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GEOMETRICAL REALISATIONS OF THE SIMPLE
PERMUTOASSOCIAHEDRON BY MINKOWSKI SUMS

Jelena Tvanovic

This paper introduces a family of n-polytopes, PA, . which is a geometri-
cal realisation of simple permutoassociahedra. It has significant importance
serving as a topological proof of Mac Lane’s coherence. Polytopes in this
family are defined as Minkowski sums of certain polytopes such that every
summand produces exactly one truncation of the permutohedron, i.e. yields
to the appropriate facet of the resulting sum. Additionally, it leads to the
correlation between Minkowski sums and truncations, which gives a general
procedure for similar geometrical realisation of a wider class of polytopes.

1. INTRODUCTION

A convex polytope P can be defined as a bounded intersection of a finitely
many halfspaces. More precisely, it is a bounded solution set of a finite system of
linear inequalities:

P=P(ADb) :={zeR" | (a;,z) = b;, 1<i<m},

where A € R™*™ is a real matrix with rows a;, and b € R™ is a real vector with
entries b;. Here, boundedness means that there is a constant N such that ||z|| < N
holds for all x € P. Also, convex polytope can be defined as a convex hull of a finite
set of points in R™. Although equivalent ([28, Theorem 1.1]), these two definitions
are essentially different from an algorithmic point of view. Through this paper, we
use both. Since we consider only convex polytopes, we omit the word “convex”.

2010 Mathematics Subject Classification: 52B11, 52B12, 18D10.
Keywords and Phrases: coherence, simple polytopes, geometrical realisation, Minkowski sum.
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56 Jelena Ivanovié

The dimension of a polytope P, denoted by dim(P), is the dimension of its
affine hull. A polytope of dimension d < n is written as d-polytope. For a hyperplane
H, the intersection PN H is called a face of P when P lies in one of the halfspaces
determined by H. If PN H # 0, H is a supporting hyperplane. We say that a face
F of P is parallel to the given hyperplane m when there is a hyperplane H parallel
to m which defines F'. Faces of dimensions 0, 1, and d — 1 are called vertices, edges,
and facets, respectively. The sets of vertices and facets is denoted by V(P) and
F(P), respectively. A d-polytope is called simple, if each of its vertices belongs to
exactly d facets (equivalently, to exactly d edges). For the polytope P = P(A,b),
the halfspace defined by ith inequality (a;,z) > b; is called facet-defining, when
{z € P | (a;,x) = b;} is a facet. Hence, —a;, an outward normal vector to that
halfspace, is an outward normal vector to that facet.

For an equation that corresponds to the hyperplane 7, the halfspaces 72 and
7S are defined as m, save that “=" is replaced by “>” and “<”, respectively. For
an arbitrary polytope P, 77 is beneath a vertex V € P when V belongs to 7> and
also, we say that 72 is beyond V when V does not belong to 72. A truncation
trpP of P in its proper face F is a polytope P N7, where 72 is beneath every
vertex not contained in F' and beyond every vertex contained in F'. This truncation
is parallel when F' is parallel to 7. In this paper, we assume that all truncations
are in the faces that are not facets.

A simple polytope named permutoassociahedron belongs to the family that
generalises a well known family of polytopes called nestohedra, i.e. hypergraph poly-
topes (see [11], [21] or [22]). Nestohedra appear in many fields of mathematics,
especially in algebra, combinatorics, geometry, topology and logic. Roughly speak-
ing, we can understand this family as polytopes that can be obtained by truncations
in the vertices, edges and other proper faces of d-simplex. The recipe that prescribes
which faces of simplex will be truncated can be defined with respect to a building
set, which is a special kind of a hypergraph (see [21]). Thus, we get simplices as
the limit case in the family, when building set is minimal and where no truncation
has been made. As the limit case at the other end, when building set is maximal
and where all possible truncations have been made, we have permutohedra. There
are also other well-known members of this interval, but for needs of this work, be-
side permutohedron, the most important is an associahedron or Stasheff polytope
(see [25]).

The permutoassociahedron arises as a “hybrid” of these two nestohedra. In
order to bring the reader closer to our motivation to investigate this compound
and have a clearer understanding of its nature and combinatorics, we recall of
some combinatorial characteristics of its building elements. For more details on
permutohedra and associahedra, we refer to [28], [27], [4] and [25], [2], [26], [21],
respectively.

Combinatorially, the permutohedron is a polytope whose vertices correspond
to words obtained by all permutations on n different letters. It can be realised by an
(n — 1)-polytope P,,, whose vertices are obtained by permuting the coordinates of
a given generic point in R™. Thus, cardinality of the set V(P,,) is nl. Two vertices
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are adjacent if and only if their corresponding permutations can be obtained from
one another by transposition of two consecutive coordinates, i.e. consecutive letters.
Figure 1 depicts P, for n € {2,3,4}.

cab cba

acb beca

ab ba abe bac

(a(be))d (ab)(cd)

(ab)e  a(be) a((be)d)  a(b(ed))

Figure 2: Associahedron K3, K, and Kj5

The associahedron K,, is an (n — 2)-polytope whose vertices correspond to
complete bracketings in a word of n different letters. Hence, the total number of
its vertices is the (n — 1)th Catalan number, i.e. cardinality of the set V(K,,) is

1/2n—-2

n\n—1),
Two vertices are adjacent if and only if they correspond to a single application of the
associativity rule. The k-faces of the associahedron are in bijection with the set of



58 Jelena Ivanovié

correct bracketings of an n letters word with n—k—1 pairs of brackets. Two vertices
lie in the same k-face if and only if the corresponding complete bracketings could
be reduced, by removing k pairs of brackets, to the same bracketing of the word of
n letters with n — k — 1 pairs of brackets. Figure 2 depicts K,, for n € {3,4,5}.

In early 1990s, Kapranov’s original motivation for the study of P, and K,
was provided by MacLane’s coherence theorem for associativities and commutativ-
ities in monoidal categories [17]. He found a “hybrid-polytope” that demonstrates
interaction between commutativity and associativity, named permutoassociahedron
and denoted by KP,,. It is a polytope whose vertices correspond to all possible
complete bracketings of permuted products of n letters. Any n objects in any sym-
metric (or braided) monoidal category give rise to a diagram of the shape KP,,.
He provided its realisation as a combinatorial CW-complex and showed that it
is an (n — 1)-ball. Furthermore, he realised KP3 and KP4 as convex polytopes
([16]). After Kapranov, Reiner and Ziegler gave such a realisation of KP,, for every
n > 2 ([23]).

c(ab) c(ba) b(ca) c(ba)
(ca)b (ch)a (be)a (ch)a
o s o
a(bc) b(ac) a(be) a(ch)
(ab)e (ba)e (ab)e (ac)b

Figure 3: 2-permutoassociahedron KP3 and PAy

However, for every n > 4, Kapranov’s polytopes are not simple. Even in the
case of 3-polytope KP4, we may notice some vertices that belong to more than three
facets. Since these polytopes are hybrids of polytopes that are both simple, it was
natural to search for a family of simple permutoassociahedra. It was firstly done by
Petri¢ in [19]. In that paper, he described the simplicial complex C obtained by a
specific iterative nested construction, whose opposite face semilattice is isomorphic
to the face lattice (with () removed) of the simple n-polytope PA,,. This polytope is
obtained by truncations of n-permutohedron such that every vertex expands into an
(n — 1)-associahedron. Note that the vertices of PA,, can be combinatorially given
in the same way as the vertices of KP,, 1, but PA,, is simple in any dimension. The
main difference in approach, which leads to the simplicity of the hybrid-polytope,
is a choice of arrows that generate symmetry in a symmetric monoidal category.
Namely, there are two types of the edges of KP,, corresponding either to a single
reparenthesisation, or to a transposition of two adjacent letters that are grouped
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together. On the other hand, the edges of PA,, are of the following two types: they
also correspond to a single reparenthesisation, or to a transposition of two adjacent
letters that are not grouped together, i.e. to “the most unexpected” transposition of
neighbours. This essential difference can be recognised even between KP3 and PAs,
which are both dodecagons (see Figure 3). The 3-dimensional members of these two
families of permutoassociahedra are illustrated in Figure 4'. There is a nonsimple
vertex of KP4 that corresponds to the word (be)(ad), which is connected by the
edges with the vertices that correspond to the words (be)(da), ((be)a)d, b(c(ad))
and (cb)(ad). The vertex of KP3 that correspond to the same word is adjacent just
to the three vertices that correspond to the words ((bc)a)d, b(c(ad)) and (ba)(cd).

Figure 4: 3-permutoassociahedron KP4 and PAj3

Based on [19], the family of simple permutoassociahedra was further inves-
tigated by Curien, Ivanovi¢ and Obradovié ([5, Section 5.2]) and also by Baralié,
Ivanovi¢ and Petri¢, who gave another explicit realisation with systems of inequali-
ties representing halfspaces in R"*!. This realisation is denoted by PA,, in [1]. In
Section 2, we briefly present the simplicial complex C' (the face lattice of a simple
permutoassociahedron given combinatorially) and its geometrical realisation PA,,.

Since geometrical realisation of this family serves as a topological proof of
Mac Lane’s coherence, and since it is a generalisation of nestohedra defined by
Postnikov as a Minkowski sum of standard simplices ([22]), it is natural to search
for an alternative realisation of the simplicial complex C', which also uses Minkowski
sum as a constructive tool.

Minkowski-decomposability of every simple polytope was confirmed by
Griinbaum more than fifty years ago in [15, Chapter 15.1, p. 321], and there-
fore, decomposability of PA,, is guaranteed. However, we are interested in finding
very specific decomposition (see Definition 3.12 below) of its normal equivalent.
Besides Postnikov’s representation of nestohedra, there is quite known family of

IThe left illustration is taken from [23, Section 9.3], while the right one is made using the
graphical algorithm-editor Grasshopper ([24]), a plug-in for Rhinoceros 3D modelling package

((18]).
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zonohedra (also called zonotopes, [28, Section 7.3]), defined as Minkowski sum of
line segments. There is no other specified representation of any significant family
of polytopes, which uses Minkowski sums. Therefore, the main goal of the papar
is to define an m-dimensional Minkowski-realisation of the simplicial complex C
for every m > 2, according to Definition 3.12, i.e. to find an n-polytope in R"*+!,
denoted by PA,, 1, which is combinatorially equivalent to PA,, and obtained by
Minkowski sums of particular polytopes. The summands are such that each of
them leads to the appropriate facet of the whole sum, i.e. to a truncation of the
currently obtained partial sum.

Before giving the general result, we investigate 2-dimensional Minkowski-
realisation of C'. Namely, in Section 4, we define a 2-polytope ™ PA,, normally
equivalent to the polytopes PA,y. Then, in Section 5, for every n > 2, we specify a
family of n-polytopes PA,, . for ¢ € (0,1] such that each member of the family is an
n-dimensional Minkowski-realisation of C' and each one is normally equivalent to
PA,,. In particular, the most significant member of the family is PA,, 1, obtained
for ¢ = 1, because all its summands are defined as convex hulls of points in R**1.
This is particularly beneficial with respect to a computational aspect.

An additional advantage of the new approach using Minkowski sums, is in
constructing an algorithm for realisation of the other families of polytopes that
also generalise nestohedra. Namely, this research leads to the clear correlation be-
tween Minkowski sums and truncations of permutohedron. This implicitly delivers
a general procedure for geometrical Minkowski construction of any hybrid of per-
mutohedron and arbitrary nestohedron (permutohedron-based-nestohedron) such
that every summand produces exactly one truncation, i.e. yields to the appropriate
facet of the resulting Minkowski sum.

Throughout the text cardinality of a set X is denoted by |X|, conv{vy, ..., v}
represents the convex hull of points vy, ..., v, the dual space of a vector space W is
denoted by W*, the set {1,...,k} is denoted by [k], the subset relation is denoted
by C, while the proper subset relation is denoted by C. Also, by comparability, we
mean the comparability with respect to inclusion.

2. NESTED SETS

In this section, we present some known facts about a family of simplicial
complexes and two-folded nested sets that are closely related to the face lattice of
PA,. Since the main goal of the paper is a new geometrical realisation, we omit the
theory of nested set complexes in its full generality. We offer just a part of already
established theory that is necessary for our research. The following expositions
about complexes of nested sets for simplicial complexes and the definition of PA,,
are inherited from [8] and [1], respectively.

Definition 2.1. (cf. [1, p. 7]) A polytope P (geometrically) realises a simplicial
complex K, when the semilattice obtained by removing the bottom (the empty set)
from the face lattice of P is isomorphic to (K, D).
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Definition 2.2. (cf. [15, p. 38]) Two polytopes P and @ are combinatorially equiv-
alent, when their face lattices are isomorphic and it is denoted by P ~ Q.

Definition 2.3. (cf. [1, Definition 3.1]) A collection B of non-empty subsets of a
finite set V' containing all singletons {v},v € V and satisfying that for any two sets
S1,S2 € B such that Sy NSy # 0, their union S1 U Sy also belongs to B, is called
a building set of P(V). Let K be a simplicial complex and let Vi,...,V,, be the
maximal simplices of K. A collection B of some simplices of K is called a building
set of K, when for every i € [m], the collection

By, =BnPV;)
is a building set of P(V;).

For a family of sets N, {X1,..., X} C N is an N-antichain, when m > 2
and Xi,...,X,, are mutually incomparable.

Definition 2.4. (cf. [1, Definition 3.2]) Let B be a building set of a simplicial
complex K. We say that N C B is a nested set with respect to B, when the union
of every N-antichain is an element of K — B.

A subset of a nested set is again a nested set. Hence, the nested sets form a
simplicial complex.

Now, we proceed to the construction of the building set that gives rise to a
simplicial complex of nested sets, which is associated to the simple permutoassoci-
ahedron. For n > 1, let Cy be the simplicial complex P([n + 1]) — {[n + 1]}, the
family of subsets of [n + 1] with at most n elements. The simplicial complex Cj is
known as the boundary compler OA™ of the abstract n-simplex A™.

Remark 2.1. The simplicial complex of all nested sets with respect to the building
set B of Cy is isomorphic to the simplicial complex obtained by the collection of all
Postnikov’s nested sets with removed maximal element from the building set. For
more details, we refer to [19, Section 3].

As a direct corollary of Proposition 9.10 in [7], we have the following claim.

Proposition 2.2. For every building set B of Cy, there exists a nestohedron P
that realises the simplicial complexr K of all nested sets with respect to B.

Such a nestohedron is introduced at the end of Section 3, where we present
a polytope Pg whose semilattice obtained by removing the bottom from its face
lattice is isomorphic to (K, D). This contravariant isomorphism is obtained in such
a way that the maximal nested sets correspond to the vertices of the polytope,
while the minimal nested sets, i.e. the elements of B, correspond to its facets. In
general, we say the following.

Definition 2.5. Let P be a polytope that realises a simplicial complex K of all
nested sets with respect to the building set B and let f be the contravariant isomor-

phism. A facet F' of P is properly labelled by the element B of B when f(F) = {B}.
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In other words, two facets of P have a common vertex if and only if there is a nested
set containing both their labels.

Now, let By = Cy — {0}. According to Definition 2.3, By is a building set of
Cp. A set N C By such that the union of every N-antichain belongs to Cy — By is
called 0-nested. According to Definition 2.4, every O-nested set is a nested set with
respect to By. Since a subset of a 0-nested set is also a 0-nested set, the family of
all O-nested sets makes a new simplicial complex C;. Maximal 0-nested sets are of

the form
{{’er R 7i1}7 ceey {invin—l}y {Zn}}a

where i1, . ..,i, are mutually distinct elements of [n + 1].

On the other hand, if we consider graph " with [n+1] as the set of vertices, the
set of all members of Cj that are non-empty and connected in I" make a (graphical)
building set of Cy. Each of these building sets gives rise to a simplicial complex of
nested sets, which can be realised as an n-nestohedron—a graph-associahedron ([4]).
For example, n-permutohedron and m-associahedron, correspond to the complete
graph on [n+ 1] and the path graph 1—...—(n+1), respectively. By the definition
of By, the simplicial complex of nested sets corresponding to the complete graph
on [n+ 1] is exactly C1, i.e. n-permutohedron realises C4.

The maximal O-nested sets correspond to the vertices of the permutohedron
such that above-mentioned maximal O-nested set is associated with the permutation

bna1it - . in

of [n + 1], where {in41} = [n+ 1] — {i1,...,in}. It is easy to see that there
is (n + 1)! maximal O-nested sets. The minimal nested sets of the form {B} for
B € By, correspond to the facets of the permutohedron. Therefore, two properly
labelled facets have a common vertex if and only if their labels are comparable,
according to Definition 2.5.

Observe that By was defined in a way that covers the recipe for completely
truncated simplex, i.e. the permutohedron. One can conclude that the next logical
step on the road to the permutoassociahedron is to truncate further in order to
stretch the interval. Starting from the permutohedron with the recipe that corre-
sponds to the associahedron, we need a new building set of C'; according to a path
graph. Namely, for a maximal O-nested set

{{va < 7i1}7 DI {in7in—1}7 {Zn}}a
we observe the path graph with n vertices and n — 1 edges
{iny-osir} — oo = {inyin—1} — {in}

A set of vertices of this graph is connected, when this is the set of vertices of a
connected subgraph of this graph.
Now, let By C C; be the family of all sets of the form

{{ik+l7 o ;ika . 'ai1}7 e {ik+la v aikaikfl}a {ik+lv ce ,ik}}v
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where 1 <k < k+1<nandiy,...,igy are mutually distinct elements of [n + 1],
i.e. let By be the set of all non-empty connected sets of vertices of the path graphs
that correspond to all maximal O-nested sets. By Definition 2.3, By is indeed a
building set of the simplicial complex Cj.

A set N C Bj is 1-nested when the union of every N-antichain belongs to
C1 — B;. By Definition 2.4, every 1-nested set is a nested set with respect to Bj.
Again, one can verify that the family of all 1-nested sets makes a simplicial complex,
which is denoted by C. For a polytope P that realises C, the maximal 1-nested
sets correspond to the vertices of P, while the singleton 1-nested sets correspond
to its facets. Hence, from the definition of B; and Definition 2.5, the next claim
follows directly.

Proposition 2.3. Let P be a polytope that realises C', whose facets are properly
labelled by the elements of By. Two facets of P have a common vertez if and only
if their labels are comparable or the union of their labels is in Cp — By.

According to [1], a geometrical realisation of C' is given as follows. For
1<k<k+1I<n,let
3k+l+1 _ 3l+1 3k — 3k

k) = .
k(k, 1) 2 BT —

For an element 5 = {{ikJrl, e 7ik7 . 77;1}, ey {ik+l7 e ,ikﬂik,l}, {ik+l; . ,ik}},
of By, let 743 be the equation (hyperplane in R"*1)

Ty + 22, + . R, ) = KR,

For 7 being the hyperplane x1 + ...+ 2,11 = 3" in R**L let
PA, = (ﬂ{ﬂ-ﬂ> | ﬂ S Bl}) nm.

Theorem 2.4. (cf. [1, Theorem 5.2]) PA,, C R""! is a simple n-polytope that
realises C.

As a consequence of the previous theorem, Proposition 2.3 and Lemma 5.5
in [1], we have the following.

Corollary 2.5. For every 3 € By, the halfspace ng= is facet-defining for PA,,.
Moreover, if the facets of PA,, are properly labelled, then the facet PA, N7mg” is
labelled by 5.

3. MINKOWSKI SUM, NORMAL CONES AND FANS

Before we define our main task related to the last theorem, let us recall some
facts about normal cones and fans, and also about Minkowski sum, which is one of
the fundamental operation on point sets. The collection of all polytopes in R"™ is
denoted by M,, (following [3]).
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Definition 3.6. (cf. [3, p. 36]) The supporting function of P € M, is the function

sp:R" — R : sp(x) = max(x,y).
yepP

For every face F' of a polytope P, there is a supporting hyperplane through
F. The set of outward normals to all such hyperplanes spans a polyhedral cone,
the normal cone at F' (see Figure 9). More formal definition follows.

Definition 3.7. (cf. [28, p. 193]) For a given face F of a d-polytope P € M,
the normal cone to P at F is the collection of linear functionals v in (R?)*, whose
mazimum on P is achieved on all the points in the face F, i.e.

Ne(P) = {ve (R | (v,y) = sp(v), Yy € F}.
1-dimensional normal cones are called rays. The normal fan of P is the collection
N(P)={Np(P) | F is a non-empty face of P}.

The normal fan N (P) is complete for every P € M,,, which means that the
union of all normal cones in N(P) is R™. As we only consider normal fans, the
word “normal” will be assumed and omitted for brevity from now on. Also, an
arbitrary convex cone in R” of dimension d < n is written as d-cone.

Remark 3.6. The intersection of any two normal cones in N'(P) at two faces F}
and Fs is the common face for each of the cones, which is also the normal cone at
the smallest face of P that contains both Fy and F5.

Example 3.7. The fan of a single line segment L is the set {H, H>, HS}, where
H is a hyperplane normal to L.

Definition 3.8. (cf. [28, p. 193]) Two polytopes P,Q € M,, are called normally
equivalent when they have the same fan:

P~Q e N(P)=N(@Q).

In literature, normally equivalent polytopes are also called “analogous”, “strongly
isomorphic” or “related”. The term “normally equivalent” is used in [15] and
[28]. An example of two normally equivalent polytopes is given in Figure 5.

One can verify that P ~ Q) = P ~ (@, but the other direction does not hold.
If Q can be obtained from P by parallel translations of the facets, then the outward
normals to the corresponding facets of P and ) have the same directions, and then,
the rays in N (Q) and N (P) coincide. Therefore, the next proposition holds.

Proposition 3.8. Two combinatorially equivalent polytopes are normally equiva-
lent if and only if their corresponding facets are parallel.
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Remark 3.9. If P is a polytope in M, defined as the intersection of the following
m facet-defining halfspaces

<a/ia'r> >b27 1 ngm,

then a truncation of P in its proper face F, trpP = P N 77, is the intersection of
the following m + 1 facet-defining halfspaces

(as, z) = b;, 0<i<m,

where {ag,x) > by defines the halfspace 7.

The previous proposition implies the following. For every polytope Q which
is normally equivalent to trp P, there exists ¢ € R™T! with entries ¢; such that Q
is the intersection of the following m + 1 facet-defining halfspaces

(ai,x) = ¢, 0<i<m.

Hence, if f is a facet of Q lying in the hyperplane {(ag,z) = co parallel to w, then
there is a bijection

peF(Q) —{f} = F(P)

mapping facets to parallel facets. We say that facets of polytopes P and @Q corre-
spond to each other when they correspond according to p. Also, f is called the new
appeared facet of Q.

Lemma 3.10. Let trpP = PN7? be a truncation of a given polytope P € M,, in
its face F. For a vertex u € F, let {w; | i € [k]} be the set of vertices of P adjacent
to u but not contained in F. Also, for every i € [k], let E; = uw; and v; = E; N .
The union of all normal cones in N (trpP) at the vertices contained in m is equal
to the union of all normal cones in N'(P) at the vertices contained in F'. Moreover,
if the truncation is parallel, then

Nu(P) = | J Ny, (trpP).
i€ (k]

Proof. Without lose of generality, suppose that P is full dimensional. Let ay be an
outward normal to the truncation hyperplane w. By the definition of truncation,
N, (trpP) = N,(P) for every vertex v which is common for both polytopes. Hence,
the first part of the claim follows directly from the fact that both fans are complete.
Now, let 7 be an arbitrary element of [k]. For every spanning ray a of N,,(trpP)
such that a # ag, there is a facet of P which contains F; and whose an outward
normal is a, and therefore, a is contained in the cone N, (P). Since the truncation
is parallel, there is a hyperplane parallel to m which defines F', i.e. the functional
ap attains the maximum value at F' over all points in P. It implies that ag is
contained in the normal cone Ng(P). According to Remark 3.6, Ng(P) is common
face for all normal cones in P at the vertices of F'. Therefore, ag is contained in
each of them. In particular, ag € N,(P). We conclude that every spanning ray of
N,, (trpP) is contained in N, (P), which implies N,, (trpP) C N,(P). O

i
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Definition 3.9. (cf. [3, Definition 1.1.]) Let A, B C R"™. The Minkowski sum of
A and B is the set

A+B={zeR" |z =121+ 29, 1 € A, z9 € B}.
We call A and B the summands of A + B.

The Minkowski sum of two polytopes is again a polytope, thus we can use this
operation as a classical geometrical constructive tool, which allows us to produce
new polytopes from known ones. Moreover, this operation establishes an abelian
monoid structure on M,,, where neutral element is the point 0 = (0,...,0) € R".
Note that M,, has the structure of R-module, i.e. for given A € R and P € M,,

AP={ zeR" |z € P}
Remark 3.11. Scaling a polytope does not change its fan, i.e. for every A > 0 and
PeM,, A\P~ P holds.

Remark 3.12. For every 0 < A <1 and P € M,,, AP is trivially a summand of
P for
P=AP+(1-XP

Through the paper, wherever we are talking about addition of polytopes, we
refer to Minkowski sum.

Definition 3.10. A polytope P5 is a truncator summand for a polytope Py, when
there is a truncation trp Py of Py in its proper face F such that

P1+P2§tI‘FP1.

Definition 3.11. An indexed set of polytopes { P;}icim) is a truncator set of sum-
mands for a polytope Sy, when for every i € [m], P; is a truncator summand for a
polytope S;_1, where S; = S;_1 + P;, ¢ € [m].

Now, let e;, ¢ € [n + 1], be the endpoints of the standard basis vectors in
R™*! and let
Ay = conv{e; |i €I}

be the standard (]I| — 1)-simplex for any given set I C [n + 1].

Definition 3.12. Let K be the simplicial complex of all nested sets with respect
to the building set B and let { Ay, As} be a partition of B such that the block Ay is
the collection of all singleton elements of B. An n-polytope P is an n-dimensional
Minkowski-realisation of K when the following conditions are satisfied:

(i) P realises K;
(i) there exists a function ¢ : B — M, 11 such that

P = Apqq) + Z ©(B);

BeB
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(iii) for an indexing function x : [m| — Ag such that |x(i)| = |z(j)| for every
i < j, the indexed set {P;}icm), where P; = p(x(i)), is a truncator set of
summands for the partial sum

Appyyy + Z ©(B).

BEAL

The main question of the paper follows. It is related to the simplicial complex
C defined in the previous section.

Question 3.13. How to define a polytope in R™1, which is an n-dimensional
Minkowski-realisation of C' and which is normally equivalent to PA,, ?

In Section 4, we answer the question in the cases n = 2, while the general
answer for every dimension is given in Section 5. Moreover, we define a family of
n-polytopes with requested properties.

It is well known that every simple polytope except simplex is decomposable
([15, Chapter 15.1, p. 321]), i.e. it can be represented as a Minkowski sum in a
nontrivial manner such that the representation possess a summand, which is not
positively homothetic to the whole sum (see Remark 3.12). Thus, decomposabil-
ity of PA,, is guaranteed, i.e. a nontrivial representation of the family of simple
permutoassociahedra as a Minkowski sum exists. But, our goal is very specific
representation according to Definition 3.12, and we are searching for a polytope,
which does not need to be congruent to PA,,. Still, by the additional request of
Question 3.13, they have to be normally equivalent. In that manner, requesting
normal equivalence between polytopes, we stay on the bridge between coincidence
and combinatorial equivalence.

Let us recall the following.

Proposition 3.14. (cf. [3, Lemma 1.4.]) If P, = conv{vy,...,vx} and
Py = conv{wy, ..., w;} are polytopes in M,,, then

Py + P, = conv{vy +wi,..., 0 +wj,..., 05 +wi}.

It follows that for every point A € R™, P+ {A} is a translate of the polytope
P. Throughout the text, for two given points P and T;, let {P;} = {P} + {T;}.

Corollary 3.15. The following holds in M,,:
(i) if PL = Py, up to translation, then P+ Py = P + Pa, up to translation;
(i) if P = Py + Py, then dim(P) > max{dim(P;), dim(Ps)}.

Unlike convexity, simplicity is often violated, i.e. the sum of simple polytopes
often fails to be simple. Although Minkowski sum is a very simple geometrical
operation, its result is not often intuitively predictable and obvious, especially in
the case of summing a collection of polytopes of various dimensions or polytopes
with a lot of vertices.
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Our Question 3.13 is related with development of the following Postnikov’s
idea implemented in his Minkowski-realisation of the family of nestohedra (see [21]).
Let B be a connected building set of the set [n + 1] such that [n + 1] € B. For any
set B € B, we consider the (|B| — 1)-simplex Ag, and the sum

Ps= )Y Ap.

BeB

It is shown that this sum is a simple n-polytope, which can be obtained by successive
parallel truncations of an m-simplex, and vice versa, for a nestohedron P and the
corresponding building set B, we have P ~ Py (see [21, Theorem 7.4.]).

Note that the following partial sum

Ay + Z Ap
BeB
|B|=1

is a translate of the n-simplex Ap,;q) by the point (1,...,1) € R"*!. For every
totally ordered indexing set I of the set of all non-singleton elements of B, such
that |B;| > |B,| for ¢ < j, the set {Ap, }ier is a truncator set of summands for the
translated simplex. Therefore, according to Definition 3.12, this is indeed an n-
dimensional Minkowski-realisation of the simplicial complex of all nested sets with
respect to B — {[n + 1]} (see Remark 2.1).

4. THE 2-PERMUTOASSOCIAHEDRON AS A MINKOWSKI SUM

In this section we answer Question 3.13 in the case n = 2. By Theorem 2.4,
the dodecagon PA, realises C' (see Figure 3). Thus, at the very beginning of this
section, we could deliver 12 polytopes whose sum with A[3) is a dodecagon normally
equivalent to PAs and show that all conditions of Definition 3.12 are satisfied.
Instead, we choose another approach, which leads us to the general criteria for
finding these summands. As we shall see later in higher dimensions, the most of
required summands are neither simplices, nor their sums. Moreover, they need not
be even simple polytopes.

According to Section 2, we start with the triangle, i.e. the simplicial complex

CO = {@7 {1}7 {2}’ {3}7 {17 2}7 {17 3}7 {27 3}}
and its building set

By = {{1}7 {2}7 {3}v {1’ 2}’ {1’ 3}’ {2’ 3}}’

which leads us to the simplicial complex C; realised by 2-permutohedron, i.e.
hexagon. There are the following 6 maximal 0-nested sets:

{{n2n (), {n2h {24}, {{ush {1} ({131, (33}, {23}, {2}}, {{2.3}.{3}},
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and thence,

B ={ {0} {21 {61 {121, {8 {231 {2 (),
{1252} ({13541} ({13533} {{2.3}, {23}, {{2.3}.{3}} }

ie. By = C1 — {0}. According to the elements of the building set, we have the
following set of 12 halfspaces:

> 3
Ty + Ty 2 9
> 1

Ty, + 2w, 2.5,

where i; and iy are distinct elements of the set [3]. The simplicial complex C
is realised by the polytope PAs defined as the intersection of the previous set of
facet-defining halfspaces and the hyperplane x1 + x5 + x3 = 27.

It can be verified that PAj, is really a dodecagon in R>. Very efficient tool
for such a verification is polymake, an open source software for researches in poly-
hedral geometry. This computational programme offers a lots of systems, around
which one could deal with polytopes in different ways. In particular, there is a
possibility to define a polytope as a Minkowski sum of already known ones. For
representing PA, (see Figure 5 left), it is enough to use convex hull codes cdd [10]
and polymake’s standard tool for interactive visualisation called JavaView [20]. We
extensively use polymake for all verifications that appear in this section.

—

A .J

Figure 5: JavaView visualisation of PAy and ¥ PA,

By Corollary 2.5, all the edges of PAy are properly labelled by the elements
of By such that the edge labelled by 3 is contained in 7g. Also, by Proposition 2.3,
two edges have a common vertex if and only if their labels are comparable.

According to Question 3.13 and Definition 3.12, our task is to establish a
function ¢ : By — M3 such that if

MPAy = A + Z w(B),
BeEB;
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then M PA, is also a dodecagon satisfying Definition 3.12(iii). These two do-
decagons have to be normally equivalent. If their edges are properly labelled by
the elements of By, Proposition 3.8 implies that the equilabelled edges have to be
parallel.

Let the image of every singleton 5 € B; be the corresponding simplex, i.e.

¢(8) = Aup.

From the end of the previous section, we have that the partial sum

S=Ap+ > ¢(B) =Ap +Apy +Apy + Ay + Apay + Ay + A

BEB:
|B|=1

is a completely truncated triangle in R2, which is a 2-dimensional Minkowski-
realisation of the simplicial complex Cy. It is a hexagon with three pairs of parallel
sides whose edges can be properly labelled by the corresponding B C [3]. Let us
label these edges by {B}, i.e. by the corresponding singleton elements of B;. Note
that they are parallel to the same labelled edges of PA,.

{{1,2}}

(11,2}, 413 {2 {21}

{13} {{2}}

Figure 6: Properly labelled facets

It remains to specify images of six non-singleton elements of B;, which are
of the form {{is,i1},{i2}}. According to Definition 3.12(iii), for any order of the
summands ¢({{iz,i1},{i2}}), each of them should be a truncator summand for
the currently obtained partial sum. Let {P;};c[s) be an indexed set of all these
summands and let us consider all partial sums obtained by adding the elements of
this set to the hexagon S, step by step. We start with So = .S and consider every
partial sum S; = S;_; + P;, i € [6]. Notice that ¥ PA; = Sg. Since for every
i € [6], there is a truncation of S;_; in some vertex, normally equivalent to S;, at
ith step we can label the edges of S; by the elements of B; in the following way:
the corresponding edges of S; and S;_; are equilabelled, while the new appeared
edge is labelled by some new label §; (see Remark 3.9). At the end, in order to
have all the edges of Sg properly labelled, the following hold for every i € [6]: if
P; corresponds to @({{ig, i1}, {22}}), then S; ~ tryS;_1, where V is the common
vertex of the edges labelled by {{iz,i1}} and {{iz}}, and B8; = {{iz, i1}, {iz}} (see
Figure 6). Moreover, since the dodecagons are normally equivalent, for every edge
of the partial sum S; there is a parallel equilabelled edge of PA,.
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The proof of the following proposition is quite different from what we discuss
here, so it is given later in Section 5.

Proposition 4.16. If ¢ is a function satisfying the conditions of Definition 3.12,
then for every two distinct elements i1,is € [3], @({{iz,i1},{i2}}) is not a line
segment.

From the previous proposition and Corollary 3.15(ii), for every two distinct
elements i1,i2 € [3], ¢({{i2,i1},{i2}}) is a polygon. Since the order of sum-
mands is irrelevant, we start with ¢({{1,2},{1}}) being a triangle T1T3T3, where
Ti(ai, by, c1), To(az, b, c2) and T3(as, bz, c3) are points in R3. This triangle is a
truncator summand for S such that S + 117575 is a heptagon normally equivalent
to the heptagon obtained from .S by truncation in the vertex common for the edges
labelled by {{1,2}} and {{1}}. Instead to continue with the whole sum S, we
consider its partial sum

A +Apy +Apy + Ay + A,

which is the trapezoid ABCD given in Figure 7. Namely, since the whole sum §
is a Minkowki-realisation of C', its summands indexed by non-singleton sets make
a truncator set of the triangle. Hence, we are able to remove some of them such
that the sum of the remaining summands has the vertex where the edges labelled
by {1,2} and {1} meet (the vertex D).

A(1,3,1) (3} B(3,1,1)

Figure 7: The partial sum Az + Agqy + Aggy + Agzy + A0y

In order to find T1T5T3, we focus on an appropriate “local polytope”, e.g. the
trapezoid ABCD. We assume that T1T5T3 is a truncator summand for ABCD,
which means that the polytope

ABCD + ThT5Ts = conv{ Ay, Ay, A3, B1, B2, B3, C1,C5,Cs, D1, D2, D3},

is a pentagon normally equivalent to the polytope obtained from the trapezoid by
truncation in the vertex D. Also, —(2,1,0) should be an outward normal vector



72 Jelena Ivanovié

to the new appeared edge. Let us assume that D; D, is that edge such that D,
and Dy are also common for the facets with the outward normal vectors —(1,0, 0)
and —(1,1,0), respectively (see Figure 8). We also assume that Ay, B3 and C5 are
the vertices of ABCD + T1T>T5 such that A; is common for the edges with the
outward normals —(1,0,0) and —(0,0,1), Bs is common for the edges with the
outward normal vectors —(0,1,0) and —(0,0,1) and Cy is common for those ones
with the outward normal vectors —(0,1,0) and —(1,1,0). It implies the following
system of equations:

a1+bl +61:a2+b2+62

a1 +b1 +ci=az3+b3+cs

2a1 + by = 2as + by
€1 =¢3

by = bs.

The first two follow from the fact that all translates A;B;C;D; of the trapezoid
ABCD, i € [3], have to lie in the same plane parallel to the plane 21 + 2z + 23 = 5,
in which ABCD lies.

D2(1+4a2,2+b2,2+ c2) Ca(2+4az,1+4+b2,2+c2)

Di(14+a1,2+b1,24+c1

A1(1+a1,3+b1,1+cl) As Bl(3+a1,1+b1,1+61) Bg(3+a3,1+b3,1+63)

Figure 8: A[g] + A{l} + A{Q} + A{g} + A{Lz} + T1T5Ts
Since Ag, Az, By, B2,C1,C3 € conv{Ay, B3, C2, D1, D3}, we have the follow-
ing set of inequalities:
a1 <az<az, by <b3<by, ¢ <cz<en.

Solving the system, we get that the points T; are

2a1+b1—b3 blfb

Ti(a1,by,¢1), T 5 , bs,

3 + Cl), Tg(a1 + b1 — b37b3761),

ie.
b1 — b by —b
L 2 3707 - 2 3)7 T3(b1_b3a050)7

T1(0,b1 — b3, 0), To(



Geometrical realisations of the simple permutoassociahedron by Minkowski sums 73

up to translation. It remains to conclude that 777573 is any translate of a triangle
whose vertices are

Tl (07 2)‘7 0)? T2 (Aa 07 A)a T3(2Aa 0) 0)7

where A > 0 (see Remark 3.11). Looking carefully at Figure 8, we can notice
that the triangle ABC is also one of them for A = 1. Let ¢({{1,2},{1}}) be
T\ T5T5 = conv{(0,2,0),(1,0,1),(2,0,0)}. One can verify that for the vertex V of
the hexagon S, which is common for the edges labelled by {{1,2}} and {{1}},
S 4+ T1T5T5 ~ try S holds, indeed.

Considering an appropriate local polytope, we define images of all non-singleton
elements of the building set analogously:

@({{127 Z.1}7 {22}}) = COTL’U{2€Z'1 5 Cig + 61'3,261‘2},

where 1,75 and i3 are mutually distinct elements of the set [3]. Together with
already defined images of singleton elements of 1, we obtained the polytope

MPAy = A + Z ©(B).
BeB;

One may verify that ™ PA, is a dodecagon whose vertices are all permutations
of the coordinates of the points (1,5,13) and (2,3, 14). This dodecagon can also be
defined as the intersection of the hyperplane z; + x2 + x3 = 19 and the following
set of facet-defining halfspaces:

Ty 2 1
T, + ®m, = 9
T, + 2z, > T,

where ¢ and j are distinct elements of the set [3]. Therefore, two dodecagons
are normally equivalent (see Figure 5). We also verify that Definition 3.12(iii) is
satisfied by analysing each partial sum that constitutes ¥ PA,, step by step, for
any order of summands. Finally, according to Definition 3.12, we conclude that
MP A, is a 2-dimensional Minkowski-realisation of the simplicial complex C.

5. THE N-PERMUTOASSOCIAHEDRON AS A MINKOWSKI SUM

In the previous section, we gave Minkowski-realisations for 2-permutoassocia-
hedron handling only with equations of hyperplanes, which define facets of the re-
sulting polytope. We started from local polytopes that were chosen to define partic-
ular summands. All verifications were done manually or with a help of polymake.
It was done with intention to postpone some definitions and claims about relation
between Minkowski sum and fans refinement. However, these matters are necessary
for Minkowski-realisation of n-permutoassociahedra.
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Proposition 5.17. (cf. [28, Proposition 7.12. and the definition at p.195]) The fan
of the Minkowski sum of two polytopes is the common refinement of their individual
fans, i.e.

N(P1+P2) = {N1mN2 | Ny EN(P1),N2 EN(PQ)}

Proof of Proposition 4.16. Let us suppose that such a line segment L C R3 exists
for one pair of distinct elements 41,i2 € [3]. By Proposition 5.17 and Example 3.7,
the fan of the partial sum S+ L is the common refinement of the set {H, H>, HS},
where H is the plane normal to L. Since S is a hexagon with three pairs of parallel
sides, its fan is the set consisted of three planes with a common line and six dihedra
determined by them. It is straightforward that every refinement of such a fan, which
also refines the set {H, HZ, HS}, always leads either to the same fan or to the fan
of an octagon with four pairs of parallel sides. Hence, S + L is not a heptagon, i.e.
L is not a truncator summand for S, which contradicts Definition 3.12(iii). O

aen \ 4 A ABCD.D,

Py
~ \/ B

Figure 9: Normal cones and fans

The previous figure illustrates the common refinement of the individual fans
of the trapezoid ABCD and the triangle 717575 (see Section 4). The fan of the
resulting pentagon is a refinement of the trapezoid’s fan by the ray contained in
its normal cone at the vertex D. Let us remember that 1777573 was defined as a
translate of the triangle ABC, and therefore, its sum with the trapezoid has an
edge parallel to AC.

The text below determines a relationship between two polytopes P; and P»
whose sum is normally equivalent to trxP;. In other words, we search for a polytope
P, which is a truncator summand for a given polytope P;. From [21], if P; is a
simplex, then P; is the convex hull of those vertices of P; that do not belong to F.
The following proposition shows that the same holds for every simple polytope Py
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when F' is a vertex. But, if dim(F') > 0, then trpP; ~ P; + P, usually fails. One
can find a lot of examples.

Proposition 5.18. Let P € M,, be an n-polytope whose vertex v is contained in
exactly n facet. If Py = conv(V(P1) — {v}), then there is a truncation tr,Py such
that

P1+P2 ’:trUPl.

Proof. Let V = {v1,...,v;} be the set V(P;) — {v}. Since v is contained in exactly
n facets, there are exactly n vertices adjacent to v in P;. Let us suppose that v and
v; are adjacent in P if and only if ¢ € [n]. Then, for every ¢ € [n], let w; be the
midpoint of the edge 7;u. Since there exists the hyperplane which contains w; for
every i € [n], a polytope conv({w1,...,w,} UV) is a truncation of P; in v, which
we denote by tr, P;. Hence,

v+ v v+ vy

tr, P = conv({ 5 g

Tuv).

At the other side, from Proposition 3.14 and the distributivity low, we have
the following equations:

P+ Py = conv({v} UV)+ convV = conv(({v} UV) +V)
conv(({v} + V) U (V +V)) = conv(({v} + V)U2V).

The last equation is obtained from the fact that the sum of two different points v;
and v; is the midpoint of the line segment whose endpoints are 2v; and 2v;.

By Corollary 3.15(i), we may suppose that v = 0 € R™ without lose of
generality. It implies that

P+ P = conv(VU 2V) and tr,P, = conv({%,...,%} uv).

Therefore,
2tr, P1 = conv({v1,...,v,} U2V) C conv(V U2V) = P, + Ps.

For every j € [k] — [n], we consider the line segment L; = 7;0. Since v and v; are
vertices of the polytope Pj, this line segment intersects the truncation hyperplane
in the point w which belongs to conv{ws,...,w,}. Hence,

n n n
v+ v; V;
w = E ;W = E Q5 5 = E Oéi;,
i=1 =1 i=1

n
where > a; = 1 and 0 < «; < 1 for every ¢ € [n]. If we suppose that the
i=1
midpoint of L; belongs to the line segment 7w, then, since every w;, ¢ € [n], is the
midpoint of the edge adjacent to v, we have that v; € 2wv;. This further implies
that v; € conv{v,v1,...,v,}, and thus, can not be a vertex of P;. Therefore, the
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midpoint of L; belongs to the line segment wvy, i.e. Y oe conv{w, v;}. It means
that there exist 0 < A1, Ay < 1 such that A\; + Xy = 1 and

n

Vj U;

57 =MW+ Av; =N\ E 041'51 + A2vy,
i=1

which entails that

v; = Z )\1&1'1}1' + )\22’Uj.
i=1

Since, 0 < Ajay; < 1 for every i € [n], and

)\2+Z)\1ai:)\2+)\12ai:)\2+)\1:1,

i=1 i=1
we conclude that v; € conv({v1,...,v,} U2V), which implies
conv(V U 2V) C conv({v1,...,v,} U2V).

Hence, P, + P, = 2tr, P;. It remains to apply Remark 3.11. O

Proposition 5.19. For P, P, P, € M,, Pi + P, ~ P holds if and only if the
following two conditions are satisfied.

(i) Every mazimal normal cone in N'(P) is the intersection of two maximal nor-
mal cones in N(Py) and N (Pz).

(ii) If the intersection of two maximal normal cones in N'(Py) and N (Pz) is an
n-cone, then it is a mazimal normal cone in N (P).

Proof. Suppose that the sets of maximal normal cones in the fans of two arbitrary
polytopes are equal. Each normal cone in one of the fans is a face of some maximal
normal cone in that fan. Then, by assumption, it is also a face of same maximal
normal cone in the other fan. Hence, by Definition 3.7, that cone is contained in
both fans. This, together with Definition 3.8 and Definition 3.7, implies that two
polytopes are normally equivalent if and only if the sets of maximal normal cones
in their fans are equal. It remains to apply Proposition 5.17. O

According to Remark 3.9, let P, € M,, be d-polytope defined as the inter-
section of the following m facet-defining halfspaces

> .
a {a;,x)y = b, 1<i<m,

and let trpP; be a parallel truncation of P in its face F' defined as the intersection
of the following m + 1 facet-defining halfspaces

> )
a {a;,x) = b, 0<i<m.
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Definition 5.13. Let P, and trgP; be two polytopes defined as above. A polytope
P, € M,, is an F-deformation? of P, when the following conditions are satisfied:

(i) P» is the intersection of the halfspaces

77 (aj,x) = ¢;, 0 < i < m, such that P, Nmo =~ P; N ap;

(i) for every S C {0,...,m}

ﬂ{ai | i € S} is a vertex of trp Py = ﬂ{m | i € S} is a vertex of Ps.

Remark 5.20. The condition (ii) together with the first part of condition (i) means
that Py can be obtained from trp Py by parallel translations of the facets without,
roughly speaking, crossing over the vertices 2. If f is the facet of trpPy contained
in the truncation hyperplane, then the second part of the condition (i) implies that
d—1 < dim(P,) < d, and that w is a supporting hyperplane for P, defining a
(d — 1)-face normally equivalent to f. If dim(Py) = d — 1, that face is Py itself.

Remark 5.21. We say that a vertex v of an F-deformation of Py corresponds to
some vertex u of trp Py if v corresponds to u according to Definition 5.13(ii).

Example 5.22. Every parallel truncation trgpP of an arbitrary polytope P is an
F-deformation of P.

Example 5.23. The triangle ABC is a D-deformation of the trapezoid ABC D
tllustrated in Figure 7. Figures 10, 12 and 13 depict some 3-nestohedra and their
deformations.

Lemma 5.24. Let P, and trp Py be two polytopes defined as above. If Py is an
F-deformation of Py, then the following claims hold.

(i) For v being a vertex of trp Py and ug being its corresponding vertex of P, we
have that N,(trpP1) C Ny, (P2).

(i) Every mazimal normal cone in N'(Pz) is the union of some mazimal normal
cones in N (trpPy).

(iii) Fvery mazimal normal cone in N'(P,) contains no more than one mazimal
normal cone to trpP; at some verter contained in the truncation hyperplane.

Proof. Without lose of generality, suppose that P; is full dimensional.

(i): Let v be contained in the facets defined by the halfspaces {a? | i € S}. Then,
the set of rays {—a; | ¢ € S} spans N,(trpPy), and us is the intersection of the
hyperplanes 7;, ¢ € S. Therefore, for every ¢ € S the functional —a; attains the

2This definition is inspired by [22, Definition 15.01], which defines several types of deformation
cones of a given polytope.

3« _.by moving the vertices such that directions of all edges are preserved (and some edges may
accidentally degenerate into a single point).” [21]
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maximum value —c¢; at us over all points in P, which implies that —a; is in the
cone N, (P»). Since all these rays are spanning rays of N, (trg P ), the claim holds.
(ii): By the previous claim, for every maximal normal cone N € N (trpP;) there
is a maximal normal cone in A/(P,) in which N is contained. Since A (trpP;) and
N (P) are complete, the claim holds.
(iii): By Definition 5.13(i), P, N is an (n — 1)-face of P5, and hance, the ray —ag
is a spanning ray just of those normal cones to P, that correspond to the vertices
of that face. By the claim (ii), each of them contains at least one normal cone to
trg Py at some vertex contained in ag. Then, since P, N7y ~ trpP; N ag, the claim
follows directly from the equation |V(P> Nmo)| = [V(trp Py N ap).

O

Proposition 5.25. Let P, and trg Py be two polytopes defined as above. If Py is
an F-deformation of Py, then

P1 + P2 ~ tI‘Fpl.

Proof. Without lose of generality, we suppose that P; is full dimensional and show
the claim according to Proposition 5.19.

Let N, be a normal cone to trpP; at a vertex v. The goal is to find two max-
imal normal cones N; € N'(P;) and Ny € N(P) such that N, = N3 N Na. Let ug
be a vertex of Py which corresponds to v according to Remark 5.21. Lemma 5.24(i)
guarantees that N, C N, (P,). If —ag is not a spanning ray of N,, then v is also
a vertex of Pp, i.e. N, = N,(P;). Then, N, is the intersection of the maximal
normal cones N,(P;) and N, (P2). Otherwise, i.e. if v belongs to the truncation
hyperplane «aq, then there is an edge E of P; which has a common vertex with F’
intersecting o in v . Let u; be that vertex, i.e. vy = FN F. By Lemma 3.10,
N, C N,,(P1), and hence, N, C N, (P1) N Ny, (P2). Now, there are two possi-
ble cases. If N,,(P;) = N,, then N, is the intersection of N, (P;) and N, (P).
Otherwise, by Lemma 5.24(ii) and (iii), Ny,(P2) = N, U N, where N is the union
of some maximal normal cones in N (trpP;) such that each of them corresponds
to some vertex not contained in the truncation hyperplane, i.e. to some vertex of
Py not contained in F. If we suppose that N, C Ny, (P1) N Ny, (Ps), then there is
a maximal normal cone in N'(P;) which is contained in N and whose intersection
with IV, is an n-cone. This is contradiction since they are maximal normal cones in
the same fan (see Remark 3.6), and hence, N, = N, (P1) N Ny, (P,). We conclude
that the first condition of Proposition 5.19 is satisfied.

Let N,, and N,, be two normal cones to P, and P» at a vertex u; and
ug, respectively. The goal is to show that if their intersection is a maximal cone,
then it is a maximal cone in N(trpPy). If uy ¢ F, then N,, = N, (trpP;). By
Lemma 5.24(i), N,, is the union of some maximal cones in N (trpPy), and thus,
the intersection of NV, and N,, is a maximal cone if and only if N,, C N,,. In
that case, their intersection is exactly N,,, a maximal cone in N (trpP;). Now,
let u; be a vertex contained in F. By Lemma 5.24(iii), we have two possible cases
for N,,. If all of the maximal normal cones that are contained in N,, correspond
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to vertices of trpP; not contained in the truncation hyperplane, then all of them
are maximal normal cones to P; at vertices that do not belong to F'. Therefore,
according to Remark 3.6, the intersection of IV,, and the union of such cones is
not an n-cone. Otherwise, there is exactly one vertex v of trpP; contained in the
truncation hyperplane, such that N, (trpP;) C N,,. According to Lemma 3.10 and
Remark 3.6, the intersection of N,, and IV, is an n-cone if and only if there is
an edge of P; containing both u; and v. When it is a case, their intersection is
exactly N, (trpP;). We conclude that the second condition of Proposition 5.19 is
also satisfied. O

If P, is simple polytope with a vertex v, then conv(V(P;) — {v}) is a v-defor-
mation of P;. It means that Proposition 5.18 is just a special case of the previous
one. However, the methods used in theirs proofs are essentially different (note that
Proposition 5.17 is not even used in the proof of Proposition 5.18).

Now, in order to answer Question 3.13, we present a polytope PA,, 1, and
furthermore, a family of n-polytopes PA,, ., where ¢ € (0,1]. Let {A;, A2} be a
partition of B; such that the block A; is the collection of all the singletons, i.e.

A = {{{i1+l,...,i1}} | Oglgn—l} and Ay = By — A,
where i1, ...,i, are mutually distinct elements of [n + 1]. For the sequel, let

B={{iksts- iy it dy ooy Likgts - ooy ik tb1 by {ikgts - 50k},
be an element of Ay, where 1 < k < k+1 < n. Let
Bmin = {lktts -k},  Bmaz = {fk+iy -0k, -.-,91} and
Bs={BC[n+1]|B€porBC Bmin o Bmas C B}U{{v} |ven+1]}.
Lemma 5.26. The set Bg — {[n + 1]} is a building set of P([n + 1]).

Proof. Let By and Bs be two distinct elements of Bz —{[n+1]} such that By N By #
(). Hence, they are not singletons. If they are comparable, then their union belongs
to Bg — {[n + 1]}. Otherwise, since Biin C Bmaz, We have that By, By O Byae OF
Bi, By C Bpmin. It follows that B € B1 N By C By U By or Biin 2 B U Bs.

Hence, Bg — {[n+ 1]} is a building set of P([n +1]) according to Definition 2.3. O

By the previous lemma and Definition 2.3, Bg — {[n + 1]} is a building set
of the simplicial complex Cy. The family of all nested sets with respect to this
building set forms a simplicial complex, which we denote by Cs.

Proposition 5.27. The nestohedron Pg, is an n-dimensional Minkowski-realisation

Of Cg .

Proof. Tt follows directly from Lemma 5.26, Remark 2.1, Proposition 2.2 and Post-
nikov’s Minkowski-realisation of nestohedra given in the end of Section 3. O
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Therefore, the facets of Pg, can be properly labelled according to Defini-
tion 2.5. For an element A € Bg — {[n + 1]}, let f4 be the facet labelled by A. By
the definition of Bg, we have that 8 C Bg — {[n + 1]}, and hence, let

Fy= () fs.
Bep

Since the elements of 3 are mutually comparable, Fj is a proper face of Pg,
(see (cf. [2, Theorem 1.5.14])), and since § is not a singleton, Fj is not a facet.
Let Bgja denote {B € Bg | B C A}.

Proposition 5.28. We have

n+1
Py, = {z e R" | le = |Bsl, in > |Bg|al for every A € Bg}.
i=1 i€A

Moreover, every hyperplane H = {ac eR"™ | Yo = |Bg)al } with A # [n + 1]
i€A
defines the facet fa of Ps,.
Proof. Tt follows directly from Proposition 1.5.11. in [2] and Proposition 5.27. O
Now, let Ng be a polytope obtained from Pg, by removing the face Fp, i.e.
Ng = conv( V(Pg,) — V(F3) ).
Let 15 : R"™! — R be a function such that
kp(z) = Z in =xi +2x, + .+ k(x4 ),
BeBicB

where z = (21,...,%nyt1), and let mg = G‘I)I%ilgl )ﬁ@(v).
v Bﬁ

Proposition 5.29. The following holds:
Fg = conv{v € V(Pg,) | kg(v) = mg}.

Proof. Let v = (v1,...,v,41) be a vertex of the nestohedron Pg,. Since 8 C Bg,
from Proposition 5.28, we have that

Hﬁ(’u) = Z Z’UZ’ = Z'BB\BL

BepieB Bep
which implies mg = ) |Bgp|. Therefore, rg(v) = mg if and only if for every
Bep

B € (3, the vertex v lies in the hyperplane Hp. Since, Hp defines the facet fp,
kp(v) =mg if and only if v € [ f5.
Bepg
O
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Corollary 5.30. The following holds:
N = conv{v € V(Pg,) | kg(v) > mg}.

The previous claim offers a comfortable way to obtain the polytope Ng from
the nestohedron Pp,. Now, one is able to handle only with vertices and their
coordinates instead of facets and their labels, which is algorithmically closer to
Minkowski sums and essentially beneficial with regards to computational aspect.

Example 5.31. Ifn =2 and 8 = {{1,2},{1}}, then Bs = BU {{2},{3},[3]} and
Pp, is the trapezoid ABCD given in Figure 7. Since mg = 4, Fg and Ng are the
vertex D and the triangle ABC, respectively.

Example 5.32. Let n = 3.

If B = {{1’274}7{172}7 {1}}7 then Bg = [ U {{2}7{3},{4}, [4]} and
PBB = A[4] + A{l} + A{Q} + A{d} + A{4} + A{172’4} + A{LQ}, the mestohedron
ABCDEFGH illustrated in Figure 10 left. Here, mg = 9, and hence, Fg is the
vertex D, while Ng is the convex hull of the remaining vertices (see Figure 10 right).
Figure 11 depicts the sum Pg, + Ng, which is normally equivalent to the polytope
obtained from Pg, by truncation in the vertez D.

If g = {{1,274}7{172}}, then Bg and Pp, are the same as in the previous
case, while mg = 8. This minimum is achieved at the points C and D and therefore,
Fj3 is the edge CD. Or equivalently, Fg is the intersection of the facets labelled by
{1,2} and {1,2,4}, i.e. the quadrate CDGH and the trapezoid ABCD. However,
Ng is the convex hull of the remaining points (see Figure 12 right). Note that the
partial sum Pg, + Ng, depicted in Figure 14 left, is normally equivalent to the
polytope obtained from Pg, by truncation in the edge CD.

If 6= {{17 2}5 {1}}f then Bg = U {{2}7 {3}7 {4}’ {1’ 273}) {la 274}7 [4]} and
PBB = A[4]+A{1}+A{2}+A{3}+A{4}+A{1’2’3}+A{1’2’4}+A{1’2}, the nestohedron
ABCDEFGHIJ illustrated in Figure 13 left. It implies that mg = 4 and Fgz is
the edge DJ. Or equivalently, Fj is the intersection of the facets labelled by {1,2}
and {1}, i.e. the pentagon AEDJH and the quadrate CDIJ. However, Ng is the
convex hull of the remaining points depicted in Figure 18 right. Notice that, in
this case, Ng is not simple. Figure 14 right illustrates the sum Pg, + Ng, which is
normally equivalent to the polytope obtained from Pg, by truncation in the edge DJ.

Example 5.33. Letn=4. If 5 = {{1,2,3}, {1,2}}, then
Bg = pU{{1},{2}, {3}, {4}, {5},{1,2,3,4},{1,2,3,5},[5]} and V(Pg,) is the set

{(6,1,1,1,1)7 (1,6,1,1,1), (2,1,5,1,1), (1,2,5,1,1), (1,2,3,3,1),
(4,1,1,3,1), (3,1,1,3,2), (1,4,1,3,1), (2,1,3,3,1), (1,2,3,1,3),
(2,1,2,3,2), (1,2,2,3,2), (4,1,1,1,3), (1,4,1,1,3), (1,3,1,2,3),
(2,1,3,1,3), (3,1,1,2,3), (2,1,2,2,3), (1,2,2,2,3), (1,3,1,3,2)}.

It implies that mg = 9 and Fj3 is the quadrilateral whose vertices are the points in
the last column from the set. Hence, Ng is the convex hull of the remaining points.



82 Jelena Ivanovié

H(1,2,1,3) G(2,1,1,3) T>(1,2,1,3) T7(2,1,1,3)

D(1/2,2,2) C(2,1\2,2)
Ts(1,4,

E(1,4,1\) Ff4,1,1,1)

A(1,3,2,1) B(3,1,2,1) T1(1,3,2,1) T4(3,1,2,1)

Figure 10: The polytopes Ps, and Ng for = {{1,2,4}, {1,2}, {1}}

H3(2,4,2,6) G7(4,2,2,6)

Dy (2,

Es(2,8,2,2)

A1(2,6,4,2)

Figure 11: The sum Pg, + Ng for 8 = {{1,2,4},{1,2},{1}}

H(1,2,1,3) G(2,1,1,3) T:1(1,2,1,3) T5(2,1,1,3)

D(1/2,2,2) C(2,1)2,2)
T6(1,4,

E(1,4,1\) Ff4,1,1,1)

A(1,3,2,1) B(3,1,2,1) T3(1,3,2,1) Ta(3,1,2,1)

Figure 12: The polytopes Pg, and Ng for 3 = {{1,2,4}, {1,2}}
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H(1,3,1,3) G(3,1,1,3) T1(1,3,1,3) Ts(3,1,1,3)
J(1,2,2,3) 1(2,1,2,8) +
O A I I | oLLY /o Ty(2.1,3,2)
D(1,2 ’2) C(2,1,3,2) T6(175717 ) T (5717171)
A(L,3,3,1) B(3,1,3,1) T3(1,3,3,1) T5(3,1,3,1)

Figure 13: The polytopes Ps, and Ng for 8 = {{1,2}, {1}}

H1(2,4,2,6) G3(4,2,2,6) H1(216727 6) G8(6727216)

D1(2,4,3/5)

Cs¥d, 2,3, 5) J2(3,3,4,6) 12(4,2,4,%)
Es(2,10,2,2) F7(10y2,2,2)
D2(2,4,4,3) C4(5)2,4,3) Dy (3,506, 4) 4(4,2,6,4)
Es(2,8,2,) F£(8,2,2,2) D3(2
A2(2,6,4,2) B4(6,2,4,2) A3(2,6,6,2) B5(6,2,6,2)

Figure 14: The sums Pg, + N for 3 = {{1,2,4},{1,2}} and 8 = {{1,2},{1}}

Finally, for n > 2 let

PAn,l = A[n-‘,—l] + Z Aug + Z Ng.
BeAL BEA2
The rest of this section is devoted to a proof of the following result.
Theorem 5.34. PA, ; is an n-dimensional Minkowski-realisation of C'. Moreover,

PAn,l >~ PAn

Lemma 5.35. If N € C5 is a mazimal nested set which corresponds to a vertex of
Fg, then N is a mazimal 0-nested set and 5 C N.

Proof. Let v be a vertex of Fz that corresponds to N. By Proposition 7.5 in [21],
IN| = n. Since v € fp for every B € 3, we have that 8 C N. In particular, if
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k = n, then N = 8. Otherwise, by Definition 2.4, N is obtained by enlarging /3
with n— k elements of Bz — [n+ 1] such that the union of every N-antichain belongs
to CQ — B,@.

Let By and By be two non-singleton elements of Bz — {[n + 1]}, which are
contained in N and incomparable. Then {{B;},{B2}} is an N-antichain such that
By U By O Binag OF Bmin 2 B1 U By. Therefore, N does not contain such a pair.

Then, let us suppose that N contains two or more singletons. For every
singleton B = {i;}, where i; € Bimaz — Bmin, there is A € 3, such that {{A}, {B}}
is an N-antichain whose union belongs to 8. Similarly, for every singleton B = {i;},
where i; € [n+ 1] — Baz, we have that {{Bmas}, {B}} is an N-antichain whose
union has B4 as a subset, and therefore, belongs to the building set. It remains
to check singleton subsets of §,,;,. The union of every pair of singleton subsets of
Bmin, 18 also a subset of By, i.e. belongs to the building set. Then, just one of
the singleton subsets of (,,;, can belong to N and all the other subsets of N are
mutually comparable. O

Finally, let w3 . be the hyperplane
Ty + 22, + . k(2 o ) =Mt

where ¢ € (0, 1], and ag be an outward normal to the halfspaces W?C.

Remark 5.36. For every ¢ € (0,1], the sum of outward normal vectors to the
facets that contains Fjg is an outward normal vector to the halfspace ﬁgc.

Lemma 5.37. For an element 8 of As, a polyope

PB,; m 7T[3,c>

is an Fg-deformation of Pg,. Moreover, the following holds:

a parallel truncation trg, Pg,, c¢€ (0,1
PBB ﬂﬂﬁﬁ = { P Fp" s ( )
N57 c=1.

Proof. Firstly, recall that each coordinate of some vertex of Pg, is a natural num-
ber. This, together with Proposition 5.29 and Corollary 5.30, implies that 73 .~
is beyond every vertex of Fjg and beneath every vertex of Ng, for every ¢ € (0,1).
Hence, Pg, N 7r570> is a truncation of Pg, in its face Fjg. Since 7o defines Fj, all
these truncations are parallel, and hence, all of them are Fg-deformations of Pg,
(see Example 5.22).

Let {U,W} be a partition of the set V(Ng) such that all the elements of
U are adjacent to Fg in Pg,. To be precise, u € U if and only if there exists
v € V(Fpg) such that u and v are adjacent in Ppg,. Let u = (u1,...,upy1) be an
element of U and v = (v1,...,v,11) be a vertex of Fjg adjacent to u in Pp,. There
are two maximal nested sets N,, N, € C5 corresponding to v and u, respectively.
By Lemma 5.35, N, is a maximal O-nested set containing /5 as a subset. Since
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|N,| = |Ny| = n (see [21, Proposition 7.5]) and u, v are adjacent, we have that
|N, N N, | = n— 1, which entails that INV,, can be obtained from N, by substituting
an element S, for another element S, of (Bg — [n+ 1]) — 8. Since 8 € N, S, € S.
Moreover, following the proof of Lemma 5.35, we can verify that S, is a singleton.
We conclude that for two distinct vertices of Fj, there is no element of U adjacent
to both of them.

Now, we show that u € mg,;, for every uw € U. Let N, be

{{ins---vir}, oo {insin—1}, {in}}
such that 3 € N. From v € F3 and u ¢ Fp, we have that
mp(v) = vy, + 204, + ...+ k(v + ... Fvi,) =mg

and
mp(u) = wiy, + 24, + .o+ k(ug, + .. Fug,,,) > mg.

For every element A of the set N, "N, = N, — {S,} = N, — {S.}, we have that
u,v € fa. This, together with Proposition 5.28, entails the following:

(*) Zul: z 'Ui:|BB|A|-

i€A €A
From Proposition 5.28, we also have
(k) ur A A Upgr =01 F o F Vng1 = [ Bgj |-
Let Sy, = {ik+1,...,4p}, where 1 < p < k. Then, by (%),
mp(u) =mg — (vi, + v, + .o+ vi) + (W, +ui,,, oAU,
Let us analyse all possible cases.
(1) If S, is a singleton, i.e. p =k =n and | = 0, then
mg(u) =mg — v, + Uy,
Since {ix} € Ny, by Proposition 5.28, v;, = [Bg|(;,3| = 1. Following the proof of
Lemma 5.35, one may verify that N, is a nested set if and only if S, = {ix_1}.
This entails that u € fy;, 3, i.e. applying Proposition 5.28,
Uiy = |Bgigin_13] = 1.
Having that {ix,ix—1} € N, N N, and applying Proposition 5.28, we obtain
Wi, = BB igin 1} — Uiy, =3 —1=2.

Therefore, mg(u) =mg —1+2=mg+ 1.
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(2) If S, is not a singleton, then {igis,...,ip41} € Ny N Ny. Applying (x),
we obtain
uip+1 —|— ...—I—uiHl :'Uip+1 —|— "'+Uik+l’

which implies
mg(u) =mg —v;, + u;,.

Having that Sy, {#k+i,.--,ip+1} € N, and applying Proposition 5.28, we get the
following equations:

vi, = |Bgys,| = |Bgis,—(i,}| = 1Bsis,— (5,3 +2 = 1Bgjs, i, 3| = 2-

(2.1) If |S,| # n, then we follow the proof of Lemma 5.35 in order to analyse
the form of N,. In that manner, we conclude that NV, is a nested set if and only if
Sy = {ip—1}. This entails that v € fy; _}, i.e. applying Proposition 5.28,

ui, = |Bg)gi,_,3| = 1.

Having that {ix4, ..., ¢p—1}, {tktis- - -, Ip1} € NyNN, and applying (%), we obtain
the following equations:

Wipyy + oo+ i,y = |Bpgis,ugi, 13| = 1Bgis, | + 2,

Wiy + oo+ iy, = [Bais, —(i,}| = [Bays, | — 2.

Hence, u;, +u;,_, = 4, and therefore,

mg(u) =mg—2+ (4—1)=mg+ 1.

(2.2) If |S,| = n, i.e. p = 1,k + 1 = n, then we again follow the proof of
Lemma 5.35 and conclude that N, is a nested set if and only if S, = {41}
Therefore, u € fy;, ..}, i-e. applying Proposition 5.28,

Uipyr = |Bﬁ\{in+1}| =1
Having that {i.,...,i2} € N, N N, and applying (%), we obtain that
Wiy + oot iy = Bgis, iy = 1Bgis,| =2 = 1Bgjniy — 4
This, together with (¥*), entails that
Uiy T iy = [Bojnsy| = (1Bgjnsny — 4) = 4
Hence, mg(u) =mpg —v;; +u;, =mg—2+ (4—1) =mg+ 1.

All this entails that for every u € U, mg(u) = mg +1, i.e. convU € mg,1. We
can conclude that Ng N7g; is exactly convU and

PB/; ngJ) = NB
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Otherwise, i.e. if there would exist an element w € W contained in 74,1, then since
w is not adjacent to Fj, this vertex of Py, would be contained in the convex hull
of U, which would be contradiction. Also, note that V(convU) = U, because each
element of U is a vertex of Pg,. Therefore, convU is an (n — 1)-face of Ng. Let
¢ be an arbitrary element of the interval (0,1) and let us denote by f the facet of
the truncation Pg, N WE’C contained in the truncation hyperplane. Since we have
already concluded that for two distinct vertices of Fj3 there is no element of U
adjacent to both of them, we now can conclude that for two distinct vertices of f
there is no element of U adjacent to both of them in the truncation. Hence, since
g, and mg o are parallel, convU is a translate of f. In other words, Ng can be
obtained from the truncation by parallel translation of the facet f without crossing
the vertices. According to Remark 5.20, Ng is an Fg-deformation of Pg,,. O

Remark 5.38. According to Definition 2.4, the set

{{i1}> ) {inJrl}} - {{Z"}}

is a mazximal nested set, which corresponds to some element of the set W (defined
in the previous proof). Hence, W # (), i.e. Ng is an n-polytope with the facet
convU € mg 1.

Lemma 5.39. Let A = {aq,...,a,} be the spanning set of vectors for an n-cone
i R™, and let hy be the vector defined as

hr = Zai,

iel
where I C [n] and |I| = 2. The following claims hold.

(i) For every two subsets I,J C [n] such that I C J, the vector hy is contained
in the cone spanned by the set {h;} U{a; | i€ J—1I}.

(ii) For2< m<n—1,letI,..., I, C[n] such that Iy D Iy D ... D I, and
let Ay be the set obtained from A by replacing m elements with the vectors
hiyy-..,hr,, . If Ay spans an n-cone Ny, then for every 1 < k < m there
is exactly one element i € Iy, — Ixy1 such that the set obtained from Ay by
replacing hy, with a;, spans an n-cone No which contains N.

Proof. The first claim follows directly from the fact that hy = hy + > a;. For
ieJ—1I
1<k<m,let Ay = Iy —Ijy1. Since [1 D I3 D ... D I, the sets Ay are mutually
disjoint. Since hy,, is a spanning ray of Ny, there is at least one element of the set
{a; | © € I,,} which is not contained in A;. Also, at least one element of the set
{a; | i € A} does not belong to A;; otherwise, by the claim (i), hj, would not be
a spanning ray of Ni. If we suppose that for some k there are two or more such
elements, then there is more than m elements of A that are not contained in Aj.
This contradicts the assumption |A — A;| = n — m. Using the claim (i), it remains
to conclude that Ny is an m-cone which contains each of the spanning vectors of
Ny, i.e. which contains Ns. O
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Proof of Theorem 5.34. 1t is obvious that PA, ; is well formed according to Def-
nition 3.12(ii). Since each summand is either d-simplex A, d < n, or n-polytope
Nj (see Remark 5.38), applying Corollary 3.15(ii) we conclude that the sum PA,, 1
is at least n-dimensional.

Let us consider the partial sum

So=Apsy + Y Ay
BeEAL

It is an n-permutohedron (see the end of Section 3). More precisely, by Proposi-
tion 5.28 (or [2, Theorem 1.5.4]), Sp is the intersection of the following [ = 2" +! —2
halfspaces

04]»2 Haj,xy = b, 1<5<],

where for every j € [I] there is B C [n + 1] such that ozj2 is the halfspace

Hp ={x e R™ | x> 2P -1},
i€EB

Each of these halfspaces is facet-defining, i.e. determines the facet fp of Sy. Ac-
cording to Definition 3.12, Sy is an n-dimensional Minkowski-realisation of the
simplicial complex C7. Let us relabel its facets by the corresponding elements of
Aj—the facet fp is labelled by {B}. By Corollary 2.5, each of them is parallel to
the equilabelled facet of PA,,.

Before we show that indexed set of the remaining summands is a truncator set
of summands for this permutohedron, we firstly show that for an arbitrary 5 € As,
N3 is a truncator summand for Sp.

Recall that we can obtain Sy by a sequence of parallel truncations of the
nestohedron Pg,, up to normal equivalence. In other words, Ps, can be obtained
from Sy by a sequence of parallel translations of the facets without crossing over
the vertices. Formally, Pg, can be defined as the intersection of the halfspaces

> )
’Y]‘ Z<CLJ‘,$> >Cja 1 g] gla

such that for every vertex of Sy which is the intersection of the hyperplanes oy,
J € J C [l], the intersection of the hyperplanes v;, j € J, is a vertex of Pg,. Since
Fj is the intersection of the facets of Pp, indexed by the elements of 3 which are
mutually comparable, there exists the corresponding the same dimensional face F’
of Sy (the intersection of the facets indexed by the same elements), i.e. for every
facet of Ppg, containing Fp, there is the corresponding facet of Sy containing F
with the same outward normals. Then, applying Lemma 5.37 for some ¢ € (0, 1),
we conclude that there is a parallel truncation trz Sy = Sg N ao2 such that ag is an
outward normal to . This, together with Definition 5.13(ii) and the fact that
Np is an Fjg-deformation of the nestohedron, implies that Ng can be obtained from
trpSg by parallel translations of the facets without crossing over the vertices. Also,
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by Definition 5.13(i), we have that Sy N oy ~ Pg, N7mg =~ Ng N mg 1. There-
fore, according to Definition 5.13, Ng is an F-deformation of Sy, and hence, by
Proposition 5.25, Ng is a truncator summand for Sy in F, i.e. Sy + Ng =~ trp.Sp.

Now, for m = |As,| let = : [m] — Ay be an indexing function such that
|z(7)| = [2(j)| for every i < j. Then, let {Q;}ic[m) be an indexed set of polytopes
such that Q; = N, ;). We show that this indexed set is a truncator set of summands
for the permutohedron Sy, which entails that Definition 3.12(iii) is satisfied.

Starting from the permutohedron Sy, let S; be the partial sum Sy + @1, and
for the sake of simplicity, let 8 denotes x(1). From the above conclusion, we have
that S7 >~ trpSy, where trpSy is a parallel truncation in the face that corresponds
F and ag is an outward normal to the truncation halfspace.

We iteratively repeat the following for every 2 < i < m. To be precise,
at ith step, let S; = S;_1 + @; and suppose that for every j < i we have that
S; ~trpS;_1, where trpS;_; is a parallel truncation in the face that corresponds
to Fy(;). Again, let 8 = x(i). As long as the cardinality of 8 is maximal, i.e. as long
as Fj3 and the corresponding face F' of S;_; are vertices, we may apply completely
analogous reasoning as above and obtain that ; is an F-deformation of S;_1,
which, together with Proposition 5.25, implies S; >~ trp.S;_1. Since B; contains all
maximal O-nested sets, we can notice that each vertex of Sy is truncated.

Suppose that k = dim(Fg) > 0. Since all truncations at the previous steps
were in faces of lower dimensions, there exists the corresponding face F' of S;_.
Also, since all truncations were parallel and the normal equivalences held, Pg, still
can be obtained from S;_; by parallel translations of the facets without crossing
over the vertices, but the second part of Definition 5.13(i) does not hold generally.
It means that we can not conclude that Ng is an F-deformation of S;_;. Thus, in
order to prove that S; ~ trp.S;_; still holds, we use Proposition 5.19. Since Q;,
S;_1 and trpS;_1 are n-polytopes, without lose of generality, we consider the union
of all normal cones in each of their fans as R™.

Firstly, we consider all normal cones to @; at vertices not contained in 7g ;.
Let N be one of them. Since Q; is an F’-deformation of Sy, where F’ is the
corresponding face of Sy, by Lemma 5.24, N is the union of the normal cones to
trp/ Sy at vertices not contained in the truncation hyperplane, which are the normal
cones to Sy at vertices not contained in F”’. Since S;_; is obtained from Sy by the
sequence of parallel truncations, up to normal equivalence, by Lemma 3.10, N is
the union of the normal cones Ny,...,N; to S;_1 at vertices not contained in F'.
Then, for every i € [t], N N N; is N;, the normal cone to trpS;_; at a vertex not
contained in the truncation hyperplane. Therefore, Proposition 5.19(ii) is satisfied
for the considered maximal normal cones to @;.

Now, let N be the normal cone to @; at a vertex contained in 7g ;. By
Lemma 5.24, N = N’ U N,, where N, is the normal cone to trg Sy at a vertex
contained in the truncation hyperplane, while N’ is the union of the normal cones
to trp/ Sy at vertices not contained in that hyperplane, i.e. the union of the same
normal cones to Sy at vertices not contained in F’. As above, N’ is the union on
maximal normal cones to S;_; which are the normal cones to trgpS;_1 at vertices
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not contained in the truncation hyperplane, and hence, their intersections with N
are these cones themselves.

Any other n-cone, which can be obtained as the intersection of N and some
maximal normal cone to S;_1, is the intersection of that cone and N,. In order
to analyse such cases, let u be a vertex of Sy contained in F’. Since Sy is simple
polytope, its k-face F’ belongs to exactly p = n — k facets. Without lose of gen-
erality, we assume that they are defined by the halfspaces {aj? | 7 € [pl}, while
u is the intersection of the hyperplanes {a; | j € [n]}. Then, every element of
the set {—a; | j € [p]} is a spanning ray of the normal cone to S;_1 at a vertex
contained in F'. Since F’ is also simple, there are exactly k vertices adjacent to u
in F’, which implies that there are exactly p vertices of Sy adjacent to u that do
not belong to F’. Hence, by Lemma 3.10, N,(Sp) is the union of p normal cones
Ny, s ey Ny, to trp:Sg at the corresponding vertices contained in the truncation hy-
perplane. Exactly their intersections with an arbitrary maximal normal cone M to
S;—1 remain to be considered. In order to prove that these intersections also satisfy
Proposition 5.19(ii), it is enough to show the following: if M is the normal cone to
S;—1 at a vertex not contained in F, i.e. if one of the element of {—a; | j € [p]}
is not a spanning ray of M, then M is contained in N, for some j € [p], which
entails that its intersection with N, is M itself while the other intersections are
not maximal cones; otherwise, i.e. if {—a; | 7 € [p]} is a subset of the spanning set
of M, then for every j € [p] the intersection N N N, is an n-cone with ag as a
spanning ray, and moreover, the union of all these cones is M.

For j € [p], let N,, be spanned by the set {ag} U {—a; | i € [n] — {j}}.
Recall again that N, (Sg) is the union of maximal normal cones to S;_; according
to Lemma 3.10. Namely, the other faces of Sy containing u might be truncated
at the previous steps, where the truncation in the vertex u was the first of them.
Assume that h; is an outward normal to the halfspace of that truncation. By
Lemma 3.10, that truncation produced n maximal normal cones Ny, ..., N,, whose
union is Ny, (Sp), and then, other truncations refined these cones further. We may
assume that N;, j € [n], is spanned by the set {h1} U{—a; | i € [n] — {j}}. Then,
applying Remark 5.36 and Lemma 5.39 for I = [p] and J = [n], we obtain that
hy is contained in the cone spanned by the set {—ap11, —api2,..., —an,, ag}, which
entails that for every j € [p] each spanning ray of Nj is contained in N,,. Hence,
N; € N,,, i.e. every maximal normal cone to S;_; contained in Nj; is contained in
N,,;. Now, if M is one of the remaining maximal cone to S;_; contained in N, (So),
then M is spanned by the set obtained from {—a; | j € [n]} by replacing g elements
with some vectors hi, ..., hq, such that each of them is an outward normal to the
corresponding truncation halfspace. All these truncations were made at some of
the previous steps in a face of Sy contained in F’. Moreover, all these faces (as well
as the corresponding elements of As) are mutually comparable. Therefore, by Re-
mark 5.36, assuming that hy = —(a1 +...+a,) and that h, corresponds to the face
witch contains all the others, we conclude that the conditions of Lemma 5.39(ii)
are satisfied. Now, we have two cases. Firstly, let us assume that M corresponds
to a vertex of S;_; not contained in F. Then, for some j € [p] the ray —a; is not a
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spanning ray of M. By applying Lemma 5.39(ii) ¢ — 1 times, we replace the vectors
hi,...,hq—1 by the corresponding elements —a;, p < i < n, and obtain that M is
contained in the n-cone M’ spanned by the set {hy} U{—a; | j € [n] — {r}} for
some 7 € [p|. Since the cone N, is spanned by the set {ag} U{—a; | j € [n] — {r}},
applying Lemma 5.39(i), we conclude that M’ C N,,_, and hence, M C N,,_. Oth-
erwise, i.e. if M corresponds to some vertex of S;_; contained in F', then for every
J € [pl, —a; is a spanning ray of M. By Remark 5.36, M is the union of n-cones
Ni,..., N, such that the spanning set of N, j € [p], can be obtained from the
spanning set of M by replacing the ray —a ;s with the ray ag. Now, as above, for each
N;» we apply Lemma 5.39(ii) ¢ times. Namely, by replacing the vectors h1,...,h,
with the corresponding elements —a;, where p < i < n, we obtain that N is con-
tained in an n-cone spanned by the set {ag} U {—a; | j € [n] — {j'}}. Since this set
spans ij,, we can conclude that for every j € [p] the intersection M N Ny, is Ny,
the normal cone to trgS;_1 at some vertex contained in the truncation hyperplane,
and moreover, the union of all these intersections is M.

Finally, we can conclude that Proposition 5.19(ii) holds. Also, all above,
together with Lemma 3.10, one can verify that there is no vertex of trgS;_1 which
is not obtained in some of the mentioned intersections, i.e. the remaining condition
is also satisfied. It remains to apply Proposition 5.19 concluding that S; ~ trgpS;_1,
i.e. (J; is a truncator summand for S;_;.

For every i € [m], at the end of ith step, we label facets of S; in the following
manner: the corresponding facets of S; and 5;_; are equilabelled, while the new
appeared facet is labelled by z(i) (see Remark 3.9). At the end, we get n-polytope
PA, 1 as the last obtained sum S,,. Since for every ¢ € [m], Q; is a truncator
summand for S;_;, Definition 3.12(iii) is satisfied. Also, every element of B; is
used as label for a facet of PA,, ; such that equilabelled facets of PA,, ; and PA,,
are parallel. This, together with Corollary 2.5, implies PA,, ; ~ PA,,, and hence,
Definition 3.12(i) is also satisfied. O

By Corollary 3.15(i), ¥ PAy = PAy; holds, up to translation. Applying
Lemma 5.37 and following the proof of the previous theorem, we obtain the follow-
ing family of n-dimensional Minkowski-realisations of the simplicial complex C'

Theorem 5.40. Forn > 2 and c € (0, 1], the polytope

PApc=Apgy + Z Ays + Z (PBB mﬂﬁ,c>)
BeEA; BEA2

is an n-dimensional Minkowski-realisation of the simplicial complex C, which is
normally equivalent to PA,,.

Acknowledgements
I thank Zoran Petri¢ for support and very helpful discussions during my entire

research. The paper is also supported by the Grants 117144006 of the Ministry for
Education and Science of the Republic of Serbia.



92

Jelena Ivanovié

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

REFERENCES

DJ. BARALIC, J. IvaNOVIC and Z. PETRIC, A simple permutoassociahedron, Discrete
Mathematics, vol. 342.12, 111591 (2019) arXiv:1708.02482

V.M. BUCHSTABER and T.E. PaNov, ”Toric Topology, Chapter 1. Polytopes: addi-
tional topics”, American Mathematical Society, 2015.

V.M. BUCHSTABER, Lectures on Toric Topology, Lecture III, Toric Topology Work-
shop KAIST, Information Center for Mathematical Series, vol. 10.1 (2008), pp. 34-41.

M. CARR and S.L. DEvVADOSS, Cozeter complexes and graph-associahedra, Topology
and its Applications, vol. 153 (2006), pp. 2155-2168.

P.L. CURRIEN,J. IvANOVI¢ and J. OBRADOVIC, Syntactic aspects of hypergraph poly-
topes, Journal of Homotopy and Related Structures, vol. 14.1 (2019), pp. 235-279.

C. DE Concini and C. PROCESI, Wonderful models of subspace arrangements, Selecta
Mathematica (N.S.), vol. 1 (1995), pp. 459-494.

K. DOSEN and Z. PETRIC, Hypergraph polytopes, Topology and its Applications, vol.
158 (2011), pp. 1405-1444.

E.M. FEICHTNER and D.N. KozLov, Incidence combinatorics of resolutions, Selecta
Mathematica (N.S.), vol. 10 (2004), pp. 37-60.

E.M. FEICHTNER and B. STURMFELS, Matroid polytopes, nested sets and Bergman
fans, Portugaliae Mathematica (N.S.), vol. 62 (2005), pp. 437-468.

K. FukuDA, cddlib package for polymake software, Version 0.93d (2005),
http://www.ifor.math.ethz.ch/fukuda/cdd_ home/cdd.html

W. FurTtoN and R. MACPHERSON, A compactification of configuration spaces, Annals
of Mathematics, Second Series, vol. 139 (1994), pp. 183-225.

G. GAIFFI, Models for real subspace arrangements and stratified manifolds, Interna-
tional Mathematics Research Notices, vol. 12 (2003), pp. 627-656.

G. GAIFFI, Real structures of models of arrangements, International Mathematics
Research Notices, vol. 64 (2004), pp. 3439-3467.

E. GAwrILOW and M. JOSWIG, polymake: an approach to modular software design
in computational geometry, International Mathematics Research Notices, Proceedings
of the 17th Annual Symposium on Computational Geometry, ACM, Medford, MA
(2001), pp. 222-231.

B. GRUNBAUM, ”Convex polytopes”, International Mathematics Research Notices,
1967 (the second edition).

M. KAPRANOV, The permutoassociahedron, Mac Lane’s coherence theorem and
asymptotic zones for the KZ equation, Journal of Pure and Applied Algebra, vol.
85 (1993), pp. 119-142.

S. Mac LANE, Natural associativity and commutativity, Rice University Studies, Pa-
pers in Mathematics, vol. 49 (1963), pp. 28-46.

R. McCNEEL & AssOCIATES, Rhinoceros software, Version 5 (2018),
https://www.rhino3d.com/

7. PETRIC, On stretching the interval simplez-permutohedron, Journal of Algebraic
Combinatorics, vol. 39 (2014), pp. 99-125.



Geometrical realisations of the simple permutoassociahedron by Minkowski sums 93

20

21.

22.

23.

24.

25.

26.

27.

28.

. K. POLTHIER, K. HILDEBRANDT, E. PREUB and U. REITEBUCH Java View - interac-
tive 3D geometry and visualization, ver. 3.90 (1999-2005), http://www.javaview.de/

A. POSTNIKOV, Permutohedra, associahedra, and beyond, International Mathematics
Research Notices, vol. 2009 (2009), pp. 1026-1106.

A. PosTNIKOV, V. REINER and L. WILLIAMS, Faces of generalized permutohedra,
Documenta Mathematica, vol. 13 (2008), pp. 207-273.

V. REINER and G. ZIEGLER, Cozeter-Associahedra, Mathematika, vol. 41 (1994),
pp. 364-393.

D. RUTTEN, Grasshopper 3D software, Version 0.9.76.0 for Rhino 5 (2018)
https://www.grasshopper3d.com/

J.D. STASHEFF, Homotopy associativity of H-spaces, I, II, Transactions of the Amer-
ican Mathematical Society, vol. 108 (1963), pp. 275-292, 293-312.

J.D. STASHEFF, From operads to physically inspired theories (Appendix B co-authored
with S. Shnider), Operads: Proceedings of Renaissance Conferences, Contemporary
Mathematics, vol. 202 (1997), pp. 53-81.

R.R. THOMAS, ”Lectures in Geometric Combinatorics, Chapter 9. The Permutahe-
dron”, Student Mathematical Library: IAS/Park City Mathematical Subseries, 2006.

G.M. ZIEGLER, ” Lectures on Polytopes” , Springer, Berlin, 1995 (updated seventh
printing of the first edition, 2007).

Jelena Ivanovié (Received 14.04.2019)
University of Belgrade, (Revised 04.03.2020)
Faculty of Architecture

Bulevar Kralja Aleksandra 73/11

11000 Belgrade,

Serbia

e-mail: jelena.ivanovic@arh.bg.ac.rs



	AADM-Vol14-No2-front-matter
	AADM-Vol14-No1-55-93IvanovicJelena

