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Abstract: The paper presents the implementation of the modified strains development model 
(MSDM) for the two-way restrained self-stressed members such as expansive concrete-filled steel 
tubes and expansive concrete plane elements with arbitrary orthogonal reinforcement. The analyt-
ical approach allows defining the restrained strains and stresses in any 2D restraint conditions by 
following the iterative procedures and accounting for the elastic-plastic behaviour of expansive 
concrete at an early age. The consistency of the proposed method was confirmed by assessing the 
experimental results of the two series of the expansive concrete-filled steel tubes and three series 
of the expansive concrete plane members with mesh reinforcement in the centre of gravity.
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1. Introduction
The actual design models predict the stress-strain parameters of the expansive concrete 

elements under biaxial restraint conditions in a variety of ways. All known approaches can be 
grouped against the basic concept as follows: a) models based on the chemical energy conser-
vation law [1]–[5]; b) empirical exponential function models [6], [7]; c) semi-empirical models 
[8]; d) fuzzy inference system model (FIS) [9]. It is noticeable, that majority of models ignore 
the elastic-plastic behaviour of the expansive concrete elements under confinements during the 
hydration period as well as different boundary conditions in the wide range of self-stressing 
elements [1]–[7]. In most cases, design models allow defining the restrained expansion strains 
only by the end of the expansive concrete stabilization period ignoring the development of ones 
at an early age of expansive concrete [1]–[7]. Moreover, in case of models based on the chemical 
energy conservation law, for example, the design self-stress of expansive concrete is considered 
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as a basic parameter while a different correlation between the values of free expansion strains 
and self-stressing grade arises [1]–[5]. It should also be noted, that all design methods contain the 
empirical coefficients that are based on the restricted experimental data so the incorrect results 
can arise concerning the wide range of expansive concrete elements under 2D confinement.

Thus the development of a comprehensive calculation method for the estimation the 
restrained expansion strains and stresses is an important problem during the design of expansive 
concrete elements under 2D restraint conditions.

2.	 The	modified	strain	development	model	for	the	biaxial	restraint	
conditions

2.1.	 The	modified	strains	development	model	for	the	case	of	uniaxial	
restraint conditions (MSDM)

The most efficient calculation method for the estimation of the restrained expansion 
strains and stresses has been presented in the research paper [10] for the case of uniaxial 
restraint conditions. When the elastic-plastic parameters of the expansive concrete at an early 
age are taken into consideration, the restrained expansion strain in the x-direction at the i-th 
time interval is expressed as follows:
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where:
(∆σc.x)j – incremental self-stress in the x-direction at the j-th time interval;
εcf (ti+1/2,t1/2) – the difference of the free strain due to the temperature change and shrinkage 

or expansion of the expansive concrete in the x-direction from the time interval t1/2 to the ti+1/2;
J (ti+1/2,tj) – creep compliance function.
Based on the above model, the modified early age strains development model (MSDM) 

for the case of uniaxial restraint, arrangements have been worked out [11]. The distinctive idea 
of MSDM concerns the presence of cumulative elastic force induced by the restraint at the end 
of the preceding time interval. The mentioned cumulative force accounts for the additional 
confinement of concrete expansion which is especially noticeable in case of high level of restraint 
in elements with high energy capacity of expansive concrete.

According to the MSDM for expansive concrete elements under uniaxial restraint condi-
tions, the restrained expansion strain at any i-th time interval εs (ti+1/2) can be performed as an 
algebraic sum of free expansion strain εcf (ti+1/2), elastic strain at an i-th time interval εel (ti+1/2), creep 
strain at i-th time interval under constant self-stress applied at t0 days εpl (ti+1/2, t0) and additional 
strain εcum (t(i-1)+1/2) caused by the restrictive force induced by the restraint at (i-1)-th time interval:
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2.1.	 The	modified	early	age	strains	development	model	 
for	the	case	of	biaxial	restraint	conditions

This paper presents the calculation model for assessment the restrained expansion strains 
in expansive concrete elements under 2D restraint conditions that is based on the modified 
strains development model (MSDM) for the case of uniaxial reinforcement arrangement.
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The main assumptions of the proposed model are as follows:
1. confinement in orthogonal directions is considered utilizing the Poisson’s ratio of early 

age expansive concrete v = 0.2 concerning the elastic strain at an i-th time interval 
(εel.x (ti+1/2) in x-direction, εel.y (ti+1/2) in y-direction);

2. restrained expansion strain at any i-th time interval in the directions x and y is an alge-
braic sum of free expansion strain (εcf (ti+1/2)), elastic strain (εel.x (ti+1/2) in x-direction, εel.y 

(ti+1/2) in y-direction), creep strain (εpl.x (ti+1/2, t0) in x-direction, εpl.y (ti+1/2, t0) in y-direction) 
at i-th time interval and additional strain caused by the restrictive force induced by the 
restraint (εcum.x (t(i-1)+1/2) in x-direction, εcum.y (t(i1)+1/2) in y-direction) at (i-1)-th time interval:
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3. equilibrium condition between resultant forces in restrictive reinforcement and expan-
sive concrete section takes place because of the bond conditions in directions x and 
y at any i-th time interval.

The restrained expansion strains in x-direction and y-direction are calculated in accord-
ance with the following expression:
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where:
(∆σc.x)j and (∆σc.y)j – incremental self-stress in the x-direction and the y-direction corre-

spondingly at the j-th time interval;
(∆εcf)i – incremental free strain of expansive concrete at the i-th time interval;
Es.x and Es.y – Young’s modulus of reinforcement in the x-direction and the y-direction 

correspondingly;
ρs.x and ρs.y – reinforcement ratio in the x-direction and the y-direction correspondingly.
It can be noted that in formula (4) the values of self-stresses (∆σc.x)j and (∆σc.y)j at the j-th time 

interval have already been obtained, taking into account the Poisson’s ratio of expansive concrete.
Because of the bond conditions, the expansive concrete and the reinforcement deform 

compatibly. Thus the incremental self-stresses at the i-th time interval in the principal axes 
directions are calculated by:
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where:
(∆εs.x)i and (∆εs.y)i – incremental restrained expansion strains at the i-th time interval in 

the x-direction and y-direction correspondingly.
The values of the restrained expansion strains and stresses in the x-direction and y-di-

rection at a given time interval are obtained as follows:
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The iterative calculation continues until the end of the expansive concrete stabilization 
period.

2.2.	 The	modified	early	age	strains	development	model	 
for the case of the steel tube symmetrical restraint conditions

Based on the assumptions [11], [12], for the case of the steel tube symmetrical restraint 
arrangement (see Fig. 1), the basic equations for calculating of the incremental restrained 
strains in the circumferential direction (∆εs.θ)i and the axial direction (∆εs.z)i at any i-th time 
interval with regard to the vertical reaction can be expressed as follows:

 

 
(7)

Fig. 1. 2D symmetrical restraint in case of the expansive concrete-filled steel tube. Source: own study

Incremental self-stresses can be calculated according to the expressions:
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The iterative calculation continues until the end of the expansive concrete 
stabilization period. 

2.2. The	modified	early	age	 strains	development	model	 for	 the	case	of	 the steel 
tube symmetrical restraint conditions 

Based on the assumptions [11], [12], for the case of the steel tube symmetrical 
restraint arrangement (see Fig. 1), the basic equations for calculating of the incremental 
restrained strains in the circumferential direction (s.θ)i and the axial direction (s.z)i at 
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Fig. 1. 2D symmetrical restraint in case of the expansive concrete-filled steel tube. Source: own 
study. 
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where:
Es – modulus of elasticity of steel tube;
vs – Poisson’s ratio of steel tube;
r0– initial radius of steel tube;
t – thickness of steel tube.
Substituting Eq.(8) in Eq. (7), incremental restrained expansion strains (∆εs.θ)i and 

(∆εs.z)i at any i-th time interval are expressed as follows:
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3.	 Verification	of	the	modified	strain	development	model	 
for	the	biaxial	restraint	conditions

3.1.	 Expansive	concrete	plane	elements	with	arbitrary	orthogonal	restraint	
Three series of the expansive concrete plane specimens with the mesh reinforcement in the 

mid-depth of the cross-section were investigated during the expansive concrete hydration period. The 
rate of confinement in the orthogonal directions was taken as the variable parameter of test samples.

Geometry and characteristics of reinforcement and expansive concrete of the test elements 
are presented in the Table 1.

Table 1. Geometry and material characteristics of plane specimens. Source: own study

Specimen 
marking

Specimen 
geometry, 
mm, bx lxh

Reinforcement Expansive concrete
x-direction y-direction

εcf,  
%

Ec.28,  
GPa

As.x,  
mm2

reinforcement 
ratio ρs.x,  
%

As.y,  
mm2

reinforcement 
ratio ρs.y,  
%

P1
500x500x70

339 0.97 58.9 0.16 0.117 42.66
P2 339 0.97 339 0.97 0.437 23.1
P3 58.9 0.16 58.9 0.16 0.334 33.3
As.x – reinforcement area in the x-direction; As.y – reinforcement area in the y-direction; εcf – free strain at 
the concrete expansion stabilization; Ec.28 – Young’s modulus at 28 days age.

Development of the experimental values of the restrained expansion strains during the 
hydration period along with the calculated according to the 2D MSDM ones for the test specimens 
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is shown in Fig. 3. In the same Figure, the calculated according to the model [10] data are also 
shown to demonstrate the influence of additional cumulative force on the restrained expansion 
strains. It should be pointed out that the calculation of the stress-strain parameters following 
model [10] was carried out, taking into account the Poisson’s ratio concerning the elastic part 
of concrete deformation.

Fig. 2. Development of the restrained expansion strains for samples P1, P2 and P3. Source: own study

It is useful to demonstrate the comparison of experimental and calculated values of the 
restrained expansion strains at the end of the expansive concrete hydration period for all test 
samples (see Table 2). The calculated values of the restrained expansion strains were obtained 
based on the model 2D MSDM as well as based on the models [3], [5], [10]. Note that the 
models [3] and [5] are based on the chemical energy conservation law and allow defining 
the stress-strain parameters of the expansive concrete elements only by the end of expansion 
concrete stabilization period.
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Table 2. Experimental and calculated values of the restrained expansion strains. Source: own study

Source

Specimen marking
P1
ρs.x = 0.97%,  
ρs.y = 0.16%

P2
ρs.x = 0.97%,  
ρs.y = 0.97%

P3
ρs.x = 0.16%,  
ρs.y = 0.16%

Values of the restrained expansion strains (‰) in the direction:
x y x y x y

Experimental data 0.811 1.013 1.883 1.906 2.770 2.512
Calculated values,  
according to the model 2D MSDM 0.813 1.061 2.031 2.031 3.063 3.063

Calculated values, according to [3] 0.860 3.070 1.470 1.470 4.610 4.610
Calculated values, according to [5] 0.792 2.850 1.240 1.240 3.793 3.793
Calculated values, according to [10] 1.074 1.183 3.915 3.915 3.286 3.286

3.2.	 Expansive	concrete-filled	steel	tubes		
Experimental studies were carried out on the two series of expansive concrete-filled 

steel tubes (EC FST) with the diameter 200 mm, length 300 mm and 600 mm and steel tube 
wall thickness 1.0 mm, 1.5 mm and 2.0 mm. The variation of the following parameters is 
considered: effective restraint ratio ρl.θ and ρl.z; length of steel tube (300 mm and 600 mm); 
self-stressing grade of expansive concrete; influence of internal curing.

Development of restrained expansion strains in time under different restraint conditions 
in longitudinal and circumferential directions is shown in Fig. 3.

Fig. 3. Development of the restrained expansion strains tube samples. Source: own study

Restrained expansion strains obtained in the experimental campaign (see Fig. 3) were 
compared to those calculated following the proposed model for the expansive concrete-filled steel 
tubes. As follows from the comparison of the results, the restrained expansion strains value calcu-
lated in accordance with the proposed model shows a good agreement with experimental data.
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4. Conclusions
The modified early age strains development model for the biaxial restraint conditions 

based on the initial early age strain calculation approaches is universal and allows obtaining 
an adequate solution for any boundary conditions.

The free expansion strains development law of the expansive concrete from the early 
age to the end of stabilization period is accepted as the basic parameter when defining the 
stress-strain parameters of expansive concrete elements under biaxial restraint conditions.

The suitability of the proposed model was confirmed by the own experimental inves-
tigations of expansive concrete elements under two-way restraint conditions as well as the 
experimental results of expansive concrete-filled steel tubes. The difference between the 
experimental and calculated values of the restrained expansion strains did not exceed 25.5%.
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