GELFAND PROBLEM ON A LARGE SPHERICAL CAP
YOSHITSUGU KABEYA AND VITALY MOROZ

ABSTRACT. We study the behaviour of the minimal solution to the Gelfand problem on a
spherical cap under the Dirichlet boundary conditions. The asymptotic behaviour of the
solution is discussed as the cap approaches the whole sphere. The results are based on the
sharp estimate of the torsion function of the spherical cap in terms of the principle eigenvalue
which we derive in this work.

1. INTRODUCTION

We consider the nonlinear problem
{—ASNU = Af(u) in Q,

(1.1) u=20 on 99,

where A > 0 is a parameter, Agy denotes the Laplace-Beltrami operator on the unit sphere
SN ¢ RN (N > 1) and Q C SV is a sub-domain in SV with a smooth boundary 9Q # 0.
The principal Dirichlet eigenvalue of —Agn in € is denoted by A1(€2) > 0, and ¢1,0 denotes
the corresponding positive Dirichlet eigenfunction normalized as |p1,0l2 = 1. By wq we
denote the torsion function of €2, that is the unique solution of the Dirichlet problem

{—Awg =1 in Q,

(1.2) wo =0 on .

By the standard elliptic regularity, wo € C%(Q).

We shall assume that the nonlinearity f € C2(R) is a convex monotone increasing function
with f(0) > 0 that satisfies the assumption

lim 1(s)

s—o0 8§

(1.3)

:+OO

Typical examples include

f(s)=exp(s),  f(s)=(+s)" (p>1)

Problem (1.1) with this type of nonlinearities is usually referred to as the Gelfand problem.
It was introduced by Frank-Kamenetskii as a model of thermal explosion in a combustion
vessel [9], and became known in the mathematical community due to the chapter written by
Barenblatt in a survey by Gelfand [10, Chapter 15].
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We denote

(1.4) Qy = Ig1>151 fi}s)) S4 1= min {5 >0: f((gs) = a*}.

By convexity and since f(0) > 0, we observe that a, > 0 and s, > 0. Denote
Mg :=sup{A>0: (1.1) has a classical positive solution}.
The following proposition is standard.

Proposition 1.1. For each A € (0,)§), problem (1.1) admits a unique minimal classical
positive solution uy. Moreover,

i) the following estimate holds,

1

(1.5) < < A8

a*HwQHoo A

i1) For X = X§ problem (1.1) admits a weak extremal solution u* > 0 defined as

(1.6) u*(z) ;= lim uy(x).

AAG
i1i) For A > \§ problem (1.1) admits no weak solutions.

For the precise definition of the weak solution see (2.4). In the case when 2 is a bounded
smooth domain in RY, Proposition 1.1 was essentially proved in Gelfand [10], Keller and
Cohen [13], Sattinger [19], Joseph and Lundgren [11], Keener and Keller [14], Crandall and
Rabinowitz [7]. The lower bound in terms of the torsion function in (1.5) appeared in Ban-
dle [2, Theorem 1.1}, while the upper bound is found in Brezis, Cazenave, Martel and Ramian-
drisoa [6, Lemma 5]. Nonexistence of weak solutions for A > g, is the result in [6, Corollary
2]. We refer to Dupaigne [8, Section 3] for a detailed exposition and further references.

Remark 1.1. The bound (1.5) implies implicitly that
1

(L.7) Jwolle > 5y

It is easy to prove this directly. Indeed, let ¢ € C§°(Q2). Testing (1.2) against % and using
Picone’s identity, we conclude that

2
(1.8) /yvga|2dsz/“0ds,
Q 0 wa

cf. Agmon [1, Theorem 3.3] for Riemannian manifolds setting, or Liskevich, Lyakhova and
Moroz [16, Lemma A.9]. By density, (1.8) is also valid for all ¢ € H}(2). Then taking (1 o
as a test function in (1.8) and using ||¢10ll2 = 1 and the fact that wq is non-constant, we
conclude that

2
1
1,0 ds

n@) = [ IVoualas > [ Tas> ot

Remark 1.2. As a bi-product of the proof of (1.5), we actually establish that the following
pointwise estimate holds

(1.9) Af(0)wa < uy < s,

_wao
lwalle”
for all A < L

ax[[walloo *
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In this work we are primarily interested in the special case when

N+1

(1.10) Q.= {(xl,:cg, coanen) €ERVT S a2 = 1 cos((1— o)1) < anas < 1}.
=1

is a geodesic ball, also called a “spherical cap”, centred at the North Pole of S, and where
e € (0,1). Throughout the paper, for ¢ < 1 and f(e),g(¢) > 0, we use the following
asymptotic notation:

f(e) < g(e) if there exists C' > 0 independent of € such that f(e) < Cg(e);

f(e) = g(e) if f(e) < g(e) and g(e) < f(e);
We also use the standard Landau symbols f = O(g) and f = o(g), with the understanding
that f > 0 and g > 0. As usual, C, ¢, ¢, etc., denote generic positive constants independent
of e.

It is known by Bandle, Kabeya and Ninomiya [4], Kabeya, Kawakami, Kosaka and Ni-
nomiya [12], Kosaka [15] and Macdonald [17] (we will review this in Sections 3), that the
principle eigenvalue of €. satisfy the following asymptotic bound,

eneN 721 +0(1))  if N >4,

(1'11) /\1(Q5) = 2¢(1+ 0(1)) if N =3,
@(1 +o(1)) ifN=2

where coefficients ¢y > 0 do not depend on € > 0 and could be computed explicitly as in
Bandle, Kabeya and Ninomiya [4].

In this work we establish the following new estimate on |wq_|lcc Which shows that the
lower bound (1.7) is asymptotically sharp as ¢ — 0, and which we believe is of independent
interest.

Proposition 1.2. Let N > 2. As e — 0, the torsion function wq_ of the spherical cap ).
satisfies

1
)‘I(Qa)

(1.12) [we. [loo = +0(1).

Using (1.12), from (1.5) we deduce a sharp asymptotic estimate on the critical parameter
Ag, in the Gelfand problem (1.1).

Theorem 1.1. Let N > 2. Ase — 0,
A1(£2:)

*

(1.13) Ao, = (1+0(1)).

The paper is organised as follows. In Section 2 we sketch the proof of Proposition 1.1.
In Section 3 we review several fundamental properties of the special functions and outline
the derivation of the torsion function estimates which lead to the proof of Proposition 1.2.
In Section 4 we prove a technical Lemma 3.2. Finally, in Sections 5, 6 we discuss several
technical properties of the special functions which were used in the earlier proofs.
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2. PROOF OF PROPOSITION 1.1

The proof of Proposition 1.1 is standard, cf. Dupaigne [8, Propositions 3.3.1, 3.3.2] for a
detailed exposition in the case of bounded smooth subdomains of RV. We present a sketch
of the proof for completeness.

Lemma 2.1. Assume (1.1) admits positive, classical super-solution u > 0. Then (1.1) admits
a unique minimal, positive classical solution uy € C*(Q), such that

(2.1) A (0)wg < uy < .

Proof. The minimal solution uy of (1.1) could be obtained by a monotone iteration arguments.
Namely, for n € N consider a sequence of functions {uy}22, with up = 0 and w,, defined as

—Agntuy, = Af(up—1) in €,
(2.2) { u, = 0 on 0.

For each n problem (2.2) admits a unique solution u, € C%(Q) and u, > u,_1 in Q for every
n € N. In particular,

Up > up = Af(0)wq.
We now define the minimal solution of (1.1) as

(2.3) up(z) == nh_}nolo U ().

By the arguments similar to Sattinger [19, Theorem 2.1] we conclude that uy defined by (2.3)
satisfies @ > uy > 0 in ©, belongs to C?(£2) and solves (1.1) classically. O

The next lemma uses the notion of a weak solution. Following Brezis, Cazenave, Martel and
Ramiandrisoa [6], we define a weak solution of (1.1) as a non-negative function u € L!(Q) such
that f(u)daq € L1(2), where dgq(z) := dist(x, 09) is the distance from z to the boundary of
Q2 and

(2.4) —/ ulAgnpdS = )\/ f(u)pdS,
Q Q
for all ¢ € C?(Q2) with ¢ =0 on 9.

Lemma 2.2. Problem (1.1) admits a minimal classical solution uy for 0 < A < A < oo.
Moreover, the extremal solution

u*(z) = /\lgg\l* ux(z),
Q

is a weak solution of (1.1).

Proof. First observe that u) is a non-decreasing function of A. This follows from the fact that
uy is a super-solution for problem (1.1) with A < M. Hence, if (1.1) with A = X admits a
classical solution, then (1.1) admits a classical solution for A € (0, \].

Next, it is easy to see that a multiple of the torsion function wgq is a super-solution for
(1.1) for small enough A. Let

s*::min{s>O:ch):a*}>0.

Set
* Sx

" lwallee”
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and take u := t*wq and X := m Then
* t _
(2.5) _ASNH: = f(s ) _ f( HwQHoo) > )\/Jp(u)7
a5 ol

i.e. W is a positive supersolution for (1.1) for all A < X. In particular, this establishes the
lower bound in (1.5).

Now let us show that Af, < co. Similarly to Brezis, Cazenave, Martel and Ramiandrisoa [6,
Lemma 5], we test (1.1) against the ¢ . Then,

(2.6) Al(Q)/QUASDLQ dS: —/QU)\ASN(,OLQ dS: /\/Qf(U)\)gDLQ dS Z )\a*/QuAgoLQ dS

We conclude that A;(€2) > Aa. > 0, which establishes the upper bound in (1.5).

Finally, proceeding as in the proof of [6, Lemma 5] or Dupaigne [8, Proposition 3.3.2] and
using (1.3), we recover that u* is a weak solution of (1.1). O

Lemma 2.3. Problem (1.1) admits no weak solutions for X > \§.

Proof. Similar to Brezis, Cazenave, Martel and Ramiandrisoa [6, Theorem 3] or Dupaigne 8,
Proposition 3.3.1] — we omit the details. U

3. TORSION FUNCTION ESTIMATES

In the rest of the paper we always work on the spherical cap €2.. When there is no ambiguity,
we suppress the dependence on € and write A1, ¢ instead of A1(€2:), p1,0.. We always assume
that € € (0,1) and is close to 0.

3.1. Lower dimensions. Consider the stereographic projection from S onto RY that maps
South Pole to infinity. Then the torsion function equation (1.2) on the spherical cap Q. is
transformed into linear ODE

—(TN_le_Q(r)w')/ = V=N (), 0<r<R,
w'(0) = 0, w(R) = 0.
where r = tan(f/2) and 0 € (0, 7) is the geodesic distance to the North Pole,

(3.1)

2
p(T) T 1 + 7”2,
and the spherical cap €. on SV is mapped onto the ball Bgr = {x € RY ||z| = R} where
1-— 2
(3.2) R = tan (ﬂ) =—+o(e) ase—0,
2 mE

see e.g. Bandle and Benguria [3] for a discussion. In lower dimensions solutions of (3.1) can
be found explicitly. Taking into account (3.2) and (1.11), for N = 2 we obtain

1+ R?
(33) wa, (7") = lOg m,
2 1
(3.4) wq, (0) = 2log (7?5) +o(e) = WO +0(1) ase—0,
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and for N = 3 we obtain

R 1-R?
(3.5) wq.(r) = 5 tan™ " (r) — R tan™ " (R),
1 1
3.6 0)=— 1)=——+4+0(1 S 0.
(36) wo,(0) = 5 +0(1) = 5 +0(1) asz o
This settles Proposition 1.2 for N = 2,3. In higher dimensions no explicit closed form

expression for the torsion function on the spherical cap seems to be available. Instead, we are
going to use the Fourier method to represent the torsion function.

3.2. General Setting. Let

O<)\1<)\2§)\3§”'§/\g§... (EGN)

be the Dirichlet eigenvalues of —Agn on the spherical cap 2., and ¢, be the corresponding
eigenfunctions normalized as ||¢y|l2 = 1. That is, ¢y is a regular solution to the Dirichlet
problem

(3.7) —Apr = Mgy, o € Hy ().

It is well-known that the sequence {¢,} forms the complete ortho-normal system in L?().
Then we see that the torsion function wq_ defined as the unique solution to (1.2) is expressed
as

(3.8) wo, =Y Lo,

A
— M

where

(D, T) = / W ds.

Indeed, due to the Fourier expansion of 1 and the definition of the eigenfunctions, we have

- (17905) - (L‘P@) >
~Awg, = —Agpyp) = M) =3 (1 ~1.
wa, ;:; N (—Apy) ;::1 v (Aewr) ;( , 00)Pe

We are going to estimate the right-hand side of (3.8). For clarity, we first outline the argu-
ments in the case N = 3, which is already covered by (3.6).

3.3. Three dimensional case, “radial” eigenfunctions. For N = 3 we have
Q. = {(sin 0 sin ¢ cos 1), sin 0 sin ¢ sin 1, sin 6 cos ¢, cos 0) |
0<<(l-e)m0<¢<m0<y<2r}.

First, we consider the solutions to (1.2) depending only on €. In this case, the Laplacian
yields to

Agsp =

! 2 /!

sin“ 0)".
sin? 0 (¢ )
Hence by the direct calculation, we see that the eigenfunctions depending only on 6 are of
the form

0

sin

(3.9) i (0) = K;

1—¢
sin 0
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where K; are normalization constants and the corresponding eigenvalues \; are

-2 2 2
J Jo-1+2—¢ 2 2

1 Aj = -1= = 25"+ 0O(e7).
(3 0) ] (1 _ 6)2 (1 o 6)2 €J (6 )

Note that lim. .o A; = 0 only when j > 1, and that

(311) Jéslloe = 23(0) = K2~ + ofc).

The inner product in our case is given by

(1-¢)
(®, D) :/(I)\IldS:47r/ (0)W(0) sin® 0 db.
Q 0

Then we have

(1—e)m j
(1,¢5) =47K; / sml 5HSianH

1—¢ 1—¢

(1-e)m -1 11—
— 2K / ( W@—COS‘H—EG) do.

Hence we obtain

sin(j — 2)er 4+ O(£?) _ sinjer + O(e

(L) = (—1Y2m;(1 <) {

2em + O(e?)
(G—1+e)(+1-¢)

= —(—1Y27K;(1 —¢)

As for K;, we have

(1—e)m j
(pj.05) = 47TKJZ/ sin? 1
0 _
and thus, from
1= (¢j,p5) = 27rK]2(1 —e)m,
we obtain

(3.12) K; = ﬁ +0(e).

We hence conclude that
\/5 + 0(6)7 ] = 17
(3.13) (Lipj) =9 (=1)+12y2

ms+0(ez), j > 2.

From (3.8) this implies that

(3.14) wa, Z
=2
d (3.1

and taking into account (3.13), (3.10), (3.11) an

2) we conclude that

oo

— (1, ¢;) -
(3.15) > L8 <3 0 sl <
J

Jj=2 7j=2

Jj—1+4¢ Jj+1—¢

(1—e)m 2
edezsz}/ <1—2cos
3 0 1

— &

3

J 9) o
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Since ||¢1]loo = K1(1 —¢)7}, using (3.12) we estimate

V2
lweclleo < =llerlloo +O(1) = -+ O(L).

Combined with (1.7) and (3.10) this leads to the two sided bound

i+mn1+m)

(3.16) g o = o

Remark 3.1. We will see in Lemma 3.1 that
lim 1o = limy 21(0)
holds in all dimensions N > 2. Thus, we obtain
lim (1, 1) f[rfloo = 1
and then

(3.17) [wo. oo = 3=+ O(1),

as in the cases N = 2,3 above.

3.4. General dimensions, “radial” eigenfunctions. In the general case N > 3 the spher-
ical cap we consider is represented as follows:

N+1
Qe = {(z1,22,...,5841) | Z 27 =1, cos(l — &) < zn41 < 1}.

=1

We introduce the polar coordinates

N-1
= Hsin&- sin ¢,
Jj=1

N—
H sin 6;) cos ¢,
k
TN_kt1 = (H sinf;)cosbpy1, k=1,2,...,N -2,
j=1

TN4+1 = cosby.
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Then the Laplace-Beltrami operator is expressed as

1 0 0
A — o . N—1 Y
sy sinV—1 6, 061 [Sm o 891]
1 0 . N_9 0
sin? 0, sin™ =2 6y 902 [sm 92692]
L 0 [sin& 8]
Sin2 91 Sin2 02 cee sin2 9]\7,2 sin 9]\7,1 80N_1 Nt 89]\[_1
N 1 0?
Sin2 01 ce sin2 9N—1 8¢2 ’
Hence
1 3, 0 1 0*
Ay = ———— [sinV 1o — — A At = ——.
ST sinV 1 0, 061 [Sm o 391] + sin? 6, S st 02

SN—I

Here we note that Agnv-1 is a Laplace-Beltrami operator on with the coordinates

{027 et 79N717 QZS}
It is known (cf. Bandle, Kabeya and Ninomiya [4]) that the Dirichlet eigenfunctions for
—Agn on . depending only on 6 € [0, (1 — €)x], which are regular solutions to

d d
(3.18) @(sinN_1 9@@ + Asin¥ oo =0
are expressed as a constant multiple of
P} (cos 1)
. e . 7'7 ) pu—
(319) (p](el) _KLN (Sinel)(]\/—2)/2’ J 172737"'

with

p= (DN

and the normalizing constant K x so that ||¢;|l2 = 1. Here, P} is the associated Legendre
function defined in terms of the Gauss hypergeometric function F(«, 3,7;x) as follows:

1 1+ ¢\"? 1—t
M = - - ,———— -
(3.20) PH(t) T (1_t> F( v+ 11— > te(-1,1),

when p € N with F(«, 8,7;x) being defined as

Fla,750) = g S et B b &

L(e)T(B) =, T'(y+n) n!’
If v is a natural number, P}'(¢) is defined as

Fp+v+1) 9 1—t
(1) = AV — o —
(3.21) Pk(t) M!Qﬂr(l'i‘l/—ﬂ)(l WAF (p—v,p+v+1,p+1; 5 | te(-1,1).

Also, it is known that P/'(t) is a solution to the associated Legendre differential equation

d*u du 2
22 1—t3)— — 2t— 1) — =0.
(3.22) ( )dt2 dt—i—{u(v—i— ) 1_t2}u 0
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Also, P}(t)/(1 — t*)~#/2 is a solution to the ultra-sphere differential equation

2

(3.23) (1— tQ)Z? —2(p+ 1)t% + (v —p)(v+p+1u=0.

If we consider all the eigenfunctions, which depend on more than two variables (we discuss
this in details later in Sections 3.5, 3.6), those of —A in ). are represented in terms of the
polar coordinate as

kN +1 +(] 1)/
(cos01) NH j o1y (cosOn—;) ) coskno,
(sin §;)(N=2)/2 smHN ;) U=D/2

) pha+(N-2)/2
(3.24) &, = K,

sin kN¢,

where £ is a nonnegative integer and where {k;} is a sequence of integers such that
(3.25) 0<ky<kn1<- <kj1<kj<---<hky <L

Hko+(N—2)/2

The real number v must be chosen so that P, solves (3.7). Here we define

P! (cos ) if p is an integer,

P #(cos ) if p is a half integer,

Pl (cos) = {

where 6, varies in [0, (1 —&)n], 6; € [0,7] (i =2,3,...,N —1) and ¢ € [0, 27].
Note that £ = 0 corresponds to the first eigenvalue and that the corresponding eigenfunction
depends only on 6; according to (3.25). First, we study the case when all the eigenfunctions

depend only on ;. Then, for the Dirichlet problem, by Bandle, Kabeya and Ninomiya [4] or
Macdonald [17], there holds

N -2
(3.26) vi=(—-1)+ — T CieN 72 4 0(eN72),
where C; is a constant explicitly determined in [4], which has a complicated expression.
The relation between v; and the eigenvalue ); is expanded as
N(N —2)

T == DEHN =2+ (2 + N = 3)Cie" " +o(e" 7).

(3.27) )\j = Vj(Vj + 1) —
Note that the first eigenvalue
(3.28) M= (N—-1)C1 V724 0(eVN72)

is close to zero.

In order to estimate the maximum of the torsion function ||wq, |lec, we need the following
formula on the definite integral formula, which is valid for any dimension, and which is written
on p. 129 in Moriguchi, Udagawa and Hitotsumatsu [18] as

/ P#(cos ) sin®1 0 do
0

_ 2im L ((a + p) /2T (o = 1)/2)
I =v)/2)T((v + o+ 1)/2)T((—p — v+ 1)/2)T((v — p +2)/2)
The expression is valid for any p, a € R such that |u| < . In this case, |u| = (N —2)/2 <
N/2 + 1. Thus, (3.29) is applicable.

(3.29)
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3.5. All the eigenfunctions. Three dimensional case. If we consider the eigenfunctions
which depends on #; and/or ¢, first we consider the case N = 3. Then according to (3.24),
we have
pm+1/2 9
(3.30) b — Kjw
(sin@y)1/2

In the three dimensional case, the sphere element dS is expressed as
dS = sin® 0, sin 05 df;dB2dp.

If k£ is a natural number, it is very easy to see that

/ ddS

(1=e)m pm p2m p +1/2 00891)
/ / / v P pk " (cos b2)(c1 cos ko + ¢ sin ko) sin? 6 sin Oodpdbdb;
(sin6y) © (sinfp)1/2

P (cos 62)(c1 cos k¢ + casin k).

since ¢ varies from 0 to 27. If k = 0 in (3.30), then we consider P? (cosfs). In this case, we
need to calculate

/ PP (cos By) sin By df;
0
with some natural number m. In (3.29), we take p =0, v = m, a = 2. Hence, we have

2 2’ 2 B 2
If n is even, the former is nonpositive integer and if n is odd, the latter is so. Hence, due to
(3.29), we obtain

a—v 1 m —p—v+l  m-1

™
/ P,?(cos 02) sin O3 dfy = 0.
0
Hence when N = 3, it is sufficient to consider the “radial” case only.

3.6. All the eigenfunctions. Four dimensional case and the general case. Similarly
to the three dimensional case, the eigenfunction is of the form

P (cos 6;) ;T;%Q(COS 02)

sin 6, (sin 6)1/2
In the four dimensional case, the sphere element dS' is expressed as
dS = sin® 6, sin® 0y sin 03 df1dbsd .

As in the three dimensional case, if one of k, m is positive, then we have

/ ddS

(1—e)m pm pm 2w Pn+1 00891) Zﬁ/éz(cosé?g) i C1 COSk¢
Py (cosB3) . X
sin 61 (sin 09)1/2 casinkg

sin® 0, sin? 05 sin O3doddfsd02db,

(3.31) d=K; PF (cos 03)(c1 cos k¢ + casin k).

=0.
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Thus, we consider ¥ = m = 0 and calculate

/ Piﬁ/g(cos 02) sin®/2 0y dfs.
0

In this case, we note that p'/2 (cosby) = pl2 (cosz). Then we apply (3.29) with

n+1/2 n+1/2
5 1 .
o= — = —— V=n —.
2 =7y 2

Hence we have

2 27 2 2
If n is an even integer, then (aw—v)/2 is a nonpositive integer and if n is odd, so is —(u+vr—1)/2.
Thus, in the four dimensional case also, we see that

a—v n—2 p+rv—1  n—1

/ Piﬁﬂ(cos 02) sin®/2 0y dfy = 0
0

if n > 1 and we have only to consider the eigenfunctions depending only on 6.

Inductively, we proved that we have only to consider the “radial” eigenfunctions to estimate
the torsion function. Thus in (3.24), we have only to consider the case

ky=ky=---=ky =0,
that is, we consider the eigenfunctions of the form

P,SN_2)/2(COS 01)
(sin §;)(N—2)/2

as in (3.19).

3.7. Proof of Proposition 1.2 completed. To complete the proof of Proposition 1.2 in
general dimensions N > 4, we use the representation of the torsion function wq_ as in (3.8).
To calculate (1, ¢;), we note that

(1—e)m
(L,¢5) = wN1/ ©;(0) sin™ 1 6 do
0
where wy_1 stands for the area of the unit sphere S¥~1. Hence,
(1—e)m
(1, ¢5) :wN—1Kj/ P#(cos 0)(sin 0)N/2 dg.
0

We recall (3.29) here and the validity of the formula. The conditions are y, o € R such that
|u| < a. In this case, |u| = (N —2)/2 < N/2 + 1. Thus, (3.29) is applicable. When j > 2,
we should be careful. Since I'(—n) = oo (n = 0,1,2,...) (see (i) of Lemma 6.1 below), or
more precisely, z = —n is the pole of order one for I'(z), if (—u — v +1)/2 or (o — v)/2 are
non-positive integers, we regard

/ PH(cos ) sin® 1 6df = 0.
0

In our case, (—pu — v +1)/2 or (a — v)/2 are not exactly non-positive integers, but are close
to those. This means that the value of the desired definite integral is small enough.



GELFAND PROBLEM ON A LARGE SPHERICAL CAP

Indeed, when N =2m (m =2,3,...), we have
w=m—1, V2j+m—2+CjEN72, a=m+1,
1/+oz+1:2m+j+0jsN_2, 1/—,u+2:j+1+C’j5N_2.
Then
a—y:?)—j—CjeN_Z, —,u—y+1:—j—2m+4—0j5N_2.
For j =1, these do not converge to a nonpositive integer. Hence we have

2N/2=1a (5T (1)

P! (cosf)sin™ 0 df = e+ 0N
/0 (P))2P (5P (EFY)

B (_1)N/2+12N/2(% _ 1)! N9

= N1 +0(E"T*)#0
and

/ P! (cos0)sin™ 6 df ~
0
210 (m)T (1) 7
P35 — GeN-2)T(—m — 52 — LeN-2)D(m + )T(ZE)

for j > 2.

When j = 2L, we see that
(=1)ymHL=lom=2(y — DIxC; N o
(m+L—1IE - LT(L+ 1)

(3.32) / P! (cos @) sin™ 0 db ~
0

and when 7 = 2L — 1, we have

g -1 L—12m—2 — DxC;
(3.33) / P¥(cos ) sin™ 0 df) ~ (=1) - (m = Dt i _gN-2
0 LT(m+ L —35)I'(—m — L+ 3)
When N = 2m — 1, then we have
_ N-2 3 _ 5 N 1
p=——g—=5-m, v~ j4+m §+C]E , a—m+2.

Then
a—ve3—j -0V —p—v 12— 0N
atvHlo2m+j—1+C;eN 2 v—p+2~j+2m—2+C;eN 2

For j =1, —pu— v + 1 does not converge to a nonpositive integer, either. Indeed, we have

™ ~N/2+1
/0 P¥(cos®) sin™ Y29 do = F?l)F(]\?lfI(’](\?)rll((ljif) ( N_2)
o—N/2+1 Moo
=m0 A0
and for j > 2, we get
2= =3/ (m — LI (1)

/ P'(cos 0) sin™ /2 0 df ~
0

—_

1
2
)

T35 - GeN-2)1 (%L — GeN-2)T(m + 17T (m + 132)

13



14 YOSHITSUGU KABEYA AND VITALY MOROZ

As in the even dimensional case, if j = 2L, we have
(—=1)L2=m=Y2IT(m — L) (L - 1)Ix
I3 —L)I(m+L—3)(n+L—2)!

(3.34) / P#(cos 0) sin™ /2 0 df ~
0

and

" 1)Ll M=/ — L)(L, — 2)1
a3) [ P 0an= m D=2,
0 TG - L)T(m+L—-3)(n
when j = 2L — 1.

Thus, for any dimension, if j = 1, then we have
™
/ PF(cos ) sin® 1 6df # 0.
0

Also we conclude that (o)
—E)m
/ P#(cosf)sin® 1 0dh +# 0,
0

when j = 1 for any small € > 0.
Moreover, we have the following.

Lemma 3.1. The first eigenfunction p1(0), which is nonnegative and is monotone decreasing,
converges to a constant function as € — 0 compact uniformly on [0,7). Moreover, there hold

1
o1 lloo — N (Lip1) = Vwn, (Lg1)lleille =1+ 0(1)

(N+1)/2 .
as € — 0, where wy = W is the surface area of SV.

Proof. As we consider the first eigenfunction, first we note that v — (N — 2)/2 and that
A1 — 0 as ¢ — 0 according to (3.26), (3.27), (3.28). Moreover, the first eigenfunction is
monotone decreasing in # in view of (3.18) since ; is positive due to the characterization of
the first eigenfunction. Then putting A = A; in (3.18), due to the continuous dependence of a
solution of an ordinary differential equation on the data, a regular solution to (3.18) converges
to a regular solution to

(3.36) dilO(SinNil Hdianp) =0
compact uniformly in [0, 7). (3.36) implies that
i K
a7~ sinV =19

with some constant K. In order to have a regular solution at § = 0, K must be zero and we
see that a regular solution to (3.36) must be a constant.
Thus, as € — 0, ¢1 — ¢y for a constant ¢y > 0, compactly uniformly on [0, 7). Hence, we
have
(1, (pl) — CNWN
and
lp1ll3 — chwn
Using the normalization assumption ||¢[|2 = 1 we conclude that ¢y = 1/y/wn. Hence

(Len)l[erlleo = (Vwn +0(1))(1/vwn +o(1)) = 1+ o(1),
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so the assertion follows. OJ

Only the case j = 1 is exceptional. Intuitively, we see that the first eigenfunction converges
to a positive constant and this makes the limit of (1,¢;) be away from zero as ¢ — +0. If
j > 2 then (1,¢;) — 0 as ¢ — 4+0. More precisely, we have the following lemma which will
be proved in the next section.

Lemma 3.2. Let N > 3. For each ¢ > 2, as ¢ — 0 there holds
(3.37) (1,0) = My ne™V 72 4 o(eN72)
where My n is a constant which is independent of .

Hence, using Lemmas 3.1 and 3.2, we obtain

1
(3.38) lwe.lloo = 3=+ O(1),

1
N > 4 exactly as in the case N = 3 is Section 3.3, and this completes the proof of Proposi-
tion 1.2.

4. PROOF OF LEMMA 3.2.

Although the integration in (3.29) is done over the interval [0, 7], we need to evaluate the
integration over [0, (1 — ¢)x|. Thus, we write

(1-e)m ™ T
/ P#(cos 0) sin™/? 6 df = (/ —/ ) P! (cos 0) sin™/? 6 df.
0 0 (1—e)m

In order to show that the second term is much smaller than the first term, we use the
asymptotic behaviour of the Legendre functions near § = w. To this end, we use the following
formulas.

For this purpose, we regard the expression of the associated Legendre function in terms
of the Gauss hypergeometric functions. We note that the associated Legendre function is
expressed by using the Gauss hypergeometric function as below when p is not a positive
integer:

1 1+¢\"? 1—t
M e — — L
(4.1) P! (t) T <1—t> F(—v,v+1,1— p; 5 ).

Note that the right-hand side has a singularity at t = —1.

4.1. Odd dimensional case. When N is odd, as we take y = —(N — 2)/2, from (4.1), we
have

v

1 1 g~/ N 1-—cosf
P—(N—2)/2(COSQ):F < + cos > Flev,v 41, cos

(N/2) \1— cos® 2 5 )
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From (5.1) in Section 5, we have

N 1—cosf
Flevy+ 1,55 =220
[(N/2)(X=2 N 1 0
_ N( /) (_22) F(—V,l/—}-l,Q——; + cos )
I'(5 +v)I(75= —v) 2 2

F(%)F(—%) 1+ cosf\ N2/ N N -2 N 1+ cosf
F( + v, - ) )
T(—)T(v +1) 2 2 2 2 2
In general, there holds F(a, b, c;z) = 1+(ab/c)x+O(2?) near x = 0if a,b,c ¢ {0,—1,-2,...}.
Thus, F(—v,v 4+ 1,N/2;(1 — cosf)/2) is close to 1 near 6 = .
In the odd dimensional case (N = 2m — 1), we have seen in the previous section that
v=j+m—32+C;eN"?+0(e¥7?). Thus, according to (i) of Lemma 6.1, there holds

1 1 N-2

= ~ g

P —v) T~ G2 4 o 2))

and we have
(14 cos§)(N=2)/2 < N=2
for 0 € [(1 — &)m, w]. We note that

™

/ P#(cos 0) sin™/2 0 do ~ / (14 cos @)~ N=2/45inN/2 g g9
(1—e)m (1—e)m

holds. Letting s = cosf, we have

cos(l—e)m

/ (14 cos0)~N=2/15inN/2 9 df ~ / (14 )" W=2/4(1 — 2)N/A+1/2 g
(1—e)m -1

cos(l1—e)m

~/ (14 s)ds ~e.
-1

Finally, we see that

/ PH(cos0)sin™/20dh < N2,
(

1—e)m

4.2. Even dimensional case. Let N = 2m. Then we have a = m—-1—-v, § = m + v,
¢ = m. Thus, (4.1) is not applicable and (3.21) has some difficulty as cos(1 — e)m — —1.
Thus, in the even dimensional case, the conversion formula (5.1) in Section 5 does not hold.
Instead we use the function U defined as (5.2) in Section 5. Concerning the relation U and
the Gauss hypergeometric function F', the conclusion in Beals and Wong [5] in p. 276 is

(42) F(a,ﬁ,ﬁ,x):F(E)U(a,ﬂ,a—i—ﬂ—i—l—ﬁ,l—x)
provided o + 8+ 1 — £ is a non-positive integer. Also, we use the other expression as

I'(m+v)(m—1)!
r'2+v—m)

1+ cosf

(4.3) P (cosf) = 5

(sin™ 1 OU(m —1—v,m+v,m;

).

As 6 — m — 0, the leading term of U is (1 + cos#)!™™ when m > 2 and log(1 + cos ) when
m = 1. Also note that a =m —1—v = —j+1—C;eVN "2 +0(eV2) < 0if j > 2. Thus, ['(«)
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n (5.2) behaves like eV =2 order. Hence, we see that

/ P L(cosf)sin™ 0 df ~ N2 / (1 + cos ) =™ sin®™~1 9 dh
(1—&)m (1—e)m

holds. Letting s = cos#, for N = 2m with m > 2, we have

T cos(l—e)m
/ (1+cos®) " sin®*™~19dh ~ / (1+s)7™(1 - s*)™ds
(1—e)m -1

cos(l—e)m

:/ (14 s)ds ~e*.

-1

Thus, all the coefficients in Lemma 3.2 are determined from (3.32), (3.33), (3.34) and (3.35)
and the proof is now complete.

5. PROPERTIES OF THE (GAUSS HYPERGEOMETRIC FUNCTIONS.

For the Gauss hypergeometric function F'(a, b, ¢; x), there is a conversion formula, which is
useful for the analysis on an odd dimensional case.

Let a, b, ¢ be real numbers such that none of ¢, a+b+1—c and ¢+1—a—b is a non-positive
integer. Then for z € (—1,1), there holds

I'(c)'(c—a—1b)
I'(c—a)l(c—0)
P(OT(a+b—0)

1—2) " Flc—a,c—b1+c—a—b1—uz).
+ ()T (0) (1—-x) (c—a,c—=bl+c—a—b1l—ux)

F(a,b,c;x) = F(a,b,a+b+1—¢1—1x)

(5.1)

However, this conversion formula is not valid for an even dimensional case. To overcome
this difficulty, we introduce the other function which is an independent solution to the Gauss
hypergeometric differential equation. The singularity can be controlled according to a device
found e.g. in Section 8.4 (pp. 274— 276) of the book by Beals and Wong [5] by means of the
function U(a, 8, ¢; z). This function solves the hypergeometric differential equation

2
:L'(l—x)%+{€—(a+6+l)x}%—aﬁF:0

and is linearly independent of F'(«, 3, ¢; x).
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Let «, 3 be non-integer values and ¢ be a positive integer. The function U(a«, 8,4, z) is
defined as follows

Ula, B, ;)
(—1)*

TTlatl-OrB+1-0(—1)"

F(a, B8,4;x)logx
(5.2)

+ 2 O et i) 4008 +0) = i+ 1) - 0+ )} o
i=0 v

—2) at+1-0,B+1-10); ;
—I-le £z; (2 —0);! o

1=

where ¢(z) is the psi (or di-Gamma) function defined as
I"(z)
¥(z) = T(2)’
(z ) = 1 and (z); = z(2+1)--- (247 —1) with ¢ € N. The last term in (5.2) does not exist if
! =
6. PROPERTIES OF THE GAMMA FUNCTION

In this subsection, we recall the definition and several properties of the Gamma function.
One of the definitions of the Gamma function I'(2) is

_ (n—1)In?
lim .
n—+00 Z(Z+1)"'(Z+n—1)
By this definition we see that I'(z) has a pole of order 1 at z = 0,—1,—2,... and the local
behaviour around one of these poles.
The definition of the -function is

I'(z) =

I(2)
= = —logTl
w(z) P(Z) dZ Og (Z)
The -function has the following property
1
(6.1) P41 =9(:) + 2.

The limiting behaviour of the Gamma function is as follows.

Lemma 6.1 (cf. Sections 1 and 3 in [18]). Let n and k be nonnegative integers. Then:

_1\n+1
() tim (T(—n —¢) = TV

¢—0 n!

(i) fim Co(—n—) = 1.

o YEn =0
(iii) %;n% T—h=0) ~ (—1)k+1EL
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