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DEMONSTRATIO MATHEMATICA
Vol. IX No2 1976

Stefan Czerwik
GENERALIZATION OF EDELSTEIN'S FIXED POINT THEOREM

1. Introduction

Iet (Xi’di)’ i=1...,0 be metric spaggs. Let Ty,
i=1,...,n be transformations mapping of B = X,l X ... X Xn
into X;. For any positive number a we define (cf. also [3])

Z, = {(xq,...,xn)e B di[xi’Ti(x1""'xn)] < a, i=1,...,n].

In [1] the following fixed point theorem has been proved,
generalizing the Banach principle for contraction maps
(cf. [4]):

Let E be a metric space and T an operator which trans-
forms E into itself. Suppose that d[T(x), T(y)] < da(x,y),
X £y, X,y ¢ E. Assume that there exists x € E such that

the sequence at iterates {Tm(x)] contains a subsequence

[Tmr(x)] convergent to a point u € E. Then u 1is a unique
fixed point of T.

The purpose of the present paper is to prove (using the
notation of the sets Za) a fixed point theorem which gene-
ralizes the Edelstein’s theorem and the result in [5].

2. Edelstein’s fixed point theorem
Let X = (X1’..o ’xn), y = (31,... ,’yn), xi,yi € Xi,
i=1,...,n, and let

A = {(x,y) € BxB: Xy = ¥y, i=1,...,n}.
We shall prove the following theorem.
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2 X S. Czerwik

Theorem Let (Xi’di)’ i=1,...,0 be metric spaces.
Suppose that the transformations T; : B—X;, 1i=1,...,n,
fulfil the following conditions

n

(1) 4y [P Gy (3)] <) sy dloay) in Y= BxB-4,
k=1

(2) |24 <1y 1=1,.004m,

where 84y > 0, i,k =1,...,n0 and Ayq 9 i=1,...,n are the
characteristic roots of the matrix (aik)’ i,k = 1,e0.,0.
Assume that there exists a point u = (u1,...,un) ¢ B such
that the sequence at iterates {Tl;(u)} contains a subsequence

m
{Tir(u)} convergent to zy € X, 1=1,...,n. Then
Z = (z,],...,zn) is a unigque fixed point of the system of
equations

(3) Xi = Ti(x)’ i=1,...,n.
Proof. From (2) and Perron’s theorem ([2], p.354),

it follows that there exist positive numbers Q45 1=1,...,0
such that

n

(4) § aiqu< qi, i='],...,n.
k=1

Suppose that there exists an integer v, 1<v<n such that
z, # Tv(z). We define the functions

a; [y (=), 23 (3))] .
n ’

E 249y (X s Ty )

£;(x,y) = =1400.4n, (x,y)eY = BxB-A.

The functions fi’ i=1,...,0 are continuous in Y. We see
that £, (z, T(z)) < Q <1 (2(z) = (1,(z)y...,T,(2))). Hence
there exists a neighbourhood U of (z, T(z)) such that for
(x,y) € U we have fi(x,y) <Q i1=1,e..,n. Also there

exist neighbourhoods U,] and U.2 of z and T(z) respec-

- 282 -



Generalization of Edelstein’s theorem 3

tively, such that U,Ix U2c U and for r > s we have
m m_+41
. T(u) e U; and T T (u)e U,. Consequently, for r > s

and i = 1,...,n we obtain
m_+1 m_+2 L m m_+1
(5) di[f.nir (u), = T (u)] < QE aikdk[Tkr(u), " (u)J.
k=1

Since the system of inequalities (4) is homogeneous, we may
assume that

m ms+1
(6) a3 > & |Ty (u), T4 (u)|y 4 =T4000,n.
From (1), (5), (6) and (4) we obtain
m m +1
(7) di[Tis"'r(u), 1, ¥ (u):’< Q ays T=1,2,..., i=1,...,0

Let now an be a decreasing sequence of positive numbers
tending to zero. We denote

2, = [yeB 2 dy (34, Ti(y:)‘)"s ay, 1= ’I,...,n}.

Since 0< Q <1, (7) implies that the sets 2 are non

empty. Let m be a fixed positive integer and consider the
corresponding set Zm' We have

di[zi,Ti(z)] K di[zi, Tl:r(u)] + di[TI:I.'(u), T]:I'M (u)J +

+ di[TI:rM (u), Ti(z)j|.

Let ¢ > 0 be arbitrary. Since

m, mr+1
Ty (u) —=z4, Ty° (1) — Ti(z), i=1y0e.,n

I —=oco I —=co
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4 _ S. Czerwik

and

(T:lr(u),..., T:r(u)> € 2

for all sufficiently large values of r, there exists a in-
teger N such that for r >N

di[zi' Ti(z)]<26+am, i =1,...,p.

Since ¢ 1is arbitrary, it follows that d, [z,, Ti(z)] < ag

and z = (zq,...,2,) € Z . Therefore z € Z  for every
integer m and consequently z; = Ti(z,],...,zn), 1i=1,...,0
This contradiction proves that 2z = (z1 goeoyZ is a fixed
point of the system of equations (3).

Now we shall prove that =z = (z,],...,zn) is a unique
fixed point of the system of equations (3). Suppose that there
exists b = (b,],...,bn), b # z such that by = Ti(b),
i=140..,0n. We see that

o)

£2;(0y2) <Q <1, 1=1,...,1.

We can prove (as in the preceding case) that for m > N and
r=1,2,..., We have

43 (bg02y) < 44 (B0, T37(0)] < & max(ay [H0), T(a)]).
Passing to the limit as r —«-oco, we obtain
dy(by,24) =0, 4 =1,...,n,

and b =z. This contradiction proves the theorem.
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