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Abstract

We give characterizations of weighted Besov-Lipschitz and Triebel-Lizorkin
spaces with A, weights via a smooth kernel which satisfies “minimal” moment
and Tauberian conditions. The results are stated in terms of the mixed norm of
certain maximal function of a distribution in these weighted spaces.

1. Introduction

We recall the definitions of the weighted Besov-Lipschitz and Triebel-Lizorkin spaces.
We refer to [1] for references to the relevant literature as well as proofs. Throughout
this paper let 0 < p < 00, 0 < ¢ L 0, —0 < a < 00, and W € Ay, where A, is
the Muckenhoupt weight class. All functions and distributions are defined on R" and
explicit reference to R” in the notation will be dropped. S is the usual space of test
functions for the space of tempered distributions S”.

To define the scales of spaces choose a function 8 € S such that

supp 0 C (L < 6] <2}; S0 8(279¢) = 1,1€] # 0.

j=—00

For each integer j, let ¢; € S be given by 1&1(5) = é(?‘j £). Following J. Peetre and
H. Triebel, we define two scales of function spaces as follows:

oo _ 1/q
By = {f €S | fllgay = ( > (@Y *fn,,,w)q) < oo} :

Jm—00

(1.1)

1/q
o — {f € 8" |l = ( S (299 f(.)l)q) < oo} ;

j==00
pw
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1/p
where ||gllpw = ( /R ) Ig(m)lpw(:v)da:> is the quasi-norm for the weighted Lebesgue

space LP. Since the functions 1/3j vanish in a neighbourhood of the origin, we see that
these spaces are quasi-Banach spaces that are continuously embedded in §’/P, the space
of tempered distributions modulo (all) polynomials. Different choices of § lead to the
same spaces with equivalent quasi-norms.

These two scales of function spaces and their inhomogeneous counterparts (see Sec-
tion 5) play an important role in the various branches of analysis. In particular,

FZS’QU:HZ,O<p<oo,

where H? denotes the weighted Hardy space of f € S’ for which

[fllzz =1l sup [de* f()lllpw < 00,
0<t<eo

where ¢ is a fixed function in § with /Rn #(z)dz # 0, and ¢y(z) = t™"¢(z/t).

By the fundamental work of C. Fefferman and E.M. Stein [6] adapted to the weighted
case, HP (or its local version h? given in Section 5) does not depend on the function
¢ used in its definition (see also [1, Theorem 1.2],[12]). For the Besov-Lipschitz and
Triebel-Lizorkin spaces, a basic result by J. Peetre [11, Theorem 3.1] showed that they
are independent of the sequence {1);} entering in their definitions.

In our results we have restricted p to be finite, but this is a technicality since for a
non-trivial A weight w, L = L. Observe that

B;oozAﬁ, I<a<oo,1<p<L oo,

where A? is the homogeneous Hélder-Zygmund space of order , and so the results are
well-known. See [9] for a treatment of the unweighted Besov-Lipschitz spaces.

There is an equivalent family of quasi-norms in which the sums in (1.1) are replaced
by integrals. Thus if ¢ € S,

supp € {1/2 <[£] <2} and [@(£)] 2 ¢>0,3/5 < [¢] <5/3

for some ¢ > 0, then the weighted homogeneous Besov-Lipschitz and Triebel-Lizorkin
spaces are characterized by

s d 1/q
sz ~ ([ o M )

([t sr %)™

for all f € §'/P. The fact that these quasi-norms are independent of the choice of ¢
and are equivalent to those given in (1.1) follows by standard arguments that mimic the

(1.2)

[l ~

pw



proof that the quasi-norms in (1.1) are independent of the choice of 6. See [11] or [7] for
details of this argument. More can be found in Section 6(d).

It is our purpose to find characterizations such as (1.2) but for kernels that occur nat-
urally and satisfy conditions simply stated and easily verified. One such characterization
is well-known and it will be used in this paper. We shall use C,¢,... to denote positive
constants which may depend on the parameters concerned, such as, «,p,¢,w,..., but
not on the variable quantity, usually a distribution f.

Theorem 1.1 (See [2],[3]). Let —co < a< o0, 0 <p< oo, 0 <qg< o0, weE Aw, and
ro = inf{r rw € A,}. Assume that k is a non-negative integer with 2k > o, and ¢ € S
is given by $(&) = (—|¢[2)ke ¥P. Then

oo d 1/ =) d 1/q
o( “ﬁ“@*fmmyf) S“ﬂbmwéc(ﬁ (xS )
(1.3)
e d s (e d 1/q
Ve )] it <o) ([ewtooe 0 )

for all f € 8'/P, where A > max(nro/p,nb/q) and

.Y
WW=%M@=mmeHMQ+%>.
YyERN

REMARKS. (i) Let Wi(z) = W(z,t) = (4nt) ™2 1#/4 be the Gauss-Weierstrass
kernel on RZ*L. If we set v(z,t) = (8/0t)FW; * f(e), then, since W;(§) = e kP,
¢ * f(z) = t**v(z,1?), and the theorem above gives characterizations of the weighted
homogeneous Besov-Lipschitz and Triebel-Lizorkin spaces via temperatures; i.e., solu-
tions to the heat equation.

(i1) Since convolution with ¢ in (1.3), (unlike convolution with ¢ in (1.2)) does
not annihilate all polynomials, one should interpret the left-hand side inequalities in
(1.3) as being valid for some representative in the equivalence class in &'/P. Similar
conventions hold for the conclusions of Theorems 3.1 and 4.1. However, if f vanishes in
a neighbourhood of the origin, then the proof in [2] showed that these inequalities hold
for the same representative f.

(ii1) Notice that the left-hand side inequality for the Besov-Lipschitz quasi-norms in
(1.3) is stronger than that suggested by (1.2). Ideally one would want the quasi-norm on
the left-hand side to be as strong as possible and that on the right-hand side as weak as
possible. The role of the Hardy quasi-norm in (1.3) is described in Section 4. A similar
comment holds for the Triebel-Lizorkin quasi-norms in (1.3).

(iv) Versions of Theorem 1.1 are valid for harmonic functions. That is, derivatives
of the Gauss-Weierstrass kernel can be replaced by derivatives of the Poisson kernel,
provided high enough orders of differentiation are used. See Section 6(b) for details. This
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is an example of how removing the kernel from S requires the imposition of “unnatural
conditions”. These additional conditions are imposed so the various integrals and sums
that occur in the proof converge.

There is near universal agreement on the minimum “natural conditions” to be satis-
fied by a kernel ¢ in order to yield a characterization as in (1.2). There are a “moment
condition” to get size estimates, as in Lemma 2.1, used to get the left-hand side inequali-
ties and a “Tauberian condition” (a non-degeneracy condition on the Fourier transform)
as in Lemma 2.3, used to get the right-hand side inequalities. Further requirements that
the kernel be in S or that it is a measure with compact support are imposed so that
the kernel and its derivatives have controlled growth at infinity and so that its Fourier
transform is a multiplier on S. One hopes to get a version of (1.2) for kernels in § that
satisfy these minimal conditions.

However, an examination of our main results: Theorems 3.1, 4.1, and 5.1 shows that
we have fallen short of our goal. We have obtained versions of (1.2) with ¢, * f replaced
by the maximal function of Peetre and Triebel, ¢ f = ¢}, f. (See the first paragraph of
Section 3 below for the definition.) Since (¢} f)(z) dominates (¢; * f)(z) pointwise, the
left-hand side inequalities are better than what we are looking for, but the right-hand
side inequalities are worse. The significant open problem is to close this gap. More on
this subjet can be found in Section 6(d).

We noted above that the independence of 8 for the definitions of the Triebel-Lizorkin
and Besov-Lipschitz spaces in (1.1) depends on a basic result of Peetre. The weighted
version of Peetre’s result is essential in what follows. It is stated in the next theorem.

Theorem 1.2 (See [1], [10]). Let ~co < a < 00, 0 < p< 00, 0 < ¢< o0, weE A,
and ro = inf{r : w € A;}. Let a > 0, and assume that {¢;}32_,, is a sequence of

functions in S such that supp ¢; C {2—° < |¢| < 22}, and ]D”$J(§)| < €27l for
all 3,6,6. For A>0 and 7 =0,+1,%£2,..., define

(@) = @i f(z) = sup ¢y = fz —y)|(1+27)y])™,
yeER™

feS’', ze R
(2) If A > max(nro/p, n/q), then

j=—o0

o 1/q
( > (2j“¢§f(w))") < Ol fll g

pyw

forall feS’.
(23) If X > nro/p, then

i=—co

o 1/q
( > (2~"°‘|I¢3ff||p,w)q) < Clifllga

forall f€S'.



The rest of the paper is organized as follows: Section 2 contains five technical lemmas
needed for the proofs of the main results. Section 3 gives a characterization of the
weighted homogeneous Triebel-Lizorkin spaces, and Section 4 a characterization of the
weighted homogeneous Besov-Lipschitz spaces. In Section 5 these results are extended
to the inhomogeneous spaces. Section 6 is devoted to remarks and further results.

ACKNOWLEDGEMENTS. The research in this paper began when the first two authors
were visiting Washington University in St. Louis. It was completed while the last author
was visiting University of Canterbury as an Erskine Visiting Fellow. Part of the research
was also done while the first author was a Visiting Fellow at the Centre for Mathematics
and its Applications at the Australian National University. All three authors would like
to express their gratitude to the respective institutions for their warm hospitality and
support.

2. Technical lemmas

In this section we shall gather a number of lemmas needed in the proofs of our main
results in Sections 3 and 4.

Let ¢ be a measure either with density in S or with compact support and ¢ be an
integer. We say that p has moments of order up to £ that vanish if

/n z"dp(z) =0 |

Lemma 2.1 (Size estimates of Heideman type). Let k,m and r be non-negative inte-
gers, and assume that A > 0.

(:) Let n € S, and let p be a measure either wzth density in S or with compact
support. Assume that u has moments of order up to k—1 that vanish. Then there exists

C > 0 such that
f 1+ == ly‘ |7 * ps(y)ldy < C (EY
R - t
for all0 < s <t < oo.

(i) If p € S, and n € S has moments of order up to m — 1 4+ r that vanish and
0 < A <r, then there exists C' > 0 such that

/,, (1 + lyl) 76 % us(y)ldy < C G)m

for all0 <t < s < 0.
(23e) If n € S and p is a measure with compact support, then there exists C > 0 such

that .
Lo o+ ‘7;’—‘) sty < (3)

for all0 <t < s < oo,



ProoF. We shall prove (i) in the case p has density in S, since the compactly
supported case can be similarly handled. By Taylor’s formula and the moment condition
on p, we have, for every y € R",

ek ps(y) = o t™"n (% - z> p (-Z—z) G)n dz

S o fu o (Lo ora (o) an) e (52) (5) o

|sl=k

= Z exls(y, s,t) .

|<l=F

Since n € §, we see that

—A—-n—1
(Y lyl
D" (t pz> < Clkym, A) (H Qt)
for all |z] < |y|/2t and 0 < p < 1, and
D"y (% - pz) < C(x,m)

for all y, p, z and ¢. It follows that, for each «,

/n (1 + I—‘?) /\ | Le(y, s,t)]dy <

G)k/ - (1 * |it|> t_n{ (/{lz!slyl/zt}+/{lzl>|yl/2t}>

([ o= (2= o) o o ()] 2" s
o (L () (42) " )

(oo b (G (B) )

+ o (/{|y|/t<z|z|}t_n (1 * ht/_!> dy)
< o(O) [ arzape i e (L)

—Z
S
k
< C <f>
- t

as p € § and s < t. Thus (i) follows.

t
-z
s

t
-z
S

()
(5)

(£}




Using Taylor’s formula and the moment condition of 7 in a similar way as that in
the proof of (i), we get

o (1 * I%l)k e+ 1)l dy <

6 () 62, o)
([ s (2= o) o) o (3] (3)" e s

o(;)" L (1+'7'—)A (5) st pay

c(3)" k. (§+%)As‘"{---}dy

<c(3) [ (1+1§—')As‘”{---}dy

for 0 < ¢/s < 1 and r > A > 0. The last integral can be seen to be dominated by a
positive constant by an argument similar to that in the proof of (i) (by interchanging ¢
with s and  with p). Note that, although the proofs of (i) and (ii) are rather similar,
part (ii) does not follow from part (i).

For (iii), note that

s
-z
t

IA

IA

/Rn (1 - %)A ns * ps(y)|dy <

L () (L 2= 3 o)
oG8 (L p 3] (03 )

= ([, i+ ) ([, (4 51) o)

< Cln, A p) G-)A

asn €S and s/t > 1.

REMARKS. (a) Parts (i) and (iii) when A = 0 are due to N.J.H. Heideman [8].
(b) By mimicking the proof of the above Lemma, we can prove that, under the same
assumptions as in part (ii), and for every b > 0, there exists a constant C such that

|ne* s (y)] < Cs™" (f)m (1 + %—‘) N

S
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for all 0 < ¢ < bs and y € R™. In particular, if n has infinitely many vanishing moments,
then for every N > 0, there exists a constant C such that

st < 052" (14 14) -

for all 0 <t < bs and y € R".

Lemma 2.2 ([3, Proposition 1.1]). Let —oco < a < 00, 0 < p < 00, 0 < ¢ < co and
w € Aw. If f € By or f € Fu, then there exist polynomials P, Py, Py, Ps,... such
that

Jj=—m

f-P=,gi_;;,go(Z zb;*f—Pm)
in ', and deg(Pn) < [a] for all m.

Lemma 2.3 (Calderén representation theorem ([8], [9])). Let u be a measure either with
density in S or of compact support. Assume that p satisfies the Tauberian condition;
i.e.,

VE#0 3t >0 such that f(t€) # 0 .

Then there exists 1 € S with supp 7 contained in an annulus about the origin such that

[Tt =1 veo,

and for every f € S, there is a non-negative integer k for which

o dt
f‘:—/o Ut*#t*f7

in §'[Py, the space of tempered distributions modulo polynomials of degree at most k.

REMARK. The use of the Calderédn representation theorem in the theory of func-
tion spaces originated with A.P. Calderén, and the idea was developed further by N.J.
Heideman ([8]), by A.P. Calderén and A. Torchinsky ([5]), and by S. Janson and M.H.
Taibleson ([9]). The formulation of our Lemma 2.3 is taken from [9]. Note also that the
integer k in the lemma depends on the order of f as a distribution or on the growth of
f at infinity. See [9] for details.

We shall need the following special case of a result by J-O. Strémberg and A. Torchin-
sky (see [12, Chap.V, Theorem 2(b)]).

Lemma 2.4 (Sub-mean value property). Let p € S satisfy the Tauberian condition in
the sense of Lemma 2.8. Assume that ¢ is supported in an annulus about the origin.
Then for every r > 0 and N > 0, there exists C > 0 for which

—Nr

eoral < [ [ terr gl (14 EZH) o mintof /)" ay

forallge S’, x € R* and t > 0.

ds

S



ProOF. Let n € S be the function given in Lemma 2.3 for . Let u > 0. Since ¢,
has infinitely many vanishing moments, Lemma 2.3 implies that

ds
Sou*g / SOu*US*SDS*g()S

for all z € R™. By considering the supports of ¢, and 7;, we can find a,b > 0 such that
Yy * s = 0 unless au < s < bu. By using Remark (b) after Lemma 2.1, we deduce that

N -N
fewxm(6)] < Cu (2) (1 N J%I)

for all 0 < s < bu and ¢ € R™. It follows that
bu ds
u < u s\z— s dy—
feur 9@ [ ] lourn(z =yl + oly)ldy=

<o o () e (2) -ndyﬁ (2.)

If » > 1, then by using (2.1) for N +n + 1 (in place of N) and Hoélder’s inequality, we

obtain
st e st (1+E2) e (1) 0

which implies the conclusion of the lemma in this case.
Assume next that 0 < r < 1. For z € R™ and ¢ > 0, define

My(z,t) = yEIS?}'l’I.)s . los * g(y)] (1 + [2 . y|> min(s/t,t/s)".

Then by using this “maximal function” My, together with (2.1) and the obvious in-
equality

<£)N[ 14|z —y|/s }N min(u/t,t/u) N<C
u/ |(1+]z=zl/u)(1+]z—yl/u)] |[min(t/s,s/t)] ~
for all au < s < bu,t > 0, and z,y,z in R", we can mimic the proof of Theorems 1 and

5 in [12] to obtain the desired result in this case.

REMARK. Note that the vector-valued versions of Lemmas 2.1, 2.3 and 2.4 also hold.

Let W(-,t) = W; be the Gauss-Weierstrass kernel on R}*! (as in Section 1). For
A>0and g € §’, following C. Fefferman and E.M. Stein we define

=7 = g W -l (14 E2)

z € R™. Note then that ||g**|[,w = |lg]lzz if A > nro/p, 1o = inf{r: w € A,} (see e.g.,
1, p.584]).



Lemma 2.5 (1) Let k be a non-negative integer, and let ¢ € S be given by $(§) =
(—1€|*)ke 1, Suppose A > 0 and M > 1. Then there exists C > 0 such that

(¢s % f)™(2) < Clge x ) (2)

forallt<s < Mt, f€S' and 2z € R".
(¢7) Let 0 and n be functions in S. assume that 0 < a < b < co and A > 0. Then
there exists C > 0 such that

—)\ -

Tz — T —
sup |0 % ;% g(y)| (1—}— | ; y]) < C sup |m*g(y)l(l+!——til)
yeR® yER®

forallat < s<bt, g €S’ and ¢ € R".

PROOF. We shall prove (i) only as the proof of (ii) is similar. As W, * W, = W4,
for all u,v > 0, by writing s = /12 4+ ¢%t? with 0 < a¢ < /M? — 1, we deduce that

W o™ x b f o= (L) W, 0"+ a®) 5 g f
1+ W (,0?) « W(, 0 %% f

where o > 0 is given by 207 = p” 4 a%2. It follows that
o -\ ™
Wy ) % 0 £(0) (1 + T) .
o —y 42\
2k 2 L2 _ —
M /RnW(z,U)IW(,a)*gét*f(y z)|(1-|_ > )
A Y
(1+l_~"ﬂ_—y_+z_l> <1+Iw—y|> .
g p
< oo iy@ [ (1) (1 B (1 ey
= 1 R > - -

Y
(1 + —Iw — y’) o "dz
0

< C(de* f)™(z) .
Taking the supremum of the left-hand side with respect to y and p, we obtain (i).

3. Characterization of the weighted homogeneous
Triebel-Lizorkin spaces

Let A >0and p € S. For f € §' and t > 0, following J. Peetre and H. Triebel, we
define a version of the Fefferman-Stein maximal function by

-2
pinf(a) = sup b se =)l (14 40)
yER™
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z € R™. In the sequel, as we shall fix a A (satisfying some additional assumption), we
write p3 f for uf, f.

Theorem 3.1 Let —co < a < o0, 0 <p<oo, 0<qg< o0, wE Aw, ro=inf{r:we
A}, and X > max(nro/p,n/q). Assume that u € S satisfies the moment condition; i.e.,

/ "p(z)dz =0
for all |k| < [a], and that v € S satisfies the Tauberian condition; i.e.,
VE#0 3t >0 such that D(t€) #0 .

Then there exist positive constants ¢ and C for which

([ eisen)”

C

< ”f”}'?;’,;;“

([ eserd)”

pw

IN

c (3.1)

pyw

forall f€S'/P.

PROOF. Assume that f € F:;;“. By subtracting a suitable polynomial from f and
using Lemma 2.2, we deduce that there exists a sequence of polynomials {P,,} such that

f—gggo{iwf—zam}

j=—m

in §’, and deg(Pn) < [o] for all m. Hence it follows from the fact that 4 € S and the
moment condition of u that

I pe(z Z,ut*g/{,*f()

J=—00

for all z € R™ and ¢ > 0. Let ¢ be a function in § with the following properties:
¢(€) = Lfor 1/2 < || < 2; suppgp C {1/3 < [£] < 3}, For j = 0,£1,£2,..., let
¢; € S be given by ¢J(§) #(277¢). Then, since ¢; = 1; * ¢; for all j, the above can
be rewritten as

I * (e Zﬂt*% ¢ * f(z) .

j=—o00

By an argument similar to the Gaussian case given in [2, p.56] we see that, for each
integer £, and 27%7! <t < 27%,

o Z (2= 4 G ) Jozqs;f(x) :

11



where ‘
a; = sup /Rn Lo % 5 (9)| (1 + 20|y | dy, 5= 0,41, £2,...
<1

1
58
and

¢;f(e) = yselgl{l% * flz —y)|(1+ 2]y

(as in Theorem 1.2). It follows that, with p = min(1, ¢),

1/q o gt 1/q
([ eiren) " - (Zw / _e_l(t’“ul‘f(w))q%>

- Ye 1 o 1/q
<C ( > Jag(27% +2-’-’<a—”)]f’> ( >, (2"“¢§f(x))q)

{=—o00 j=—00

by using well-known inequalities. The left-hand side inequality in (3.1) follows from
Theorem 1.2 if we can show that -

S= Y la@7 27N < 0.
b=—co
Noting that 1,(¢) = §(274¢) with § € S supported in {3 < €] £ 2} (cf. Section 1), we
deduce from Lemma 2.1 (i), (ii) that

o = swp [l eI+ 2y

A
= sup [ |us* Ope(y)] (1+ M) dy

lsssl 2“‘2
2tk if <0
< i,
< O{ 9-tm it 450,

where k = [a]+1if o> 0, £ =0if @ < 0, and m is chosen so that m+a — X > 0. The
above estimates imply the finiteness of S.

Next we shall prove the second inequality in (3.1). Let n € S be the function given
by Lemma 2.3 for v. Assume that supp 7 C {274+! < |¢] < 2471}, where A > 1.

As each v; has moments of all orders which vanish, Lemma 2.3 implies that, for every
z € R”,

00 d
/0 Vt*ﬁt*%/’j*f(w)?t

= /IAVt*Tlt*l/’j*f(Jf)dt

3 t ’

bi * f(z)

(3.2)

because 7n; * ¥; = 0 unless t € I; = [27774 279+4], Note also that v * 7 satisfies the
Tauberian condition by Lemma 2.3. Let r > 0 and ¢ € I;. Choose N = A + (n +1)/r.
Applying Lemma 2.4 to ¢ = v * 7 and ¢ = 9; * f, we obtain

12



vesnex s S@F < C [ [ fuexnesisy« SN min(s/t,1/s)

Pt R PR A Loof [
3 8 yS I; n S

because 7, * 1; = 0 unless s € I;. Sincet ~ s &~ 277 for ¢, s € I;, Lemma 2.5 (ii) implies
that

sup {Ivs * sk b+ f(y)] (1 + lfc——gj—')d}

S

Y
< C'sup {nus * f@) (1 + 2o y‘) } = Cv:f(a)
y
It follows from all the above that

(3.3)

s t

i S <0 [ ( /Ij@:f(x))fd—s)l/r ud

for every z and j.
Assume first that 0 < ¢ < 1. Letting r = ¢ in (3.3) and using Minkowski’s inequality
we obtain

pin i@l < o f (f o) &

I; S
d
< ¢ [ (s

On the other hand if ¢ > 1, then by taking » = 1 in (3.3) we get

i f@I < C [ vife)®

< of /Ij@:fu))“i—s)l/q .

Hence it follows that

- 1/q o . 1/q
(Z (2j“|¢j*f(w)!)q) so(z /Ij(S““VZf(w))"'dS—)

j=—oo j=—oo

< oars [y )”

S

for all ¢ > 0. Thus we obtain the desired inequality by taking the LF-quasi-norms on
both sides of the above.

REMARK. Note that if the right-hand side inequality in (3.1) holds for a Ag, then it
holds for all A < Aq. It follows that the right-hand side inequality holds for all A € R.

13



4. Characterization of the weighted homogeneous
Besov-Lipschitz spaces

We shall keep the same notations as in Section 3 with regard to the maximal functions
pif> vif.

Theorem 4.1 Let —co < a < 00, 0 < p < o0, 0 < ¢ <00, wE A, 7o = inf{r :
w € Ay}, and A > nro/p. Assume that p € S satisfies the moment condition and
v € S satisfies the Tauberian condition (as in Theorem 8.1). Then there ezist positive
constants ¢ and C for which

dt

00 1/q 0o 1/q
([Pt ) < Wz <0 ( [Tty ) )

forall f €S'/P.

REMARK. Since

lm*fm_yﬂoﬁjg)d - %WWWWQ*M*ﬂw—wW}+Eg—A

p<t t

(A

) o1\ ™
SEEIW(',P ) * pex f(z —y)l (l+ ; )
(pe * f)™(z)

IA

for every z,y,t, we deduce that

1657 Fllpaw < Cllps * fllmz,

~ where C is independent of ¢ > 0 and f € §'. Hence the left-hand side inequality in (4.1)
is stronger than the corresponding result for the Triebel-Lizorkin spaces in Theorem 3.1.

ProOF OF THEOREM 4.1. Since the proof of the right-hand side inequality in
(4.1) is similar to the proof of the corresponding result in Theorem 3.1, we shall only
give the details for the other inequality in (4.1). Let k be a non-negative integer such
that 2k > a, and let ¢ € S be given by ¢(¢) = (—|¢|2)Fe %P, Clearly ¢ satisfies the
Tauberian condition. Let 7 be the function given by Lemma 2.3 for ¢. Let f € B
Assume first that f =0 in a neighbourhood of the origin. Then it is easy to see from
Lemma 2.3 that we have the representation

f= [ deenon i

14



in §'. It follows from the above and the semi-group property of the Gaussian kernel (as
in the proof of Lemma 2.5 (1)) that, for every p >0, s >0 and z,z € R",

dt

IW(sz)*/us*f(z)l: n

4k /0"" W (-, p? + 32/4) 5 uj * f 4y * po(2)—
< 0/000 { /R e % s (2)| IW (-, p° + 382 /4) % (472 % F)(z — v)]|
-
z — z+y| lz — 2\ ly| dt
ez (e ledl) (1B g
and

(5= )70 = sup W) (s + (0 (14155 z')
< C’/Ooo(qﬁt/z « F)*(2) {/R (1 + |y|) |15 * nt(y)ldy} %t_
= C/OOO uzja(e) {/Rn <1+ |y'> |tts * 74y )|dy}d{.

-—C’/ +C/ Ii(z,s) + I(z,s) ,

where we have set u; = ¢; * f for simplicity. Assume that 0 < p < 1. Choose a non-
negative integer m with m + o > 0. Using Lemma 2.1 (ii) and the “monotonicity” of
ur* (Lemma 2.5 (1)), we obtain

it < o[ () )
_<_C/<** (_) )pit.

If ¢ > p, the above and Hardy’s inequality imply that

( /0°°<s-°*||11<-,s>||p,w>qi§)p/q <
o{ (o075 2]
<o ([Tt l) "

15



On the other hand, if 0 < ¢ < p, then by using Lemma 2.5 (i) again, we get

(/Ooo(s"aﬂfl(wS)Ilp,w)qu—s>l/qg { [ ( [ 1ol ()m%/ d}/
<o{[ (= [ ()7 4) %)

0o 1/q
S Crerrd R D

Using Lemma 2.1 (i) and Lemma 2.5(1) we obtain

nearso [ (w@(3)) L.

Then by arguments similar to those immediately above, one can show that

(/000(8‘“1112(',S)IIP,w)q%y/q <C (/ooo(t"“llul‘*l|p,w)q§tf)l/q

The above estimates for Iy and I, imply that

([l f)**np,w)q?)”q <o ([t 7oy %/

Since [|(se * £)*llowo s * Sl and (61 % /) lpuw & 8¢ * i, the proof of the
desired result is completed by invoking Theorem 1.1.

Next we shall remove the restriction that f = 0 in a neighbourhood of the origin.
Using Lemma 2.2 and the moment condition of y as in the proof of Theorem 3.1, we
obtain

W, ps * f(z) =ﬁ}i_r,rgon*ﬂs*fm($) )
for all p,s > 0 and ¢ € R™ (after subtracting a suitable polynomial from f), where
fm = Z ¥; * f. The desired inequality then follows from the above representation of

j=—-m
W, % us * f by a limit argument similar to the Gaussian case (cf. [2 p.61}). The proof
in the case p < 1 is thus complete.
The case p > 1 can be handled in a similar way but is generally simpler than the
case p < 1 and so details are omitted.

5. Characterizations of inhomogeneous spaces

In this section we shall give the inhomogeneous version of the results in Sections 3 and
4. As the proofs are similar to the homogeneous case we shall be brief and indicate only
the necessary modifications.

16



Let {1;} be as in Section 1 and let ¥ be the function in S given by \i!(ﬁ)-%-z bi(€) =1
=1

iz
forall{ € R*. Let 0 <p < oo, 0 <g< 00, —00 < a<oo,and w € Ay. The weighted.
inhomogeneous Besov and Triebel-Lizorkin spaces are defined by

B ={res  Mlsgy = 19Tl +
- 1/q
(gx%w%*ﬂmmﬁ <ool.

f§f={f€5“ﬂﬂmf = O F +

H(g}%ﬂW*fonﬂuq

<oo}.
Y2

4

Let {¢;} and ¢ > 0 be as in Theorem 1.2, and let ® € S be such that supp & C
{l¢] < 2%}. For A >0 and f € §', define ¢}, f = ¢%f as in Theorem 1.2 and let

3() = @ f(2) = sup (&% fla —y)I(1+ |y) 7,
y 3
z € R" Let ro = inf{r : w € A4,}. The maximal inequalities (Theorem 1.2) for
inhomogeneous spaces are as follows:
If A > max(nro/p,n/q), then

o 1/q
19" fllpw + l (Z(Q’%?f(w))q) < Cllfllmgye (5.1)
J=1 pyw
forall fe S’
If A > nro/p, then
0 1/q
12" flp, + (Z(2J“|I¢§f||p,w)q) < Cliflisgy (5.2)
J=1
for all f € S'. It is useful to note that (5.2) implies a stronger result:
o 1/q
1@ * fllz, + (Z(Qmﬂcﬁj * thﬁ,)q) < Clifllsgy - (5.2
J=1
Here, for g € S/,
lgllrz, = 1l sup |e* g(2)| [lpw »
0<t<1

where ¢ € S with /R" $(z)dz £ 0.

17



We refer again to [1] for the above and related properties of the inhomogeneous
spaces as well as references to the relevant literature.

In the rest of this section let pp € S satisfy the moment condition and let v € § satisfy
the Tauberian condition (as in Theorem 3.1). For f € S’ and A > 0, let uf,\f = p;f
and v}, f = v} f be defined as at the beginning of Section 3, and for {, v € S, let (*f
and ¢*f be defined similarly to ®*f above.

Theorem 5.1 Let 0 < p < o0, 0 < g< o0, —c0o<a<oo, a>0, we A, and
ro = inf{r:w € A,}. Assume that { € S, and that ¢ € S satisfies the strong Tauberian

condition $(0) = /R o(z)de # 0.

(¢) If X > max(nro/p,n/q), then there exist positive constant b,c and C for which

(!IC*fIIp,w + “( (¢ f ()" ‘“) p’w)SIIfHF;;,w

<C(|Is0fllp, #| ([eessor ol

) o
y
for all f €S’

(22) If X > nro/p, then there exist positive constants b,c and C for which

1/q
c(uc*fnhg b ([t ey )stlfllB;:;qw

<c (llw*filp,w +(] b(t—almfup,w)q%)w) 6.4

forall f € 8'.

PRrOOF. Observe that in the inhomogeneous case, we have the representation

f:lll*f+z¢]*f inS'.
=1
Let {¢;} be as in the proof of Theorem 3.1 and let ® € S be such that supp & C {l¢| <3}

and & = 1 on supp ¥. We start with the proof of the left-hand side inequality in (5.3).
The above representation then implies that

p * f(@) = pu x @ 5 U x f(z) +Zm*¢g*d)]*f() (5.5)

J=

for all z and ¢. By using (5.1) the infinite sum on the right-hand side of (5.5) can be
estimated in the same way as in the proof of Theorem 3.1. We shall next deal with the
first term. For each z and y in R™ and 0 < ¢ < «,

B @ Ux fo—y)l < C [ lux @) 1€ fla—y—2)

(1+|y+z!)‘A(1+|_Z_> <1+ |yr>

18



It follows that

-A A
suplicr 0= 5o -0 (1+2) 7 < owsta) [ el (1+2) e
y n
< Ot f(e)
for all 0 <t < a by Lemma 2.1 (i), because we can write ® = (®1/,),. This estimate
and the estimate for the infinite sum observed above give

“ (/oa(t“"u:‘ (@) %) 1/g

1" Fllpww < CI¢ f”hﬁ, 5

and by an argument similar to the Gaussian case [2, (18)], using a multiplier theorem
on the weighted Hardy space A%, [1, Lemma 4.8], we obtain

1€ * fllnz, < Cll S Nlegpe -

The proof of the left-hand side inequality in (5.3) is thus complete.
To prove the right-hand side inequality in (5.3) let n be the function given by Lemma
2.3 for v. Let § > 0 be such that ¢(¢) # 0 for |¢] < §. Following [9] we set

< C“f”F;,’j;;” .

pyw

It is easy to see that

26) = { [TaeepeeT i e+0
1 £ e=0.

Then 4 € S, and as 7 is supported in an annulus about the origin, if we choose b large
enough, we see that supp 4 C {|¢] < 6}. It follows that 4 = (¥/¢)¢ with (¥/¢) € S, so
that

19" Fllp.w < Clie™ fllpw -

Using the above inequality and the representation

f:y*f—}-/obnt*yt*f% v (5.6)

in &' (cf. [9]), we obtain the right-hand side inequality in (5.3) by an argument similar
to the proof of Theorem 3.1.

The right-hand side inequality in (5.4) can be verified in a similar way to the cor-
responding inequality in (5.3). To prove the other inequality in (5.4), let k be a non-
negative integer with 2k > « and let qAS(f) = (—|¢]2)ke Kl ag in the proof of Theorem
4.1. By [2, Theorem 1], we have the following inequality

dt

a 1/q
Wi e+ ([ o %) < Ol
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where Wy(z) = (4r)""2?e~1F/* as in Section 1. Similarly to (5.6), letting n be the
function given by Lemma 2.3 for ¢, we can find v € S such that supp 4 is compact, and
that

o dt
f=’)’*f+/0 77t*¢t*f?
inS'. As4/W; € 8 and 4 = (f?/Wl)Wl, we deduce that

|y * fllre < CIWe* fllae

(by a multiplier theorem for the weighted Hardy spaces AZ2).
Using all the above, we can modify the proof of Theorem 4.1 to obtain the left-hand
side inequality in (5.4).

6. Remarks and further results

(a) When p equals v and satisfies both the moment condition and the Tauberian condi-
tion, our results in Sections 3-5 give necessary and sufficient conditions for memberships
in the corresponding weighted spaces and also equivalent quasi-norms on them. In the
unweighted case (w = 1), there are results by H. Triebel where he obtained equiv-
alent quasi-norms on the unweighted Besov-Lipschitz and Triebel-Lizorkin spaces (see
[13],[14]). Triebel’s methods seem designed to apply to kernels that are not smooth (i.e.,
not in §) and so growth conditions at infinity and behaviours near zero of the kernel
and its Fourier transform are expressed in rather complicated forms. These conditions
seem stronger than the moment condition when p is close to 0. Moreover, his Tauberian
condition takes the form f(£) = #(¢) # 0 for 1/2 < |€] < 2 (so that the quotient 8/} is
defined). His approach is based on an inequality of Plancherel-Polya-Nikolskij type and
seems difficult to extend to the weighted case without some restriction on the weight
function w.

We note also that Triebel’s results are stated in terms of the mixed norm of |v;* f(z)],
but his results do not give a sufficient condition for a distribution to be in the relevant
unweighted space. See (d) below for a discussion in the weighted case.

(b) Though Lemma 2.1 (i) and (ii) were stated under the assumption p € S, a close
examination of the proof shows that (i) holds if

L@ P+ u(2)ldz < oo
while (ii) holds if there exists § > 0 for which
D% u(2) < C(L+ |2y~

for all |k| = m + r. It follows that our main results in Sections 3-5 remain valid for
the Poisson kernel; i.e., for a(¢) = (=|¢|Ye ) £ > X+ n + max(a,0), where p; * f is
interpreted appropriately.

(¢) Our main results in Sections 3-5 hold for vector-valued y or v, where we re-
quire the moment condition for each component and the Tauberian condition as a
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vector-valued function. Moreover, they remain valid for compactly supported (vector-
valued) measures v, and also for compactly supported (vector-valued) measures p if
a > max(nro/p, n/q) in the Triebel-Lizorkin case and a > nrg/p in the Besov case
(see Lemma 2.1) provided the function f satisfies an appropriate growth condition at
infinity (see Remark after Lemma 2.3). A special case of the compactly supported

vector-valued measures worth noting here is when p = (pV,...,u(™) = v, where
pl) = (6e;—6) %+ % (6e;—6o) (k times), k > a, e; is the Dirac measure concentrated
at e; = (0,...,1,...0) and &g is the Dirac measure concentrated at the origin. Note

that each u¥) does not satisfy the Tauberian condition, but u does. Observe that
(6ej = bo)s * f(z) = f(z —tej) — f(=)

so that our results in this case give characterizations of the corresponding weighted
spaces by means of difference operators.

(d) It would be of interest to replace v; f(z) by |1 * f(z)| in our results. By [2], this
is certainly possible for the Gauss-Weierstrass kernel (and the proof given there also
works for the Poisson kernel). For a general v, we can prove the above in the following
two cases: either

(i)l <p<oo, we Ay, 1 <g< oo (in the Besov case, we can let 0 < ¢ < 00); or

(ii) ¥ is compactly supported and v also satisfies the moment condition.

We shall give proof only for the homogeneous Triebel spaces Fy;*, as the other cases
can be handled similarly.

Assume that the conditions of (i) are satisfied. Then by (3.2) and Hélder’s inequality,

o 1/q - 1/q
(zj@ﬂwaﬂ@Dﬂ <o([ o ner §)

j=—o0

where Mg denotes the (Hardy-Littlewood) maximal function of g. Hence it follows from
the weighted estimate for the vector-valued maximal function [10] that

([t e )

if ¢ < oo, while for ¢ = co we need only use the weighted estimate for the maximal
function.

By using a version of Heideman type estimate, which is different from Lemma 2.1,
we had proved the above result in the unweighted case ([4]), and the proof given there
works also for the weighted case. Note that the result in [4] for the unweighted Besov
spaces holds also for p = 1.

Assume next that the conditions of (ii) are satisfied. Since f is a tempered distribu-
tion, we can choose A = As large enough so that

1/q

Ifllzge < C

pw

-2
supl o fa =)l (14 1) <o) < o0
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for all s and . By a variation of the Fefferman-Stein maximal function techniques used
by J. Peetre [11, Lemma 2.1 and Proof of Theorem 3.1], we can show that

Vif(z) < e8M (M (Jve * fI7) ()" + eV} f(z)

where ) satisfies the additional condition, A > max(nre/p, n/q, n), r =n/A, 0 < § < 1,
and c¢ is independent of f, s and ¢ (see also [3, Lemma 2.1], [13, Theorem 1.3.1]).
Choosing 6 such that ¢6 < 1/2 in the above, we obtain

vef(a) < C(M(Jvs * fI) (@),

and putting this into (3.3) and using well-known inequalities, we get

v  f(2)]* < C/I.(M(h/s « ") ()" _‘_ii ‘
Tt follows that
3 e *® s 1/q
(Z (271 + f(x)l)q) <c (/o (M((s™ v  f)") (@) -d—) .

Hence, similarly to case (i), we obtain

(6.1)

S

e ds\ 9
I llzge < © H ( | o)y —)

p,w

However, as (' depends on A and hence implicitly on f, we have proved that if the
right-hand side of (6.1) is finite, then f € F*. Fix A > max(nro/p, n/q, n). As
F;f;z‘“ C F;‘gj , and v satisfies the moment condition, the left-hand side inequality in (3.1)

implies that

v f(z) < o0
for all s and . Repeating the above proof of (6.1) we obtain the independence of C' on
f.

REMARK. The above use of the moment condition seems artificial. It is used to
show that the inclusion map, which is into, is continuous. If there were a direct proof
that the space of distributions for which the quasi-norm on the right-hand side of (6.1)
is finite, is complete, we would get the continuity by means of the closed graph theorem.
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