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ABSTRACT

In this paper we study the uplink-downlink duality for Gaussian vec-
tor channels with colored noise, and we derive the duality transfor-
mations (downlink-to-uplink and vice versa) that imply transmit co-
variance matrices for which user rates in uplink and downlink are
identical. These transformations are then applied for transmitter
adaptation in Code Division Multiple Access (CDMA) systems to
obtain an ensemble of downlink CDMA codewords from an optimal
ensemble of uplink codewords.

1. INTRODUCTION

In a wireless communication system the uplink (also referred to as
the reverse link) describes the information flow from a set of wireless
terminals to a central receiver corresponding to a base station, and
the downlink (also referred to as the forward link) describes the flow
of information from a central transmitter corresponding to a base
station to a set of wireless terminals. The two mathematical models
used to describe these two scenarios are the multiple access channel
(MAC) [1, Sec. 15.3] for the uplink and the broadcast channel (BC)
[1, Sec. 15.6] for the downlink, and several duality results have been
established recently between various MAC and BC scenarios [2–5].

We note that a common assumption in all these references is that
the statistics of the noise at all receivers in both the uplink and the
downlink scenarios is the same, and all of them take noise corrupt-
ing transmitted signals in a vector Gaussian channel to be white with
a scaled identity covariance matrix. However, this assumption may
not be satisfied in many practical scenarios where noise at different
receivers can have different statistics. For example, in the down-
link scenario the user receivers are operating in different locations
where the additive noise corrupting received signals can have dif-
ferent statistics, or, even when the noise statistics is similar and has
identity covariance matrix at all receivers, the receiver processing
can color it through various operations such as channel equalization
for example. This motivates the work presented in this paper where
we study the uplink-downlink duality under the explicit considera-
tion of different noise statistics at different receivers in the uplink
and the downlink.

The paper is organized as follows: in Section II we present the
system model followed by derivation of the duality transformations
for symmetric rates in Section III. In Section IV we present applica-
tion of the duality transformations in the context of CDMA systems
and discuss how downlink CDMA codewords can be obtained from
optimal uplink CDMA codewords In Section V we present final re-
marks and conclusions.

2. SYSTEM MODEL

2.1. The Downlink Scenario

In the downlink scenario the base station acts as transmitter and
sends information signal x̂ to a set of K wireless terminals act-
ing as receivers. The transmitted signal is received at the corre-
sponding receivers through distinct vector channels characterized
by channel matrices H1, . . . ,HK of dimension N × N and is cor-
rupted by N -dimensional independent additive Gaussian noise vec-
tors n̂1, . . . , n̂K with covariance matrices Ŵ1, . . . ,ŴK . We note
that all channel matrices are assumed to be constant and known at
the transmitter and at their corresponding receivers.

This scenario is illustrated in Figure 1 and is described mathe-
matically by a Gaussian vector BC model [6] for which the corre-
sponding N -dimensional received signal vector at a given receiver k
is expressed as

r̂k = Hkx̂ + n̂k k = 1, . . . , K. (1)

The transmitter is subject to an average power constraint expressed
in terms of the transmit covariance matrix X̂ = E[x̂x̂†] (where (·)†
represents the Hermitian operator, that is, the transposed and com-
plex conjugate) as

Trace
[
X̂

]
≤ P (2)

Using dirty paper coding techniques [7] as discussed in [4,6] the
transmitted signal x̂ with covariance matrix X̂ is obtained by adding
up the signals x̂k, with covariance matrices X̂k, k = 1, . . . , K ,
intended for individual users. These are encoded in a specified order
such that, when the signal intended for a given user k is obtained, the

H1

.

.

.

H2

HK

+

+

+

.

.

.

r1 = H1x + n 1

r2 = H2x + n 2

nK
^

n2
^

n1
^

x^
+

x1
^

^x2

^xK

.

.

.

.

.

.

.

.

rK = HKx + n K
^^ ^

^^ ^

^^^

Fig. 1. Block Diagram for Downlink Scenario.
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transmitter has full (noncausal) knowledge of all the signals encoded
before x̂1, . . . , x̂k−1, and does not see these as interference. This
dirty paper coding procedure yields statistically independent signals
x̂k, k = 1, . . . , K , which implies that the input transmit covariance
matrix can be written as

X̂ = X̂1 + . . . + X̂K , (3)

and the power constraint (2) is equivalent to

K∑
k=1

Trace
[
X̂k

]
≤ P (4)

The downlink rate of user k is the rate corresponding to user k
in the vector BC model with the specified order of encoding users
and is given by [6, Th. 1]

R̂k =
1

2
log

det

(
K∑

i=k

HkX̂iH
†
k + Ŵk

)

det

(
K∑

i=k+1

HkX̂iH
†
k + Ŵk

) (5)

for k = 1, . . . , K − 1 and

R̂K =
1

2
log

det
(
HKX̂KH†

K + ŴK

)
detŴK

(6)

2.2. The Uplink Scenario

In the dual uplink scenario the set of K wireless terminals act as
transmitters and send information signals x̌1, . . . , x̌K to the base
station which acts as a central receiver. The transmitted signals
are received at the base station receiver through reciprocal physical
channels characterized by “flipped” channel matrices [4]
H†

1, . . . ,H
†
K , and are corrupted by the N -dimensional additive Gaus-

sian noise vector ň with covariance matrix W̌. Similar to the down-
link scenario, we assume that the channel matrices are known at their
corresponding transmitters and at the receiver.

This scenario is illustrated in Figure 2 and is described mathe-
matically by a Gaussian vector MAC model [8] for which the cor-
responding N -dimensional received signal vector at the base station
receiver is expressed as

ř =
K∑

k=1

H†
kx̌k + ň (7)
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Fig. 2. Block Diagram for Uplink Scenario.

In this case each transmitter is subject to an individual power con-
straint expressed in terms of the transmit covariance matrices X̌k =
E[x̌kx̌

†
k] as

Trace
[
X̌k

] ≤ Pk, k = 1, . . . , K (8)

In order to study the duality between the downlink scenario pre-
sented in the previous section and the uplink scenario we note that
the decoding of user information in the uplink must be performed
in the opposite order of the downlink user encoding [4]. That is,
if downlink encoding order is such that user 1 is encoded first, fol-
lowed by user 2 second, user 3 third, and so on up to user K last,
in uplink one must start by decoding information for the last user K
first followed by user K − 1 second, user K − 2 third, and so on, up
to user 1 last. The main reason for encoding/decoding in reverse or-
der is due to the fact that the encoding order determines the amount
of interference that a given user’s signal is aware of in the downlink
transmission, while the decoding order determines the amount of in-
terference a given user’s signal is aware of in the uplink reception.
That is, in the downlink the signal encoded first has no interference
knowledge, the signal encoded second knows the interference only
from the signal encoded first, and so on. In the dual uplink scenario,
the user decoded last has full interference knowledge as all the other
users’ information has already been decoded, then the user decoded
before the last one has knowledge of all the other users’ signals ex-
cept that of the last user whose information has not been decoded
yet, and so on.

The reverse uplink decoding order K, K − 1, . . . , 2, 1, implies
that when the signal from a given user k is decoded, the transmit-
ter has knowledge of all the signals decoded before x̌K , x̌K−1, . . .,
x̌k+1. The uplink rate of user k is the rate corresponding to user k
in the vector MAC model with the specified decoding order of users
and is given by [4]

Řk =
1

2
log

det

(
k∑

i=1

H†
i X̌iHi + W̌

)

det

(
k−1∑
i=1

H†
i X̌iHi + W̌

) (9)

for k = K, K − 1, . . . , 2 and

Ř1 =
1

2
log

det
(
H†

1X̌1H1 + W̌
)

detW̌
(10)

3. DUALITY TRANSFORMATIONS FOR SYMMETRIC
RATES

Our goal is to study the uplink-downlink duality such that given a set
of uplink transmit covariance matrices X̌1, . . . , X̌K , we obtain the
corresponding set of downlink transmit covariances X̂1, . . . , X̂K ,
and viceversa, that imply the same rates in uplink and downlink, that
is R̂k = Řk, k = 1, . . . , K , under equal power constraints

K∑
k=1

Pk = P (11)

By defining the correlation of the interference+noise correspond-
ing to a given user k in the downlink scenario similar to [4]

Ak=

⎧⎪⎨
⎪⎩
Ŵk + Hk

(
K∑

i=k+1

X̂i

)
H†

k k = 1, 2, . . . , K − 1

ŴK k = K

(12)
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we can rewrite the downlink rate expressions (5) and (6) compactly
as

R̂k =
1

2
log det

(
I + A

−1/2
k HkX̂kH

†
kA

−1/2
k

)
∀k. (13)

We note that when the noise at all receivers in the downlink scenario
is white, that is Ŵk = I, ∀k, the interference+noise correlation
matrix Âk and has the same expression as in [4].

For the uplink scenario we define the correlation matrix of the
interference+noise corresponding to a given user k also similar to [4]

Bk =

⎧⎪⎨
⎪⎩

W̌ k = 1

W̌ +

k−1∑
i=1

H†
i X̌iHi k = 2, . . . , K − 1, K

(14)

and rewrite the uplink rate expressions (9) and (10) compactly as

Řk =
1

2
log det

(
I + B

−1/2
k H†

kX̌kHkB
−1/2
k

)
∀k. (15)

The equivalent rate expressions for downlink (13) and uplink
(15) allow the use of the result in Appendix A of [4] to obtain the
duality transformations for symmetric rates which should satisfy the
condition

R̂k = Řk, k = 1, . . . , K (16)

Using the downlink rate expression (13) in which we introduce the
extra factor B

−1/2
k B

1/2
k = B

1/2
k B

−1/2
k = I to the left and to the

right of X̂k along with the uplink rate expression (15) in which we
introduce the extra factor A

−1/2
k A

1/2
k = A

1/2
k A

−1/2
k = I to the

left and to the right of X̌k we rewrite (16) as

det
(
I + A

−1/2
k HkB

−1/2
k B

1/2
k X̂kB

1/2
k B

−1/2
k H†

kA
−1/2
k

)
=

det
(
I + B

−1/2
k H†

kA
−1/2
k A

1/2
k X̌kA

1/2
k A

−1/2
k HkB

−1/2
k

)
(17)

Similar to [4] we consider the term A
−1/2
k HkB

−1/2
k as user k ef-

fective channel with singular value decomposition (SVD) [9]

A
−1/2
k HkB

−1/2
k = UkDkV

†
k (18)

in order to apply the result in Appendix A of [4].

3.1. Downlink-to-Uplink Duality Transformation

In this case the transmit covariance matrices X̂1, . . . , X̂K for the
downlink scenario are given along with the channel matrices
H1, . . . ,HK and we need to determine the corresponding uplink
transmit covariance matrices X̌1, . . . , X̌K such that (17) is satisfied,
and we get [4, Appendix A]

X̌k = A
−1/2
k UkV

†
kB

1/2
k X̂kB

1/2
k VkU

†
kA

−1/2
k (19)

We note that the duality result in [4, Appendix A] guarantees that

Trace
[
X̌k

] ≤ Trace
[
X̂k

]
(20)

which implies that as long as the downlink transmit covariance ma-

trices satisfy that Trace
[
X̂k

]
≤ Pk, ∀k, the uplink power con-

straints (8) will be satisfied.
We also note that the presence of the term Bk in equation (19)

requires knowledge of the transmit covariance matrices X̌1, . . . , X̌k−1

in order to calculate X̌k. Thus, the order in which the uplink trans-
mit covariance matrices are calculated using equation (19) is starting
from user 1 for which B1 = W̌ in the order in which the users are
encoded in the downlink.

3.2. Uplink-to-Downlink Duality Transformation

In this case the transmit covariance matrices X̌1, . . . , X̌K for the up-
link scenario are given along with the channel matrices H1, . . . ,HK

and we need to determine the corresponding downlink transmit co-
variance matrices X̂1, . . . , X̂K such that (17) is satisfied, and using
the same result [4, Appendix A] we get

X̂k = B
−1/2
k UkV

†
kA

1/2
k X̌kA

1/2
k VkU

†
kB

−1/2
k (21)

Since the duality result in [4, Appendix A] implies also that

Trace
[
X̂k

]
≤ Trace

[
X̌k

]
(22)

and the uplink transmit covariances are such that Trace
[
X̌k

] ≤ Pk,
∀k, this along with (11) implies that the downlink power constraint
(4) is also be satisfied.

The order in which the downlink transmit covariance matrices
are calculated is the order in which users are decoded in the uplink
as the presence of the term Ak in equation (21) requires knowledge
of the transmit covariance matrices X̂K , . . . , X̂k+1 in order to cal-
culate X̂k. Thus, in this case we start by computing X̂K first for
which AK = Ŵk, then continue with X̂K−1, and so on, ending
with X̂1.

4. APPLICATION: DOWNLINK CDMA CODEWORDS

As application of the uplink-downlink duality transformations pre-
sented in the previous section, we discuss in this section how these
can be used in the context of CDMA systems to obtain a downlink
codeword ensemble starting from an uplink one. We note that while
many algorithms are available for obtaining uplink CDMA code-
words (see [10–13] and references therein) only a few algorithms
have been proposed for downlink scenarios [14–16]. We also note
that the uplink CDMA codeword ensembles can be designed to opti-
mize various performance measures such as individual or sum rates
and Signal-to-Interference+Noise-Ratios (SINR). Thus, if specific
rates are needed in a downlink CDMA scenario, one could design
an ensemble of uplink CDMA codewords that achieves the specified
rates and the apply the duality transformations for symmetric rates
as outlined in the previous section to obtain a corresponding ensem-
ble of downlink CDMA codewords. We discuss the procedure in this
section and illustrate it with numerical examples.

We start with an optimal uplink CDMA codeword ensemble
Š = [š1 . . . šK ] and power matrix P̌ = diag{p̌1, . . . , p̌K} which
maximizes the sum capacity of the corresponding vector MAC. For
general scenarios with non-ideal channels and colored noise, these
may be obtained by applying the interference avoidance algorithms
discussed in [11–13], and the corresponding uplink transmit covari-
ance for a given user in this case is given by

X̌k = p̌kškš
†
k (23)

Using the duality transformation given in equation (21) we first cal-
culate the downlink transmit covariance matrix of user k, X̂k, that
corresponds to the uplink transmit covariance (23 for which the up-
link and downlink rates of user k are the same. We note that since
X̌k is a rank one matrix the resulting X̂k matrix will also be rank
one. This implies that it has only one singular value that is different
from zero, and by selecting the downlink user power p̂k to be equal
to the non-zero singular value of X̂k and the downlink user code-
word ŝk to be equal to the singular vector of X̂k that corresponds to
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the non-zero singular value p̂k we have

X̂k = p̂kŝkŝ
†
k, k = 1, . . . , K. (24)

Putting together the resulting vectors and singular values we obtain
the corresponding downlink codeword and power matrices as Ŝ =

[ŝ1 . . . ŝK ], respectively P̂ = diag[p̂1, . . . , p̂K ].
We illustrate the above procedure with numerical examples ob-

tained for a system with K = 4 users operating in a signal space
with N = 3 dimensions. The uplink power matrix is P̌ = I4 and in
the first example we consider ideal channel matrices H = I4 for all
users and the same colored noise W = diag{0.9501, 0.2311, 0.6068}
at all the receivers. An optimal uplink codeword matrix (obtained
using the interference avoidance algorithm [13]) is:

Š1 =

⎡
⎣ 0.1200 −0.1172 −0.9494 0.2230

0.9030 −0.9131 0.2112 −0.0668
0.4125 0.3905 0.2324 0.9725

⎤
⎦

Using the uplink-downlink duality transformation followed by the
SVD factorization of resulting downlink transmit covariance matri-
ces we obtain the downlink codeword and power matrices

Ŝ1 =

⎡
⎣ −0.0905 −0.0898 −0.9750 0.2654

0.9344 −06144 0.1210 −0.0445
0.3445 0.7839 0.1866 −0.9631

⎤
⎦

P̂1 = diag[1.6193, 0.7660, 0.9597, 0.6678]

for which the corresponding downlink and uplink rates are equal
R̂ = Ř = [0.7867, 0.4763, 0.3652, 0.3652].

In a second example we consider non-ideal channels and differ-
ent colored noise at each receiver. The optimal uplink codeword ma-
trix (obtained also using the interference avoidance algorithm [13])
is

Š2 =

⎡
⎣ 0.0115 −0.0022 −0.0056 −0.1307

0.0366 −0.4205 0.0273 −0.1180
0.9993 0.9073 0.9996 0.9844

⎤
⎦

for which the corresponding downlink codeword and power matrices
are

Ŝ2 =

⎡
⎣ −0.8949 −0.9827 −0.8732 −0.6901

0.1172 0.1423 0.4386 −0.0272
0.4305 0.1183 0.2124 0.7232

⎤
⎦

P̂2 = diag[1.0213, 0.4701, 0.6466, 0.7815]

for which we note again that the rates for downlink and uplink are
identical R̂ = Ř = [0.3498, 0.0258, 0.0700, 0.1480].

5. CONCLUSION

In this paper we studied the uplink-downlink duality for Gaussian
vector channels with different noise statistics at different receivers in
the uplink and downlink scenarios. We have extended the approach
in [4] and derived expressions for the duality transformations that
allow us to determine transmit covariance matrices in the downlink
given a set of uplink transmit covariances. We have applied the pro-
posed approach to determine optimal donwlink CDMA codewords.
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