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ABSTRACT

We study the effects of vertical sinusoidal vibrations on a liquid droplet with a low surface tension (ethanol) deposited on a solid
substrate. In a precise range of amplitudes and frequencies, the drop exhibits a dramatic worm-like shape instability with a
strong symmetry breaking, comparable to the one observed by Pucci et al. (Phys. Rev. Lett., 106, 024503 (2011)) on a vibrated
floating lens. However, the geometry of our system is much simpler since it does not involve the oscillation and deformation of
a liquid-liquid-air contact line. We show that the Faraday waves appearing on the surface of the droplet control its shape and
we draw a systematic phase diagram of the instability. A simple theoretical model allows us to derive a relation between the
elongation of the droplet and the amplitude of the Faraday wave, in good agreement with measurements of both quantities.

1 Introduction
Although vibrations of liquid films and drops occur in many practical and technological situations such as coating, spraying,
liquid injection and ink-jet printing, the dynamics of the contact line between a liquid, a solid substrate and the surrounding air
remains today surprisingly not fully understood.1 The effects of vibrations on liquid drops have been intensively studied,2–7 but
a large share of the theoretical and experimental considerations focuses on stationary or quasi-stationary processes where the
contact line advances or recedes at slowly varying or constant velocity. It is, however, well-known that at high accelerations
fluid interfaces can develop very specific responses to periodic or quasi-periodic excitations via the parametric amplification of
surface waves, the so-called Faraday instability, named after Faraday, who was the first to report their existence.8

The Faraday instability has been widely investigated over these last 50 years in the case of large liquid containers.9–11

Studies of the Faraday instability usually focus on flat fluid surfaces, avoiding the formation of a meniscus on the boundaries,
for instance by filling the vessel full to the brim. The presence of a meniscus is known to modify both the onset of the instability
and the observed patterns.11 More recently, attention has been focused on Faraday instability in small confined domains with
adaptable boundaries and Pucci et al. reported the existence of an hydrodynamic instability in an alcohol drop deposited on a
cell filled with a viscous oil, both submitted to vertical oscillations.12–15

In Pucci et al. study, Faraday waves appear on the surface of the floating lens above a certain acceleration threshold but not
in the liquid substrate because of its higher viscosity. Close to this threshold, the system keeps its axial symmetry on average.
For higher accelerations, a new threshold is reached, where the system spontaneously breaks the axial symmetry and extends
along a random direction. Two different archetypes can be observed depending on whether the drop is wetted or no by the oil.
When the oil does not wet the surface of the alcohol drop, the destabilized lens reaches a quasi-stationary state.12, 13 The authors
developed a model of the elongated shape by considering the interplay between the surface tension at the contact line between
the two liquids and air, and the excess pressure due to the Faraday waves. Interestingly, the drop does not reach a steady-state
when its surface is wetted by the oil, and keeps extending until it breaks into smaller parts. Because of its large aspect ratio and
the standing waves on its surface, this state is thereafter called the “worm-like state”, following the denomination used by Pucci
et al.14, 15

Even in the case of the non-wetted drop, a complete model of their system is rather complex to obtain, in particular
because of the presence of three dynamic boundaries (liquid 1-liquid 2, liquid 1-vapor, liquid 2-vapor). Faraday waves do
not only appear at the surface of the floating lens, but also at the interface between the lens and the liquid substrate, while a
damped wave is generated into this more viscous surrounding liquid by the oscillating lens boundaries. They obtain a good
quantitative description of the quasi-stationary shape of the elongated lens, but need to introduce a corrective factor justified by
the simplifications made to build their model.13

We describe here the results obtained on a simpler experiment using a drop vibrated on a solid substrate, which shows also
a spectacular large symmetry-breaking deformation where a Faraday instability triggers a directed contact line motion under
periodical forcing condition. Despite active research on sessile drops under vibrations, the large aspect ratio spreading we
observe has, to our knowledge, never been reported on a solid substrate.
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2 Experimental set-up
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Figure 1. Experimental set-up: the vertical motion of the loudspeaker is measured by a Position-Sensitive Detector (PSD),
using the reflection of a laser beam on a mirror fixed to the vibrated substrate. Sinusoidal fits of the data recorded by the PSD
give the frequency and the amplitude of the oscillation (inset).

Our experimental set-up (see Fig. 1) is similar in many points to the one described by Noblin et al.5 The substrate consists
in a plate made of polytetrafluoroethylene (PTFE) fixed on a metal disc. This disc is then bound to the moving part of a
loudspeaker, which is connected to a function generator through a power amplifier. We measure the vertical displacement of the
substrate by the deflection of a laser beam using a Position-Sensitive Detector (PSD). The system is systematically calibrated
using a precision linear stage. This set-up allows us to fix the driving amplitude with a precision of 1 µm. We always work with
an excitation signal of the form Uv = Av cos(ωvt) and carefully check that the vibrations of the substrate are purely sinusoidal
(see Fig. 1 inset).

The vibrated drop is imaged with a fast camera. We use the camera from a side-view to measure the amplitude AF and the
time frequency ωk of the Faraday waves, and from above to access their wavelength and the shape of the drop.

The drops are made of pure ethanol (surface tension liquid-vapor γ = 22.3 mN/m, density ρ = 789 kg/m3, viscosity
µ = 1.2 mPa.s), and are placed at the center of the substrate using a micropipette with a fixed volume of 70 µL for this
study. The experiments are performed fast enough to avoid a substantial evaporation. The drop is slightly vibrated before any
experiment in order to reach its equilibrium state.6 We measure by side-view pictures an equilibrium contact angle between the
PTFE and the ethanol drop of 40◦±1.5◦. The height of the drop varies from 1.3 mm at equilibrium to 620±30 µm for the
maximal elongation. The wavelength of the Faraday wave is equal to 3.5±0.2 mm when the destabilization is reached at 130
Hz.

3 Results and discussion
We focus first on the different transitions between the drop at rest and the destabilization to the elongated worm-like shape. To
draw the phase diagram (Fig. 2), we fix the driving frequency and vary slowly the amplitude of oscillation. Error bars represent
the statistical dispersion after several measurements of the same value (typically ten), with each time a different drop.

On the lower part of the phase diagram, the drop is axisymmetric and has an average diameter of 12 mm (phase C on
Fig. 2). The oscillation of the surface of the drop is harmonic and the contact line remains pinned to the substrate because of
the presence of defects.6 After a threshold amplitude, the drop suddenly loses its circular symmetry, giving rise to a slightly
deformed state of two overlapping axisymmetric modes, with subharmonic surface oscillations. We call this configuration
the “two-eyes” state (E). Interestingly, this state shows strong similarities with the (1,3) mode of destabilization obtained in
both solid circular cavities16 and floating lenses13 submitted to vertical oscillations. We observe that the subharmonic response
occurs for amplitudes slightly below this threshold, but does not destabilize the drop, probably because of the pinning of the
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contact line. The size and shape of the drop are not changing when the forcing amplitude is increased, until the threshold to the
worm-like state (W), where the elongation of the drop starts to increase with the amplitude of oscillations.

This last transition is sharp and reversible, i.e. decreasing the excitation amplitude or changing the frequency can bring the
worm back to the two-eyes state. The position of this transition line on the phase diagram depends on whether the amplitude of
oscillation is increased or decreased. This hysteresis is non-negligible only for frequencies higher than 140 Hz. We checked
that the direction of elongation is chosen randomly by the system at the transition, showing a real symmetry breaking not
induced by the defects of the substrate.

Once the drop forms a worm, we can control its length by changing the frequency (see Fig. 2) or the amplitude of oscillation
(see Fig. 3.A, •). For a constant driving amplitude, the elongation of the worm is maximal for 130 Hz, which is also the
frequency of the minimum amplitude threshold to the worm-like state. The lateral width of the worm w = 5.1±0.1 mm remains
constant and uniform for any elongation. We denote here fundamental differences between our system and the one of Pucci et
al. The worm they obtain when the floating drop is wetted by the surrounding oil (for example with ethanol deposited on silicon
oil in Ref.15) keeps also a constant width during the elongation. However, their system is not stable: once the destabilization
threshold is reached, the worm extends until breaking into smaller parts. A steady elongated state can be obtained when the
drop is not wetted by the oil (isopropanol drop floating on perfluorated oil in Ref.12), and also shows similarities with our
system of a drop deposited on a solid substrate. They both exhibit Faraday waves on the surface of the drop, and a strong
dependence between the elongation and the forcing amplitude. Nevertheless, Pucci et al. observed in this case a width varying
with the distance to the tip, and which decreases as the worm elongates (the projected surface remains constant). Volume
conservation imposes then that the worm thickness h obtained on the liquid-liquid interface is constant, while h decreases with
the elongation in our configuration.

Figure 2. Experimental stability curve of a 70 μL ethanol drop on a PTFE substrate. Filled green circles (•): breakdown of the
axisymmetry. Blue squares: transition to the worm-like instability, obtained by keeping the frequency fixed and increasing
(filled blue squares (�)) or decreasing (open blue squares (�)) the forcing amplitude Av. (C): circular state; (E): two-eyes state;
(W): worm-like shape. Open black triangles (4): length of the worm measured at a fixed value of Av = 105 µm for different
frequencies (following the horizontal dashed line). Vertical dotted line corresponds to the experiments performed at constant
frequency (see Fig. 3). The scale bars are 5 mm long.

3.1 Elongation-forcing relation
A comprehensive theoretical description of the instability would certainly be difficult. A simpler approach consists in bypassing
the onset of the worm-like instability (in particular the mechanism by which the contact line wobbles and eventually breaks
the circular symmetry), and assuming a well-defined worm-like shape of the drop. Within this regime, a simple theoretical
approach is possible to get the “susceptibility” of the worm elongation with respect to the amplitude AF of the Faraday wave.
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The quasi-stationary worm-like shape of the droplet implies that a force budget must exist at each end of the worm, the
elongational force manifestly driven by the Faraday waves being equilibrated in a way or another. In Fig. 1 one of the edge of
the worm is depicted, the Faraday waves are therefore transverse to the figure. The right end of the edge is roughly defined
at the beginning of the horizontal oscillating surface; when the worm-like droplet is in a stationary oscillating situation, the
edge is chosen in such a way that the point M in the figure is at a node of the surface wave. The forces (expressed per unit
length transversal to the figure) exerted on the edge are depicted: the advancing forces are on one hand the solid-vapor surface
tension γSV , and on the other hand the pressure force F; the receding forces are the liquid-air and solid-liquid surface tensions
γ and γSL. At equilibrium, the receding and advancing forces compensate each other, leading to the well-known formula for
the equilibrium height of a puddle heq =

√
2γ(1− cosθ)/ρg, where ρ is the fluid mass density, g the acceleration of gravity

and θ the equilibrium value of the liquid-solid and liquid-vapor interface angle.17 When subjected to a rapid oscillation of the
plate, the liquid will develop a Faraday wave far from the edges, whose amplitude AF is determined mainly by the nonlinear
term of the amplitude equation which saturates the linear growth (in case of very shallow water conditions the liquid depth h
also matters). The qualitative effect of this wave is two-fold: firstly, it reduces the average intensity of the tension exerted by
the liquid-vapor interface by tilting periodically the vector out of the horizontal (see Fig. 1). As a result the averaged vector
〈γ〉, though still horizontal, is less efficient to pull the edge to the right. Secondly, an oscillating flow develops within the fluid
below the free surface, which, for a given thickness h, makes also the time-averaged value of the total pressure force 〈F〉 depart
from the equilibrium value |F|= ρgh2/2.

To evaluate quantitatively these effects, one assumes an irrotational flow described by a potential ϕ(x,z, t)=AF ωk[k sinh(kh)]−1

cosh(k[z+h])sin(kx)cos(ωkt). From this potential, one gets for the surface deformation ζ (x, t) = AF sin(kx)sin(ωkt)+ξ (x),
assuming the point M is at x = 0. The constant deformation ξ (x) is of order A2

F , therefore this expression can be considered as
an expansion of ζ up to the order A2

F , with the proviso that all terms ∝ sin(2ωkt) are omitted.
The next step of the calculation is the evaluation of the classical Bernoulli relation P/ρ =−∂tϕ− v2

2 −G(t)z+C,
(P is the gauge pressure) at a point (x,ζ (x, t)) of the surface, with the boundary condition P(x,ζ (x)) =−γ∂ 2

xxζ (x), and with
G(t) = g− 4ω2

k Av cos(2ωkt +ψ) where Av cos(2ωkt +ψ) is the height of the vibrating plate. Av is the amplitude of the
oscillation of the plate, and one assumes for every frequency a Faraday resonance: the mode actually selected oscillates at a
frequency ωk/(2π) which is exactly half that of the excitation, with possibly a phase ψ . An expansion in terms of trigonometric
functions of ωt and kx is obtained from the Bernoulli relation and the expressions of ϕ and ζ , more precisely it gives various
terms proportionnal to products of trigonometric functions of pωt and qkx, where p and q are integers. The orthogonality
of these products yields the following results: the phase is either ψ = 0 or π . The dispersion relation is renormalized by the
driving acceleration according to1

ω
2
k =

(
γ

ρ
k3 +gk

)
tanh(kh)

1∓2kAv tanh(kh)cos(ψ)
(1)

with a minus sign if ψ = 0 and a plus sign if ψ = π . Here ωk represents the frequency of the wave, and is equal to half
the driving frequency ωv = 2ωk. A third relation allows to compute C = (AF ωk sinh(kh)−1)2/8 which is important for the
computation of the pressure force.

Defining the system as the molecules located to the left of M at t = 0, its right boundary X(z, t) oscillates for t > 0, and is
given by X(z, t) = AF sinh(kh)−1 cosh(k[z+h])sin(ωkt). A careful computation of the average pressure force exerted on the
frontier, up to the second order in (AF ωk) (the leading factor of ϕ), gives, in accordance with,18

〈Fx〉 =
ρgh2

eq

2

((
h

heq

)2 (AF k)2

8(1− cosθE)

(
1+

2kh
sinh(kh)cosh(kh)

))
. (2)

The stationary condition of the edge implies then:

1−
(

h
heq

)2

=
(AF k)2

8(1− cosθE)(1∓2kAv tanh(kh))

(
3+

2kh
sinh(kh)cosh(kh)

)
. (3)

This formula is an implicit relation between the stationary height of the worm h and the amplitude AF of the Faraday wave.
If the worm stays in a situation for which kh� 1, tanh(kh)∼ 1, and eq. 1 becomes the dispersion relation for gravity-capillary
waves. Last term of eq. 3 would vanish and all the dependence with respect to h would be explicit. The experiments reported
here are in conditions of shallow flow (kh . 1), therefore the dispersion relation is in this case explicitly dependent on the
height.

1This renormalization has not been taken into account in Ref.13
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Figure 3. Results of experiments at constant frequency ( f = 130 Hz) following the vertical dotted line of Fig. 2. Top: filled
blue circles (•) show worm length vs amplitude of vibration Av. The blue dotted line corresponds to the circular drop (C)
diameter. Bottom: open red squares (�) show amplitude of the Faraday waves AF vs. amplitude of vibration Av. The dashed
lines correspond to the thresholds between circular (C), two-eyes (E) and worm-like shapes. Pictures correspond to (a) top-view
in (W) state, (b) side view in (C) state and (c) side-view in (W) state. The scale bars are 1 mm long.

In principle, it could be possible to express the elongation of the worm in terms of the frequency ωv and amplitude Av of
the vibrating plate, but the theoretical expression of the nonlinearly saturated amplitude of Faraday waves is still the object of
controversy.11, 19

We measure then directly the amplitude of the Faraday waves AF with a side-view of the worm for different driving
amplitudes at a fixed frequency of 130 Hz (open red squares (�) on Fig. 3.B). The amplitudes measured are ranging from
AF = (210±20) µm at the onset of the instability to AF = (290±10) µm for highly elongated worms. For our range of
accelerations (5.2-10.7g), the behaviour of AF is far from the one observed by Pucci et al., where they obtain the relation
A2

F ∝ Av at a fixed frequency. Here the amplitude of the Faraday waves saturates when approaching half the thickness of the
elongated worm h = 620±30 µm.

To compare these direct measures of AF to the values obtained by solving eq. 3, we need to determine the thickness of
the worm h. It is experimentally easier to access its length and then, its width and volume being constant throughout the
process, h/heq ' L/L0 with L the measured length of the elongated worm at the driving amplitude Av and L0 the length of the
worm taken at the onset of the instability. Using a phase shift ψ = 0 we obtain a quantitative agreement between our data and
the numerical resolution of eq. 3 (full circles on Fig. 4), whereas the other choice ψ = π is clearly much less convincing. It
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Figure 4. Amplitude of the Faraday waves as a function of the driving amplitude for a fixed frequency of 130 Hz. Open red
square (�): amplitude of the Faraday waves directly measured using a side-view camera. Deduced values of AF from the
measurements of the length of the worm using the usual dispersion relation (blue star (?), dashed line) and the renormalized
one, eq. 3, with respectively Ψ = π (open blue circles (◦), dotted line) or Ψ = 0 (filled blue circles (•), solid line). Lines are
guides for the eye.

demonstrates the validity of our approach and moreover shows that the phases of the vibrating plate and the Faraday wave are
locked in phase quadrature.

4 Conclusion
We studied experimentally the destabilization of a vibrated sessile droplet in a simple geometry. A steady state is observed,
consisting in an elongated worm like state, comparable in shape to the non-steady state describe by Pucci et al.14, 15 The
apparition of Faraday waves on the surface of the droplet triggers its elongation as shown by our measurements and the
theoretical model. The length of the worm saturates with the forcing amplitude because of both its thinning and the increasing
amplitude of the Faraday wave. When the forcing amplitude decreases, the radiation pressure decreases too which brings the
drop back to a more axisymmetrical state. It is interesting to note that the addition of only a few percents of water to the ethanol
strongly shifts the threshold of the instability to much higher driving amplitudes, and even prevents its apparition for volume
percentage of water higher than 10%. Our experimental configuration is simpler than those of Pucci et al.,13 and a simple
model allowed us to account quantitatively for the observed relation between the worm extension and the forcing amplitude in
the regime where the worm shape is formed. In particular, we clearly demonstrate that taking into account the renormalization
of the dispersion relation by the driving forcing is needed. It remains a substantial challenge to describe theoretically the
scenario by which the stationary Faraday waves break the circular symmetry, and why in particular the intermediate two-eyes
stage is stable for a range of vibration amplitudes. Finally, an interesting perspective for this work could be an investigation
of the response of the vibrating droplet of ethanol in the presence of a microstructured surface, because a low symmetry of
the substrate will compete with the symmetry breaking of the droplet and lead potentially to unexpected dynamical stationary
states.
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