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1. Introduction

A set of reachable points (accessible sets) by trajectories of the family of ordinary dif-
ferential equations, parametrized by control parameters, have been studied not only in
the dynamic aspect, but also in geometric and probabilistic terms. The geometric objects
appear because accessible sets are intimately related to the group of transformations gener-
ated by the dynamical systems (see, for example, [1]), and probabilistic terms because there
is a ‘good approximation’ between stochastic differential equations and control systems (see,
for example, [2]).

The main setup is the following: consider, over a compact Riemannian manifold without
boundary (M, g), a family F = {X,, X, ..., Xi} of smooth vector fields over M and the
associated control system

k
P=Xo(p)+ Y wi(®)Xi(p), (1)
i=1
with smooth functions u; : R5y — R. Denote by p,(t) the solution of (1) for some
u= (ula ey uk) € COO(RE(% Rk)a

and such that p,(0) = p. We call any such solution as a control path starting at p and denote
by C'P, the set of all control paths starting at p.
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Let A(p) be the accessible set from p € M defined by
A(p) = {pu(t) € M, t > 0and u € C* (R, R")}

(see [1] or [3] for more details). It is well known that the accessible sets determine a foliation
with singularities (see, for example, [4]).

Our interest in this article is to find conditions that guarantee A(p) = M, forall p € M.
To do this, we will use the stochastic method. The motivation is the following. Let W (M) be
the space of continuous paths s: [0, c0) — M and B(W(M)) be the sigma algebra generated
by the Borel cylinders sets. It is well known that associated to the control system (1), there
exists a diffusion over M with infinitesimal generator £ given by

Lf= <Xo+%i§k1:Xf>f

(see, for example, [5]). Also, associated to the operator £, there is a unique strongly Marko-
vian system of probability measures {P,, p € M} over W(M) defined by

P,[s(t) € Ul = B(p, U),

for all Borel sets U of M. Here, P;(p, -) are the transition probabilities of the diffusion defined
by L. The measures IP, satisfy

(i) Pylse WM), s(0) =p] =1;
(ii) forall f € D(L) and p € M, we have that

fGs@) — f(0) — / (L) (s(r)dr
0
isa (P,, BOV(M)))-martingale.

For more details, see [5, pp. 190-194].
The relations between the control system (1) and the SDE (2) are then given by the sup-
port theorem (see, for example, [5, Theorem 8.1, p. 431]) that states

supp(P,) = C_Pp,

where supp(IP,) is the smallest closed subset of VW (M), with the condition s(0) = p, that
carries probability P, equal to 1, and CP,, is the closure of the set of all control paths start-
ing at p. Therefore, the study of subsets of the control paths can be seen by examining the
supports of transition probabilities, or, in the last instance, by supports of invariant mea-
sures given by the heat semigroup associated to these transition probabilities. Connections
between accessible sets and supports of invariant measures have also been studied in the
context of degenerate diffusion (see, for example, [6]).

With the above setup , the main purpose of our work is to determine when C_Pp =M
or, as we mentioned before, when all invariant measures are supported in M. In particular,
we will focus on control systems over homogeneous spaces. Using the approach introduced
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by Garnett [7] in the study of the harmonic measures for foliations (see also [8] and [9]),
we will prove a condition that guarantees the density of accessible sets (see Theorem 5.2).
We remark that the motive of working with foliations became natural because the control
paths produce a foliation on the manifold. Therefore, our problem can be seen as the study
of ergodicity of the foliation.

The article is organized as follows: In Section 2, we review the main tools of stochas-
tic differential equations (SDEs) that are used in this study. In Section 3, we consider a
diffusion, given by a Stratonovich SDE with the same smooth vector fields of (1), and char-
acterize the closure of accessible set by transition probabilities and invariant measures for
this SDE. In Section 4, we rewrite the previously mentioned result in the context of foliated
spaces and give some examples as applications. We then applied, in Section 5, our results
in a compact homogeneous manifolds under certain properties in the Lie algebras.

2. Invariant measures for the stochastic differential equations

The motivation of this section is to present an overview of the well-known facts from SDE
theory, which will be used as tools for our main subject.

Given a family F = {Xj, X, ..., Xi} of smooth vector fields in M and a Brownian motion
B = (By, ..., By) in R* based on a filtered probability space (2, F, P), we consider the
Stratonovich SDE

k
dp, = Xo(p)dt + Y _ Xi(p) o dB, 2)
i=1

Po=Pp-

A solution for this equation is an adapted stochastic process Y in M satisfying
t k t .
7@ =fip) = [ xefyde+ Y [ xifc oan
0 o1 /0

k ¢ t k
= Z/ X f(Yo) dB;’+/ <X0+éZX,»2> f(Yy) ds,
i=1 Y0 0 i=1

for all real-valued function f € C*(M). In the integrals above, dB and odB: are used to
denote It6 and Stratonovich integral, respectively.

When the manifold is compact, it is well known (see, for example, [10] or [5]) that there
is a solution flow, i.e. amap ¢ : Ryg x M x Q@ — M such that

(i) Y:=o(t, p, -) solves the SDE (2) with Y, = p;
(ii) forall fin C*(M) and w € €2, we have that flp(t, -, w)) is a function in C* (M).

Associated to this solution flow, there are the transition probabilities {P;(p, -),p € M, t =
0}, given by the relation

P(p.U) = Elxv(e(t, p. )] =Ple(t, p.-) € U] = (ot p, ):P)[U],
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where x y is the characteristic function
litpeU

If B(M) is the o-algebra of all Borel sets of M, then P, : M x B(M) — R have the two
following conditions (see [5, pp. 190-194]):

(a) for every p € M, the map P.(p, -) : B(M) — R is a probability measure;
(b) for every U € B(M), the function P,(-, U) : M — R is Borel measurable.

Denote by ¢,(x) = ¢(t, x, -): Q@ — M. The infinitesimal generator L is given by
E(f(@:(x) — f(x)
t )

£f(x) =lim

where E(f(¢;(x))) is the expectation of the random variable f(¢;(x)): Q2 — R with
respect to [P. Let D (L) be the set of continuous functions f : M — R such that £ f is con-
tinuous. It is well known that the relation between £ and the coeflicients of the SDE (2) is
given by

Lf= (X0+ %éxﬁ)f.

Moreover, the transition probabilities generate a Markov semigroup T; : D(L£) — D(L)
(t = 0) given by T; (f) (x) = E(f(¢:(x))), whose infinitesimal generator is precisely £. In
fact, the relation between T; and P; can be seen by the induced measure theorem to the map
@:(x): Q@ — M, more precisely

T.(f(x)) = ELf (0 (x))]
=fﬂwmw
Q

= / f) d((g:(x)).P)
M

= / fO)P(x, dy).
M

And, as an implication of Dynkin’s formula and Kolmogorov’s backward equation, we have
that

(T f) = Ti(Lf) = LT ). €)

Since M is compact, the space of measures on M is the dual of the space of continuous func-
tions on M. Therefore, a measure p in M is associated with the real-valued linear functional
on D(L), and is given by

f|—>/f(x)d,u(x).
M
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Because of the preceding remark, it makes sense to define the map T;* on measure spaces

by

(T ) () =/(th)(X)M(dX)-
M

Therefore, we say that T;* preserves the measure u (i.e. T = p) if and only if

/ T, f () p(dx) = / o) (dx), )
M M

for all f € D(L). In this case, we say that p is an invariant measure for the SDE (2).
The following result characterizes invariant measures in terms of infinitesimal generator
L, and it can be seen, for example, in [5, p. 277].

Proposition 2.1: T,*u = w if and only if [, L f(x) u(dx) = 0 for all f € D(L).
Proof: Forall f € D(L), by Equation (3), we obtain that

d
dt

d
" / £ (T ) (d) = f T, f(x) pu(d)
t=0 JM t=0 JM

- / Ty (L f) () e (dx)
M

- / £F(x) ().
M
O

An invariant measure p is called ergodic if for any invariant set U, i.e. any set UCM
satisfying

PlweQ: ¢, pw)eU, Vt>0]=1 forallpeU,

we have that u(U)u(U) = 0.
An important result for invariant measures is the following ergodic theorem.

Theorem 2.2: Let ju be an invariant measure and f € L' (), then, there is a function f* €
LY(w) such that

(i) f*=1lim o f(; T, f ds W — almost everywhere (a.e.);
(i) Juf(x) nldx) = [ flx) ().

Also, when . is ergodic and f € L'(w), we have that

= / f)u(dx) U — a.e.
M

For more details about the above result and its proof, see, for example, [11, p. 379].
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3. Accessible sets and invariant measures

In this section, we will present some results which will allow us to characterize accessible
sets through transition probabilities, and later by invariant measures.
At first, we give a lemma that is a consequence of the support theorem.

Lemma 3.1: Let A(p) be the accessible set from p associated to the control system (1) and let
{P:(p, -), t = O} be the transition probabilities defined by the SDE (2). Then,

A(p) < | JsuppB(p, ) S A(p), VpeM.

t>0

Proof: To see the first inclusion, we consider a point g € A(p). Then, by definition, there
will be a control path p,(s) such that p,(0) = p and p,(t) = q. Let B, be an open neighbour-
hood of g and consider the open subset U;(B,) of the paths space defined by

U,(B,) = {s € C([0, 00), M), 5(0) = p, s(t) € B}.

Since p,(s) € U(B,), we get that U,(B;) has non-empty intersection with the set of all
control paths CP, starting at p, and therefore, by the support theorem, we have that
P,[U;(By)] > 0. So P,(p, B;) > 0, and by the arbitrariness of B;, we get that g € supp(P;(p,
)

For the second inclusion, we assume that g € supp(P;(p, -)). Then, for any open neigh-
bourhood B, of g, we have that P,(p, B;) > 0. Defining U,(B;) as above, we get that
P,[U;(By)] > 0, and therefore by the support theorem, we get that U,(B,) N CP, # #.
Therefore, there is a control path p, such that p,(0) = p and p,(¢) € B,. By the arbitrariness
of the open neighbourhood By, we get a sequence of points in A(p) converging to q. Thus,
q € A(p). O

From this, it follows another result between closure of accessible sets and transition prob-
abilities.

Theorem 3.2: Counsider the control system (1). Then, A(p) = M for all p if and only if

/ P(p.U)dt >0,
0

for all p € M and open subsets U of M.

Proof: We assume that A(p) = M, for all p € M. Then, by Lemma 3.1, for any open set U,
we have that

(U supp(P, (p. -))) NU # 0.

t>0
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Thus, since the Py(p, -) are continuous in ¢, we get that there will be a small interval I = (¢,
— € 1o + €) such that P,(p, U) > 0, for any ¢ € I. Therefore,

/ P(p,U)dt > 0,
0

for all p € M and open subsets U of M.
Now suppose A(p) # M for some p € M. Then, for the open set U = M \ A(p), we
have, by Lemma 3.1, that P,(p, U) = 0 for all t > 0, and therefore

/ P(p,U)dt =0.
0

Let S be the subset of M given by

S=|J suwppw) = supp(w),

ueM, ergodic neM

where M is the set of invariant measures under L.

Theorem 3.3: The following assertions are equivalent:
(i) A(p) =M forallp € M.

(ii) Every invariant measure | of the diffusion given by Equation (2) satisfies supp(i) =
M.

Moreover, if (i) or (ii) is satisfied, then
{(feC(S)NDL), LFf =0inS} = {f = const.}.
Proof: (i) = (ii) Assume that A(p) = M forall p € M. If p € supp(u), then

supp(P,(p, -) C supp(p),

for all t > 0. In fact, if 8, is the Dirac §-measure supported at p, we have that
supp(8,) Ssupp(ia). Thus,

supp(1;*8,) C supp(T; p) = supp().
We observe that P, (p, -) = T;*8,. In fact, for every continuous function f
1) = [ 1508
M
= / FO) T78,(dy).
M

Then, A(p) € supp(ie) by Lemma 3.1. Thus, M = supp(i).
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(ii)= (i) For the converse, we assume that for any invariant measure p, we have that
supp(u) = M. Define the measures

1 t
/J/t == —/ TT’*8P dr, t Z 0.

tJo

Clearly for each ¢, i, is a probability measure. We also observe that
s 1 t+s
Ty = e — EMS + ;/ T 6, dr.
t
Since M is compact, there is a sequence t;1 00 and a probability measure v such that

ty, — v. Therefore, v is invariant since

Iy = kliglo Ts*'““fk

= lim u, =v.

k—o00
Thus,
M = supp(v) C Usupp(sz(p, )
k

and M C Tp)

To prove the last statement, we assume that A(p) = M for all p € S. It is clear that if f
is a constant function, then C*(8) N D(L) and L f = 0. On the other side, if f € C*(S) N
D(L) is a function such that £ f = 0, then,

1 t
fls = f*=lim —/ T, f ds
t—oo f 0
and, given an ergodic measure i, Theorem 2.2 implies that

flsuppw) = / fu(dx) w— ae.
M

Since supp(u) = A(p), for some p € M, we get supp(u) = M. Therefore, the function fis
constant on the whole manifold M. a

Remark 3.4: To conclude this section, we observe that it is not true that
{(feC(S)NDL), Lf=0inS} = {f = const.}

implies that the leaves are dense. For example, consider the suspension of a linear Anosov
diffeomorphism ¢ on the two torus as a one-dimensional foliation, this is M = T> x [0, 1]/
~, where (x, 0) ~ (¢(x), 1) with the foliation defined by the trajectory of the suspension
flow determined by 0,. We observe that this foliation has no dense leaves; in fact, they are
compact. Any continuous function f such that

1
Lf=30f=0.
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is constant on each of the leaves of the support of any invariant measure (since M is compact,
there are invariant measures). This implies that f([x, ¢]) = k(x) for a continuous function k:
T? — T*. But then,

k(x) = f([x,0]) = f([¢(x), 1]) = k(¢ (x)).
Since ¢ is Anosov, k must be constant on T2. Therefore, fis constant in M.

4. Conditions in the context of foliation

Let F be a family of vector fields in M and let Dy ) the associated distribution to the Lie
algebra of F. We know that Dy, define a foliation in M with its integral manifolds deter-
mined by the orbits of F.

Using the Nash embedding theorem, it is possible to prove that, for Nlarge enough, there
is a family of vector fields H = {X;, ..., Xy} such that, if 7 (p) : T,M — Dy (p) C T,M
is the orthogonal projection and fis a smooth function, then,

N
VP f(p) == m(P)(Vf(p)) = Y (X)) (p)Xi(p),

i=1

and
N

(VPF(p), VP F(p)) =Y (Xif)*(p).

i=1

In fact, consider an isometric embedding of M in RN, via Nash theorem, for N large
enough. Let {e,, ..., ey} be an orthonormal basis of RN and consider the vector fields
{Xi, ..., Xy} over M defined by

Xi(p) = ProijMe,-.

If 7 (p) : T,M — Dyier)(p) C T,M is the orthogonal projection, we denote by X; the vec-
tor fields given by

Xi(p) = w(p)Xi(p)-

Clearly, since X, (), ..., XN(p)} spans T,M, we have that {X,(p), ..., Xn(p)} spans
Drier)(p)- We observe that each orthonormal basis of RY will induce a set of vector fields
like this. Moreover, if B; = {e;, ..., ex} and B, = {v,, ..., vy} are two orthonormal bases of
RN and {Xj, ..., Xy} and {Y3, ..., Yy} are the vector fields constructed as above for these
bases, the orthogonal matrix O for which transforms B, into B, will transform the set of
vector fields, this is

N
i=1

Then, for every smooth function f, there are smooth functions aj, ..., ay such that

N
VPF(p) = m,(VF(p) = Y _ ai(p)Xi(p).
i=1



528 D. S.LEDESMA AND F. B. DA SILVA

Now consider a basis B, of RN such that for k > n =dim(M) we have that v; is orthogonal

to T,M. Then,
Xif(p)=<V?f(p).X;(p) >

N

=Y ai(p) < Xi(p). X;(p) >
i=1
N

= Y a(p)0uOjs < Yu(p). Yp(p) >
i,a,f=1
N

= Y a(p)(00"); = a;(p).

i,a=1

Thus,

N
VP f(p) =7, (VF(p)) =Y (X)) (p)Xi(p).

i=1

Similarly,

N
(VPF(p), VPF(p)) = DX (P) X )(p) < Xilp), X;(p) >

i, j=1

N
= Y XGHEOEN(P)0uO0js < Yu(p), Yp(p) >

i, j,a, =1

N
= Y XHEE (00"

i,j,a,f=1

N
= > X Np).
i=1
With the vector fields {X;, ..., Xy} defined as above, we construct an SDE

N
dx; = in(xt) o dB,I;a Xo = D,

i=1

whose solution is a diffusion with infinitesimal generator given by

1 N
A= E;Xf.

(5)

Lemma4.1: The support of the transition probabilities associated to the SDE (5) are the leaves

of the foliation given by Dijer).

Proof: For a point p € M, consider the leaf L, with the metric induced from M. It is simple
to see that the Levi—Civita connection V? on L, is related to the Levi-Civita connection V
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on M by

VRY (p) = w(p)(VxY)(p),
for every vector field X, Y € Dy k). Now consider an orthonormal basis {v;, ..., v} of
(Drie(ry)p and extending, using again the argument of the isometric embedding, to an
orthonormal basis {v;, ..., vy} of RY. Let {e;, ..., ex} be the basis that defines the vec-

tor fields X's and denote by Y; the ones induced by the v!. Again, there is an orthogonal
matrix O such that

N
Y=Y 0yX;.
i=1

Using a similar argument to the one given in the book of Hsu [12, pp. 77-78] for the Laplace
operator on M, we get

k
AL (f) = Z < VEVDf, v; >
i—1
N
=Y Y f(p)
iz1

N
= Z 0;;0i XX f (p)

ijl=1

N
=Y X )p).

i=1

Therefore, the diffusion defined by (5) is a Brownian motion on the leaf of the associated
foliation. That is, if W? is the solution starting at p, then W? is a Brownian motion on L,
and the transition probability measures P;(p, -) are absolutely continuous to the Lebesgue
measure of the leaf. In fact, they will have the form

P(p,U) = / " (x, y) dy,
U

where thP (%, y) is the heat kernel on the leaf L,,. O

Once we have that the transition probabilities of the process defined by Equation (5)
are supported in the whole leaf, we can use this process to characterize the density of the
accessible sets. We do this in the following theorem, where we also give another proof of
Krener’s theorem [13].

Theorem 4.2: The following assertions are equivalent:

(i) The leaves A(p) of the foliation defined by Dy.(r) are dense in M.
(ii) Every invariant measure  of the SDE (5) satisfies supp(u) = M.
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Moreover, if (i) or (ii) is satisfied, then

{f e CH(S)ND(A), Af=0inS} = {f = const.}.

Proof: The assertions follow from Theorem 3.3 applied to the control system associated to
Equation (5). O

Corollary 4.3: If (Diiery)p = Tp,M, for all p in M, then A(p) = M for all p € M.

Proof: Let (Driery)p = T,M, for all p in M. The construction of the vector fields defining
Equation (5) implies that its solution is the Brownian motion of the manifold starting at p.!
Then, the support of the transition probabilities is the whole manifold. But, from Lemma
4.1, we get that the support of the transition function is the leaves of the associated foliation,
which is just one leaf equal to M. Therefore, A(p) = M forall p € M. O

Remark 4.4: Theorem 4.2 can be applied in the context of a foliated (M, F) manifold if
we replace Dy by the distribution that define the foliation F.

Example 4.5: Consider the torus given by T? = ([0, 1] x [0, 1])/ ~ where (0, y) ~ (1, y)
e (x,0) ~ (x, 1) and let X be the vector field defined by

X=0,+3-0,.
The associated SDE is given by
dPt =X(p:) o dB;,

for B, a one-dimensional Brownian motion. The infinitesimal generator for the above SDE
is

1 2 2
L= (02490 +6-0,).
Therefore, the measure diu on T? given by
du = pdm = sin®>( 2w (3x —y)) dxdy

is invariant. In fact, let £* the adjoint operator of £, namely, in the language of the theory
of partial differential equations, the operator defined by the identity

[ cnpdm= [ scpram
T2 T2
for all function f on T?. From this identity and Equation (3), we obtain
/2 f(atp — [I*p) dm =0,
T

and, therefore, the well-known Kolmogorov’s forward or the Fokker-Planck equation

90— Lp=0.
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Furthermore, by Green’s theorem, it could be shown that for this special infinitesimal gen-
erator £ = 1X?, we have £ = L*. Since

1
-3 (a,f +9-9;+6- axy) (p(x,y)) =0,

we conclude that p is an invariant measure. Since it is possible to find a closed saturated set
with non-zero measure, it follows that the leaves are not dense.

Example 4.6: Consider again a compact Riemannian manifold M of dim(M)=3 with an
orthonormal basis {X, Y, H} of TM satistying

(X, H] = X, [X,Y] = —H, [H,Y] =Y.

Let F be a foliation induced by E =span{X, H}. The diffusion obtained by Equation (5) is
the Brownian motion on the leaves. It could be shown by Garnett (see [7, Proposition 5], or
[14, Section 3.4]) that this diffusion has just one invariant measure which is the Lebesgue
measure. Then, the leaves of this foliation are dense.

5. Application on compact homogeneous manifold

In this section, let G be a Lie group and I" be a closed subgroup of G with cofinite volume,
i.e. M = G/T" is a compact homogeneous manifold (see, for example, [15]). Leth C gbea
Lie subalgebra and consider the distribution T'F, = (L,).h which defines a foliation F on
M.
Consider now a basis B={X,,..., X Y;,---,Y,} of g such that (Xi,.... %) is a
basis of h and {171, .+, Y,} are identified with a basis of g/h. Then, there are constants
b, c. d. e} such that

{’J’ ij* 1]’ ij» €ij
[XhX'] = Zaf]Xl,
(X, Y,] = Zb’ X+ Y,
B
[Ya. Yﬁ] = Z daﬂXl + Z eZﬁYy
! v

Moreover, we can choose right invariant vector fields {X;, ..., Xy, Y1, ..., ¥} on M, associ-
ated to 3, in such a way that TF = span{Xj, ..., Xi}. We observe that the leaves of F are
the control paths associated to T F, and all of them are isometric.

Let (, ) denote the invariant metric on M such that the set of vector fields

{Xla-~-9)~(k7?ly""?r}
is an orthonormal set, and let A  be the Laplace operator on the leaves, given by

Ar(f) =div(m (Vf)),
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where 7 : TM — TF is the orthogonal projection and V is the Levi-Civita connection.
Then,

Ar(f) =div(m(Vf))
k

r

=D (Vx@ (V). X)+ Y (Vy, (T (V). Y))
i=1

j=1

k
=Y X' f—m(VxX)f

i=1

_ZX f—l—ZaUXf

i, j=1

We observe that the SDE

dg =2 Z al,X;(g)dt + ZX (g:) o dB!

i, j=1

& =&

has A r asits infinitesimal generator. This process is known as the foliated Brownian motion
(see [9,7]) and the transition probabilities satisty supp(P;(g, -)) = Fg, the closure of the
leave through g.

We consider the differential forms x and v defined by
b b b b
X=X A AX, V=Y A AYD

where Z’ denotes the 1-form Z’(W) = (Z, W) for every vector field W.
Since for the invariant vector fields associated to B we have

(X, X;] Z%le
[X:, Y, ] Zb’ X,—I—Zc Yg,
(Y, Ys] = ZdaﬁXl—i—Zeaﬂ ,

we get that

Z%J Zb’in’
LyY, = Zcﬂw
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Therefore,
Ly,(x Av) = =Tr(ad(X;))(x Av).

Lemma 5.1: Assume that tr(ad(X)) = 0 for every X € b, then, the measure jv induced by
X AV defines a harmonic probability measure. Moreover, the leafwise Laplacian is self-adjoint
with respect to L.

Proof: By the computation,

k
Zaij/MXjf:““

i j=1

k
L
M

i, j=1

k
/A;fd,u:Z/Xffu+
M i—1 M
k
:Z/ fLm+
i=1 VM

Thus, p is invariant for A . Doing a renormalization by a constant, we can assume that p
is a harmonic probability measure with full support for the foliation F (see [9,7]).
The leafwise Laplacian Az is self-adjoint, since

1 k
/ (hirf — fArhdp =23 f X(hX,f — fXhydu =o.
M i—1 M
O

Now, assume that (; is another harmonic probability measure such that its support is a
closed saturated set K& M. The Radon-Nikodym derivative du,/du = fis a leafwise har-
monic function on each leaf LCK; in fact,

| @rpiau= [ @i sau
M M
= [ @pdu =0
M

Therefore, fis constant on p almost each L (Garnett [7, Thm. 1.b]). Let LyCK be a leaf such
that f|;, # 0. Let T'be an open transversal section to L, and consider the saturated set

Br = U L.

LeF,LNT#Y

Each leaf through T will intercept T at a single point . Denote by L, to the leaf such that
TNL,; = {t}. Let g; € G be such that g, - L, = Ly; moreover, the map L, : M — M defined
by L, (x) = g - x defines an isometry and therefore L, and L, are isometric.

Consider now the global function F : M — R defined by

f(g-x)ifxel, CBr

F("):{ 0 if x¢Br.



534 (&) D.S.LEDESMA ANDF.B.DASILVA

Since

ArF(x) = (Arf)(g %) =0,

we get that F is leafwise harmonic. Thus, the function F is also constant almost every leaf.

So,if f=k > 0, we get
/dﬂl=/ fdu
By By

:/T</Lthx>dv

= kvol (Ly) v (T).

With the same assumptions at the beginning of this section, and as a consequence of the
discussion above, we obtain the following:

Theorem 5.2: Let ) C g be a Lie subalgebra such that tr(ad(X)) = 0 for each X € b and let
F be the induced foliation on M by b. If the leaves F, of M have infinite volume, then they are
dense in M.

Corollary 5.3: Ifh C g is an ideal, tryad : h — R is the trivial map and the leaves F, have
infinite volume, then the leaves are dense in M.

Note

1. In fact, compare the construction of the process given with the construction of the Brownian
motion given, for example, in [12, pp. 77-78].
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