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AbstractÐThe coarsening of solid-Sn particles in a Pb±Sn liquid was studied under microgravity con-
ditions. Spatial correlation functions were measured on plane sections in a low-volume fraction system
undergoing Ostwald ripening. The correlation functions changed with time in a way that indicated that the
microstructure initially consisted of clusters of particles and evolved into one which was more dispersed.
The model by Akaiwa and Voorhees (AV) was used to study the e�ect of spatial correlations on the ripen-
ing process. We found that the initially highly correlated structure had no observable e�ect on the evol-
ution of particle size distributions, but did have an e�ect on the coarsening rate of the system. Speci®cally,
we determined that a structure consisting of clusters of particles coarsened faster than a system with a ran-
dom, spatial arrangement of non-overlapping particles. We also found that the approach of the microstruc-
ture towards the steady-state regime could be monitored more sensitively using spatial correlations rather
than using particle size distributions. The spatial correlations and the particle size distributions measured
from the experiment agreed well with those calculated from the AV simulations using the initial experimen-
tal correlations and size distribution. 7 2000 Acta Metallurgica Inc. Published by Elsevier Science Ltd. All
rights reserved.

Keywords: Phase transformations; Nucleation; Growth; Theory and modeling (kinetics, transport, di�u-
sion)

1. INTRODUCTION

Ostwald ripening, or particle coarsening, is a pro-
cess in which a system lowers its energy by reducing
its interfacial area. Coarsening occurs by the dissol-

ution of small particles and the growth of large par-
ticles. This results in an increase in the average
particle size over time, and a concomitant decrease

in the number of particles in a system.
The classical description of coarsening was devel-

oped by Lifshitz and Slyozov [1] and Wagner [2]

(LSW). They determined the evolution of the
microstructure for a system of in®nitely separated
spherical particles, or a zero volume fraction of
coarsening phase. LSW found that in the long-time

limit, the system approaches a self-similar regime.
In this regime, the particle size distribution (PSD)
becomes time invariant when scaled by the time-

dependent average particle radius. The average par-
ticle radius, �R�t� increases with time, t, as

�R
3�t� ÿ �R

3�0� � Kt �1�

where K is the coarsening rate constant for an iso-
thermal solid±liquid system given by [3]:

K � KLSW � 8

9

T0GD
ML�CS ÿ CL � : �2�

T0 is the coarsening temperature, G is the capillary
length of the matrix phase, D is the di�usion coe�-

cient of the solute in the liquid, ML is the slope of
the liquidus curve at T0, and CS and CL are the
compositions of the solid and liquid at a planar

solid±liquid interface at T0. KLSW, thus, is a func-
tion only of various material parameters.
Many theories have since been developed to

account for a ®nite volume fraction of particles and
thus for overlapping di�usion ®elds between par-
ticles [4±12]. The theories di�er in their methods of
determining a statistically averaged growth rate for

a particle of a given size. Most theories are limited
to low-volume fractions of particles (R0.3), since
above this volume fraction the assumption of

spherical non-touching particles is poor. Exceptions
are e�ective medium theories that make predictions
at much higher volume fractions [8, 9]. All of the

theories have found that a ®nite volume fraction of
particles does not alter the temporal exponent of
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the average particle radius of 1/3. A non-zero
volume fraction, however, does alter the coarsening

rate such that K is a function of the volume fraction
of coarsening phase, f, as given by,

K � K�f� � KLSWf �f� �3�

with f(f ) being a system-independent function of
the volume fraction. The theories recover the LSW
results at zero volume fraction [ f(0)=1]. Despite
this general agreement, the predictions of f(f ) and

the form of the PSDs di�er from theory to theory.
Many theories assume that the particles are ran-

domly distributed in the matrix [6±12]. However,

interparticle spatial correlations may play a role in
the coarsening process [4, 10±12]. Akaiwa and
Voorhees studied the evolution of the spatial corre-

lations in transient as well as the steady-state coar-
sening regime, using both monopole and dipole
approximations for the di�usion ®eld in their simu-

lations. In their work, two di�erent initial spatial
arrangements of particles were found to coarsen to
a unique time-invariant arrangement when properly
scaled. These steady-state correlation functions were

di�erent than those of a random distribution of
particles. They also found that the evolution of the
spatial arrangement of particles had only a small

e�ect on the coarsening rate of the system. Size±size
correlations were also measured, and they found
that the density of small particles near large par-

ticles was less than that of a random spatial distri-
bution. Beenakker [10] employed a much smaller
system than Akaiwa and Voorhees in a monopole

simulation, but was able to calculate moments of
the pair correlation function. He found that the
spatial correlations present in the system were not
those of a random non-overlapping distribution of

particles. Tokuyama and Kawasaki [11] calculated
the structure function during steady-state coarsen-
ing. Since the structure function depends on both

the PSD and the spatial correlation function, it is
not possible to determine the predicted spatial
arrangement of particles. Thus, this result can only

be tested using X-ray or neutron scattering exper-
iments. Marder [12] developed a theory which takes
into account spatial correlations present in a coar-
sening system. However, the correlations measured

in his work are di�erent than those found by
Beenakker and the rate constant determined in his
work is much larger than any other theoretical pre-

diction with one exception [13]. Spatial correlations
that develop during coarsening have also been stu-
died in two-dimensional systems. Akaiwa and

Meiron [14] used numerical simulations with mono-
pole and dipole approximations to describe coarsen-
ing with two di�erent initial spatial distributions of

particles. They also found time invariant spatial
correlation functions in the steady-state regime,
despite the di�erent initial conditions. In addition,
they found excellent agreement with two-dimen-

sional Ostwald ripening experiments performed by

Krichevsky and Stavans [15].
Many experiments have found a temporal expo-

nent of nearly 1/3 for the average particle size

during coarsening [3, 16, 17]. However, experimen-
tally measured PSDs are broader than steady-state
predictions made by theory [18]. Comparatively lit-

tle work has been done experimentally to measure
spatial correlations during coarsening due to the

large amount of data necessary for such measure-
ments. Small-angle neutron scattering experiments
on Al±Li alloys show the presence of correlations

between d ' precipitates during ripening; see for
example [19]. However, these were measurements of
the structure function not of the spatial correlation

function. Spatial correlations have been measured
during liquid phase sintering in systems with high-

volume fractions of solid [20]. Unfortunately, the
high-volume fractions of the coarsening phase
employed in these experiments preclude a compari-

son to the aforementioned low-volume fraction the-
ories. In addition, the correlations are likely
in¯uenced by the skeletal structure that forms in

these systems. Correlations have been measured in
a system of particles coarsening by aggregation [21],

and in two dimensions [15]. The correlations of a
system undergoing coarsening in three dimensions,
where the volume fraction is su�ciently low that a

direct comparison between theory and experiment is
possible, have never been measured.
In the present work, we have measured corre-

lations that are present in a low-volume fraction
system in which the particles coarsen solely by

Ostwald ripening. We measured the correlations in
real space, not using X-ray or neutron scattering ex-
periments, which allows us to determine the spatial

correlations independent of the PSD. Both the coar-
sening experiments and the model which is tested
are in a system that is three-dimensional. However,

the comparison of theory and experiment was made
using planar sections through the three-dimensional
microstructures, thus avoiding di�culties in con-

verting plane section measurements to three dimen-
sions. The measurements were made on samples

containing 10% and 20% coarsening phase, for
which no skeletal structure is present. Since the
samples were coarsened in a microgravity environ-

ment, there was no particle sedimentation caused
by a density di�erence between the phases. In ad-
dition, we used an ideal two-phase mixture which

satis®es all of the assumptions of theory. Thus, it is
possible to make an unambiguous comparison

between theory and experiment.
In addition to examining the spatial correlations

that develop during coarsening both theoretically

and experimentally, we have reanalyzed data pre-
sented earlier on the coarsening kinetics and PSDs
at a volume fraction of 0.1 coarsening phase [18]. It

was shown that these measured distributions were
broader than the steady-state theoretical predic-
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tions, and most importantly, that they were slowly
evolving in time. The rate constant was also higher

than those predicted by steady-state theories. In
order to address the apparent evolution of the PSD,
two di�erent theoretical models [4, 22] were

employed to study transient coarsening. We found
excellent agreement of the evolution of the PSDs
between the experiment and both models. The in-

itial microstructure used in these transient simu-
lations employed a size distribution that was the
same as that measured at an early coarsening time.

However, we did not account for the highly corre-
lated microstructure, consisting essentially of clus-
ters of particles, which was present at early
coarsening times. We de®ne a cluster of particles as

being a set of non-overlapping particles that are
spatially close together. A more accurate model of
the transient coarsening process is presented here,

as we have now included the e�ect of the initially
strong spatial correlations on the coarsening pro-
cess. Results at a volume fraction of 0.2 are also

shown for the ®rst time.
First, the experimental results from the coarsen-

ing in solid±liquid mixtures experiment (CSLM) are

presented. These results motivate the inclusion of
spatial correlations in the Akaiwa and Voorhees
simulations, as the experiments at early times reveal
a microstructure containing clusters of particles. A

direct comparison of the evolution of the PSDs and
the spatial correlation functions is made between
our new model, which includes the e�ects of spatial

correlations, and the experiment. We conclude with
a discussion and summary.

2. EXPERIMENT

2.1. Experiment procedure

A two-phase mixture consisting of solid-Sn par-
ticles in a Pb±Sn liquid has been identi®ed as an

ideal system to study Ostwald ripening: the coarsen-
ing rate is rapid such that experiments can be per-
formed in a timely manner, the interfacial energy is

nearly isotropic giving rise to spherical particles in
the matrix, and the thermophysical parameters of
the system have been measured [23].
Samples of Pb±Sn were prepared using the

method previously employed by Hardy and
Voorhees [3]. To prevent particle sedimentation,
samples were processed in microgravity in the

Microgravity Science Laboratory aboard Space
Shuttle Columbia during the space-¯ight missions
STS-83 and STS-94. Samples were retrieved from

the shuttle, sectioned, etched, and photographed.
Several images were then taken from each section
and montaged together to form images of entire

sample cross-sections. PSDs and spatial correlation
functions were measured on these plane sections
(PS). The montaging minimizes edge e�ects which
could in¯uence spatial measurements of the micro-

structure. The results shown here are for the 10%
and 20% volume fraction samples. Between 2000

and 10,000 particles were used for each measure-
ment at a given volume fraction and coarsening
time. The shortest coarsening time analyzed was

550 s, as the furnace had not reached a thermal
equilibrium before this time.
The radial distribution function measured on a

plane section (RDF) is used to quantify the spatial
arrangement of features in a microstructure. The
plane section RDF is de®ned as the ratio of the

number of particles per area whose centers lie
within a circular shell of radius x and thickness dx
surrounding a particle, to the number of particles
per area of the entire system,

RDFPS�x� � NA in a circular shell of radius x to x� dx

�NA

�4�

where NA is the number of particles per area and

N
-
A is the overall particle density. For any spatial

distribution of particles, RDFPS4 1 as x41.

2.2. Experimental results

Microstructures obtained from four of the nine

samples with a volume fraction, f=0.1, are given
in Fig. 1 for coarsening times of 880, 5810, 14,400
and 36,600 s. The Sn particles are shown in white

and the Pb±Sn liquid matrix is shown in black.
These microstructures are scaled by the plane sec-
tion average radius at each time, and thus all of the

samples appear to have similar particle sizes. The
microstructures in Figs 1(a) and (b) show a cluster-
ing of particles, which is a remnant of the sample
manufacturing procedure. The clustering e�ect is

less evident in the microstructure in Fig. 1(c), and
has vanished by the ®nal coarsening time of
36,600 s. If the steady-state coarsening regime had

been reached, these microstructures would appear
time-invariant. This is clearly not the case.
The clustering can be quanti®ed by measuring the

spatial correlations in the system. RDFs for the
10% volume fraction samples are shown at several
coarsening times in Fig. 2(a). At the 880 s coarsen-
ing time, the RDF has a large peak at x= �RPS12:2,
indicating that the particles are indeed clustered as
Fig. 1(a) shows. Over time, the peak decreases and
shifts to the right, indicating that an exclusion zone

of increasing size is developing around each par-
ticle, in agreement with Figs 1(b)±(d). The RDFs
for the two longest coarsening times analyzed with

respect to spatial correlations, 9510 s (not shown)
and 14,400 s, are nearly identical, with a much
smaller peak at x= �RPS13:5: This could be an indi-

cation that the steady-state coarsening regime has
been reached, but it could also be due to a slower
evolution of the microstructure at long times.
Also shown in Fig. 2(a) is the predicted steady-
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state RDFPS given by the AV theory for f=0.1.

The predicted steady-state correlations have a much
larger exclusion zone surrounding the particles than
those measured in the experiment. During coarsen-

ing, the microstructure becomes much more dis-
persed, but never reaches the steady-state
prediction, even after 14,400 s. Interestingly, the

RDFPS measured at a coarsening time of 14,400 s is
similar to that of a random non-overlapping set of

particles with the same PSD. The sample coarsened
for 36,600 s had a large shrinkage pore that dis-
turbed the spatial arrangement of particles; there-

fore, a meaningful RDF could not be measured for
this coarsening time.

The evolution of the RDF at f=0.2 is also

shown in Fig. 2(b). The evolution of these corre-
lations is less drastic than the evolution at f=0.1,
but shows the same trend. The peak in the RDF

decreases with time and the curve shifts slightly
towards the right. At 14,400 s, however, the RDF
for f=0.2 has a larger peak than the RDF for

f=0.1. The small change in the RDF may be due
to the smaller particle-free volume at f=0.2 than

at f=0.1.
PSDs were also measured during the experiment

[18] and are shown in the next section in direct

comparison with results from the simulations.
Although it was not possible to measure the RDF

Fig. 1. Microstructures of the solid±liquid mixture.
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at 36,600 s for the sample with f=0.1 due to the
large pore that formed upon solidi®cation, this pore

should not have a�ected the PSD. We thus can
safely compare theory and experiment at t =
36,000 s.

3. SIMULATIONS

3.1. Simulation procedures

In order to study the evolution of the microstruc-
ture observed in the coarsening experiments, nu-
merical simulations based on a theory developed by

Akaiwa and Voorhees (AV) [4] are used. This the-
ory is employed for two reasons: (1) it appears that
the experiments might not be at steady state, thus a
theory which is valid in the transient regime is

required; and (2) the AV theory makes no a priori
assumptions on the spatial correlations present in
the system. In this theory, numerical simulations

are employed to model a discrete set of particles
undergoing coarsening. Individual particle growth
rates are determined by numerically calculating the

di�usion ®eld surrounding each particle. By using
this method, multi-body di�usional interactions can
be taken into account without any assumption on

the spatial correlations present in the system. In
particular, any given spatial distribution of non-
overlapping particles with any PSD can be
employed as initial conditions in this simulation.

Before comparing theory and experiment, the
e�ects of spatial correlations on the coarsening
process were investigated. In order to study how

the spatial correlations in¯uenced the coarsening
rate and the evolution of the microstructure,
simulations were performed with both clustered

and random initial spatial distributions. A micro-
structure consisting of clusters of particles was

investigated, since it is the initial microstructure
found in the experiments.

A comparison was also made between the
CSLM experiment and the AV theory.
Speci®cally, the PSDs and the RDFs as

measured from the experiment at di�erent coar-
sening times are directly compared to those cal-
culated from the numerical simulations. The
simulations used spherical particles at volume

fractions of either 0.1 or 0.2 coarsening phase.
The timescale of the simulations is set by the in-
itial average radius and the value of KLSW for

the system. To match the simulations with the ex-
periments, we used an initial average PS radius of
17.77 mm for f=0.1 and 15.82 mm for f=0.2, as

found in the 880 s and 550 s experiments, respect-
ively, and KLSW=1.6 mm3/s for simulations with
f=0.1 and KLSW=1.7 mm3/2 for f=0.2. The

method by which this KLSW is obtained will be dis-
cussed later.
Two sets of simulations were performed with a

volume fraction of 0.1. Each set consisted of two

simulations. Each simulation employed a unique set
of approximately 50,000 particles at the beginning
of the simulation. The measurements from the indi-

vidual simulations within each set were averaged to
improve statistics. Both sets of simulations used an
initial PSD that matched the PSDPS found in the

experiment at the coarsening time of 880 s. The in-
itial spatial correlations for the ®rst simulations
were those of a random, non-overlapping spatial
distribution of particles. The second set of simu-

lations employed an initial spatial distribution of
particles with a correlation function which matched
that of the 880 s coarsening experiment. The highly

clustered structure present at 550 s in the samples
with f=0.1 caused particle overlap during our
simulations. Thus, we chose the less clustered struc-
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Fig. 2. The temporal evolution of the PS spatial correlation functions for volume fractions of 0.1 and
0.2.
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ture that was present at 880 s as the initial con-

dition.
Two simulations were performed with a volume

fraction of 0.2 coarsening phase. Each simulation

employed 17,000 particles at the start of coarsening
with a PSD and RDF that matched those found in
the 550 s experiment. Simulations with initially ran-
dom correlations were not run at this volume frac-

tion.
All of the microstructures used in the simulations

were developed by placing particles, which ®t the

three-dimensional PSD for the experimental coar-
sening time of 880 s (550 s for f=0.2), randomly,
but not overlapping in a simulation box. The par-

ticles for the second set of simulations were then
moved from these locations to form several clusters

of particles that were randomly located in space.
The particles were not allowed to touch. The clus-
tering was done until PS spatial correlation func-

tions matched those of the 880 s experiments.
During this process it was found that the number
of particles per cluster is an important factor in

matching the experimental and theoretical RDFs.
The number of particles in a cluster a�ected the
width of the initial large peak in the RDF and was

varied until the RDF matched that of the exper-
iment. A slice of the microstructure created for the
simulations at f=0.1 is shown in Fig. 3. The strong
correlations present in this structure are apparent

and the microstructure can be compared directly to
the microstructure obtained from the experiments
at 880 s, shown in Fig. 1(a). The main di�erence

between these two microstructures is seen only in
the circularity of the particle cross-sections.

3.2. Simulation results

The evolution of the RDFs for both the simu-
lation using the random distribution of particles

and the simulation using the experimentally
measured RDF are shown in Figs 4(a) and (b). The
evolution of the random structure can be character-

ized as the growth of an exclusion zone surrounding
each of the particles. On average, the interparticle
separation is larger during coarsening than for a

random distribution. There is also a small peak in
the RDF, which disappears early in the simulations
and reappears by t=86,000 s. The evolution of the
highly correlated structure is characterized by a

decrease in the height of the large peak present in
the initial RDF. Thus, over time, the clustering is

Fig. 3. The initial microstructure developed for the simu-
lations with f=0.1.

0

0.5

1

1.5

2

0 2 4 6 8 10

t=880s
t=4600s
t=11500s
t=31000s
t=86000s
AV steady state

R
D

F P
S

x/R
PS

0

0.5

1

1.5

2

0 2 4 6 8 10

t=880s
t=4600s
t=11500s
t=31000s
t=86000s
AV steady state

R
D

F P
S

x/R
PS

(a) (b)

Fig. 4. The evolution of the PS spatial correlation functions for the simulations of a microstructure
with (a) random correlations and (b) strong correlations.
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reduced in the microstructure, and the exclusion
zone surrounding each of the particles grows. The
RDF for a microstructure with random correlations

lies between the RDFs shown at t = 31,000 and
86,000 s in Fig. 4(b). This shows the evolution of
the clustered structure to a microstructure with ran-

dom correlations and then given a su�cient amount
of time will reach steady-state.
As seen in Fig. 4(b), the evolution of the RDF

is manifested by a growth in the exclusion zone
and a decrease in the peak height, both of which
are closely related to each other. Thus, in order to

Fig. 5. The size of the exclusion zone is plotted as a function of time. The dashed line shows the AV
steady-state prediction.

Fig. 6. Cube of the average particle size vs t for simulations with strong correlations, shown in black,
and random correlations, shown in grey.
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track the evolution, we have measured the size of

the exclusion zone and plotted its evolution with

time in Fig. 5. The exclusion zone surrounding the

particles is quanti®ed by measuring the radial dis-

tance to half the peak height, x�; see the inset of

Fig. 5. This parameter is measured for the simu-

lations both with the strongly correlated and ran-

domly correlated initial spatial distributions at

f=0.1.

The simulations which coarsen from a random

structure have a larger exclusion zone than the

simulations which coarsen from the correlated

structure throughout the duration of the simu-

lations. The growth of the exclusion zone can

clearly be seen in both simulations. The growth is

initially rapid and then slows as the microstructures

approach steady-state. Near the end of the simu-

lations, the limited number of particles left in the

system make the correlation functions too noisy to

measure the size of the exclusion zone accurately.
From this ®gure, we clearly see that the microstruc-

ture with random correlations reaches the steady-
state regime before the microstructure with the in-
itially strong correlations, measured from the exper-

iment.
The computed evolution of the average particle

radius is shown in Fig. 6 for f=0.1. The system

with the originally clustered microstructure coar-
sens approximately 10% faster than a system
of randomly distributed particles, as can be

seen by comparing the slopes of the curves in
Fig. 6.

3.3. Comparison between simulations and experiment

The evolution of the microstructure from the
coarsening simulations can now be compared to
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Fig. 7. The evolution of spatial correlations present in the experiment and the simulations for f=0.1.
The grey lines show simulation results and the black diamonds show results from the experiment. The

AV steady-state prediction for f=0.1 is shown in black.
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that from the experiment. The spatial correlations
measured for the 880 s experiment were used as

an initial condition for the simulations. The evol-
ution of the correlations for both the experiment
and the simulations are shown in Fig. 7 for

f=0.1. The computed PS correlations agree very
well for later times; see Figs 7(b) and (c). In
particular, the experimental and theoretical corre-

lations have similar exclusion zone widths. The
simulations follow the experiment very well, and
it appears that neither has reached steady state

at t=14,400 s.
The PSDs were also measured during the ex-

periment and compared with the AV theory. The
computed PSDs using an initial random distri-

bution of particles [18] are similar to the PSDs
using the experimentally measured correlations,
thus it is only necessary to show the PSDs that

start from a correlated structure. Thus, we found
that the correlations had little or no e�ect on

the evolution of the PSDs. The PSD used as the
initial condition in the simulation is chosen to
agree with the experimentally measured PSD, as

shown in Fig. 8(a). As time increases, the PSD
®rst broadens and then becomes sharper with the
peak shifting to larger r. This behavior is seen

both in the experiment and the simulations in
Fig. 8. Even at the ®nal two experiment times of
14,400 and 36,600 s, the PSDs from the simu-

lations are close to those of the experiment. The
PSDs from the experiment are slightly narrower
than the simulation results, but this is due to
the sensitivity of the simulations to their initial

conditions. Neither the transient simulations nor
the experiments have reached the steady-state
prediction by the longest coarsening time.
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Fig. 8. The evolution of the PSDs in the experiment and the simulations for f=0.1. The grey lines
show simulation results, the diamonds show results from the experiment, and the black lines show the

predictions of steady state. �r � R= �RPS:�
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A comparison was also made between theory and
experiment at f=0.2, as shown in Figs 9 and 10.

As was seen for the 10% case, the simulations and
the experiments at later times agree quite well. the
peak in the initial RDF decreases indicating a

decrease in the clustering and the curve shifts
towards larger x= �RPS indicating a growth in the
exclusion zone surrounding each of the particles.

The change in both the experimental and theoretical
PSDs over time is at most, very small, if at all. The
experimentally determined RDF and PSD for the
coarsening time of 14,400 s is shown in Figs 9(b)

and 10(b). The agreement between the theoretical
predictions and the experimental results are excel-
lent at all coarsening times. Interestingly, the PSDs

show little change even though the average particle
size has increased by a factor of 2.3, while the

change in the RDFs is readily apparent.

4. DISCUSSION

The evolution of the microstructure observed in

the experiment can be modeled quite well using the
transient AV simulations. Simulations clearly show
how the clustered microstructure evolves towards
the steady-state AV predictions. At 14,400 s, the

longest coarsening time for which RDFs were
measured, the microstructure with f=0.1 had not
yet reached steady-state. This transient evolution is
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Fig. 10. The evolution of the particle size distributions in the experiment and the simulations. The grey
lines show results from the simulations, the diamonds show results from the experiment, and the black

lines show the steady-state prediction at f=0.2.
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Fig. 9. The evolution of the RDF in the experiment and the simulations. The solid grey lines show
results from the simulations, the diamonds show results from the experiment at f=0.2.
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shown more clearly by the RDFs than the PSDs.

This may not be the case, however, if the initial

microstructure has a random spatial arrangement.

From Fig. 5, we can estimate that the system with

the initial experimental starting condition should

reach steady-state after approximately 3 � 105 s,

assuming KLSW=1.6 mm3/s.

The simulations are extremely sensitive to initial

conditions. Slight changes in the initial PSD and

RDF can produce noticeable di�erences in the evol-

ution of the microstructure. Although great care

was taken in constructing the initial microstruc-

tures, small di�erences between the measured initial

PSDs and RDFs and the simulation were unavoid-

able. This accounts for small di�erences in the

PSDs, shown in Figs 8 and 10 and in [18].

An illustration of the sensitivity of the evolution

of the PSD to the initial conditions is provided by

Fig. 11. Here, the initial three-dimensional PSD

used in the simulations is shown in Fig. 11(a) and

the PSD corresponding to the longest experiment

coarsening time in Fig. 11(b). The particles shown

in Fig. 11(a) in the area shaded in grey, both light

and dark, coarsen to particles in the corresponding

shaded region in Fig. 11(b). The darker shaded

region in Fig. 11(b) represents the approximate area

where a slight di�erence between experiment and

theory, shown in the plane section PSD in Fig. 8(d),

occurs. The particles in this area can be traced back

to particles in the darker shaded region in

Fig. 11(a). This small area represents only 186 out

of the original 50,000 particles used in the simu-

lation. Thus, very small changes in the tail of the

initial distribution have a large e�ect on the shape

of the distribution at long periods of time. This

directly illustrates the sensitivity of the simulations

to the shape of the tail of the initial PSD and the

di�culty in specifying the initial PSD with su�cient

accuracy to produce good results at long coarsening

times. This sensitivity, in the context of the LSW

zero volume fraction theory of Ostwald ripening,

has been emphasized recently by Niethammer and

Pego [24].

Only plane section RDFs were measured. Ideally,

the RDF should be measured in three dimensions,

however, the large quantity of data required for

such a measurement makes it di�cult at this time.

It would also be interesting to measure pair-corre-

lation functions which develop during the exper-

iment and compare these to theoretical ®ndings.

Again, this requires measurements in three dimen-

sions.

We found that the clustered microstructure

coarsened faster than the one with initially ran-

dom correlations. This is expected since such a
microstructure will have shorter di�usion dis-
tances and larger concentration gradients between

particles within each cluster. Thus, these struc-
tures should ripen faster in the early stages of
coarsening, until the clusters have evolved into

isolated particles.
A few grain boundaries were present in the

sample microstructures obtained from our exper-
iments. During our image analysis procedure,
particles connected by grain boundaries were sep-

arated so that particle sizes could be accurately
measured. However, the number of boundaries
present in the microstructure with f=0.1 is so

small that they should have a minimal a�ect.
The magnitude of this e�ect at f=0.2 is unclear.

The e�ect of boundaries on the coarsening pro-
cess is currently being investigated [25].
Using these simulations, we can determine a

value of KLSW similar to what was done in the pre-
vious AV simulations for the CSLM experiment
[18]. We proceed by this method, since it appears

that the experiments have not yet reached steady-
state, where theoretical predictions for f(f ) are

made. By comparing KLSW determined using the
simulations with that calculated from material par-
ameters we can test the accuracy of the theory, even

though the experiment might not have reached
steady-state. We use the average radius measured as
a function of time from the simulations and ®t the

data to the CSLM experiment results using KLSW as
the ®t parameter. This can then be compared to the

KLSW=1.12 0.05 mm3/s{ found by Hardy et al. in
grain boundary groove experiments [23].
As reported previously [4], if we assume that the

10% volume fraction experiments have reached the
steady-state regime, we can calculate a value of
KLSW=2.33 mm3/s based on the AV theory. The

e�ect of transient coarsening is then included in the
AV simulations by using the PSD measured for the

experiment at 550 s and a random spatial distri-
bution of particles. This reduces the value to
KLSW=1.9 mm3/s. The PSDs measured from coar-

sening experiments ®t the theoretical transient pre-
dictions very well. The experimental distributions
were not broader than the theoretical predictions,

as was reported for many previous coarsening ex-
periments. In the present work, we were also able

to account for the e�ect of spatial correlations pre-
sent in the initial system in the simulations. With
these new simulations, we ®nd KLSW=1.6 mm3/s for

f=0.1 and KLSW=1.7 mm3/s for f=0.2. The ®t
between the experiment and theory is shown in
Fig. 12. These two values for KLSW are very close,

indicating that the theory accounts for a change in
K with f quite well. Figures 7±10 also show that
the experimentally measured RDFs and PSDs agree

with those determined using the AV simulations.
Accounting for both the initial PSD and RDF in

{ The original value reported in the work by Hardy et

al. was KLSW � 8=9A � 1:0120:05 mm3/s. However, the ®t

in Fig. 13 of their paper was not done with equations

(21) and (22), but instead allowed for a constant shift.

By ®xing this error, KLSW becomes 1.1 mm3/s.
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the transient simulations has brought us much clo-
ser to the value of KLSW determined from grain
boundary groove experiments. Such agreement
leads us to believe that the AV theory is an excel-

lent model for Ostwald ripening in ideal systems;
other theories of Ostwald ripening remain to be

tested. However, very few are formulated in a man-
ner that permits them to be used to determine the
evolution of a system in the transient regime. A far
better alternative is to obtain data at longer coar-

sening times, when one would, in principle, be clo-
ser to steady state.

Fig. 11. (a) Initial and (b) ®nal three-dimensional PSDs measured from the simulations. The area
shaded in grey, both light and dark, represents the number of particles left in the simulations by the
®nal coarsening time of 36,600 s. The particles in the dark grey area in (a) coarsen to those shown in

the dark grey area in (b).
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Fig. 12. AV simulation results were ®t to the CSLM experiment results for f=0.1 and f=0.2 to deter-
mine KLSW.
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5. SUMMARY

Based on the results presented for the CSLM ex-
periment and the simulations of transient Ostwald
ripening we can draw a number of conclusions.

1. Plane section spatial correlation functions,
measured in a low-volume fraction system under-
going Ostwald ripening, evolved towards, but

never reached, the steady-state prediction. These
correlations indicated that the microstructure in-
itially consisted of clusters of particles and

evolved into one which was more dispersed.
2. The initially highly correlated structure had no

observable e�ect on the evolution of PSDs, but

did have an e�ect on the coarsening rate of the
system.

3. The spatial correlation functions measured from
the experiment were a much more sensitive

measure of the presence of steady-state coarsen-
ing than the PSDs.

4. A structure consisting of clusters of particles

coarsened faster than a system with a random,
non-overlapping spatial arrangement.

5. The spatial correlation functions and the PSDs

measured from the experiment agreed well with
those calculated from the AV simulations using
the initial experimental correlations and PSD.
The value of KLSW that was determined from

these simulations was also close to the value
measured in grain boundary groove experiments
and approximately constant for volume fractions

of 0.1 and 0.2 coarsening phase. Thus, we ®nd
that the AV simulations are an excellent model
for coarsening in ideal systems.
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