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Hybrid functionals based on a screened Coulomb potential
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Hybrid density functionals are very successful in describing a wide range of molecular properties
accurately. In large molecules and solids, however, calculating the exact~Hartree–Fock! exchange
is computationally expensive, especially for systems with metallic characteristics. In the present
work, we develop a new hybrid density functional based on a screened Coulomb potential for the
exchange interaction which circumvents this bottleneck. The results obtained for structural
and thermodynamic properties of molecules are comparable in quality to the most widely used
hybrid functionals. In addition, we present results of periodic boundary condition calculations for
both semiconducting and metallic single wall carbon nanotubes. Using a screened Coulomb
potential for Hartree–Fock exchange enables fast and accurate hybrid calculations,
even of usually difficult metallic systems. The high accuracy of the new screened Coulomb po-
tential hybrid, combined with its computational advantages, makes it widely applicable
to large molecules and periodic systems. ©2003 American Institute of Physics.
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I. INTRODUCTION

In recent years, density functional theory~DFT! has
proven to be a highly competitive method in a wide range
applications. While the local density approximation~LDA !
has been used in solid state physics for quite some time
advent of functionals based on the generalized gradient
proximation~GGA!1 has made DFT a valuable tool in chem
istry. Hybrid density functionals,2 which include a certain
amount of Hartree–Fock~HF! exchange, have further im
proved upon the GGA results. This improvement appare
originates in the inclusion of nondynamical correlatio
which effectively delocalize the GGA exchange hole. Ef
cient hybrid calculations of solids are possible usi
Gaussian-type orbitals and periodic boundary conditi
~PBC!.3,4 More recently, linear scaling DFT and H
methods5–7 have become available, drastically reducing t
cost of calculations for large systems.

Long-range Coulomb interactions can be calculated e
ciently for extended systems using techniques based on
fast multipole method~FMM!.4,8–12 Unfortunately, this ap-
proach cannot be used for the HF exchange interaction, s
FMM relies on a specific contraction scheme between
electron repulsion integrals and the density matrix.

Kohn has shown that the range of the exchange inte
tion in insulators decays exponentially as a function of
HOMO–LUMO or band gap.13 In metallic systems, our own
benchmarks indicate that the decay is algebraic. Vari
truncation schemes have been proposed6,14,15 to exploit the
exponential decay in systems with sizable band gaps. H
ever, these approaches fail to significantly decrease the c
putational effort in systems with small or no gaps. Th
greatly increases time demands of hybrid calculations, c
8200021-9606/2003/118(18)/8207/9/$20.00
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pared to pure DFT calculations, i.e., those without a port
of HF exchange.

In our PBC calculations, HF exchange is calculated
real space as the sum over all significant interactions in
unit cell and between the unit cell and its neighbors~see Sec.
III !. An example of a PBC HF calculation on a~6,6! metallic
carbon nanotube is shown in Fig. 1. The squares depict
HF exchange energy contribution of a given cell as a fu
tion of distance from the reference cell. As mentioned abo
convergence with distance is very slow in metallic syste
and full convergence of HF calculations is extremely hard
achieve.

In solid state physics, screening of the Coulomb pot
tial has a long history.16 HF calculations in metals suffe
from a divergence in the derivative of the orbital energ
with respect tok.17 This singularity is caused by the dive
gence of the Fourier transform 4p/k2 of the 1/r Coulomb
potential which diverges fork50. A screened potential, hav
ing a shorter range than 1/r , eliminates the divergence. Mor
recently, screened Coulomb potentials have also been us
quantum chemistry18–21 for different purposes.

In this work, we propose to apply a screened Coulo
potentialonly to theexchangeinteraction in order to screen
the long-range part of the HF exchange. All other Coulom
interactions of the Hamiltonian, such as the Coulomb rep
sion of the electrons, willnot use a screened potential. W
split the Coulomb operator into short-range~SR! and long-
range~LR! components:

~1!

where erfc(vr)512erf(vr) andv is an adjustable paramete
7 © 2003 American Institute of Physics
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8208 J. Chem. Phys., Vol. 118, No. 18, 8 May 2003 Heyd, Scuseria, and Ernzerhof
For v50, the long-range term becomes zero and the sh
range term is equivalent to the full Coulomb operator. T
opposite is true forv→`. The choice of the error function i
somewhat arbitrary but sensible in our case, because th
ror function can be integrated analytically when usi
Gaussian basis functions.

Figure 1 shows the effect of using such a screened C
lomb potential for the HF exchange interaction in a meta
system~circles!. The screened exchange energy contribut
decays exponentially as a function of distance, even tho
the system has no band gap. In insulators~not shown here!,
the already present exponential decay is accelerated even
ther.

II. A SCREENED COULOMB POTENTIAL
HYBRID FUNCTIONAL

We propose a new hybrid functional which performs t
exact exchange mixing only for short-range interactions
both HF and DFT. This allows the exchange hole to beco
delocalized among the near neighbors of a reference p
but not beyond.

The PBE0 hybrid functional,22–25 which is based on the
PBE exchange–correlation functional by Perdewet al.,26 as-
sumes the following form for the exchange–correlation
ergy:

Exc
PBE05aEx

HF1~12a!Ex
PBE1Ec

PBE, ~2!

where the mixing coefficienta51/4 is determined by pertur
bation theory.22 We focus now on the expression for the e
change energy

Ex
PBE05aEx

HF1~12a!Ex
PBE ~3!

and split all terms into their short- and long-range comp
nents:

Ex
PBE05aEx

HF,SR~v!1aEx
HF,LR~v!1~12a!Ex

PBE,SR~v!

1Ex
PBE,LR~v!2aEx

PBE,LR~v!. ~4!

Numerical tests based on realisticv values~e.g.,v50.15 as
in Fig. 1! indicate that the HF and PBE long-range exchan

FIG. 1. Comparison of decay properties of unscreened~traditional! and
short-range HF exchange in a metallic~6,6! carbon nanotube. Exchang
energy contribution of a cell vs its distance from the central~reference! cell.
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contributions of this functional are rather small~just a few
percent!, and that these terms tend to cancel each ot
Thus, if we neglect them and work under the assumption
this approximation may be compensated by other terms
the functional, we obtain a screened Coulomb potential
brid density functional of the form:

Exc
vPBEh5aEx

HF,SR~v!1~12a!Ex
PBE,SR~v!

1Ex
PBE,LR~v!1Ec

PBE, ~5!

wherev is an adjustable parameter governing the exten
short-range interactions. ThevPBE hybrid, orvPBEh, is
equivalent to PBE0 forv50 and asymptotically reache
PBE for v→`. A derivation of the various short- and long
range terms in~5! is outlined in the following sections.

A. Screened Coulomb potential
Hartree–Fock exchange

The short-range component of the HF exchange can
obtained by using the SR Coulomb potential when calcu
ing the electron repulsion integrals~ERI! for the HF ex-
change energy.27,28 The PRISM algorithm29 can be modified
to generate the short-range ERI,

~mnuls!SR5E E dr1 dr2 fm~r1!fn~r1!

3
erfc~vr 12!

r 12
fl~r2!fs~r2!, ~6!

over contracted Gaussian-type basis functionsf i(r ). It is
only necessary to modify the fundamental@0# (m) integrals,
from which the ERIs are generated by recursion,

@0# (m),SR5U@~2u2!m11/2Gm~T!2~2uv
2 !m11/2Gm~Tv!#, ~7!

where

Gm~T!5~2/p!1/2E
0

1

dt t2m exp~2Tt2!,

u25S 1

z
1

1

h D 21

, T5u2R2,

uv
2 5S 1

z
1

1

h
1

1

v2D 21

, Tv5uv
2 R2,

andU, R, z, andh are derived from the basis functions v
the Gaussian product rule~see Ref. 29!. Evaluating the short-
range ERIs is only slightly more time consuming than t
regular ERIs since only the primitive@0# (m) integrals are
modified. The contraction and transformation steps of
PRISM algorithm dominate the computational time and
main unchanged.

B. A screened Coulomb potential
PBE exchange functional

The screened Coulomb exchange functional is based
a short-range modification of the PBE exchange functiona26

The exchange hole of the PBE functional has been c
structed in Ref. 30. Here we use this hole as a starting p
and scale it by the SR Coulomb screening factor:
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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JvPBE,SR~r,s,y!5JPBE~s,y!3erfcS vy

kF
D , ~8!

where s5u¹ru/2kFr is the reduced gradient andkF

5(3p2r)1/3. We then integrate the exchange hole to yie
the enhancement factor

Fx
vPBE,SR~r,s!52 8

9 E
0

`

dy yJvPBE,SR~r,s,y!. ~9!

This enhancement factor includes not only the PBE grad
correction to LDA, but also the Coulomb screening for t
short range. Further details about the derivation of~9! can be
found in the Appendix.

Multiplying the enhancement factor with the LDA ex
change energy densityex

LDA then yields the exchange energ
density for the short-rangevPBE functional:

ex
vPBE,SR~r~r !,s~r !!5ex

LDA~r~r !!Fx
vPBE,SR~r~r !,s~r !!.

~10!

Integratingex
vPBE,SRover all space results in the short-ran

vPBE exchange energy contribution,

Ex
vPBE,SR5E dr r~r !ex

vPBE,SR~r~r !,s~r !!. ~11!

The long-range term can be calculated as

Ex
vPBE,LR5E dr r~r !@ex

PBE~r~r !,s~r !!

2ex
vPBE,SR~r~r !,s~r !!#. ~12!

Modifying the exchange hole to include the screen
Coulomb potential changes the normalization of the ho
The resultingvPBE–SR~or LR! functional can therefore
only be used in calculations whereall Coulomb interactions
use a screened potential or in a hybrid functional~like
vPBEh! which compensates for this.

III. COMPUTATIONAL DETAILS

Due to the complexity of thevPBE functional, it was
deemed simpler, for testing purposes, to use a t
dimensional cubic spline interpolation to calculate the fi
derivatives with respect to the densityr and the reduced
gradients. A 160031600 grid in log(r) ands is used, yield-
ing 10210 accuracy for the enhancement factorFX

vPBE,SR(s)
and 1029 for its derivatives. These derivatives were used
both self-consistent energy calculations as well as geom
optimizations with analytic gradients.

The vPBEh functional was incorporated into the dev
opment version ofGAUSSIAN.31 The 6-31111G(3d f ,3pd)
basis set was used in self-consistent Kohn–Sham calc
tions of atomic energies, enthalpies of formation, and geo
etry optimizations of diatomic molecules. This basis is la
enough to achieve results close to the basis set limit.

All thermodynamical data was calculated using geo
etries optimized at the MP2/6-31G* level. Standard enthal
pies of formation were obtained by the procedure descri
in Ref. 32. For both the zero point energy and the therm
enthalpy corrections, HF/6-31G* frequencies scaled with
factor of f 50.8929 were used.
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The PBC calculations of carbon nanotubes were p
formed with a PBC implementation4 in GAUSSIAN. A gener-
alized version of the near field exchange~NFX!6 was used to
evaluate the HF exchange in periodic systems. Geome
were optimized at the PBE/6-31G level. The 6-31G* basis
set was employed for the density of states calculations.

IV. RESULTS AND DISCUSSION

In order to validate our assumption in Sec. II, we co
pare the newvPBEh functional to a PBE0-like hybrid which
uses the screened SR HF exchange instead of the full
exchange,

Exc
SR,HF PBE05aEx

HF,SR1~12a!Ex
PBE1Ec

PBE, ~13!

wherea51/4. Mean absolute errors~MAE! for standard en-
thalpies of formation at 298 K were calculated as a funct
of v. Results for the G2-1 set of 55 small molecules32 are
shown in Fig. 2. Forv50, vPBEh reproduces PBE0~up to
a slight deviation due to the parametrization of the PBE a
vPBE exchange holes!. vPBEh reduces to the nonhybri
PBE functional forv→`. The computational effort neces
sary to calculate the SR HF exchange decreases drasti
with increasingv.

An extensive study of thev dependence of various prop
erties was performed for both molecules and solids. All c
culated molecular properties only show a very slight dep
dence onv in the range fromv50.05 to 0.35a0

21, which
validates our earlier assumption. In order to reproduce r
able values for the band gap in semiconducting solids, i
necessary to choosev<0.15. In these systems, the calc
lated band gap is directly proportional to the HF contributi
to the exchange energy.

In addition, two-dimensional optimizations of botha
andv were carried out over the G2-1 set of small molecu
and for selected periodic systems. The minima in param
space were very broad and give no reason to change
mixing coefficienta51/4.

A balanced description that provides good accuracy
speed, both in molecules and solids, can be achieved
choosingv50.15a0

21. This value will be used hereafter.

FIG. 2. Mean absolute error in standard enthalpies of formation of the G
set~55 molecules!: SR HF PBE0 hybrid compared tovPBEh as a function
of v.
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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Table I shows the total energies for the H–Ne atom
comparing the newvPBEh functional to PBE and PBE0
The modest underestimation of the total energies is du
different decay properties of HF and DFT exchange ene
potentials. The more delocalized SR–HF exchange falls
slightly slower for v.0 than the LR–DFT exchange in
creases. This produces a slight overall increase in the m
nitude of the exchange energy, due to an overcompensa
by the LR–DFT part. In addition, the lack of self-interactio
correction in the PBE correlation functional contributes
the underestimation of the total energies.

A. Standard enthalpies of formation

Tables II and III show the results for standard enthalp
of formation for both the G2-1 and the larger G2-2 set
molecules. The performance ofvPBEh is better than PBE0
for both test sets and only slightly worse than that of B3LY
which contains empirical parameters fitted on the G2-1 se
molecules. The reason for the improvement over PBE0
twofold: First, the underlying~exchange hole based! form of
PBE predicts better thermodynamical properties~in the order
of 0.5 kcal/mol for the MAE!. Second, the dip in the mea
absolute error at 0.1<v<0.3 for the G2-1 set~see Fig. 2!
also improves the results.

Not surprisingly, the magnitude of errors for individu
molecules closely resembles the PBE0 errors. Overall,
performance ofvPBEh for calculating enthalpies of forma
tion is on par with the best established hybrid functionals

B. Geometry optimizations

Bond length optimizations were carried out for the
diatomic molecules of the G2-1 set and compared
experiment.33 The results are summarized in Table IV
Again, the performance ofvPBEh is as good or better tha
the results from the established hybrid DFT methods B3L
and PBE0.

C. Periodic boundary condition calculations

In order to evaluate the performance ofvPBEh in peri-
odic systems, PBC calculations were carried out on sev
carbon single-walled nanotubes~SWNT!. This provides
some insights in terms of accuracy, as well as computatio
cost. Figures 3 and 4 show the results of density of sta

TABLE I. Total nonrelativistic energies of atoms~in hartrees!.a

Atom Exactb PBE PBE0 vPBEh

H 20.500 20.500 20.501 20.511
He 22.904 22.891 22.894 22.916
Li 27.478 27.460 27.466 27.496
Be 214.667 214.628 214.635 214.676
B 224.654 224.609 224.617 224.672
C 237.845 237.794 237.803 237.871
N 254.589 254.529 254.540 254.621
O 275.067 275.005 275.013 275.107
F 299.734 299.661 299.667 299.775
Ne 2128.938 2128.846 2128.851 2128.971

a6-31111G(3d f ,3pd) basis set.
bExact atomic energies from Ref. 37.
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calculations for a semiconducting~10,0! and metallic~8,8!
carbon single wall nanotube~SWNT!, respectively. Overall,
the accuracy of thevPBEh results resembles the PBE0 r
sults. In the case of the~10,0! SWNT, the distance betwee
the first two van-Hove singularities~VHS! is 1.0 eV, while
the experimental result is 1.1 eV.34 For the metallic~8,8!
nanotube, none of the three methods is in close agreem
with experiment~distance between first VHS 1.5 eV35!. PBE
is closest to experiment~2.0 eV!, while vPBEh ~2.4 eV! is
slightly better than PBE0~2.7 eV!. A detailed comparison of
PBE and PBE0 calculations for the density of states of c
bon nanotubes will be published elsewhere.36

Although thevPBEh and PBE0 functionals both pro
duce similar results, the computational effort needed to c
verge these calculations differs significantly. For a meta
~6,6! carbon SWNT~Fig. 1!, vPBEh achieves millihartree
accuracy when including the exchange contributions of
first and second nearest neighbors, while interactions u
the fourth nearest neighbors need to be included for PB
Including the third nearest neighbors in thevPBEh calcula-
tion results in microhartree accuracy. In the case of PB
microhartree accuracy can only be achieved with many m
cells and great difficulty, as Fig. 1 shows.

In addition to the faster spatial convergence of the sh
range HF interactions,vPBEh exhibits improved conver
gence behavior in the self-consistent-field~SCF! procedure.
The SR HF exchange interactions can be truncated in a w
behaved manner due to their exponential decay. In sever
the metallic systems we have studied, instabilities appea
the SCF procedure when using the standard HF method.

FIG. 3. Density of states for a semiconducting~10,0! carbon single wall
nanotube.
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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TABLE II. vPBEh/6-31111G(3d f ,3pd) standard enthalpies of formation at 298 K for the G2 set. All energies and enthalpies in kcal/mol.

Molecule SDe
a ZPEb SD0

c D fH0 K
+ D fH298 K

+ D fH298 K
+ (Expt.)d Deviatione

G2-1 test set
LiH 54.0 1.8 52.2 37.1 37.1 33.3 3.8
BeH 57.0 2.7 54.3 73.9 74.5 81.7 27.2
CH 83.2 3.9 79.3 142.3 143.1 142.5 0.6
CH2(3B1) 193.7 10.3 183.4 89.9 90.0 93.7 23.7
CH2(1A1) 176.5 10.1 166.4 106.8 106.9 102.8 4.1
CH3 308.4 17.4 291.1 33.8 33.2 35.0 21.8
CH4 417.4 26.8 390.7 214.2 216.1 217.9 1.8
NH 85.6 4.5 81.1 83.1 83.1 85.2 22.1
NH2 183.4 11.5 171.8 44.0 43.3 45.1 21.8
NH3 294.9 20.7 274.2 26.7 28.4 211.0 2.6
OH 105.9 5.1 100.8 9.8 9.8 9.4 0.4
H2O 227.1 12.9 214.2 252.0 252.7 257.8 5.1
FH 137.1 5.6 131.6 261.5 261.5 265.1 3.6
SiH2(1A1) 147.5 7.1 140.4 69.4 69.0 65.2 3.8
SiH2(3B1) 132.3 7.3 125.0 84.9 84.5 86.2 21.7
SiH3 223.9 12.8 211.1 50.4 49.1 47.9 1.2
SiH4 315.9 18.8 297.1 16.0 13.7 8.2 5.5
PH2 153.8 8.2 145.6 33.1 32.2 33.1 20.9
PH3 238.1 14.7 223.5 6.8 4.9 1.3 3.6
H2S 179.9 9.2 170.7 21.7 22.4 24.9 2.5
HCl 105.2 4.1 101.1 220.9 221.0 222.1 1.1
Li2 19.6 0.4 19.1 56.3 56.4 51.6 4.8
LiF 134.7 1.3 133.4 277.2 277.2 280.1 2.9
HCwCH 403.4 16.5 386.9 56.3 56.1 54.2 1.9
CH2vCH2 563.2 30.7 532.5 13.9 11.9 12.5 20.6
CH3CH3 711.3 44.7 666.6 216.9 220.6 220.1 20.5
CN 178.0 2.5 175.5 107.0 107.8 104.9 2.9
HCN 309.9 10.1 299.8 34.3 34.2 31.5 2.7
CO 254.6 3.1 251.5 222.5 221.7 226.4 4.7
CHO 280.3 8.1 272.3 8.3 8.4 10.0 21.6
CH2O 372.3 16.4 355.9 223.7 224.6 226.0 1.4
CH3OH 509.9 31.0 478.9 243.4 246.0 248.0 2.0
N2 222.2 3.5 218.7 6.4 6.4 0.0 6.4
N2H4 437.7 32.5 405.2 26.4 22.9 22.8 0.1
NO 153.3 2.8 150.4 21.1 21.1 21.6 20.5
O2 120.8 2.6 118.3 20.3 20.3 0.0 20.3
HOOH 262.2 16.4 245.8 224.5 226.0 232.5 6.5
F2 32.8 1.6 31.2 5.8 5.7 0.0 5.7
CO2 391.1 7.1 384.0 296.0 296.1 294.1 22.0
Na2 16.1 0.2 15.9 35.4 34.8 34.0 0.8
Si2 77.0 0.7 76.3 136.9 137.6 139.9 22.3
P2 111.1 1.2 110.0 40.9 40.4 34.3 6.1
S2 105.7 1.0 104.6 26.7 26.7 30.7 24.0
Cl2 58.4 0.8 57.6 20.4 20.4 0.0 20.4
NaCl 96.0 0.5 95.6 241.3 241.6 243.6 2.0
SiO 181.9 1.8 180.1 214.5 214.3 224.6 10.3
CS 167.5 1.8 165.6 70.0 70.8 66.9 3.9
SO 124.9 1.7 123.2 1.5 1.4 1.2 0.2
ClO 66.0 1.1 65.0 22.6 22.6 24.2 21.6
ClF 60.1 1.2 58.9 211.9 211.9 213.2 1.3
Si2H6 523.3 29.5 493.7 29.2 25.5 19.1 6.4
CH3Cl 395.4 22.8 372.6 219.2 221.1 219.6 21.5
CH3SH 472.6 27.8 444.8 22.7 25.1 25.5 0.4
HOCl 162.1 8.1 153.9 214.7 215.4 217.8 2.4
SO2 247.8 4.5 243.3 259.6 260.2 271.0 10.8

G2-2 test set
Non-hydrogen systems

BF3 468.1 7.5 460.6 2269.0 2269.6 2271.4 1.8
BCl3 331.0 4.5 326.5 2104.5 2104.7 296.3 28.4
AlF3 413.5 4.7 408.8 2275.2 2276.0 2289.0 13.0
AlCl3 307.5 2.8 304.7 2140.7 2141.0 2139.7 21.3
CF4 479.7 10.7 468.9 2225.1 2226.4 2223.0 23.4
CCl4 319.2 6.1 313.2 228.8 229.4 222.9 26.5
COS 337.7 5.5 332.2 237.6 237.5 233.1 24.4
CS2 283.5 4.1 279.4 21.9 22.1 28.0 25.9
Downloaded 27 Jan 2009 to 130.234.116.91. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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TABLE II. ~Continued.!

Molecule SDe
a ZPEb SD0

c D fH0 K
+ D fH298 K

+ D fH298 K
+ (Expt.)d Deviatione

COF2 422.3 8.8 413.5 2147.6 2148.3 2149.1 0.8
SiF4 552.4 7.6 544.8 2364.3 2365.5 2386.0 20.5
SiCl4 382.5 4.4 378.1 2157.1 2157.5 2158.4 0.9
N2O 271.3 6.9 264.4 19.6 18.8 19.6 20.8
NOCl 191.2 4.0 187.3 12.8 12.4 12.4 0.0
NF3 208.6 7.1 201.4 233.5 234.9 231.6 23.3
PF3 353.8 5.3 348.6 2217.7 2219.0 2229.1 10.1
O3 133.9 4.9 129.0 48.0 47.3 34.1 13.2
F2O 88.9 3.8 85.1 10.8 10.2 5.9 4.3
ClF3 128.0 4.7 123.3 239.3 240.3 238.0 22.3
CF2vCF2 597.4 13.4 584.0 2170.1 2170.9 2157.4 213.5
CCl2vCCl2 480.7 9.6 471.0 216.7 216.9 23.0 213.9
CF3CN 644.1 14.3 629.8 2121.9 2122.8 2118.4 24.4

Hydrocarbons
CH3CwCH ~propyne! 706.4 33.7 672.8 43.7 41.9 44.2 22.3
CH2vCvCH2 ~allene! 708.5 33.3 675.1 41.3 39.5 45.5 26.0
C3H4 ~cyclopropene! 687.5 33.9 653.6 62.9 60.8 66.2 25.4
CH3CHvCH2 ~propylene! 862.2 47.9 814.3 5.4 1.8 4.8 23.0
C3H6 ~cyclopropane! 858.2 48.9 809.3 10.4 6.3 12.7 26.4
C3H8 ~propane! 1006.7 62.0 944.8 221.8 227.1 225.0 22.1
C4H6 ~1,3-butadiene! 1016.8 51.3 965.6 24.1 20.7 26.3 25.6
C4H6 ~2-butyne! 1008.2 50.8 957.4 32.3 29.4 34.8 25.4
C4H6 ~methylene cyclopropane! 1001.5 51.4 950.1 39.6 35.8 47.9 212.1
C4H6 ~bicyclobutane! 996.1 52.2 943.9 45.8 41.7 51.9 210.2
C4H6 ~cyclobutene! 1007.5 52.2 955.2 34.5 30.5 37.4 26.9
C4H8 ~cyclobutane! 1154.4 66.6 1087.8 5.2 20.7 6.8 27.5
C4H8 ~isobutene! 1161.1 64.8 1096.3 23.3 28.4 24.0 24.4
C4H10 ~butane! 1302.1 79.1 1223.0 226.8 233.5 230.0 23.5
C4H10 ~isobutane! 1302.9 78.9 1224.1 227.8 234.7 232.1 22.6
C5H8 ~spiropentane! 1297.3 69.3 1228.0 35.0 29.4 44.3 214.9
C6H6 ~benzene! 1383.0 60.3 1322.7 7.0 2.9 19.7 216.8

Substituted hydrocarbons
CH2F2 437.4 20.2 417.2 2107.0 2108.8 2107.7 21.1
CHF3 459.8 15.8 444.1 2167.1 2168.7 2166.6 22.1
CH2Cl2 373.2 18.0 355.3 224.8 226.5 222.8 23.7
CHCl3 348.4 12.3 336.1 228.7 229.9 224.7 25.2
CH3NH2 ~methylamine! 581.0 38.6 542.4 21.8 25.4 25.5 0.1
CH3CN ~methyl cyanide! 616.5 27.4 589.1 18.3 16.6 18.0 21.4
CH3NO2 ~nitromethane! 603.9 30.6 573.3 217.9 221.0 217.8 23.2
CH3ONO ~methyl nitrite! 598.7 30.1 568.6 213.3 216.4 215.9 20.5
CH3SiH3 ~methyl silane! 621.2 36.5 584.6 1.7 22.0 27.0 5.0
HCOOH ~formic acid! 500.5 20.8 479.7 288.5 290.3 290.5 0.2
HCOOCH3 ~methyl formate! 786.5 37.9 748.7 284.2 287.4 285.0 22.4
CH3CONH2 ~acetamide! 871.5 44.3 827.3 257.6 261.3 257.0 24.3
C2H4NH ~aziridine! 724.9 42.6 682.3 28.3 24.4 30.2 25.8
(CN)2 ~cyanogen! 502.6 10.2 492.4 72.6 73.0 73.3 20.3
(CH3)2NH ~dimethylamine! 870.5 55.7 814.8 20.9 26.1 24.4 21.7
CH3CH2NH2 ~ethylamine! 878.2 55.8 822.5 28.6 213.8 211.3 22.5
CH2vCvO ~ketene! 537.4 19.2 518.2 216.0 216.8 211.4 25.4
C2H4O ~oxirane! 653.6 34.9 618.7 213.2 216.2 212.6 23.6
CH3CHO ~acetaldehyde! 677.7 33.6 644.1 238.7 241.2 239.7 21.5
HCOCHO ~glyoxal! 634.8 22.9 611.9 250.7 252.1 250.7 21.4
CH3CH2OH ~ethanol! 808.4 48.2 760.2 251.5 255.8 256.2 0.4
CH3OCH3 ~dimethyl ether! 796.7 48.3 748.4 239.7 243.9 244.0 0.1
C2H4S ~thiirane! 628.8 33.3 595.5 16.6 13.7 19.6 25.9
(CH3)2SO ~dimethyl sulfoxide! 853.0 48.1 804.9 230.5 235.0 236.2 1.2
C2H5SH ~ethanethiol! 768.5 45.1 723.4 28.0 212.0 211.1 20.9
CH3SCH3 ~dimethyl sulfide! 767.5 45.7 721.8 26.4 210.4 28.9 21.5
CH2vCHF ~vinyl fluoride! 575.3 26.7 548.6 235.3 237.2 233.2 24.0
C2H5Cl ~ethyl chloride! 693.3 40.1 653.2 226.5 229.9 226.8 23.1
CH2vCHCl ~vinyl chloride! 546.4 25.9 520.5 2.9 1.1 8.9 27.8
CH2vCHCN ~acrylonitrile! 765.4 30.8 734.6 42.8 41.2 43.2 22.0
CH3COCH3 ~acetone! 980.6 50.4 930.3 251.6 255.4 251.9 23.5
CH3COOH ~acetic acid! 803.8 37.5 766.4 2101.9 2105.1 2103.4 21.7
CH3COF ~acetyl fluoride! 708.5 29.7 678.8 2106.5 2108.8 2105.7 23.1
CH3COCl ~acetyl chloride! 672.0 28.6 643.4 261.0 263.1 258.0 25.1
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TABLE II. ~Continued.!

Molecule SDe
a ZPEb SD0

c D fH0 K
+ D fH298 K

+ D fH298 K
+ ~Expt.!d Deviatione

CH3CH2CH2Cl ~propyl chloride! 988.6 57.2 931.4 231.5 236.4 231.5 24.9
(CH3)2CHOH ~isopropanol! 1107.0 65.0 1042.0 260.0 265.8 265.2 20.6
C2H5OCH3 ~methyl ethyl ether! 1095.2 65.3 1029.9 247.9 253.6 251.7 21.9
(CH3)3N ~trimethylamine! 1161.8 72.6 1089.2 22.1 28.9 25.7 23.2
C4H4O ~furan! 1003.8 42.4 961.4 215.9 219.1 28.3 210.8
C4H4S ~thiophene! 973.5 40.4 933.1 19.0 16.1 27.5 211.4
C4H5N ~pyrrole! 1084.6 49.7 1034.8 15.8 11.8 25.9 214.1
C5H5N ~pyridine! 1253.9 53.5 1200.4 20.2 16.2 33.6 217.4

Inorganic hydrides
H2 104.4 5.9 98.5 4.8 4.8 0.0 4.8
SH 86.9 3.7 83.2 34.1 34.1 34.2 20.1

Radicals
CwCH 265.8 8.4 257.4 134.2 135.0 135.1 20.1
CHvCH2 (2A8) 449.3 21.7 427.6 67.2 66.2 71.6 25.4
CH3CO (2A8) 585.6 26.1 559.6 25.7 27.2 22.4 24.8
CH2OH (2A) 410.8 22.5 388.3 24.4 26.0 24.1 21.9
CH3O (2A8) 403.1 22.6 380.5 3.3 1.5 4.1 22.6
CH3CH2O (2A9) 701.7 39.3 662.5 25.4 28.6 23.7 24.9
CH3S (2A8) 384.0 21.6 362.4 28.2 26.4 29.8 23.4
CH3CH2 (2A8) 606.8 35.5 571.3 26.8 24.3 28.9 24.6
(CH3)2CH (2A8) 905.8 53.0 852.8 18.5 14.5 21.5 27.0
(CH3)3C (t-butyl radical! 1204.9 70.2 1134.7 9.9 4.5 12.3 27.8
NO2 231.4 5.5 225.9 4.6 3.9 7.9 24.0

aElectronic atomization energy.
bZero point energy correction from scaled HF/6-31G* frequency calculation.
cZero point energy corrected atomization energy.
dExperimental data compiled in Refs. 32 and 38.
eTheory–experiment.
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exchange interactions, which need to be truncated in orde
make the calculation feasible, are often non-negligible a
their truncation leads to instabilities in the SCF. InvPBEh
calculations, only negligible interactions are truncated,
sulting in smooth SCF convergence.

TABLE III. Summary of results for enthalpies of formation. All errors
kcal/mol.a

Method

G2-1 setb

MAEd RMSe Max.(2) f Max.(1)g

B3LYP 2.46 3.28 28.2 9.9
PBE 8.19 10.40 229.1 10.1
PBE0 3.01 3.76 26.1 10.6
vPBEh 2.93 3.78 27.2 10.7

Method

G2-1andG2-2setc

MAE RMS Max.(2) Max.(1)

B3LYP 3.04 4.40 28.2 20.0
PBE 17.19 21.00 250.8 10.1
PBE0 5.15 6.78 220.8 21.7
vPBEh 4.16 5.68 217.4 20.5

a6-31111G(3d f ,3pd) basis set.
b55 molecules.
c148 molecules.
dMean absolute error.
eRoot mean square error.
fMaximum negative deviation.
gMaximum positive deviation.
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V. CONCLUSIONS

We have introduced a new hybrid density function
based on a screened Coulomb operator for the exchang
teraction. For molecular systems, thisvPBEh functional
yields an accuracy comparable to the best established hy
methods, such as B3LYP and PBE0. A limited study of PB
calculations also indicates a performance similar to es
lished functionals.

Significant reductions in computational effort can
achieved for large molecules and clusters, especially for s
tems with relatively small HOMO–LUMO gaps. In thes
cases, truncation schemes for the HF exchange interac
can benefit greatly from the drastically reduced range of

TABLE IV. Summary of results for bond length optimization of 25 diatom
moleculesa in the G2-1 set. All values in A˚ ngstrom.

Method MAEb RMSc Max.(2)d Max.(1)e

B3LYP 0.009 0.013 20.040 0.028
PBE 0.014 0.017 20.001 0.054
PBE0 0.009 0.015 20.038 0.055
vPBEh 0.008 0.012 20.035 0.033

aMolecules: LiH, BeH, CH, NH, OH, HF, HCl, Li2 , LiF, CN, CO, N2 , NO,
O2 , F2 , Na2 , Si2 , P2 , Cl2 , NaCl, SiO, CS, SO, ClO, ClF.

bMean absolute error.
cRoot mean square error.
dMaximum negative deviation.
eMaximum positive deviation.
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exchange interaction. For PBC calculations in systems w
small or no band gaps, the time savings are even larger

ThevPBEh functional provides an accurate, easy to u
computationally efficient model chemistry which can be a
plied to a wide range of systems.
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APPENDIX: INTEGRATING THE vPBE EXCHANGE
HOLE

The original PBE exchange hole30 is scaled by the Cou
lomb screening factor erfc(vy/kF) to yield

JvPBE~r,s,y!5F2
A
y2

1

11~4/9!Ay2

1S A
y2 1B1C@11s2F~s!#y2

1E@11s2G~s!#y4Dexp~2Dy2!G
3exp@2s2H~s!y2#3erfcS vy

kF
D , ~A1!

FIG. 4. Density of states for a metallic~8,8! carbon single wall nanotube
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where A–H are parameters and parametrized functions
the PBE exchange hole. The integration of this new
change hole to the enhancement factor could not be car
out analytically for all terms. Specifically, no analytic inte
gral could be found for the following term:

E
0

`

dy F2
A

y~114/9Ay2!
1

A
y

exp~2Dy2!G
3exp@2s2H~s!y2#erfcS vy

kF
D . ~A2!

The problem lies in the terms containingy in the denomina-
tor:

2
A

y~114/9Ay2!
1

A
y

exp~2Dy2!. ~A3!

In order to circumvent this obstacle, the term was appro
mated by a set of five Gaussian-type functions,

fit~y!5ya1e2b1y2
1ya2e2b2y2

1y2a3e2b3y2

1y2a4e2b4y2
1y3a5e2b5y2

. ~A4!

The parametersai and bi were found by nonlinear leas
squares fit of~A4! to ~A3!:

a1520.000 205 484, b150.006 601 306,

a2520.109 465 240, b250.259 931 140,

a3520.064 078 780, b350.520 352 224,

a4520.008 181 735, b450.118 551 043,

a5520.000 110 666, b550.046 003 777.

The quality of the fit was tested by evaluating both the e
ergy contribution and the normalization condition compar
to the original expression~A2!. The errors were 0.4% an
5%, respectively. Given the use of fitted functions in oth
terms of the PBE exchange hole, this approximation sho
not impact the performance of the functional.

Using this approximation, thevPBE exchange hole~A1!
can be integrated to give the enhancement factor as show
Eq. ~9!.
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