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Dynamic analysis of generally laminated
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Abstract

In this study, the dynamic response of the laminated composite beam with arbitrary lay-ups has been investigated within

the framework of the third-order shear deformation theory using the finite element method. A new three-nodded finite

element compliant with the theory is introduced next. To deal with the dynamic contact between the delaminated

segments, unilateral contact constraints are employed in conjunction with Lagrange multiplier method. Furthermore, the

Poisson’s effect is incorporated in the formulation of the beam constitutive equation. Also, the higher-order inertia

effects and material couplings (flexure–tensile, flexure–twist and tensile–twist couplings) are considered in the formu-

lation. Results are extracted based on two methods namely the Eigen-value techniques for frequencies and the Newmark

method to calculate the transient response. Then, the obtained results have been verified with the other results available

in the literature and very good agreements have been observed. Furthermore, the new results have been obtained for

the case where the excitation was due to a moving/non-moving force.
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Introduction

Structural components made by composite materials
are used in many engineering applications. This is due
to their superior characters such as high strength-stiff-
ness, lightweight, fatigue resistance etc. Contrary to
these mechanical merits, they are subjected to a wide
range of defects and damages, which may significantly
reduce their structural performance. Among various
types of damages that are likely to occur during service
in laminated composites, an interlaminar cracking i.e.
delamination is the one that mostly to occur.

The angle ply and unsymmetric lay-ups of the com-
posite material have a wide range of applications in
different industries. In structures with such type of
lay-ups it has been observed that even in a very
simple type of structural loading, the flexure, tensile
and twist type of deformations are observed, which is
essentially due to material couplings causing; flexure–
tensile, flexure–twist and tensile–twist couplings.
Furthermore, it has been pointed out by numerous

researchers that, since the composites have a very low
transverse shear modulus compared to their in-plane
module, the classical lamination theory (CLT) is not
adequate for the analysis of dynamic response even
for beam with high slender ratios. Thus, shear deform-
ation is also another important aspect in the analysis of
composite structures.

During the past decades, primarily the study of the
delaminated composite beams based on the classical
theory has received considerable attentions by many
researchers. Later on in a few publications the shear
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deformation theory are used in which neither of the
Poisson’s effects and the influences of the material cou-
plings and rotary inertia were considered. The detailed
summary of these findings are briefly discussed below.

The free vibrations of an isotropic beam with a
through-width delamination by using four Euler–
Bernoulli beams connected at the delamination bound-
aries was studied by Wang et al.1 The coupling effect of
the longitudinal and flexural motions in the delami-
nated layers was considered in the formulation. It was
found that for beams with a short and close to mid-
plane delamination the results for the natural frequen-
cies were close to the experimental results. However,
according to this study dramatic interpenetration of
the delaminated sub-laminates was seen that is physic-
ally impossible in the case of off-mid-plane delamin-
ations. This is because the delaminated layers were
assumed to deform ‘freely’ without touching each
other (known as free mode) and thus have different
transverse deformation. To avoid this kind of incom-
patibility, Mujumdar and Suryanarayan2 proposed a
model based on the assumption that the delaminated
layers are constrained to have identical transverse
deformations. This was called the constrained mode in
contrast with the free mode proposed by Wang et al.
Similar constrained mode approach was used by Tracy
and Pardoen3 on a simply supported composite beam
analytically and experimentally. Yin and Jane4 and
Chang and Liang5 have investigated the free and
forced vibrations of post-buckled delaminated beams.

Lee et al.6,7 have performed the free vibration analysis
of the composite beam-columns and beamswithmultiple
delaminations. The dynamic characteristics of a delami-
nated composite beam with two overlapped and non-
overlapped delaminations, multiple delaminations and
bimaterial beams with single delamination have been
studied by Shu and Della8,9 and Della and Shu.10–12

Both the ‘free mode’ and ‘constrained mode’ models
have been used in their studies. Recently, the free vibra-
tion and time response of the delaminated laminated
composite beam (LCB) traversed by the moving force
and moving oscillating mass using the Euler–Bernoulli
beam theory have been studied by Kargarnovin et al.13

and Jafari-Talookolaei et al.,14 respectively.
Valoor and Chandrashekhara15 extended a model

for thick composites beams with symmetric lay-ups to
include the effects of the transverse shear deformation
and the rotary inertia. In addition, the Poisson’s effect
was included due to its significance in the analysis of
angle-ply laminated beams. They have used the ‘con-
strained mode’ model to represent the free vibrational
behavior of the delaminated beam i.e. they have
assumed that the sub-laminates in the delamination
regions have the identical displacements and rotations.
In their analysis, it is assumed that the delamination is

at the mid-plane and the in-plane displacement is also
ignored.

The ‘constrained mode’, however, failed to predict
the opening in the mode shapes found in the experi-
ments by Shen and Grady.16 Luo and Hanagud17 pre-
sented an analytical model based on the Timoshenko
beam theory by using linear springs. They have ignored
the Poisson’s effect in their study. The spring stiffness
would then be equal to zero (0) for the free mode and
infinity (1) for the constrained mode. The effect of cou-
pling between longitudinal and bending vibrations has
been considered. This coupling has been noticed by
Shen and Grady16 where it was shown that this coupling
has significant effect on the natural frequencies and mode
shapes of the delaminated beam. Based on the first-order
shear deformation theory (FSDT), Kargarnovin et al.18

in their work extended the method developed by Valoor
and Chandrashekhara15 and Luo and Hanagud17 to
obtain the dynamic response of the delaminated LCB
by considering the Poisson’s effect. They have used the
constrained mode to simulate the motion of the delami-
nated surfaces. Kargarnovin et al.19 recently have pre-
sented a rather new semi-analytical method towards
investigating the free vibration analysis of a delaminated
LCBwith arbitrary lay-ups. In this work, for the first time
the combined effects of material couplings (flexure–ten-
sile, flexure–twist, and tensile–twist couplings) are con-
sidered and in addition, the shear deformation, rotary
inertia and Poisson’s effects are taken into account. The
semi-analytical solution for the natural frequencies and
mode shapes based on the free and constrained modes are
presented by incorporating the constraint conditions
using the method of Lagrange multipliers.

In this paper, the dynamic response of a LCB sub-
jected to the moving/non-moving force has been inves-
tigated using a self-developed finite element method by
introducing a new higher order beam element. The for-
mulation also accounts the shear deformation, the
rotary inertia and material couplings with Poisson’s
effect included. Eigen-value problems and time
responses are analyzed in which the time variables is
evaluated by using the Newmark method. In the ana-
lysis of time response, the violation of unilateral contact
conditions in the delaminated region is prohibited by
imposing contact constraints using the Lagrange multi-
pliers. The natural frequencies and time responses
obtained from the present study are compared to
those of the previously reported results.

Problem modeling

Geometry and material

Consider a thick composite beam of length L and rect-
angular cross-section of b� h, and containing a
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delamination with length L2 located at the depth h2
from the top surface and at a distance L1 from the
left end as shown in Figure 1. It is assumed that the
principle axes of each lamina with an arbitrary thick-
ness are oriented at an arbitrary angle � with respect to
the x axis. It should be mentioned that the material of
each lamina is considered to be orthotropic. In add-
ition, �ðtÞ denotes the location at time t of a constant
amplitude moving force of f0 which enters from the
beam left end and moves along the x axis with a con-
stant velocity, v. Hence, the time interval under consid-
eration for the moving force would be [0, L/v]. The
origin of the global system of coordinate is located at
the centroid of the left surface.

As it can be seen from Figure 2, after delamination,
the representative beam can be modeled as a combination
of four sub-beams connected around the delamination

laying between x¼L1 up to x¼L1þL2. In this way,
we will have four sub-beams of 1 to 4 with lengths and
thicknesses of Li� hi (i¼ 1 to 4) where L2¼L3,
L4¼L�L1�L2, h1¼ h4¼ h and h2 and h3 the thick-
nesses of sub-beams 2 and 3, respectively (see Figure 2).

Derivation of kinetic and potential energies
for each sub-beam

In this study, we consider an intact LCB made of an
orthotropic material. The laminate is made of many
unidirectional plies stacked up in different orientation
with respect to a reference axis. The length, width,
thickness and number of layers of the intact LCB are
represented by L, b, h and n, respectively.

The laminated plate constitutive equations based on
the third-order shear deformation theory are:20

Figure 1. Delaminated composite beam traversed by a moving force.

Figure 2. Representation of beam with delamination into four sub-beams.

Nx

Ny

Nxy

Mx

My

Mxy

Px

Py

Pxy

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

¼

A11 A12 A16 B11 B12 B16 E11 E12 E16

A12 A22 A26 B12 B22 B26 E12 E22 E26

A16 A26 A66 B16 B26 B66 E16 E26 E66

B11 B12 B16 D11 D12 D16 F11 F12 F16

B12 B22 B26 D12 D22 D26 F12 F22 F26

B16 B26 B66 D16 D26 D66 F16 F26 F66

E11 E12 E16 F11 F12 F16 H11 H12 H16

E12 E22 E26 F12 F22 F26 H12 H22 H26

E16 E26 E66 F16 F26 F66 H16 H26 H66

2
66666666666666664

3
77777777777777775

"0x
"0y

"0xy

"1x
"1y

"1xy

"3x
"3y

"3xy

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>;

ð1Þ

Jafari-Talookolaei et al. 143

 at PENNSYLVANIA STATE UNIV on October 7, 2016jcm.sagepub.comDownloaded from 

http://jcm.sagepub.com/


In these relations, Nx, Ny and Nxy are the in-plane
forces, Mx and My are the bending and Mxy is the
twisting moments, Px and Py are the higher-order
bending moments and Pxy is the higher-order twisting
moment, ð"0x, "

0
y, "

0
xyÞ are the mid-plane strains,

"1x and "1y are the bending and "1xy is the twisting curva-
tures, "3x and "3y are the higher-order bending and "3xy is
the higher-order twisting curvatures. Also for the shear
forces, we have:
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where Qyz and Qxz are the resultant shear forces,
Ryz and Rxz are the resultant higher-order shear
forces, �0yz and �

0
xz are the shear strains and �2yz and

�2xz are the higher-order shear strains. The coefficients
in equations (1) and (2) can be expressed as:20

ðAij,Bij,Dij,Eij,Fij,HijÞ

¼
Xn
k¼1

Z zðkþ1Þ

zðkÞ

Q
k

ijð1, z, z
2, z3, z4, z6Þdz, ði, j ¼ 1, 2, 6Þ

ðAij,Dij,FijÞ

¼
Xn
k¼1

Z zðkþ1Þ

zðkÞ

Q
k

ijð1, z
2, z4Þdz, ði, j ¼ 4, 5Þ

It should be mentioned that the resultant forces (N, Q
and R) and moments (M and P) in equations (1) and (2)
are all per unit length.

It should be noted that for the laminated beam, the
membrane forces Ny and Nxy, the bending moment
My, the higher-order bending and twisting moments
Py and Pxy are all zero.

21 In other words, one can say:

Ny,Nxy,My,Py,Pxy

� �T
¼ b½ �T "0x, "

1
x, "

1
xy, "

3
x

n oT
þ c½ � "0y, "

0
xy, "

1
y, "

3
y, "

3
xy

n oT
¼ 0f gT

ð3Þ

in which:
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Equation (1) for the remaining resultant force and
moments can be rewritten as:

Nx,Mx,Mxy,Px

� �T
¼ a½ � "0x, "

1
x, "

1
xy, "

3
x

n oT
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0
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3
xy
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ð4Þ

in which:
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2
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Using equation (3), the ð"0y, "
0
xy, "

1
y, "

3
y, "

3
xyÞ components

can be replaced by ð"0x, "
1
x, "

1
xy, "

3
xÞ and by substituting

the results in equation (4) one obtains:
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where A11,B11, etc:
� �

are the coefficients of the matrix
a½ � � b½ � c½ ��1 b½ �T
� �

.
Also, for a laminated beam, the Qyz and Ryz are

zero. Now, Qxz and Rxz can be calculated out of equa-
tion (2) as following:
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The strain–displacement relationship can be
written as:20

"0x ¼
@u

@x
, "1x ¼

@ x

@x
, "1xy ¼

@ y

@x
, "3x ¼�c1

@ x

@x
þ
@2w

@x2


 �

�0xz ¼ xþ
@w

@x
, �2xz ¼�3c1  xþ

@w

@x


 �
ð7Þ
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in which u and w are the LCB mid-plane displacements
in the x and z directions,  x and  y are the mid-plane
bending rotations and c1¼ 4/(3h2).

One of the efficient ways in deriving the governing
equations of motion for a system using FEM is to
employ the energy principle.22,23 In implementing this
method, one has to derive the stiffness and mass matri-
ces using the kinetic and potential energies of the
system.

Now, the potential energy, U, for the LCB can be
calculated using the following relationship:19

U ¼
1

2

Z L

0

�
Nx"

0
x þMx"

1
x þMxy"

1
xy þ Px"

3
x

þQxz�
0
xz þ Rxz�

2
xz



b dx ð8Þ

In the next step, we can express the potential energy in
terms of displacement components using equations
(5)�(8) as follows:

U¼

Z L

0

A11

2 u2,xþ
D11�2c1F11þc

2
1
H11

2  2
x,xþ

D66
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2
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A55�6c1D55þ9c

2
1
F55

2  2
xþw

2
,x
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þ

c2
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H11

2 w2
,xx

þ B11�c1E11

� �
u,x x,xþB16u,x y,x

�c1E11u,xw,xxþ D16�c1F16

� �
 y,x x,x

þ c21H11�c1F11

� �
w,xx x,x�c1F16w,xx y,x

þ A55�2c2D55þc
2
2F55
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 xw,x

2
6666666664

3
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bdx

ð9Þ

Next, we turn to the kinetic energy of the LCB using
the following relation:20

T¼
1

2

Z L

0

I1 u2,tþw
2
,t

� 

þ2I2u,t x,tþI3  

2
x,tþ 

2
y,t

� 

�2I4c1u,t  x,tþw,xt

� �
�2c1I5  

2
y,tþ 

2
x,tþ x,tw,xt

� 

þI7c

2
1  

2
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2
y,tþw

2
,xtþ2 x,tw,xt

� 


2
666664

3
777775bdx

ð10Þ

in which:

I1, I2, I3, I4, I5, I7ð Þ ¼

Z h=2

�h=2

� 1, z, z2, z3, z4, z6
� �

dz

It should be mentioned that in all above relations, the
symbol ‘,’ used as a subscript stands for the differenti-
ation with respect to any variable followed after it.

Element description

Referred to Figure 3(a), in this study a new higher-
order beam element with three nodes, and each node
with five degrees of freedom, namely, ui, wi,
wi,x,  xi and  yi in which u and w are the LCB
mid-plane displacements in the x and z directions,
respectively, and  x and  y are the mid-plane bending
rotations is introduced. The displacements u and w and
the rotations  x and  y can thus be interpolated in
terms of the intrinsic coordinate (see Figure 3(b)) as:22

u ¼
X3
i¼1

Nið�Þui, w ¼
X3
i¼1

�2i�1ð�Þwi þ�2ið�Þwi,x

� �
,

 x ¼
X3
i¼1

Nið�Þ xi and  y ¼
X3
i¼1

Nið�Þ yi ð11Þ

where Nið�Þ and �j ð�Þ, with i¼ 1–3 and j¼ 1–6, are the
Lagrangian and Hermite cubic interpolations, respect-
ively, associated with node i given in Appendix 1. It
should be noted that the dimensionless symbol � in
equation (11) is:

� ¼ x=Le

where Le is the element length of the beam. The vector
of element degrees of freedom �f g is given by:

�f g ¼
n
u1,w1,w1,x, x1, y1, u2,w2,w2,x, x2, y2,

u3,w3,w3,x, x3, y3

oT
ð12Þ

where superscript T denotes the transpose of a vector or
a matrix.

The displacements and rotations of the beam can be
related to the nodal degrees of freedom throughout the
use of the shape functions to give:

u ¼ Nub c �f g

¼ N1, 0, 0, 0, 0,N2, 0, 0, 0, 0,N3, 0, 0, 0, 0b c �f g

Figure 3. Beam higher-order finite element representation: (a) a three-nodded beam element and (b) its intrinsic coordinates.
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w ¼ Nwb c �f g

¼ 0,�1,�2, 0, 0, 0,�3,�4, 0, 0, 0,�5,�6, 0, 0b c �f g

 x ¼ N x

� �
�f g

¼ 0, 0, 0,N1, 0, 0, 0, 0,N2, 0, 0, 0, 0,N3, 0b c �f g

 y ¼ N y

� �
�f g

¼ 0, 0, 0, 0,N1, 0, 0, 0, 0,N2, 0, 0, 0, 0,N3b c �f g ð13Þ

Having on hand all primary means, now one can easily
calculate the stiffness and mass matrices of the intended
LCB which will be dealt with in the next section.

Stiffness and mass matrices of the element

To obtain the stiffness matrix of the beam element, we
start by substituting the equation (13) in equation (9) to
get the following expression for the stiffness matrix:

U ¼
1

2
�f gT Ke½ � �f g ð14Þ

in which the element stiffness matrix is given by:

On the other hand, substituting from equation (13)
into equation (10) and integrating over the element
length gives the kinetic energy of the element as:

T ¼
1

2
�f gT Me½ � �f g ð16Þ

where the element mass matrix is:

The above element stiffness and mass matrices are
used to assemble the global corresponding matrices for
each sub-beam. It should be mentioned that to obtain
the vibrational characteristics of the delaminated LCB
based on the free and constrained mode models, the
interacting force between the delaminated sub-beams
2 and 3 can be modeled as a distributed soft spring
with stiffness of k (Luo and Hanagud17). In this way
the total potential energy for the delaminated LCB can
be expressed by inclusion of this soft spring in terms of
displacements.22

Displacement continuity conditions

In order to obtain the stiffness and mass matrices of the
whole delaminated LCB, the displacement continuity
conditions at the junction between sub-beam 1 with
the sub-beams 2 and 3 and also at junction between
sub-beam 4 with the sub-beams 2 and 3 has to be
enforced. To do this, the overall element nodal dis-
placement vectors and the stiffness and mass matrices

of sub-beams 1–4 are considered as {�}i, [K]i and [M]i
(i¼ 1–4), respectively.

Consider now the whole beam’s elements at the con-
necting nodes i, j, k and l for sub-beams 1, 2 and 4 as
shown in Figure 4.
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At the connection nodes i–j and k–l, the displace-
ment continuity conditions are as follows:

ujnode j ¼ u� e2 x þ 4e32=3h
2  x þ w,x

� �� �
jnode i,

wjnode j ¼ wjnode i,w,x

��
node j
¼ w,x

��
node i

, x

��
node j
¼  x

��
node i

,

 y

��
node j
¼  y

��
node i

utjnode k ¼ u� e2 x þ 4e32=3h
2  x þ w,x

� �� ���
node l

,

wjnode k ¼ wjnode l,w,x

��
node k
¼ w,xjnode l,

 xjnode k ¼  x

��
node l

, y

��
node k
¼  y

��
node l

ð18Þ

where e2 is the distance between the mid-planes of the
sub-beams 1 and 2. In this way, the nodal degrees of
freedom for sub-beam 2 i.e. {�}2 can be related to the
modified nodal degrees of freedom i.e. {�}2 including
the nodal degrees of freedom at nodes i and l plus all of
the nodal degrees of freedom for sub-beam 2 except
nodes j and k. In other words, one can have:

�f g2¼ T1f�g2 ð19Þ

By substituting equation (19) in equations (15) and
(17), the following transformation relations for the
element stiffness and mass matrices can be
established:22,23

K
� �

2
¼ T1½ �

T K½ �2 T1½ �

M
� �

2
¼ T1½ �

T M½ �2 T1½ �
ð20Þ

Assuming the dimension c1� c1 for the stiffness
and mass matrices of sub-beam 2 and based on the
equation (20), the transformation matrix T1 has the
dimension of c1� c1 and is given as:

T1ði, j Þ ¼ 1 i¼ j

T1ð1,3Þ ¼
4e32
3h2

, T1ð1,4Þ ¼
4e32
3h2
� e2

T1ðc1� 4,c1� 2Þ ¼
4e32
3h2

, T1ðc1� 4,c1� 1Þ ¼
4e32
3h2
� e2

T1ði, j Þ ¼ 0, for other

8>>>>><
>>>>>:

ð21Þ

A similar treatment can be carried out for the connec-
tion nodes i–m and n–l and the following

transformation relations for the element stiffness and
mass matrices can be established:

K
� �

3
¼ T2½ �

T K½ �3 T2½ �

M
� �

3
¼ T2½ �

T M½ �3 T2½ �
ð22Þ

in which the transformation matrix T2 has the dimen-
sion of the stiffness and mass matrices of sub-beam 3
(i.e. c2� c2) and is given by:

T2ði, jÞ ¼ 1 i¼ j

T2ð1,3Þ ¼�
4e33
3h2

, T2ð1,4Þ ¼ e3�
4e33
3h2

T2ðc2�4,c2�2Þ ¼�
4e33
3h2

, T2ðc2�4,c2�1Þ ¼ e3�
4e33
3h2

T2ði, jÞ ¼ 0, for other

8>>>>><
>>>>>:

ð23Þ

in which e3 is the distance between the mid-planes of
the sub-beams 1 and 3. The matrices K

� �
i
and

M
� �

i
ði ¼ 2, 3Þ will be used to assemble the global stiff-

ness and mass matrices of the whole delaminated LCB.

Dynamic contact condition

As shown in Figure 4, nodes p and q represent two
neighboring arbitrary nodes at the upper and lower
surfaces of the delaminated segment, respectively.
Nodes p and q are called a contact pair. Using the
node-to-node model, nodes p and q are in contact if
the following condition is satisfied:

wq ¼ wp! wq � wp ¼ 0 ð24Þ

or in matrix form:

1 �1
� � wq

wp

� �
¼ 0f g ð25Þ

Depending on the chosen number of elements between
nodes j and k, say n elements we will have at most
2nþ 1 contact pairs. At any instant of time, we may
have not all but limited number of these pairs in con-
tact. For those pairs in contact equation (25) can be
established as following:

�G
� �

�af g ¼ 0f g ð26Þ

Figure 4. Nodes at the delamination boundaries.
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where �G
� �

and �af g are the contact constraint matrix
and element nodal vertical displacement of contacted
pairs, respectively.

Governing equations of motion

To introduce the constraint equations into the motion
governing equations the Lagrange multiplier method is
adopted. In general, the finite element equations of
motion for the delaminated LCB can be described as:

½M� €af g þ K½ � af g þ GT
� �

�f g ¼ Ff g ¼ Nwb cTf0 ð27� aÞ

G½ � af g ¼ 0f g ð27� bÞ

where [M] is global mass matrix, [K] the global stiffness
matrix, [G] the global contact constraint matrix for sat-
isfying the non-penetration condition on delaminated
segment, �f g the Lagrange multiplier vector, Ff g the
external force vector containing the moving force and
af g and €af g are the global displacement and acceleration
vectors of the LCB, respectively. It should be mentioned
that Nwb cT is the transpose of the shape functions eval-
uated at the position of the force. Furthermore, the
external force vector is time-dependent that have to be
calculated in each time step and not only the contact
constraint matrix [G] is a time-depending matrix but
geometrically related to the matrix �G

� �
. Moreover, {a}

and �af g are kinematically related to each other. It should
be emphasized that actually �i’s are the induced contact
forces between nodes p and q of two neighboring lamin-
ates and when its value is negative, it represents the con-
dition of contact between two contact pairs, and when
its value is positive it describes the opening condition
between two contact pairs.

Solution method

In order to solve the extracted governing equations, we
will divide the solution into two steps. In the first step
to get the natural frequencies of free and constrained
modes of delaminated LCB the Eigen-value technique
will be employed. The results out of implementing
Eigen-value method are compared with those available
in the literatures. Then in the next step, the time
response of the main problem will be obtained in
which the non-penetration condition on delaminated
segment will be considered.

The detailed description of the solution methods are
presented in following sub-sections.

Eigen-value equations

Based on the procedure outlined in the previous sec-
tions, the global equation of motion for the free and

constrained modes of delaminated LCB is:

½M� €af g þ K½ � af g ¼ 0f g ð28Þ

Assuming a general solution af g ¼ a0f ge
i!t for the equa-

tion (28), we obtain:

K½ � � !2 M½ �
�� �� a0f g ¼ 0f g ð29Þ

The non-trivial solution for the equation (29) can be
obtained by solving equation detð K½ � � !2 M½ �Þ ¼ 0,
which yields to the Eigen-values or natural frequencies
of the free and constrained modes of delaminated LCB.
Note that a0f g is the corresponding mode shapes to any
natural frequencies !i.

Time response

To solve the time-dependent equations of motion i.e.
equations (27), the Newmark method is employed. The
Newmark algorithm is given by:20

af gnþ1 ¼ af gnþ�t af g þ 0:5� 	ð Þ €af gnþ	�t2 €af gnþ1

_af gnþ1 ¼ _af gnþ 1� 
ð Þ�t €af gnþ
�t €af gnþ1
ð30Þ

After substituting equation (30) into equations (27)
and doing some mathematics, one can arrive at the fol-
lowing matrix form:

K̂ GT
nþ1

Gnþ1 0

� 	
anþ1
�nþ1

� �
¼

F̂nþ1

0

� �
ð31Þ

in which:

K̂
h i
¼ K½ � þ

1

	�t2
M½ �,

F̂
n o

nþ1
¼ Ff gnþ1þM½ �

1

	�t2
af gnþ�t _af gnð

þð0:5� 	Þ�t2 €af gn
�

ð32Þ

where �t represents time step between tn and tnþ 1. The
constant coefficients of 	 and 
 are the Newmark’s par-
ameters which control the integration accuracy and
stability of the numerical solution. The values of
	 ¼ 0:5 and 
 ¼ 0:7 are picked up in the present
study.24

The procedure of the dynamic contact algorithm for
the iterative method used in the present work is given in
Table 1. Based on this algorithm, a MATLAB program
is written to calculate the time response of the LCB.

Numerical results and discussion

The validity of the self-developed finite element com-
puter program of the present study breaks into two
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parts, part one the validity of Eigen-values and part
two validity of the beam’s time response.

In the sub-section Calculation of natural frequen-
cies, primarily, for special cases the natural frequencies
of the considered problem have been compared with the
available results from the literature. Then, for the con-
sidered LCB in this study actual natural frequencies
under different conditions are obtained. Furthermore,
to make sure the developed program is working appro-
priately, initially the results of time responses for some
special cases are compared, then an in-depth time
response analysis for the delaminated LCB is presented
under the action of non-moving harmonic force and
moving constant force (see sub-sections Response to
the non-moving harmonic force and Response to the
moving constant force).

Calculation of natural frequencies

Example 1. In order to show the accuracy of the pre-
sented method for a delaminated LCB, checking on the
validity of the results is carried out in this section. In
this phase, we preferred to compare our results with
those reported in (Okafor et al.,25 Valoor and
Chandrashekhara,15 Zhu et al.,26 Kargarnovin
et al.18,19). The general data in all aforementioned lit-
erature are: the beam is 266.7 mm long, 25.4 mm wide

and 1.778 mm thick in which the delamination has a
length of 101.6mm with L1¼ 117.5mm. Moreover, the
eight-ply laminated beam with lay-up of [0/90/90/0]s
glass/epoxy is considered having material properties
taken from Valoor and Chandrashekhara.15

In all of the following tables, the double slash ‘//’
signifies the thicknesswise location of the delamination.
Also, the WPE and WOPE stand for the case with and
without the Poisson’s effects, respectively. The funda-
mental frequencies of the LCB with delamination pos-
itioned at the different interfaces one at the time are
compared in Tables 2 and 3, for the ‘constrained
mode’. It should bementioned that in all of the following
examples, the NR stands for ‘Not Reported’ and is
referred to the results of the authors’ previous works
(Kargarnovin et al.18,19), which are not reported there
but are calculated here for the purpose of comparison.
Also, it should be noted that if the Poisson’s effect is not
considered, the results of Kargarnovin et al.18 should
yield to the same results given in Luo and Hanagud.17

As it is seen from these tables, good agreement is
seen between the calculated results by the present
method, the experimental and analytical results of
Okafor et al.,25 Valoor and Chandrashekhara,15 Zhu
et al.,26 Kargarnovin et al.18,19 Another important
aspect out of results given in these tables is that for
the case of cross-ply lay-up, the results of WPE and

Table 1. The procedure of the dynamic contact algorithm for the iterative method.

A. Initial computations

A. 1. Form the initial global displacement, velocity and acceleration vectors.

A.2. Choose the time step �t and the coefficients 	 and 
 of the Newmark method.

A.3. Form the effective stiffness matrix K̂.

B. For every time step

B.1. Form the effective force vector F̂ at current time tnþ 1.

B.2. Using the contact constraint matrix at time tn solve the matrix equations (31) to obtain the displacement vector and Lagrange

multipliers vector at current time tnþ 1.

B.3. Check each contact pair to satisfy the non-penetration condition and compressive reaction force (i.e. negative value of �).

B.3.1. If the relative displacement of each contact pair (i.e. wq–wp) is negative; impose the contact constraint on the pair.

B.3.2. If the reaction force � is positive; release the node at which the contact constraint is applied.

B.4. Go to the next time step.

Table 2. Natural frequencies (Hz) of the laminated composite beam (LCB) with a delamination located at the midplane i.e. [0/90/90/

0//0/90/90/0].

Mode

number

Experiment25

Valoor and

Chandrashekhara15 Zhu et al.26

Kargarnovin et al.18,NR

Kargarnovin

et al.19 PresentImpulse Sine sweep WPE WOPE

1st 16 17 15.73 15.96 15.78 15.89 15.50 15.61

2nd 98 99 96.86 94.95 97.34 98.05 95.56 96.14

3rd 223 223 224.77 256.74 240.34 242.05 225.92 223.02

4th 441 440 458.32 454.26 414.10 417.28 455.87 443.11

WPE: with Poisson’s effects; WOPE: without the Poisson’s effects.
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WOPE are almost the same. This conclusion is men-
tioned by many authors in the literatures
(Krishnaswamy et al.;27 Jun et al.,28 Kadivar and
Mohebpour29).

Example 2. In this example and all subsequent ones the
width of the beam is taken as unity and the thickness of
all layers in the LCB is equal. Moreover, AS4/3501
Graphite-Epoxy is chosen for the LCB having the fol-
lowing mechanical properties (Krishnaswamy et al.27):

E11 ¼ 144:8GPa, E22 ¼ 9:65GPa, G12 ¼ 4:14GPa,

G13 ¼ 4:14GPa, G23 ¼ 3:45GPa, �12 ¼ 0:33,

� ¼ 1389:23 kg=m3

Also, the calculated natural frequencies in these
examples are presented in a dimensionless form of
ð� ¼ !=

ffiffiffiffiffiffiffiffiffiffi
E11H2

�L4

q
Þ and the following are other non-

dimensional parameters used in our analysis:

L1 ¼
L1

L
, L2 ¼

L2

L
, h2 ¼

h2
h

Consider an angle-ply LCB with a central delamination
located at the mid-plane and symmetric stacking
sequence of 10=�10=10=�10½ �s. The first five funda-
mental frequencies of such beam based on the free
mode under various movable boundary conditions are
calculated and compared in Table 4. The beam has the
slenderness ratio of L/h¼ 15 and the non-dimensional
delamination length is L2 ¼ 0:2. In this table, C, H and
F stand for Clamped, Hinged and Free boundary con-
ditions. Note that in this table for example, for the case
of C-C, the third row is referred to the longitudinal
mode and forth and sixth rows represent the results
for the torsional modes.

Based on presented results in Table 4, it should be
highly emphasized that disregarding of any coupling
effects for example longitudinal-torsional modes will
lead the designers to some wrong conclusions specially
when the LCB is vibrating in one of these modes due to
coupling effects (see highlighted cells in the table).

Example 3. In order to show the importance of the
Poisson’s effect for the dynamic analysis of the angle-
ply LCB, the normalized fundamental frequency of the
C-C and C-H beam comprising of four laminas with

Table 3. Natural frequencies (Hz) of the laminated composite beam (LCB) with a delamination located at different interfaces.

Mode number

[0/90/90/0/0//90/90/0] [0/90/90/0/0/90//90/0] [0/90/90/0/0/90/90//0]

Kargarnovin et al.18,NR

Present

Kargarnovin et al.18,NR

Present

Kargarnovin et al18,NR

PresentWPE WOPE WPE WOPE WPE WOPE

1st 15.80 15.91 15.71 15.80 15.91 15.80 15.90 16.01 15.87

2nd 96.54 97.26 97.06 95.88 96.55 97.90 97.64 98.39 98.70

3rd 244.21 246.10 243.11 246.69 248.40 249.52 258.99 260.92 259.51

4th 426.60 429.87 419.22 435.55 438.57 434.22 464.75 468.02 460.44

WPE: with Poisson’s effects; WOPE: without the Poisson’s effects.

Table 4. Normalized free mode frequencies of symmetric angle-ply 10�=� 10�=10�=� 10�½ �s delaminated beams (L/h¼ 15).

Mode No.

C-C C-H H-H C-F

Kargarnovin

et al.19 Present

Kargarnovin

et al.19 Present

Kargarnovin

et al.19 Present

Kargarnovin

et al.19 Present

1 4.0746 4.2382 2.9365 3.0608 1.7465 1.9765 0.8075 0.8708

2 10.0070 9.8991 9.0788 9.0344 8.0505 8.0551 3.7746 3.8618

3 11.4243L 11.5712L 11.3997L 10.4325L 11.3903L 10.8282L 4.5070T 4.7430T

4 12.9340T 11.9615T 12.8446T 12.4802T 12.8115T 12.3909T 10.7286 10.9499

5 15.8929 15.7893 15.2422 15.1889 14.4463 13.7458 11.4672L 11.2505L

6 17.3677T 17.4567T 17.3504T 16.7164T 17.3411T 17.0697T 17.7072 15.2041

7 23.1155 22.4646 22.5811 21.7564 22.3717 21.7392 15.2746T 17.8143T

8 31.2636 31.0143 30.9555 26.7687 30.6541 30.6451 24.9776 24.7644

LIndicating the longitudinal vibrations; TIndicating the torsional vibrations.
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symmetric lay-up shown in Figure 5 is presented in
Tables 5 and 6. The dimensionless length of the single
delamination is 0.2 and it will be placed in different
interfaces one at a time. It should be mentioned that
despite considering laminated beam theory in reference
Chandrashekhara et al.30 no Poisson’s effect is con-
sidered in there whereas in the reference
Krishnaswamy et al.27 this effect is included.

From the results given in these tables as it is
expected, for the unidirectional � ¼ 0�ð Þ or cross-ply
� ¼ 90�ð Þ LCB the inclusion of Poisson’s effect pro-
duces no significant changes on the fundamental fre-
quency. Contrary to this, the fundamental frequency
for an angle-ply beam with no Poisson’s effect deviates
significantly from the exact value (i.e. considering
Poisson’s effect), especially for the layout angle between
30� and 60�.

Example 4. To find the real natural frequencies of the
delaminated LCB, the cantilever beam comprising of
four laminas with unsymmetric lay-up shown in

Figure 6 is considered. The dimensionless length of
the delamination is 0.2 or 0.4 or 0.6 or 0.8 one at a
time. As can be seen from Tables 7–9, the natural fre-
quencies obtained from the ‘free’ mode model repre-
sents the lower bound and the ‘constrained’ mode
model signifies the upper bound of the real solutions.
This has been also mentioned in many other studies
(Della and Shu,10–12 Kargarnovin et al.19).

Based on the results given in Tables 7–9, if this single
delamination is located at the interfaces 2 or 3, the nat-
ural frequencies of the beam under free and constrained
modes become the same as the physically-real mode
(PRM), which signifies that no ‘opening mode’ is hap-
pening. It should be emphasized that in PRM, which is
suggested in this study, the opening is allowed but no
penetration can occur; but when the delamination is
located at the interface 1, the so-called ‘opening
modes’ may appear more easily even for a short-
length delamination. It should be mentioned that
though the thicknesswise distance of the interface 1
and 3 is the same from the free surfaces, the opening
mode is only seen when the delamination is located at
the interface 1. This could be due to the fact that when
the delamination is placed at the interface 3. the stiff-
ness values of sub-beams [0�] and [45�/0�/45�] yield
almost to the same results. On the other hand, when
the delamination is placed at the interface 1, the differ-
ence between the stiffness values of the clustered sub-
beams 2 with [0�/45�/0�] lay-ups and sub-beam 3 with
[45�] lay-up becomes relatively high, which leads to dif-
ferent deformations in two adjacent sub-beams 2 and 3
causing opening mode. This phenomenon can also be

Table 5. Normalized free mode frequencies of angle-ply laminated composite beam (LCB) for C-C boundary conditions (L/h¼ 15).

Thickness-wise location

of delamination � ð�Þ 0 15 30 45 60 75 90

Interface 1 or 3 Present- WPE 4.5026 3.6139 2.5538 1.8059 1.6095 1.5912 1.5987

Present- WOPE 4.5287 3.8856 3.1247 2.6610 1.9136 1.6132 1.6178

WPE18,NR 4.9325 4.0254 2.8505 1.9234 1.6312 1.6088 1.6187

WOPE18,NR 4.9411 4.7468 4.1566 3.2129 2.2080 1.6855 1.6233

Interface 2 Present- WPE 4.6457 3.7039 2.5700 1.8345 1.5992 1.5804 1.5866

Present- WOPE 4.6567 3.9064 3.0951 2.5634 1.9200 1.6082 1.5903

WPE18,NR 4.9628 4.1889 2.9759 1.9531 1.6332 1.6095 1.6194

WOPE18,NR 4.9716 4.7741 4.1754 3.2216 2.2105 1.6863 1.6240

Intact Present 4.7401 3.7846 2.7243 1.8490 1.5923 1.5872 1.5902

Krishnaswamy et al.27 4.869 3.988 2.878 1.947 (1.8472a) 1.644 1.621 1.631

Chandrashekhara et al.30 4.849 4.664 4.098 3.184 2.198 1.682 1.620

WPE: with Poisson’s effects; WOPE: without the Poisson’s effects.
aFrom Chandrashekhara and Bangera31 Based on the third-order shear deformation theory.

Figure 5. An LCB with �=� �=� �=�½ � lay-up and a central

delamination.
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justified by considering the bending stiffness of sub-
beams 2 and 3 presented in Table 10.

Response to the non-moving harmonic force

A delaminated LCB with clamped-free boundary con-
ditions and lay-ups shown in Figure 7 is considered
here. The concentrated harmonic force which is applied
at the free end (i.e. x¼L) is changing as:

f ðx, tÞ ¼ f0 sin �!tð Þ�ðx� LÞ

where f0¼ 0.5 N and ! could take the values of 10, 30 and
50 rad/s one at a time and ä is the Dirac-Delta function.
The central delamination is located at interface 1 and its
normalized length could be 0.2 or 0.8 one at a time.

In Figure 7, A and B are two central neighboring
points in each sub-beam above and below of delamin-
ation and C is another point at center of end section.
We are going to study the effect of changing �! and
delamination length on the dynamic deflections of
these three points.

Note that in evaluating the dynamic response (DR)
of the delaminated LCB, two different conditions for
the dynamic contacts are considered. That is non-

physically real mode (NPRM) which allows penetration
and PRM condition which has been defined before.
Figures 8 and 9 show the DR variation of points A,
B and C in a delaminated LCB under variations of the
�! and delamination length. In these figures, the
response which excludes the contact is obtained using
the free mode model. Note that in Figure 8, which illus-
trates the DR for L2 ¼ 0:2, no significant difference is
seen between the DR of points A and B. However, at
Figure 9, this difference is more notable due to the
increase in the length of delamination. Moreover, by
comparison of DRs between including and excluding
dynamic contact conditions, the opening mode shows
itself more clearly as the delamination length increases.
In general, this means that the effect of the dynamic
contact and delamination length on the dynamic
response of the delaminated LCB is found to be signifi-
cant especially for longer delamination. Also, neglect-
ing the dynamic contact between the delaminated
interfaces results in the inter-penetration of the points
laying in the interfaces of the delaminated segments.

It should be mentioned that the dynamic response of
the delaminated LCB is greatly dependent on the fre-
quency of the exciting force. As expected, the closer the
exciting frequency is to the fundamental natural fre-
quency of the delaminated LCB (see Table 7:
!1 ¼ 28 rad= sec), the greater the response amplitude
would be. This phenomenon is obviously seen by the
dynamic deflection at point C in Figures 8 and 9.

Response to the moving constant force

In this section, we will analyze the response of the dela-
minated beam under the action of a constant single
moving force. Figures 10�12 show the variation of

Table 6. Normalized free mode frequencies of angle-ply laminated composite beam (LCB) for C-H boundary conditions (L/h¼ 15).

Thickness-wise location

of delamination � ð�Þ 0 15 30 45 60 75 90

Interface 1 or 3 Present- WPE 3.6394 2.7586 1.8305 1.2341 1.0885 1.0759 1.0822

Present- WOPE 3.6401 3.0241 2.4190 1.7532 1.3764 1.1053 1.0945

WPE18,NR 3.7755 2.9725 2.0311 1.3438 1.1345 1.1190 1.1262

WOPE18,NR 3.7838 3.6049 3.0844 2.3121 1.5513 1.1737 1.1295

Interface 2 Present- WPE 3.2415 2.6132 1.8869 1.2197 1.0782 1.0657 1.0714

Present- WOPE 3.2418 2.7802 2.3763 1.8041 1.2365 1.0983 1.0942

WPE18,NR 3.7861 3.0939 2.1154 1.3592 1.1314 1.1151 1.1223

WOPE18,NR 3.7945 3.6130 3.0864 2.3089 1.5468 1.1697 1.1256

Intact Present 3.6872 2.8324 1.9456 1.3075 1.1210 1.0982 1.0921

Krishnaswamy et al.27 3.837 3.243 2.213 1.388 1.146 1.129 1.136

Chandrashekhara et al.30 3.731 3.559 3.057 2.303 1.551 1.175 1.131

WPE: with Poisson’s effects; WOPE: without the Poisson’s effects.

Figure 6. An LCB with 0=45=0=45½ � lay-ups and a single central

delamination.
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the dynamic magnification factor (DMF) vs. dimen-
sionless time Tf=�

� �
and Figures 13�15 illustrate the

deflection variation at the beam’s center (wm) expressed
in metric unit at the force critical velocity vs. xf under
variations of different parameters. Note that the DMF

represents the ratio of the maximum magnitude of the
dynamic deflection at the beam’s center to the corres-
ponding static values of the intact beam. The symbol Tf

denotes the fundamental period of the intact beam and
� represents the traveling time of the moving force from

Table 7. Dimensionless fundamental frequencies of the laminated composite beam (LCB) with delamination located at interface 1

(L/h¼ 15).

L2

Jafari-Talookolaei et al.14,NR Kargarnovin et al.18,NR Kargarnovin et al.19,NR Present

WPE WOPE WPE WOPE Free Cons. Free Cons. PRM

0.2 0.7995 0.8194 0.7283 0.7993 0.6815 0.6815 0.6546 0.6547 0.6547

0.4 0.7948 0.8115 0.7232 0.7927 0.6776 0.6790 0.6526 0.6532 0.6530

0.6 0.7829 0.7951 0.7156 0.7790 0.6684 0.6734 0.6346 0.6401 0.6382

0.8 0.7624 0.7688 0.7046 0.7566 0.6102 0.6686 0.5943 0.6348 0.6237

Cons.: constrained mode; WPE: with Poisson’s effects; WOPE: without the Poisson’s effects.

Table 8. Dimensionless fundamental frequencies of the laminated composite beam (LCB) with delamination located at interface 2

(L/h¼ 15).

L2

Jafari-Talookolaei et al.14,NR Kargarnovin et al.18,NR Kargarnovin et al.19,NR Present

WPE WOPE WPE WOPE Free Cons. Free Cons. PRM

0.2 0.7948 0.8180 0.7285 0.7970 0.6748 0.6748 0.6578 0.6578 0.6578

0.4 0.7603 0.7896 0.7035 0.7697 0.6280 0.6280 0.6009 0.6009 0.6009

0.6 0.6878 0.7274 0.6495 0.7109 0.5403 0.5403 0.5287 0.5287 0.5287

0.8 0.5958 0.6437 0.5765 0.6314 0.4449 0.4449 0.4260 0.4260 0.4260

Cons.: constrained mode; PRM: physically-real mode; WPE: with Poisson’s effects; WOPE: without the Poisson’s effects.

Table 9. Dimensionless fundamental frequencies of the laminated composite beam (LCB) with delamination located at interface 3

(L/h¼ 15).

L2

Jafari-Talookolaei et al.14,NR Kargarnovin et al.18,NR Kargarnovin et al.19,NR Present

WPE WOPE WPE WOPE Free Cons. Free Cons. PRM

0.2 0.7960 0.8156 0.7188 0.7952 0.6750 0.6750 0.6590 0.6590 0.6590

0.4 0.7685 0.7836 0.6614 0.7656 0.6296 0.6296 0.6036 0.6036 0.6036

0.6 0.7083 0.7174 0.5619 0.7014 0.5440 0.5440 0.5329 0.5329 0.5329

0.8 0.6271 0.6307 0.4582 0.6226 0.4992 0.4992 0.4310 0.4310 0.4310

Cons.: constrained mode; PRM: physically-real mode; WPE: with Poisson’s effects; WOPE: without the Poisson’s effects.

Table 10. Bending stiffness (D11 ðPaÞ) for sub-beams 2 and 3.

Interface 1 Interface 2 Interface 3

Sub-beam 2 Sub-beam 3 Sub-beam 2 Sub-beam 3 Sub-beam 2 Sub-beam 3

4.92895 (109) 1.57028 (107) 8.17820 (108) 8.17820 (108) 1.88542 (108) 5.96492 (108)
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Figure 7. Cantilever delaminated LCB excited by a harmonic force at the free end (L/h¼ 15).

Figure 8. Dynamic response of the delaminated LCB L2 ¼ 0:2
� �

(Solid Line: Point A, Dashed Line: Point B, Dashed-Dot Line: Point C).

NPRM: non-physically real mode; PRM: physically real mode.
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the left end to the right end of the beam � ¼ L=vð Þ.
Moreover, xf is the non-dimensional time t=�ð Þ equiva-
lent to the non-dimensional horizontal position of
moving force vt=Lð Þ . In addition, the critical velocity
(Vcr) is the velocity in which the maximum DMF occurs.

It has to be emphasized that the results presented in
Figures 10�15 are all related to a simply supported
beam with a moveable end and slenderness ration
L/h¼ 15. Nonetheless, similar analysis can be done
with no difficulties for other types of boundary condi-
tions. From the static analysis related to the equilib-
rium condition of a simply supported intact beam, the

maximum static deflection due to only the concentrated
force f0 located at the mid-span is f0L

3= 48D11,1

� �
. In

these figures, solid and dashed lines are the DMF for
points A and B, respectively, that their geometrical
locations are shown in Figure 7. Also, DMF obtained
from CLT (Jafari-Talookolaei et al.14) and FSDT
(Kargarnovin et al.18) based on the WPE are shown
with dotted and dashed-dotted lines, respectively.

A close inspection of Figures 10�15 reveals that out
of three employed methods, the CLT predicts least
value for the maximum dynamic response whereas the
presented formulation in this paper gives the highest

Figure 9. Dynamic response of the delaminated LCB L2 ¼ 0:8
� �

(Solid Line: Point A, Dashed Line: Point B, Dashed-Dot Line:

Point C).

NPRM: non-physically real mode; PRM: physically real mode.
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Figure 10. Variation of DMF vs. Tf =� for different delamination lengths (delamination located at interface 1). DMF: dynamic mag-

nification factor. CLT: classical lamination theory.

CLT: classical lamination theory; FSDT: first-order shear deformation theory.

Figure 11. Variation of DMF vs. Tf /� for different delamination lengths (delamination located at interface 2). DMF: dynamic mag-

nification factor.

CLT: classical lamination theory; FSDT: first-order shear deformation theory.
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value for the maximum dynamic response of the con-
sidered beam. This is due to the softening effect of
higher order terms in the displacement functions that
makes the beam more flexible. In addition, the influence

of two other parameters i.e. delamination length and its
location on different interfaces have fluctuating vari-
ations which for brevity their outcomes are listed in
Tables 11�13. For example in Table 10, for normalized

Figure 12. Variation of DMF vs. Tf =� for different delamination lengths (delamination located at interface 3). DMF: dynamic mag-

nification factor. CLT: classical lamination theory.

CLT: classical lamination theory; FSDT: first-order shear deformation theory.

Figure 11. Continued.
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Figure 13. Variation of wm vs. xf for different delamination lengths (delamination located at interface 1). CLT: classical lamination

theory.

CLT: classical lamination theory; FSDT: first-order shear deformation theory.

Figure 14. Variation of wm vs. xf for different delamination lengths (delamination located at interface 2). CLT: classical lamination

theory.

CLT: classical lamination theory; FSDT: first-order shear deformation theory.
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Figure 14. Continued.

Figure 15. Variation of wm vs. xf for different delamination lengths (delamination located at interface 3). CLT: classical lamination

theory.

CLT: classical lamination theory; FSDT: first-order shear deformation theory.
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delamination length of L2 ¼ 0:2 located at the interface
1, the maximum DMF for points A and B occurs at the
same value Tf=� ¼ 1:31 (also see Figure 10). Moreover,
from Figure 13 or Table 11, for normalized delamin-
ation length of 0.2, the maximum deflection at the beam
center occurs when the moving force passes the position
of xf crj ¼ 0:75 and 0.71 for points A and B, respect-
ively. Finally, one can observe that when the delamin-
ation is located at the interface 1 with normalized
length 0.8 the maximum deflection at point B occurs
when the moving force passes the beam length i.e.
xf crj ¼ 1. This is due to the occurrence of significant
opening in the delaminated segments. Moreover, it

should be said that the xf crj is not affected considerably
by change of other parameters. It can be further
extracted from these tables that the critical velocity pre-
dicted by the present formulation, CLT and FSDT
decreases as the delamination length increases. Also,
it should be noted that the critical velocities predicted
by CLT are greater than the value presented in this
paper. However, out of these figure and tables one
can say the DMF and critical velocities for points A
and B are the same when no significant opening occurs
in the delaminated interfaces. Whereas, when the open-
ing is considerable (see Figure 13), these points have the
different DMF and critical velocities due to the

Table 11. Critical velocity of the force and its position travelling on the laminated composite beam (LCB) with delamination located

at interface 1.

L2 ¼ 0:2 L2 ¼ 0:4 L2 ¼ 0:6 L2 ¼ 0:8

Tf =� vcr xf crj Tf =� vcr xf crj Tf =� vcr xf crj Tf =� vcr xf crj

A 1.31 266.4540 0.75 1.26 256.2840 0.76 1.06 215.6040 0.67 1.01 215.6040 0.69

B 1.31 266.4540 0.71 1.21 246.1140 0.88 1.16 235.9440 0.95 1.16 235.9440 1

CLT 1.51 307.1340 0.75 1.46 296.9640 0.75 1.41 286.7940 0.75 1.36 276.6240 0.74

FSDT 1.31 266.4540 0.74 1.26 256.2840 0.75 1.21 246.1140 0.73 1.21 246.1140 0.73

CLT: classical lamination theory; FSDT: first-order shear deformation theory.

Table 12. Critical velocity of the force and its position travelling on the laminated composite beam (LCB) with delamination located

at interface 2.

L2 ¼ 0:2 L2 ¼ 0:4 L2 ¼ 0:6 L2 ¼ 0:8

Tf =� vcr xf crj Tf =� vcr xf crj Tf =� vcr xf crj Tf =� vcr xf crj

A 1.31 266.4540 0.75 1.21 246.1140 0.80 0.96 195.2640 0.67 0.86 174.9240 0.70

B 1.31 266.4540 0.75 1.21 246.1140 0.80 1.01 205.4340 0.67 0.86 174.9240 0.70

CLT 1.46 296.9640 0.75 1.46 296.9640 0.78 1.31 266.4540 0.71 1.16 235.9440 0.71

FSDT 1.26 256.2840 0.74 1.26 256.2840 0.73 1.01 205.4340 0.69 0.86 174.9240 0.70

CLT: classical lamination theory; FSDT: first-order shear deformation theory.

Table 13. Critical velocity of the force and its position travelling on the laminated composite beam (LCB) with delamination located

at interface 3.

L2 ¼ 0:2 L2 ¼ 0:4 L2 ¼ 0:6 L2 ¼ 0:8

Tf =� vcr xf crj Tf =� vcr xf crj Tf =� vcr xf crj Tf =� vcr xf crj

A 1.31 266.4540 0.75 1.21 246.1140 0.79 0.96 195.2640 0.67 0.86 174.9240 0.69

B 1.31 266.4540 0.75 1.21 246.1140 0.79 0.96 195.2640 0.67 0.86 174.9240 0.69

CLT 1.51 307.1340 0.75 1.46 296.9640 0.78 1.31 266.4540 0.72 1.26 256.2840 0.74

FSDT 1.41 286.7940 0.73 1.26 256.2840 0.80 1.16 235.9440 0.67 1.06 215.6040 0.68

CLT: classical lamination theory; FSDT: first-order shear deformation theory.
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dynamic contact. It should be emphasized that
Kargarnovin et al.18 i.e. FSDT in Figures 10�15 has
ignored the bending-extension coupling which causes
significant differences in the dynamic response.

Conclusion

The current work presents for the first time the solution
to the dynamic behavior of a delaminated composite
beam when the dynamic contact is considered in the
delaminated segments. The combined effects of trans-
verse shear deformation, rotary inertia, material cou-
plings (flexure–tensile, flexure–twist and tensile–twist
couplings) and the Poisson’s effect are considered in
this analysis so that it can be used to predict more real-
istically the dynamic response of the delaminated LCB
with general lay-ups. Based on the finite element
approach, the matrix form of governing equations of
motion are derived in which the violation of unilateral
contact conditions in the delaminated region is pro-
hibited by imposing contact constraints using the
Lagrange multipliers. It has been shown that the
numerical results are in good agreement with available
experimental and analytical data.

Under a moving/non-moving force a thorough study
is carried out to investigate the effects of the lay-ups
and delamination parameters namely delamination
length and its thicknesswise location on the dynamic
response of the delaminated LCB such as dynamic
deflection and critical velocity and following conclu-
sions are drawn:

. Ignoring the material couplings lead the designers to
some wrong conclusions especially when the LCB is
vibrating in one of the longitudinal and torsional
modes.

. For an angle-ply LCB with (�¼ 0�) or (�¼ 90�) lay-
ups, the inclusion of Poisson’s effect produces no
significant changes on the fundamental frequency.
However, for a angle-ply LCB with lay-ups except
�¼ 0� and 90�, the fundamental frequency with no
Poisson’s effect deviates significantly from the exact
value (i.e. considering Poisson’s effect), especially for
the layout angle between 30� and 60�.

. The influence of dynamic contact between the
upper and lower surfaces of the delaminated
zone becomes more significant for a delaminated
LCB in which differences in the stiffnesses of the
sub-beams around delaminated zone get higher
due to the lay-ups or thicknesswise location of the
delamination.

. It should be mentioned that the dynamic response of
the delaminated LCB excited by a harmonic force is
greatly dependent on the frequency of the force. The
closer the exciting frequency is to the fundamental

natural frequency of the delaminated LCB, the
greater the response amplitude would be.

. The effect of dynamic contact between the upper and
lower segments of the delaminated section becomes
more significant for the longer delamination.

. The CLT predicts least value for the maximum
dynamic response whereas the presented formula-
tion in this paper gives the highest value for the max-
imum dynamic response of the considered beam
which is more realistic.

. For most cases considered for the LCB under the
action of moving force, the maximum dynamic
deflection at the beam center occurs when the force
passes approximately 70% of the beam length.
However, when the significant opening is taken
place in the delamination segments, the lower seg-
ments in the delamination region reaches its max-
imum deflection when the force passes the other
beam end.

. The critical velocity predicted by the present formu-
lation, CLT and FSDT decreases as the delamin-
ation length increases.

. The critical velocities predicted by CLT are greater
than the value presented in this paper.
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Appendix 1

Lagrange interpolation functions are as follows:

N1ð�Þ ¼ 1� 3�þ 2�2, N2ð�Þ ¼ 4 �� �2
� �

and

N3ð�Þ ¼ 2�2 � � ð33Þ

and Hermite interpolation functions can be written as:

�1ð�Þ ¼ 1� 23�2 þ 66�3 � 68�4 þ 24�5,

�2ð�Þ ¼ Le �� 6�2 þ 13�3 � 12�4 þ 4�5
� �

,

�3ð�Þ ¼ 16�2 � 32�3 þ 16�4,

�4ð�Þ ¼ Le �8�
2 þ 32�3 � 40�4 þ 16�5

� �
,

�5ð�Þ ¼ 7�2 � 34�3 þ 52�4 � 24�5 and

�6ð�Þ ¼ Le ��
2 þ 5�3 � 8�4 þ 4�5

� �
ð34Þ
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