Research Journal of Applied Sciences, Engineering and Technology 3(4): 338-347, 2010

ISSN: 2040-7467
© Maxwell Scientific Organization, 2010

Submitted Date: March 22, 2010

Accepted Date: April 17, 2010

Published Date: July 10, 2010

Symmetric Duality for Mathematical Programming in Complex Spaces
with Higher-Order F-univexity

'D.B. Ojha, *S.P. Pandey, *Anil Singh and *‘N. Ahamed
'Department of Mathematics, R.K.G.I.T., Ghaziabad, UP, India
2Department of Mathematics, B.B.D.I.T., Ghaziabad, UP, India

3Department of Mathematics, I.T.S. Greater Noida, UP, India
*P.K.R.M. College, Dhanbad, Jharkhand, India

Abstract: In this study, we established appropriate duality results for a pair of Wolfe and Mond-Weir type
symmetric dual for nonlinear programming problems in complex spaces under higher order F-univexity, F-
unicavity/F-pseudounivexity, F-pseudounicavity. Results of this paper are real extension of previous literature.
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INTRODUCTION

Bector et al. (1994) introduced the concept of
univexity. Mishra (1998) and Mishra and Reuda (2001,
2005) have applied and generalized these functions.
Mathematical programming in complex spaces originated
from  Levinson’s  discussion of linear problems
(Levinson, 1966). Mishra et al. (2003) have generalized
this upto first order, second order with symmetric duality.
Further Mishra and Rueda (2003) have given second
order generalized invexity and it’s duality theorems in
multiobjective programming problems. For more details
reader may consult (Ferraro, 1992; Lai, 2000; Liu, 1997;
Liu et al., 1997). Symmetric duality in real mathematical
programming was introduced by Dorn (1961), who
defined a program and its dual to be symmetric if the dual
of the dual is original problem. Later, Mond and
Weir (1981) presented a pair of symmetric dual nonlinear
programs which allows the weakening of the convexity-
concavity condition. For more work on symmetric duality
in real spaces (Chandra, 1998; Gulati et al., 1997,
Mishra, 2000a, b). Mangasarian (1975) considered a
nonlinear program and discussed second order duality
under certain inequalities. Mond (1974) assumed simple
inequalities respectively and indicated a possible
computational advantage ofthe second order dual overthe
first order dual. Bector and Chandra (1987) defined the
functions satisfying these inequalities (Mond, 1974) to be
bonvex/boncave. Mishra (2000a,b) obtained second order
duality results for a pair of Wolfe and Mon-Weir type
second order symmetric dual nonlinear programming
problems in real spaces under second order F-convexity,
F-concavity and second order F-convexity is an extension
of F-convex functions introduced by Hanson and

Mond (1982). Mishra (2000a, b) formulated a pair of
multiobjective second order symmetric dual programs for
arbitrary cones in real space. The model considered in
(Mishra, 2000a, b) unifies the Wolfe and the M ond-W eir
type second order vector symmetric dual models.
Gupta (1983) formulated a second order nonlinear
symmetric dual program on the pattern of second order
dual formulation as given by Mangasarian (1975) for the
real case, but the constraints in the formulation
(Gupta, 1983) is linear. Lai (2000) extended the concept
of F-convex functions to the complex case and established
sufficient optimality and duality theorems for a pair of
nondifferentiable fractional complex programs.

In this study, we defined F-univex in the complex
space in two variables . Hence extend the concepts of
F-pseudounivex, F-pseudounicave functions and study
symmetric duality under the aforesaid assumptions for
Wolfe and Mond-Weir type models with Higher in
complex spaces.

MATERIALS AND METHODS

Mishra et al. (2003) to compare vectors, we will
distinguishbetween = and = or & and Z, specifically,

in complex space. Let For C" denotes n-dimensional
complex spaces. For zIC" let the real vectors Re (z) and
Im (z) denote the real and imaginary parts, respectively,

and let £ = Re(z) — ilm(z) be the conjugate of z . Given

. wn o .
amatrix A= [ﬂ{?-] S O , where M is the collection
of mxn complex matrices, let A= [E!.i'] = 7 danote

its conjugate matrix, let g‘lH=[a_'z-J-] denote its
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conjugate transpose. The inner product of x,y € C"is (x,y) =y "x .Let &, denote the half line [0, o[.

ze(C™ vel” Relzl =Relv| = Relz,| =Relv; |, forali 1=1,2, ., .1 Relz| = Eelv|
zeC" vel” Relzi 2Relvi = Relz;| =Relv; |, forali I =12, ., ,n, Belz) = Eelv

Similar notations are applied to distinguish between = and :é For a complex function

FOm O O I G analytic with respectto & = le, w) , z € C", define gradients by:

&
fz v, 7,80 | i=1,2,.,.,.n.
]

A AVARAES ;illv,ﬁ,.fl i=1,2,.,,.,n. ¥ v, ¥,00 =

1

In order to define generalized F-convexity, we follow the lines adopted in Mishra et al. (2003). In which

A0 & w0 C® —» R besublinear on the third variable. Then we can generalized F-univexity for analytic functions
and and VY is increasing function and satisfying:

(i) wiaizl=a=z=0 (i) aoh =yda| = ylb)
Definition: The real part Re f of an analytic function F° ™ » &' %™ % ('™ — ' is said to be higher order F-

univex at |zp,Zy| with respect to R, and & C% O x O O OF 5 07 x O x 0" — O if for any

zeC™ for fixed (w, W) ="

- = | i i s
Re[b'z,z,zn,zn,w,w,p,p '[ Wi fle, 2w, W) - flzg.zp, w,w!

B ;g|zn,fn,w,}_u,p,;_?'+ PJ"? phlzu,z—u,w,ﬁ,p,;—?|p+pﬁ,? p;ﬂ'ZD,Z_D,W,ﬁ,pF‘:_}I:}] fﬂ,?"

z F[ZD,ZD;[? Sz Zp, W W, p PPtV A zn,fn,w,ﬁ,p,ﬁl]p]
some arbitrary sublinear functional F.

Definition: The real part Re f of an analytic function j ™ % O™ = '™ = '™ — ' is said to be higher order F-
wimved | Wy, Wy | whiepto B, add CF 2 C7 % O% w OF x C" w7 x O" w CF = O friad(2,Z| 07 % OV,
if:

Re[blz,f,zn,z‘n, W, ﬁ,p,ﬁl[uf: Azz wywy!- flzz,ww!

-hlz.z, w W, p. P+ iy p}glz,f,W,ﬁ,p,ﬁlp+pH? p}zlz,f,w,ﬁ,p,ﬁ':ﬂ Jar

2 F{w,wn;—(? PALE W W g P+ Rz, 2w W, p, P ]]

some arbitrary sublinear functional F.
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Definition: The real part Re f of an analytic function J° '™ » (7™ 2 O % (0™ — 7 is said to be higher order F-
pseudounivexat |z, Z; | withrespectto f, and & C™ 3 O 5 O x O w OF 5 O x O x O — & forfixed

W, w|,if:

F(z,zu;— [?pﬁz'zu,fn,w,ﬁ,p,fﬁ'p+? pﬁz'zn,fu,w,ﬁ,p,ﬁ'p]] =0

= = o — [ o o = - = = i
= Re[b'z,z,zu,zu,w,w,p,p' wi e, z,wow! - flegzg,wow ! = Blzg .z, ww, p.p)

+ PTV hlz,zw W, p,Blp+ p 7V ﬁk'zﬂ’fﬂ’w’ﬁ’p"ﬁl:ﬂz ’

forall Z €™ and for some arbitrary sublinear functional F.

Definition: The real part Reof an analytic function F ™ 3 &7 = O 3 O™ — ' is said to be higher order F-

pseudounicave at | wp,Wp | with respect to Ry and BC* O 0" O = C" = C* = C" xC* = C, for fixed

[z 7l e w ™ if

F|w,wn;—l‘?pﬁzlz,f,w,w_u,p,ﬁlp— ‘T-“'Hmz,f,w,ﬁ,p,ﬁpn& 0

=}>E:'Iz,z_',z|:,,ED,W,'PTF,p,;_?I[l,U:flz,f,wn,w_t?nI—flz,f,w,ﬁl —hlz,Z ww. p, Bl

|20

+Pr?pﬂzuz,f,w,'p—u,p,ﬁup+pHTF}z|z,f,w,W,p,ﬁup:

forall w € some arbitrary sublinear functional F.

Lemma:
(i) If Refi.,.,w, Wi isF-univexand Feg(.,.,w, w| isF-unicave,then Fe pi.,., w,w| is F-pseudounivex.
(i) If Refi.,.,w,w| isF-unicaveand Fe g|.,.,w, w| is F-univex,then Ee& g ,.,w, w| is F-pseudounicave.

RESULTS AND DISCUSSION

Higher order Wolfe type symmetric duality: We consider the following higher-order Mond-Weir type pair and prove
a weak duality theorem.

Primal (HMP):

Miwmimize Mz, Z,w, W, p.pl=

| _ — — — = _ — —
Felw flz,z,wwlthlzz ww ppl- pT? Sz z,ww p.plp

- p¥v Eﬂz'z,f,w,ﬁ,p,;_:"p:
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|
Subject to Re[l? p}zlz,z_',w,ﬁ,p,ﬁlp+‘? Ek'z,f, wow, poplpl2l0 z2 0
Dual (HMD):

Maxingze Mu v, V. pl.0 =

Ee a,{fl Jlu v v +hiud,v.v, 0, B —pr?hklu,ﬂ,vﬁ,pl,ﬁl

o plﬂ?ﬁl}glu AYV. P '.:

Subject to Re[: ‘?h}zlu, V.V, L P P+ ‘Fﬁklu,ﬂ,vﬁ,pl,ﬁl lp]zﬂ v,

Theorem: Let Fef|[.,.,w,®] be higher-order Fy-univex at (7,2 | and Re f[z,z_', .,.] be higher-order F-unicave at

{w,Ww| and forall |z, Z, w,w | feasible for (HMP) and all | &, v. v | feasible for (HMD).
i r 7
O Fylzué +§2I+Re[u & +u é‘z]:_?ﬂ,é,ﬁ o
r H n
(11) ﬂlv,w,?;l+?gzl+Re[w mAw ?gz]zﬂ,?;l,?;z e

Then inf| HALF| = Supl HALD.

Proof: Let & O™ O 5 OF w O w0 O 5 OF s O w0 O 5 O O x OF O = O

|§1 = T‘r pl.iz'u,ﬂ,v,‘ﬁ,pl,ﬁl ', é:z = ‘i" Eﬁz'u,ﬁ,v,ﬁ,pl,ﬁl 'pl
Then Fplz,id + &5 |2 Re[— ulk - uHé_'?] =20

Which by the higher-order F-univexity of Fe f[, LW, ‘F] at 14,14 | yields,

o _ _ S _ .
Beldlzz, wwuil.p.p.p. 01w Flz.z v v- flug v vi-Aud v.v p.pp!
(1)

+ Plfv plﬁﬂ'ﬁri"r"_’r}’l:fl Iz + Ple ﬁlﬁglu?ﬂ?v’ﬁ,pl,fﬁl 17 :}:| = FDIZ,H', él + .52 i
Let

M =—VshlzZwW.p.Blp, Th=-Vhz.ZwWpFp

Hivow,m+ny =EFe —wr?;-‘l —WH?}‘E]E 0

which by the higher-order F-unicavity of F.g& f[Z,Z_', ) ,.] at |w, Wi gives:
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— - — T e N - —
Relblz.z, wwwit,p.p.pr. o1 W flz.2ww - flzz v v-HzZww p P

(2)

= — = — — |
+ PTy p}z'z,z,w,w,p,p B+ PEy _Eﬁzlz,z,w,w,p,p P, H 2 Fylzum+ 0,
combining (1) and (2), and using property of function J and b:

= R = 2o & o _ - _
Beldlz.z, wwuu vy p.p.p.o W flz.z,wwl-kz z,ww pp

|
+ PIV hlzzwW.p, Blp+ PTV Fﬁz'z,f,w,w_u,p,_i'pl} -

_ T _ _ R R =
Beldlz z,w W uu, v, p,p. o0y Flait,v, v - Bl vy, o, By ) (3)

+ ..'.Dlr? Hk'u,ﬁ,v,ﬁ,pl,fﬁl '}.?1 + .'.D]_H? ﬁlﬁz'u,ﬁ,v,‘ﬁ,pl ,__I_?l 'pl::|

= FDIZ,H;él + 52 I+F|:|IV,W', ?}11 + ??2 !

Using the hypothesis of the theorem,
Mz u, g +& 1 2Re —Hrr:l = uHrjz . and Flv,w,m + 7 ERE[—WT?;-'I —WH?.'J'Q

Thereafter, using property of function { and b, we get:

_ _  _ _ _ _af _ o _ _ _
Eeldlz.z, wwuu v v.p.p.;.00 ¥ flzzwwl-hlzzwwpp!

+ PTy Az w W, p Pt PEy ;—,Ez'z,z_,W,‘r_P,P,}_?"P: H z

= ST = 0 R Tk at ol
Re[b'z,z,w,w,u,u,v,v,p,p,pl,pl Wg Flue v - Aluu, vy, propp!

|
+ ..'.Dlr? M;E'H,E,V,'F,pl,ﬁl Ipl + ..'.D]_H? ﬁk'u,ﬁ,v,f,pl,;_?l Ipl |}:|

The higher order strong duality theorem can be developed on the lines of Mishra ez al. (2003) in the view of the above

theorem.

Mond-Weir type symmetric duality in higher-order: We consider the following higher-order Mond-W eir type pair
and prove a weak duality theorem.

Primal (HMP):

Miwimize EFe a,ff:xf'z,f,w,‘r_u% Bz z ww ppl- iy pﬁz'z,f,w,'p—v,p,;_:'p

+ PEy shlz.Z, w7, p, 7 'p:}
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Subject to:

RE[?F.;ZIZ,Z_,W,ﬁ,p,ﬁlpﬁ-?Ehlz,f,w,ﬁ,p,;_?lp] =0

Re[wr?pﬁzlz,f,w,w_u,p,;_)lp+wﬂ?ﬁﬁzlz,f,w,ﬁ,p,ﬁlp] =0, z=10
Dual (HMD):

Maxingze Re[r:l’[f'u,z?, v+ Bl u,v. v, .0

oy a A E Y, B It EHy R Z.Z,w W, P P :}

Subject to:

Re[? n R E VY P B ItV Ghlu i vV, p P 'p] z 0

Ra[ur?pl}z'u,ﬁ,v,ﬁ,pl,ﬁl lpy+ iy E,lﬁz'u,i,v,ﬁ,pl,ﬁl 'pl]i 0, vz

Theorem: Let Re f[.,., W, ‘F] be higher-order F-pseudounivex at {#,i| and Fe f[z,z_,.,.] be higher-order F -

pseudounicave at | w, W | and forall |z, Z, w_ w | feasible for (HMP) and all |1 i, v, V| feasible for (HMD) .
r H

O Fplzuw b+ S+ RE[H 4 tu 52]3 0, §.&eC”

(D) Fylz,u,m + 19| + Re[ur?;.'l +uH?;'2 ]2 0, #.7 €C7

Then infi FALF| = Sip| HADY

Proof:

Let baE* 0¥ et Cine Ot e O et ad O s @l 51

;‘1 = ?pl;zlu,ﬂ, v,ﬁ,p]_r.;_)l L gz = ?ﬁklu’ﬂ’v’ ﬁ’pl’ﬁl Ipl
Then HFylzu b+ &2 Re[—urél = HH@:{]E 0

which by the higher-order Fy-pseudounivexity of Eeg f[, W, ‘E] at |14,i | yields,

- T s i — _
Felblzzwwui vy pp.p.0\Wfzz2vv- flugvvl-buu vy p,p!

4)

r sl . T 7,005 P |
+ BV i v v p B ot BT g hlu v V. pL B |}:| z 0

343



Res. J. Appl. Sci. Eng. Technol., 2(4): 338-347, 2010

Let

m :—‘Fﬁ}zuz,f,w,m_u,pjup, = —‘Fﬁ}zuz,f,w,w,p,ﬁ.p

Hlvow.m+n,=Ee —wr?;-‘l —WH?}‘E]:_" ]
which by the higher-order F-pseudounicavity of E.& f[z,z_, . ,.] at | w,Ww| gives:

Belblz.z,wW.u i v.v.0.0.0.0 |: d,{I: FlzzwwW|— flz.Z.v. v —hizZ,wW.p P

(5)
+Pr?pkuz,f,w,w_u,p,ﬁup+PH‘F§k|z,f,w,W,p,;_aup: ::|2[]
combining (1) and (2), and using property of function { and b:

—_ —_— —_— = [ [ I. — —_— — — —
Bz Z,w W u i, v, p.p.p.\ Fle.z,wwi -AlzZ,wiw pp!

Ee

- PTy pﬂz'z,f,w,v_u,p,ﬁgt:'— Py 5h'z,f,w,v_u,p,§'p::|2

o B e iy Er i B RPN =
Eeldlz.z,ww uu vy p.p.p1.00 Flu,v,vl -Blui,vv,p. P!

+ ..'.Dlr? Hk'u,ﬂ,v,ﬁ,pl,fﬁl '}.?1 + .'.D]_Hv ﬁlﬁz'u,ﬁ,v,f,pl ,__I_?l 'pl:i|

That i.e., inf(HMP) & sup (HMD).

The higher order strong duality theorem can be developed on the lines of Mishra ez al. (2003) in the view of the above
theorem.

Higher order dual fractional programming: In this section, we extend above to the higher order complex fractional
symmetric dual pair (HFP) and (HFD) as follows:

Primal (HFP):

Re[w{flz,f,w,ﬁl +hiz,Z,WwwW,p.pl— Pr?p}zlz,f,w,ﬁ,p,;?up

H O
4+ F ?ﬁﬁzlz,z,W,W,Psp'pJ

Minimize

RE[E;)JI.EIZ,Z_',W,‘P_FI +hlz. 2w W, P Py — ﬂr?hk'Z,f=W,ﬁ=p1=§1 \P1
+P1H?ﬁ;glz,2:wsﬁ?pl’.§l Ipl :]

Subject to:

| |
RE[G‘Z,E,W,W,FI,?I Il v pklzsz_:w:ﬁ:p:.ﬁlla-l- ?ﬁklzsz_:wsﬁlplﬁ Ip|

_ o — %l 5 _ _ R _ e |
- Hlz,z,wW,p. 5 h ?plk'z,z,w,w,pl,pl py + ¥ ;,lﬂz'z,z,w,w,pl,pl 2 |:| 20
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Ee wr: Flz.Z,wW.p. PV Hz.Z wwp.Plp

|
-Hezz ww pplV plﬁz'z,f,w,w_t?,pl Pl
WH: Hlz.z,ww. p .0 Y ﬁﬂzlz,f,w,‘p_u,p,ﬁlp

-Hezz, ww, p, PV ;—,lﬁz'z,f,w,w_w,pl,ﬁl 'pl]é a, zz=10

where,
Sz, Z,w, W, py, by | = Re[eﬁ, glz.z,w, Wit hlz,zZ ww, p .|
-pl ¥V _lz.z.ww 5 - pBV _lz.z.w,w il
Pl ¥V S WW. PP P Y Z. 5, W W PP
and
Hzz ww ppl= Ra[uf:f'z,f,w,w_uw Bz z ww ppl
_r‘{.-'l‘ H 7l = H?l‘ o _II
pVlz.zww ppl-p "V 2.2, ww,p.p)
Dual (HMD):
Ee .:‘_:I':;j'lu,z?,v,ﬁl+klu,ﬂ,v,ﬁ,p2,f:l2I
_PIV, kw307 py. 00+ PEV . k2.7, %. 7. py. 5]
o ERL B8, V.V, o, Pl T Vg, 1E,Z. W W, Pa . Paly
Maxingze _ ;]
RE_U:‘qu,ﬂ,V,‘L_JI+;2|u,ﬂ,v,ﬁ,p3,ﬁ3l
_P_}r?pj.sﬂu,i,v,ﬁ,pS,;_jS|+P;H?E;EE'Z,E,W,W,;JS,ES':
' e e o — - |
Ee HT:G'H,H,P,V,}?3,}?3 W w2 v, Y. py. Py lpa |
- Hu g v,V py. Py IV, Alu v,V ps. Ps
+HG:GIH,E,V,17,;J3,_E3 Ivﬁ_\klusﬂsva‘ﬁ:pzrﬁz Ipz
- Hluii v, v, pq,.09 IV F;Jﬂz'u,z?,v,ﬁ,p3,§3 'p3]5 0, v=10,
where,

e, 2,v,¥,p2,P2 1= Re[u«ﬂ glu, i, v, v+ Alu i, v¥, py. 05|

T — = — H _ = — 4l
Py Vo BV Y pa. Py -y ¥, B vV, Py Py 'J
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and

Hluu v v py.psl = Re[l,&'{flu,z?,v,ﬁl +h\w iz vV, oy, Pyl

T I H e ]
— PV, M E VY, Py, Pyl — Py Y, VY Py sl

Itis assumed that Re G>0 and Re H>0 throughout the feasible regions defined by the primal (HFP) and the dual problem
(HFD). Lemma above can be extended to the higher order and also next theorem on the line of Mishra et al. (2003).

CONCLUSION

If we take b 1 and wifi=f, h="VF,

b= p?f+%pv2fp then this is an earlier work

by Mishra et al. (2003) On the same condition if it is
single objective and f'is real and differential then this
is an earlier work Mishra (2000a, b).

If we take b = 1 and Y( /) =/, the function f'to be real

and Fg = M differentiable and, then this is an
earlier work by Gulati and Ahmad (1997).

As Lai (2000), complex programming problems are
applied to various fields of electrical engineering. For
details the reader may refer to Stancu-Minasian (1997)
and Denoho (1981).
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