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Lie symmetry and its generation of conserved quantity of Appell
equation in a dynamical system of the relative motion with

Chetaev-type nonholonomic constraints∗

Wang Xiao-Xiao(王肖肖), Han Yue-Lin(韩月林), Zhang Mei-Ling(张美玲), and Jia Li-Qun(贾利群)†

School of Science, Jiangnan University, Wuxi 214122, China

(Received 27 September 2012; revised manuscript received 23 October 2012)

Lie symmetry and conserved quantity deduced from Lie symmetry of Appell equations in a dynamical system of
relative motion with Chetaev-type nonholonomic constraints are studied. The differential equations of motion of the Appell
equation for the system, the definition and criterion of Lie symmetry, the condition and the expression of generalized
Hojman conserved quantity deduced from Lie symmetry for the system are obtained. The condition and the expression of
Hojman conserved quantity deduced from special Lie symmetry for the system under invariable time are further obtained.
An example is given to illustrate the application of the results.
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1. Introduction
In 1894, the German scholar Hertz first distinguished

holonomic constraints and nonholonomic constraints, divid-
ing mechanical systems into holonomic systems and nonholo-
nomic systems. Hence, nonholonomic mechanics was born.
With the development of modern science and technology, the
study of dynamics in complex mechanical systems is becom-
ing more and more important. The movements of these com-
plex systems include the movement of the carrier and the
movement relative to the carrier. In the early 20th century, the
Lagrange equation in a holonomic system of the rotary mo-
tion with a constant speed was studied by Whittaker. In 1984,
the generalized Nielsen equation in a nonholonomic system
of the rotary motion with a constant speed was reported by
Mei Feng-Xiang in the third General Mechanics Conference
of China. In 1899, Appell obtained equations of motion of
mechanical systems that are essentially different from other
researchers. This kind of equation is not only applicable in
holonomic systems, but also in nonholonomic systems, and it
is not only applied in generalized coordinates, but also applied
in quasi coordinates. The modern symmetry theories in a con-
strained mechanical system are mainly of three types: Noether
symmetry,[1–6] Lie symmetry,[7–16] and Mei symmetry.[17–26]

In recent decades, Chinese scholars have achieved important
results in studying symmetry theories of Appell systems and
their applications.[27–36] In Refs. [37] and [38], symmetry the-
ories in a dynamical system of the relative motion with non-
holonomic constraints were introduced by Mei Feng-Xiang.
But so far, no study of Lie symmetry and conserved quan-

tity deduced from Lie symmetry of Appell equations in a dy-
namical system of relative motion with Chetaev-type nonholo-
nomic constraints has been reported. This paper presents a
study of the definition and criterion for Lie symmetry and con-
served quantity deduced from Lie symmetry of Appell equa-
tions in a dynamical system of the relative motion with non-
holonomic constraints of Chetaev’s type. The condition and
the expression of generalized Hojman conserved quantity de-
duced from Lie symmetry have been researched. With the spe-
cial infinitesimal transformations in which time is invariable,
the condition and the expression of Hojman conserved quan-
tity deduced from special Lie symmetry have been obtained.
Finally, an example is given to illustrate the application of the
results.

2. Differential equations of the system
Suppose that the configuration of the mechanical system

is determined by N generalized coordinates qs (s= 1,2, . . . ,n),
the g two-sided ideal nonholonomic constraint equations of
Chetaev’s type subjected by the system

fβ (t,𝑞,𝑞) = 0, (β = 1,2, . . . ,g). (1)

Also, assume the constraints are compatible and independent
of each other. Chetaev’s conditions of constraint equations (1)
putting on the virtual displacement δqs are

∂ fβ

∂ q̇s
δqs = 0, (β = 1,2, . . . ,g). (2)
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Suppose the speed of the origin of a moving coordinate
system O that is fixed on the sports reference materials is 𝜈0

and the angular velocity of reference materials is ω which are
known functions of time t. The acceleration energy for the
system and Appell equations in a dynamical system of the rel-
ative motion with nonholonomic constraints of Chetaev’s type
are respectively

Sr = Sr(t,𝑞,𝑞,𝑞), (3)
∂Sr

∂ q̈s
= Qs−

∂

∂qs
(V 0 +V ω)+Qω̇

s +Γs

+λβ

∂ fβ

∂ q̇s
, (s = 1,2, . . .n), (4)

where Qs are the generalized forces, V 0 = M(�̇�0+𝜔×𝜈0) ·𝑟′c
is the potential energy in a uniform field, V ω =−ω ·θ 0 ·ω/2 is
called the potential energy of centrifugal force, Qω̇

s = −(ω̇ ×
mi𝑟

′
i) · (∂𝑟′i/∂qs) is called the generalized Coriolis inertial

force,

Γs = 2ω ·
(

mi
∂𝑟′i
∂qs
× ∂𝑟′i

∂qk

)
q̇k

is called the generalized gyroscopic force, λβ is the constraint
multiplier.

From Eqs. (1) and (4), we can obtain all λβ as a function
of t, 𝑞, and 𝑞. Hence, equation (4) can be written as

∂Sr

∂ q̈s
= Qs−

∂

∂qs
(V 0 +V ω)+Qω̇

s +Γs +Λs,

(s = 1,2, . . .n), (5)

where

Λs = Λs(t,𝑞,𝑞) = λβ

∂ fβ

∂ q̇s
, (s = 1,2, . . . ,n) (6)

are generalized constraint reaction forces.
Equation (5) is an equation of the relative motion for a

holonomic system corresponding to Eqs. (1) and (4) of the rel-
ative motion in a dynamical system with nonholonomic con-
straints of Chetaev’s type. The equation of the relative mo-
tion in a dynamical system with nonholonomic constraints
of Chetaev’s type can be found in solutions of the equations
of the relative motion in a holonomic system. Provided the
initial conditions of motion satisfy the constraint equations
of relative motion in a dynamical system with nonholonomic
constraints of Chetaev’s type, then the solution of Eq. (5) of
relative motion in a holonomic system gives the motions of
Eqs. (1) and (4) of the relative motion in a dynamical sys-
tem with nonholonomic constraints of Chetaev’s type. From
Eq. (5), all generalized accelerations can be solved, written as
follows:

q̈s = αs (t,𝑞,𝑞) , (s = 1,2, . . . ,n). (7)

3. Lie symmetry and its generation of conserved
quantity
Introducing the infinitesimal transformations of groups of

time and generalized coordinates as

t∗ = t +∆t, q∗s (t
∗) = qs(t)+∆qs, (s = 1,2, . . . ,n), (8)

equation (8) can be extended to

t∗ = t + εξ0(t,𝑞,𝑞), q∗s (t
∗) = qs(t)+ εξs(t,𝑞,𝑞),

(s = 1,2, . . . ,n), (9)

where ε is an infinitesimal parameter, ξ0 and ξs are infinites-
imal generators. The invariance of the differential equations
under the infinitesimal transformations of groups (9) is called
Lie symmetry.

The determining equation of Lie symmetry of Appell
equations Eq. (5) for a dynamical system of the relative mo-
tion with nonholonomic constraints of Chetaev’s type can be
written as:

X (2)
{

∂Sr

∂ q̈s

}
= X (1)

[
Qs−

∂

∂qs

(
V 0 +V ω

)
+Qω̇

s +Γs +Λs

]
, (10)

where

X (1) = ξ0
∂

∂ t
+ξs

∂

∂qs
+

(
dξs

dt
− q̇sξ̇0

)
∂

∂ q̇s
, (11)

X (2) = X (1)+

[
d
dt

(
dξs

dt
− q̇sξ̇0)− q̈sξ̇0

]
∂

∂ q̈s
. (12)

The determining equation of Lie symmetry for Eq. (7) can
be written as

ξ̈s− q̇sξ̈0−2ξ̇0αs =
∂αs

∂ t
ξ0 +

∂αs

∂qk
ξk +

∂αs

∂ q̇k
(ξ̇k− q̇kξ̇0), (13)

where the two determining equations (10) and (13) of Lie sym-
metry are equivalent.

Definition 1 If infinitesimal generators ξ0 and ξs satisfy
the determining equations (10) or (13), then the symmetry is
Lie symmetry of the relative motion for a holonomic system
(5) or (7) corresponding to Eqs. (1) and (4) of the relative mo-
tion in a nonholonomic system with Chetaev’s type.

The invariance of the constraint equation (1) in a non-
holonomic system under the infinitesimal transformations of
groups (9) is expressed as the following constraint equation

X (1){ fβ (t,𝑞,𝑞)
}
= 0. (14)

Definition 2 If infinitesimal generators ξ0 and ξs satisfy
the determining equations (10) or (13) and restriction equa-
tion (14), then the symmetry is weak Lie symmetry of the rel-
ative motion for a holonomic system (5) or (7) corresponding
to Eqs. (1) and (4) of the relative motion in a nonholonomic
system with Chetaev-type constraints.
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Considering the restriction on infinitesimal generators ξ0

and ξs by Chetaev’s condition, so we have the following addi-
tional restriction equation

∂ fβ

∂ q̇s
(ξs− q̇sξ0) = 0. (15)

Definition 3 If infinitesimal generators ξ0 and ξs sat-
isfy the determining equations (10) or (13), restriction equa-
tion (14), and additional restriction equation (15), then the
symmetry is strong Lie symmetry of the relative motion for
a holonomic system (5) or (7) corresponding to Eqs. (1) and
(4) of the relative motion in a nonholonomic system with
Chetaev’s type.

For a dynamical system of the relative motion with non-
holonomic constraints of Chetaev’s type, generalized Hojman
conserved quantity can be deduced directly from the Lie sym-
metry.

Proposition 1 For a holonomic system (7) correspond-
ing to a dynamical system of relative motion with nonholo-
nomic constraints of Chetaev’s type, if the generators ξ0

and ξs under the special infinitesimal transformations satisfy
Eq. (13), and there exists a function µ = µ (t,𝑞,𝑞) , which
holds true for

∂αs

∂ q̇s
+

d
dt

ln µ = 0, (16)

then generalized Hojman conserved quantity deduced directly
from the Lie symmetry of Appell equations in a dynamical
system of relative motion with nonholonomic constraints of
Chetaev’s type is

IH =
1
µ

∂

∂ t
(µξ0)+

1
µ

∂

∂qs
(µξs)+

1
µ

∂

∂ q̇s

[
µ

(
ξ̇s− q̇sξ̇0

)]
= const. (17)

Proof Find the derivative of IH with respect to t, we have

d
dt

IH =
d
dt

(
1
µ

∂ µ

∂ t
ξ0

)
+

d
dt

∂ξ0

∂ t
+

d
dt

(
1
µ

∂ µ

∂qs
ξs

)
+

d
dt

∂ξs

∂qs
+

d
dt

[
1
µ

∂ µ

∂ q̇s

(
ξ̇s− q̇sξ̇0

)]
+

d
dt

∂

∂ q̇s

(
ξ̇s− q̇sξ̇0

)
, (18)

and

d
dt

∂ξ0

∂ t
=

∂ ξ̇0

∂ t
− ∂αk

∂ t
∂ξ0

∂ q̇k
,

d
dt

∂ξs

∂qs
=

∂ ξ̇s

∂qs
− ∂αk

∂qs

∂ξs

∂ q̇k
,

d
dt

∂

∂ q̇s

(
ξ̇s− q̇sξ̇0

)
=

∂

∂ q̇s

d
dt

(
ξ̇s− q̇sξ̇0

)
− ∂

∂qs

(
ξ̇s− q̇sξ̇0

)

− ∂αk

∂ q̇s

∂

∂ q̇k

(
ξ̇s− q̇sξ̇0

)
. (19)

Substituting Eqs. (19) into Eq. (18) and using Eq. (13), we
obtain

d
dt

IH =
d
dt

(
1
µ

∂ µ

∂ t
ξ0

)
+

d
dt

(
1
µ

∂ µ

∂qs
ξs

)
+

d
dt

[
1
µ

∂ µ

∂ q̇s
(ξ̇s− q̇sξ̇0)

]
+ ξ̈0 +

∂αs

∂ q̇s
ξ̇0

+
∂ 2αs

∂ q̇s∂ t
ξ0 +

∂ 2αs

∂ q̇s∂qk
ξk

+
∂ 2αs

∂ q̇s∂ q̇k
(ξ̇k− q̇kξ̇0). (20)

Taking the partial derivatives of condition (16) for t,qk, q̇k,
substituting them into Eq. (20), and using condition (13), we
obtain

d
dt

IH = 0. (21)

Proposition 2 For a holonomic system (7) correspond-
ing to a dynamical system of the relative motion with non-
holonomic constraints of Chetaev’s type, if the generators ξ0

and ξs under the special infinitesimal transformations satisfy
Eq. (13) and restriction equation (14), and there exists a func-
tion µ = µ (t,𝑞,𝑞) satisfying Eq. (16), then the generalized
Hojman conserved quantities (17) can be deduced directly
from the weak Lie symmetry of a dynamical system of the
relative motion with nonholonomic constraints of Chetaev’s
type.

Proposition 3 For a holonomic system (7) correspond-
ing to a dynamical system of the relative motion with non-
holonomic constraints of Chetaev’s type, if the generators
ξ0 and ξs under the special infinitesimal transformations sat-
isfy Eq. (13), restriction equation (14), and special addi-
tional restriction equation (15), and there exists a function
µ = µ (t,𝑞,𝑞) satisfying Eq. (16), then the generalized Hoj-
man conserved quantities (17) can be deduced from the strong
Lie symmetry of a dynamical system of the relative motion
with nonholonomic constraints of Chetaev’s type.

If ξ0 = 0, then transformations (9) become the special
infinitesimal transformations in which the time is invariable,
which are expressed as

t∗ = t, q∗s (t
∗) = qs(t)+ εξs(t,𝑞,𝑞). (22)

The determining equation of Lie symmetry for Eq. (7) under
the special infinitesimal transformations (22) can be expressed
as

ξ̈s =
∂αs

∂qk
ξk +

∂αs

∂ q̇k
ξ̇k. (23)

The invariance of the constraint equation (1) in a nonholo-
nomic system under the special infinitesimal transformations
(22) is expressed as the following restriction equation

X (1){ fβ (t,𝑞,𝑞)
}
= 0. (24)
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Considering the restriction on infinitesimal generators ξs by
Chetaev’s condition, so we have the following additional re-
striction equation

∂ fβ

∂ q̇s
ξs = 0. (25)

Deduction 1 If the generators ξs under the infinitesi-
mal transformations (22) satisfy Eq. (23), and there exists a
function µ = µ (t,𝑞,𝑞) which holds true for

∂αs

∂ q̇s
+

d
dt

ln µ = 0, (26)

then Hojman conserved quantity deduced directly from the Lie
symmetry of Appell equations in a dynamical system of the
relative motion with nonholonomic constraints of Chetaev’s
type is

IH =
1
µ

∂

∂qs
(µξs)+

1
µ

∂

∂ q̇s

(
µ

d
dt

ξs

)
= const. (27)

Deduction 2 For a holonomic system (7) corresponding
to a dynamical system of the relative motion with nonholo-
nomic constraints of Chetaev’s type, if the generators ξs un-
der the special infinitesimal transformations satisfy Eq. (23)
and restriction equation (24), and there exists a function µ =

µ (t,𝑞,𝑞) satisfying Eq. (26), then Hojman conserved quanti-
ties (27) are deduced directly from the weak Lie symmetry of
dynamical system of the relative motion with nonholonomic
constraints of Chetaev’s type.

Deduction 3 For a holonomic system (7) corresponding
to a dynamical system of the relative motion with nonholo-
nomic constraints of Chetaev’s type, if the generators ξs under
the special infinitesimal transformations satisfy Eq. (23), re-
striction equation (24), and special additional restriction equa-
tion (25), and there exists a function µ = µ (t,𝑞,𝑞) satisfying
Eq. (26), then Hojman conserved quantities (27) are deduced
from the strong Lie symmetry of a dynamical system of the
relative motion with nonholonomic constraints of Chetaev’s
type.

4. An illustrative example
In the following, we give an example, which is only to

illustrate the application of the above results.
The carrier with angular velocity ω around the vertical

axis q3 for a fixed axis rotation, a particle of quality as m
is moving without friction on the carrier. It is easy to know
the acceleration energy in a dynamical system of the relative
motion with nonholonomic constraints of Chetaev’s type, the
generalized gyroscopic force, the generalized Coriolis inertial
force, the potential energy in a uniform field, and the potential
energy of centrifugal force are respectively

Sr =
1
2

m
(
q̈2

1 + q̈2
2 + q̈2

3
)
, (28)

Γ1 = 2mω q̇2, Γ2 =−2mω q̇1, Γ3 = 0, (29)

Qω̇
s = 0, (s = 1,2,3), (30)

V 0=0, (31)

V ω =−1
2

m
(
q2

1 +q2
2
)

ω
2. (32)

Suppose constrained equations of Chetaev’s type and general-
ized forces of the system are respectively

f = q̇2
1 + q̇2

2− q̇2
3 = 0, (33)

Q1 =−mω
2q1−2mω q̇2, Q2 =−mω

2q2 +2mω q̇1,

Q3 =−mg. (34)

Try to study Lie symmetry and conserved quantity deduced
from Lie symmetry of the system.

From Eq. (4), we get

mq̈1 = 2λ q̇1, mq̈2 = 2λ q̇2,

mq̈3 =−mg−2λ q̇3. (35)

Combining Eqs. (35) and (33), we obtain

λ =− mg
4q̇3

. (36)

Substituting Eq. (36) into Eq. (35), we obtain

mq̈1 =−
mgq̇1

2q̇3
, mq̈2 =−

mgq̇2

2q̇3
,

mq̈3 =−
mg
2
. (37)

The determining equation (23) of special Lie symmetry gives

ξ̈1 =−ξ̇1
g

2q̇3
+ ξ̇3

gq̇1

2q̇2
3
,

ξ̈2 =−ξ̇2
g

2q̇3
+ ξ̇3

gq̇2

2q̇2
3
,

ξ̈3 = 0. (38)

The restriction equation (24) gives

q̇1ξ̇1 + q̇2ξ̇2− q̇3ξ̇3 = 0. (39)

The additional restriction equation (25) gives

q̇1ξ1 + q̇2ξ2− q̇3ξ3 = 0. (40)

Take the infinitesimal generator

ξ1 = ξ2 = ξ3 = 1, (41)

ξ1 = ξ2 = 0,ξ3 =
(
q̇2

1 + q̇2
2 + q̇2

3 +2gq3
)2
. (42)

Obviously, they all satisfy Eqs. (38) and (39), and they are
all the infinitesimal generators of weak Lie symmetry, then the
systems are special Lie symmetrical.

According to the expression (26), we have

− g
q̇3

+
d
dt

ln µ = 0. (43)
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We can solve

µ =
1
q̇2

3
, (44)

µ =
1
q̇2

3

(
q̇2

1 + q̇2
2 + q̇2

3 +2gq3
)
. (45)

Substituting Eqs. (41) and (45) into Eq. (26), we obtain

IH1 = 2g
(
q̇2

1 + q̇2
2 + q̇2

3 +2gq3
)−1

= const. (46)

Substituting Eqs. (39) and (41) into Eq. (26), we obtain

IH2 = 4g
(
q̇2

1 + q̇2
2 + q̇2

3 +2gq3
)
= const. (47)

The infinitesimal generators (41) and (42) respectively satisfy
the restriction equations (39), but they do not satisfy the addi-
tional restriction equations (40), so they are not the infinites-
imal generators of strong Lie symmetry for a system. From
Proposition 2 and Proposition 3, we know IH1 and IH2 are gen-
eralized Hojman conserved quantities of Lie symmetry and
weak Lie symmetry for a system, but they are not generalized
Hojman conserved quantities of strong Lie symmetry.

5. Conclusion
The determining equations (10) and (13), three propo-

sitions and three deductions corresponding to them for Lie
symmetry of Appell equations in a dynamical system of the
relative motion with Chetaev-type nonholonomic constraints
are the main results of this paper. The results in this paper
can be applied to Appell equations in a dynamical system of
the relative motion with holonomic constraints, Appell equa-
tions in a mechanical system with nonholonomic constraints of
Chetaev’s type, Appell equations in a mechanical system with
non-Chetaev nonholonomic constraints, Appell equations in a
mechanical system with holonomic constraints, and so on.
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