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The problem of almost sure (a.s.) asymptotic adaptive synchronization for neutral-type neural networks with stochastic
perturbation and Markovian switching is researched. Firstly, we proposed a new criterion of a.s. asymptotic stability for a
general neutral-type stochastic differential equation which extends the existing results. Secondly, based upon this stability
criterion, by making use of Lyapunov functional method and designing an adaptive controller, we obtained a condition of a.s.
asymptotic adaptive synchronization for neutral-type neural networks with stochastic perturbation and Markovian switching. The
synchronization condition is expressed as linear matrix inequality which can be easily solved by Matlab. Finally, we introduced a

numerical example to illustrate the effectiveness of the method and result obtained in this paper.

1. Introduction

Asitis well known, the stability and synchronization of neural
networks can be applied to create chemical and biological sys-
tems, secure communication systems, information science,
image processing, and so on. In recent years, different control
methods are derived to achieve different synchronization,
such as randomly occurring control [1], sampled-data control
[2, 3], passivity analysis [4], impulsive control [5-8], and
adaptive control [9].

By utilizing adaptive control method, the parameters of
the system need to be estimated and the control law needs
to be updated when the neural networks evolve. In the past
decade, much attention has been devoted to the research of
the adaptive synchronization for neural networks. In [9, 10],
the adaptive lag synchronization of unknown chaotic neural
networks is considered. Adaptive synchronization problem
of delayed neural networks with stochastic perturbation is
studied in [11]. Besides these, there are many literatures to
study adaptive synchronization problems (see, e.g., [12, 13]
and the references therein).

Recently, the stability and synchronization of neutral-
type systems, specially neutral-type neural networks, which

depend on the derivative of the state and the delay state
have attracted a lot of attention (see, e.g., [14-19] and the
references therein) due to the fact that some physical systems
in the real world can be described by neutral-type models (see
[20]). However, the adaptive control was not investigated in
[14-17], and the neutral term of derivative of the delay state
was not taken into account in the neural networks proposed
in [9-13]. Zhou et al. in [18] did not study the almost sure
(a.s.) synchronization for neutral-type neural networks. Zhu
et al. in [19] did not research the synchronization problem
for neural networks with Markovian switching parame-
ters. From the authors’ best knowledge, so far the almost
surely adaptive synchronization problem for neutral-type
neural networks with stochastic perturbation and Markovian
switching parameters has not been fully investigated yet. This
motivates our current work.

In this paper, the problem of almost sure (a.s.) asymptotic
adaptive synchronization for neutral-type neural networks
with stochastic perturbation and Markovian switching is
researched. By making use of Lyapunov functional method
and designing an adaptive controller, we obtained a condition
of a.s. asymptotic adaptive synchronization for neutral-type



neural networks with stochastic perturbation and Markovian
switching. Finally, we introduced a numerical example to
illustrate the effectiveness of the method and result obtained
in this paper. The main contributions of this paper are as
follows.

(1) A new model for a class of neutral-type neural net-
works with stochastic perturbation and Markovian
switching is given; it is more general than other
models.

(2) A new criterion of a.s. asymptotic stability for a
ymp Y
general neutral-type stochastic differential equation is
proposed which extends the existing results.

The notations are quite standard. Throughout this paper,
R,,R",and R™" denote the set of nonnegative real numbers,
n-dimensional Euclidean space, and the set of all n x n
real matrices, respectively. The superscript T' denotes matrix
transposition, trace(-) denotes the trace of the corresponding
matrix, and I denotes the identity matrix. | - | stands for the
Euclidean norm in R". diag{: - - } stands for the block diagonal
matrix. Let (Q, %, [P) be a complete probability space with
a filtration {#,},,, satisfying the usual conditions (i.e., the
filtration contains all P-null sets and is increasing and right
continuous). For p > 0, denote by [L;O([—T, 0]; R") the
family of all % ,-measurable, C([-7,0]; R")-valued random
variables & such that the mathematical expectation E || &||” <
00, where C([-7, 0]; R") denotes the family of all continuous
R"-valued functions, and the norm || & ||= sup_,_.,E(s)].
Denote by Cbgo([—‘r, 0]; R") the family of all % ,-measurable,
bounded and C’([-7, 0]; R")-value random variables. If x(t)
is a continuous R"-valued stochastic process on t € [-T, 00),
weletx, = {x(t+60) : =t < 0 < 0} for t > 0 which is regarded
as a C([-7,0]; R")-valued stochastic process. (IZZ’I(IRJr X § X
R";R) denotes the set of functions from R, x S x R"” to R
which are continuously twice differentiable in x € R" and
once differentiable in t € R,.

2. Problem Formulation and Preliminaries

Let {r(t)},5, be a right-continuous Markov chain on the
probability space taking values in a finite state space S =
{1,2,..., N} with generator I' = (y;;) yxn given by

))l]6+0(8)7 if 15&]7
1+y;6+0(8), if i=}
@

[P’{r(t+8):j|r(t):i}:<l

where § > 0and y;; > 0 is the transition rate from i to jifi # j
while

N

Vi == Z Yij- (2)

J=Lj#i
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Consider the following neutral-type neural networks
called drive system and represented by the compact form as
follows:

dx () - D(r (1) x(t - 1)]

= [— Cr®)x (@) +A(r @) f (x(®)+B(r(t)

3)
X f(x(t-1)+E(r()

X L f(x(s)ds+](r(t)|dt,

-7

where x(t) = [xl(t),xz(t),...,xn(t)]T € R”" is the state
vector associated with n neurons, f(-) denotes the neuron
activation functions, and 7 represents the transmission delay.
Fort > 0, we denote r(t) = i, A(r(t)) = A, B(r(t)) = B,
C(r(t)) = C, D(r(t)) = D', E(r(t)) = E,and J(r(t)) =
J', respectively. In neural network (3), Vi € S, A’, B, and
E' are the connection weight, the discrete delay connection
weight, and distributed delay connection weight matrix,
respectively; C' = diag{ci,c,...,c'} is a positive diagonal
matrix; D' is called the neutral-type parameter matrix; J b=
U -

The initial condition of system (3) is given in the following
form:

N ;]T € R" is the constant external input vector.

x(s)=E&.(s), s€[-1,0], r(0) = i, (4)

forany &, € I]_;U([—T, 0]; R™.
For the drive system (3), the response system is

dly®)-D(r )yt -1)]

=[—cva»ym+Ava»fuun

FBrO) f (y(t-1)+ EC- ()
t
[ ro@ds 1 U o)|a

to(t,r@®),y®)—-x@),y(t-1)-x(t-1))dw(t),

(5)
where y(t) = [yl(t),yz(t),...,yn(t)]T € R" is the state
vector of the response system (5), U(r(t)) = U’ =
[U;,U;,...,U;]T € R" is a control input vector, w(t) =

[w (1), w,(t),..., wn(t)]T is an n-dimensional Brownian
motion defined on the complete probability space (), F, P)
with a natural filtration {F,},5, (i.e., #, = o{w(s) : 0 < s < t}
is a 0-algebra) and is independent of the Markovian process
{r}se» and 0+ R, x Sx R" x R" — R™ is the
noise intensity matrix. It is known that external random
fluctuation and other probabilistic causes often lead to this
type of stochastic perturbations.
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The initial condition of system (5) is given in the following
form:

y(s)=8§,(s),

forany g, € I]_Zgo([—r, 0]; R™).

Lete(t) = y(t) — x(t) be the synchronization error vector.
From the drive system and the response system, the error
system can be written as follows:

dle(t)-D(r(t))e,]

s€[-1,0], r(0) =i, (6)

= [— Cr®)e®) +A(r®)g(e®) +B(r(t)g(e)

t

+ E (r (t)) Jt, ge(s)ds+U(r(t))|dt

+o(tr(t),e(t),e)dw(t),
(7)

wheree_ =e(t — 1), gle(t)) = f(x(t) +e(t)) — f(x(¢)).
The initial condition of system (7) is given in the following
form:

e(s)=8(s)=¢&,(s) =&, (s), se[-1,0], r(0)=ip

(8)

with e(0) = 0.

The primary object here is to deal with the adaptive
synchronization problem of the drive system (3) and the
response system (5) and derive sufficient conditions such that
the response system (5) synchronizes with the drive system
(3).

To prove our main results, the following assumptions are
needed.

Assumption 1. The activation functions of the neurons f(-)
satisty the Lipschitz condition. That is, there exists a constant
L,,L, > 0such that

Lilx=y|<[f()-f)|<Lyfx-y], Vx yeR"

9)
Assumption 2. The noise intensity matrix o(,-,-,-) satisfies

the bounded condition. That is, there exist two positive
constants H, and H,, such that

trace (a(t,7 (£),x (£), y (1)) "o (t.7 (1), x (1), y (1))
(10)
< Hylx (O] + Hy)y )],

forall (¢, 7(¢), x(¢), y(t)) € R, xSxR"xR",and 0(¢,1,0,0) = 0
forall (¢,i) e R, xS.

Assumption 3. For the external input matrix Di(i € S), there
exists positive constant x; € (0, 1), such that

p(D')=x <xe(01), (1)

where x = max,g; and p(D') is the spectral radius of matrix
D',

The following concept is necessary in this paper.
Definition 4 (see [21]). The trivial solution e(t;&,,) of the

error system (7) is said to be almost surely asymptotically
stable if

P (E& e (t:&,ip)| = 0) =1 (12)
for any initial value & € C([-7,0]; R").

If the error system (7) is almost surely asymptotically
stable, then the drive system (3) and the response system (5)
are said to be almost surely asymptotically synchronization.

Consider the more general neutral-type stochastic delay
differential equation (NSDDE) with Markovian switching:

d[x®)-D(x(t-1),r®)]
=F(t,r(t),x(t),x(t—1))dt (13)
+G@t,r ), x@),x(t—1))dB(t),
where B(t) is an n-dimensional Brownian motion defined

on the probability space (Q, #,P) but independent of the
Markov chain {r(t)},5, and

D:R"xS — R",
F:R, xSxR"xR" — R", (14)
G:R, xSxR"xR" — R™

are all Borel-measurable functions.
For NSDDE (13), the following hypothesis is needed.

(H1) Both F and G satisfy the local Lipschitz condition.
That is, for each h > 0, there is an L;, > 0 such that

|F(t.i,x, y) - F (t,i, % )|
v |5 (t,i,x, y) - G(t, i,%,7)| (15)
< Ly (Ix =% +|y-])

for all (£,7) € R, x Sand those x, y,%,y € R" withx v y v
xVy<h.

(H1)" Given any initial data {x(0) : -1 < 6 < 0} = £ €
Cf,’ro ([-7,0]; R™), (13) has a unique solution denoted by
x(t;&,i,) ont > 0. Moreover, both F(t,r(t), x(t), (1))
and G(t, r(t), x(t), y(t)) are locally bounded in (x, ¥)
while uniformly bounded in (¢, (t)). That is, for any
h > 0, there is a Kj, > 0, such that

[F(t.r (), x(0), y )| V|G (67 (0),x (1), y )] < Ky,
(16)

forallt > 0,7(t) € S,and x, y € R" with |x| V |y| < h.



(H2) For each i € S, there is a constant «; € (0, 1) such that
ID(xi)-D&i)| < lx-% VexeR'. (17)

(H3) For each (t,i) e R, xS,

F(,i,0,00=0, G(+,i,0,00=0, D(0,i)=0. (18)

Then, we present some preliminary lemmas which play
an important role in the proof of the main results.

Lemma 5 (see [16]). Let x, y € R". Then
Xy+y'x<ex'x+elyy (19)
foranye > 0.

Lemma 6 (the generalized Ito formula, see [17]). Let V €
f[:z’l([R+ x S x R";R) and x(t) be a solution of neutral-type
stochastic delay differential equation (13).

Then for any stopping times 0 < p; < p, < 00 a.s.

EV (Pz’r (P2)>x(p,) —E(x (py—1),7 (Pz)))
=EV (Pl”’(PJ)x(Pl) ~D(x(p - T)”’(Pl))) (20)

+[EJP2 LV (s,r(s),x(s),x(s—71))ds
P

holds provided that V(t,r(t),x(t) - D(x(t),r(t))) and
ZV(t,r(t), x(t), x(t — 1)) are bounded on t € [p,, p,] with
probability 1, where the operator ZV : R, x SXxR"XR" — R
is defined by

ZV (ti,x,y)
= Vt(t,i,x—ﬁ(y,i)) +V, (t,i,x—ﬁ(y,i))?(t,i,x,y)
+ % trace [GT (ti, %, ) Viy (t, i,x-D(y, z))

x G (t,i, x, y)]
N —
+ 39V (t:jx =D (y:1)),
j=1

Vi (1, x (8))
_ V(i x (1))
ot ’
V (1, x (1))
:<8V(t,i,x(t)) oV (t,i, x (t)) BV(t,i,x(t)))

0x, 0x, o 0x,,

Vi (8,5, x (1))

[V (i, x (1)
a 0x 0, n><n.

(21)
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Now we cite the convergence theorem of nonnegative
semimartingales (see [22], Theorem 7 on page 139) which is a
useful lemma.

Lemma 7 (the convergence theorem of nonnegative semi-
martingales). Let A,(t) and A,(t) be two continuous adapted
increasing processes on t > 0 with A;(0) = A,(0) = 0 a.s.
Let M(t) be a real-valued continuous local martingale with
M(0) = 0 a.s. Let { be a nonnegative F , -measurable random
variable such that E{ < co. Define

X =C(+A,(H)-A, )+ M), t=0. (22)

If X(t) is nonnegative, then
{tlim A ()< oo} C {tlim X ()< oo}
(23)

n {tlim A, () < oo} a.s.,

where C C D a.s. means P(C N D) = 0. In particular, if
lim, _, . A,(t) < 00 a.s., then, with probability one, we have
tlim X (t) < o0, tlim A, (t) < 00,
(24)
—00 < tlim M (t) < oo.

That is, all of the three processes X(t), A,(t), and M(t) converge
to finite random variables.

Lemma 8 (Holder inequality; see [21]). Leta; € R, k, p € Z,
and p > 1. Then

p k
| <k Y (25)
i=1

i=1

Lemma 9 (Doob martingale inequality; see [21]). Let {M,},5,
be an R"-martingale. Let [a, b] be a bounded interval in R If
p > 1, and M, € LP(Q; R") (the family of R"-valued random
variables X with E|X|? < c0), then

P
E ( sup |Mt|P> < (—p ) E|M,|". (26)
a<t<b P -1

Lemma 10 (Chebyshev’s inequality; see [21]). Ifc > 0, p >
0,X e LP(Q;R™), then

Piw: |X (w)] > c} < cPE|X|P. (27)

3. Main Results

In this section, we give some criteria of adaptive synchroniza-
tion for the drive system (3) and the response system (5). First,
we establish a general result which can be applied widely.

3.1. Almost Surely Asymptotically Stable

Theorem 11. Let (HI), (H2), and (H3) hold. Assume that there
are functions V e C*'(R, x Sx R;R), y € L'(R,;R,), and
W, W,,, W, € C(R";R,) such that
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(C1)
|x]| — 00, i€S, 0<t< o0, (28)
(C2)
LV (ti,x,y)
(29)

<y () =Wy (x) + Wy () - Ws (x = D (),
for (t,i,x,y) € R, x SxR" x R", and

lim inf V(t,i,x)| = oo, (30)

|x] = 0o [ (ti)eR, XS

(C3)

W1 (0) =W, (0) = W;(0) =0,
(31)

W, (x) =W, (x), Vx#0.

Then for any initial data {x(0) : -7 < 0 < 0} = & €
Cbgo([—?, 0];R™) and r(0) = iy € S, one has the following.

(R1) Equation (13) has a unique global solution which is
denoted by x(t; &, iy).

(R2) Assume that W;(x) = 0 if and only if x = 0. The
solution x(t;&,i,) obeys that

Jim x (&) =0 as. (32)

That is, x(t;&,1,) is almost surely asymptotically stable.
The proof of this theorem is given in the Appendix.

Remark 12. Theorem 11 is an extension of Theorem 11 in [16];
that is, when we take W, (x) = W,(x) in our theorem, then
Theorem 11 is coincident with Theorem 3.1 in [16]. Moreover,
Theorem 11 is also an extension of Theorem 2.1 in [23] when
we take W;(x) = 0 with D = 0.

Remark 13. From the proof of Theorem 11, we can see that if
condition (H1) is substituted by (H1)' , then the conclusion
(R2) is also true.

3.2. Almost Sure Asymptotical Synchronization. In this sub-
section, we give a criterion of adaptive almost sure asymptot-
ical synchronization for the drive system (3) and the response
system (5).

Theorem 14. For systems (3) and (5), let Assumptions 1-3
hold, and the error system (7) has a unique solution denoted
by e(t;€,i,) ont > 0 for any initial data {e(0) : -1 < 0 < 0} =
£ € C. ([-7, 01 R") with e(0) = 0.

Assume also that there exist symmetric matrix Q; > 0,
diagonal matrix P' > 0 (i = 1,...,N), and positive scalars
P> P> P € (i = 1,2,3,4), such that

Pl <Q <pl, (33)
P <pl, (34)
(Lp, + H,p)I-2P'C' C'P' L,I 1L,I
2P T 11 p 2 TLhy
* —al 00 | o
* 0 -l O
* 0 0 -l
(pL} - pH, —€5'L3) I - DD’ <, (36)
Y yaP* +2PK* e,P'A' &,P'B ¢,P'F’
k=1
* —&,] 0 0o [<0 (7
0 -l 0
0 0 —el
B, C'P L, L,I tL,I
*« -l 0 0 0
x 0 -l 0 0 |<0, (38)
* 0 0 -eI O
* 0 0 0 —el

wherei=1,2,...,N, K" = diaglk|, k;,..., k,} with k; being
arbitrary negative constants to be chosen, and E;; = (Lp, +
H,p - p,L2 + Hyp)I - 2P'C' + ¢, D' D"

We choose the feedback control U' with the update law as
U' = diaglk,, ..., k,}(e - D'e,) and k; = —B;p'(e - Df(e,))j,
where §; > 0 (j = 1,2,...,n) are arbitrary constants, p;. is
the jth diagonal entry of matrix P, and (e — D'e,); is the jth
element of e — D'e,. Then the error system (7) is almost surely

asymptotically stable. Therefore, the drive system (3) and the
response system (5) are adaptive synchronized a.s.

Proof. Under Assumptions 1-3 and the existence of e(t; €, i),
it can be seen that F(t,r(t), e(t), e,(t)), G(t, r(t),e(t), e, (1)),
and D(e,(t), r(t)) satisty (H1) , (H2), and (H3), where

E(tr(t),e(t),e (1)

=-Crt)e®) +A(r 1) gle®) +B(r 1) g(e (1)

t

FEG®) [ g ds+U @),

G(t,r(t),et),e (t) =0 (t,r(t),e(t), e, (t),

D(e, (t),r(t)) =D (r () e, (t).
(39)



For eachi € §, choosing a nonnegative function

V(tie) =x Px+ f_ gT (e(s)) Qg (e(s))ds

0 t
+J J eT(G)Qze(G)des (40)

—T Ji+s
n 1 .
+Zﬁ7(k1‘k1)2>
j=1Pj

where Q, = ¢, 7L, and computing LV (t, i, e, e,) along the
trajectory of error system (7), we have

ZV (tiee,)

=V, (t.i,e—D'e,)

+V, (t, iye— Dier) [— Cle+Alg(e) +Bgle,)

+E J;i ge(s)ds+ Ui]

+ %trace [O‘T (tiee,)V,, (t, ie— DieT) o(tie, er)]

N
+ ZYikV (t, k,e— DieT) .
- (41)
While
V, (t.i,e—D'e,)

=g (e®)Quge®)-g" (et-1)Qge(t-1)
0
+1e’ ()Que(t)— | e (t+5)Que(t+s)ds

n

2 o
+Z/§(kj‘kj)kj
j=1r7

=g ) Qg et) —g" (e.) Qg e,

+1e’ (t) Que(t) - r e’ (5) Qe (s) ds
t—7
_ ZZ; (kj + k;) p;.(e - Dier)j,
pa
V, (tie - Die,) = 2(e - De,) P/,
V.. (t.iie—D'e;) = 2P,

N
ZyikV (t, k,e— DieT)
k=1

Yik(e - Dier)TPk (e - Dier) ’

Mz

k=1

(42)
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SO

PV (tiee,)

<g @©Qge)-g" (e)Qgle,)+1e Qe

t n
. L e’ () Que () ds—2Y (k;~ k)
—-T j=1

X p;(e - DieT)j + Z(e - DieT)T

x P'[-Cle+ A'g(e) +B'g(e,) (43)

+E J;t g(e(s)ds

-7

+ diag k..., k,} (e - Dle,)]

+ trace [O'T (t.i,ee;) Po (t.i,e, eT)]

< i \Tpk i
+Zyik(e—DeT) P (e—DeT).
k=1
It is easy to get that

2(e - Dier)TPi diag {ky,....k,} (e - Dief)

n L\ (44)
= Zijpj(e -D eT)j.

j=1

By (44), we have
2(6 - DieT)TPi diag {k;,...,k,} (e - D'e;)
-23 (k- k) (e D),
o (45)
= ZZ;k;f p;(e - DieT)j
i
= Z(e - Dier)TPiK* (e - Dier) .
According to Assumption 1 and Lemma 5, we have that
9 ©Qug(©) < Ao () g @ g (@) < prL3lel’,
- gT (e:)Qig(er)
< Ain (Q) 9" (e) 9 (e) < —pLife [,
ZefDiTPiCie < eleZDiTDieT + efleTCiPiPiCie,
Z(e - Dier)TPiAig (e)
< 62(6 - DieT)TPiAiAiTPi (e - DieT) + eglgT (e)g(e)

< 62(6 - DieT)TPiAiAiTPi (e - Dier) + ez_lezeTe,
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2(e-Dle,) PBgle,)
<ey(e-Die,) PBBTP (e-Die,) +¢;'g" () g (e,)

< 63(6 - DieT)TPiBiBiTPi (e - DieT) + e;ILZZeZeT,

t

2(e - DieT)TPiEi J g(e(s))ds

t

<eyfe- D"eT)TPfE"E"TP" (e-Dle,)

e () ds)T (] awras)

<ee- DieT)TPiEiEiTPi (e-Dle,)
t
+ ellr L gT (e(s))g(e(s)ds
-T
<eyfe- DieT)TPiEiEiTPi (e-Dle,)

t
+e 'L} J e’ (s)e(s)ds,

t—1

trace (O’T (t,i,e,e;) Plo(t,ie, eT))

<p (HleTe + Hzefer) .

(46)
Substituting (45)-(46) into (43) yields
LV (ti,ee,)
<e' [p L3 -2P'C +¢'CTPPC
+e LI+ pHy I +¢,' T’ L3]] e
+ep [-p L3I +6 DD + &' L5
N 47
+pHZI] e, - (e - D’eT) (47)
i i AT i i i i T i i i T i
x | e,P A’ATP' + e,P'BBTP +¢,PEETP
N . .
+ Y yuP* +2PK" | (e~ Dle,).
k=1
Therefore,
LV (tiee,)
, (48)
<-Wi(e)+W,(e) - W, (e - D'eT) ,
where
W (e) = eTWIe,
—
W2 (e‘r) =é WZe'ﬂ (49)

W; (e - DieT) = (e - D"eT)TW3 (e - Dier) ,

with

W, = —[p L3I -2P'C' +¢'CTPPC
(50)
+6; L1 + pH I + ;' T L3]],

W, = -p, L3I +¢, DD + &' 131 + pH,I,  (51)

W, =-|e,PPA'A"P + ¢,P'BBT P

N
+e, P EETP + )y, P+ 2P'K" |
k=1
(52)

Now, (35) is equivalent to W, > 0, (36) is just W, >
0, (37) is equivalent to W3 > 0, and (38) is equivalent to
W, > W,. So from the conditions of this theorem, we know
that conditions (C1), (C2), and (C3) in Theorem 11 are all
satisfied. So by Theorem 11, the error system (7) is almost
surely asymptotically stable. And hence the drive system (3)
and the response system (5) are adaptive synchronized a.s.
The proof of Theorem 14 is completed. O

Remark 15. In this section, a numerical example will be given
to support the main results obtained in this paper.

4. Numerical Examples

In this section, a numerical example will be given to support
the main results obtained in this paper.

Letting I' = [} %], which means N = 2, we give the
parameters concerning the drive system (3), the response
system (5), and the error system (7) as follows:

DA) = [0.2 O])

03 0
[0 03 :

D(2)=[0 0.1

co-13]  co-[3

(—4 2 -3 2
AQ) = ] A(z>:[ ]

-6 2 -3 1 (53)
By=|7 _13], B(2) = [_14 _32],
EW=|7 _23] EQ) = [:‘21 :g]
J(=[0"  J@=[-11"

We furtherset T = 1, f(-) = tanh(:),0(-) = e(t)+e,(t). Then we
can confirm that Assumptions 1-3 are satisfied with L, = 0,
L,=1,H =H,=2,andk; =%, =k =0.3.



Two-state Markov chain

1.5 F

r(t)

0.5 R

0 5 10 15 20 25 30
Time

FIGURE 1: The varying curve of Markov chain with 2 states.

Letting K* = [ § 9] and using LMI toolbox in Matlab, we
solve matrix inequalities (33)-(38) and obtain the following
results:

o = [03196 0 pl_[0-3899 0
171 0 0319’ “| 0o 03899
, [04690 0 ~
P’ = [ 0 o 4690], p =0.5077,
p, = 0.4498,  p, =0.1078, €, = 9.9260,
€, = 178.9801, €, = 194.4959, €, = 226.2334.

(54)

So from Theorem 14, the drive system (3) and the
response system (5) are adaptive synchronized a.s. when the
error system (7) has a unique solution.

To illustrate the effectiveness of the result in this paper,
we depict the evolution figures of the systems as Figures
1, 2, 3, and 4. Figurel shows the two-state Markov chain
in the systems. Figure 2 shows that the drive system (3)
synchronizes the response system (5) from the moment of
t = 7.1t can be seen from Figure 3 that the state of the error
system (7) tends to zero from t = 7, which also describes
the synchronization of the drive system (3) and the response
system (5). The update law of the adaptive control gain K(t)
is depicted in Figure 4. Figure 4 shows us that the update law
of the control gain K(t) no longer varies after the response
system (5) synchronizes with the drive system (3).

5. Conclusions

In this paper, we have proposed a new criterion of a.s. asymp-
totic stability for a general neutral-type stochastic differential
equation which extends the existing results. Based upon
this new stability criterion, we have obtained a condition
of a.s. asymptotic adaptive synchronization for neutral-type
neural networks with stochastic perturbation and Markovian
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x; and y;

X

N
X, and y,

— X2

N2

FIGURE 2: The dynamic trajectory of the drive system and the
response system.

The error state

Time

_el
©oey

FIGURE 3: The trajectory of the error state.

switching by making use of Lyapunov functional method
and designing an adaptive controller. The synchronization
condition is expressed as linear matrix inequality which
can be easily solved by Matlab. Finally, we have employed
a numerical example to illustrate the effectiveness of the
method and result obtained in this paper. In the future,
we will consider the condition of a.s. asymptotic adaptive
synchronization for neutral-type neural networks with time-
varying delay by making use of M-matrix method.
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Update law
1.5 T
7
15 20 25 30
Time

FIGURE 4: The dynamic curve of the update law of the gain K(¢).

Appendix

Proof. The proof of (R1) is the same as [16] and is omitted
here. To prove (R2), we will divide it into five steps. We change
D into D in subsequence for simplicity.

Step 1. We prove that the solution x(t, i, §) of the system obeys

limsup V (t,7 (t),x(t) - D (r (t),x (t — 7))) < 00 a.s.
t— 00

(A1)
In fact, let
M (t)

= Jth (s:7(s),x(s) =D (x(s—7),r(s)) dB(s)
0

4 th (V(s,i0+ﬁ(r(s—),l),x(5)

0 Jr
—D(X(S—T),F(S))>
-V (s,r(s),x(s)—D(x(s—1),7r(s))) ) y (ds,dl)
(A.2)

which is a continuous local martingale with M(0) = 0, a.s. By
generalized Ito formula (Lemma 6), we have

V(ti,x(t) = D (i, x (t — 1)))

< V (0,45, % (0) = D (i, x (-7)))

t

+I PV (5,7 (5),x(5),x(5) = D (r (s), x (s — 7)) ds
0

+ M ()

<V (0,ig, x (0) = D (i, x (~1)))

+ L (y (5) = W, (x (5)) + W, (x (s — 7))

-W; (x(s)=D(r(s),x(s—1))))ds + M(t)

<V (0,ip, x (0) - D (i, x (-7)))
+ j-t y(s)ds— Jt Wi (x(s))ds + Jt W, (x(s—1))ds
0 0 0

- th3 (x(s)=D(r(s),x(s—1)))ds+ M(t)
0

=V (0,ig, x (0) = D (i,& (~1)))

t—T

+ Lt y(s)ds— J: W (x(s))ds + J ] W, (x(s)) ds

- JtW3 (x(s)=D(r(s),x(s—1)))ds+ M(t)
0

0
<V (0,ig, x(0) - D (i,E(-1))) + J W, (x (s)) ds

t t
+ J y(s)ds — J (W, (x(s)) = W, (x(5))) ds
0 0

- rw3 (x(s)=D(r(s),x(s— 7)) ds+M(t).
0
(A3)

By the convergence theorem of nonnegative semimartin-
gales (Lemma 7), we have (A.1).

Step 2. We prove

sup |x (t)| < oo a.s.
0<t<oo

(A4)

Indeed, from (A.1), we have

sup V(t,r(t),x(t) =D (r(t),x(t —1))) < 00 as. (A.5)

0<t<oo

which together with (C1) yields

sup |x(t) =D (r(t),x(t—1))| < 0o as.

0<t<oo

(A.6)

Now, for any T' > 0, by (H2), we have thatif 0 < ¢ < T, then
|x ()]
SID(r(8),x(t = 1)| + [x(t) = D (r (), x (t = 7))

<klx(t-1)|+|x{t) =D @), x({t-1).
(A7)
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where k¥ = max;gx; < 1. This implies

sup |x (£)]

0<t<T

<ksup [x(t—-71)|+ sup |[x(t) -D(r(t),x(t —1))|
0<t<T 0<t<T

=xf+xsup |x(t)|+ sup |x () - D(r(t),x(t-1)).

0<t<T 0<t<T
(A.8)
where 3 is the bound for the initial data . Hence
sup |x (£)]
0<t<T
) (A9)
< (Kﬁ+ sup |x(t)—D(r(t),x(t—T))|>.
-« 0<t<T
Letting T — oo and using (A.6), we obtain (A.4).
Step 3. We prove
Jim W, (e (6) = D(r(6), x(t =) =0as.  (A10)

In fact, taking the expectations on both sides of (A.3) and
letting t — 00, we obtain that

E J'oo W (s)ds < oo, (A.11)

0
where W(s) = W, (x(s)) — W,(x(s)) + W5(z(s)), z(s) = x(s) —
D(r(s), x(s — 1)).

This implies
J W (s)ds < 00 as. (A.12)
0
or equivalently
J (W, (x(s)) = W, (x(5))) ds < o0 a.s.
R (A13)
J W; (z(s))ds < 0o a.s.
0
From (A.12), we have
liminf W () = 0 a.s. (A.14)
t— 00
or equivalently
iminf (W, (x () — W, (x (£)) = 0 as.
e (A15)

liminfW; (z (¢)) = 0 ass.

t — 00

Now we will prove (A.10): lim, _, . W5(2(t)) = 0 a.s. In fact, if
(A.10) is false, then

P {lim sup W5 (z (1)) > 0} > 0. (A.16)

t— 00

Mathematical Problems in Engineering

Hence there is a number & > 0 such that

P(Q,) =3¢ (A17)
where Q, = {lim sup W;(z(t)) > 2¢}.
t— 00

Recalling (A.4), as well as the boundedness of the initial
data &, we can find a positive number 4, which depends on ¢,
sufficiently large for

P(Q,)>1-¢ (A18)
where Q, = {sup_._,.1z(t)| < h}.
It is easy to see from (A.17) and (A.18) that
P(Q,NQ,)=>2e (A.19)

We now define a sequence of stopping times as follows:
T, =inf {t > 0: |x ()| A |z (t)] = h}

o, =inf{t >0: W5 (z(t)) > 2¢}
(A.20)
o ={tzoy Wy (z(t) <e}, k=1,2,...

Oys1 =20y Wy (z () 226}, k=12,...,
where, throughout this paper, we set inf § = co.

From (A.14) and the definition of Q; and Q,, we observe
thatifw € Q; N Q,, then

Th =00, Gk < 0 Vk > 1. (A21)
Let I, denote the indication function of set A. Noting the fact
that o, < 0o, whenever o,;_, < 0o, we can derive from (A.11)

that

00> E ro W, (z (1)) dt
0

v
Mg

J%k W, (z (1)) dt]

E [Iazk,l <00,07 <00,T}, =00
O2k-1

=
Il

1

18

[\

e) E [Icrz,(,1<oo,rh:00 (Uzk - 02k—1)] .

k

1
(A.22)

On the other hand, by (H1), there exists a constant Kj, > 0,
such that

|f (bix ) Vg (i ) < K (A.23)

whenever |x| V |y| < hand (t,i) € R, xS.

By the Holder inequality (Lemma8) and the Doob
martingale inequality (Lemma 9), we compute that, for any
T>0andk=1,2,..,

E I‘rh/\az,(,1<oo sup |Z (Th A (UZk—l + t))
0<t<T
(A.24)

_Z(Th/\0'2k_l)l2 < ZKﬁT (T+4)
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Since W;(+) is continuous in R”, there exists a closed ball §h =
{x € R" : |x| < h} such that W,(-) is uniformly continuous in
Sj- We can therefore choose & = &(¢) > 0 so small such that

[Wy (x) = W5 ()| < = whenever x,y €S, |x—y| <.

(A.25)

N m

We furthermore choose T' = T'(¢, 8, h) > 0 sufficiently small
for

2K;T (T +4)
— <

5 €. (A.26)

It then follows from (A.24) and Chebyshev’s inequality
(Lemma 10) that

P ({Uzk—l ATy < 00} N { sup |Z (th A (041 +1))
0<t<T

~z (1, Aoyey)| 2 8) < % (2K;T (T +4)) <e.
(A.27)

Note that

{0y < 00,7, = 00} = {1, Aoy < 00,7 < o0}
(A.28)
c {1, Noy_; < 00}.

We hence have
P ( {021 < 00,7, = 00}

n { sup |z (01 +1) - 2 (03| 2 a}) <e.

0<t<T
(A.29)

By (A.19) and (A.21), we further compute
P ( {031 < 00,7, = 00}

n { sup |z (0yey +1) = 2 (03] < a})

0<t<T

=P ({oy- < 00,7, = 00})
(A.30)

xP < {oy_; < 00,7, = 00}

N { sup |z (0y_; +1)

0<t<T

—z(oyq)| = 8}) >2e—e=e

1
By (A.25), we hence obtain that
P ( {o21 < 00,7, = 00}
N { sup |W; (z (0p5_y +1)) (A.31)
0<t<T
~W; (2 (01))| < 5]’) > &
Set
B = { sup s (e o +0) - W, (o) < e}
0<t<T
(A.32)
Note that
O ((U) — 0%k ((U) >T ifwe {O'Zkfl < 00, T, = OO} ﬂﬁk
(A.33)
We derive from (A.22) and (A.31) that
oo > 8Z[E [I(JZk_1<oo,Th:oo) (GZk - UZk—l)]
k=1
2 gzlE [I(UZk,1<oo,‘rh:oo)n§k (GZk - UZk—l)]
k=1
(A.34)
> sTZ[P’ ({azk,l < 00,T;, = 00} ﬂﬁk)
k=1
> sTZe =00
k=1

which is a contradiction. So (A.10) must hold.
Step 4.We prove that Ker(W;) # 0 and
tlim d(x(t:&iy) - D(x(t - 1:&,iy),7 (1)), Ker (W3))

=0 a.s.
(A.35)

By (A.10) and (A.6), we see that there is an Q, ¢ Q with
P(Qq) = 1 such that

sup |z (t,w)| < oo V w e Q.
0<t<oo

lim W; (z (t,w)) = 0,

t— 0o
(A.36)
Choose any w € Q. Then {z(t,w)},5, is bounded in R" so

there must be an increasing sequence {t; },., such thatt, —
0o and {z(t;, w)};>; converges to some z € R”. Thus

W; (2) = lim W; (2 (t, @)) = 0 (A.37)

which implies that z € Ker(W;) whence Ker(W;) # 0. From
this, we can show that

[lim d (z(t,w), Ker(W;))=0 VweQ,  (A38)
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If this is false, then there is some w € Q such that

limsupd (z (t,w), Ker (W;)) > 0.

t— 00

(A.39)

Hence there is a subsequence {z(t;, @)}, of {z(t, w)},5( such
that

Jim d(z(6,9),  Ker(W)) > 2 (A.40)

for some € > 0. Since {z(t;, @)}, is bounded, we can find its

subsequence {z(f;, @)}, which converges to z € R". Clearly,
z ¢ Ker(W;) so W;(2) > 0. But, by (A.36),

W; (z) = klingow3 (z(tpw)) =0 (A.41)
a contradiction. Hence (A.38) must hold and (A.35) holds yet.

Step 5. We prove (R2).
Under the assumption that

Wy (x)=0 iff x=0, (A.42)

we have Ker(W;) = {0}. It then follows from (A.35) that
lim [x (6) = D (x (= 7), 7 ()] = limz (1) = 0 as. (A43)
But, by (H2),
Jx (1)
<ID(x(t - 1), r ()| +1x () = D(x (t - 1), (1))]

Sklx(-1)|+[x()-D(x(t-1),r®)l,
(A.44)

where « € (0, 1) has been defined above. Letting t — oo, we
obtain that

lim sup |x (¢)| < xlim sup |x (¢)] a.s. (A.45)
t— o0 t— 00
This together with (A.4) yields
tlim |x ()] =0 a.s. (A.46)
— 00
which is (32) and the proof is therefore completed. O]
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