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QUARTET COMPATIBILITY AND THE QUARTET GRAPH

STEFAN GRUNEWALD, PETER J. HUMPHRIES, AND CHARLES SEMPLE

ABSTRACT. A collection P of leaf-labelled trees is compatible if there exists
a single leaf-labelled tree that displays each of the trees in P. Despite its
difficulty, determining the compatibility of P is a fundamental task in evolu-
tionary biology. Attractive characterizations in terms of chordal graphs have
been previously given for this problem as well as for the problems of (i} de-
termining if there is a unique tree that displays each of the trees in P, that is
P is definitive and (ii) determining if there is a tree that displays P and has
the property that every other tree that displays P is a refinement of it, that is
‘P identifies a leaf-labelled tree. In this paper, we describe new characteriza-
tions of each of these problems in terms of edge colourings. Furthermore, for
an arbitrary leaf-labelled tree 7, we also determine the minimum number of
‘quartets’ required to identify T, thus correcting a previously published result,

1. INTRODUCTION

A phylogenetic tree T on X is an unrooted tree in which every interior vertex
has degree at least three and whose leaf set is X. In addition, if all of the interior
vertices of 7 have degree three, then 7 is binary. We call X the label setof 7. A
guartet is a binary phylogenetic tree whose label set has size 4. To illustrate, both
trees in Fig. 1 are phylogenetic trees with the tree on the right being a quartet.

Let T and 7' be two phylogenetic trees. We say that T” displays T if the label
set X of 7 is a subset of the label set X’ of 7' and the minimal subtree of 7’
connecting the elements in X is a refinement of T, that is 7 can be obtained
from this subtree by contracting edges. For example, in Fig. 1, the phylogenetic
tree on the left displays the phylogenetic tree on the right. If P is a collection of
phylogenetic trees, then 77 displays P if 7" displays each of the trees in P, in which
case P is said to be compatible. Furthermore, if 7' is the only such tree (and the
union of the label sets of the trees in P is X'), then P is said to be definitive.

Phylogenetic trees are used in computational biology to represent the evolution-
ary relationships of a set X of extant species. One fundamental way in which such
trees are inferred is by amalgamating a collection P of smaller phylogenetic trees
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FIGURE 1. Two phylogenetic trees.

on overlapping subsets of X into a single parent tree. In this context, two natural
mathematical problems arise:

(i) Is P compatible and, if so,
(il) is P definitive?

It is well known that every phylogenetic tree is determined by a collection of quartets
(see, for example, [8]) and so, in the context of these problems, no generality is loss
by viewing P as a collection of quartets. We will follow this viewpoint throughout
the paper.

The first problem is NP-complete (1, 9], while the complexity of the second
problem remains open. A variation (and weakening) of (ii) is the following problem:

(iii) If P is compatible, is there a tree T that displays P and has the property
that every tree that displays P is a refinement of it?

If in (iii) there is such a tree T, then we say that P identifies 7. Characterizations
of each of these problems have been previously given in terms of chordal graphs
(3, 4,6, 7,9].

In this paper, we introduce the ‘quartet graph’ and show that these problems can
also be characterized in terms of edge colourings via this graph. One of the main
motivations for this paper is that it is hoped that the quartet graph may provide
new insights not only on the openness of (ii) but also on other quartet problems in
phylogenetics. In addition to these characterizations, we also determine, for a given
phylogenetic tree T, the size of a minimum-sized set of quartets that identifies 7.
This corrects a previously published result.

The paper is organized as follows. In the rest of this section, we formally state
the main results of this paper. For completeness, Section 2 contains the chordal
graph characterizations of problems (i)-(iii). Section 3 contains the proofs of the
characterizations of (i)-(iii) in terms of the quartet graph. The proof of the com-
patibility characterization is algorithmic and thus provides a phylogenetic tree that
displays the original collection of quartets if this collection is compatible. Section 4
contains the proof of the minimum number of quartets needed to identify a given
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FIGURE 2. The quartet graph of {ab|ce, cd|bf, ef|ad}.

phylogenetic tree. Throughout the paper, X will always denote a finite set, and
notation and terminology follows [8].

Let g be a quartet with label set {a,b,c,d}. If the path from a to b does not
intersect the path from ¢ to d, then we denote g by ab|cd or, equivalently, cd|ab. The
label set of a collection @ of quartets is the union of the label sets of the quartets in
Q. For a collection Q of quartets with label set X, we define the quartet graph of
Q, denoted G g, as follows. The vertex set of Gg is the set of singletons of X and,
for each ¢ = abled € Q, there is an edge joining {e} and {b}, and an edge joining
{c} and {d} each of which is labelled q. Apart from these edges, Gg has no other
edges. As an example, consider the set

Q = {abjce, cdjbf, ef|ad}

of quartets. The quartet graph of @ is shown in Fig. 2, where, instead of labelling
the edges with the appropriate element of Q, we have used solid, dashed, and dotted
lines to represent the edges arising from ablce, cd|bf, and eflad, respectively.

Each edge of Gg has a partner, in particular, the one which is labelled with the
same quartet. Another way we could have indicated this is by assigning a distinet
colour to each quartet in Q, and then assigning this colour to each of the two edges
corresponding to this quartet. In doing this, we observe that the resulting edge
colouring of Gg is a proper edge colouring. Under this viewpoint, we say that an
edge is g-coloured if it is labelled ¢q. Recall that an edge colouring of a graph G is
an assignment of colours to the edges of G. An edge colouring is proper if no two
edges incident with the same vertex have the same colour.

Central to this paper is a particular graphical operation which preserves proper
edge colourings. This operation, called colour-identification, is described next. Let
X be a finite set, and let G be an arbitrary graph with no loops and whose vertex
set V is a partition of X. In other words, X is the disjoint union of the vertices
of G. Let U be a subset of V. Then the identification of the vertices in U is the
graph obtained from G by

(i) deleting every edge in which both end-vertices are in U, and

(i) replacing the vertices in U with a single vertex which is the union of the
elements of U such that if e is incident with exactly one vertex in U, then e
is now incident with the vertex that is the union of the elements of U (the
other vertex that e is incident with remains unchanged).
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FIGURE 3. A complete colour-identification sequence of the quar-
tet graph in Fig. 2.

If |U| = p, then we call this identification a p-identification.

Now suppose that the edges of G are coloured and this colouring is proper.
Furthermore, suppose that U has the property that if e and f are distinct edges of
G with the same colour, then at most one of these edges is incident with a vertex in
U. The colour-identification of the vertices in U results in the graph that is obtained
from G by identifying the vertices in U and, for each edge that joins two vertices in
U, if there is exactly one other edge with the same colour, then this edge is deleted.
Observe that, because of the condition imposed on U, the colour-identification
of U results in a proper edge-coloured graph. Let Go = G,G1,Ga,...,Gf be a
sequence of graphs, where G; is obtained from G;—; by a colour-identification for
alli € {1,2,...,k}. We will call such a sequence a colour-identification sequence of
G. If G has no edges, then this sequence is called a complete colour-identification
sequence of G.

Example 1.1. Consider the quartet graph Gg shown in Fig. 2, where Q =
{ablce, cd|bf,eflad}. Figure 3 illustrates a colour-identification sequence of Gg
beginning with Gg on the left and ending with the graph consisting of three iso-
lated vertices on the right. Initially, we identify the vertices {a} and {} to get the
second graph. The third graph is obtained by identifying {¢} and {d} in the second
graph, while the last graph is obtained from the third graph by identifying {a, b}
and {c,d}. Since the last graph has no edges, this colour-identification sequence is
complete.

Theorem 1.1 is the first main result of this paper.

Theorem 1.1, Let Q be a collection of quartets. Then Q is compatible if and only
if there is a complete colour 2-identification sequence of Gg.

As an illustration of Theorem 1.1, the set of quartets Q = {ab|ce, cd|bf, ef|ad} are
compatible, as there is a complete colour 2-identification sequence of Gg as shown
in Fig. 3. Indeed, the phylogenetic tree 7 shown in Fig. 1(a) displays Q.
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To describe the second main result some further definitions are needed. Let T
be a phylogenetic tree. We denote the set of quartets that are displayed by T by
O(T). Let ¢ = abled € Q(T). An interior edge e = uv of T is distinguished by qif a
and b are in separate components of T\u, and ¢ and d are in separate components
of T\v. Furthermore, relative to 7, a subset of Q(7") is distinguishing if every
element in the subset distinguishes some edge of 7.

Let T be a phylogenetic X-tree that displays a collection Q of quartets on X,
and let e = uv be an interior edge of 7. We define Gg(y, ) to be the graph with the
neighbours of v except u as its vertex set where two vertices wy, ws are adjacent if
there is a quartet in @ that distinguishes e and contains a leaf of the component of
T\v containing w; for i € {1,2}. A set Q of quartets on X specially distinguishes
a phylogenetic X-tree T if T displays Q and, for every interior edge e = uv of 7,
each of the graphs Gg(y,,) and GQ(v,u) is connected.

Let Q be a collection of quartets on X, and let Gy = Gg,G1,Ge,...,Gi be a
colour-identification sequence of Gg. Suppose, for some j € {1,2,...,{}, that G;
is obtained from G,;_; by identifying the elements in U;. If ¢ = A|B is a quartet
of @ and either A or B is a subset of the union of the elements in U;, we say that
q has been identified by U;. Furthermore, this sequence is minimal if there is no
complete colour-identification sequence Gy = Gg, G, Gy, ..., G}, where k < | and
G is obtained from G,_; for all ¢ € {1,2,...,1} by identifying the vertices in U}
such that, for all ¢, the union of the elements in U] is equal to the union of the
elements in a subset of {U1,Us,...,U;}.

Theorem 1.2. Let Q be a set of quartets on X. Then Q identifies a phylogenetic
X -tree if and only if the following hold:

(i) there exzists a phylogenetic X-tree T that displays @ and is specially distin-
guished by Q; and

(il) if Q' is a subset of Q that specially distinguishes T and is a distinguishing
subset of Q(T), and g = A|B € Q', then, whenever the last identification in-
volving a quartet in Q' in a complete minimal colour-identification sequence
of Gg contains A, the choice of which half of all quartets in Q' — {q} is
identified in this sequence is fized.

Provided (i) holds in Theorem 1.2, we remark here that there is always at least
one complete minimal colour-identification sequence that satisfies the assumption
conditions in (ii).

Example 1.2. To illustrate Theorem 1.2, consider Fig. 4 which shows a second
complete colour-identification sequence of the quartet graph Gg shown in Fig. 2,
where @ = {ab|ce,cd|bf,eflad}. As well as the phylogenetic tree 7 shown in
Fig. 1(a), the phylogenetic tree shown in Fig. 5 also displays Q. Since neither is
a refinement of the other, Q does not identify any phylogenetic tree. This fact is
realized by Theorem 1.2 as follows. The set Q itself specially distinguishes 7 and
is a distinguishing subset of Q(T). In both sequences, ef|ad is the last quartet of
Q involved in an identification and this identification contains {a,d}. Now consider
the quartet ablce € Q. In the first sequence {a, b} is identified, while in the second
sequence {c, e} is identified. As the choice of which half of ab|ce that is identified
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FIGURE 4. Another complete colour-identification sequence of the
quartet graph in Fig. 2.
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FIGURE 5. Another phylogenetic tree that displays Q.

in such a sequence is not fixed, it follows by Theorem 1.2 that Q does not identify
any phylogenetic tree.

We remark here that the quartet set Q used in Example 1.2 shows that (i) by
itself in Theorem 1.2 is not sufficient to identify a phylogenetic tree; Q specially
distinguishes the phylogenetic tree shown in Fig. 5.

Corollary 1.8, Let Q be a set of quartets on X. Then Q defines a phylogenetic
X -tree if and only if the following hold:

(i) there exists a binary phylogenetic X -tree T that displays Q and is distin-
guished by Q; and

(i) +f Q' is a minimum-sized subset of Q that distinguishes T and q € @', then,
whenever the last identification involving a quartet in Q' in a compleie
minimal colour-identification sequence contains a half of q, the choice of
which half of all quartets in Q' — {q} is identified in this sequence is fized.

In the second part of the paper, we consider the problem of determining, for an
arbitrary phylogenetic tree 7, the minimum number of quartets needed to identify
7. In particular, we establish Theorem 1.4. This corrects [8, Theorem 6.3.9} which
incorrectly states that the minimum size of such a set is | X} — 3, where X is the
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label set of 7. For a phylogenetic tree 7', let E(T } denote the set of interior edges
of T and let ¢(7") denote the size of a minimum-sized set of quartets that identifies
T.

Theorem 1.4. Let T be a phylogenetic X -tree and let Q be a collection of quartets
that identifies T. Then, for each interior edge e = {u,v} of T with d(u) < d(v),
the collection @ contains q(d(u) — 1,d(v) — 1) quartets that distinguish e, where

q(r,8) = [1(32;1—)]

for allr,s > 2. In particular,

19l > Y a(d(u) - 1,d(v) - 1).
eck
Moreover, there exists a collection of quartets that identifies T and has size

oT) =Y qld(u) ~ 1,d(v) - 1).

eck

We remark here that, despite the incorrectness of {8, Theorem 6.3.9], the subsequent
corollary {8, Corollary 6.3.10] is still correct (see Theorem 6.8.8 in [8]).

We complete this section with some preliminaries. A partial split A|B of X is a
bipartition of a subset of X. If the disjoint union of A and B is X, then A|B is a
split of X. A partial split is non-trivial if |A|,|B| > 2. Phylogenetic X-trees give
rise to splits in the following way. Let 7 be a phylogenetic X-tree and let e = ujug
be an edge of 7. Then the split of X corresponding to e is the split X1]Xs where,
for each i, the set X; is the intersection of X and the vertex set of the component
of T\e containing u;. The collection of non-trivial splits of 7 is denoted by X(7).
Buneman [2] showed that every phylogenetic tree is determined by its collection of
non-trivial splits. We say that a partial split A|B of X is displayed by 7 if there is
an edge whose deletion results in two components where A is a subset of the vertex
set of one component and B is a subset of the vertex set of the other component.
Observe that if A = {a1,a2} and B = {b1,by}, then T displays A|B if and only if
it displays the quartet ajag|bibe. Consequently, for the purposes of this paper, we
will often use the quartet notation for such partial splits.

Let 7 be a phylogenetic X-tree and let X’ be a subset of X. The restriction
of T to X', denoted by T|X’, is the phylogenetic tree that is obtained from the
minimal subtree of 7 connecting the elements in X’ by suppressing all vertices of
degree 2.

Lastly, we call a vertex of a tree a bud if it is not a leaf and all but one of its
neighbors are leaves. An [-bud is a bud that is adjacent to [ leaves.

2. CHORDAL GRAPH CHARACTERIZATIONS

In this section we state the chordal graph analogues of Theorems 1.1 and 1.2,
and Corollary 1.3. We begin with some definitions.



8 STEFAN GRUNEWALD, PETER J. HUMPHRIES, AND CHARLES SEMPLE

The partition intersection graph of a collection Q of quartets, denoted int(Q), is
the vertex-coloured graph that has vertex set

U {(q)Al))(q)AZ)}y
g=A1|A2€Q
and an edge joining (g, B) and (¢', B') precisely if BN B’ is non-empty. Here two
vertices are the same colour if they share the same first coordinate.

A graph is chordal if it has no vertex induced cycles with at least four vertices.
A graph G is a restricted chordal completion of int(Q) if G is a chordal graph that
can be obtained from int(Q) by only adding edges between vertices whose first
coordinates are distinct. Note that this maintains the property of a proper vertex
colouring. Theorem 2.1, the chordal graph analogue of Theorem 1.1, was indicated
by Buneman [3] and Meacham [6], and formally proved by Steel [9].

Theorem 2.1, Let Q be a collection of quartets. Then Q is compatible if and only
if there is a restricted chordal completion of int(Q).

A restricted chordal completion G of int(Q) is minimal if, for every non-empty
subset F of edges of E(G) — E(int(Q)), the graph G\F' is not chordal. The next
theorem is due to Semple and Steel [7].

Theorem 2.2. Let Q be a collection of quartets on X. Then there is a unique
phylogenetic X -tree that displays Q if and only if the following two conditions hold:

(i) there is a binary phylogenetic X -tree that displays Q and is distinguished
by Q; and
(ii) there is a unique minimal restricted chordal completion of int(Q).

To describe the chordal analogue of Theorem 1.2 requires some further defini-
tions. A quartet is a phylogenetic tree with exactly one interior edge an four leaves.
More generally, a one-split phylogenetic tree is a phylogenetic tree with exactly one
interior edge. If the one non-trivial split of this tree is {a1,...,an}|[{b1,-..,bs},
then we will denote this tree by ay - -+ a,{by -+ - b, or, slightly abusing notation, A|B
where A= {a1,...,a,} and B = {by,...,b,}.

Let T be a phylogenetic X-tree and let e = {uj,u2} be an edge of 7. Then e
is strongly distinguished by a one-split phylogenetic tree Aj|As if, for each i, the
following hold:

(i) A; is a subset of the vertex set of the component of T\e containing u;, and
(ii) the vertex set of each component of T\u;, except for the one containing the
other end vertex of e, contains an element of A;.

For a collection of Q of quartets on X, let G(Q) denote the collection of graphs
{G : there is a phylogenetic X-tree T displaying @ with G = int(Q,7)},
where int(Q, T) is the graph that has the same vertex set as int(Q), and an edge

joining two vertices (g, A) and (q¢’, A’) if the vertex sets of the minimal subtrees
of T connecting the elements in 4 and A’ have a non-empty intersection. Note
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that if G is a graph in G(Q), then G is a restricted chordal completion of int(Q).
There is a partial order < on G(Q) which is obtained by setting G < Gy for all
G1,Gz € G(Q) if the edge set of Gy is a subset of the edge set of G, Lastly,
a compatible collection Q of quartets infers a one-split phylogenetic tree if every
phylogenetic tree that displays Q also displays this one-split tree. Theorem 2.3 was
established by Bordewich et al. {4].

Theorem 2.3. Let Q be a collection of quartets on X. Then Q identifies a phylo-
genetic X -tree if and only if the following conditions hold:

(i) there is a phylogenetic X -tree that displays Q and, for every edge e of
this tree, there is a one-split phylogenetic tree inferred by Q that strongly
distinguishes e; and

(ii) there is a unique mazimal element in G(Q).

Remark 1. Note that if Q is a collection of quartets, then int(Q) is the line graph of
the quartet graph G g where, for a graph G, the line graph of G has vertex set E(G)
and two vertices joined by an edge precisely if they are incident with a common
vertex in G. The vertex colouring of the partition intersection graph corresponds to
the edge colouring of the quartet graph. However, the characterizations of defining
and identifying quartet sets described in this section and those ones derived in
this paper are quite different and we do not use the duality between the partition
intersection graph and the quartet graph to prove the new results.

Remark 2. The results stated in this section were originally proved for general
‘characters’ (that is, partitions of X) rather than for quartets. The concept of the
quartet graph can be extended to this more general setup but then hypergraphs have
to be considered. On the other hand, the phylogenetic information of characters
can be expressed in terms of quartets thus no generality is loss in restricting our
attention to quartets in this paper (see [8, Proposition 6.3.11}).

3. ProoFs OF THEOREMS 1.1 AND 1.2, AND COROLLARY 1.3

We begin this section with some preliminaries. For [X| > 3, the star tree on X,
denoted Sy, is the phylogenetic X-tree with exactly one interior vertex. Let 7 and
T’ be two phylogenetic X -trees. We say that 7" is a single-refinement of T if T can
be obtained from 7" by contracting exactly one edge. Furthermore, if the vertex of
T involved in this refinement is p, we also say that 77 is a single-refinement of p.

Let @ be a collection of quartets on X, and suppose Gy = Gg,G1,Ga,...,Gy is
a colour-identification sequence of Gg. Observe that, for all i € {0,1,...,k}, the
union of the vertex sets of G; is a partition of X. Beginning with the star tree Sx,
we next describe the construction of a particular phylogenetic X-tree associated
with this sequence.

Label the unique interior vertex of Sx as p. Now Gy is obtained from Gp
by identifying a subset Ui of vertices of Gp. Let 77 be the phylogenetic X-tree
obtained from Sy by a single-refinement of p so that the unique non-trivial split
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of 71 is A1}(X — A1), where A; is the union of the elements of Uy, and p is not
in the minimal subtree of 7; that contains the elements in A;. Observe that if W
is the vertex set of a component of 71\p, then X N W is a vertex of G1, and that
all vertices of G can be obtained in this way. Now let ¢ = abjcd be an element of
Q that is identified by U;. Then either a,b € A; or ¢,d € A;. In either case, it
follows that 77 displays q. Furthermore, the quartets of @ that are displayed by Ty
are exactly those which are identified by U;. We next show by induction that all
of these assertions for 77 can be extended in general.

Suppose that 7o = Sx, 71,75, . . ., Ti—1 is a sequence of phylogenetic X-trees such
that the following hold for all § € {1,2,...,i — 1}

(i) 7; is obtained from 7;_; by a single refinement of p so that the unique split

of X(T;) — B(T;_,1) is A;|(X — A;), where A; is the union of the elements
of the subset U; of vertices of G;_1 that are identified to obtain G;.

(i1) p is not in the minimal subtree of 7; that contains the elements in A;.

(iii) If W is the vertex set of a component of T;\p, then X N W is a vertex of
G;. Indeed, all vertices of G; can be obtained in this way.

(iv) 7; displays all of the quartets identified by U; as well as all of the quartets
identified by Uy U .-+ UU;_1, but does not display any other quartet of Q.

Suppose that G; is obtained from G;-1 by identifying the elements in A;. Let 7T;
be the phylogenetic X-tree in which X(7;) = B(T;—1) U {4A:}(X — A;)}. Because
(i) holds for 7;_1 and G;_y, it follows that 7; is well-defined and that it can be
obtained from 7;_; by a single refinement of p with p not in the minimal subtree
of 7; that contains the elements in A;. Thus (iii) holds for 7; and G;.

Let A; be the union of the elements in U; and let ¢ = ablcd be a quartet in Q
that is identified by U;. Then either a and b are elements in distinct members of
U;, or ¢ and d are elements in distinct members of U;, but not both. Since a, b, c,
and d are each in distinct components of 7;_1\p, it now follows by the construction
of T; that 7; displays g. Furthermore, since 7; is a refinement of 7;..;, we have that
T; displays each of the quartets of Q identified by U3 U---UU;_1.

Now let ¢’ = zy|lwz be a quartet of Q@ that is not identified by Uy U --- U U,.
Then, as there is a ¢’-coloured edge joining = and y, and a g’-coloured edge joining
w and z, none of z, ¥, w, and z appear in the same vertex of G;. Therefore, as (iii)
holds for 7; and G;, the minimal subtree of 7; containing «, y, w, and z is a star
tree, and so 7; does not display ¢’. In summary, we have the following proposition.

Proposition 3.1. Let Q be a collection of quartets on X, and suppose that
Go=Gg,G1,Gs,...,Gy
is a colour-identification sequence of Gg. Let
To=8x,T1,Tp,..., Tx

be the sequence of phylogenetic X -trees, where, for all i € {1,2,...,k}, T; is ob-
tained from T;_1 by o single refinement of p so that the unique split of 3(T;) —
Y(Tio1) is Ai(X — A;), where A; is the union of the elements of the subset U; of
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FIGURE 6. The sequence of phylogenetic trees associated with the
complete colour-identification sequence shown in Fig. 3.

vertices of Gi_1 that are identified to obtain G;. Then, for alli € {1,2,...,k}, the
following hold:

(i) If W is the vertez set of a component of T;\p, then X N W is a vertez of
G;. Conversely, if X' is a vertez of Gy, then there is a component of T;\p
whose vertex set W' has the property that XNW' = X',

(i) T; displays all quartets of Q that are identified by Uy U ... U U;, but does
not display any other quartet of Q.

If @ denotes a colour-identification sequence of a quartet graph Gg, we will denote
the sequence of phylogenetic trees described in Proposition 3.1 by I's. Furthermore,
the last tree in 'y will be denoted by 7. To illustrate Proposition 3.1, Fig. 6
shows the sequence of phylogenetic trees corresponding to the complete colour-
identification sequence shown in Fig. 3. This sequence begins with the star tree on
{a,b,¢,d,e, f} and ends with the phylogenetic tree T shown in Fig. 1.

As a partial converse to Proposition 3.1, suppose that Q is compatible and 7 is a
phylogenetic X-tree that displays Q. It is easily seen that 7 can be constructed from
the star tree Sx with interior vertex p by continually applying single refinements
of p. Let To = Sx,T1,Ta,..., 7, = T be the associated sequence of phylogenetic
X-trees, where 7; is obtained from 7;_; by a single refinement of p for all i €
{1,2,...,1}. For all ¢, let A;}(X — A;) be the unique element in X(7;) — (7;—,).

Let Go = Gg be the quartet graph of Q. For all 7, let G; be the graph obtained
from G;_; by identifying the vertices whose disjoint union is 4;. We next show
that, for all 4, this identification is a colour-identification of G;_;. Suppose not,
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and that G; is the first graph that is not a colour-identification of G;_;. Then
there is a quartet ¢ = abled in Q such that |{a,b,c,d} N A;| > 2, where, in the
case |{a,b,¢,d} N A;| = 2, we have {a,b,¢c,d} N 4; ¢ {{a,b}, {c,d}}. But then, by
the construction of 7 from Sx, it is easily seen that 7 does not display ablcd; a
contradiction. Hence G; is a colour-identification of G;_1. Now consider G, and
suppose that there is a pair of ¢g-coloured edges in Gy, where ¢ = zy|wz € Q. Since
T displays @Q, there is an edge in 7 that separates the path from z to y and the
path from w to z. It follows that, for some ¢, either z,y € A; or w,z € A; and
so, in G, the elements z and y or the elements w and z are elements of the same
vertex. This implies that there is no such pair of g-coloured edges, in particular,
Gy has no edges. We have now established the following proposition.

Proposition 3.2, Let Q be a compatible collection of quartets. Then there is a
complete colour-identification sequence of Gg.

As before, if T is a phylogenetic tree that displays a set Q of quartets and T
is a sequence of phylogenetic trees starting with the star tree and ending with 7
as described above, then we will denote the complete colour-identification sequence
corresponding to I' as @r.

Proposition 3.3. Let Q be a collection of quartets and let Gy = Gg,G1,Ga,...,Gi
be a colour-identification sequence of Gg. Then, for each i € {1,2,...,k}, the
colour-identification that takes G;_1 to G; can be replaced by a sequence of colour
2-identifications.

Proof. Suppose that G; is obtained from G;_; by identifying the vertices in Uj,
where |U;] = p. If p = 2, then we are done. So assume that |p| > 3 and, for
induction purposes, that if |U;| is at most p — 1, then G; can be obtained from
G;_1 by a sequence of colour 2-identifications. Choose two vertices, B and B’
say, of U;, and consider the graph G}_; that is obtained by identifying B and
B’. Since G; is a colour-identification of G;_1, it is easily checked that Gj_, is
a colour 2-identification of G;_y. Furthermore, G; can be obtained from Gj_; by
the colour-identification which identifies the vertices in (U; — {B, B'}) U (B U B').
Since this last identification involves exactly p — 1 vertices, it now follows by the
induction assumption that we can obtain G; from G;_1 by a sequence of colour
2-identifications. This completes the proof of the proposition. O

The next corollary is an immediate consequence of Proposition 3.3.

Corollary 3.4, Let Q be a collection of quartets on X. Then there is a complete
colour-identification sequence of Gg if and only if there is a complete colour 2-
identification sequence of Gg.

The proof of Theorem 1.1 now follows by combining Propositions 3.1 and 3.2, and
Corollary 3.4.
To prove Theorem 1.2, we begin with two lemmas.

Lemma 3.5. Let Q be a collection of quartets on X. If Q identifies a phylogenetic
X-tree T, then Q specially distinguishes T .
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Proof. Assume that Q does not specially distinguish 7. Let uv be an interior
edge of 7 such that Ggy,,) contains k > 1 components C3,Cy,...,Ck. We next
construct a phylogenetic X-tree 7' from 7" that displays @ but is not a refinement
of 7. Delete v and all its incident edges from 7. For each i € {1,2,...,k}, add an
edge joining u and the vertex of C; if C; contains exactly one vertex; otherwise add
a new vertex v; and edges uv; and v;w for every vertex w of C;. It is now easily
checked that the resulting phylogenetic X-tree 7’ displays Q. But, clearly, 77 is
not a refinement of 7. We conclude that Q specially distinguishes 7. O

Lemma 8.6. Let @ be a compatible collection of quartets on X.

(i) Let ® be a complete minimal colour-identification sequence of Gg. Then
Ts is a minimally refined phylogenetic X -tree that displays Q.

(il) Let T be a minimally refined phylogenetic X -tree that displays @ and let T'
be a sequence Sx = To,T1,Ta,..., Ty =T of phylogenetic X -trees in which
T; is obtained from T;_1 by a single refinement of p for alli € {1,2,...,1}.
Then the complete colour-identification sequence ®p is minimal.

Proof. We first prove (i). Let ® be the sequence Gy = Gg,G1,Ga,...,Gy and, for
all 4, let U; be the set of vertices of G;.; that are identified to obtain G;. Let T
be the canonical phylogenetic X-tree corresponding to ®, and suppose that 7 is
not minimally refined with respect to displaying @. Then there is an edge, e say,
of T such that 7 /e displays Q. Let Sx = Tp,71,72,...,7x = T be the sequence
of phylogenetic X-trees corresponding to ®. Because of the way in which 7 is
constructed from Sy, there is some iteration, 7 say, where the union of the elements
in U; is equal to the elements of X in the component of 7 \e that avoids p. Let Sx =

o1, T, ..., T, be the sequence of phylogenetic trees that is obtained from
Sx =T9,71,72,...,7x =T by applying the same sequence of single refinements of
p with the one corresponding to e omitted. Clearly, T \e isomorphic to T/_;. Now
consider the complete colour-identification sequence Gy = Gg, G, Gy, ..., G,
corresponding to Sx = 7, 7{,73,...,T]_;. Forall j € {1,2,...,k ~ 1}, let U
denote the set of vertices of G;-_l that are identified to obtain Gg, It is easily seen
that, for all 7, the union of the elements in U} is equal to the union of the elements
in U; for some ¢. But this contradicts the minimality of ®. Thus 7 is a minimally
refined phylogenetic X -tree with respect to displaying Q.

For the proof of (ii), let ® be the complete colour-identification sequence Gy =
Gg,G41,Gy,...,G; corresponding to Sx = 75,71,72,...,7t = T. Suppose that
® is not minimal. Then there is a complete colour-identification sequence G =
Go,Gq,GY, ..., G, of Gg with k < [ and, for all ¢, the union of the elements in
U] is equal to the union of the elements in U; for some j. But this implies that
the set of splits of the last phylogenetic X-tree 7’ in the sequence of phylogenetic
X-trees corresponding to this sequence is a proper subset of the set of splits of 7.
In other words, T is a refinement of 7', contradicting the minimality of 7. Hence
® is minimal. a

We now prove Theorem 1.2.
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Proof of Theorem 1.2. First suppose that Q identifies a phylogenetic tree 7. Then,
by Lemma 3.5, (i) holds. We next show that (ii) holds. Since Q identifies T,
it follows by Lemma 3.6 that if ® is any complete minimal colour-identification
sequence of Gg, then T is isomorphic to 7. This fact is implicitly used in the
proof of this direction of Theorem 1.2. Let Q' be a subset of Q that specially
distinguishes 7 and is a distinguishing subset of Q(7'), and let ¢ = A|B € @'. Now
suppose that in some complete minimal colour-identification sequence ® of Gg the
last identification involving a quartet in Q' contains A. Let ¢’ = A'|B' € @' — {q},
and suppose that A’ is identified along a ¢’-coloured edge in ®.

Let ®' be any complete minimal colour-identification sequence of Gg such that
the last identification involving a quartet in Q' contains A. If q and ¢’ distinguish
the same edge of T, then the same quartet half of both ¢ and ¢’ must be identified
in any colour-identification sequence of Gg that reconstructs 7. This implies that
A’ is identified along a ¢’-coloured edge in ®'. Assume that g and ¢’ distinguish
distinct edges of 7, and let e be the interior edge of T distinguished by q. Suppose
that B’ is identified along a ¢'-coloured edge in . Then, as q and ¢’ distinguish
different edges of 7", the quartet half B’ is identified strictly before the quartet half
A is identified in ®’. This means that if €' is the edge of 7 distinguished by ¢/,
then in 7\¢e’ one component contains the vertices corresponding to the elements in
B’ and the other component contains the vertices corresponding to the elements
in A’ and e. However, the same argument applies to the sequence ® in which
A’ is identified along a ¢'-coloured edge and so we also deduce that in 7\¢e’ the
component that contains the vertices in B’ also contains €’; a contradiction. Thus
(ii) holds.

To prove the converse, suppose that, in the size of its label set, Q is a minimal
collection of quartets that satisfies (i) and (ii), but does not identify a phylogenetic
tree. Since 7 is specially distinguished by Q, the tree 7 is a minimally refined
phylogenetic tree that displays Q. Let 7’ be a minimally refined phylogenetic
X-tree that displays Q but is not isomorphic to 7.

1.2.1. There are no two elements x,y € X such that each of T and T’ have buds
which are adjacent to both z and y.

Proof. Suppose that there are such elements z and y in X. Let z be an element
not in X and let X, = (X — {z,y}) U {z}. Let 7, be the phylogenetic X,-tree
that is obtained from 7 by deleting the vertices =z and y, adjoining a new leaf z to
the bud v neighbouring = and y, and suppressing any resulting vertex of degree 2.
Let Q, be the collection of quartets obtained from Q by removing any quartet in
which one half contains both z and y, and then replacing both = and y with z in
the remaining quartets. We next show that Q, satisfies both (i) and (ii).

Since 7 displays Q and is specially distinguished by Q, it is clear that 7, displays
Q. and is specially distinguished by Q.. Thus Q, satisfies (i). To show that Q,
satisfies (ii), let Q) be a subset of Q, that specially distinguishes 7, and is a
distinguishing subset of Q(7), and let g, = A4,|B, € Q). Suppose that ®, is a
complete minimal colour-identification sequence of Gg, in which one half of ¢, say
Ay, is in the last identification involving a quartet in Q/,. Let & be the identification
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sequence of Gg that is obtained from &, by replacing any identification involving
z with z and y. In case z and y are the two leaves of a 2-bud, then choose the first
identification in @ to identify = and y. By considering Gg, and Gg, it is easily
seen that ® is a complete colour-identification sequence of Gg. Furthermore, as @,
is a minimal sequence, it is easily checked that ® is also minimal.

Because of the way in which 7, is obtained from 7', we can extend Q), to a subset
Q' of Q that specially distinguishes 7 and is a distinguishing subset of Q(7) by
replacing every quartet in Q/, that contains z with the quartets of @ from which
it was originally derived and then adding at most one further quartet of Q so that
Gg(u,v) is connected, where v is the non-leaf vertex of 7" adjacent to the bud v.
Note that if ¢ = A|B is a quartet obtained from g, by replacing z with either =
or y such that A corresponds to A,, then A is in the last identification involving a
quartet in Q' in ®.

Let @/, be an arbitrary complete minimal colour-identification sequence of Gg,
in which A, is in the last identification involving a quartet in Q). Let &' be
the complete minimal colour-identification sequence obtained from @/, in the way
described above. If there is a quartet in Q) such that one half is identified in @,
but the other half is identified in @/, then, by construction, there is a quartet in
@' such that one half is identified in ® but the other half is identified in &’. This
contradiction implies that Q, satisfies (ii).

Now let 7/ be the phylogenetic X,-tree that is obtained from 7’ by deleting
the vertices = and ¥, adjoining a new leaf z to the bud neighbouring = and y, and
suppressing any vertex of degree 2. Since 7 displays Q. and it is not a refinement
of T,, we deduce that, in the size of its label set, @, is a smaller counterexample
to the converse. This contradiction completes the proof of (1.2.1). O

Let @' be a subset of Q that specially distinguishes 7 and is a distinguishing
subset of Q(T). Let g = abled € Q' be a quartet such that the common subpath
P of the paths from a to ¢ and from b to d in 7’ has the property that there is
no quartet zy|lwz € Q' in which the common subpath of the paths from z to w
and from y to z in 7" is a proper subpath of P. The phylogenetic X-tree obtained
from 7’ by identifying all vertices of P displays all quartets in @' which do not
distinguish P, that is all quartets ij|kl € Q' for which the path from ¢ to j intersects
P at precisely one terminal vertex of P and the path from k to [ intersects P at
precisely the other terminal vertex of P. Hence, by Lemma. 3.6, there is a complete
minimal colour-identification sequence that reconstructs 7/, where ab is in the last
identification involving a quartet in @', By symmetry, this last statement holds if
we replace ab with cd. Since ¢ € Q', we know that q distinguishes an edge e of T,
so we can choose g, or more specifically the half ab, to be in the last identification
of some complete minimal colour-identification sequence ® of Gg that reconstructs

7.

Let 7 be the vertex of 77 in the intersection of the vertex sets of P and the path
from a to b, and let 3 be the vertex of 7’ in the intersection of the vertex sets of
P and the path from ¢ to d. Let p} and p} be the neighbours of r; and 7o in P,
respectively. Then a and b are in the same component C} of T'\p}, and c and d are
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in the same component C} of 7'\p}. Let py and ps be the vertices of 7 incident
with e such that a and b are in the same component Cy of T\p1, and ¢ and d are
in the same component Cy of T\pa. Let X be the leaves of Ci, and let H be the
subgraph of Ggr whose vertex set is the set of singleton subsets of X; and an edge
joins two vertices precisely if it is identified in ®. Since Q' specially distinguishes
7 and ab is in the last identification of ®, all vertices of H whose elements are
leaves adjacent to the same bud of 7 are in the same connected component of H.
By viewing each bud and its adjacent leaves in C; as a single leaf labelled by these
leaves, it is easily seen that all vertices of H whose elements label leaves adjacent
to the same bud under this viewpoint are in the same connected component. By
iterating this argument, we eventually deduce that H is connected.

Every edge of H is also an edge in Ggs and, moreover, all of these edges must be
contracted either before or simultaneously with ab in ®. Since H is connected, it
follows by (ii) holding that all the leaves in C} are also leaves in C}. By symmetry,
this implication also holds for Cy and C}, respectively. Thus each of the elements in
X — X\ is a leaf in C, and so P contains only the vertices pj and pj (with ri = pj
and ro = p}) and one edge p}ph. Hence the edge p] ph of T’ is distinguished by q.

We next construct a new quartet collection @y from Q as follows. Remove
any quartet whose label set contains at least two elements in X; and replace any
element in X; with z; in the remaining quartets, where z; is an element not in
Xi. It is easily checked that the phylogenetic tree 7; obtained from T by replacing
the minimal subtree containing the elements in X; with the leaf z, displays O
and is specially distinguished by Q;. Furthermore, using the approach described in
(1.2.1), one can check that Q; satisfies (ii). Hence, by the minimality of Q in the
size of X, we have that Q; identifies 7;. Now the phylogenetic tree 77 obtained
from 7' by replacing the minimal subtree containing the elements in X1 with the
leaf z; displays Q; and is specially distinguished by Q;. This means that 7{ is
a minimally refined tree that displays @1 and so it is isomorphic to 77. Since Ty
has a bud and 7} has the same bud, it follows that there is a bud in 7 and in 7’
which is adjacent to the same two leaves. This contradiction to (1.2.1) completes
the proof of the theorem. a]

Proof of Corollary 1.3. Suppose that Q defines a phylogenetic X-tree 7. Then it
is clear that (i) holds. The fact that (ii) holds follows from the first part of the
proof of Theorem 1.2, where we note, for distinct q,q' € @', the quartets g and ¢’
distinguish different edges of 7.

Now suppose that (i) and (ii) hold. Let Q" be a subset of Q that distinguishes 7’
and is a distinguishing subset of Q(7). Then Q" contains a subset @' of minimum
size that distinguishes 7. Let ¢’ = A’|B’ be an element of Q' and let ¢’ = A”|B”
be an element of Q" — Q' such that ¢ distinguishes the same edge e of 7 as
q'. Without loss of generality we may assume that the paths in 7 connecting the
elements in A’ and A” contain the same end vertex of e. Let ® be a minimal
complete colour-identification sequence of Gg and suppose that A’ is the half of
¢’ that is identified in ®. Then it is easily seen that A” is the half of ¢” that is
identified in ®. Indeed, A’ and A" are identified in the same identification in ®.
Thus (ii) holds for any distinguishing subset of Q. It now follows by Theorem 1.2
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that Q identifies a phylogenetic tree. Since there is a phylogenetic tree 7 that
displays Q and is distinguished by Q, we deduce that @ defines 7. This completes
the proof of the corollary. a

4, MINIMUM IDENTIFYING SETS OF QUARTETS

The main result of this section is Theorem 1.4. To establish this result, we begin
by describing some partial split (inference) rules. For a set ¥ of partial splits, we
write ¥ - A|B if every phylogenetic tree that displays X also displays A|B. The
statement ¥ - A|B is called a partial split rule. The input to the first two rules are
quartets (see [5]):

(de) {ablcd, ablce} & ab|cde;
(tc) {ablde, ac|df, be|ef} - abeldef.

These rules are examples of so-called dyadic and triadic rules, respectively. The
third rule says that if A1|B; and Ay|B> are partial splits, A1NAs # @, and ByNBy #
@, then

(sc) {A1|B1, A2|Ba} - (A1 N Az)|(B1 U Ba).
The rule (sc) is “Rule 1” in [6]. Observe that (dc) is a special case of (sc).

The next lemma is obtained by repeated application of (dc). The proof is routine
and omitted.

Lemma 4.1. Let A|B be a non-trivial partial split of a set X, and let
Q(A|B) = {ad'|bb : a,d’ € A and b,V € B}.
Then Q(A|B) - A|B.

Lemma, 4.2 generalizes (tc).

Lemma 4.2, Let ¥ = {A;|B1, Ag|Ba, A3|Bs} be a set of partial splits of X such
that A;NA; #0,B;NB; #0 for all i j. Then

Sk J@in A JB:in B;).
i#] i#]

Proof. By Lemma 4.1, it suffices to show that every ¢ = zylwz, where z,y €
Ui#(Ai N A;) and w,z € Ui#(Bi N B;), is inferred by ¥. Clearly, this holds if
z,y € A; and w, 2 € B; for some i. Therefore assume that this does not happen.
Then, without loss of generality, we may assume that © € Ay N Ay, y € A3 N As,
and z € By N Bs. By symmetry, there are two cases to consider depending upon
whether w € By N By or w € By N Bs.

Let a € Ay N Az and b € B; N B;. If w € By N By, then, as zy|wb € Q(A4|By),
zalwz € Q(A2|Bz), and ya|zb € Q(A3|Bs), it follows by (tc) that

{zy|wd, zalwz, ya|zb} - zyalwzb.
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Hence, in this case, g is inferred by X.

If w € By N Ba, then zalwz € Q(A3|Bs) and ya|lwz € Q(As|Bs). Therefore,
by (dc), ¥ infers zyajwz which in turn infers ¢. This completes the proof of the
lemma. O

Analogous to a collection of phylogenetic trees, a collection ¥ of partial splits
identifies a phylogenetic tree 7 if 7 displays ¥ and all phylogenetic trees that
display ¥ are refinements of 7.

Lemma 4.3. Let T be a one-split phylogenetic tree in which the unique non-trivial
split is A|B with A = {ay,02,...,ar} and B = {by,ba,...,b;}. Then, for non-
negative integers m and n withr < 2m—1 and s < 2n — 1, the 2-element collection
L= {al e amlbl <o obny Qp o1 ar|bs——n+1 cee bs}
of partial splits together with the collection
Q = {@imyilbjbny; 1 1 <i<r—m,1 <j<s—n}
of quartets identifies T,

Proof. Let
A ={a1,...,am} NV {@r—mt1y- - 0r}
and
B = {bt,..., b2} 0 {bs—ni1,.--,bs}
Since 7 < 2m — 1 and s < 2n — 1, it follows that both A’ and B’ are non-empty.

Therefore, by Lemma 4.2, the two partial splits in ¥ together with the quartet
@i@yi|bjbny; infer the partial split

1) (AU {as, amyiDI(B' U {bj, bnyj})

for all ¢ and j. Furthermore, by repeated applications of (sc), the partial splits of
the form (1) infer (A’ U {ai, am+:})|B for all <. Repeatedly using (sc) again, these
last partial splits infer A|B. It now follows that the partial splits in % together
with the quartets in Q identify 7. O

For a one-split phylogenetic tree 7 whose non-trivial split is A|B, we will denote
the size of a minimum-sized set of quartets that identifies 7 by ¢(r, s), where r = | 4|
and s = |B|. Much of the work in proving Theorem 1.4 goes into proving the next
lemma, a special case of that theorem.

Lemma 4.4. Let T be a one-split phylogenetic X -tree in which the only non-trivial
split is A|B with |A| =r and |B| = s, where 2 <1 < 5. Then

g(r,s) = P(S—Q_Q} :

Proof. Throughout the proof, we will assume that A = {ay,as,...,a,} and B =
{b1,b3,...,b,}. We first show that g(r, s) > [T,
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Suppose that @ is a set of quartets that identifies 7 with |Q| < T—(szlll, and
consider the quartet graph Gg. Since @ identifies 7, no edge in Gg joins a singleton
of A to a singleton of B, and, in view of Lemma 3.5, Gg consists of two components
whose vertex sets are the set of singletons of A and the set of singletons of B.
Furthermore, if ¢ € Q, then there is a g-coloured edge joining a pair of singletons
of A and a g-coloured edge joining a pair of singletons of B.

Since |Q] < 1(32;12 and r < s, there is a vertex {a} C A that is incident with at
most s — 2 differently coloured edges.

Let G, be the subgraph of G that is obtained by deleting all of the singletons
of A and deleting all edges whose colour is not that of any coloured edge incident
with {a} in Gg. Hence, G, has s vertices and at most s — 2 edges and is therefore
disconnected. Let Ci,...,Cy be the components of G,. Now consider the colour-
identification sequence ® of Gg = Gy in which we make the following identifications:

(i) For1 < i<k, identify the vertices in C; of Gi_1 to obtain G; if C; contains
at least two vertices;

(i) identify {a} together with the set of vertices whose union is B to obtain
Gryi1;

It is easily checked that @ is a complete colour-identification sequence for Q. By
Proposition 3.1, T3 displays Q. But, as G, is disconnected, the construction of
T beginning with Sx and using ® implies that T displays a quartet aby|babs or
aiaz}aby where ay,as € A and by, by, b3 € B. Thus T3 is not a refinement of 7, and
so Q does not identify 7. We conclude that g(r,s) > ['—(—35'—12]

We next show that g(r,s) < l'ﬁ%——ll] for all r and s. We begin with the case
r=2.

4.4.1. For dll s, we have ¢(2,5) < [&éﬁ] =s—1.

Proof. Here A|B = {a1,a9}|{b1,bs,...,bs} and it follows by repeated applications
of (sc) that the collection

Q= {aaslbib; 1 i € {2,...,5}}
of quartets identifies 7. As |@| = s — 1, the inequality holds for r = 2. 0
4.4.2, Let Q, be the collection
{asazbib; : 1<i<j<r}

of quartets. If r = s, then Q. identifies T. In particular, for all r, we have
g(r,7) < 22

Proof. First note that |Q,| = (;) = T—(TT'Q The proof is by induction on 7. Clearly,
the result holds for » = 2. Now suppose that » > 3 and that the result holds for all
smaller values of . Then the partial split a; - - - ar—1}b1 - - - br_1 can be identified by



20 STEFAN GRUNEWALD, PETER J. HUMPHRIES, AND CHARLES SEMPLE

Q,—1. By (tc), the quartets in Q,_; and Q, — Q,_; infer each of the partial splits
in

{aiajarlbibjb,- 1< <j < ’/‘}.
Moreover, by repeatedly applying (sc), we deduce that the elements in this set infer
ay---aplby-- by O

4.4.3. For all v and all s with r < s < 2r — 2, we have g(r,s) < [ﬂs—;—l)-]

Proof. The proof is by induction on 7. If 7 = 2, then the result holds by (4.4.1).
Now suppose that r > 3, and that the result holds for all smaller values of r. There
are seven cases to consider.

Case 1. s = 2l — 1 for some integer [ > 2.

By Lemma 4.3, the 2-element collection
Sy ={ar--aby b, ar_t41 - anlbi- by}
of partial splits together with the collection
Q1 = {asagilbibiy; :1<i<r—11<j<1-1}
of quartets identify 7. By the induction assumption, each partial split in 31 can be

identified by a collection of W_g_ll quartets. Furthermore, Q; contains (r —1)({ —1)
quartets. Thus

g(rs) U=+ (r-D(-1)
_ r{s—1)
2

Case 2. r =4k — 2 and s = 2] for some integers k > 2 and [ > 3.

By Lemma 4.3, the 2-element collection
%o = {ay - agklbr - biy1,a98—1 - arlb - by}
of partial splits together with the collection
Qs = {aiaok4ilbibiyjpr 1 1 <1 <2 -2,1< 5 <1-1}

of quartets identify 7. By the induction assumption, each partial split in X3 can
be identified by a collection of &l quartets. Without loss of generality, we may
assume that these last collections share the quartet agx_jaek|bibryy. Furthermore,
Q, contains (2k — 2)(! — 1) quartets. Thus

g(r,s) < (2kl - 1)+ (2k - 2)(L - 1)
_ (s — 1).
2

Case 3. r =4k — 3 and s = 2{ for some integers k > 2 and [ > 3.

By Lemma 4.3, the 2-element collection

Bg = {a1- - agklby - biy1,a26-2 - arlby - by}
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of partial splits together with the collection
Qs = {aiaaktilbibiyjpr 1 1 <1< 2% -3,1< <11}

of quartets identify 7. By the induction assumption, each partial split in X3 can
be identified by a collection of kl quartets. Without loss of generality, we may
assume that these last collections share the quartet aog_1azk|bibi41. Furthermore,
Qs contains (2k — 3)(I — 1) quartets. Thus

q(r,s) < (2Kl - 1) + 2k - 3)(1 - 1)
_ ['r(s - 1)] .
2

Case 4. r = 4k and s = 4! for some positive integers k > 1 and [ > 1.

By Lemma 4.3, the 2-element collection
%1 ={a1- - ageqa|br---bary1, 00k - arlbo - by}
of partial splits together with the collection
Q4 = {aiaartit1|biboatje1 1 1 <i<2%k—-1,1<5< 201}

of quartets identifies 7. By the induction assumption, each partial split in ¥4 can
be identified by a collection of (2k+1){ quartets. Without loss of generality, we may
assume that these last collections share the quartet aggask+1|beibary1. Furthermore,
Q4 contains (2k — 1)(2] — 1) quartets. Thus

qlr,s) < (2(2k + 1)l — 1) + (2k — 1)(20 - 1)
_ r(s— 1).
2

Case 5. 7 =4k — 1 and s = 4! for some integers k > 1 and [ > 1.

By Lemma 4.3, the 2-element collection
Y5 = {a1- - agk1|by -+ borg1, azk—1 - arlba - bs }
of partial splits together with the collection
Qs = {aiagryit1|bibapjpr 1 1 <i<2k—2,1<j<20—1}

of quartets identifies 7. By the induction assumption, each partial split in L5 can
be identified by a collection of (2k+1)I quartets. Without loss of generality, we may
assume that these last collections share the quartet agiagit1|baiboi41. Furthermore,
Qs contains (2k — 2)(2! — 1) quartets. Thus

g(r,s) < (2(2k+ )i — 1) + (2k - 2)(20 - 1)
[r(s—1)
===
Case 6. r = 4k and s = 4] — 2 for integers k > 1 and | > 2.

This case includes an anomaly. In particular, when | = 2, that is (r, s) = (4,6). We
will prove this subcase first before proving Case 6 in general.
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Let
Q1 = {a1as|biby, a1aslbibs, azas|bebs},
Oy = {agas|babs, azas|bsbs, azas|bsbs},
and
Qs = {a1as|bsbs, agay|bsbs, ara4|bibs, ara4bzbe }.

By (tc), Q1 and Q infer the partial splits ajagas|bibabs and azazas|bsbsbs, respec-
tively. Furthermore, together with Qs, these partial splits infer ajaz|b1b2bsbs and
a3a4|b3b4b5b6 by (SC). By (tc), the partial splits a1a2|b1b4, a2a4[b4b5 a1a4|b1b5 infer
ayasaqs)bibybs. Similarly, by (tc), we infer

a1aga4|bobabe, arazaq)bibsbs, atasas|babsbs.
In turn, again using (tc), we infer
ajaga3|bsbybs, arasas|babsbs, asazas|byibsby, azazay|babsby.
The last eight partial splits now infer aiay|B, agas|B, and asas|B which, by (sc),
infers A|B. Thus q(4,6) < 10 = i(62;11.
Now assume that k¥ > 2 and !/ > 3. By Lemma 4.3, the 2-element collection
T6 = {a1---agksalbr - borr1, agk1 - arlby_g - by}
of partial splits together with the collection
Q6 = {aitoktira|bibarjrr 11 <i<2k—2,1<j<2—-3}

of quartets identifies 7. By the induction assumption, each partial split in Xg can
be identified by a collection of (2k + 2)! quartets. Consider one of these partial
splits, say a1 - - - agk42|b1 - - - bary1. Since the size of the larger side is 2[4+ 1 > 7 and
odd, we may make up the set of (2k + 2)I quartets that identify this partial split
as in Case 1, where, by (4.4.2), we may assume that this set contains

{@ak—109k|bor—2bai_1, a2k —1a0k+1|b2—2bat, G2k a2k41|b2—1ba,
agk—102k+2|bar—2b2141, aokagrtolbar-1bo141, Gokt1a2kt2|baubati}.

Similarly, we may assume the set of (2k + 2}l quartets that identifies the other
partial split in ¥g also contains the six quartets in this set. Since Qg contains
(2k — 2)(21 ~ 3) quartets, it now follows that

g(r,s) < 2(2k + 2)I ~ 6 + (2k — 2)(21 — 3)

r(s—1)
2

Case 7. r =4k — 1 and s = 41 — 2 for some integers k > 1 and | > 2.

By Lemma 4.3, the 2-element collection
T7 = {a1 - aoklby -+ by, agk - - aplbo-1 -+ by}
of partial splits together with the collection
Q7 = {aiaghyilbjbarsy; 1 1 <i<2k-1,1< 5 <20—2}
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of quartets identifies 7. By the induction assumption, each partial split in ¥~
can be identified by a collection of k(2! — 1) quartets. Furthermore, Q- contains
(2k — 1)(21 — 2) quartets. Thus

q(r,s) < 2k(20 — 1) + (2k — 1)(20 - 2)
_ [T(S - 1)"' '
2

Combining Cases 1-7, we conclude that g(r,s) < [5%:11] whenever r < s <
2r — 2.

a

We complete the proof of Lemma 4.4 by showing that, for any fixed r, the result
holds for all s with r < s. By (4.4.3), the result holds whenever s < 2r — 2. Now
assume that s > 27 — 2 and that the result holds for all smaller values of s.

Consider the 2-element collection
N = {al'"ar|b1"'br;al"'arlbr"'bs}
of partial splits. Observe that, as s > 2r — 2, we have |{a1,...,a.}| < |{b,...,bs}H.
By a single application of (sc), ¥ infers A|B. Furthermore, by (4.4.2), the first
partial split in ¥ can be identified by a collection of ﬂrz;l) quartets and, by the

induction assumption, the second partial split in & can be identified by a collection
of [Iﬁiz:fl] quartets. Hence

alr,s) < r(r2— 1) + "r(s;r)‘I

ez,

Running over all values of r, we deduce that

a9 < [H2 0]

for all 7 and all s with 2 < r < s. This completes the proof of the proposition. [1

The next lemma, is an immediate consequence of the definition of identify.

Lemma 4.5. Let 7 be a one-split phylogenetic X -tree in which the only non-trivial
split is A|B, and suppose that T displays a collection Q of quartets. If Q does not
identify T, then there is a phylogenetic X -tree that displays Q, but for which A|B
is not a split.

At last we prove Theorem 1.4.

Proof of Theorem 1.4. First suppose that for some interior edge e = {u,v} of T, the
subset Q. of Q containing exactly the quartets that distinguish e has the property
that

1Qel < g(d(u) —1,d(v) — 1).
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Suppose the neighbours of u that are not v are uq,us,...,u, and the neighbours
of v that are not u are vq,vs,...,v,. Let T, denote the phylogenetic tree that is
the minimal subtree of 7" containing the vertices in {uq,...,us,v1,...,v5}. Fur-

thermore, let P. be the collection of quartets obtained from Q. by replacing each
quartet, aa'|bb’ say, with usu;|vgv;, where u; is on the path from u to a, u; is on
the path from u to a’, v; is on the path from v to b, and v; is on the path from v
to &’. Since T displays Q., it follows that 7, displays P.. However, because of the
cardinality of Q,, it follows by Lemma 4.4 that P, does not identify 7.

By Lemma 4.5, there is a phylogenetic tree 7, with label set {u1,...,up,v1,..., 05}
that displays P. but does not contain the split {u1,...,u.}|{v1,...,vs}. Let T’ be
the phylogenetic X-tree that is obtained by adjoining, for all ¢, the maximal sub-
tree of T that contains u; and not u to 7] by identifying the two common vertices,
namely u; and by adjoining, for all j, the maximal subtree of 7 that contains v;
and not v to 7] by identifying the two common vertices, namely v;. Clearly, 7’
displays Q.. Moreover, it is easily seen by the construction of 7” that every quartet
in @ — Q, is also displayed by 7'. Since T’ does not contain the split of 7 induced
by e, we deduce that @ does not identify 7. This contradiction means that, for ev-
ery interior edge e = {u, v}, the collection Q contains g(d(u) — 1, d(v) — 1) quartets
that distinguish e. Thus

1912 q(d(u) - 1,d(v) - 1).

ecl?

‘We prove the second part of the theorem by induction on the number m of interior
edges of 7. If m = 1 and the unique interior edge is {u,v}, then, by Lemma 4.4,
there exists a collection of quartets of size ¢g(d(u) — 1,d(v) — 1) that identifies 7.
Now assume that m > 2 and that the result holds for every phylogenetic tree with
m — 1 interior edges.

Let e = {u,v} be an interior edge of T such that u is a bud of 7. First assume
that d(u) < d(v). Let » = d(u) — 1 and s = d(v) — 1. Furthermore, let a1,--- ,a,
be the leaves of 7 adjacent to u, and let by1,-: - ,bs be leaves of T such that,
for all distinct ¢ and j, the path from b; to b; contains v, but not u. Let 7/ =
THX —{az2, -+ ,ar}). Now 7’ is a phylogenetic tree with precisely m — 1 interior
edges, and so by our induction assumption 7’ can be identified by a collection Q'
of quartets of size g(7").

Let Q. be a minimum-sized set of quartets that identifies the one-split phyloge-
netic tree whose non-trivial split is a; - - - ap|by - - - bs. By Lemma 4.4, |Q.| = ¢(r, s).
Consider Q.U Q'. Clearly, 7 displays Q.U Q’'. Let 7" be a phylogenetic tree that
displays Q.U Q'. Since Q' identifies 77, we have that 7"|(X — {a3,...,a,}) is a
refinement of 7’. Using this fact and the fact that 7" displays Q,, it is easily seen
that 7" displays the partial split a;---a.|b;---bs. It now follows that Q. U Q'
identifies 7. Moreover,

1Qe U Q] = g(d(u) — 1,d(v) = 1) +¢(T") = o(T).

The same argument holds if d(v) < d(u). This completes the proof of the theorem.
8]
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Recall that g(7") denotes the size of a minimum-sized set of quartets that iden-
tifies a phylogenetic tree 7. We end this section with two results that determine,
for all n, those phylogenetic trees 7 with n leaves for which ¢{7) is minimized and
maximized.

Proposition 4.6. Let T be a phylogenetic X -tree with n leaves and at least one
interior edge. Then ¢(T) > n— 3. Moreover, ¢(T) =n — 3 if and only if

(i) T has ezactly one interior edge and contains a 2-bud or two 3-buds; or
(i) T has at least two interior edges and every vertex with degree at least four
s a bud.

Proof. First suppose that 7 has exactly one interior edge {u,v}. Let r =d(u)—1>
2 and s = d(v) — 1 > 2. Without loss of generality, we may assume that 7 < s.
Then, by Theorem 1.4,

1) =atrs) = [,

It is easily checked that g(7) > r + s — 3. Furthermore, a routine check also shows
that ¢(T) =r+s—3ifandonlyifr=20rs=3. Asr7+s5—-3 =n-3, the
proposition holds over all phylogenetic trees with exactly one interior edge.

Next we show that the proposition holds in general. The proof is by induction
on n. Clearly, the result holds if n = 4. Let 7 be a phylogenetic tree with n
leaves, where n > 5, and suppose that ¢(7") is of minimum size. Suppose that the
proposition holds for all phylogenetic trees 7’ with fewer leaves for which ¢(7") is
of minimum size. Since we already know that the result holds if 7 has exactly one
interior edge, we may assume that 7" has at least two interior edges. Since every
binary phylogenetic tree with n leaves is defined by n— 3 quartets (see, for example,
[8]), ¢(T) < n—3. Let w be a bud of 7 of maximum size. Let j be the size of this
bud, let 71,9, ...,z; denote the leaves adjacent to w, let v be the non-leaf vertex
adjacent to w, and let 77 be the restriction of T to X — {z;}. By the induction
assumption, ¢(77) > (n — 1) — 3 = n — 4, We consider two cases: a) § > 3 and
b)j=2

Consider a). If d(w) < d(v), then, by Theorem 1.4,
o(T) — o(T") = q(§,d(v) — 1) — q(j — 1,d(v) — 1)
_ V(d(v) - 2)1 _ [(j — 1)(d() - 2)1

2 2

> 1.
Therefore
(2) g >q(TY+1>n—-4+1=n-3.

Since ¢(T) < n — 3, it follows that equality holds throughout (2) and so ¢(7) =
n—3 and ¢(7') = n — 4. Since 7 has at least two interior edges and k > 3,
the phylogenetic tree 7’ has at least two interior edges and so, by the induction
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assumption, (ii) holds for 7". Hence (ii) holds for 7. A similar argument also shows
that (ii) holds for T if d{w) > d(v).

Now consider b). Here every bud of 7 has size two. Note that, in this case,

d{w) < d(v). By Theorem 1.4,
oT) —q(T') = q(2,d(v) - 1) =d(v) -2 > 1.

Arguing as in (i), we now deduce that ¢(7) = n—3 and ¢(7") = n—4. This implies
that d(v) — 2 = 1 and so d(v) = 3. If 77 has at least two interior edges, then (ii)
holds for 7’ and so (ii) holds for 7. Furthermore, if 7/ has exactly one interior
edge, then 7" is a quartet and again it follows that (ii) holds for 7. This completes
the proof of the proposition. O

For two non-negative integers k and ! with k + ! > 3, we will denote by 72 the
phylogenetic tree with k + 2! leaves that has an interior vertex adjacent to k leaves
while all other ! neighbours are 2-buds.

Theorem 4.7. Let T be a phylogenetic X -tree with n leaves. Then ¢(T) <
I_(% - 1)2J. Moreover, ¢(T) = I_ 75— 1)2J if and only if T is isomorphic to

() T2 if n is even, or
(i) 7" or T2 if n is odd.

Proof. First note that, for 1 < k < 3, a routine check using Theorem 1.4 shows
that ¢(7," %) = [(12‘- - 1)2J. In other words, (7" %) = (% - 1)2 if n is even and
g(T"1) = q(T3®) = @=03) ¢y is odd. The proof is by induction on n. A
simple check shows that the result holds if n € {4,5}. Let 7 be a phylogenetic tree
with n leaves, where n > 6, and suppose that ¢(7") is of maximum size. Note that

®) o«T) = {(g - 1)1 .

Suppose that the theorem holds for all phylogenetic trees 7/ with fewer leaves for
which ¢(7") is of minimum size. Say 7 has exactly one interior edge. Then one
of the interior vertices is an j-bud with j < % and the other interior vertex is an
(n— j)-bud. Consequently, by Theorem 1.4,

n-esv=t (5 |69

as n > 6. It now follows that 7 has at least two interior edges, which also means
that 7 has no adjacent buds.

Let w be a bud of 7 of maximum size and let k be the size of this bud. Let
1, e, ...,k denote the leaves adjacent to w, let v be the non-leaf vertex adjacent
to w, and let 7”7 be the restriction of 7 to X — {zx}. By the induction assumption,

T < l(l‘—;—l - I)Qj. Combining this with (3), we deduce that

@ o) —ar) > |22,
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First suppose k > 3. Then, by Theorem 14, ¢(T) ~ ¢(T") = q(k,d(v) — 1) —
g{k — 1,d(v) — 1) and a routine check shows that ¢(7) — ¢(7") < ﬂzﬂ. Together
with (4), this implies that d(v) > n — 2 if n is even and d(v) > n — 3 if n is odd.
Since 7 has at least two interior edges and w is adjacent to k > 3 leaves, this is
only possible if n is odd, k = 3, and v is adjacent to n — 5 leaves and a 2-bud.
Assuming n is odd, n > 7 and so, by Theorem 1.4,

oT) = a2,n—4) +4(3n— 4) = S —5) < D22,

a contradiction.

Now suppose that k = 2. By Theorem 14, ¢(T) — ¢(T") = q(2,d(v) — 1) =
d(v) — 2. Therefore, by (4), d(v) > 2L, Assume that 7 has an interior vertex
v’ # v such that v’ is adjacent to a bud. Then, as v is adjacent to a bud, there are
at least d(v) > 2L leaves £ of 7 for which v/ is not contained in the path from
£ to v. Interchanging v and v/ in this argument, we also deduce that there are at
least d(v) > L leaves £ of T for which v is not contained in the path from £ to
v/, Hence T has at least n 4+ 1 leaves; a contradiction.

It follows from the above arguments that 7 has exactly one interior vertex that is
not a bud and all buds are 2-buds. Thus, for some k&, we have that 7 is isomorphic

to 77, Now
-k
(T =5 q(%%—l)

n—k (n+k
et

:%(n—2+(k—2))(n—-2—(k—2))

and, since k and n must have the same parity, q(’I;c"_’c ) is maximum for k=2 if n
is even and for k € {1,3} if n is odd. This completes the proof of the theorem. [

REFERENCES

[1] Bodlaender, H. L., Fellows, M. R., and Warnow, T. J. (1993). Two strikes against perfect
phylogeny. In: Proceedings of the International Collogquium on Automata, Languages and
Programming, Lecture Notes in Computer Science, 623. Springer-Verlag, Berlin, pp.273-283.

[2} Buneman, P. (1971). The recovery of trees from measures of dissimilarity. In Mathematics in
the archaeological and historical sciences (ed. F. R. Hodson, D. G. Kendall, and P. Tautu).
Edinburgh University Press, pp.387-395.

[3) Buneman, P. (1974). A characterization of rigid circuit graphs, Discrete Math., 9, 205-212.

[4] Bordewich, M., Huber, K. T., and Semple, C. (2005). Identifying phylogenetic trees. Discrete
Math., 300, 30-43.

[8] Dekker, M. C. H. (1986). Reconstruction methods for derivation trees. Unpublished Masters
thesis, Vrije Universiteit, Amsterdam, Netherlands.

[6] Meacham, C.A. (1983). Theoretical and computational considerations of the compatibility of
qualitative taxonomic characters. In: Numerical Tazonomy, NATO ASI Series, Vol. G1, (ed.
J. Felsenstein). Springer-Verlag, Berlin, pp.304-314.

[7] Semple, C. and Steel, M. (2002). A characterization for a set of partial partitions to define
an X-tree, Discrete Math., 247 169-186.

[8] Semple, C. and Steel, M. (2003). Phylogenetics. Oxford University Press.



28 STEFAN GRUNEWALD, PETER J. HUMPHRIES, AND CHARLES SEMPLE

[9] Steel, M. (1992). The complexity of reconstructing trees from qualitative characters and
subtrees. J. Classification, 9(1) 91-116.

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF CANTERBURY, CHRISTCHURCH,
NEW ZEALAND

E-mail address: s.grunewald@math.canterbury.ac.nz, pjh96@student.canterbury.ac.nz,
c.semple@math.canterbury.ac.nz




 
 
    
   HistoryItem_V1
   TrimAndShift
        
     Range: From page 2 to page 40
     Trim: none
     Shift: move right by 28.35 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1797
     167
     Fixed
     Right
     28.3465
     0.0000
            
                
         Both
         2
         SubDoc
         40
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     1
     29
     28
     28
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: From page 2 to page 40
     Trim: none
     Shift: move left by 11.34 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1797
     167
     Fixed
     Left
     11.3386
     0.0000
            
                
         Both
         2
         SubDoc
         40
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     1
     29
     28
     28
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: From page 2 to page 40
     Trim: none
     Shift: move up by 42.52 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1797
     167
     Fixed
     Up
     42.5197
     0.0000
            
                
         Both
         2
         SubDoc
         40
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     2
     29
     28
     28
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: all pages
     Mask co-ordinates: Horizontal, vertical offset 512.48, 1.82 Width 97.00 Height 840.10 points
     Mask co-ordinates: Horizontal, vertical offset 0.00, 804.40 Width 514.31 Height 37.52 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         AllDoc
         17
              

       CurrentAVDoc
          

     512.479 1.8205 97.0049 840.0995 0 804.3992 514.3093 37.5208 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     2
     29
     28
     29
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 45.76, 626.86 Width 548.17 Height 207.74 points
     Mask co-ordinates: Horizontal, vertical offset 428.29, 591.17 Width 32.95 Height 11.90 points
     Mask co-ordinates: Horizontal, vertical offset 429.20, 529.86 Width 74.13 Height 17.39 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     45.7571 626.8619 548.1695 207.7371 428.286 591.1714 32.9451 11.8969 429.2012 529.8569 74.1264 17.3877 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     0
     29
     0
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 313.89, 713.80 Width 183.94 Height 120.80 points
     Mask co-ordinates: Horizontal, vertical offset 179.37, 113.47 Width 75.96 Height 36.61 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     313.8934 713.8002 183.9434 120.7986 179.3677 113.4677 75.9567 36.6057 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     1
     29
     1
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset -5.49, 181.19 Width 117.14 Height 579.28 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     -5.4908 181.1881 117.1381 579.2843 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     3
     29
     3
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 4.58, 371.54 Width 102.50 Height 217.80 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     4.5757 371.5375 102.4958 217.8036 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     5
     29
     5
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 453.91, 421.87 Width 111.65 Height 231.53 points
     Mask co-ordinates: Horizontal, vertical offset 325.79, 571.95 Width 25.62 Height 23.79 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     453.91 421.8702 111.6472 231.5307 325.7902 571.9534 25.624 23.7936 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     6
     29
     6
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 462.15, 240.67 Width 71.38 Height 142.76 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     462.1463 240.6723 71.381 142.762 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     7
     29
     7
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 462.15, 714.72 Width 43.93 Height 61.31 points
     Mask co-ordinates: Horizontal, vertical offset 104.33, -0.01 Width 418.22 Height 160.15 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     462.1463 714.7154 43.9268 61.3145 104.3261 -0.0098 418.2195 160.1497 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     8
     29
     8
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 446.59, 263.55 Width 103.41 Height 392.60 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     446.5889 263.5509 103.4109 392.5955 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     10
     29
     10
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 413.64, 688.18 Width 62.23 Height 36.61 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     413.6438 688.1763 62.2296 36.6057 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     14
     29
     14
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 455.74, 522.54 Width 22.88 Height 201.33 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     455.7403 522.5358 22.8785 201.331 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     16
     29
     16
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 341.35, 150.99 Width 59.48 Height 22.88 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     341.3476 150.9885 59.4842 22.8785 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     16
     29
     16
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 409.98, 312.05 Width 37.52 Height 8.24 points
     Mask co-ordinates: Horizontal, vertical offset 446.59, 170.21 Width 54.91 Height 110.73 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     409.9832 312.0533 37.5208 8.2363 446.5889 170.2065 54.9084 110.7321 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     19
     29
     19
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 378.87, 540.84 Width 20.13 Height 21.05 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     378.8684 540.8385 20.1331 21.0482 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     22
     29
     22
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 429.20, 516.13 Width 36.61 Height 71.38 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     429.2012 516.1298 36.6057 71.381 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     23
     29
     23
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 474.96, 46.66 Width 48.50 Height 76.87 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     474.9582 46.6624 48.5025 76.8719 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     25
     29
     25
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 418.22, 101.57 Width 129.95 Height 75.96 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     418.2195 101.5708 129.95 75.9567 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     26
     29
     26
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 3.66, 269.96 Width 94.26 Height 184.86 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     3.6606 269.9569 94.2595 184.8585 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     27
     29
     27
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 311.15, 471.29 Width 242.51 Height 121.71 points
     Origin: bottom left
      

        
     1
     0
     BL
    
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     311.148 471.2878 242.5124 121.7137 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     28
     29
     28
     1
      

   1
  

 HistoryList_V1
 qi2base





