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Modeling of spatial variations of growth within apical domes
by means of the growth tensor. I1. Growth specified on dome
surface

ZYGMUNT FIEJINOWICZ. JERZY NAKTELSK1, KRYSTYNA HEJNOW1C2.

Department of Biophysics and Cell Biology, Silesian University,
Jagi€llotiska 28, 40-032, K atowice, Poland

fRoceival: December 27, 1983, 10D:opted: January 17. 1984

Abstract

Variations of the elemental relative rate of growth are modeled for paraboalic, éliptic

and hyperbolic domes of shoot apices by using the growth tensor in a suitable curvilinear

coordinate system when the mode of area growth on the dome surfaceis known.
Variations of growth rateswithin the domes arc obtained in forms of computer-made
maps for the following variants of growth on the dome surface: (1) constant meridional

growth rate, (2) isotropic area growth, (3) anisotropy of area growth which becomes more
intensive with increasing distancefrom the vertex. In variants| and 2 a maximum
of volumetric growth rate appearsin the center of the dome. Such a distribution
of growth seemsto be unrealistic, However, the corresponding growth tensorsare
inter esting because they can be used in combination with other growth tensorsto get
the expected minimum volumetric growth rate in the dome center.

Key words; apical dome. growth tensor, growth variations

INTRODUCTION

In the previous paper of thisseries(I1 € now icz et at 1984) weillustrated
use of the growth tensor and of a natural coordinate system in modeling
spatial variations of growth within shoot apical domes of different shapes,
For such modeling it is necessary to have infor mation about the variation
of growth along one displacement line. In the previous paper thisinformation
concerned the axis of the done, and was in the form of an assumed pattern
of the elemental relativerate of growth in length, RERG,, along the axis,



302 Z. Hejnowiez et al.

In this paper weillustrate modeling based on knowledge either of the meridional
RERG ; or of the anisotropy of surface growth along one displacement line
on thedome surface. The questions we pose are: what isthedistribution
of growth rateswithin thedomeif themeridional REGR, isconstant on
the surface, and what isthe distribution if thereisisotropy of the surface
growth (themeridional RERG, isthe same asthelatitudinal RERG,) or
acertain type of directionality of growth on the surface?

METHODS OF CALCULATIONS

The methods arethe same asin the previous paper (Il ¢ now iczet al.
1984), except that the displacement velocity vector, V, isgiven on the dome
surfaceinstead of on the dome axis. Asin the previous paper, we consider
three shapes of apical domes: (A) parabolic, (B) €liptic, and (C) hyperbalic,
assuming that the natural coordinate systemsfor these domes are: paraboloidal
(u, v, 9) for A, and prolate spheroidal 'l,0) for B and C. To havethe
general formsof the growth tensor for such domesat hand we are repeating
thetensorsfrom the previous paper (Fig. 1).

RESULTS

A.PARABOLIC DOME

Variant Asz*: RERG, (,,,,, a0 1S CONstant on the dome surfaceon which
V = Vs
1 ov,,

viu2+ 2

The condition specifying thisvariant is RERG qn )

=const Kk onthesurfacer =r,.
By integrating we obtain:

1
V ——k (Un/u?+qg +v2 Inlu+-/u?+ V21 +c)

on thesurface. Since at thevertex (u=0) V, must benull, weusethis
condition to determine theintegration constant C, and findthat C= —v2Inr,
We have thus on the surface:

2
y=__u vi+ 2

ut v,
2

Vs

‘

*| The numbering of the variants isin continuation with those of the previous paper.
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Fig. I. Orthogonal curvilinear coordinate systems, aplical domes and corresponding growth
tensors. The upper left diagonal element of thetensor representsthe  RERG, in periclinal
direction (meridional on dome surface). I n the series of coordinate variables, e.g. a, v,
the one corresponding to the pei-iclinal curvesisgiven first, then followsthe variable
corresponding to the anticlinal coordinate (curve) and the last correspondsto the latitudinal
coordinate. The surface of thedomeisindicated by the heavy curve, The geometric
focus of a dome (focal point of the parabolas, ellipses or hyperbolas) ison the level
indicated by the asterick. The grov4th tensor should be multiplied by a corresponding scale

. . 1
factor i.e. R — for the parabolic dome and for elliptic and hyperbolic

u2+.2 sixth  +sin '7
domes
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and in thewhole dome

u + V¢
VS

k. /u2+v

V. Su +1),

2 ( N/U +173+va In

Introducing' thisinto the general form of the growth tensor we obtain the
specific growth tensor for the variant being considered:

. 2) 2y g (v —vs) LN + v uztv?)
K u2+v,2
2(142_Fv2),|u2ec-—vsz v(u +V5 +v§ LN,
0
—C N2 2N 0
Un/U? V2LN 0
(b2 + v (u + + J LN)
0
u+ +V3
here LN = In ;

From inspection of this growth tensor it followsthat: (I) theratio of
RERG(,, ,) to RERG" ,,), i.e.theratio of the 1 st diagonal term of the 3rd
diagonal term, is1 at the vertex (u—.0) asit should bethough at first
sight such aresult isnot obvious , and that (2) RERG; )isthesamealong
av-line. The maps provided by the computer for BERG, in different directions
are not shown here. They indicate that thereisa slow decrease of the
latitudinal RERG; with increasing distance from the vertex, and arather
pronounced increase of anticlinal RERG ; with thisdistancein the peripheral
part of the dome. Also an increase of thisrate with distance from the
surfaceisindicated, so that themaximal RERG, in theanticlinal direction
isat the geometric focus of the dome.

Thedistribution of the volumetric growth rateis shown on Fig. 2 (A3).
There ismaximum of thisgrowth ratein the central part of the dome (quite
far from the focus), however thevariation isnot especially pronounced because
theminimal RERG, o, which occursat the vertex, amountsto 71% of the
maximum rate.
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Fig. 2. Computer maps of volumetric growth rate (RERGIi) for 3 variants of parabolic
dome. Each map represents half of alongitudinal axial section through the dome. Thefull
range of growth rate variation was divided by computer in 5 equal partsand the position
of each part is marked by one symbol on the map. The growth ratein each part is
indicated by inserted numbers. Theconstant k (or c) for which the map was computed,
istaken asunit. It should be observed that this constant does not affect the proportions
between theratesin different parts of the dome, though it affects the absolute values
of therates. Themap for thevariant A5 wascomputed on the assumption that a=0.07.
This constant affects the proportions between growth rates

Variant A,: Growth isisotropic on the surface of thedomei.e. RERG,,,, =
= RERG ;,) when v = v.. Thuswe have:

1 av,

U U2+Vs

Integration givesY., = cu on thedomesurface: ¢ istheintegration constant.
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By means of scaling factorswe obtain the vector point function for the
whole dome:
7.2

c,,/u‘+v?
= uU.

Onintroducing V,, and its partial derivativeinto the general form of growth
tensor we obtain the specific form of growth tensor for the considered variant:

U4 +2u2VZ + v2 Ve
uz +5vsz > - 0
1) u2
042 +v2) \[:4° oo
0 0

The maps of the distribution of linear growth rates (not shown here)
indicate that the absolute valuesof RERG, ., )and pepe) (o decreasewith
increasing distance from the vertex on the dome surface, Beyond the surface,
the RERGi(,,,,.) isequal to RERG ;. at pointslying on the axis above the
focus. At any other point within the dome the tangential growth isnot isotropic;
the meridional rateis higher than that in thelatitudinal direction. The
highest ratio is 2 when approaching the focus from the bottom. RERG, inthe
direction of v-linesincreases with distance from the vertex, however, its con-
tribution isrelatively small. Accordingly, thereisa maximum of volumetric
growth ratein the center of the dome but below the focus (Fig. 2, A 4). The
rate of volumetric growth at the vertex amountsto 50% of the maximal
rate.

Variant As: On the dome surface thereisincreasing anisotropy of area growth
with increasing distance from the vertex.

We assumed the following specification of thisvariant: RERG, (,,,
=RERG y120 (1—Fau2), where a> 0 and isconstant. This specification isfor
the dome surfacei.e.v=u;. From thegrowth tensor we havethus
oV |

Qu u
surface:

(L-Fau®) V. integration givesthe displacement velocity on the

= cuel" ?,
where ¢ isintegration constant. For every point in the dome we have:

W Y2 g2

and therefore the specific form of growth tensor for thisvariant is:
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V2 (vi— uv
2.2y 11,2 z—= 0
(U +v®) (u® +u) U +v

1+ au2

u4.7 u

U 2 u +v
0 ) 1

Computer data show that thisvariant gives minima of all growth rates
in the distal region of thedome. Data for the volumetric growth rateis
shown in Fig. 2, As. Thefastest linear growth rateisin thedirection of u-lines
everywhere.

B. ELLIPTIC DOME

Variant B3: RERG me) IS cCONstant on the dome surface,

We havethus:
1 Vi
snh? +sn' ) ©°1
on the dome surface, where = integration of thisequation leadsto dliptic

integral, thusthe components of the growth tensor cannot be expressed by
means of elementary functions. For thisreason we will not further consider
thisvariant. However, we will modify condition specifying the RERG y,.,,)
on the surfacein the following way:

Binh s;+sin? ™ Jsinh?  sn®q

which meansthat the RERG j,,, ,; on dome surfaceisnot constant but decr eases
dlightly with distance from the vertex. Thisdecreaseisfrom 001.18 at the vertex
to k/1.54 at the dome basis (for t = 1.48) when the dome surfaceis specified
by =1, or in an even narrower range when ishigher than 1. Thisvariant
isnumbered as B3.
_ ov . .

Inthevariant B; we have ak k, Integration gives V; = kg+c on the
surface, For g =0 Ifc., must be null thus C = 0. Upon introducing the scatting
factor, we obtain ageneral expressionfor | for all pointsin the dome:

q
\/sinh* ssin' q

The specific form of the growth tensor for thisvariant isthus:
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k
Jsinh? S+sin?

Nsinncosr(inh?  sinh? cosh sinh
(sinh? +sin?n) (snh? <+sini)  snh?+sinej
fi cosh sinh rjsinricosn
N 2 ;2 0
snh® +sin ‘il sinh sin
0 0 ictgrl

Computer data show that linear growth ratesin all directions decrease
with increasing N and Theleast variableisthe RERGin,)on thedome
surface, the highest rates are at the focus. Correspondingly the volumetric
growth rate hasa very sharp maximum at the focus, (Fig. 3, B 3.). It should
be noted that the computer, when preparing themap B ., divided the range
of RERG" variation into 5 equal parts, thusin the case of a sharp maximum
thelargest region of the domeiswithin the part characterized by the lowest
rate. Within thisregion thereis quite a high variation of therate; the
highest (1.8) isin the distal zone of the dome, the lowest (0.65) is at itsbasis.

Variant B4: Areagrowth isisotropic on the surface of the dome.
The condition specifying thisvariant is:
1 01% ctg
Jsinh? Jsinh? —+sin' n

on dome surface, where= . Integration givesV, c¢sin onthesurface
Thusthe displacement velocity for thewhole domeis:

" snh?  sin? dn .
= . . B
./sinh?  dn?

The specific form of the growth tensor for this variant is:

ccosti
Jsinh? c+sin?n

. sin?; (snh®  snh? sinh cosh tg 0
+(@nh? S rh(sinh? n) snh? + sin?
sinh cosh tgr1 sin® 0
sinh? sinh? +sin?rj
0 1
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Fig. 3. AsFig. 2but for eliptic dome, except that the map B ,isfor the constant a= 1.99
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Computer data show that the variation of growth ratesin the B4 are
smilar tothat for the previous variant, however, the maxima of growth rates
in the dome center (at the focus) are not as pronounced as previously. Fig. 3,
B4 illustratesthedistribution of RERG,, ;

Variant B5: Anisotropy of growth in area on dome surface increases with
distance from the vertex.

We assumed the following condition specifying thisvariant: RERG,,, | =
RERG v (1 +a sin 1?), wherea > 0. Introducing the RERGfrom the
general form of growth tensor we obtain:

! 01’ ct .
.9 i g (L+asinll)v,.
Jsinh an Jsinh?
Upon integration csinrie"'", where c isintegration constant. The
last equation isvalid for the dome surface where Introducing scaling

factor we abtain the displacement velocity for every point in the dome:

c S ‘
v= £ sn;le",
sinh sing

The specific form of the growth tensor isthus:

C Cos ne
. 2 X
-+sn
L+asin ot sn?(sinh?  sinh? sinh cosh tg
9% (nh?  sin’ti)(sinh? _+snel’)  sinh? +sin’
sinh if cosh tg j sin?

. . Zgl . 2 g_ 0

sinh sin“fl sinh
0 0 !

The maps showing RERG | in different directionsindicate a very interesting
distribution of growth rates. The growth ratein every direction at pointsalong
)7-lineincreasesfirst with distance from the vertex (increasing 0), attains
a maximum and further decreasses. The maximum of the RERG ; tangent
to n-lineismore pronounced in the axial region of thedome (i.e. for lower

-values) and islocated clearly below the focus. Similarly maxima of other
principal growth ratesin the axial region of the dome arelocated below the
focus. Correspondingly, thereisa maximum of volumetric growth ratein the
central part of the dome below the focus (Fig. 3, 135). Thisisa wide maximum,
and relatively very high in comparison to growth rates at the vertex and
at dome base.
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C,HYPERBOLIC DOME

Variant C3 RERGL i,,) is constant on thedomesurfacewhereq Q.
The equation specifying this variant is:
1 a\,
Jsinh?  sine 4

Asin the case of liptic dome, integration of this equation does not lead
to Y as an elementary function. Instead of thisvariant we thus consider
the modified variant c3, defined in the following way:

k
RERGio ) = Jsinh?  sin?/7,

on the surface Jx. Weobtain:

1
JT111%2  sin? -isinh? + sin?n,

Upon integration V== k+c. For = O | /- must be null, thus ¢ —e 0. Hence:

S A,
— kVsinh sn“g

114

2
v snh +sin’ I,

for every point in the dome.
The specific form of the growth tensor for this variant is

k
sinh +snett
. sin? i _snqgcos
+ sinhcosh o oo e sinhzjsi'nz' 0
singcosq cosh sinh
snh?  snq snh?  sn? 0
0 0 ctgh

The computer prepared mapsof RERG; in different directionsindicate
that in thisvariant each principal growth rate hasalow maximum at the
focus. Correspondingly, the distribution of the volumetric growth rateis such

asillustrated by the Fig. 4, c3,
variant C,: Areagrowth isisotropic on the dome surface, i.e. RERGj, ,,)—

RERGiOIll)'
The equation specifying thisvariant isfor q
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1 (314 | ctg
Jsinh? + sin® , sinh? 4+ sin’
Upon integration 1/, = ¢ sinh 4 on the dome surface and
c\/sinh?+sin®
\‘_cmz ) sinh
fsinh® 4+ sin®

in every point of the dome.
The specific form of the growth tensor is:

(sn® sn® \ sinricosNtgh 4
SN2 gnh? + sin? sinh? + sin?
c cosh 4 sn  cos ntgh 4 sinh?
Jsinh? 4+ sin? sinh? 4+ sin? snh?  sin?y
0

The computer data show that there is only little variation of RERG:in
different directionsin the dome. Thedistribution of volumetric growth rate
isshown in Fig. 4, C4.

Variant Cs: Anisotropy of area growth on the dome surface increases with
increasing distance from thevertex.

We assumed the following specification of thisvariant: RERG(,,,

RERG,,)(1+asnh 4)i.e.
1 017 (1+ asinh 4) v,
sinh? 4+ sinri \/sinh? + sine i
Upon integration V4= cesn" sinh 4 on the dome surface , = I, Introducing
the scaling factor we obtain:

¢./sinh® +sin®r
_ . sinh
Jsinh?4+sin?y
for the whole dome. The specific form of the growth tensor is:

2 i 2

{+snh24 (at sin sin sin j cos tgh
_ sinh + sin®rt snh?4+sin®rt
onsinkK i .
¢ cosh sinti cos ri tgh sinh? 0
Jsinh?  sin?rt sinh? +sin’rt sinh? + sin®
0 0 1

Computer data show that each principal growth rateincreaseswith 4.
The BERG, tangenttothe increasesthe fastest. Themap for the
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Fig. A. AsFig. 2 but for hyperbolic dome. except that themap C5is for the constant a=0.07

volumetric growth rateis shown in Fig. 4, C . It can be seen that the variant
under consideration givessimilar variation of the volumetric growth rate as
the corresponding variant A5 for a parabolic dome.

DISCUSSION

Some patternsof growth ratedistribution considered in this paper show
avery interesting feature: the appearance of a maximum of volumetric growth
ratein thecentral part of thedome. is such acentral maximum of the
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growth raterealistic? Certainly not. Volumetric growth ratein case of constant
cell sizeisreflected in the proportional relativerate of cell division, which
in turn isreflected in the mitotic index. A maximum of the mitotic rate
in the central part of apical dome has not been hitherto described for
a vegetative phase of shoot development, though it might be possible in
the dome during transfor mation to the gener ative phase (L yndon 1976).
A possibility existsthat the central maximum of volumetric growth rate
occur s but does not cause a maximum of mitosesin this part, because the
higher volumetric growth rateis compensated for by theincreasing cell volume
asthey move through the central region of the dome during its growth. Indeed,
in vegetative apicesthe cells are often larger in the central part of the dome
(central mother cells). To determine whether such a possibility isrealistic,
we need calculations based on the relationship between growth rates, cell
division rates, and cell pattern. Such calculation is now possible (Henowicz
and Romberger 1984) and preliminary analysisleadsto the conclusion that
a deep minimum of mitotic frequency cannot be explained by the occurrence
of dightly larger cellsin the central part of a domeif the volumetric growth
ratein thedomeisasuniform aspossible. Thusit iseven moreunrealistic
for a maximum of the growth ratein the center of thedome. It appears
that variants of growth specifying central maximum of volumetric growth
rate arenot realistic; on the contrary variantswith acentral minimum of
therate would berealistic. We have not yet found such a variant.
Thevariants considered in previous papers (Hejnowicz and Nakielski
1979, Hejnowicz et al, 1984), aswell asthevariants Asand C5 in this
paper, have a minimum of volumetric growth ratein the distal part of the
dome but not in its center. However, the variants consider ed previously
and those now under consideration cover such awide range of growth
variationsthat they offer possibilities of getting a minimum in the dome
center by a suitable combinations of them. Observefirst that the growth
tensor isan additive quantity. We may, therefore, add simple growth tensors
to get a more complex one. Additivity of tensorsisa mathematical statement,
additivity of growth tensors can be easily illustrated. Assume that we have
different specificationsof RERG",, ) on the surface of a parabolic dome,

RERG",,, ) =f (u, vs) where vs represents the dome surface, and the specifications
arein form of different functionsf, (u, vg), 1, (&, vs) .. (U, v} Wehave:
1«0V,
— =f(u,v
uZ+r2 ou (U v

thus = Syi’u?+v?f (U, vs) du on the surface. If we denote the integral on the
right sideby F (u,vs thedisplacement velocity in the whole domeis:

V.= ”ﬂ—-ivz F(u,vy G (u, v)

Ju? +
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we havethus (V,). = Gi, of course. isafunction of u and v, vsenters
it only as a constant parameter, the samefor different .
The growth tensorsfor different variantsare of theform:

3G, 2vG Lo
Eu u +

1 0G; uG;

S S . 0
vrr v oV UZ:FVZ

‘o 0 G

L et us now assume that we can specifK the meridional growth rate by
alinear combination of thefunctions A, ie. RERGi,, =k (u,

+k2f2(u, 0+ _k, T, (u,v,) wherek; represents coefficients of the combination.
Some of the coefficients may be negative. We have:

[-1C EkIf, (U, du=kiFi(uu)+kF20a VsH K, F,(u,r)

on the surface and

A2+ 2
V, = kiFi=k G, +k;G2+ k,G,

in the whole dome.
The growth tensor then hasthe form:

cG; iR 0G, V(k,’ G,'Z-F._z"'kn G,,) 0
DU as e+ v
1 0G + aG,, u (kl G12+... ;‘ki,
Ju2+ve gy av u +Vv 0

which meansthat it isthe sum of the growth tensors corresponding to separate
functions A(u, v;) taken in proportion to their coefficients. As mentioned the
coefficients may be negative, however the limitation is now obvious: theresulting
tensor must have all diagonal componentswhich are either null or positive
everywherein the apex (for all possible u and v), because we assume that
the cells of the dome can either grow or not grow but cannot shrink.
How to use the different variants hitherto described, among them the
unrealistic ones with maximum of RERG j,; in the dome center, in order to
obtain a new variant with a minimum of the volumetric growth rate at
the center ? L et us assume that we have two functions 1 2 —f; (u, vs) and
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V2 _f,(u,vs of which thefirst, f;, givesnearly uniform volumetric growth
rate and the second, f,, givesa maximum of theratein the dome center.
We can obtain a new function, 1, .f(u, vs) which isthe difference between
thetwo functions, i.e. 1% .f (u, v.— ki 11(u, v.)—k2f2(u, v), where Ic, andk,
ar e coefficients. Obviously, by proper adjustment of the coefficients the
growth rate distribution obtained from If. will havea minimum of volumetric
growth ratein the center and the requirement of no shrinkage will be
fullfilled. Modeling based on combinations of the variants of growth will
be illustrated in the next paper.
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Model owanie przestrzenngj zmiennogei wzrostu w apikalnych czOciach
wierzcholkow p-du za pomocq tensora wzrostu. |1.Gdy znany jest sposOb
wzrostu na powierzchni wierzcholka

Streszczenie

W pracy pokazano jak mozna pray pomocy tensora wzrostu i ukladu wspolrzednych
naturalnych wyznaczaa wzgledne eler nentar ne szybkoici wzr ostu wewn4tr z wier zcholka  pcdu
gdy znany jest sposob wzrostu na powier zchni wier zcholka. Wyznaczono rozmieszczeriie
szybkoic.i wzrostu w trzech typach wier zcholkOw — parabolicznym, eliptycznym i hiper-
bolicznym — przyjmuj4c dla kaklego z rich nastcpuj4ce warianty wzr ostu na powier zchni
wierzcholka: (1) staloga wzglcdne elementarngj szybkoki wzrostu poludnikowego, (1) izotropia
wzr ostu powier zchniowego tzn. rawnoge szybkoki wzr ostu poludnikowego i rownoleinikowego
w kaidym punkcie powier zchni, (3) anizotropia wzrostu powier zchniowego nasilaj4ca sic
z odlegloki4 od szczytu. Komputer owe mapy wykazuj4 maksimurn szybkoki wzr ostu ob-
jetokiowego w centrum wier zcholka dla dwoch pierwszych wariantOw, Ma. minimum szybkoici
wzr ostu objctokiowego w czcki dystalngj dla trzeciego wariantu. Warianty a centralnym
maksimurn szybkogci wzr ostu wydaj4 sic bye nier ealistyczne, bowiem ekstremum szybkogci
wzr ostu, jezeli takowe wystepuje w centrum realnego wier zcholka, jest typu minimum anie
maksimurn. $S4 onejeclnak utyteczne, bowiem odpowiadaj4ceim tensory wzrostu w liniowej
kombinacji ainnymi tensorarni wzr ostu umozliwiaj c otr zymanie minimum szybkogci wzrostu
w centralng cacki wierzcholka.
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