optimal control problem
1 2 Q2
min §||Ml/ —YallZ, ) + §||UHL2(Q) st. Ay—Bu=0 u=>0

As explained in Section [2.5.1] this problem can be solved by a semi-smooth Newton method,
which leads to systems of the form (). Recall that in this example Y = P = Hj () and
U= H = Ly(Q) as well as the definition of a(-,-) as an elliptic bilinear form on H}(Q).
Further, M : H}(Q) — L2(f2) is the Sobolev embedding Es, B = E% : La(2) — H(Q)*,
and C* : HY(Q) — Ly(Q) is defined as C* = a~'/?xz(p)Es. Finally, the mapping I : H —
U is just the identity in La(2).

Taking this into account, we can write down the concrete representation

(A+CIM)y)(p) = ((A+ CIM)*p)(y) = a(y,p) + 5 pypdx for y,pe Hy(Q), (37)

where ¢(x) = a~/2xz(x) € Loo(2). Hence, the steps and during the application
of the preconditioner amount in solving modified PDEs with an additional mass-term,
defined by ¢.

To summarize, the computation of Q¢ requires the solution of two Poisson problems,
the first of which is in very weak from, the second in strong form.

With our analysis from the previous section we obtain the following results for our
preconditioners.
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Proposition 4.4. Consider the preconditioner Qg from applied to the block operator
). Then we obtain the following condition number:

KQ, <1+ ca™ L.

Proof. In view of Lemmawe have to provide estimates for ¢, in (22). For the numerator
we can compute

(C*v, C*v)y = (o™ xz(p)v,v) L, < lla” Xz ()l 017,

and the denominator yields (M~*A*v, M~*A*v)y > c|v]|7, by continuity of (A*)~' :

Ly(2) = L2(9). So g, < ca™!, which yields the desired result for r¢, via Lemma O

Now we consider our preconditioner () for the elliptic and parabolic case.

Proposition 4.5. Consider the preconditioner Q) from applied to the block operator
). Consider the elliptic or the parabolic operator A from Section . Then

kg < c(l+ oz_l/Q)

Proof. As in let ((-,-)) be one of (-,-)r,(q) (for the elliptic case) or (-,-)c-w: (for the
parabolic case). Then, from we estimate (taking into account Mv = v).

. su (C*v, C*)y (v, v)  su (C*v, C*v)y (v, v)
1SS Wo o)+ (O o)) = oo 2w, 0 (Crv0)

The last inequality follows from the general relation a?+ b2 > 2ab. Moreover, in both cases,
(C*v, C*v)y < c{(C*v, C*v)). By definition of C' we obtain

(C*v, C*v)y < e{(C*v, C* oY) < ca™ YV2(C v, v)).

Hence,

,.YQ § Ca71/2,

and thus by Lemma kg < c(1+ a~1/?). 0

Thus, we have obtained kg ~ /g, Which already yields a considerable gain of efficiency
for a cg method via .
If no bounds on the control are present we can recover the results obtained in [28]:

Corollary 4.6. In the unconstrained case we obtain the o independent bound
kg <c¢
Proof. Just as before, we compute

oy O Co) o aTe)? e )
1= S0 o o) TAC o)) = el (o) O (a2, )2

Hence vg < c. O
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The parabolic case. As a parabolic example we consider the one from Section [2.5.2

1 o
min §||My - yd”%z([O,T],LQ(Q)) + §||UH%2([0,T],L2(Q)) st. Ay —Bu=0 u=0.

Here, Y = W([0,T]), P = Ly([0,T], H') and U = H = Lo([0,T], L2(£2)). Similar to before,
M :Y — H is the Sobolev embedding W ([0,T]) < L2([0,T], L2(£2)). Using the Sobolev
embedding Eg : Ly([0,T], H (2)) — Lo([0,T], L2(2)) we can define B = E% : U — P*,
and C* : P — U as C* = o~ /?xz(p)Es. Also here, the mapping I : H — U is just the
identity on Lo([0,T], L2(2)).

In the parabolic case, the application of the preconditioner comprises a forward and a
backward solve of modified parabolic PDEs. By the same argumentation as in the elliptic
case can be extended to right-hand sides in D7.

4.2.2 Disjoint control and observation regions

Consider the problem (for simplicity, let A be the elliptic operator from )
1 9 o )
min §||y - yd||L2(QH) + §||u||L2(QU) s.t. Ay — Bu =0,

where B : Ly(Qy) — P* is a continuous mapping, and Qg and iy are subsets of €, such
that their intersection is a set of measure zero in both H := Ly(Qy) and U := La(Qp).

An important special case is boundary control and observation in the domain, i.e.,
Qp = Qand Qp =T = 9Q. The only simple choice is I : L2(Q) — Lo(T') via I = 0,
which violates Assumption [3.2] Thus, only Qo can be used. A similar case is boundary
observation and distributed control.

4.2.3 Distributed control with state constraints

In the case of state constrained optimal control problems, algorithms often employ a path-
following scheme, which leads to a block M that is very ill conditioned towards the end of
the algorithm. Both our preconditioners can be applied in this case. Moreover, it can be
shown that usually the preconditioner @ is significantly more robust than Qg with respect
to the path-following parameters.

As elaborated in Section [2.5.4] in state constrained problems with distributed control
linear systems of the form

() (5)-()

have to be solved, where Fs = B* is the Sobolev embedding, in the case of distributed
control, where b(xz) > 0, and typically ||b]|s is very large, tending to infinity towards
the end of the algorithm. Just as in Section we can define H = U = Ly(2) and
M = \/b(z)E and C* = a~'/2B and again I = Id. Also the Definition of Dy and the
application on Q™! via extensions of (25)-(27) are the same as in Section [4.2.1]

Only the condition number estimates are different:

Proposition 4.7. Assume that p € Lo,. Consider the preconditioner Qg from applied
to the operator . Then we obtain the following condition number:

KQy <1 +C||bHooO‘_1
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Proof. By Lemma we have to provide estimates for yq, in . For the numerator we
can compute

(C*v,C™) < a0l
and the denominator yields (M ~* A*v, M ~* A*v) > c||b]| 2} Hv||i2(m by continuity of (4*)~1! :

The following result crucially depends on the assumption that C' and M are defined
as multiplication operators with functions that have the same support. This is true in
particular for purely state constrained problems with distributed control.

Proposition 4.8. Consider the preconditioner @ from applied to the block operator
(138). Then the condition number is bounded by

kQ < c(1+ [[bl|3%a?)
Proof. Inserting (-, ")y = (-,-)g = (-,)1, and (A*v)(v) > (v,v)r, in Lemma [1.1] yields

YQ <c sup <C U7C U>L2<MU7MU>L22 <ec sup <C ’U7C 'U>L2<M’U,M’U>L2
vEDK (<U,U>L2 + <C*’U,IMU>L2) vEDK 2<U,U>L2 <C*’U,IMU>L2

(39)

By definition of C' and M we obtain

(C*v,C*v)p, = a_1<v7v>L2

(Mv, Mv)r, < o'/?||b||X/*(C*v, IMv)L,.

Here we used that M*I*C*v = a~'/2(b(z))"/?v is just a pointwise multiplication by positive
functions. Hence, we finally compute

1q < ca” 2 |b]|
O

A similar situation holds for boundary control problems if the state constraints are only
imposed on the boundary. For parabolic problems, a similar result is obtained analogously,
replacing Lemma [4.1] by Lemma [£.2]

The improved preconditioner () is not effective for boundary control and state con-
straints, unless these are also imposed on the boundary only. In that case, we have again
CIM =0, and thus Qo = @ just as described in Section[£.2.2] As a remedy, it is conceivable
to introduce an artificial “virtual” control [I5] on the domain equipped with a regularization
parameter that is driven to oco.

A similar situation occurs for additional control constraints, in case that the control is
active, i.e. xz(p)(x) = 0 where b(x) is large. It is, however, still feasible in this case to use
Q as a preconditioner. If active control and state set are disjoint, then we conjecture that @
is still more efficient than Q. Otherwise, its efficiency may degrade to a level comparable
to Qo if this assumption is not valid.

5 A splitting argument for refined estimates

In some situations our estimates for ) can still be refined, if we are willing to impose
additional assumptions on CIM. In broad terms, we will assume that CIM is defined
as multiplication operators via piecewise constant functions with smoothly bounded level
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sets. The applications below comprise Newton systems for control constrained problems
and for penalty methods for state constrained problems as described in Example and
Example For simplicity we concentrate on the elliptic case.

In the following, let a : H(2) x H}(Q) — R be an elliptic bilinear form, as defined,

e.g., in :
a(y,v) = /Q<a(x)Vy, Vu)gra + ag(z)yv dx (40)

Further, let us define the corresponding operator in strong form:
Ay = —div(o(z)Vy) + ao()y, (41)
which results from a(-, -) via integration by parts, assuming that o(z) is sufficiently smooth.

Assumption 5.1. Assume that CIM is a multiplication operator, defined by a piecewise
constant function ¢, i.e., (CIMv)(z) = ¢(x)v(z), which assumes two non-negative values
¢1 and ¢, such that ¢; > 0 and ¢1 > ¢g > 0, namely:

R

Let us denote by 0Jy the boundary of Jy relative to €2, i.e., Jy C §2, so that dJy = 9.J;.
Assume that Jy and J; are Lipschitz domains and that the solution v; of the problem

vy € Hy(Jo): a(vy,w)= [ fwdr Yw e H(J)
Jo

gives rise to the following trace estimate:

19601l La(000) < Ctrall fllLo(0)- (43)

Here 9,, stands for the derivative in direction of the outer normal v at a point = € 9Jy
with respect to the scalar product induced by o(x). This normal has to be defined almost
everywhere on 0Jp.

The validity of certainly depends on the smoothness of 9.Jy and on the coefficients of
a(-,-), and is known to hold e.g., for H?3/2*¢_regular problems. In general one only has (43)
for ||8g,,v‘]||H71/2(3J0). In the context of optimal control the smoothness of 0.Jy can usually
only be observed a-posteriori, for example, after the active set of the optimal control has
been computed. From an intuitive point of view, smoothness of d.Jy results in a relatively
weak coupling of Jy and J;. So it should have a certain influence on the condition number.

Lemma 5.2. Let J be an open domain with Lipschitz boundary. Then for v € H(J) the
following estimate holds for the trace operator T : HY(J) — Lo(dJ):

[Tl La00) < Ctr,z\/IIUHHI(J)IIU||L2(J)-
Proof. Since v € H'(J), 7(v) exists by the classical trace theorem. After localization and
transformation of a part of the boundary to the first coordinate axis, we end up in showing

(dividing the coordinates into = = (¢, 2')):

[0(0, )17, < cllvll vl
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This can be obtained by the formula of integration by parts, well known from parabolic
problems:

d
2/[O,T]<dtv(t),v(t)> dt = ||lo(T, |12, — [lv(0,)[|2,

Choosing T large enough, such that v(T") = 0, we obtain
d
lv(0, )17, < 2/ Iz @llzallv(®)llz, dt < 2[follm o]l
[0,7]

O

This estimate can not be acquired directly via interpolation theory of Sobolev spaces,
because there exists no continuous trace operator H'/2(.J) — Ly(9.J).
In the following lemma we will consider the problem

ve Hy(Q):  a(v,w) + /Q d(z)v(x)w(x) de = /wa dr Yw e H(Q). (44)

This can also be written in operator notation, if we define (Eg is the Sobolev embedding):

@ Hy(Q) — Hy(Q)*
. (45)

(Pv)(z) = Egop(x)(Esv)(z)
Then reads

(A+P)v=f.
Lemma 5.3. Consider problem such that ¢ has the properties, defined in Assump-
tion[5.1, and assume that f € Ly(S2). Then
190 ] L) < el F @) + &1 1]l Lai)- (46)

If additionally ¢g > 0, then

1/47 || 4 —
ol < et + 61" 127 fllLao)- (4)
In all these estimates ¢ depends on the reqularity of Jy and Jy, and on the ellipticity of
a(-,-) in ,

Proof. The idea of the proof is to split v into two parts v = vy + v1. To define vy, we first
consider vy, the solution of the following problem on Jy:

vy € Hy(Jo): alvy,w)+ | dovywdr = [ fwdr Yw € H(Jp). (48)
Jo JO

Now we extend vy by 0 to a function vy € HZ(£2), such that vg|s, = vy, and vo = 0 on J;.
This implies also ¢ovo(x) = ¢(x)vg(z) for almost all z € €, because ¢(x) = ¢ on Jy and
v9 = 0 on Ji.
Testing with vy and dividing by [[vs||z,(s,) We obtain

[vollLo(0) = dollvsllLa o) < I llLa(0)- (49)

Thus, v satisfies
a(vsw)= [ (= dowsywds Ve H(o),
Jo
7



24

with || f||lz, < 2||flz,. By our trace assumption we conclude
106,07\ La80) < Cor 1 20| F1l La(0)- (50)
Integration by parts on Jy yields

A’UO +¢07JQ = f on Jo
’UQZOOH3J0U69UJ1.

Testing this equation with w € H}(Q) and separate integration by parts on Jy and J;
reveals that vy (recall ¢pvg = ¢ovg satisfies the weak form

vo € Hy (Q) : a(vo,w) + [ ¢(x)vow da +/ Oopvywds = [ fwdxYw € Hy (). (51)
Jo 0Jo Jo

Hence, if we define v; as the solution of the following problem:
v € Hy(Q) : alvy,w) —|—/ o(z)nywde — / Oppvjwds = fwdz Yw € HY(Q), (52)
Q dJo J1

we see (by adding and (52))) that v = v + v1 solves our original problem ([44).
To obtain an estimate for v; we test with v; and get

a(vy,v1) +/ P(x)v7 dz < 105,05 | Ly 000 101l s 000) + 1o 102l Loy (53)
Q

By Lemma we obtain:

lonll o) < eway/Ilonl o ol e,y

Division of by the square-root of its left-hand-side and taking into account ¢; > 0 and
the ellipticity condition a(v,v) > ca||v||§{1(9) we obtain due to (50)):

16" 201l 1y 0) < \/a(vlavl) +/ o(x)vi d
0

1050011l Ly (000) Ctr.2 v/ 101 Lo oy Torll 1 () + 1 Loy 101l 2oy

\/ca\|v1||fql(g) + dullvillz, )

—1/4 —-1/2 —1/4 —-1/2
< 0ol a0y b1t H o012 < el lraoydr 1 Lacyer

Taking into account that ¢; = ||¢||o we obtain from this the estimate

1/2 1/4
lovillza@) < 61211001 llLa) < et I oo + 1 llLan)- (54)

By the triangle inequality we combine the estimates for vy and for vy:

vl L) = llo(vo + v1)ll L) < llDvollLaie) + [lovillL, )
< 1/4 <2 1/4
<N fllzacoy + et N fllLacr) + 1oy < V2 fllLa@) + e 1l Laco)-

Tracing back the constant ¢, we notice that it depends solely on ci; 1, ¢ir,2, and cq.
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For the second result we apply a duality technique. For given w € Hi(Q) define z,, :=
(A* 4+ ®)~lw. Since A* has by the same properties as A, we can compute

[0l = sup (v,w)p,) =  sup  ((A+ @) f,w)
lwll Ly y=1 lwll Ly 2)=1
= sup (fizw)= sup (P Bz,)
lwll Ly y=1 lwll Ly y=1

< sup 07 il 12wl Lo

lwll Ly y=1

< sup [0 Lo (V2 + et/ [wl Lo

lwll Ly y=1
which implies our assertion, since ||w||z, ) = 1. 0

Remark 5.4. If the smoothness of dJy does not admit an Ls-estimate of the form

but only in a weaker norm (e.g. in |[|9,,v | g-+(a.,) for s € [0,1/2]), one can show a similar

result, where ¢}/4 is replaced by ¢1/4+S/2.

Sharpness of Lemma In the following we will briefly argue that the estimate
is sharp. Let © =]0,2[C R, and choose ¢ = ¢9 = 0 on |1,2[ and ¢ = ¢; = const on |0, 1].
Moreover, set f =0 on |0,1] and f =2 on [1,2[. Consider the problem

_UH + ¢)U = f on ]07 2[7 UI(O) = 07 U(2) = 07

which is by symmetry one half of a Dirichlet problem on | — 2,2[. We can now proceed
along the lines of our proof and split v = v 4+ vg, where v solves the ¢-independent problem

—vf =2 on 1,2, vo(1) = 0, ve(2) = 0,

which has the solution vo(z) = —(z — 1.5)* + 0.25 with derivative vj(1) = 1 at = 1. The
second part v satisfies the following differential equation
—i" + 19 =0 on [0,1], 7/(0) = 0
—# =0on]1,2], 5(2) =0
0 (1) =9 (1) + vp(1) = 0 (1) + 1,
where ¢’_(1) and /(1) denote the left and right limit of ' at « = 1, respectively. Obviously,

0 is a linear polynomial on ]1, 2], so that by our boundary conditions we have ¥/, (1) = —(1),
and it remains to solve the following problem on [0, 1]:

—0" + ¢19=0on [0,1], 9'(0) =0, '(1) =1 —o(1).
By a classical ansatz, this equation has a solution of the form

o(z) = acosh(y/¢12)
¥() = v/Brasinh(y/3rz)

which already has ¢'(0) = 0 built in, so that we only have to determine a from the condition
~!

9'(1) =1 —9(1). A short computation yields:
- 1
V1 sinh(v/$1) + cosh(Ve1)’

a
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so that we can compute (recall ¢g = 0)

1
16012 o2 = I8l o) = #a? / cosh?(y/dra) du

o1 V@1 + cosh(v/1) sinh(v/61)
(v/¢1 sinh(y/1) + cosh(v/¢1))2 2V 1 '

Taking into consideration that

lim cosh(t) ~ lim sinh(t) _1

tooo e t—soo et 2’

we obtain for large ¢;:

32 eVOr o 1

: - —1/4 _ . _
¢}linoo|‘¢w||“([°’”)¢1 —¢}g"floo 1 gV 7

Since || f||z,(0,2)) is fixed, we obtain the asymptotics

1/4
190]1 L, 0,21y ~ &1/ N 1 Lacio,21)-

We finally remark that this problem can be lifted by parallel translation to a Poisson
problem on |0, 2[¢ for d > 1, if the newly created boundaries are equipped with homogeneous
Neumann boundary conditions. In this case d,,v9(x) = 1 is constant along the set {x €
10,2[?: 21 = 1}, so that our estimate cannot be improved, even if 0,,vq is assumed to be in
a more regular space than Lg(0Jp).

Thus, taking also into account our lower bound on the condition number we can
be quite sure that the estimates in the following section will be sharp.

5.1 Application to distributed control with control bounds

Let us come back to our elliptic optimal control problem from Section and consider the
case of distributed control, to be solved by a semi-smooth Newton method in function space.
We consider preconditioning of the linear systems (4)) that arise in each Newton step. In this
setting we have M = Eg : H' () < Ly(Q) — the Sobolev embedding, C* = a~/?xz(p)Es,
and I = Id. Thus, we may set ¢(z) = o~ /?xz(z), and thus ¢, = o~ /2 and ¢y = 0. Then
(CIMv)(z) = E5¢(z)(Esv)(z) = ® in the notation of (45).

Application of Lemma [5.3| yields the following result:

Proposition 5.5. Consider the preconditioner (-,-)q applied to the block operator (4).
Assume that the boundary between active and inactive set satisfies the Assumption [5.1]
Then we obtain the following condition number:

ko < c(1+ a4,
Proof. In order to apply Lemma [3.6] we set
F= M~*(A+CIM)*v = (A + &),

so that v is the solution of the following problem

a(mw)—i—/ﬂqﬁ(w)vwdw:/ﬁfwdx Yw € Hy ().
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Hence, Lemma [5.3] yields

IC*0ll o) < (14 ca™¥)]fl| o).

Inserting this estimate into we obtain the desired result. O

Remark 5.6. The authors are not aware of any simple a-priori assumptions to be imposed
on the control constrained problem that would imply Assumption for in each Newton
step. However, smoothly bounded active sets are observed a-posteriori very frequently
in numerical examples. Thus, the above theorem explains, why the observed condition
numbers of Q are much better than the general estimate (O(a~1/4) vs. O(a~1/2)).

5.2 Application to distributed control with state constraints

For state constraints, we assume that b(z) is piecewise constant taking two values ||b]|oc =
b1 > by > 0. In penalty methods, as in Example we have b(z) = 1 + yxy<o(x). As
usual in distributed control U = H = Ly(Q) and C = o~ Y/2E%, I = Id, M = \/b(x)Es, so
that

(CIMv)(z) = E5a™Y2\/b(z)(Esv)(z).

So we can define ¢(z) := a~'/2,/b(z) such that CIM = & in the notation of (45). By
our assumption, ¢ is also piecewise constant, and we set ¢, = bya~ /2 and ¢¢ = by /2.
Application of Lemma [5.3] then yields:

Proposition 5.7. Assume that p € Lo,. Consider the preconditioner (-,-)q applied to the
operator . Then we obtain the following condition number:

rQ < e(L+ b La™"1).
Proof. We proceed similar as in the control constrained case, defining
f=(A+CIM)"v=(A+ D).

Then (v,v)q = [M~*f|17, - By Lemmane conclude

. B _ 1/47 |1 q5—

IC* 0 Loy = @ 20l Loy < @21+ et/ )17 fl Lo
=a 2(1+c|p|| B E)IVaM T fll Ly
= (L+ |l X3 ®)IM ™ fll L,

Inserting this into we obtain the desired result. O

In penalty methods for state constrained problems one considers a homotopy, which
results in v — oo and thus [|b]|cc — oo0. In practical applications this leads to values
of v in the order of 10® to 10'2. Concerning parameters of such high magnitude, our
improved condition number estimate is of particular value, since the number of required
cg iterations then only grows with the 8" root of ||b]|s. As we will see in our numerical
examples, compared to the preconditioner )y, which may require hundreds or thousands of
cg iterations (proportional to 1/[|b]|), @ merely takes a very limited number of iterations.
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6 Small (in)active sets

Finally, for completeness we will discuss a second case, where the bounds of Section [4]
can be improved. In some situations it is likely that those sets where M and C' are large
have small Lebesgue measure. Applications comprise regularized bang-bang control, where
the inactive set becomes small for small regularization parameters, and regularized state
constrained control, if the active set tends to a Lebesgue null set.

We approach our problem via an L.-estimate due to Stampacchia:

Lemma 6.1. Let Q C R? for d < 3 be a bounded Lipschitz domain and consider the
following elliptic equation in weak form:

veEHY Q)  alv,w) +/Q¢>(x)vwdz = /wadz, (55)

where ¢(x) is a positive function in Lo (Q) and f € La(R2).
Then we have the estimates

[vllz.. <cllfllL,
lvllz, <cllfllz,,

where ¢ is independent of ¢.

Proof. Our first estimate is due to Stampacchia [I4, Theorem B.2], and our second estimate
follows via a duality technique, similar to the one, used in the proof of Lemma [5.3 O

Proposition 6.2. Consider the preconditioners Qg from and @ from applied
to the block operator derived from the control constrained problem . We have the
condition number estimates

kQo < c(l+a  xz(®)lz,)
K < c(1+a™xz()lr,)-
Proof. In both cases we have
©0,0%) = [ a o)t de < o Nz ol
Q
By Lemma taking into account the definition of A*, so that f = M ~*A*v according to
(55) we obtain
vll7., < cllfllZ, < (M7 A%, M~ A" )1, = c(v,v)q,

and also [[v]|7_ < ¢(v,v)q. Inserting these estimates into and (28), respectively, we
obtain the desired result. O

In bang-bang control, one frequently encounters an assumption of the form (cf. e.g. [3]):
Hz e Q:|p(z)] < e} < ce.

If such a problem is regularized by a homotopy a — 0, as in Section and one assumes
that the corresponding adjoint states p, uniformly satisfy such an assumption, too, then
one obtains || xz(pa )|z, < ca. Then, the condition number of the preconditioners remains
bounded as a — 0.

For regularized state constraints we have a similar result:
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Proposition 6.3. Consider the preconditioners (-,-)q, and {-,-)q applied to the block op-
erator derived from the state constrained problem from Section (2.5.4] We have the
condition number estimates

ko < c(l+a”'[blL,)
kg < c(l+a " [bllL,).

Proof. In both cases we have
(C*0,C*v) < Hv[l,,
and it remains to derive a bound of the form

[ollz, < e[ M~ (A+ CIM) 0 |[r, = [ M~ f]|L,,
—_———
f

for @ and the corresponding one for @)y, where the term C'IM is missing. In our case we
have (M*w)(z) = /b(x)w(x). Since (A+ CIM)*v = f, we conclude with Lemmam that

lollze < Ifllzy = IVOM ™ fllzy < VOl llM ™" Fllze < VIIol2, 1M fllz.-

Inserting this estimate (and the corresponding one for Qq) into and , respectively,
we obtain the desired result. O

7 Numerical examples

In this section we perform a numerical study of the pcg method with our preconditioners.
We consider two examples. The first is related to a control constrained problem, the second
is related to a regularized state constrained problem.

The pcg iteration is terminated, after the estimated error in energy norm has dropped
below 1078, where an estimator in the spirit of [6, Sec. 5.3.3(c)] is used.

Our simple implementation is based on matlab, and the discretization of our optimality
system was done with 5-point star finite differences. For the solution of the single PDE
blocks, the built-in sparse direct Cholesky factorization has been used. In very large scale
applications, in particular in the 3d case, the sparse direct solver will have to be replaced
by a properly preconditioned iterative solver, of course.

In both cases the computational domain is the unit-square, and the current active set
A is a disc with center (0.5,0.5) and radius 0.4. As right hand side we choose the function
r=1.

In our first problem, we thus solve a problem of the form

E*E A* sy [0
( A —E*a”'xouE > ( dp ) B < 1 ) (56)

with varying Tychonov parameter «. Here A corresponds to the weak form of —A on
H}(]0,1[x]0,1[), and E is the Sobolev embedding. Of particular interest is the case, where
« is very small. In the second example we solve a problem of the form

( B+l A > ( i ) _ ( 0 ) (57)



30

h\a | 1072 107* 1076 107% 1071 10712
276 |8 13 18 22 24 23
-7 | 7 13 18 22 29 32
278 | 7 13 17 22 31 41
279 | 7 12 17 22 31 52
210 | 7 12 17 22 33 54

h\a | 1072 107* 1076 107 107! 10712

276 |5 9 33 234 798 953

27 |5 9 33 236 1749 3222
278 |5 9 31 233 2095 > 10000
279 | 4 9 31 231 2122 > 10000

Figure 1: Number of pcg iterations for preconditioner @ (top) and Qg (bottom) for control
constraints with varying grid size h and Tychonov parameter a.

2

107 T T

10 | | | | | | |
10 10 10 10 10° 10 10 10 10
1/0,

Figure 2: Number N, of computed pcg iterations for problem and theoretical pre-
diction Npey ~ a~1/® plotted against o' on a 512 x 512 grid (h = 277).

with varying penalty parameter . Here v can become very large during the course of a
path-following method. It can be observed in both examples that the preconditioner @ is
vastly superior to Qg for large o' or . Moreover, for very large parameters discretization
effects tend to yield smaller numbers of pcg iterations for coarse grids than for fine grids.

If we compare the observed number of pcg iterations with the predicted number of
iterations (cf. Figure [7) we observe two things. First, the average increase of iterations
seems to be slightly slower than predicted. However, there are regions (i.e. a~! € [102,10%]
and o=t € [101°,1012]) where the slopes seem to fit. For very large a~! > 10'2 we observe a
saturation of the number if iterations. This effect is most probably due to the discretization
of the problem, and can also be observed in the last columns of the top table in Figure
Such behavior is usually a clear indication that the discretization of the problem is too
coarse.

Of course, this iterative solver can also be used as an inner loop inside a semi-smooth
Newton method. Let us give an example in the context of control constraints v > 0. Here
we use again a control problem with distributed control and corresponds to the weak form of



31

R\~ | 102 10* 10® 10% 10'° 10%2

2-6 |8 12 17 23 28 29

2-7 |8 12 17 23 34 38

2-% | 8 12 16 23 36 49

279 |8 12 16 23 37 58

2-10 | 7 12 16 23 36 61

R\~ | 102 10* 105 10%® 10'® 10'2

2=6 |5 11 41 300 1204 1638
277 | 5 11 39 297 2464 5323
278 | 5 11 39 293 2727 > 10000
279 |5 11 40 293 2722 > 10000

Figure 3: Number of pcg iterations for preconditioner @ (top) and Qo (bottom) for regu-
larized state constraints with varying grid size h and penalty parameter -.

@\ | NNewton Nfotal  Nave
1072 | 3 8 2.667
1074 | 6 28 4.667
1076 | 10 59 5.9
1078 |9 79 8.778
1010 | 9 119 13.22
10712 | 8 142 17.75

Figure 4: Convergence history of semi-smooth Newton method for varying o

A= —Aon H}(]0,1[x]0,1[). As desired state, we choose yq = A~!sin(nz122). State y and
adjoint state p are both discretized by standard finite differences with mesh size h = 278,
To compute the solution for this problem with varying, up to very small a we reuse the
computed solution for the last (larger) « as an initial guess for the next (smaller) . This
acts as a simplistic path-following method for &« — 0 and compensates for the inefficient
global convergence behavior of semi-smooth Newton in case of small a.

8 Conclusion and Outlook

We have proposed and analyzed block preconditioners for systems that arise in certain
optimal control problems with PDEs. It can be used effectively for control constraints,
if the domain of observation contains the domain of control. For state constraints the
approximate active constraint set should be contained in the control domain.

In these cases the condition numbers of the resulting systems are in general only the
square root of the condition numbers, that are obtained via a simple preconditioner g,
asymptotically with respect to critical parameters. Under additional structural assump-
tions, it can be shown that the condition number grows even slower, like the fourth root
of the condition number of @)y. In the unconstrained case one obtains condition numbers
independent of the critical parameter.

Our results are of particular interest in state constrained optimal control problems,
where up to now the robustness of available preconditioners with respect to regularization
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parameters was poor. The class of state constrained problems seems to be divided into two
subclasses. The first, where the control can act on the active set of the constraints, and the
class of remaining problems, where the control acts more indirectly. The first class seems
to be tractable more easily than the second, and new ideas are needed for the second class.

However, much work remains to be done. Up to now, our results are only valid for exact
solutions of the modified PDEs. This is already a significant progress, since direct solvers
for elliptic problems are much more efficient than for coupled systems. In the parabolic
case the advantage is even larger, because the differential equations can be solved by time-
stepping procedures. This is much easier than solving the complete coupled system. It
is a straightforward idea to replace direct solvers by multigrid preconditioners. However,
showing optimality and robustness of these preconditioners seems an open non-trivial the-
oretical issue that needs to be addressed in the future. The usual H' techniques cannot
be used because the natural space for the preconditioners is Dg. From an algorithmic
point of view it is desirable to apply our preconditioners in an adaptive multilevel method
in the spirit of [21], where inexactness of Newton steps caused by the iterative solver and
the adaptive grid refinement is appropriately handled within an adaptive inexact Newton
path-following method in function space. Finally, it remains to investigate, how much of
our results can be applied to more general classes of PDEs,; say from continuum mechanics
or reaction-diffusion systems.

Acknowledgement The authors would like to thank the referees, who with their detailed
remarks contributed significantly to the quality of the presentation.
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