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ABSTRACT

The problem of image reconstruction from indirect

measurements is considered. Reconstruction methods for the

- following types of measurement are presented in detail:

(a)

()

(c)

Radiant intensity at the image plane of the
transmission electron microscope.

Radiant intensity of X—raj diffraction from
paracrystalline and fibrous macromolecular specimens.
Projections which may be incomplete in linear extent,

as well as sampled and finite in number.

Image reconstruction from measurements (a) and (b) is

affected by the phase problem.

(a)

It is shown how:
Of f-set holography might be achieved in the electron
microscope when examining a crystalline specimen or an
aperiodic specimen deposited on to a crystalline
substrate. A diffraction plane mask selects one of the
diffracted beams from the crystal to act as the
holographic reference. Microscope aberrations may be
compensated after reconstruction from the hologram.
An optical simulation of the process is reported.
Under certain conditions it is possible to deduce the
continuous diffraction pattern of a molecule from
measured érystal structure factor intensities.
Theofetical results are derived for the diffraction
from generalised helix-like structures. A recently

proposed model of the DNA molecule is shown to be
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consistent with much of the available X-ray data.
(c) Preprocessing of projectioh data may be effected
efficiently when the data are measured with a fan
beam of radiation.
(d) Usefnl images may be reconstructed from projections
which are incomplete in the sense that they are

"hollow" or "truncated".

The modified back-projection method of image
reconstruction is analysed in detail. "Hollbw" and
Mtruncated" prcjections are defined £o be projections
which have their inner and outer parts missing, respectively.
Theoretical cousiderations show that unambiguous
reconstruction is possible from hollow but not from
truncated projections. Pracﬁical methods are presented
Which preprocess the incomplete projections éo that
,reconétructions can be obtained from them{uéing the modified
back-projection method. Examples showing reconstructions of
a test object from computer-generated incomplete projections
are used to demonstrate the effectiveness of the preprocess-

ing methods.
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GLOSSARY

Unless indicated otherwise, the'symbols and
abbreviations used in this thesis have the meanings given
below. Wherever possible, two functions which are a
Fourier transform pair are denoted by upper and iower case

forms of the same letter.

A Angstrom unit of length: _1 A= 107" m.

arc prefix denoting inverse trigonometricai funqtion.
DNA. deoxyribonucleic acid.

eqn equation.

exp exp(x) = e where e is the base of

natural logarithms.

FFT fast Fourier transform (algorithm).
Fig. figure.

i i? = -1

IU(X) modified Bessel function of the

first kind, order p and avgument x.

Jm(x) ordinary Bessel function cf the
first kind of order m and argument x.

m as subscript to a periodic function of an angular
variable: the mth order coefficient in the
angular Fourier series expansion of the function.

mm, nm respectively 107°% and 107° metres (m)

P(u’v)(x) Jacobi polynomial of order n, argument x and

assocliated variables . u and v.

r radial coordinate in image space



sinc (x)

Tn(x)

U_ (%)

X,¥:%
a, B
§ ()

Er N

sin (mx)
TR

Chebyshev polynomial of the first kind,

order n and argument

X L]

Chebyshev polynomial of the second kind,

order n and argument
Cartesian coordinates
Cartesian coordinates

Dirac delta function

Neumann factor. en

angular coordinate in
Carfesian coordinates
rotated by ¢ from x,
3.14159...

X L]
in image space

in Fourier space

1 n=20
2 ; n#20
imagé space

in image space

A

radial coordinate in Fourier space

summation

xii

angular coordinate in Fourier space, and angile

at which projection is measured..

(superscript) complex conjucate. If o and B

are real and w = o + iB then @ = o - iB .

(in line) convolution

£(x) * g(x) = j £ (u)

-

correlation

% ® %

g(x-u) du

£ o(x) @g(x)'-—'J f (u) g{x+u) du

modulus of x

factorial
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R

(<)
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xiii

(superscript) éngular degree, 1° = 1/180 rad.
(superséript) estimate of a function

is less than (or equal to)

is greater than (or equal to)

is approximately e@ual to

(superscript) truncated (e.g. projection, spatial
filter or associated function. N.B. 8 is cutoff
spatial frequency).

(superscript) hollow (e.g. projection oxr
associated function).

infinity



PREFACE

Reconstruction of images from measured data is
important in a wide variety of scientific applications.

For example, a reconstructed image may depict a molecular
structuré or it may be a map of the brightness temperature
distribution of a giant star. Because an iﬁage is a
representation of an object or physical system, the
formation, proéessing and interpretation of images is an
activity common to many scientific disciplines which are
otherwise unrelated.

The most familiar images are those formed directly
by optical instruments, using Visib1e<light reflected or
transmitted by an object. In many applications in which an
image is required, we can make only/indirect measurements by
probing the object with invisible radiation or by
interpreting such radiation emitted Ly i+. Often, the
measurement daté are not in a form suitable fof interpret-
ation, but are related to the required image in a known way.
The aim of image reconstruction is to pwocess the data to
form an image and so facilitate the interpretation of the
measurements.

In a significant number of applications, the measured
data correspond to the Fourier transform of the required
image or to projections of it. 1In both cases, reconstruction
of the image is straightfofward when‘the data set is
complete. In the real world, héwever, completeness of data

is the exception rather than the rule. The development of
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practical methods for imprbved acquisition and reliable
processing of incomélete data is a continuing challenge

to workeré in applied science and engineering. This ﬁheéis
contributes to the development of both the acquisitién

and the processing aspects of image réconstruction, with
particular emphasis on important applications in electron
microscopy, molecular structure determination and medical
cross-sectional imaging (tomography) .

The Fourier traansform of an image is complex-valued,
requiring both modulus and phase for its complete
specification. Often, however, only data relating to.the
modulus of a complex-valued image or image transform can be
recorded, hence a "phase problem" arises. There are two
approaches to circumvent the phase problem. The first
approach is to form an image in suéh a way that the complete
modulus/phase information is encoded in a recording of
modulus only. This approach to data recording and image
reconstruction is known as holography. When holography is
not possible, the alternative approach attempts to proéeSs
the incomplete data, relying heavily on independent knowledge
to supplement the data.

In Chapter 1, the principles of conventional and
holographic image formation are described briefly and
related to the formation of images in the electron
microscope. A survey of past attempts to implement
holography in the electron microscope is given. A new
propbsal known as "crysto-holography" (Bates and Lewitt
1975) is presented in detail, together with the results of

an optical simulation of the method. Crysto-holography has
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already aroused the interest of other researchers, and two
modifications of the original proposal have been published
(Greenaway and Huiser 1976, Pozzi 1977). The modified
proposals are discussed, together with other related
methods to collect data appropriate for subsequent image
reconstruction,

This work arose ou£ of discussions with
Dr S.R. Keown, a visiting lecturer in the Department of
Mechanical Engineering, University of Canterbury. His
particular'interest is the analysis of metal structures
using the electron microscope. Encouraged by Dr Keown and
Prof. Bafes, I began optical experiments aimed at improving
Dr Keown's microscope images. Shortly after, the idea of
crysto~holography occurred to Prof. Bates. We then
developed detailed proposals which I simulated in the
optical laboratory. |

A new structure for‘an important biologiéal molecule
called DNA has been proposed by Dr G.A. Rodley of the
Department of Chemistry, University of Canterbury (Rodley
et al. 1976). The phase problem impedecs ihe interpretation
of all X-ray diffraction patterns, but ﬁhis incompleteness is
compounded'in the case of DNA diffraction data because of
difficulties in preparing'regular crystélline specimens.

The first four sections of Chapter 2 present a brief
survey of image processing, with particular referenée to
procedures which overcome the phase problem. The remainder
of Chapter 2 presents new methods for the processing of
incomplete X-ray diffraction data. Thé two distinct methods

use the available data as a basis for comparing the
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conventionally accepted structure of DNA With the
alternative structure proposed by Dr G.A. Rodley.

Dr Rodley's interest in the structure of DNA was
initially aroused by discussions with C.H. Rowe, a senior
technician in the Department éf Electrical Engineering,
University of Canterbury. Dr Rodley conceived a new
possible form for the strﬁcture, and he built detailed
molecular models, assisted by his student R.S. Scobie.

Prof. Bates and I together developed a theoretical analysis
of diffraction from the proposed structure and I developed
computer programs to obtain numerical results. The basic
theory of the method for processing the X-ray diffractioh
data is principally due to Prof. Bates. Our final
presentation of the method incorporates techniqués which
were found to be necéssary as a result of my computational
work.

The conventional X-ray imaging‘process_results in a
shadow picture df the internal structure of an object. The
image which is recorded by the film iz a summation of all
the structural details of the object, and is said to be a
"projection" of it for the corresponding angle of view.

When only a thin cross-sectional slice of a three-dimensional
object is irradiated, a one-dimensional projection (or
profile) is measured. A number of such projections may be
obtained by selecting different angles of view, with respect
to the cross section. The reconstruction of an image of an
object cross section from a number of its projections is of
considerable inﬁerest and importance in medicine and in many

other disciplines.
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The theory of image reconstruction is well-~known for
the ideal case when the form of ﬁhe projections is given
completely. This happens only when projections are known ds
continuous functions spanning the whole cross section and
are known for the continuum of all possible angles of view.

In practice, projeétion data 1s necessarily
incomplete because only a finite number of projections‘cah
be measured. Part 2 of this thesis analyses a practical
method for reconstruction from a finite number of sampled
projections, and develops new theorétical results and
practical methods for reconstruction from projections»which
have their inner or outer parts missing.

Chapter 3 introduces the subjeét matter of the
following chapters and refefs to related work éniimage
‘reconstruction from projections. Notation and basic theory
are presented and a convenient graphical technique for
representing sampled projectiéﬁ data is described. This
representation is used to develop a method for the
preprocessing of projection data measuréd using a fan-shaped
beam of radiation.

The techniques presented in Chapter 3 are being
incorporated in a low-cost X~ray tomographic system to
assist radiotherapy treatment planning at Christchurch
Hospital. This project is directed by Dr T.M. Peters“and
Mr J.J. Tait of the Medical Physics Department. In thé
initial stages of this project I constructed and tested
an experimental X-ray detector (a multi-wire proportional
chamber) . The main course of my research has since tended

towards the theoretical and computational aspects of image

reconstruction from projections. The work on the detector



Xix

and its associated electronics was continued by J.M. Clark
as an M.E. (Master‘of Engineering) project. Mr Clark is
presently completing this work as an employeg of the Medical
Physics Department. In section 3 of Chapter 3, my ideas on
organising the data from a fan-beam detector are combined
with Peters' concept of the offset detector, and a technique
(from the literature) for representing the data.

Chapter 4 discusses an impbrtant practical method
for reconstruction from a finite number of sampled
projections. ‘This method is known as modified back-
projection. The effects of various approximations inherent
in the method are described in detail. Use of the projecﬁion
representation introduced in Chapter 3 gives new insight into
the practical performance of the modified back-projection
method aﬁd shows how it may be improved. |

The work presented in Chapter % was motivated by the
development of an efficient computer program to perform
back-projection. The program was written by Dr Peters, and
I became interested in the factors which affect the'quality
of images obtained using this method of reconstruction. The
analysis and conclusions are my own, Lut discussions with
Dr Peters improved my understanding of the effects of
interpolation and the work on spatial filters incorporates
suggestions by Prof. Bates and G.R. Dunlop.

Incompleteness of projection data is particularly
severe when some parts of the projections are not measured.
"Hollow" and "truncated" pfojections have their inner and
outer parts missing, respectively. Chapter 5 introduces a

convenient notation for hollow and truncated projections
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and it is shown that unambiguous reconstruction is possible
from hollow, but nbt from truncated projections. A
theoretical analysis is given for the error which is
introduced into a reconstructed image when hollow ox
truncated proﬁections are treéted as though they are
complete. The practical use of these results is pointed
out.

The formulation and detailed analysis of the problem
of reconstruction from hollow and truncated projections
has been developed jointly by Prof. Bates and myself.

Dr P.R. Smith drew our attention to theoretical solutions

of the hollow projection problem. Dr Peters contributed to
our understanding of the ambiguity inherent in reconstruction
from truncated projections, and presented the préliminary
fesults at.a Topical Meeting sponscored by the Optical Society
of America.

Practical methods for reconstruction from hollow and
truncated projections are presented in Chapter 6. The
incomplete projections are preprocessed su that useful
reconstructions can be obtained from them using the modified
back-projection method. Examples show;hg reconstructions of
a test object from computer-generated, incomplete projections
are used to demonstrate the effectiveness of two distinct
preprocessing techniques.

The philosophy of the first preprocessing method is
related to previous work by Dr M.J. McDonnéll and Prof. Bates
on the restoration of images which have been truncated by
their recording frames. I am responsible for the specific

method developed for reconstruction from incomplete
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projections and for the detailed theoretical results which
explain its effectiveness. These results are closely allied
to the work in Chapter 4. In the seéond preprocessing
method, I unify and extend some of the results publiéhed
by Smith, Peters and Bates (1973) and develop a practical
method for reconstruction from hollow projections. These
ideas also lend support to the conclusions of Chapter 5
relating to reconstruction from truncated projections.

Chapter 7 concludes the thesis and presents
suggestions for further research and development related
to this work.

During the course of this research, the following

papers have been published or submitted for publication:

P.R. Smith, T.M. Peters, R.M. Lewitt and R.H.T. Bates
"Aspects of Image Reconstruction by Fourier Methqu".
In: Technical Digest, Image Processing for 2-D and
3-D Reconstruction from Projections. Topical
'Meeting, Stanford, California, Aug. 4-7, 1975,
(Optical Society of America, Washington D.C. 1975).
Paper ThAH4, 1-4,

R.H.T. Bates, R.M. Lewitt, T.M. Peters and P.R. Smith
"Image Reconstruction from Incomplete Projections".

R.H.T. Bates and R.M. Lewitt
"Crysto-holography".
Optik 44(1), 1-16, Dec. 1975,

G.A. Rodley, R.S. Scobie, R.H.T. Bates and R.M. Lewitt
"A Possible Conformation for Double Stranded
Poly-nucleotides".

In: Handbook and Programme, 10th International
Symposium on the Chemistry of Natural Products,
Dunedin, New Zealand, Aug. 1976. (International

Union of Pure and Applied Chemistry, 1976), p.All.
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R.H.T. Bates, R.M. Lewitt, C.H. Rowe, D.P. Day and
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Journal of the Royal Society of New Zealand
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Peters and R.M. Lewitt
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CHAPTER 1

IMAGE FORMATION AND HOLOGRAPHY

1.1 INTRODUCTION

Our principal methods of obtaining information about
the external world make use of radiation emanating from a
physical system. The radiation may be either generated
within the system or transmitted or reflected by it.

An "image" is a representation of a physical object or
system which is formed or derived from such radiation.

The most common sensing devices are optical
instruments (e.g. eyes, microscopes, telescopes) that form
images directly using visible light. TImages are often
formed using electromagnetic radiations other than light.
The radiation may alternatively be a rform of mechanical wave
motion (e.g. sound, ultrasound, seismic wwves) or it may
consist of moving atomic particles (e.¢. beams of electrons,
protons or neutrons).

This chapter briefly describes the formation of
images of objects using electromagnetic radiation and
high-energy electron beams. The wave-like nature of moving
atomic particles is discussed in section 1.2, The
propagation and intefference of waves are considered in
section 1.3, leading‘to,a deécription of image formation by
the optical 1ené, |

The principle of holography introduced in section 1.4



explains how one wave may reconstruct another when it
illuminates a recording of theif interference pattern.
Section 1.5 shows that thé formation of high-resolution
images in the electron microscope involves interference

of electron waves and is thus a form of holograéhy.
Holography was originally envisioned as a means of extending
the useful resolution of the electron microscope; the
techniques which have been employed are summarised in
section 1.6. Section 1.7 is devoted to a new proposal
called "crysto-holography" (Bates and Lewitt 1975) .

The detailed development given in the original papér is
presented in section 1.9, including the results of a
light-optical Simulation of ﬁhe proposed method.

’Greenaway and Huiser (1976) use the crysto-holography
proposal as a basis to develop an approach to holography in
the electron‘microscope which makes use of two different
recorded images. Their ideas and other related methods are

discussed in section 1.8.

1.2 WAVES AND PARTICLES

In 1864, Maxwell predicted electromagnetic wave
propagation more than.twenty years before Hertz's researches
(in 1887) géve experimental verification. In a similar way
Louis de Broglie (1924) postulated, without experimental
evidence, that matter has wave~like properties. References
to these and earlier theoretical and experimental
investigations are given by Born and Wolf (1970) and by
Meyer (1934).

De Broglie assumed that the wavelength of the



predicted "matter waves" was given by the same relationship

that applies for light waves, i.e.
A = h/p (1.1)

which connects the wavelength X of a light wave with the
momentum -p of the associated photons. Taking p to be the
momentum of the particle of matter, the wavelength of the
matter waves may be predicted using eqn (1.1). Experimental
verification came in 1927 when C.J. Davisson and L.H. Germer
(U.8.A.) and G.P. Thomson (Scotland) found that electrons
were reflected from crystals in the éame way as X-rays, thus
demonstrating the wave-like character of the electron beam
(Meyer 1934).

The wave character of electromagnetic radiations and
particle beams is represented by thbréonventional wave
function Y (r) which is a complex function of spatial
coordinates, X-ray photons, electrons and neutrons have
very different properties when considered as particles.

If, however, we.consider only their propacdation through
space and their scattering by matter ox ficlds with no
appreciable loss of energy, all these radiations may be
considered as waves (waley 1975). A detailed comparison
between electromagnetic and ﬁatter waves is given by
Schumacher (1976). Their corresponding_wave functions are
solutions of the same type of differential equation, the
wave equation. The wave-like interaction of particles and
matter is adequately described by semi-classical wave
mechanics, rather than the full quantum mechanics needed
for interactions of quanta involving changes of energy

(Cowley 1975).



1.3 IMAGE FORMATION

1.3.1 The Radiation Pattern

The propagation of waves through space may be
interpreted in terms of Huygens' principle. This theorem
asserts that (i) eéch element of a wavefront may be regarded
as the centre of a seéondary disturbance which gives rise to
spherical wavelets, (ii) the position of thg wavefront at
any later time is the envelope of all such wavelets‘(Born
and Wolf 1970). The wavelengths of. the electromagnetic
radiations or particle beams used fof imaging are often very
small, e.g. about 5000 R for visible light, 1 A for X—fays

-10
m) .

and 0.037 % for electrons of energy 100 KeV (1 A =10
For these cases, a good first approximation to the
propagation of the radiant energy is bbtained by assuming
that the wavelength is small enough/to be neglected. The
branch of optics known as "geometricul optics" is based on
this assumption. The energy of the fadiation is regarded as
being transported along certain curves or "rays".

When the dimensions of the object interacting with a
wave are comparable with the wavelength-a phcnomenon known
as diffraction arises, which cannot be explained in‘terms
of geometrical optics. Even when the object is much larger
than the wavelength, diffraction effects appear as rapid
intensity variations or "fringes" at the edges of shadows.
The extent of the region in which this rapid variation takes
place is of the order of magnitude of the wavelength (Born

and Wolf 1970). The explanation of diffraction requires the

extension of Huygens' theorem with the postulate (due



originally to Fresnel) that the secondary wavelets
mutually interfere.

The mathematical basis of the Huygens-Fresnel
principle is expressed by Kirchoff's diffraction formula,
which is derived in many tekts (e.g. Born and Wolf 1970,
0'Neill 1963) and need not be repeated here. Figure 1.1
shows the geometry for the Fresnel~Kirch0ff integral,
following Collier, Burckhardﬁ and Lin (1971). A plane
wave of amplitude ay travels in the direction of the
positive z axis and is incident on an object which is in
the plane normal to the z axis at z = 0. The object has
amplitude transmittance t(x1,y1) , defined as the ratio of
the wave amplitude’transmitted by the 6bject to that
incident upon it. Assuming thatﬂ(xé-xﬁ)<<d and
(yz-_y1)<<d ; the Pregnel-Kirchoff integral may be
simplified (Collier, Burckhardt and Lin 1971) and the wave

complex amplitude a2(x2,y2,d) in the plaﬁe z = d is

[o0]

a2(x2,y2,d) = (i a1/kd)JJ t(x1,y1) expl[- iﬁ{(xz-—x1)2 +

0O

(Y, = vq) 23/2d] dxy dy, (1.2)

where a constant factor is omitted. The exponential factor
in eqn (1.2) may be expanded in the form

{2'”

2 2
expi{- Ad(XZ + yz)} exp{- >\d(x1 + y1)} exp (x4, -+y1y2)}

In the far~field (or "Fraunhofer") region, d 1is large

compared with the dimensions of the object and

(x7 + y3) /A << d (1.3)



Hence the second exponential factor may be approximafed by
unity in the Fraunhofer region.‘ The region nearer the
object where this quadratic phase factor cannot be neglected
is known as the near-field or "Fresnel" region.

Substituting

o = xz,/xd : and B = yz,/kd (1.4)

the Fraunhofer approximation leads to

ay(x,,¥,,d) = (i a;/Ad) expl-i7(xy + y,)/Ad]

[o4}

JJ t(x1,y1) exp[iZw(ux1-+By1)] dx1 dy1‘ (1.5)

OO

The integral in egn (1.5) is known as the Fourier transform

of t(x1,y1) and is denoted by T(o,B) . Hence

- T(a,B) = JJ t(x1,y1) exp[iZﬂ(ux1-%By1)] dx, dy, (1.6)

The Fourier transform is of fundaménfal importance in
imaging and invmany aspects of mathematics, science and
engineering. Among integral transforms +he Fourier
transform is reﬁarkable because of the simplicity bf its

inversion formula, which is

[o0]

t(xq,yq) = JJ T(o,B) expl-i2m(x 0 +y,8)! da dB (1.7)

=00

It is convenient to denote a function and its Fourier
transform by the lower and upper case forms of the same
letter. The notation used in this thesis follows this
convention wherever possible. Fourier transforms may
involve functions of any number of variables, analogous

with the two-dimensional forms in eqn (1.6) and eqn (1.7).



1.3.2 1Image Formation by Lenses

An optical system with a single thin spherical
lené (focal length f) is shown in Fig. 1.2 . A plane wave
propagates in the direction of the positive z‘axis. it
passes through a transparent object (complex amplitude
transmittance t(x1,y1)) and is incident on the lens centred
in the plane z = 0. Collier, Burckhardt and Lin (1971) show
that when dz tends towards zero (i.e. the object is:
inmediately adjacent to a thin lens) the complex amplitude
a3(x3,y3) of the wave at z = f has the same form as the
right~hand side of eqn (1.5). The corresponding expression
for 53(x3,y3) is given by eqn (1.5) and eqn (1.4) with
X and Y3 replacing X, and Yo anqiw;thvd = £. In eqn (1.5)
the exponential term multiplying the "integral is known as a
"spherical phase factor" since it represents the phase |
distribution'of a spherical wave diberging from a point on
the z axis. | |

When the dbject and lens are sepavated (i.e._ d, is
non-zero) only the spherical phase factor is affected.
Apart from this factor, plane wave illumination of a
transparent object t(x1,Y1) situated in front of a lens
produces in the back focal plane of the lens (i.e. at.z = f)
a complex amplitude distribution which has the form of the
Fourier transform of t(x1,y1). This relation holds
independent of the distance d, separating the lens and the
transparent object. When the object is placed in the front
focal plane of the lens (i.e. d2 = f) the spherical phase
factor becomes unity and a3(x3,j3) is directly proportional

to T(o,B).



The Fourier transforming and imaging propertiés of
a lens are conveniently illustraﬁed by the geometric-optics
diagram of Fig. 1.3 (Cowley 1975). As above, a plane wave
is incident on the object and is imaged by a lens of focal
length £. Wavés scattered by a point A of the object are
brought to a focus at A' in the image plane. From the
geometry of the diagram the image is inverted and magnified
by a factor dq/d2 . - Note that all waves scattered through
an angle ¢ are brought to a focus at a single point in the
back focal plane. This property is equivalent to
interference at a point at infinity when no lens is present,
as shown in Fig. 1.1 when condition (1.3) applies. Hence
the amplitude distribution iﬁ the back focal plane is
that of the Fraunhofer diffraction pattern and is thus
proportional to T(a,B). For this reason the back focal
plane of a lens is often referred‘ﬁo as the "diffraction
plane", especially in electron microscopy. Both terms
are used interchangeably in this thesis.

Although the geometric ray diagram of Fig. 1.3 may
appear to explain the Fourier transforming property of a
lens it merely illustrates the wave-optics description. The
rays scattered by the object at angle ¢ have no existence in
the domain of geometrical optics. Using wave-optical
concepts these rays may be regarded as arising from the
superposition of plane waves originating at each point on
the exit surface of the object and propagated at an angle ¢
relative to the incident wave. These waves at angle ¢ may
be called "diffracted waves" and the corresponding wave

normals the "diffracted rays" (Born and Wolf 1970).



The wa&e theory of'image formation by a lens Qas
proposed by Ernst Abbe in 1873 (see Born and Wolf 1970,
p.420 for references, also Volkmann 1966). The imaging
process consists of two successive Fourier transforms.
First the diffracted’radiatioh from the object interferes
in the back focal plane to give the Fraunhofer diffracﬁion
pattern. Then the radiation from the back focal plane
forms an interference pattern in the image plane. When the
image plane is effectively at infinity the amplitude
distribution in the image is given by the Fourier transform

of that in the back focal plane.

1.4 HOLOGRAPHIC IMAGING

1.4.1 Principles of Holography

Radiation emanating from an object contains
information about the object in the/form of amplitude and
phase variations across the wavefronts. If the waves are
coherent the relative phases of the parts of a wavefront are
constant with time.‘ A recording of such a‘wavefront is
often required. However, conventional recording media
(e .g. photographic film) respond to tne average energy of
the wave over a time interval corrésponding to many wave
periods. Hence the relative phases of the parts of the
‘wavefront are not recorded. Only the spatial distribution
of the intensify (i.e. the square of the amplitude) of the
wavefront can be reconstructed from such a recording.

The imaging principle known as holography enables

the reconstruction of both the amplitude and the phase of

the original wavefront from a recording of intensity only.
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Gabor (1948, 1949, 1951) realised the advantage of fotming
an interference pattern using the original wavefront and a
reproducible reference wave. Only the intensity of the
interference pattern can be recorded, but the original
Wavefront is reconstructed when the recorded "hologram" is
illuminated with the reference wave. Other components are
produced in addition to the desired reconstructed wavefront.
However, the objectAand reference may be arranged to ensure
that the desired image is separated in space from these
unwanted components.

The radiation from the sources available to Gabor
had only a limited degree of coherence. With such a Source
the only useful reference is thé undiffracted component of
the wave transmitted by an almost:tfaﬁsparent object.,
Interference of the undiffracted waves with the diffracted
components produces a pattern which when recorded forms an
"in—liﬁe“ hologram. However, the reconstruction from this
type of hologram consists bf the desired wavefront corrupted
by other additive waves (Goodman (1968), for examplé,‘gives
a more detailed discussion). Although Gabor (1949, p.486)
knew of other arrangements for the recording of holograms
their advantages could not be fully realis=d until the
advent of the optical laser. The highly coherent radiation
then available allowed Leith and Upatnieks (1963, 1964) to
form holograms using an off-axis reference wave. Leith and
Upatnieks (1962) had previously demonstrated the potentialv
of the off-axis recording arrangement by an extension of thé
existing theory and by experiments using a mercury discharge

light source. However it was the spectacular reconstructions



they obtained using a lasér which led to the revival of
interest in holography.

Theisimplest form of off-axis reference is shown in
Fig. 1.4 . The object transparency and the prism are
illuminated by a coherent plane wave travelling in the
direction of the z axis. The wave transmitted by the object
interferes with the wave refracted by the prism, and the
film records the intensity of the interférence pattern in
the (x,y) plane. Let o(x,y) be the comple# amplitude of
the object wave incident upon the film. Zero spatial
frequency is taken to correspond to a plane wave in the
direction of the z axis. Hence the complex amplitude of
the reference wave, denoted by r, incident on the film is

(Collier, Burckhardt and Lin 1971)
r = |r| exp (i 2w o, x) (1.8)

vhere (-ur) is the spatial frequency of the reference wave
and

o, = sin 6/A (1.9)

The amplitude of the interference pattern in the (x,y) plane

is (o+r) and its intensity I is

I = (o+r) (o+r)"
= Jo(x,9)[* + |r|? + o(x,y) [r] exp(~i27 a_. x)
+ o' (x,9) || exp(izra, x) (1.10)

%
where o denotes the complex conjugate of o . 'The hologram
is formed by exposing the film to the interference pattern.

Let t be the transmittance of the film after the photographic

development process.
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The exposure time and the subsequent processing may be
selected (Butters 1971) to ensure that t is linearly

related to I, to a first approximation. Let

t = t -kI (1.11)

where to is the transmittance of unexposed film after
development, and k ié a constant. Consider the effect of
illuminating the hologram (transmittance t) with the original
reference wave. The complex amplitude of the wave emanating
-from the hologram is rt, and from eqns (1.8), (1.10).and

(1.11) it is composed of five terms:

Olrl exp(i2ma _x) + lo(x,y) |?|r] exp(i2ma _x)

+ |r|?® exp (i2ma x) + lr]20(x,y)

+ |r|? o*(x,y) exp(i#warx) (1.12)

where the constant k is taken to be, -1 . Noté that the
fourth term is proportional to the o:iginal object wave.
Following Leith and Upatniéks (1962), Collier, Burckhardt
and Lin (1971) show that the reconstruction of the original
object wave is not contaminated by the other waves

represented in egn (1.12) provided that

o > 3 o ox (1.13)

where O hax is the highest spatial frequency having
significant amplitude in the Fourier transform of the
object transparency. There is a large body of literature
on holography in which the basic result in eqn (1.12) is
generalised to include the effects of partially coherent
illumination, of f£ilm thickness, resolution, and non-

linearity of the relation between t and I, e.g. see
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DeVelis and Reynolds (1967), Goodman (1968), Stroke (1969),
Collier, Burckhardt and Lin (1971), Menzel et al. (1973)

and Cathey (1974).

1.4.2 Formation of Holograms.

A "Fresnel"‘hblogram is formed using the object and
reference bean geomeﬁry shown in Fig. 1.4 , This type'of
holoqraﬁ results when the film is placed in the Fresnel
diffraction region (near field) of the object (DeVelis and
Reynolds 1967). Fresnel holograms require no lenses for
their formation or reconstruction and they may be formed
with radiation reflected from an opaque object (Leith and
Upatnieks 5964).

An "image plane" hologram is formed using the
arrangement shown in Fig. 1.5 . Theriens forms an in-focus
real image of the object which interferes with the reference
wave to form ﬁhe hologram (Bryngdahl and Lohmanp'1968a,
Brandt 1969).

A lens may be employed to obtain cwo wavés which
represent the Fourier transforms of the oblect and reference
source distributions. A record of the interference of these
waves 1s known as a "Fourier transform" hologram (DeVelis
and Reynolds.1967). When the reference 1s a point source pf
radiation, as shown in Fig. 1.6, its Fourier transform is
represented by a plane wave propagating at an angle to the
film, cf. Fig. 1.4 . In section 1.9,1 it is
shown that the complex amplitude of the object wave may be
reconstructed from a Fourier transform hdlogram if s is

greater than the spatial extent of the object beam.
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The reconstruction is obtained using a lens to form an image
of the Tourier transform of the hologram,

Fourier transform holograms may be formed using an
extended reference source instead of the point source shown
in Fig. 1.6 . Spatial modulation of the reference wave from
an extended source leads to the formation of a hologram
which can be used as‘a spatial filter for image processing
(see Chapter 2) or for optical charaéter recognitibn and
similar applicaﬁions (Vander Lugt 1964; Vander Lugt, Rotz
and Klooster 1965). "Lens-less" Fourier transform holbgrams
are formed when the geometry of Fig. 1.6 is used, but
without the lens. The source distribution of an acoustic
or radio antenna may be determined from a lens-less Fourier
transform hologram formed in the far field of its radiation
pattern (Bates 1971; Napier and Bates 1971, 1973).

Radiation from a known source distribution is used as‘the
reference wave. Other applications of acoustic and radio
frequency holography are described by Mueller (1971) and

Leith (1971). | |

Optical holography is now applied to a wide variety
of problems in science, engineering and technology - see,
for example, Barrekette et al. (1971). Many applications
are described in the books cited at the end of section 1.4.1
and in the reviews of CGoodman (1971) and Gabor (1972).

When coherent light propagates through a randomly
fluctuating medium, or reflects off a rough surface, it
forms an image which has a random distribution of intenéity.
Such images are known by the descriptive term "speckle"

patterns (Dainty 1975). Speckle arises in coherent optical
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systems when light is reflécted‘off dust particles in the
air and on lenses and mirrors, contributing a noise-like
background to the desired image.

In contrast with their often undesirable aspects,
speckle patterns find a wide Variety of appliéations
(Dainty 1975) - for an interesting example see Briers (1975).
In optical astronomy, an unresolvable star may be used as a
reference in the formation of a "speckle hologram"'(Bates,
Gough and Napier 1973). Images of multiple star systems may
be reconstructed (Gough and Bates 1974) after averaging a
large number of such speckle patterns (Labeyrie 1970).A

Holograms may be generated and reconstructed by a
digital computer using simulated rather than physical
wavefronts (Huang 1971). Computéf reconstruction of
holograms is often the simplest approach in acoustical and
microwave holography - see, however, Wu and Farhat (1975).
Gough and Bates (1972) show how computer generated holograms
may.be used for image reconstruction from projections (see

Part 2 of this thesis).

1.5 IMAGE FORMATION IN THE ELECTRON MICROSCOPE

1.5.1 Phase Contrast Imaging

Figure 1.7 shows the components of the transmission
electron microscope (Hawkes 1972). Electrons of high energy
(typically 100 KeV) are emitted from the electron gun. The
condenser lens focuses the electron beam on to a region of
the specimen a few micrometres in diameter. After passing
through the épecimen the beam ié imaged by the objective

and projector lenses on to a fluorescent screen,
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Because of the wave-like nature Qf the electron beam,

image formation in the electron microscope may be described
using the Fourier theory approach to imaging introduced in
section 1.3 .

The lenses used in electron microscopy employ
specially shaped magnetic fields to focus the electron
beam. Although considerable effort has been expended on
their development (Ruska 1966) the aberrations of these
lenses remain much more significant than the aberrations
of light-optical lenses. Despite the use of modern
computer~aided design techniques (Hawkes 1973) the
resolution of the electron microscope‘is limited by the
spherical aberration (Septier 1966) of its objective lens.
Frank (1974) discusses the theoretical limits of.resolution
imposed by lens aberrations.

The thin gspecimens examined dn biological and high
resolution electron microscopy absorbh a negligible number
of the electrons incident upon them (Erickson and Klug 1971).
The thin specimen modulates only the phase of the
transmitted electron wave. If the incident wave is of unit
amplitude, the object wave ao(xo,yo) transmitted by the

specimen is
a(x_,y ) = exp [it(x ,yv )] (1.14)

where t(xo,yo) is a real variable representing the phase
shift of the transnitted wave. If t(xo,yo) is appreciably
less than unity, then the "weak phase approximation"

(Erickson 1973, Misell 19276) is -valid, i.e.

ao(xo,yo) = 1 + 1 t(xo,yo) (1.15)
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where the higher terms in the expansion are insignificant.

The unscattered wave and the scattered wave transmitted by

the specimen are represented by the respective terms on the
right~hand side of egqn (1.15). A specimen for which

eqn (1.15) is valid is known as a "weak phase object",.

For an ideal objective lens, the complex wave
amplitude A(a;B) in its back focal plane is given by the
Fourier transform of ao(xo,yo), vLét‘(p,¢) be polar
coordinates in the back focal plane corresponding to the
Cartesian coordinates (0,B8). The spherical aberration and
defocusing of a non-ideal leng are equivalent to a
frequency-dependent phase shift X (p) which modifies the
waves in the back focal plané (BErickson 1973). The amount

of the phase shift, in radians, is (Scherzer 1949)

) ) 2
X{p) = %TL{— C, %—+Af%—} (1.16)

where Cq is the coefficient of spherical aberration and
Af is the deviation from focus. The modified wave in the

back focal plane is

A(p,9) explix(p)] = [6(p) +1 T(p,9)] expli X(p)] (1.17)
using eqn (1.15), where T(p,¢) = T(o,B) is the Fourier
transform of t(xo,yo) . Since t(xo,yo) is real

%
T(~-a, =B) = T (a,B) (1.18)

The complex amplitude a1(x1,y1) of the wave in the
image plane is found from the inverse Fourier transform of

eqn (1.17). Hence

a1(X1,Y1) = 1 + 0(X1/y1) (1.19)
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with

O(X1IY1) = 1 II T(a,B) expli X((uz-kﬁz)%)l
: OA
exp[~i2ﬂ(x1u~+y18) da dBp (1.20)

where the integration is over the domain OA of the
objective lens aperture (referred to the a,8 plane) and
constant factors relating to the image magnification are
omitted.

The recorded image (micrograph) depends on the
intensity of the electroﬁ wave in the image plane.
The exposure and subsequent photographic processing
may be controlled so that the optical density (—log10
(transmittance)) of the developed film is proportional to
the electron density (Valentine T§65;,ﬁ966). Note that the
responses of film to electrbns and to light are quite
different - for details see the references cited above,

The intensity of the electron wave in the image plane

is, from eqn (1.19),
. % %k
a1 (X1IY1) a.] (X1,Y1) = 1 + O(X1 1Y1) + O (X']IY‘I)

+ IO(X1rV1)12 (1.271)

A conmparison of equations (1.10) and (1.21; shows that fér
weakly scattering speciméns the electron midroscope image is
a form of "in-line" hologram. Further correspondences
between electron microscopy -and holography are explored by
Hanszen (1971), Lohmann (1974) and Misell (unpublished).

For a weakly scattering specimen the term lo(x1,y1)|2
in egn (1.21) is negligible compared with the other terms

(Erickson 1973). Subtracting the constant background
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intensity in eqn (1.21), and using eqns (1.18) and (1.20),

the image contrast ig found to be

&
a (X 'Y ) a (X 'Y ) -1 = JJ [“ZT(OL’B)
1Y .1 1TV OA

sin{x((u2-%82)%)}]exp[~12ﬂ(x1a-Fy16)] do. dB (1.22)

Erickson (1973) obtains a more detailed result which
includes the effect of the atomic scattering factor.

The Fourier inverse of eqn (1.22) shows that the
Fourier transform of the‘intensity contrast in the recorded
micrograph is proportional to T(p,4¢)sin{x(p)}, for all
~spatial frequencies p transmitted by the objective
aperture. Hence an idealised electron microscope having
no imperfections other than sphep;callaberration and
defocusing represents a linear, space-invariant imaging
system for weak phase objects. Now, T(p,9) is the transform
of t(xo,yo), hence the factor sin{xkp)} may be‘interpreted
as the "transfer function" of the microscope (Lenz 1971)
when a weak phase object is examined. TIsing eqn (1.16)
with a known value of Cqr the transfer function may be
plotted for various values of defocus A% (Hargzen 1970,
Erickson and Klug 1971). ZRrivanek (1¢74) shows how Af and
Cy may be obtained from a test micrograph. WNote that a
micrograph would be featureless (zero contrast) for a weak
phase object in the absence of spherical aberration and
defocusing since ¥ (p) is then zero. When x(p) is non-zero
a "phase contrast" image is obtained. For biological
specimens, best results are obtained using Af = -90 nm
resulting in the transfer function shown in Fig. 1.8

(Erickson and Klug 1971).
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A band of spatial frequencies is imaged without significant
‘distortiqn but some higher spatial frequencies are imaged
with reversed contrast. The contraét reversals may be
eliminated by decreasing the size of the objective aberture,

with a consequent loss of resolution.

1.5.2 Image Improvement

The transfer. function of the electron microscope
could be improved by the introduotion of selective phase
shifts to the waves in the back focal plane of the objective
lens. Annular "zone plates” to achieve this have been
widely investigated - see Hawkes (1973, p.6), Hanszen
(1973) and Stroke et al. (1974) and their references. Zone
plates are capable of improving the performance of the
microgscope but their use inevitably introduces a new and
potentially overwhelning source of aberration into the
electron optical system. A full discussion of the practical
techniques is given by Willasch (1975)'together with
experimental results. ‘Mﬁller (1976) gives a detailed
description of the manufacture of zone plates.

The use of zone plates is an attempt to improve the
performance of the electron microscope by error compensation
at the time the image is formed. The alternative approach
to obtaining an improved image of the specimen is to process
the microscope image after it has been recorded. For a weak
phase object T(p,9) sin{x(p)} can be obtained by a direct
transform of the recorded micrograph, as eqn (1.22) shows.
The standard methods of image processing (see Chapter 2)

may be used to obtain an image whose transform more closely
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approximates the desired T(p,¢) than that of the original
micrograph.

The micrograph of a weak phase object is particularly
amenable to image processing. Unfortunately the weak phase
approximation is inapplicable for many specimens of interest
in electron microscopy, particularly metallurgical and
heavily stained biological spécimens (Misell 1976). Further
complications arise when the specimen modulates the
amplitude as well as the phase of the electron beam, which
is likely for thick specimens (Cowley 1975). Similarly,
realistic descriptions of image Formation in the electron
microscope (e.g. Hanszen 1971) must take into account the
mechanism of "amplitude contrast" (Erickson 1973) and many
characteristics of the microscopérimaging system which are
not discussed here. Hence in practice the transform of the
micrograph is unlikely to be simply related to T(p,¢) and
subsequent image processing is not straightforWard.

Given a detailed déécription of the microscope's
imaging characteristics, effective image procesgsing requires
a knowledge of the complex amplitude of the wave at the
microscope image plane. This wavefrout may be reconstructed
from a hologram formed in the image plane of the microscope.
The following sections of this chapter discuss image
formation methods which are specifically intended to
expedite subsequent image procesgsing. Some processing:
considerations are described and a brief discussion of the

methods of image processing is presented in Chapter 2.



1.6 HOLOGRAPHY AND THE ELECTRON MICROSCOPE

The electron wave transmitted by a specimen contains
information about its structure encoded in the form of
amplitude and phase variations across the wavefront. But
unless the "weak pﬁaée" approximation holds, the phase of
the wave in the imagé plane cannot be extracted from a
single conventional micrograph.

Gabor (1948) conceived the principle of holography
as a means of recording a micrograph so that the complex
amplitude of the wavé‘could be reconétructed, using light=-
optical processing to correct for the aberrations of the
electron léns. Gabor performed a light-optical simulation
of his method. Electron microscope experiments were
initiated (Haine and Dyson 1950) and<Roqers (1952)
significantly extended the light-optical implementations
of holography. However the electron microscope.experiments
net with very little success (Haine énd Mulvey 1952). Aﬁ
the time of these experiments the resolucion of the electron
microscope was limited more by instrumcnt instabilities
(vibration, specimen stage drift and contaminztion, and
power supply fluctuations) than by the spherical aberration
of the electron lens. The relative weakness of the electron
source compounded these problems, since very long exposure
times were required,

Perhaps the first practical application of in-line
holography (as demonstrated by Gabor (1948) in his original’
experiments) wag the measurement of the size and shape. of

dynamic aerosol particles (Thompson et «l. 1967) using
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Fraunhofer in-line holograms (see Collier et al. 1971,
DeVelis and Reynolds 1967). Many of the practical
limitatiohs of the electron microscopes used for the early
holographic experiments have been overcome in modern.
instruments. In-line Fraunhofer holograms have been formed
in the electron microscope and successfully reconstructed
using coherent light by Tonomura et al. (1968). Other
results obtained by this research group are discussed by
Hanszen (1973), who also presents light-optical simulations
and further reconstructions from electron holograms.
However it seems unlikely that Fraunhofer in-line holography
can be used to extend the resolution of the electron
microscope (Hanszen 1973) - gee also the work of Munch (1975)
and Asakura et al. (1977).

Off-axis holegraphy in the electron microscope became
possible when MOllenstedt and Duker (1956) developed the
electrostatic biprism beam~splitter, which is the eiectron~
optical equivalent of the Fresnel biprism used for light.
The electrostatic biprism consists of a very thin
conducting fibre whiéh is placed in the path of the electron
beam. Typically é 1=-2 um gold-plated quartz fibre is used
(Munch 1975) and a positive potential ié applied to it..

The electron wavefronﬁs are divided and distorted in such a
way that an interference pattern is produced below the fibre
as 1f the electrons were coming from two coherent sources
either side of the original electron beam. Mollenstedt and
Duker (1956) present electron interference patterns produced
by such a biprism. The relevant theory is given by Gabor

(1956) who also refers extensively to previous electron
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interference experiments,

Menter (1956) used electron interference in the
microscope to assist the study of crystal lattices. Faget
and Fert (1957) and Buhl (1959) built special "interference"
electron microscopes incorporating the biprism beam splitter,
which was positioned following the objective lens. With no
specimen in the microscope, the two virtual sources produced
by the beam splitter form an interference pattern in the
image plane. A specimen in such a microscope is effectively
in one arm of an interferometer (Saxon 1972a). A hologram
is formed in the image plane, where.the "object wave"
consists of the wave scattered by the specimen and the
undiffracted background wave betwgenAthe specimen and the
biprism (Munch 1975). MdOllenstedt and Wahl (1968) form a
hologram of this type in the electron microscope and from
it reconstruct an image of the specimen using laser light.
They illuminate the specimen using a line focused electron
beam which is coherent with respect +o only one spatial
dimension. Hence the hologram is essentiallybone~
dimensional, and linear fringes are cicarly visible in the
published photograph of their holograr:. More conventional
holograms are formed by Tomita, Matsuda and Komoda (1970,
1972) using a circularly symmetric coherent electron source
and electrostatic biprism. .

Saxon (1972a) forms offset-reference Fresnel
holograms using an electrostatic biprism between the
specimen and the first magnifying lens of the electron
microscope. He uses a field emission electron source and

emphasises the importance of careful attention to



experimental details. The'holograms are reconstructed
optically using a laser. He also demonstrates (Saxon 1972b)
optical cbmpensation of electron lens aberrations, However
the best resolution obtained is only about 500 R , l.e. two
orders of magnitude inferior to the performance of the
conventional microscope. This work is extended by Munch
(1975) who achieves resolutions in the optically
reconstructed image of 50 A for off-axis Fresnel electron
holograms and 10 A for in-line Fraunhofer holograms. He
finds that the performance of boﬁh types of hologram is
limited by a lack of sufficient contrast. In the Fresnel
hologram, the object wave consists of the wave scattered by
the specimen added to the undiffraéted beam, hence the image
of the specimen is reconstructedl@iﬁh bnly a low contrast,
The in-line Fraunhofer hologram of a small particle has
insufficient contrast to enable a useful image to be
reconstructed from it (Munch 1975). Such a holbgram is
indistinguishable from a wéll-focused micrograph,
Defocusing of the microscope magnification system iﬁproves
the image contrast (by the phase-contragt mechanism discussed
in section 1.5.1) but the contrast of the holographic
interference fringes is reduced further. The fringes have
insufficient contrast to be recorded by the film, hence no
useful reconstruction of the small particles can be obtained
from the hologram.,

Wahl (1974) forms an image plane electron hologram
using a biprism. The hologram is reconstructed using a
laser and he shows how the amplitude and phase of the

reconstructed light wavefront may be determined using a
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plane wave of light as an éuxiliary reference. Weingartner,
Mirandé and Menzel (1969) argue that image plane holography
>using a biprism is the most suitable.method for forming
holograms in the electron microscope. They present é
detailéd analysis (Weingartner, Mirandé and Menzel 1970)

of the effects'of partial coherence of the electron beam.
However, their general conclusions are not shared by
Hanszen (1973) who states that in-line holography should be
used, particularly for weakly scattering objects. He
argues that wavefront division to derive an off-axis
reference beam always requires asymmetrical electron opticai
elements. Such an element (e.g. a biprism) disturbs the
rotational symmetry of the imaging system and the electron
lens aberrations are severe for Ege waves which do no£

propagate close to the optical axis of the systen.

1.7 NEW PROPOSALS FOR BLECTRON HOLOGRAPHY

1.7.1 Introduction to Crysto~holography

In light optical holography, off-axis reference waves
are used where possible in preference to the in-line
configuration. When the reference beam is sufficiently
off-set (condition (1.13)) the reconstruction of the object
wavefront is not contaminated by the other waves
reconstructed from the hologram.

The formation of a Fourier transform hologram
(section 1.4.2, Fig. 1.6) in the electron microscope retains
the advantages of off-set holography but avoids thé
undesirable effects of the biprism beam splitter. The

insertion of an aperture in the back focal plane of the



objective lens is the only modification to the electron
optics which is required for the formation of this type of
hologram. There is, however, the requirement of a point
source in the back focal plane. This source must produce

a reference wave of reasonable strength so that the
interference fringes are ofvsufficient contrast to be
recorded by the film in the image plane of the microscope.
Bates and Lewitt (1975) suggest that one of the higher order
Bragg reflections in the diffraction pattern of a crystal
would be suitable. >The name "érystOwholography" seems
appropriate to describe the formation of a Fourier transform
hologram using a reference wave derived by diffraction from
a crystal. Section 1.9 gives a detailed description of
crysto-holography, essentially unchanged from that presented
by Bates and Lewitt (1975).

Menter (1956) describes intetrference experiments with
crystalline spedimens in the electron miéroscopé. When only
two of the crystal diffraction orders are transmitted by an
aperture in the back focal plane, an .nterference pattern is
formed in the image plane. Interference patterns of this
type are widely used as a test of the electron microscope
(Sieber and Tonar 1975, Munch 1975).

Section 1.9 uses the principle of off-set holography
to extend the interference technique pioneered by Menter
(1956). An efficient holographic method is proposed which
would enable the structﬁre factors of a perfect crystal to
be deduced unambiguously (see section 2.4.2). For this
particular method to be successfil, the specimen must be

sufficiently rugged (as it often is in metallurgical
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applications, for instance) that it remains undamaged after
prolonged exposure to the electron beam. Crysto-holography
enables reconstruction of the phase, as well as the
intensity, of the diffraction pattern of faults or
dislocations in a crystal, which are of fundamental
importance in material science - see, for example, Valdré
(1971). -

The method of crysto"holography may be used to
reconstruct the complex amplitude of the diffraction pattern
of an aperiodic (i.e. "amorphous") specimen deposited on to
a crystalline substrate. In this éase only a single exposure
to the electron beam is required. The substrate should be as
perféct a crystal as possible, but the demands that this
requirement places on specimen prépaiafion techniques may
not be trivial. 1In a related context it is interesting to
note that Croce and Névot (1975) study the X-ray diffraction
from a composite specimen consisting of an amorphous
- substrate on which a thiﬁ layer of crystal is deposited.

If it proves techniéally feésible to nrepare speciméns of
this type for the electron microscope, then crysto-holography
may be a convenient method of obtaining'the phases of
diffraction patterns of‘microbiological spadimens,‘many 6f
which are damaged appreciably by a single exposure to an
electron beam (Unwin and Henderson 1975). The method of
crysto—hologréphy requires only a single micrograph which,
for a delicate specimen, represents a significant advantage
relative to many other proposed techniques (see section 1.8
and Chapter 2). An encouraging optical simulation of one of

the crysto-holography proposals is described in section 1.9.
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Digital image processing of electron micrographs
is becoming increasingly popular (see Chapter 2).
Crysto~holograms could be similarly processed. However
they could also be processed on a conventional opticél
bench. The optical technique of Stroke and Halioua (1973)
depends upon the validity of the weak phase approximation
and requires both amplitude and phase filter components,
The processing of a.crystONhologram is gimpler, since only
a phase correcfion filter is required, and 1is applicable for
any specimen which interacts coherently with the electrén
wave.

It is interesting to note that Tonomura (1969) has
apparently derived a reference wave for off-axis electron
holography using a thin crystal iﬁstéad of the conventional
biprism. However, it is not clear which particular forn éf
off-set hologram was recorded, e.g. Fresnel, Fourier
transform (as in crysto-holography) or inage plane hologram
(Weiﬁgartner et aZ.'1969)., |

The fringe contrast of a crysto-hologram would be
improved by making use of a central beam stop in the
microscope back focal plane ag in a technique suggested by
Hoppe,'ianger and Thon (1970). Central beam stops are used
in conventional electron microscopy to produce "dark field"
images (Haﬂszen 1976) .

The crysto-hologram ig formed by the interference of
coherent radiation. However, some‘eléctrgns are ‘scattered
inelastically (i.e. with a loss of energy) by the specimen
and they effectively form an incoherent'backgrdund "noise”

in conventional microscope images. The incoherent nature of
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these electrons means that.they contribute very little to
an image reconstructed from a hologram. Similarly, the
non-linearities of the recording process are filtered out
by the reéonstruction procedure, asg the optical simulation

(section 1.9) illustrates.

1.7.2 Biprism Crysto-holography

Pézzi (1977) proposes an interesting mbdification to
the method of crysto-holography originally éresented by
Bates and Lewitt (1975). An amorphous specimen is deposited
on a.crystalline substrate, as in crysto~holography, but
Pozzi's (1977) method also makes use of a conventional
electron biprism in the back focal plané of the microscope
objective lens.

The diffraction pattern & (o,£) of the amorphous
specimen modulates all the crystal diffraction orders.

The modulated beams do not overlap érovided that & (a,B)

is negligible for Ialniu/2 and for IB]_ZV/Z, where the
notation is defined in section 1.9.2. Pcazi

(1977) proposeslto select two adjacent modulated beams, in
the microscope's back focal plane, using a mazk having only
a single hole. An electron biprism ig also positioned in
the back focal plane so that its filament lies between the
two selected beams.  The biprism applies opposite phase
shifts to the reépective beams. After Fourier
transformation, two images are formed‘whose relative
displacement is proportional to the amount of the relative
phase shift'occurring in the back focal plane.

Consider an amorphousAspeéimen of finite extent dS,

say, which is illuminated by a coherent wavefront at least
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2<iS in extent. Hence at least half of the wavefront is not
modulated by the épecimen. The phase shift of the biprism
is adjustéd so that the. images of the specimen do not
overlap. Pozzi (1977) shows that the unmodulated portion
of the illuminating wavefront gives rise to an off-axis wave
in the image plane which may overlap an image of the
specimen to form a hologram. Hence two image plane holograms
may be formed using this method, which is conveniently
described as "biprism crysto-holography”.

| It is interesting to apply the holographic off-set
condition (see inequality (1.13) or (1.27)) to Pozzi's
proposal. The condition is found to be satisfied when
£(a,B) is negligible for Ialé:u/3 and for |B|>v/3. Hence
if u, ig the smaller of u and v the'biprism filament may
have a diameter of up tO‘uS/B without adversely affeéting
the image hologram. In fact a filament of diameter.usy3
positioned equidistant from the two selected beams improves
the quality of the‘reconstructed image since it blocks waves
which do not satisfy the off-set condition. |

Pozzi (1977) states that biprism crysto-holography

should have advantages relative to the separate use of
either crysto-holography or conventional methods employing
biprisms. The offmaxis positioning of the biprism avoids
a number of the problems which arise with the conventional
implementation, and is likely to lead to images of higher
resolution (Pozzi 1977). For the implémentation of crysto-
holography, the mask in the back focal plane must select an
effectively unmodulated reference beam. A much simpler

mask is required for the combined method, but at the expense
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of introducing a biprism.

In biprism crysto~holography, the reference beam is
derived from the parts of the illuminating wavefront which
pass around and beside‘the amorphous specimen, rather than
through it. Because of the extended wavefront this method
is likely to demand a higher degree of coherence of the
electron wave than is necessary for crysto-holography.
This conjecture can only be verified by extending the
analysis of Mirandé et al. (1969) to include the modified
form of Fourier holography which Pozzi (1977) proposes.
Such an analysis should also include a realistic (rather
than idealised) description of the characteristics of the
electron biprism,‘so that its effect on the performance of

the method may be assessed.

1.8 DUAL TIMAGE FORMATION IN THE ELECTRON MICROSCOPE

The goal of high resolution elactron microscopy is
the determination of the amplitude and plese of the electron

wavefront emerging from the specimen. The interpretation of

the complex wave amplitude in terms of the gpacimen
structure is clearly not a trivial problem but is not
considered here.

In a unifying treatment Lohmarnn. (1974) defines
holography as "a general method of measuring the amplitude
and the phase of a wavefront”. Lohmann emphasises the
duality inherent in holography, since amplitude and phase
are two independent variables. Conventional holography,
using a reference wave, requires'only a single measurement

(i.e. intensity) = a single hologram, togethei with a
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knowledge of the original féference bean, is sufficient to
reconstruct a complex amplitude. There are other examples
where independent information enables amplitude and phase

to be reconstructed from a single intensity record, e.g. the
weak phase object (section 1.5.1) and pure amplitude object
(Lohmann 1974) = see also Bates (1972). When independent
information is not available, at least two sets of intensity
‘measurementslare_required for the unique determination of
ampiitude and phase. Lohmann (1974) lists (with references)
the following examples of particular interest in electron
microscopy:

(1) Two in-line holograms in phase quadrature

(2) Two supplementary single-sideband images

(3) Two (or more) images with different focusing

(4) Image intensity and diffraction plane intensity

(5) Dark field and bright field images.

The emphasis in this section is on the formation of dual
images =~ the processing of such images to obtain a complex
amplitude is discussed in Chapter 2.

The first dual image method to he consgidered is that
of Greenaway and Huiser (1976) since tueir work is directly
motivated by‘the prinbiple of crystOHholography‘(section‘1.7
and section 1.9). Greenaway and Huiser (1976) form a
hologram F(x,y) in the microscope image plane és described
in section 1.9.1 and section 1.9.2. In addition they propose
to record a second micrograph, intensity F1(x,y) say, under
the same conditions but without the reference wave, i.e.
region R in Fig. 1.10 is masked. Hence the second

micrograph is not a hologram but simply an image of the
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specimen, the Fourier transform of which is filtered by
the aperture 0. From eqns (1.24), (1.25) and (1.26) it is
clear that the inverse Fourier transform of F1(x,y),

denoted by f1(a,8), is
£,(a,B) = w*(0,8) @ wla,B) (1.23)

using the notation established in section 1.9.1 which
follows. . Notice that £y(a,B) is equal to one of the
autocorrelation terms in egn (1.26b). Greenaway and Huilser
(1976) realise ﬁhat if the two micrographs are subtracted,
then w* @ w is cancelled out in the inverse transform of
F(x,y) - F1(x,y), i.e. in the correlation plane (Fig,'1.9b).
The off-set condition reduces to s > bp, hence for bw > bp
(as shown in Fig. 1.9a) the reference R may be brought
closer to O than for conventional holbgraphy, c¢f. condition
(1.27) . The separation s may be made zero if redion R is
small (e.g. a point-source reference) or if p(a,B) is known -
the autocorrelation term p* ® p ig then of small extent or
may be subtracted out, respectively. [N.B. the meaning of p
is, of course, that defined in section 1.9 - not section 1.5.1
of this chapter.]

The method of Greenaway and Huiser (1976) requires
two micrographs, but, because the conventional off-get
condition is relaxed, a'lower order and hence strongér
crystal diffraction spot may be used as the reference.
A reference wavefront derived from a lower order spot is
also less likely to be corrupted by the off-axis aberrations
of the electron lenses {(Hanszen 1973). But, in comparison
with single image crysto-holography, the dual -image method

is highly susceptible to errors caused by inexact
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repeatability of the microﬁcope‘imaging conditions, i.e,
drift, contamination, specimen damage and the effect of
different apertures (with and without the reference hole).
The subtraction of similar images is ﬁsually a procedure to
be avoided, where possible, in the interests of accuracy.
However an advantage of the subtraction operation is that it
effectively eliminates the effects of}inelastically
gcattered electrons (Greenaway and Huiser 1976) although
crysto-~holography is itself inherently insensitive to the
incoherent background which they produce.

| The availability of two micrographs, formed with and
without the reference field in R, relaxes the off-set
condition on the separation between O and R (see

Fig. 1.9a). In fact the off-set ;eférénce may be replaced
by two "effective reference"” fields inside the object
aperture O . Lohmann (1974) introduces the concept of a
"frequency gap" image which is formed with an opaque mask
blocking off a small part of the field within O.

A conventional miérograph is formed in the image plane when
no part of the objective aperture 0 (in the hack focal
plane) is blocked of £, By an ingenious‘derivation

Lohmann (1974) shows that the complex amplitude of the
field within O may be reconstructed from a conventional
nmicrograph supplemented with two frequency gap images.
Analogous to the offset condition, he finds that the two
opaque masks must be separated by at least half the maximum
extent of O, The processing required to extract the
complex wave amplitude would probably require the use of a

digital computer. The procedure invelves the subtraction of
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images, with all the attendant problens.

Hegerl and Hoppe (1972) describe a dual image
method of amplitude and phase reconstruction which has
even less in common with conventional holography than
Lohmann's (1974) frequency-gap technique. The intensity
of a specimen's diffraction pattern is measured for two
different illuminating beams. Using the known complex
amplitudes of these beams, the complex diffraction pattern
may be computed from the two corresponding intensity
patterns. Hegerl and Hoppe (1972) refer to this technique
ag "ptychography". The theory is presented in detail by
Hoppé, for both crystalline (Hoppe 1969%9a) and amorphous
specimens (Hoppe 1969b). A simulaﬁion is reported by
Hoppe and Strube (1969).

A special type of in=line hologram, termed
"single sideband hologram" by Lohmann (1956), may be
formed in the image plane of an electron microécope.

A gemicircular mask is introduced into the back focal
@lane of the microscope to intercept the part of T(p,¢)

for which m < ¢ < 27 . If a second hcologram is formed
using a complementary mask (opagque for 0 < & < 7 and
transparent in the other half plane) then the wavefront‘

in the image plane may be recoﬁstructed from the twb
holograms (Bryngdahl and Lohmann 1968b). The reconstruction
is not contaminated by other waves as it is in the
conventional in-line hologram.

Using single sideband holography it is possible to
obtain separate reconstructions of the amplitude and phase

distributions of the original complex wavefront, which is
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of considerable interest iﬁ the interpretation of specimen
structure - see Hanszen (1973) for discussion and
references. A simulation is reported by Downing and Siegel
(1973). A full account of the theory and experimentél
methods is given by Downing and Siegel (1975). They appear
to have at least partially overcome the problem of
contamination of the half plane apertures which prevented
previous attempts (Hanszen 1973) to realise single-sideband
holography in the electron microscope.

There are several other duval image methods which
enable the complex amplitude of a wavefront to be
reconstructed. However they are more appropriately
congidered in Chapter 2 in the context of image

processing.

1.9 CRYSTO-HOLOGRAPHY

This section presents a detailed discussion of
the method which we (Bates and Lewitt 1975) call
"crysto-holography". The major pért of the original paper
is reproduced here in an essentially unaltered form,
except for the introductory material (see gection 1.7.1)
and the addition of a few relevant remarks to the
concluding section. Note that the meaning of the symbol p
differs from that in section 1.5 Dbut the usage of the
coordinates (x,y) and (o,B) is in accord with the

preceding sections of the chapter.
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1.9.1 Principle of Off-set Holography

Suppose that a quasi-monochromatic field is confined
to the regions O and R of a reference plane (Fig. 1.9a),
with w = w(o,B) and p = p(a,B) being the fields existing
in O and R respectively, ©Now suppose that the radiation
emanating from the reference plane passes through an optical
system which forms, in an observation plane (the x,y plane -
the reason for our choice of symbols for the coordinates in
the reference and observation planes will soon become
c¢lear), the Fraunhofer radiation pattern (i.e. the Fourier
transform)'of the total field - denoted by ¥ = y(o,B) =
existing in the reference plane. Consequently, if the field

in the observation plane is denoted by ¥ = ¥(x,y) then
w(o,B) + plo,B) = ¥(a,B) « ¥(x,y) (1.24)

where the double-ended arrow indicates that Yy and - ¥ are a
Fourier transform pair.
We can only record the intensity, denoted by

F = F(x,y), of the field in the observation plane:
F(x,y) = [¥(,y)]%. (1.25)

We note that the convolution ﬁheorem for Fourier tfansforms
ensures that the inverse Fourier transform of ¥ is the
auto-correlation of Y. This auto-correlation is itself the
sum of three terms (note that the asterisk denotes the
complex conjugate, and the symbol & denotes correlation):

wEQ p . (1.26a)
We call this the "conjugate crogs-correlation” term.

z=¢(a,B) =0*® w+ p*@ p: the "auto-correlation” terms. (1.26b)
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p* ® W: the "cross-correlation" term. . (1.26¢)

On referring to Fig. 1.9, we see that these three terms
occupy distinct regions of the "correlation plane” (so
called because on it is portrayed, as in Fig. 1.9b, the

auto-correlation of P) provided that

s > b, off-set condition (1.27)

where b is the greater of k%) and l%), We call this
inequality the ”bffmset condition" because it must be
satisfied for Fourier off-set holography to be successful.
With regard to Fig. 1.9b, note that Z is the region of the
correlation plane occupied by ¢ = the term (1.26Db) defined
above - ana G- and G+ are the regions occupied by terms
(1.26a) and (1.26¢) respectively.

We now suppose that the field w existing within O
igs an unknown field, i.e. the "objegt" in holographic
terminology -~ whose phase and magnitude are required to be
recorded, whereas the field o existigg within R is to act
as a hologfaphic reference. If the physical size of R is |
as small, or smaller, than the diffraciion limit of the
optical system then . p* isg effectively a point source -
i.e. a two-dimensional delta function - so that the term
(1.26c), defined above, is directly proportional to w, to
within the diffraction limit. This means that the field
appearing in the region G+ of the correlafion plane is the
required "object”.

We have just described the egsence of Fourier off-set
holography. A field intensity - F(x,y) in this case - is
recorded, and from it is reconstructed - either in a digital

computer or with a coherent optical bench - a field in a
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correlation plane. Part of this latter field is proportional
the physical separation of the objecﬁ and the reference is
gsufficient to satisfy the off-get condition.

In the applications to be described in the rest of
this paper, the reference and observation planes are to bhe
identified with, respectively, the diffraction (back focal)
and image planes of an electron microscope - however, note
the suggestion made at the end of the first paragraph of

section 1.9.6.

1.9.2 Crysto~holography

The diffraction pattern of a perfect crystal is a
regular array of discrete beams, called "diffraction orders®
or "grating lobes". When the incident beam - whiéh
illuminates the specimen - is perpendicular to a lattice
plane, the diffraction orders can form a rectan§ular array
in the diffraction plane (as shown in Fig. 1.10)., The
system of numbering the diffraction orders is defined in the
caption to Pig. 1.10.

In bright-field microscopy the (0,0) order coincides
with where the electron beam incident upon the specinen is
imaged in the diffraction plane. So it is usually brighter,
and larger (as shown in Fig. 1.10), than the other orders.
In dark-field microscopy the (0,0) order is absent, having
been removed by a "stop".

Suppose that there is a fault (or dislocation) in the
crystal. It can be looked on as an aperiodic structure

superimposed upon the perfect crystal. Its diffraction
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pattern will be continuous and will occupy the parts of the
diffraction plane between the diffraction orders of the‘
perfect crystal. In general, the fault will spread across

a number of unit cells of the crystal, so that the major
part of its diffraction pattern - i.e. its diffraction-plane
field, denoted by &(a,B) =~ will tend to be localised around
only a few of the central diffraction orders.

The process by which the incident electron beam is
diffracted by the faulty crystal is such that the
diffraction pattern of the fault is modulated on to all
the diffraction orders. If u and v are the spacings of
adjacent diffraction orders in the o and B-directions
respectively, and if Am,nd(d - mu,B ~ nv) is the diffraction
plane field associated with the (ﬁ,n) order due to a perfeét
crystal = Am,n is the complex amplitude of the (m,n) order,
and d(o,B) is a "spot" normalised such that d(0,0) = 1‘
and whose size is determined by the actual optics of the
microscope - then the complete diffracﬁion pattern of the

faulty crystal can be written as

©

b} [d(e = mu,8 - nv) + (o - mu,B -~ nv)]Am n (1.28)
m,n = -ow !
If the A are normalised such that A = 1 then it almost
m,n 0,0
always happens that
i1 ¢
lAm’nl ST, AE AL F By o (1.29)

Because the crystal is usually mﬁch larger than the fault,

it also often happens that
|£(a,8) | << d(0,0) . (1.30)

Because the diffraction pattern of the fault can be

expected to be localised, most of it can be captured by a
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mask with a circular hole in it, such as O in Fig, 1.10
(the actual number of diffraction orders encompassgsed by O
depends upon the relative sizes of the fault and the unit

cell). The field existing within 0O is
w(o,B) = dlo,B) + E(a,B)

+ L' A d(og -~ mu,B - nv) + ol(o,B) (1.31)
m,n n,n

where the dash on the summation symbol indicates that it
includes only those diffraction orders, apart from the
(0,0) ordexr, that lie within 0. The field o = o (a,B)
includes all the diffraction patterns - modulated on to
the diffraction orders, apart from the (0,0)’order -
appearing within O . Becauge of the aforementioned
localisation of £, it can be expected that |o| will be
_of the sawe order of magnitude on the average as |AE|,
where A% is the average intensity of the diffraction
orders - apart from the (0,0) order ~_appearing‘within 0.

It is common eiectronmmicroscopal practice to use
masks in the diffraction plane. However, we sugges£ that
a mask with two holes (0 and R, as depicted in Fig. 1.10)
should bé used. The hole R ig centrad on one of the
diffraction orders, say the (u,V) order, far enough from’
0 to satisfy the off~get condition (refer to section 1.9.1)
and intense enough to.act usefully as a holographic

reference. The field existing within R is

p(o,B) = AM v d(o - pu,B =vv) + nla,B) (1.32)

where n = n(a,B) includes all the diffraction patterns -
modulated on to the diffraction orders -~ appearing within R.

Again because of the localisation of &, it can be expected
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that |n] is of the same order of magnitude as both |o]|
and A.

Now suppose that the intehsity F of the Fourier
transform of the sum of w and p is recorded. Consider
an optical reconstruction - appearing in the correlation
plane = of the Fourier transform of F . Appealing to the
two inequalities previously derived in this section, the
field appearing in the regién G, of the correlation plane
is

Aﬁ’v[d* d4d4+dad*re E] + n*®d (1.33)

neglecting all terms of lesser magnitude. The term d¥ ® d
blanks out. a small part of the middle of' Gy . The desired
cross~correlation term, d¥* & &, is contaminated by a term,
n¥ & d. However, the hole R 1is émailér than 0O (ideally,
R should allow only the (u,v) diffraction order to pass)
so that the desired term is only contaminated within a small
part of Gy.

Note that in dark-field microscopy} the field
appearing within O is

wla,B) = &(a,B) + T Amndmmmmsumﬂ4lwa&) (1.34)
m,n ' .

so that the field appeaﬁing in the region G, of the
correlation plane is essentially the desired term d* @ &,
to the same accuracy as before. This means that the hole R
does not need to be excesgsively small for the finest
possible resolution to be achieved. The hole R need only
be small enough to isolate one of the diffraction orders.
The diffraction plane field passing through O and R
is itself passed to the image pléne, where the density of

the recorded micrograph (the crysto-hologram) is
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proportional to the intensity of the field appearing there.

In the above discussion it is clear that the
essential conclusions are unchanged if the faulty crystal
is replaced by an aperiodic specimen deposited on to a

crystalline substrate.

1.9.3 Method of Succegsive Interferograms

The great technical/computationai problem in X-ray
crystallography is the estimation of the phases of the
structure factors (eVen today, this problem cannot be solved
for some structures) - the (m,n) structure factor is fhe
complex amplitude - i.e. ‘Am,n - of the (m,n) diffraction
order. We now show that - when the specimen is (ideally) a
perfect crystal = these phases can be obtained stxaightm
forwardly by crysto-holography (provided, of course, that
suitable specimens can be prepared).

A series of masks (identified by the integer 1), each
having two holes (R and 01), are needed (see Fig. 1.11).

The bright central (0,0) order is always used as reference
(it is worth noting that holographic techniques are usually
most easily implemented when the reference is more intense
than the object - part of the discussion presented in
section 1.9.6 ig relevant to thisg). In the first mask the
hole 01 encompasses the diffraction orders (1,n), for as
many values of n as is significant or practicable. Note
that the'separation between R and 01 satigfies the off-«sget
condition (refer to section 1.9.1). When this mask is placed
in the diffraction plane, the image plane micrograph has the

character of an interferogram (Menter 1956), which accounts
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for the heading given to this section. It is necessary to
conpute digitally the Fourier transform of the field
inténsity recorded on the micrograph. This Fourier
transform is the auto-correlation of the field which passed
through the mask.  The cross-correlation of the (0,0) order
with the (1,n) orders is that part of the transform which
occupies the region G; of the correlation plane. This
cross~-correlation consists of a series of what we call here
"correlation-spots", each of which is roughly twice the size
of the spot d(a,B) defined in section 1.9.2. The intensity
at the centre of the nth correlation-spot is directly

| 2

proportional to lAm ,|?+ .The phase at the centre of each

)1
correlation-spot is additively contaminated with the
irreducible (although, nominally/rknbwh) microscope
aberrations, which can be compensated for in the computerx.

Tt is worth noting that the distortion due to the
(unavoidably) finite size of the recorded micrograph can
also be compehsated for straightforwardly. The micrograph
can be thought of as the complete field intensity multiplied
by a "window", which in the simplest c¢z=e has the wvalue
unity where the micrograph is recordec and has the value zero
elsewhere. The computed field in the correlation plane is,
in fact, the true correlation-~plane-field convolved with the
Fourier transform of the window. The form of the window can
be altered by apodisation of the micrograph (this merely
involves multiplying the‘samples stored in computer memory
by real, positive numbers less than or equal to unity). One
of those forms is chosen whose Pourier transform is as small

as possible within an array of small regions (each no smaller
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than a correlation spot) in the correlation plane; the
centres of the regions lie on the B-axis, and the spacing
between adjacent centres is the same.as the spacing

between the (1,n) diffraction orders). It then follows
that the complex amplitude at the centre of each correlation
spot is still, effectively, directly proportional to the
corresponding structure factor (relative to the (0,0)
structure factor).

In the second mask to be placed in the diffraction
plane, the hole 02 encompasses the diffraction orders
(m,1), for as many values of m as is significant or
practicable. From the crysto-hologram obtained with this
mask in place, the complex amplitudes of the (m,1) structure
factors can be conputed relative to fhe (0,0) structure
factor. Reference to Fig. 1.11 shows that the results
obtained with the first two masks can be calibrated against
each other by requiring ﬁhat the (1,1) structure factor be
the same for both.

FPor mask 3, the hole 03 can encompass the
diffraction orders (é,n) and (3,n) without violating
the off-set condition, and the sgtructure factors obtained
therewith can bhe calibrated against those obtained with
mask 2 by examining the (2,1) and (3,1) factors.

For mask 4, the holé Ol can encompass the orders (4,n),
(5,n), (6,n) and (7,n).

It can be seen that with comparatively few masks,

a great number of structure factors can be evaluated and

cross~checked.
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1.9.4 Image Processing

As pointed out earlier, the object field w can be
obtained from the crystbwhologram by digital processing.
However, it can also be formed optically. If the hologram
is placed in a Fourier transform optical bench and is then
illuminaﬁed with laser light, the field will form part of
the field appearing in the diffraction plane of ﬁhe bench
(note that this is the correlation plane, (Fig. 1.9b)).

If a mask is placed in this plane, isolating the field w,
there will appear in the image plane a light-optical
representation of the original electron-microscope spécimen°

One of the main reasons for the present wide interest
in processing electrohmmicrographS—is that the forms of the
aberrations occurring in electron microscopes are thought to
be predictable - implying that it should be possible to
correct for them. The chief aberrations are outwofwfocus
and spherical-aberration, so that it should be possible to
produce corrected images of electron microsc0pe specimens by
placing their Crysto?holograms in an adjustable optical
bench -~ it is straightforward to correct for out-of~focus;
to handle spherical-aberration a number of special lenses
would be needed (it would be desirable to devise a convenient
means of rapidly inserting these lenses into, and removing
them from, the bench). This should be much less expensive -
'as Stroke et al. (1974) remark in a related contexbt - than
digital processing which requires a new, complete
computation to'be performed for every change in the
aberration parameters. We also remark that we do not need

to concern ourselves, as Stroke and his colleagues must,
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with noise amplification associated with the occurrence of
zeros in the optical transfer functions of the aberrations.
A final point worth making is that by masking out
the diffraction orders due to the crystal (within the region
Gy of the correlation plane - this means that the mask
which is opaque everywhere in the correlation plane except
within Gy is also opaque at points coinciding with the
diffraction orders), a dark-field image of the crystal fault
(or the aperiodic sﬁecimen deposited on to the crystalline
substrate) can be obtained (note that the crysto-hologram is
a bright-field micrograph). This type of optical processing

can be mimicked in the digital computer.

1.9.5 Light-optical Simulation

Our eventual intention is to produce electron-
crysto~holograms and then to process them light-optically.
We report in this section the result 6f a light-optical
simulation of the complete procedure,

We chose for the gimulation what we thought was the
simplest means of demonstrating the potential value of
crysto~holography. We avoided tedious procedures, such as
arranging dark-field stops and setting exposures to maximise
holographic fringe contrast with weak referonce beams - we
reasoned that these were electron-optical problems and little
useful experience would be gained from investigating them |
light~optically.

Fig. 1.12 ghows our light-optical analogue of a
transmission electron microscope. The laser simulates the

electron gun. We simulated the crystalline substrate with
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a transgparency on which a regular array of the letter A
was printed (Fig. 1.13a). The éimulated aperiodic specimen
was another transparency on which the symbols shown in
Fig. 1.13b were printed. The sizes of the symbols in the
actual composite simulated spécimen - formed by super-
imposing the aperiodic specimen on the substrate - are
indicated in the caption to Fig. 1.13. The transparencies
were coated witb refractive index matching fluid and held
between optical flats. Fig. 1.14 shows the diffraction
patterns of the substrate, the aperiodic specimen and the
composite specimen,

To form a crysto~hologram in the image plane (plane I
of Fig. 1.12) we needed to place a mask ~ containing holes
such as 0 and R in Fig. 1.10 - in the diffraction piane
(plane D of Fig. 1.12). We noted that the diffraction
pattern of our simulated aperiodic specimen was faint in the
neighbourhoods of all diffraction orders (due to the
substrate) except the centfal (0,0) order. Consequently,
we used a hole O which only encompassed the (0,0) érder
(see Fig. 1.10c). We chose as referenca the order indicated
in Fig. 1.74¢. The hole R was only a little larger than the
diffraction order passing through it ~ so that the
contamination texrm n* @ d occupied a wmuch swmaller part of
G+ than did the desired term d* @ £ (as pointed out in
section 1.,9.2, the hole R does not need to be as small as
this if a dark-field stop is used). So as to obtain easily
recorded fringes in the image plane, we placed a neutral
density filter over the hole 0 in the diffraction plane

mask - our image was therefore a hybrid bright-field/dark-~
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field image. We observed Visually the fringes in the
bright~field image, but for the reasons given in the second
paragraph of this section we did not think it worthwhile to
take the large number of exposures which would have been
necessary to record sufficient fringe contrast to obtain
good reconstructions‘from our crysto~holograms-we would have
had to investigate many combinations of pre-exposures and
developnment timgs.

So as ﬁo demonstrate the potential of crysto-
holography for compensating for electron nicroscope
aberrations, we adjusted the lenses in our simulated
microscope such that the simulated specimen was imaged
out~of~focus. This is shown in Fig. 1.15, which is one of
our recorded holograms. We usedvAgfa Copex Pan Rapid film
and we attempﬁed to develop it to a gamma of 2, which is
desirable in holography because the intensity of the iﬁage
plane field should be recorded.

To reconstruct the specimen from the hologram, we
placed the latter in the object plane of our optical bench
(using the same configuration as that shown in Fig. 1.12).
Fig. 1.16 shows what appeared in the diffraction plane -
equivalent to the correlation plane (Fig. 1.9b) which has
been discussed in sections 1.9.1and 1.9.2, The large,
central smudge of light corresponds to the region 7 of
Fig. 1.9b. The spots of light on either side - which we
call the first Qrder reconstructed diffraction patterns -
correspond to the regions G.. and G, of Fig. 1.9b. We used
a mask Lo select the spot occupying the reglion G, . The

field passing through G, is (ideally) a replica of that



transmitted by the hole (j in the original diffraction plane
mask (refer to Fig. 1.14c¢c). With the transformation lenses
(d in Pig. 1.12) set so that the field appearing in plane T
is the Fourier transform of the field in plane D, the image
recorded in plane I was similar to that shown in Fig. 1.15,
but without any fringes in it. To confirm that the complex
amplitude of the original field had been reconstructed to a
useful accuracy from the crysto-hologram, the pogsitions of
the lenses were adjusted to bring the image into sharp focus
(Fig. 1.17).

In Fig. 1.16, the outer spots are higher oxder
reconstructed diffraction patterns, due to non-linearities
of the recording medium (i.e. the range of intensities
exceeded the linear range of the filﬁ,~when developed to a
gamma of 2). These non-linearities reduce the intensity of
the first order patterns - by directing some of the light
into higher order pattetns - but they do not seem Lo produce
undue distortion in the reconstructed image of the specimen,
so that we feel'that our results are further support for the
contention that holography‘is at least pertly self-
compensating as regards the effects of ﬁonhlinearity of
the recording medium.

On comparing Fig. 1.15 with Fig., 1.13b, the out-of-
focus aberration present in the crysto-hologram is apparent.
Fig. 1.17 clearly confirmsg that the phase of the diffraction
pattern of the specimen must be stored implicitly in the
hologram, because the out-of-focus aberration apparent in
the latter hasg been corrected in the reconstructed image of

the specimen.
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1.9.6 Digcussion

Two technical problems must be solved if electron
crysto-holography is to be realised in practice. Tirst,
suitable diffraction plane masks must be fabricated. The
basic technology aiready exists, and sophisticated
procedures have been developed to produce zone plates for
the electron microscope (Mﬁlier 1976) . It ;hould be
possible to adapﬁ the methods of computer-controlled micro-
fabrication which are now extensively used for the
manufacture of modern electronic devices -~ see, for example,
Herzog et al. (1972) and the related papers in the same‘issué
of the journal. Downing and Siegel (1975) use the method of
Hexrzog et al. (1972) to construct half plane apertures (see
section 1.8) for the electron microscope. What has yet to
be shown is that masks can be made with pairs of holes
héving the separations and relative sizes needed for crysto-
holography. There is a point here wﬁich might be worth
careful consideration., The fabrication of these matks might
be eased significahtly if the intermediate and projector
lenses of an eiectron'microscope (Hav.kas 1972) could be so
arranged that a magnified version of the difiraction plane
could be accessible (so that a mask could be placed in it)
when an image-plane micrograph is being recorded - it may be
that few, i1if ény, electron optics of existing microscopes
are sufficiently versatile to pernit this,

The second problem is recording sufficient fringe
contrast to obtain clear recons?ruction of the images of
specimens. This problem occurs because, when the hologram

is a bright-field micrograph, the reference is unavoidably
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weaker than the object. There seem Lo be two promising
ways of overcoming this. The first is to use digital
processing to enhance the fringe contrast to the point
where good optical reconstructions can be obtained.
The second, and more promising (because it accérds with
the theoretical basis of crysto-holography) approach is
to try to fashion dark-field stops which blank out the
undeflected electron beam without unduly distorting the
diffraction pattern of the specimen. |

We hold that our optical simulation has ShoWn that
1if an electron—-crysto-hologram can be formed successfully
then a corrected image of a crystal fault can be produced
by placing the hologram in a suitable light-optical bench,
It may be necessary to advance speciﬁeﬁ preparation
techniques somewhat before other sorts of aperiodic
specimens can be investigated by crysto-holography.

Perhaps the most interesting potential use of
crysto-holography is as an adjunct to X-ray crystallography,
for obtaining unambiguously (by the mothod of successive
interferograms, introduced in section 1.2.3) the phases of
sufficient structure factors to ease‘diiect methods
(see, for example, Declexrq et al. 1973) of determining the

structures of complex, non-centro-gymmetric molecules.
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Fig., 1.13 The components of the composite simulated
specimen. (a) Part of the simulated crystalline

substrate. The unit cell was approximately square,
with a side of 0.25mm, in the actual composite specimen.
(b) The aperiodic specimen. Its width was 6.5mm in

the actual composite specimen.

Fig. 1.14 Patterns appearing in the diffraction plane

(plane D of Fig. 1.12).
(a) Pattern due to substrate alone.

(b) Pattern due to aperiodic specimen alone.



Fig. 1.14 (c) Pattern due to composite specimen.
Note the circles marking the holes O and R

(as in Fig. 1.10) in the diffraction plane mask.

Fig. 1.15 The crysto-hologram (appearing in the plane I
of Fig. 1.12). Note that the aperiodic specimen is
imaged out-of-focus. Note, also, the diagonal fringes
due to interference between the radiations emanating
from the holes O and R in the diffraction plane

mask (Fig. 1.14 ¢c) .
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Fige. 1.16 Diffraction pattern of crysto-hologram
(appearing in the plane D of Fig. 1.12 when the

hologram is placed in plane O .

Fig. 1.17 Reconstructed image of the aperiodic
specimen. The lenses (item d of Fig. 1.12) were

adjusted to bring the image into best focus.
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CHAPTER 2

IMAGE PROCESSING

2.1 INTRODUCTION

The interpretation of an image is often rendered
inconvenient or impossible by factors inherent in the image
formation or recording methods. Image processing aims to
present the recorded information as a new image which can
be more easily interpreted by people or by machines.,

The techniques of image interpretation are generally
considered to form part of the subjects of perception and
pattern recognition, rather than image processing. It is
convenient to distinguish three closely related image
procesgsing procedures: enhancement, restoration and
recongtruction,

Andrews (1974) makes a convenient aistinction
between image enhancement and image resgtoraition.
Enhancement is concerned with the improved presentation of
images whose egsential information is already apparent
before processing. It includesg procedures such as image
smoothing (for improved appearance or for noigse reduction)
and image sharpening (to accentuate lines and edges). Othex
typical enhancement operations are the correction, or
deliberate introduction, of geometrical distortions or
non~linear intensity mappings within the image. Restoration
is concerned with the recovery of concealed image

information by the attempted inversion of a degradation



process. The aim of a resﬁoration procedure is primarily
directed towards image fidelity, i.e. the accurate
representation of a physical distribution, which is not
necessarily the motivation for image enhancement (Andrews
1976). A more effective dispiay of the image is the goal
of enhancement, but, if carried too far, enhancement
procedures can create false details (or "artefacts") leading
to possible misinterpretation of the image '(Andrews 1976).
Image reconstruction is a third and somewhat distinct
aspect of image processing. This procedure is required when

recorded data represent a transformed rather than degraded

version of. the desired image. The aim of image
reconstruction is the inversion of the transformation to
produce an image which may be con&eniehtly interéreted,
Image reconstruction from projections is considered in
detéil in Part Two of this thesis. 'The neasured projections
correspond to line integralg of the desired image, i.e. its
Radon transform. In a sigﬁificant number bf applications,
the measured data corresponds to parts of the Fourier
transform of the desired image. In ganeral, a Fourier
ctransform is complex=-valued, requiring both modulus and
phase for its complete specification. Howevar, an accuréte
measurement of phase isg usually much more difficult to
obtain than a modulus measurement of similar accuracy.

A "phase problem” is said to occur when the phase cannot be
measured or is known with much less accuracy than the
modulus. The original work reported in section 2.5 and
section 2.6 of this chapter concerns aspects of image

reconstruction in the presence of a phase problen.
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Reconstruction techhiques are often considered to
be outside the scope of conventional image processing,
which includes enhancement and restofationq However, the
phase problem may affect both image reconstruction aﬁd
image restoration, and the Fourier transform has an
important role in their theoretical formulations and in
practical processing methods, Thé initial sections of
this chapter presenﬁ a highly abbreviated survey of image
processing, in which the features common to image
restoration and image reconstruction are emphasised.

Section 2,2 presénts a brief discussion of gome
of the methods commonly employed for the enhancement and
restoration of images. The phase problem arises when
restoration techniques are applié& to images formed by
coherent radiation. Sectioh 2.3 discusses processing
meﬁhods which circumvent the phase problem.

Two particular applications of image reconstruction are
described in section 2.4. Section 2.5 and section 2.6

are concerned with processing procedures for the relative
assessment of two prbposed models of the molecular structure
of the important biological substance known as DNA.

The available X-ray diffraction data is the basis for the
comparison, making use of two distinct approaches.

Section 2.5 presents a new method for processing diffraction
patterns. New analytical results for the diffraction from
helix-~1like structures are derived in section 2.6. Simple
represehtations of both models are used to calculate
diffraction patterns for comparison with the observed

data.
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2.2 IMAGE ENHANCEMENT AND RESTORATION

2.2.1 The Inverse Filter

Linear systems obey the principle of superposition.
The system output b(x,y) is related to its input p(x,y)

by the superposition integral

co

b(x,y) = JJ p(x',y"') hix,y,x',y') dx' dyi (2.1)

e OO

where h(x,y,x',vy") is known as the point spread function

or impulse response of the system. If h is independent of
the absolute valuesg of spatial coordinates x, x', y and y',
and is a function only of (x=-x') and (y ~-y'), then the
system is said to be gpatially invariant. The superposition

integral then reduces to
bix,y) = IJ p(x',v'") hix-x', y=-y") dx’ dy? (2.2)

which is a convolution integral.

Bqgquation (2.2) can be used to represent the
characteristics of a wide variety of image forming systems,
where b(x,y) may be identified with a "blurred" form of an
ideal image p(x,y) (Sondhi 1972). The recording medium
responds to the "degraded" image d(x,y), which may be

represented by the addition of noise n({x,y) to b, i.e.
di{x,y) = b(x,y) + n(x,y) (2.3)

In general, Il-may depeand upon b, i.e. n(x,y,b), and
the noise is sometimes better modelled as multiplicative
rather than additive (Huang et al. 1971).,

The image restoration process utilises the available

. . . ) . a9
information about n, h and p to make an estimate p(x,y) of
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p . The respective IPourier transforms of p, h and n are
denoted by P(a,B), H(d,B) and N(o,B8). The transform of

eqgqn (2.3) is
D{a,B) = P(a,B) H(a,B) + N{(a,B) (2.4)

The basis of the "inverse filtering" approach to image

restoration is that

P(o,8) = Dio,B)/H(a,B) = N(o,8)/H(a,p) (2.5)

Since -H is often small or zero in régions of Fourier sgpace
where D or N -ig significant, it is usually impracticable
to implement the simple form of the inverse filter shown in
eqn (2.5). The Wiener filter (Huang et al. 1971) ox wvarious
ad hoe modified filters (Sondhi 1972, Frieden 1975) are

comonly used instead of 1/H in éan(2°5)e

2.2.2 Processing of Images formed with Incoherent Radiation

s

An incoherent imaging system is linear with regpec
to radiation intensities (Goodman 1968). Such a system
may be represented by eqn (2.2) and egqn (2.3), if its
point spread function is spatially invariant, with p, h, b,
n and d corresponding to intensities and are therefore
non~negative,‘ |

The Fourier transfoﬁm D{o,B) of the degraded image
may be obtained using a coherent optical system of the form
shown in Fig, 1.12., A transparency of transmittance d(x,y)
is placed in the object plane and D(o,B) is formed in the
diffraction plane. The amplitude distribution in the image
plane is the inverse Fourier transform of that appearing
in the diffraction plane. Such a system is capable of

performing a number of image enhancement operations, using
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diffraction plane masks to selectively transmit parts of
D(o.,B). For high spatial frequencies (o,B), N(a,B8) is
often the dominant term in eqn (2.4) and it may be filtered
out using a simple circular aperture in the diffraction
plane. Procedures of this type are commonly used to
filter electron micrographs before more sophisticated
computer processing - see, for example, Aebi et a«l. (1973),
Donelli and Paoletti (1977). If the diffraction plane
mask filters out the low frequency components, then edges
and small details are accentﬁated in the filtered image.
The coherent optical system shown in Fig. 1.12
may be used for image restoration. Instead of a simple
mask, a filter having a transmittance.of approximately 1/H
is placed in the diffraction planéq'rMéréchal and Croce
(1953) were apparently the first to use this technique
for processing blurred photographs. ' Much earlier, however,
optical spatial filtering was used by Abbe (1873),
Lord Rayleigh (1896) and Porter (1905) in experinents
designed'to verify the wave theory of iﬁaqe formation
by lenses (references are given by Cathey (1974), p.254).
When hx,y) is real wvalued and symmetric,
so that

h(wx( -y) = hi{x,y) = h¥(x,y) (2.6)

then B is also real. Stroke and Halioua (1972a) show how
a photographicAnegative, with a transmittance of approximate-
ly 1/H (where H is positive) may be obtained by recording
an image of H on film. Precisely controlled photographic
procedures are required to achieve the desired character-

istic. 1In general, H has both positive and negative parts



and it may be complex valued, hence the construction of an
optical inverse filter is not straightforward (Leith 1877).
Stroke and Halioua (1972a) use separate filter
transparencies to implement the modulus and phase components
of 1/H, where a special form‘of off-axis hologram is used
for the phase component. A simplified description of the
filter construction procedure is given by Stroke (1972).

Image enhancement and restoration may be implemented
using a digital computer to operate on a numerical array
obtained by sampling the degraded image. The Fourier
transform of the image is economically computed using the
Fast Fourier transform (FFT) algorithm (Brigham 1974).
Complicated filtering operations may then be implemented
since complex=-valued transforms df'filﬁerg present no
problems. The computer is inherently more wversatile and
accurate than the optical system, which is affected by dust,
lens aberrations and rveflections, speckle noise, photo-
graphic non-linearities and the limited dynamic range of
filtérs and recording media. However, optical systems are
unrivalled for processing speed and information capacity
and in recent years their versatility nés greatly increased
(Goodman 1977). Remarkably effective optical or digital
‘restorations of degraded images can be obtained using
comparatively simple variants of the inverse filtering
techniqﬁe - for instance, see the references given by
Sondhi (1972), the examples reproduced by Frieden (1975)
and the results of Tichenor and Goodman (1975) and of Honda
et al. (1977). These images are of the class "S" in the

terminology of McDonnell and Bates (1975a).
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Conventional implementations of the inverse filter are,
however, unsoundly based when the degraded image is
truncated by its recording frame, i.e. of the class "G"
(McDonnell and Bates 1975a). 'The discontinuities at the
edges of such an image lead tb spurious high-frequency
components which contaminate the estimate of its Fouriex
transform D(o,B8), as illustrated by some of the optical
restorations of Campbell et al. (1974). Such problems are
compounded by digital processing using the discrete Fourier
transform to compute samples of D(a,B). The sampled
spectrum corresponds to the transform of an image of
infinite extent which consists of d(x,y) periodically
repeated in two dimensions. The periodic characteristic

of the discrete Fourier transformﬂisltﬁrned to advantage by

McDonnell and Bates (1975a), who develop effective methods

H
o

to overcome the limitations of the simple inverse filtering
procedure for class G images. Their "edge extension" method
snoothly extrapolates the edges of the truncated degraded
image throughout the regionsg of image space which they would
have occupied if there had been no truncation. Details of
the method and a number of computaﬁionai examples are
presented by McDonnell and Bates (1975a). Fractical
demonstrations (McDonnell and Bates 1975b, Mcbonnell,
Kennedy and Bates 1976) confirm the utility of this
preprocessing technique.

A wide variety of other methods are currently being
used to restore degraded images. Comprehensive surveys are
given by McDonnell (1975), Frieden (1975), Hunt (1975),

Andrews (1974) and in earlier reviews by Andrews et al.
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(1972) , Huang et al. (1971) and Sondbhi (1972). The
principles of optical image processing are reviewed by
Vander Lugt (1974). Stroke (1972) is the major proponent
of optical processing, and references to most of his work
appear in recent reviews (Stroke 1975, Stroke et al., 1977).
Considerable progress has been made in the application of
linear algebraic methods to digital jimage restoration
(Huang and Narendra 1975, Andrews and Patterson 1976),

and numerous non=linear methods are being investigated
(Frieden 1975). Perhaps the rapid pace of image processing
research in recent years is best illustrated by the number
of special journal issues devoted to the subject - see the
bibliography for a list of these. Image procesaing‘is
the sgsubject of at least four booké, which are also ligted

in the bibliography.

2.3 PROCESSING OF IMAGES FORMED WITH COHERENT RADIATLION

2.3.1 The Phase Problem and Inverse Filteving

A coherent imaging system is Llinear with respect to
the complex.amplitude of the radiation interacting with it
(Goodman 1968). If its point spread function is spatially
invariant, a coherent system may be represented by egn (2.2)
and eqn (2.3), in which the variables p, b, b, n and d are
complex. In general, however, the recording of the degraded
image depends only on its intensity |d(x,y)|?*, hence D(a,B)
cannot be obtained by a direct Fourier transformation of the
recorded iwage. In order to obtain D, the phase of d 1is
required. A "phase problem" occurs because only ld|2 hasg

been recorded. The phase problem arises in the processing
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of high resolution electron micrographs, since such
images are formed by an optical system which is effectively
coherent (IHanszen 1971).

"Phase retrieval” procedures endeavour to extfact
the phase of a complex function from its measured intensity
and supplementary information. Phase retrievel is important
in a wide variety of applications - for example, Gonsalves
(1976) refers to Foﬁrier transform spectroscopy, particle
scattering, speckle interferometry, leng testing, single
sideband communicationsg, and the design of radar signals.
Experience in many aspects of image restoration and
reconstruction shows that most image information is encoded
as phase rather than anplitude variations - see, for example
Kermisch (1970), Ramachandran and.Srinivasan (1970), Kohlef
and Mandel (1973) and Huang et al. (1975). The particular
concern of this chapler is image processing in electron
microscopy and reconstruction from X-ray diffréction data.

Walther (1963) constructs examples to demongtrate
that, in general, the phase of d(x,y) can not be uniquely
determined from ldlz in the absence of additional
information. A reproducible holographic reference wave
which is known to have contributed to the recorded image
congtitutes the ideal Form of supplementary information.
Then the complex amplitude d or D may be reconstructed
directly from the holographic image and processed light-
optically, as section 1.9 demonstrates., The holographic
record of the degraded image may‘be digitised for subseqﬁent
computer reconstruction of the complex awplitude d(x,y),

followed by digital image processing. For successful
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reconstruction, the samplihg rate must be sufficient to
achieve a faithful representatioﬁ of the holographic fringes
(i.e. the interference pattern) in the recorded image ,
Section 1.8 shows that two conventional recorded
images formed under different conditions are necessary to
reconstruct the complex amplitude of the image-plane wave.
It is not always straightforward to prove that a particular

pair of image intensities is sufficient to ensure that the

phase distribution can be retrieved unambiguously. Phase
retrieval methods using pairs of images are discussed in
sections 2.3.2, 2.3.3 and 2.3.4 which follow. These methodé
are of congiderable interest in electron nicroscopy since
they can be used when the weak phase approximation is
invalid.

Inverse fiiltering of electron micrographs is
straightforward after d(x,y) has been determined using
holographic reconstruction or indirect phase retrieval,

The effects of spherical aberration and defocus are

represented by
N ! J; .
H(a,B) = expli x((a®+82%)%)} (2.7)

where X (p) ig defined in egn (1.16). H{(o,B) is a pure phase
factor of unit amplitude, hence the conventional inverse
filtering problems of division by zero and excessive noise
anplification Qo not arise.

For the sgpecial case when the specimen is a weak
phage object, section 1.5.1 shows that D(u,8) may be
obtained by a direct Fourier transform of the electron
micrograph. The optical (8troke et al. 1977) or digital

(Erickson and Klug 1971) techniques of inverse filtering may
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be directly applied, with

N>

°

o=}
~—

H(o,B) = sin {x((uz-%ﬁz)%)} (:

Note that the positions.of the zeroes of M depend on the
defocus Af, for a particular gspherical aberration
coefficient Cso Hence the inverse filtering problems
caused by these zeroes are considerably reduced if several
phase contrast micrographs are recorded, each for a

different value of defocus (Erickson and Klug 1971).

2.3.2 Phase Retrieval using Tmage and Diffraction

Plane Intengities

In electron microscopy a ktechnique known as
"gselected area diffraction” (Hawkes 1972, p.118) enables a
related pair of nicrographs to be obtained. First, an image

o

of a particular region of the gpecimen is recorded., The
focal lengths of the electron lenses ara then adjusted so
that a magnified diffraction pattern, corresponding to the
game specimen region, is recorded in the image plane. Afterv
scaling, the two micrographs repreéent-the image and
diffraction plane intensities ld(x,v)]? and |D(c,B)]|?
respectively.

Gerchberg and Saxton (1971) propose to retrieve the
phase of d(x,y) using both |d|* and |D|? . They iteratively
golve a system of quadratic equations connecting samples of
|a]? and |D|? and find that the procedure retrieves the
correct phases for a test example. However, Gerchberg and
Saxton (1971) show that practical image processing using
this procedure would require an excesgsive amount of

computation.,



76

A different algorithm er phase retrieval is
presented by Gerchberg and Saxton (1972). A complex image
amplitude-éi is formed, where |d| = |d| and the phase of d
is a random variable or is set to zero. The iterative
algorithm then proceeeds as follows:

(1) PFourier transform ;i to obtain B(Q,B).
(2) Replace ]5| by the measured modulus |D| but
retain the phase of D .

(3) Inverse Fourier transform D +to obtain a new

~

estimate for 4.
(4) Replace |d| by the measured modulus |d| but
retain the phase of a.
(5) Begin the next iteration of the algorithm by
returning to step (1) and re?eatihg the seqﬁencea
This procedure may be readily implemented on a digital
computer and the economy of the FFT'algorithm means that a
large number of iterations may be performed with only a
modest amount of computation, |
If some of the phases are detexmined by independent
methods, then they can be used in the gawe wav as the moduli
to correct the iterated estimates (Unwih and Henderson
1975) . Gonsalves (1976) presents a modified version of ﬁhe
procedures of Gerchberg and Saxton (1971, 1972) which
émploys optimisation techniques to adjust the phases at
cach iteration,
The iterative method of Gerchberg and Saxton (1972)
may be adapted to form a useful algorithm for super-
resolution (Geréhberg 1970) . 7The super-resolution algorithm

is analysed by De Santis and Gori (1975) and by Papoulis
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(1975) and is used by McDonnell and Bates (1976) in aﬁ image
restoration application. Stutzman and Coffey (1975) use a
very similar algorithin for antenna synthesis.

Gexchberg and Saxton (1972) show that their phase
retrieval algorithm can never diverge, They present test
examples demonstrating convergence to the correct image and
diffraction plane phases. For practical phase retrieval it
is important to know whether there is a unique phase
distribution consistent with |d|? and |D|?, or whether the
algorithm is merely converging on one of many possible
solutions,

It is easy to demonstrate that there are several
ambiguities inherent in the procedure of CGerchberg and
Saxton (1972). For example, let g(x) denote an arbitrary
complex~valued function whose Fourier transform is G,

The origin of the phase distribution is indeterminate from
|g|? and |G|?, hence only the relative phases, modulo 2w,
can be found from the data. This uncertainty is not usually
impoftant in practice (Gerchberg and Santon 1971). .A nore
serious ambiguity is found (Hoenders 18575) by examining the
data which would correspond to g% (- x). The functions g(x)
and g*¥*(~ x) are of equal modulus and represent the conjugate
images reconstructed in holography, cf. eqn (1.26), Their
respective Fourier transforms are G and &%, hence g(x) and
g* (= x) can not be distinguighed using image and diffraction
plane intensities., Other ambiguous solutions may exist, as
illustrated by an example quoted by Huiser et al. (1976).

Let the two real functions g,(x). and g,(x) be zero, except

in the particular intervals for which
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gp(x) = gy(-x) , x| < ¢ (2.9)

> (2.70)

where ¢ is an arbitrary constant. Consider the distinct

functions f(x) and g (x), where

= gq t g, g = gq " 9, (2.11)

4

Fn

Clearly, [f|2 and Iglz are equal. Because g4 and g, are
respectively even and odd functions of x and are real,

their transforms G1 and»G2 obey

1 = %
C G1

1 Gy = - G, ¥ (2.12)

~g

The functions £ and g can not be distinguished using‘image
and diffraétion plane intensities, since eqns (2.11) and
(2.12) show that |F|? and |G|? are equal.

Schiske (1974) shows that, iu general, an arbitrary
number of phase distributions are consistent with ld]? and
ID]2, Dallas (1975) shows how to cémpuﬁe all of the
possible solutions which are consisteht with the data. The
number of possible golutions is reduced very significantly
if d and D aré analytic functions (Heenders 1975).
Optically realisable functions are analytic {(Joodman 1968,
pp.133~136) and Huilser et al. (1976) conclude that the use of
this property should allow the true phase function to be
retrieved, apart from unresolvable ambiguities such as the
origin of the phase distribution. Since a computer can not
distinguish between an analytic and a non-analytic solubtion,
doubt remains (see Van Toorn and Ferwerda 1977) concerning
the validity of results obtained using the algorithm of
Saxton and Gexrchberg (1972), '

Huiser and Ferwerda (1976a) propose that a method for



phase retrieval from image and diffraction plane intensities
should incorporate a constraint which takes gome account of
the analytic nature of the unique solution. Only
constraints which can be implemented on a digital computer
are likely to be useful in practice. Huiser and Ferwerda
(1976a) find that constraining the function to have a
continuous first derivative is a sufficiently4§owerful
restriction. Huiser etcd, (1977) implement this constraint
in a procedure for phase retrieval. Van Toorn and Ferwerda
(1977) report preliminary simulations, but they conclude
that the inevitable inconsistency of |d]? and |D|?, due to
noise and measurement errors, severely restricts the
applicability of their method for practical phase retrieval

problens.

2.3.3 Processing of Two Images Recorded

with Different Defocus

A specimen which interacts only weakly with the
incident electron wave makes it possible to form a linear
relation (e.g. eqn (1.22)) between the complex amplitude of
the transmitted wave and the image plane intensity (Misell
1973d) . If the sgpecimen weakly modulates the wave amplitude
as well as its phase, then a linear relation still applies
(the "weak phase/weak amplitude" approxination - see
Brickson (1973)) but an additional variable is effectively
introduced. It is reasonable to suppose that the two=-
variable system might be solved using two images recorded
for different amounts of defocus, since this technique
resolves the analogous two=-image ambiguity inherent with

in-line holography (Bragg and Rogers 1951, Rogers 1956).
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Hoenders (1972) coﬁfirms theoretical ly that two
micrographs, taken for differing values of defocus, are
sufficient to allow the amplitude and phase of the modulated
wave to be determined. Practical methods are presented by
Frank (1972) and by Erickson (1973). Burge and Scott (1975)
show how optical spatial filtering may be used to obtain
separate images of the anplitude and phase distributions.,
Each defocused micrdgraph is processed using its own spatial

A

the two filtered images are then added to form

filter, and
a reconstructed image of the phase distribution. The
filters correct for the defocusing and lensg aberrations

and at the same time ensure that the amplitude component
cancels in the final image. A further two filters (one for
each micrograph) enables the ampiitude distribution to be
reconstructed in the same way.,

The analysis of Hoenders (1972) is extended by
Ferwerda and Hoendérs (1975) but their resultg'are mainly
of theoretical interest, and do not appear to form the basis
for a practical processing method.

Migell (1973a5 presents an iterative algorithm for
phase retrieval which processes two defocused micrographs,

say |d1(x,y)|2 and |d, («,y)|*. The algorithm may be used

£y

when the weak phase/weak amnplitude approximation is
inaccurate, i.e. when the velation between wave amplitude'
and image intensity containsg non-linear terms which can not
be neglected., As Gerchberg and Saxton (1973) point out,
Misell's (1973a) algorithm is conceptually similar to that
presented by Gerchberg and Saxton (1972) and discussed in

section 2.3.2.
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Misell (1973a) iteratively modifies the phases of the
two images, alternating between d1(x,y) and dz(x,y) and
using the known image intensities to correct the moduli at
each step. The process ig very gsimilar to that described
in the preceding section except that one image is not: the
Fourier transform of the other; the transforms D1(u,6)_and

D,(0,B) of the two images are related by

21£Elfl- = " exp {;E-(a2~FBZ)(Af - AE 5 } (2.13)
D, (o, B) A 1 2 o

where Af1, Af2 are the respective amounts of defocus.
Misell (1973b, 1973c) presents simulations of the procedure
and discusses the effects of measurement error.,

The uniqueness of the two~defocus method is examined
by Drenth et al. (1975) who find ounly a two=fold ambiguity
when the.image complex amplitudes are analytic functions,
The problem of non-analytic computer reconstruction which
affects the image/diffraction plane method ariseg also for
the two-defocus method., Huiser and Ferwerda (1976b) present
a phase retrieval method incorporating differentiébility
congtraint which is suitable for couputer implementation,
They show that this constraint is sufficient to eliminate
ambiguity, but the method (Van Toorn and Ferwerda 1976a,
1976b) involves the solution of a system of coupled, non-
linear, Volterra integral equations., The results of
one-dimensional simulations are encouraging, but it remains
to be seen whether this method is useful for processing real
micrographs.,

The method of Dallas (1976) can be used to find an

unconstrained solution which is consistent with the two
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image intensities. The image data is transforwed into two
auto~correlation functions (equivalently in the diffraction
plane) which are solved sequentially at discrete sanple
points to obtain the solution. Further investigation is
required to establish the degree of ambiguity and the errox
sensitivity of this method.

Schiske (1975) describes a phase retrieval algorithm
which is pdxilcu Llarly guitable for crystalline specimens in
the electron microscope. The algorithm is an extension of
a crystallographic procedure (Hosemann and Baggchi 1962,
pp.120-137) and makes use of two or three defocused images,
supplemented by the locations (not the intensities) of the

teal

Q_a

diffraction pattern spots (see section 2.4.2)., TFox
data the algorithm produces, at most, Lwo distinct
solutions. Its performance for practical data does not

appear to have been investigated,

2.3,.4 Processing of Two Qg@plementggy Single

Sideban@wImages

The Ldna of using half-plane apertures in the
diffraction plane of the electron microscope {(see gection
1.8) is considered by Hoppe (1970) and Ly Hoppe et al. 1970).

isell et al. (1974) recall that the real and imaginary
components of the complex wave amplitude forming a single
sideband image are related by the Hilbert transform.

The Hilﬁert trangform arises in many aspects of
physics, where it is well known (spence 1974), but its
application to single sideband microscopy has only recently
received attention. Saxlon (197“) emphasises the close

relationship between the Hilbert and Fourier trangsforms,



which is of computational‘importance since it allows
the FIP'T algorithm tb be employed to compute the Hilbert
transform. Misell (1974) points out‘the holographic
implications of single sideband imaging, reinforcing
the pioneering work of Lobmann (1956).

The conventional Hilbert transform relates the
real and imaginary parts of the single sideband image
plane wavefunction. These components can be‘extracted
from the measured image intensity only when the weak
phase/weak amplitude approximation is accurate,

A variant of the Hilbert transform (Misell et al.
1974) relates the phase angle and the modulus of the
complex wavefunction in the image plane. Uniqueness

' form of the

becomes a problem with this "loqdrithmic'
Hilbert transformy but Burge et «l. (1978) present -algorithms
which remove at least some of its ambiguities, Misell-and
Greenaway (1970a, 1974b) extend the range of applicability
of the conventional Hilbert transform by an iterative
procedﬁre which generateé successive approximations to the
solution when the Weékwphase approximation ig moderately
inaccurate - see also Burge et al. (1976).,

The simple Hilbert trangform relationship applies
only when the half plane apertures are‘ideal, i.e. semi-
circular and exactly complementary. All'practical
apertures, however, have a small central indentation which
trangmits the undiffracted electron beam, thus reducing
aperture charging effects. Lannes (1976) generalises the
iterative algorithm of Migell and Greenaway (1974a) to

incorporate a realistic description of the geometry of the
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half plane apertures usedAin practice. Although Lannes
(1976) reports successful simulations, convergence of his
algorithm is not guaranteed and the OLobl em of solution
ambiguity remains unresolved.

Downing and Siegel (1975) present optical
reconstructions which they obtain by careful attention to
experimental technique. Pulvermacher (1976) compares the
relative merits of a pair of defocused inages and a pair
of complementary single sideband images. He congiders
image formation in the electron microscope, followed by
light=-optical processing. Single gideband image formation
has many practical difficulties but the image processing is
relatively straightforward, in principle, when the Weak
phase approximation is valid - Seé also Downing and Siegel‘
(1975) . Conversely, images of different defocus may be
formed without difficulty but they require rather morel
elaborate optical processing (Pulvermacher 1976) .

: )

Digital processing of gingle sideband micrographs
using the Hilbert transform relationship is highly sensitive
to noise and to errofg resulting from imperfect registration
of the half plane apertures. These problems are discussed
by Misell (unpublished) who concludes that practical
electron microscope and processing difficulties will
probably prevent the routine use of single sideband imaging.

'The practical difficulties associated with the use of
half plane apertures in the electron microscope (Downing and
Siegel 1975) and the problems caused by radiation damage to

the specimen (Misell 1977) are particularly severe for a

dark field "stop", i.e. an aperture intended to block only
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the undiffracted electron beam. Although phase vetrieval is
theoretically possible using a conventional wicrograph and a
dark field micrograph (Hoppe 1970, Frank 1973, Ansley 1973),
the outlook does not appear to be promising for the
practical implementation of this technique ox for the

related "frequency gap" techniques of Lohmann (1974).,

2.4 RECONSTRUCTTION OF IMAGES FORMED WITH

INCOUERENT RADIATTON

2.4,71 Astronomical Interferometry

The aim of radio astronomy is the feconstruction of a
ﬁwo dimensional "brightness temperature" map of a celestial
radio source (Bates and Gough 1975). A gystem of radio
antennas is arranged to forwm an int@rfefometer‘(Swénson and
Mathur 1968). The beam-width of the antennas ig such that
they receive signals from a long buf narrow strip of the

celestial sphere., Hence the neasured interferogram is
related to a one dimensional projectlon {cee Chapter 3) of
the brightness ﬁemperature distribution.

The output of the interferometcr ig the Fourier
transform of the projection of the distribution undex
observation, if the radio source is incoherent (Swenson and
Mathur 1968). When an intensity intevferometer is used
“(Hanbury Brown 1974) the phase information of the transform
is lost. Other types of interferometer preserve phase
information (Bates and Gough 1975). I¥In general, however,
the measured modulus i3 much more accurate than is the
phase, due to instrument instabilities (8wengon and Mathur

1968) and atmospheric turbulence (Bates, McDonnell and Gough
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1977). Hence a phase problem arises when reconstruction
is attempted,

A phase problem can be surmounted only by the use of
independent (sometimes described as "a priori") information

about the image. In radio astronomy it is known that the

)

b

extent.,

¢

brightness temperature distribution is of finite
Hence its Fourier transform ig an integral Ffunction of order
one (entire function of exponential type) which is
characterised by its zeroes in the complex plane - sce

Bateg (1969). Bates (1969) shows that the modulus of the
Fourier transform remains unchanged if an arbitrary numbexr
of its zeroes are replaced by their complex conjugates.

: ' ) | K
Hence if L of the zeroes are complex, then there are 27

distinct distributions which are consistent with the
measucements of an intensity interferometer. The knowledge
that brightness temperature distributions are real and
non-negative represents additional independent information
which is used to reject distributions which are not
physically possible,

The method df‘Bates {(1969) is also useful when some
phase measurements are available, When the measured intensity
ig more accurate than the measured phase, Bates and Napier
(1972) show how to coﬁpute an iwmproved phase from the
neasured intensity, using the phase data only to resolve
ambiguities. The most useful results of complex zero theory
apply only to functions of one variable, but Napier and
Bates (1974) show that certain two dimensional phase
problems may be resolved using a series of one dimensional

processing operationsg,



2.4.2 X-ray DiiLTaCtLOU

The analysis of X-ray diffraction experiments is
responsible for much of the accunulated knowledge about
the structure of chemical compounds, The wavelength of
¥-rays, typically about 1.5 K, ig comparable with atomic
dimensions, hence the ¥-rays diffracted by a specinen
contain significant information about ite molecular
structure. The radiation is mddc as monochromatic as

£

pessible by the use of energy filters, but it hasg only a

Low degree of coherence (Sherwood 1976),

]
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The detailed nature of the interaction of ¥X-rays with

matter is thoroughly treated elsewhere (e.qg. Cowley 1975).
The basic result is that the complex amplitude of the
diffracted radiation field is theﬁFourier transform of
the electron density distribution A (x,v,2) within the
irradiated specimen (Lipson and Taylor 1958). In the

=

terminology of H-ray diffraction, the three dimensional

»

density distribution exists in "real space”

"reciprocal

transform (also three dimensional) exists in
space', For any onéldirection of the incident X-ray beamn,
only a part of reciprocal space can be nmeasured from the
diffracted radiation (Sherwood 1976). Hence many
experiments involve rotation of Lthe specimen so that the
complete diffraction pabttern can be recorded.

A crystal is a periodic structurs composed of very
many units of an identical form, known 'ags the "unit cell”,
These units are positioned in a regular arrvay. A

crystalline specimen consists of so many identical units

that its extent can often be considered o be infinite for

and itg Fourier



the purposes of X-ray diffraction, The Fourier transform
of a periodic structure of infinite extent reduces to the

Fourier series (Cowley 1975), i.e.

AMx,v,2) = L h) Y axp{-i2w (hx/a + ky/b

hk?

+ lz/c)} (2.710)

where A(x,v,2) is the electron density within the crystal,
and has periods a, b and ¢ respectively in the x, y and =z

directions. The Fourier coefficients T are known as the

hk1
crystal "structure factors” or "structure amplitudes” and
are complex cuantities (except in the spaciai cage of a
centro-gymmetric unit cell).

The intensities IFthlz are obtained from the
recorded diffraction pattern afte& taking account of the
recording geometry and various corvection factors described,
for example, by Sherwood (1976). The extremely high
frequency of X-radiation means that a direct measurement of
the structure factor phases is impossible. Although X-ray

nterferometers have been constructed (Hart 1975) the

i—:\.

prospects for atomic-resolution X-ray hologranhy are not
encouraging at present (Mueller and Jorha 1977) .

Some of the most powerful techniques to resolve the
phase problem of X-ray diffraction are analogous with the
dual=-inage optical techniques described in section 1.8,

In the isomorphous rveplacement method, one of the atoms in
the crystal unit cell is replaced by a strongly Scattéring
atom, without changing the unit cell geometry. Diffraction
patterns are recorded, both with and without the presence of

the strong scatterer. Comparison of the two sets of
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diffraction data allows an initial egtimate of the phases to
be obtained (Ramachandran and Srinivasan 1970). Similarly,
the occurrence of certain anomalous components of the
scattered X-ray intensity is a function of the energy of the
X-rays and the atomic number of the unit cell consgtituents.
Hence diffraction patterns recorded at different energies
give additional information which may be used to estimate
some of the phases.

A considerable amount of effort and ingenuity has
been devoted to the phase problem in the determination of
orystal structures. Hosemann and Baggchi (1962) and Lipson
and Cochran (1966) describe many of these methods in detail,
Many of the methods enploy iterative processing. Preliminaxry

estimates or wodels of the Structﬁrerafe succegsively refined
by comparing the observed diffraction data with the computed
diffraction pattern of the model structure.

Many biological molecules are so large thalt they can
not form conventional crystals. When the length of the
moleéules is very much greater than their width, however,
they tend to pack together side by side (Shefwood 1976) .
Such molecules assemble in substances whose degree of order
is intermediate between that of a crystal (highly ordered)
and an amorphous assenbly (totally disordered).

In the paracrystalline state there are small
crystalline regionsg, but these reglons are randomly oriented
in a plane perpendicular to the long axes of the molecules.
If this is the (x,y) plane, say, then the intengities of
structure factors sharing the same value of h? + k? are

superimposed in the recorded diffraction pattern.
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There is therefore an uncertainty in the nmoduli of sowme of
the Fth’ compounded with the usual phase problem. tn Ffibre
specimens, the molecules pack side by side but there are no
crystalline regions = the individual molecules are randomly
oriented. Hence the recorded diffraction pattern, or "fibre
pattern” is an angular average (in reciprocal gpace) of the
intensities of the diffraction patterns of the individual
molecules,

Reconstruction of three dimensional ilmages of
molecular electron densities from pavacrystalline or fibre
diffraction data requires the uSe of structural models.

The incompleteness of the data means that a structural wodel
must he proposed, then succegsively wmodified and refined
until its theoretical diffraction'pattérn is consistent with
the observed data. Tn the remainder of this chapter,
examples of this recongtruction procedure are presented,

with reference to the important biolugical molecule DNA,

2.5"p TECHNIQUE FOR PROCESSING X-RAY DIFFRACIION DATA,

R

WITH APPLICATION TO THE STRUCTUKRE OF DNA

2.5.1 Introﬁucﬁ}pn: The Structure of DNA

The reproduction and regulation of living cells is
known to be controlled by a substance named deoxyribonucleic
acid or DNA (Watson 1976). The gtructure of the DNA
molecule is of fundamental importance in biology because it
nust be‘intimately related to the mechanism For the coding
and successive copying of enormous amounts of genetic
infornatlion.

Prior to 1953, DNA wasg known to he a long molecule



91

containing phosphate groups, sugar groups and four different
base groups denoted by A, T, G and C. Watson and Crick.
(1953) discovered that the Structure‘of the bases is
conpatible with the formation of two "base pairs" AmT and
G~C, where a weak chemical bond links A to T and G to C.
The structure of the bases does not pernit A to pair with G
or T to pair with C, Although there are substantial
differences between the four bases, the overall dimensions
of the A-T and CG-C pairs are almost identical. This
vemarkable fact suggests that the long molecule is formed
by successive base pairs stacked on top of one another.

Watson and Crick (1953) found that the ends of the

base pailrs could be tied together by strands consgisting of
J

phosphate and sugar groups. These groups are in alternate

pogitions along the gtrand, with the ba

2]

e pairs bonding to
the sugar groups. This form of the nmodel resenbles a iadder
with base pairs for rungs which are Linked by the two
strands. After building molecular models and making use of
X-ray diffraction data, Watson and Crick (1953) proposed
that the DNA molecule has the form of a double helix, i.e.
a spirval staircase rather than a ladder (zee Pig. 2.1a).,

If differences between the base pairs arve neglected, the
molecule is axially periodic, and its period is known as the
"repeat distance®,

The sequence of base pairs along the molecule is
readily interpreted as an encoding of gevetic information.
An igsolated phosphate-sugar strand, with its accompanying
bases could pair up with corresponding free bases and a

second phosphate~-sugar strand to form a new mnolecule.
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The base pairing conceplt of Watsoﬁ and Crick (1953) can thus
lead to an explanation of the veproductive process, and has
revolutionised molecular biology.

The simplicity of the double helix configuration of
the strands is an attractive feature of the Watson-Crick
model. However, the strands are intertwined, yvet the
reproduction process requires them to separate in order
to transfer the genetic code to two new molecules.

Current explanations of this process seem to be somewhat
implausible, involving the breaking and rejoining of the
strands (Kornberg 1974),

Dr G.A. Rodley of the Univergity of Canterbury has

recently devised a>novel alternative model for DNA (Rodlevy,

Scobie, Bates and Lewitt 1976). Tt is called the
gide~by-side (£BS) structure because of the arvangemant
of the phosphate-sugar chaing. ‘

Most simply, the SBS model mayv be described as an
alternating arrangement of right-handed and left-handed
double helical sections, each containing iive base éairs.

-

FPigure 2.1b and ¥Fig. 2.2 illustrate details of the model
from different points of view (Rodleycd{al,1976)a The
mechanicstic problem of gtrand separvation ig greatly raduced
when the 8BS model is examined. As the strands are not
gignificantly interitwined, separation could occur by simple
"un-zipping" rather than unwinding. Detailed evidence from
a wide range of observations may be interpreted as support
for the SBS model (Bates, Lewitlt, Rowe, Day and Rodley 1977).
Different molecular models give rise to distinct

theoretical diffraction patterns, hence it should be

m
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possible to use the experiwmentcl pattern to determine which
is the correclt model, and to refine it. However, it does
not seem to be possible to prepare regular crystals of DNA,
The only available diffraction patterns of DNA are fox
paracrystalline and fibrous specimens with their inherent
dmblqu ties., These uncertainties are increased because of
the high water content of DNA Sp@PJMOH DNA has three
different structural configurations (denoted by A, B, C)
depending on the amount of water contained in the specimen

-t

o

(Bloomfield et «l., 1974). Only the B. form of DNA it

~

congidered here, since DNA is thought to have this form
in the living cell (Langridge et al. 1960).

Donohue (1969, 1970) argues that the uncertainty of
the X-ray diffraction data for DNA meahs that it is
difficult to make thoroughly reliable structuval deductions.

fven after refinement, diffraction calculations for the
Watson~Crick model do not agree well with the expewrimental
data (Arnott and Huking 1973) and it is certainly po saible
that an alternative model could provide better agreement.
Soon after Watson and Crick (1953) prorosed their model
it was realigsed that other structures were possible (Wilkins
et al. 1953) but there is no evidence that aliernatives wéfe
examined in depth., The gimplicity of the double-helical
configuration and its consigtency with the broad features of
obgerved diffraction patterns (Franklin and Gosling 1953,
Feughelman et al. 1955) apparently ensured its rapid
acceptance.,

The shape of the DNA molecule is studied in the

following parts of gection 2.5 by applying particular
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regults of Fourier theory to the diffraction data from
paracrystalline B-DNA, Although the magnitude of Lhe evror
in the observed data is difficult to estimate, the results
ihdicate that the DNA molecule apparently does not have the
highly symmetrical shape expected for a doubie helix. 'his
does not necessarily mean that the Watson-Crick model is
incorrect, but it does suggest that if the structure is a
double helix, then it is significantly more ‘distorted than
has been assumed to date

The possibility of distortion of the double helix
has significant implicatiéns° Refinements of the double
helix model, based oa uncertain X-ray data, have been
possible only because of the agsumption of a regular
structure. This reduces the numbér df.variable structural

parameters, glving a favourable data/parameter ratio.

i

Hence, inpressive standard deviations can be obtained fowx
the refined positional coordinateg. If the data indicate

a distorted double helix, then the level of accuracy claimed
becomes questionable, as indeed does the inference of Arnott
and Hukins (1973) that convergence of the relinement process
confirms the double helix model, Evideﬁce‘for the

distortion of a double helix gtructure must also Indirvectly

support the SBS proposal.

2.5.2 quggfggglg

This section introduces the method which is used to
analyse the X-ray diffraction data. The detailed
deve lopment and application of these ideas is presented

in the following parts of section 2.5, which are based on

material which is being published (Bates, Lewitt, Rowe, Day
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and Rodley 1977, Appendix A).

In general, it is impossible to deduce the
maghitude of the scattering pattern (Fourier transtorm)
of an individual molecule as a continuous function of the
reciprocal space coordinates, given only the magnitudes of
the structure factors of an assembly of identical molecules

arranged in crystalline form. 7o interpolate between the

structure factors we need their phases, which are

.

unmeasurable for X-ray diffraction patterns. It is a

consequence of the Fourier sampling theorem that the
intensity of the continuous pattern could be reconstructed,

given the magnitudes of what might be called the

"intermediate structure factors”. Thege are samples of the

Fourier transform of the unit cell a:,points in reciprocal
space midway between the pogsitiong of the orxdinary structure
factors. Tt is not possible to observe the intemaediate
structure factors of the crystal, because only the ordinary

structure factors correspond to waves satisfying the Bragg
diffiaction.conc' -ion (Bherwood 1976) .

Now Suppose that the projection of an individual
nolecule on to some plane in real quua-is, in some
particular direction lying in that plane, of extent less
‘than or equal to one half of the width of the unit cell

projected on to the same direction within t

1,

hat plane.
Suppose also that each measured structure factor magnitude
(of the crystal) can be processed to give the magnitude of
the Fourier transgform of an individual molecule, at the

L

corvesponding point in reciprocal sgpace. It follows that

these known ganple nagnitudes are spaced close enough
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together to enable the reconstruction of the magnitude of
the continuous Fourier transform of the individual
molecule - alternate samples are equivalent to "intermediate
structure factors" from the point of view of the individual
molecule, but they are coincident with the ordinary
structure factors (of the c¢rystal). BGven if the particular
syummetry and dimensions of the unit cell do not allow this
processing to be successfully applied everywhere in
reciprocal space, worthwhile deductions acan still be made
concerning the magnitude of the scattering patitern of the
individual molecule,
The paracrystalline B form of DMA so0 nearly
satisfies the conditions specified in the preévious parvagraph
that it is worth investigating the detailed consequences of
this line of reasoning.,

When a molecule is thought to possess a particular

structural symmetry, it may bhe possible to deduce certain

necesgary behaviour of the wagnitude of its continuous
gcattering pattern. If a detailed anaiyajs of experimental
patterns does not reveal this behaviour, to within an

uncertainty determined by the quality of the available data,

]

then the conclusion is that the molecule does not possess
the conjectured symmetry.,

The symwmetry of the Watson-Crick nmodel means that the
reasoning of the previous pavagraph is applicable to B-DNA.
The detailed theoretical arguments and tentative conclusions
from the data are presented in the following parts of
gsection 2.5, The results can not be said to be completely

conclusive because the diameter of an individual DNA
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molecule is greater than one half of Lthe largest transgverse

dimension of the unit cell.

2.5.3 Theoretical Properties of Diffraction Patterns
If a single macromolecule is periodic, or effectively
so, in a particular dlYP t1on (which we denote by 2z) i

aiffractLon pattern is non-zero only on parallel pldnen, or

"layers" spaced by 1/c¢ in reciprocal space (Fourier space)

4]
Py
L

where ¢ is the updilal period of the macronolecule., We
up orthogonal Cartesian coordinates x and y perpendicular
to 2z, and we introduce corresponding Cartesian coordinates

u and v in reciprocal space, where
¥ = r cos¢, y =r sind, u = R cosP, v = R siny (2.15)

We represent the electron deonsgity within the central spatial

period (repeat unit along the fibre axisg) of the B-DNA

1 «)
il
[_1
o
5]

nolecule by e(x,v,z). We denote by L the length of the

of the smallest cylinder of square cross section (with its

axis pa rallel to the 2z direction, and its sides pavallel to

the x and vy directions) into which che macromolecule can

£it. The complex amplitude F {u,v) = " (R,b) of the X-ray

iffraction pattern on the ZLh Layer can be written as

ol

(Lipson and Taylor 1958)

(:3/2 L/2
El(u,v) = }[ e(x,y,z) exp2nifux + vy
=/ 2 /
+ bz/c]l) dx dy dz (2.16)
We ugse the notation We(x,y,z) to denote the three-
dimensional auto-correlation of e(x,v,z). The convolution

theorem for Fourier transforms (Bracewell 1965) shows thatb
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We(x,y,z) and EZ

transform pair, on the uande fuLdﬂdqu that /¢ is a

(u,v) | 2 are a three-dinensional Fourier

continuous variable. Note that the extent of We(x,y,z)

in any direction is necegsarily twice that of e(x,v,2).

We now introduce

o c L _ .
AQIZ(X,Q) = J JWe(x,y,z)exp(Qﬂi[By-LZz/c])(Iydz (2.17)
- =T ‘
where B is an arbitrary real constant. Siﬁce the above
integral is a two dimensional Fourier transform of We(x,y,z),
we see that Ae,Z(X’B) ancdl Ez(u,B)}z'are a one dimensional

Fourier transform pair. Since We(x,y,z) ig noun-zero only
within the interval - < x < I, then eqn (2.17) shows that
the same 1s true for A ;Z<X’B)° Tt follows from the
sampling theoren (Bracewell 1965) that AGIZ(K,B) ancdl
|Ez(u,8)]2 can be reconstructed for all values of u, given
the samples ]Ez(h/ZL,B)[2 for all inte egers h.

When many macromolecules are packed togeiher in a
large regular array, as in a crystal, tho comnplex
diffraction pattern consists of gstructure factors Fhkl which
exist only at discrete points in recipwocal ﬂyaceo On each
layer, the integers h and k ideantify these points., We

strict ourselves to arrvays for which the orojection of the
unit cell on to the xy-plane ig a rectangle with its sides,
of length a and b resgpectively, parallel to the x and vy

axes. the three-dimensional Fourier transfovm, at

Fth 18
the point (h/a,k/b,l/¢) in reciprocal gpace, of the electron

i

densgity f£(x,v,2z) within the unit c¢ell. The phases of the
Fth cannot be mneasured for X-ray diffraction patterns. The

trigonometrical Fourier se

’J

riesg, having periods a, b and c,
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egpectively, in the ¥, yv.and 2z directions, and having the

observable [F ZIZ for its coefficients, is known as the
Patterson function (Lipson and Taylor 1958). It is

important to notice the difiference between VY.(x,y,z) and

the Patterson. The former is the auto-corrvelation of an

a

isolated wunit cell, The latter is the auvto-correlation of
the whole crystal,

There is no general, straightforward method of

2

s

hl/l !

where AF Z(X,B) ig related to the auvto-correlation of the

gl
kN

obtaining either Ae
4

,(2,B) or A_ ,(x,B) from the
L £,1

unit cell by analogy with egn (2.17). This is because in

most cases of crystallographic interest the x dimensgion of
the structure is comparable with that of the unit cell, so
that the observable samples of the intensity of the
diffraction pattern are gpaced too Far apart, aluwost by a

factor of 2, to allow the reconstruction of either A 7(X,B)
\,y/

)

or |Ez(uy6)12, for any integer 1, by any straightforward

'

computational procedure, Bult, in those special cases for
which L < a/2 and the crystal gymmetry is such that

lEz(h/2L,k/b,‘{2 can be calouloted from the observed S

7

hl?

i - . B
for at least some values of 1, then A 2,k /b)Y od

eil(

Lz(u,k/b)lz‘cam ve reconstructed immediately, for the same
I

values of 7 . ©Note that it ig still not posgible to
calculate Af 7(x,k/b) in a straightforward manner, because
A

the "intermediate structure factors" of the unit cell are

(u

unmeasurable (see sactlon 2.5.2).

2.5.4 Interpolation Between Structure JFactors

If we can use the observed structure factor

LN 3 e - . 1 - * - o4 + 2 o
i ansl [ 1S : (@ [ T 3l ] E| - Ik !{; }') p t
R - . . 28 5 4 : b 5% e - Ay A =
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u = h/2L, where h takes on integer values, we have
sufficient information to reconstruct IEZKu,k/b)]2
throughout. continuous ranges of u. The sanpling theorem
(Brac wei 1965) allows us to write down an interpolation
formula, using the usual sinc(*) interpolation (sampling)
functions:

|’§;'Z(u,1<;/1:>>|2 = z, |, (}1/2]”}\/&3)]) ginc (20 u -~ h) (2.18)
_h,mco .

Tt wust be kept in mind that this formula can lead to large

evvors Lor values of u near to where samples are wmigsing =

this is why we have added a tilde to B on the left-hand
side, to emphasise that it is only accurate (even when
measurement noise is negligible) if the data set is

("‘omp lete,

Recall (Bracewell 1965) that

4

for 2L u=n] > 1, and that sinc (0

~—
It
PR
b=t
]
D
—
et
9
D

|EZ([h«%1/ 1/2L,%/b) |2 can not be very different fLrom

h/ 2T, % /b) ] + |EZ([hﬁ%1]/ L,k/b)[2 £2 unless the
magnitudes ol the samples span a large range and vary

grealtly from cacple Lo Sampleﬂ This suggests that we should

obtain a useful estimate of

, 3
Eé(u,k/b)}z, throughont ranges

of u for which no samples arve wissing, by any smooth

i

interpolation procedure, We used spline interpolation
£ k

(Ahlberg et al. 1867) to produce the smooth curves presented

A
[SAS

in fig. 2.0, We were able to employ gquadratic splin
(splines of order two) because we kunow that the curves are
neceggarily nonwnegative, and btheir glopes are zero at u = 0

and at all points whe the curves arve thomselves Zero.

Jo/b) |2 and the swooth interpolation can be
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used as checks on each other’s accuracy when it is suspected

that certain samples of significant magnitude ave missing.

2.5.5 Obs orved DLLLPdC\IOn by B-DNA

Langridge et al, (1960) and Arnott and Hukins (1973)

O

indicate that the besgt available X-rvay diffraction data
from the paracrystalline B form of DNA indicates that the
crystals are probably orthorhombic and certainly monoclinic
(see Fig. 2.3). It seems that the great majority of the
electron density associated with each DNA wmolecule can it
jinside a circular cylinder of diameter about 18 %, 80 that
we are Justified in assuming that the dashed squareg in
Fig. 2.3 are large enocugh to enclose almost all the electron
density associated with a single molecule. The axes of
individual molecules pass through the four corners and the
middle of the golid-line rectangle in Pig., 2.3 which ig

the projection of the unit cell on to the xy-plane. If the
central molecule ig shifted (by a fraction d of ¢) in the

direction with respect to the nmolecules at the four

N

corners then the symmetry of the unil cell ensgures that the
obgerved structure factor inteunsities are related to the
intengity of the diffraction pattern of the single molecule

by (Langridge et al. 1960)

; 2 =
P 15 =0

Ez(h/a,k/b)!2 cos? (nlh+k+2Ld1/2) (2.19)

Txamination of the observed stracture factorg reveals

(Langridge et ql. 1860) that d is close to 1/3.

I’—ﬂ

Note that a/iL = 1.71, which is sufficiently close to

2.0 that it suggests that we might be able to reconstruct

IEZ(u,k/b)I2 for a continuous range of u, by straightforward
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interpolation bhotweon the observed structuve factoxr:s

Jlowever, when 7 is zero or any integer divigible by 3 then

¢

= 0 1f (h+k) dis an odd integer, so that we can not do

w

“hkl

)

any interpolating on the zeroth, thivd, gixth, ete. lavers,

But, when 1 18 nobt divi

ible by 3, h (h/a .k /k) ] can he
estimated from {Fhsz for all h and k.

w.(u,k/b) | ?*, for

The curves in Pig, 2.4 show
k= 0,1,2,3,4 cbtained by smoothly interpoldating (using
quadratic splines) between the samples ]E,)(h/a,k/b)l2

3

which we calculsted from the nost recently processed,
observed structure factor magnitudes (Arnott and Hukius
1973) .

Tigure 2.5 shows vaJu eas of JE,
Tig. 2.4 on the circles bR = 1f2,§,4¢ vNote that b/L = 1,24,
which we feel is too close to unity to allow us to atltompt
any interpolation in the v direction., This ils why we are
only able to pressnt valueg of ]E1(U,V)I2 at. discrete points

(at each of which, vb ig an integer) on the cirvcles sh

in Fig. 2.5.

2.5,6

T h@o re

/a Couble-~lciical Molecule

,i.. 3
Bxamination of the experimental wilffcruction pattern

shows that B=-DNA bas 10 hﬂ@e pairs per repeab unit

(Langridge et al. 1960)., The most general form of the

Watson-Crick double helical model consists of a substructure

e ]

(which can fit inside a circular cylinder of dianeter L,

3

say) repeated infinitely in the dirvection of the axis of the

molecule. Succegsive subsiLuubut g are gpaced by /10 and

are rotated (always in the same sense) /5. The general
form of the diffraction pattern is (Klug, Crici and Wyckoff
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1958)

o L/2
_ = noexp(ill + 10m] ) J (2Re)dy (2. 20
EZ(U,V) m;tmuzp(L[/ F0miy) J q/i” r)Jz+1Om( TRe)Ydry (72.20)
O

where the 9, m(@) depend upon the detailed form of the
7
substructure., 'The J/ 10“(f’) are Begsel functions, which

satis y

e

I, (B) = (2/78)% cos (B ~ar/2 - /), (B8] > |a] +3 (2.21)

A
lo, 8| << (2/mB) =, 8] <ol -2 (2.22)

-

for any o and "B . It follows that

L/2
E1(u,v)|2 ~ I g O(.t‘) Jq(Zer) dry , R < 7/nL (2.23)
7

which means that |E1(HVV)|2 ghould vary negligibly with ¢
~

on the circles of radii 1/b and 2/b in Fig, 2.0,

2.5.7 Comparison of Theory and Observation

The analveis of the preceding section shows that,
for the Watson-Crick mode [Lq(u v)|2 should be independent
of ¥ for R = 1/b and R = 2/b. This disagrees with ig, 2.5
which hag been caicuiated with the aid of Fig. 2.4. Tt is
now necegsary to assegss the error in the smooth
interpolatioas shown in Fig. 2.4. Before we can do this
we have to make an intermediate agsueption and assess itg
accuracy.
, ~

We denote by Ae,1(x’k/b) the Torm which A 1((fk/b
would have if 1. was actually equal to a/2. Conseguently,
(x,k/b) has value only within the intexval =-a/2 <=x <é/2o
If we were Lo assunme that there was negligible differvence

between Ac 1(x,k/b) and A ,(xik/b), the intensities of the
=y I



observed

dividing through by the fa

structure factors could bea

ctor

ton

substituted - after

cos®(wlh+k+2/31/2)

introduced eavlier -~ into the formula, eqn (2.18), for

51(u,k/b),2 The ervor inherent in this assumption can be
evaluated by estimating the fraction of Ae,l(x’k/b) which
lieg outside the interval -a/2 <x <a/2,

The definitions of Ae,](X,B) and We(x,y,z) indicate
that neither of them can be calculated unless e(x,y,z) is
known., However, we can obtain an upper bound on the error
inherent in oux assumption by setting e({x,v,z) = 1 ingide
cach of the daghed squares in Fig. 2.3. Tt is clear that,

</b)/A

any other

for |x| >0,|A 1
el

would be for cholca

has the form of a triangle wi

Because interpolation becomes

(0,k/b) |
of e(x

th a

than it

[t

is larger

vV %) . |1\ g k/b) |

hage of length 21,

the )(@chqlly impogsible when

L = a, we must conpare the {ractions of the area off the
triangle lying outside the intervals ~L/2 <x <L/2 and

~a/2 <x <a/2, in order to estimate the ervor -~ which we find
to bhe 9% - inherent in

be replaced by A k,k/b)n

e,T(

error in ]I“.l (v, k/b) |* when a

eqn (2.18). The coefficients

arve then

(h/25,k/b) |? =

b cos

Because gignificant

certainly missing from even

comnpare [E1(u,k/b)]? with tﬁe

our assumption that A 1(x,k/b) can
g .

i3 also the

that 9%

ig uged in place of 2L in

interpolation formula

|?h l|2 PO
(2.204)

{(1 +k' )/j)ﬂ/D}

gtructure Ffactors are almost
the hegt availlable data, we nmust
smooth interpolations shown in
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Fig. 2.4, The crogses on Fig, 2.4 indicate the values of
|E1(u,k/b)]2 at the marked polnL” on the C' "cles in

Mig. 2.5. The differences between the crosses and the
smooth curves are estimates of the errors in the curves,
Table 2.1 lists these interpolation errors and the spread
of valuesg of ]E,i(u"v)|2 marked on each of the circles shown
in Fig., 2.5. Since the average amplitude of ecach of the-
curves shown in ¥ig, 2.4 ig of the order of unity, the

@ o t

mazimun interpolation ervor is of similar magnitude to the
upper bound on the error involved in assuning that

A al(xik/b) is essentially the same as Ao T(ka/b)o The
Ay (2 v .

-

conbination of these two ervors (asguming them to be

independent) 18 alsgo listed in Table 2,1,

The spread of values of IE1(ufv)lz marked on the
cirvceles shown in Tig. 2.5 ds observationally significant buuan e
it is abmuf three times the combined evror on the £irst and
third cirvcleg, and dis about twice the combinod error on the
second and fourth civcles,

Since the double helical model of B-DNA requives
|E1(u,v)|2 o h€‘jndopenﬂen£ of P on the CifCl@SIR = /b
and R = 2/b, it seems that the observed X-ray Aif Y action
patterns arae nol coepatible with this model.

Ti the soreads listed in the final column of

Table 2.1 excead the neasurement erro then our results

.

suggest very strongly that the Watson-Crick model is
Lnconpatible with the available obsecved data. AD impoytant

practical point that does not seem to bhave been commented on

apecif l(“,«)]_l\/ before is that there 1ig no good way of

o

estimating the errvor levelsg in the best available data.



106

Because of its wide potential consequences,; our

w

approach should be used with other appropriate data,
If a large nunber of accurate structure factor magniltudes
could be obtained for crystals for which the matrix in which

the DNA 18 embedded induces intermolecular forces of sueh

v

magnitude as to ensure that a > 2L, then the sampling

. | Al 1 nl g T U 2 -y 2y g 1. - [P Ry
theorem would apply exactly to |L1(u,k/b)l and there would

1.

~ . .
be no error in the assumption that Ae 1(xyk/b) and
a4

Ae 1(x,k/b) are the sawme. Any appreciable differences
7
between

2 ] - 12 “ - 1A
i](u,k/b)l“ and the suooth interpolations would

then indicate unambiguously the existence of signilicant

structure factors nissing from the observed data, The A Lform

of DNA satisfies the a = 2L, reguirvemeat but we can nob

apply the method to this form because d is thought

2

o bhe

zero (FPuller et al. 196%) . R.D.B. Fraser (pcivate

]

communication) hags suggested to us that departure from
heiical symmneltry might be expected wihen a helix with a
particular screw axis is involved in interactions (as in a
crystal) which do not have the same helical symmetry., For
instance, there is much evidence that in the rrystal

1

structures of gsynthetic polypeptides the a-bhelix can be

—

appreciably distorted (Fraser and MacRae 1973).

An interesting aspect of our approach is thalt we are
able to deduce the inconsistency of the double-helical model
rom the intensities of the styucture factors observed in

plane, even though (as D.A.LD, Parcy has
pointed out to us) the observed intensitiles are heavily
contaminated in low order layer planes by diffraction from

the matrix in which the DNA molecules arc embedded.



To see thig, we first note that the Watson-Crick nodel

consists of successive subste ucLu, g repeated every /10
along the fibre axis with a wotation (always in the sane
sense) of /5%, Hence the parts of the matrix displaced

and distorted by a double~helical molecule must consist of

‘_)

sub-units which repeat every /10 with a rotation of 7/5.

It follows that the diffraction from these parlts of the

o g

matrix must exhibit the sawne gymmetries as the diffraction

from the DNA itself.

3

2.6 PROCESSING 0¥ DNA MOLUCUTAR MODWLSG: RO U"'I JCAT,

DI FRACTT

(‘rl hU\”’T UR Ju

2.6.1 Introducition

) o 19

All DUA specimens exhibit the characteristic "aross
X-ray diffraction pattern., The observed djifrd<llon
intensity is usuvally small in a double wedge wvegion about
the meridian of the pattern - exanples are presented by
Dickerson (1964). JThe intensity distribution has the form
of discrete spots for paracrystalline specimens aad
continuous bands for fibre specimens. The spots are smeared

»

because specimens of DNA cong fibrous crystallite
which are not in perfect axial alignment.

]

The basic theory of the diffraction by helical

structures (Cochyran, Crick and Vand 1952) was published just

before the double helix model of DNA (Watsoun and Crick 1953).,
The theory indicates that a helical structure could account
for the characteristic crossg pattern obsorved with X-ray

diffraction from DNA. The diffraction analysis is expanded

by Klug, Crick and Wyckoff (1958) and generalised by
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Ramachandran (1960) and Ramachandran and Venkatachalam
(1970). The diffraction patterh ok gronpé of helical

structures is studied by Puigijaner and Subirvana (1974)
and by Nigam and Bhattacherijee (1975).

The analysis of the diffraction from modified forms
of the basic helical structure has been divected nainly
towards the "coiled coil®, i.e. a helix of swmall pitch
whose axig is iltgelf helical (Crick 195)d,.1953b)5

_{* ]

raction theory for the coiled coil is studied by TLang

D
(1956) and Ramachandran (1960). The complexity of the
analysis has led to the propagation of ervors in the.
literature, as pointed out by Frasexr et al. (1964).

ficant oversight in all of

ardon (1967) exposes signit

o
2

the previous studies.
The following pavis off gection 2.6 present
theoretical and nmmerical calculations of fibre potierns

which correcpond to siwple representations of both the

Watson~-Crick and 8BS nmodels, The presentation of these

regults is heased on material which is being published

(Bates, Lewitt, Rowe, Day and Rodley 1977, Appendix B).

2.6.2

We set up c¢ylindrical poler coovdinates v, ¢, z

and R, ¥, w in real and reciprocal space vespectively.

We consider a stiucture which ig periodic, with period o,

in the z-direction, sgo that its electron density w (e, d,2)

wlr,d,z+e) = wlr, ¢,z (2.25)

the chief consequence of which ig that the K-ray diffraction
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pattern exists only in "

layer" Utdnoo, spaced by 1/¢ in
the w-direction in reciprocal epace, The complex amplitude

EZ::EL(R,w)'of the diffraction pattern (remember that it is
only the intensity IEzlz that is measurable) is given by
(Klug, Crick and Wyckoif, 1958)
/2 o 27
EZ(R,W) = cm] [ j wlr,¢,2) expl{i2r[Rr cos (P = ¢)
~c/2 0 0 _
+ lz/cl) © do dr dz: (2.286)

where 7 is any integer (we say that Eﬁ ig the difiraction
pattern in the zth laver plane).

Fibre specimens of DNA consist of hundles of

P

e

q
] -

crystallites randomly oriented with vespect to the azimuthal
angle ¢. Their fibre axesg (i.e., thelyr z-axeg) ave roughly

parallel, It follows that the aobserved X-vay diff

£

from a fibre specimen is proportional to the angularn average

f the intensity of the diffraction pattern of a single

or

T

molecule, Tor any value of 1 +this angular average depeonds
only on R. Hence the fibre patiern may be represented by

one dimensional intensity profiles (in R) along "laver

Q

ciprocal

lines", each one ccircegponding Lo a layer plane iv rvec

-

r . Iy, A . “3 I3
space, The fibre pattern QY(R) on the th layer line

S
U

EBven the moszt highly vefined forms of the Watson-
Crick model of DNA lead to X-ray diffraction palterns which

show quite large disagrecments wilth expeviment (Arnott and

Huking 1973). It ig sulficient for our present purposes to
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demonstrate that the 8BS wodel can account ag satisfactorily
as the Watson~Crick nmodel for the.hxoad features of the-
observed patterns from fibre specimens of DNA,

Conseqﬁently, we do not feel that it is necessary to take
too detailed account of the egsentially discrete nature of
the atoms which make up the DNA molecule. However, before
considering continuous distributions of electron density .
suitable for representing the Watson-Crick and 8885 nodels,
we briefly examine a crude "atomic" representation,

The phosphate groups are the strongest scatte

of X-ravs in the DVA molecules. A crude estimate of the

X~ray diffraction pattern can therefore bhe obtained by
conputing the diffraction from point scatterers positioned

where the phosphate groups are thought to be. Flgure 2.6

shows O, (R) for such discerete helical (Fig. 2.6a) and SBS
L

L_‘

(Fig. 2.6b) models, The gimilavity of the two patlerns,

degpite the crudity of the represgentation of the scattering

o

regiong, eupnasises the appropriateness of investigating

alternative forig for the structure of DMA.

2,6.3

LS \Hor,uﬁuxuc‘ons of DNA Mod“l

]
We ewplcy supergceripta 1, 2, W and S enclosed

s
i
=

parentheses to ideatify guantities re

lated to single or

double stranded DNA (d.e. the superscripts 1 or 2
regpectively), represented by the Watcon-Crick or SBS models

(i.e. the superscripts W or 5 respectively).

trandgs of

A useful represntation of continuous ¢

electron density, for both the Watgon-Crick and 585 models,

;_:.

0)(1) (r s, = () g(<.hy"~») (2. 28)
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vhere the form of the guantity g (») distinguishes betwean

the models., Suitable forms for f£{°) and g () are now
examnined.

The simplest representation of the electron den
ig a filamentary straond, which weaas that £{r) can bhe

written as the Dirac delta function § {r~a) where a is

"affective" radius of the DNA molecule. It is known that

the phosphate groups in the DNA molecule could it ingid

o

: e
circular cylinder of diameter approximately 20 A (Arno

and Mukins 1973). 7This means that a = 10 A approximat

There are atoms other than those in the phosphate groug

digtributed throughout the molecule, so a wmore rvealist

representation of f£(x) is
Flr) = [exp(~ri/a?) « exp(-x"/B%)1/vr

where o, B and v are real, pogitive constants, with
Fig. 2.7 shows £(r) for appropriate values of o, B and
We find that we can wmake useful comparisons of the two

models 1f we restrict the electron density to a sgsingle

sity

the

.0

ely,

0S5

i

(2,29}
B < o,

Y.

azimuth Ffor any value of =z (thig isg equivalent to first

approximating the bases and their associated sugars and

phosphate groups by wods of electron density and then
asswning that adjacent bages blend into each othern).
follows that g(°) has the forms

(1W) (b,2) = 8(p ~0d - 21z/c)

g(qs)(¢,z) = §(dp -0 ~b sin(2ﬂ2/04)5))

where &, 6, 0 and b are arbitrary constants (note that
first three wepresent phase angles).

When eqn (2.28) and eqn (2.30) are substituted

he

1nto



equ (2.26) we find that
00 21

)(R,w) = (1/2m) J £ () J vexp{iz(¢va@)}
0 0

l,(’]W
By

exp{i2wRr cos (P ~¢)} d¢ r dr (2.32)
The standard integral representation for Jn(z)i the Besgel

function of the first kind of order n, is (Watson 1966)

27
Jn(z) = (1/2w) J exp{i(nd ~z sin 0)} 4o
0

21
= (in/2ﬂ) I exp{i(nd -z cos 0)} do (2.33)
0

Henoe

(1)

EZ

i1

(R, ) = izaxgv{il(¢)w'®)}  J f(r) JZ(ZWHRr) v dre (2.304)
0

action from ]

2.6.4 Dif

lLamentary Structures

Tf DNA is represcnted as a pailr of filamentary
helices, so that F(r) = §(r-a), then Eézw)(R,w) 18
proportional to‘JL(QﬂRa)o Thig results in there being very
little diffracted inrtengity within. a wedge-shaped vogion

)
centred on the weridional axig (layer line axis), a fact
that seems to have impregsed itself so fivmly on those
working on DNA in the nineteen-fifties that it was cavly
decided that. LNA must have a helical form. ¥Fig.2.8a shows

the fibra pattern for a double-stranded, filamentary helical

(247)

model for which g () hag the form

q(zw)(¢,z) = S (p = 2wu/e) 4 6(¢'m5ﬁ/u-~2ﬂz/c)q (2.35)
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Hence, using egn (2.351
2w . e e
QZ( L)(R) = Qaz.;(ZHaR) COSQ(bHL/d)

Note that the intensity

~

i
e
—
=
t
P
[

in Fig.?2.8a,

dq? ba .

The same ig true in 54

the intensity on the fifth layver line that

is low on the

in keeping with observation

18

Fourth

for

B

In fig.?2.6b however,

low,

(2.36)

Layexr

DINA,

h
ot
b

The

e

7o
Q4

point is thot the siwmplicity of the double-helix model nakes

Il

it easy to adijust

¢

[

features. The lower symmetcy of the 58S model

diffiicult

1

representation of the 8BS model gave result

having the general charvacter of the obsevved

By adjusting our atomic reoresentation wae

vary the ve

lative intensities on the different

to do this. But even our first crude

makes

-y
e

r to take account of observational

3
2
L

N

more

patteirng.

laver

However, a detailled refinenent of a coaplete atomic

representation of the SBS model is required
agsess fully the relative standi Lngs of the

The preliminary studies

amphasise tha potential of the 8BS model.

TWO

in o

~der

Lines,

o

nodels.

Fig.2.db shows the fibre diffraction patte

double Stranded, filanentary representation
(25

modal, LUf which g ’“)(o) has the form

S(d = 0.7 gsin(2nwz/c)

The fibre pattern is found by subotit

the general Tormula, cqn (2.145), derived in

L{o,B,Y,1,R) represents the iontegral over

Of

+he

in

aon

¢
[

HER

1
5

(2.3

for

presentad in this section merely

=)
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(¢f. eqn (2.39)) hence for the filaneatary model,

4

Li{a,B,y,m,R) = Jm (2manr) (2.38)

Note that the diffracted intensity (IFig. 2.8b) is again
small within a wedge-sghaped region centred on the meridional
axis. The corresponding region in Pig. 2.6 is triangular,
because the discrete nature of the "atomlic” representations
(to which Pig. 2.6 applies) forvces the diffraction pattern
to be periodic in the direction of the mevidicnal axigs.
Conseqlcntly ﬂe patterns shown in ¥ig, 2.6 look more like
observed patterns than those shown in #ig. 2.3, which
corregpond to continuous rvepresentationg of the mocels .

Tt is, of course, useful to study continuous representations

because they digplay wmany of the features exhibited by mnore

realistic representations.

2,6.5 Diffraction from Continuous Structiures

When the strand has the form wepvesented by eqn
(2.29) and eqn (2.30), egn (2.34) way be simnplified usiong

Weber's first exponential integral (Watson 1966) to give

Eé']W) (Ryk’)) = JZ L(OL,vBy'YVZrR) L“ﬂ{ ) } (2.39)

in which

i
L(o,B,v,L,R) = w%[0 exp(~n?R*¢?/2) ]Z/)(ﬂ R*a%/2)
- B exp(=n*R*B*/2) 11/?(w23232/2)]/2 Y (2,10)

where IH(O) denotes +the nodified Bessel function of the

£

first kind of order u. Since the two strands in the

in their valueg

Watson-Crick model of duplex DNA d

of the counstant ¢, we see that RVW)[ ig dindependent
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of ¥, and its R-dependence 1s the same ag thalt of
L(a,B,y,L,R). Tig, 2.9a shows the fibre pattaern for such

a double stranded representation of the helix model. Not
only is it free of diffracted intensity in the wedge-shaped
region and of low intensity oh the fourth layer line, it
only has significant magnitude within a restricted interval
of each layer line, in agrecment with observation (Wilkins,
Seeds, Stokes and Wilson 1953)., This indicates that the
digtribunted electron density, characiterised by the £{r)

shown in Fig. 2.7, ig a noticeable iumprovewmeni on the

Filamentary electron density (to which the patterns shown

2

in Fig. 2.8 refer); it is not ideal because it has too long

a "tail', but it is sufficiently realistic to generate fibre

4 4

diffraction patterns that are close to the observed ones,

We now consider a double~-stranded 58BS model:

) = 8{d=b sin(2nwz/c)) + § (¢-0-b sin (212 /c +6)) (2.41)

0]
———
-©-
=
N

which is subsgtituted, together with egn (Z.28) and eqn

(2.29), into egn (2.26). When egqn (2.27) is invoked, we
ecognige that the P-integration reduces to standard

integral representations for Bessel functions, cf. eqgn

(2.33). The raesult is:

o0
52,228)(12)=:=(2'n"\()w2 JJ JJ[exp(wxz/az)>ﬂexp(wx2/B?)J
0 90

x lexp(~y*/a?) - exp(~-y*/87)1 [JQ(2WR(XZ
L
+ y? = 2wy cos(b sin(y) = b sin(v))) %)

- X

+ JO(QWR(XZ-%YZ ~ 2xy cos (0 +b sin(v+0) = b gin(u)))?)
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e A
+ JO(ZWR(x2=Fwa»2xy cos(0+b gin{p +0) b sin(v)))?)

+ JO(2WR(X2"Fy2Wﬂ2xy cos (b sin(p +0) ~b sin(v+6)))
x exp (1LZ[uw - v]) dp dv dx'dy (2.062)

A particular case of Graf's addition theorem for Besgel
funcltiong {(Watson 1966) ig

2 ) ) i )
JO{(xzr%yz-wlxy cos q)?} = b Jm(x)Jm(y) cos () (2.03)
‘(ur:. wzs GO

Uging this resudlt and the integral represgentatiocns for

Beggel functions (of, egqn (2.33)), eqn (2.42) simplifies

. B ~l 2
Jz(mb) cos(lwmo + Z@]/Z{J

co

X jJ [exp(mxz/dz) mexp(mxz/ﬁz)}l?xp(wy?/mz) mexp(~y2/82}l
d T

x J (2aRx) T (20Ry)  dx dy (2.40)

which can be reduced with the ald of Veber's first

exponential integral and egn (2.40) to

(23) .y
QZ (R) =

2

2 % equ~+cos(m6) COS(Z@)J [Jz(mb) Lo, B,v,m,R) (2.45)
=0 Lo - b -

where %n is the Neuwmann factor:

e = ] for m = 0 ; g = 2 {form > 0 . (2.16)

-

The nature of Bessel Ffunctions is such that Jz(x) ia small

[

for ]xl < -2, Consequently, the suwmwation on the right-
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i

hand side of eqn (2.05) beging to take oficct at the integer

2y /b. It ds then cleoaw thalb Q

r\)

w closest ]L‘

e

small in a double-wedge region centred on the meridional
axis, Fig. 2.9b shows the fibre pattern for a particulayw

sat of values of 6, 0 and b . Ag o in ¥ig, 2.9a, the

L3047
Fire

di 1icted intensity only hag significant magoitude within

L L.

a restricted interval of each layer line.

0.C "111 1<)n

I
"~
o
&2}
o
2
[
i
5
P
el
-

The which are presented in the pavts of

gaction 2.6 above show that the 8BS wodel accounts
as satisfactorily as the Watson-Crick model for the

characteristic features of observed fibre patterns. From

1

these preliminary sludies it ig ¢lear that the 8B5S wode

justifies a detailed investigation.

A def tive comparigon of the two DONA models

reguires the calceculation of the gtwucture factor amplitudes,

[ ]

employing accurate atomic coordinates and realistic electron

densities. There is an urgent need Jow -ray diffraction
data of better quality. It is hoped that the recently

proposed SBS model will encourage experimentsl bilochemisis
to investigate improved techuniques for the preparation of

DA specimens sultable for Xeray diffraction studies.



Pable 2.1 Irrvors inherentb in internolation procedurve,

and spreads of values mavked on Mip. 2.5.

Sppead of values
Toterpolation érvom Combined JR [ §n
PLelpe g of |, (u,v)

bR ‘ L
avenr 8.{5(—} mazimum ernonr m \t,'}q;‘):ﬂ‘(: o d ! on }ﬂ 'i {j Y D L) Q

b [

] 0,10 0.10 0.12 0.2%9
e 0.10 0,10 0,15 0,27
3 0,006 0,08 0.1 0.5

"I'!' O 3 2"/ O & 42 () >3 Z!‘Z) O @ (3,7
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Pig. 2,71 Idealised drawings of (a) an elemenbary

a

Watson-Coick model, (b) an elementary side-by-side

(8B8) structure.
ropeat unit.

length of the

e o= agial

a = approximate wadius of phosphate stronds.

Mg 2.2 a sivplified model of SBES

structure corresponding to two diffecent gide-on views,
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2.4 Bmooth gpline ix

L5
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shructure Tactor intensities, baken from Avnott and
Hukins (1972) and suitably anovmalised, afltor dividing
through by the factor introduced in thse text. The

r 1D
crosaes dndicate the values of mq(u,k/h) Toan Lbhe
points macked by O on Fig, 2.5
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Mige 2.5 The firvst quadeont of the £ = 1 layer of wecipw
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Y
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O dndicate the wvaluves of 'Eq(uﬁv)

smooth interpolations shown in Flg. 2.4 - ab sach guch
/

point. WNote that all points lie on the cireloes
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Mg, 2.6 IMbre diffraction pabtlerng of crude "atoumich

>

models of DNA, The patberns arne ploitied as functions of b

&

for £ = 0, 1, 24 s0s 9, 10, The dashod Lines reproesent
the patterns divided by 2, in reglons whewre ttey bocome
large, Decause the models are #o crude 1t hag nob been
thought worthwhile to refline the SBS model to bring the
fine details of the two pabtevns into apgrecment,

(a) Watson-Crick model (Tthe two phosphate strands are
out of phase by Sy /4), (b)) 8BS wodel (euch mepen
unilt congists of successive right and leit handed

double bhoelices; the slrands in cach double helix are

out of phage by 0727 ).
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IMAGE RECONSTRUCWILON

FROM PROJECTIONS



CHAPUER 3

FRODUCTTON

3.1 REVIEW

There are many branches of appliad scilence

1

wasured data take the form of projections of tw

dimensional digtril

FE I el

moeasurements spanning

(Moore and Garire 1975) to Microscopy (Delosiern

1

Zeugmatography (Mansficld 1978) may hoe interpret

projections. The problem cominon to these diverse

applications 1s the reconsgtruction, from the projeciion

of an image which re the

The problem o

equivalent to that of determnining a series of it

sectional images. We therefore need to reconstruct the

dengity, denoted by A, throughout a pasticular
ae;tibn of an obiject. The physical quantity to
covresponds depends upon the particula
application (Gordon and Herwan 1970). The nane

space" ig given to the plane in which the crossg-

fimaging a threeo-dinensional

~

p]

ntific spectrum from

1
ad

j&)

[
I,

T

1"

130

in which

and

wuLgonta A wide variaty of phyaical

N
971)

an

0BG

ich

lwage

three

LrOLOWNY

and

tion of

interest lies. In Fig. 3.7a, P is an arbitrary point

image gpace with Carvtesian coordinates (x,vy) or
polar coordinates (r,0). The (x,v) coordinates
considered fixed, whercas the (&€,n) coordinates

the parameter ¢, Fox a‘partieular value of &,

arve

de

1011@

ha

on



"projection at angle 9§
along the ray parvallel to the 1 axig and distant § foow
it. Turther notation is presented in section 3.2, together
with basic theoretical results.

Much of the rigorous mathematical theory of image

reconstruction (Radon 1917 , John 1934, Helgason 1965,

Ludwig 1966) assunes complete projections, which are
continuous functions of both & and ¢ . v practlicoe,
neasurad projections are known only at discrete sampling

« a

peilnts and are fivnilte in nunber (Smith, Peters and Bates

™y
et

1973) .,  The "projection-gpace" diagram (Beathie 1975) 18
convenient way of represanting the positions of the measuced
Lline integrals. Section 3.3 shows bhow interpretation of

this diagram leads to eflficient (‘u hmcﬂ for the collection
and preprocessing of projection data measured using & fan
beam of radiation (Peters and Lewiltt 1977),

in general, there are nany images which are consistent

with a fini

—
o
o
)

¢

=
o
(]
~
iQ
O
=h

sanpled projections (Mares 1974,
Logan and Shepp 1975, Logan 1975, Solmon 1°¢

reconstruction ig possible when the image

band-Llimited and a sufficient number of linc

3

measurad to satisfy the

sanpling thneorean in both
the radial and the angular directions (Bracewaell 1956,

Crowther, De Rogier and Klug 1970). “The thoeory of this

approach is (Kiug and Crowthen

1972) and practical algorithms are digcusged in detail by
Smith, Peters and Bates (1973)., Itecative anethods of
reconstruction {Gordon et al. 1970, Gordon 19704) and lineax

algebraic methods (MoCaughey and Aondrews 1977) do not



congtrain the ilmage to be bandlimited, buab lead to plece-wisge
smooth images which satisiy other constraints (Herman and
Lent 1976) . Practical algorithuns for image wveconstruction

from projections arve presented and discussed in a nuaber of

reviews (Budinger and Gullberqg 1974, Gordon and Hevman 1970,

au and Oppenhedim 1974, Brooks and DI Chivo 1976b, Cho

and Burger 1977). The practical of diffarent

algorithms is compared by Herman and Rowland (1973), S,::n:i.'l:;h;
Peters and Bates (1973), Sweeney and Vest (1973), CGordon
and Herman (19784), Cho et al. (1975) and by Herwan,
Laksbminavayvanan and Rowland (1975).

The simplest theoretical description of image

raconstruction fire ig in bherns of FPourler

tranoforme (Bracewell 1956, Bates and Peters 1971): with

a series of one-dimensional +rancs

we bulld up the

two-dinensional Fourier {vansform of the lumage, which 1is

i

then reconstiucted with a gingle two-dimensiondl inverse

transform -~ thig

.

igs degoribed concigely by aegn {(3.1) and

egn (3.5) below. Reconstruction is straightiorwacd when

the projections are.complete, but intevpolation in Fourier
space 1is required when only a finite nunmbey of sampled

projections ig availlable (Crowther, DeRosier and Klug 1970,

Smith, Paeters and Bates 1973),. In a practical idwplementation
of the algorithn, errors ave intvoduced by approximnate
interpolation {(Thoapgon and Bracewell 1974) and by the

approximate evaluation of the fourier integrals (Smith,

F;

Peters, Lewitt and Bates 1975, Mersereaw 1976). The
recongtructed images are found o be inferior to those

obtainaed using other wmethods (Smith, Peters, Miller and Blke



1975, Cho eb al. 1975, Tuitz 1975), This wethod, however,
forms the basis of an intervesiting prvoposal for image coding
and transmission (Wee and Usieh 1976). It 1g proposed that
the projections of an image be Fourier transformed and
transui tted instead of the image itself; which isg
reconstructed at the recelver uging a two=dimensional
transform, Mozt of the remnarkable weconstructions

E
3

body croas gections now being obtained (Brocks and

19760) are

"

affevted with a related wethod of

veconstouction known as "modified baak=projeciion™

The theory of this technigque isg well=known
Riddle 1967) for the ideal cage when the projections axe

praciical dnplementa

=
-~
=
®

complets. 11 tion and performance of

this method are conoildered in detall in Chaptey U,

Practical reconztonction using modified back-

projection lavolves discrete couvolution of each projection
with a gpatial Filter (Rawmachandran and Laks hadnara Vanan

1971) , dinterpolation between sawples of the modified

projection (Shep

o and Logan 19748) and the approximate
evaluation of the back-projection integral (Brooks and Weiss
1976) . In Chapter I, an ezpresgion is derived for the

regsulits fron truncation of the

reconstiruction &

spatial filter., A weighted least-sguares approach Lo the

er design enohles this error to be reduced, Discrete
convolution of projection and filter is begt évaluated using
the FT (Brigham 1974) aond a specific luplementation is
degeribed. Interpolation ervors ave greatly raduced by a

.

sinple modification of the filtewr. The npature of these

ol terion

[a}]
A

errors is demonstrated, and the analysis leads bo
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for ecrrov-lree

3

Whon this condition is

not satisfied, sinple intor@wlation.bctweem projections ig
shown to reduce the reconstruction ecron,

The accuracy of a veconstructed image ig affected by
noise and systenmatic errors in the projection measurenants,
ag well ags by the approximations inhevent in reconstruction
inmplementations, The anal yoadlg of these effifocots ig
currently an area of active rescarch (Barvetl et al. 1976,

Drooks and DI Chico 1976a, Tanaka and Tinuma 1976, Rowland

and Herman 1976, Wagner 1976, Rowalski 1977, Rowalski and

~

Wagner 1977 , Waesman 1977, sShepp ond Stein 1977, Cheslaor
et al. 1977) .

In practicos, orojections ére incomplete because they
are sampled and ave finite in number. They may algo be
incomplete in livear exltent, because wost in&brumeﬂtﬁ‘uaed

for meagsuring projections have limited fields of vi

Thisg ig true both of the gawmmna cameras uged iﬁ nuclesr
wedicine (Oppevheim 1974, pudinger and Gullberyg 1974) and
of the many agmputéfmaid@d X=ray tomographs now available
(Brooks and Di Chivo 1976b)., It is convenient Lo

low" and "truncated?

rojactions,

ot

distingulish bebtween "hol

1

which have theivr ianer and ouler pavis

misging, respectlively.

The projeciions are necessarily tvuncated 1% the
/

Hhiect heing exanined hag dimensions larger than the fiecld

view. In radiology it may be dusivabl

field of view intentionally in order to minimise the

radiation dose Lo a patient (Cordon 1976). In some

oy .y, . ol

gituations it way be advantageous to neglect parts o
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meagurad proje 18 which are considered unreliable or

noisy. For exanple, in electron wicroscopy it ig known

2

(Crowther, Anmos and Klug 1972) that ia negatively stained

Kl

al objecty, the overall

f.a

preparations of certain biologic
digtribution off gtain does nolb gencrally presexve the

¢

es of the objects, especially in the out

oy
Tia

o ymme

of i

t could be worthwhile atteupting

E...I.
r——

projections. Hence

,..,.-
——
P

¢

wd

to reconsgtruct images of guch objects from truacated

tomography, 1f vparts of a body croszs section

ara very dense, or if there ig an opagque obs

truction in the

the projecitions ave hollow; i.a. parcts

oboervable or are unveliabhle

ion are ejther u

off each projaec

the dynamic range of wha

because they exceed ig being

uged as o detector (o.g. ©ilm, scintillotion cowdiar, eta,).,

- .

Chapter 5 introduces a couvenient oobatlon for hollow and

truncated projections, and pressnts a sical analyais

1

of their agsociated veconstruction problems., Unambiguous

[,..L‘

reconstruetion is posgeible from bhollow projections (Cormack
1963, Helgason 1965, Bin-Gal 1974, %eitler 19704, Cormack and
Doyla 1977) but not from teuocated projections (Bates,
Lowitt, Peters and Swmith 1975)., Oirect reconstyuction from
hollow projections ig shown, in Chapter 5, to be highls

I: . 7 k 7 ( Y
errov-gensitive,. fHonce, indivect methods (Cppenbeiwm 1974,

OXE Tesult

1875) need to be perfected, Recongtruction

wl Werneoka

when hollow or tLruncat projections (F

1975) are treated as though ave complate., Ganerval

formulas for these errovs are decived in Chapter 5 aond it

shown how the average error in the reconstyuctlion may be

Ll
i
6]

estinated.



i
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Chapter 6 presentsg practical methods for image

f

recongtrouction fyrom hollow and from truncated projections,
Tha incomplete projections ave preproccessed go that

3 Tod

cecons trucitions can be oblained from them vsing the modified

vack-projection method., This work complenents the related

methods (McDonnell and Bates 1975%a) developed for the

regtoration of degraded imnges which have been truncated by

thelr recording fyames (McDonnell and Bates 1975L; McDonnell,

Repnnedy and Bates 1976) ., There ave two types of procedure
for preprocessing projections. In the first, we use a

suooth conticvation of each hollow or Liuncataod

so that the augmented data has the forn of a couplete

pirojection., This preprowcessing approach is wore apy

5

for truncatad than for hollow projections. The second
oreprocessing procedure uses a gmooth continuatioon of all

sting on thair angular

the projections oimul tancously

wibe, Conditions itnposed which ensure

the auwgmented projection dota arve consisbent with an

T
et
=

N
pt
L
.

-

QU

object of finite extent. Thig preprocegsing approach i

o

Little value for truncated projections bhut it enables

ined when the projections

accurate reconstructions to bho obt
are hollow. Brampleg showing reconsbructions ol a Lest

object from computer-generated, incomplete projections are

used to de

ongtrate the effectivenezs of the preprocessing

mathods,

v

Tha methods progented in thisg thesis for reconstruct-

ion from hollow and truncated projections are likely to be

Pamediat in computer-asgisted tomography (Brooks

and Di Chivo 1976b, MceCullough and Payne 1977) and in



+

nuclear medicine (Budinger and Gullbecyg 1974) .,

rn

e gamma caneras used in puclear wmediciae have

collimators which reject wost of the radiation enitted by

the radiocactive source which ig adninistered to the patient,
Methods foy recongstruction of the source digtribution firom a
aumbeaer of views (Bodinger and Gullibherg 1974, Hoieh and Wee

some acoount of the attenuation

1976) usually ne to take

of the vwadistion wvesulting from its propagation through the
patient’s body to the cawnera,

There is wuch curvent interest in radiolgotope

which enit positrons (Devanwso 1977, Dar

et al. 1977) .
When a positron oand a free electron annihilate, two gewnwma
rays are produced which propagate in pracigely opposite

(colinear) divections from the point of annihilation (Chanyg,

tlacdonald and 1976) . The gamma oy

higher cenergy than those used in conventlonal nncleax
maedicine, honce there ig lezs attenuation of ithe radiation

hy tigsue (Hoffwman and Phelps 1976) . The paiv of gamwa rays

from an annihilation arve collected by a pair of detoctors

(tiwm et al. 1975%), and +he direction of the »ays may be

1

determined without. the need for a collimator. Henae,

Pl s

collection efficiency 18 ased do comparison with the

stion method

conventional gamma camera, An lnage vecong
appropriate fox a pogitron camera is gilven by Chu and Tanm

(1977) .

Yeon projectiong is novnally

g
,..)

Image reconstouct

carried out by digital computer, but analogue Fourier

processing is possible (Bates and Peters 1971, VPeters 1974a).

Analogue jfuplementations of the moditfied back-projection

r\



method have wecenbly been vaeported (Barrett and Swindell
1977, ®Bdholwm 1977) . In addition, nodern devalopmoents of the
classic wothods off X-way tomography (Grant 1972, Meyen-

Ebrecht and Weiss 1977, Weliss et al. 1977) way eventually be

of use for image reconstruction in medicine.

ON AND

N s i it 3 de
cerast L

In most applications off physical ia

possible to c¢hooge a circle, centred on the origin 0 of

coordinates, of lavge eoough radiug (denoted by b)) that

s

the density XA =A(r,0) is zaevo ountside 1i (see Fic

Lt ds convaenient o wnake ¢ sexnve as an angulac coovdinate

W

-in Pourier space {as well ag in inage space - gee Fig. 3.10)

]

in which Q ig an arbitracy point with Cartesian coocdinates
(o, ) and polar coovdinates (p,9). We denote the Pourier

trangform of the density by A = A(p,9), where

’
AMp,d) = J { A, 0) expliZ2rpr cos(0-9) )} x d0 dr o (3.1)
0

Im Cavtesian coordinates, tha ity and its Pourier

transform arve denoted by w(x,y) and Q(u,p) respectively,

-

2f. eqn (1.6) and egn (1.7). Hence
b
Alp, ) = JJ wlx,y) cxpliZue{x cosd +v aing) b dx dy {(3.2)

Tn terns of the rotated coocdiosates (E,n), wo £ind thadt

Alp,¢) = jJ w{E cos ¢~ naind, & sind +ncosd)



Denotiog the projection
: t .

b

|

=b

e L)

w {5 coud ~ nai

Hence, from agn (3.3),

3

FE,0) exp(i2mpE) d§

}
A (Dﬂb) = J
g

D

oi the projaec

Dotors and Dates O

1973},

central section thaorem or Ffirst rvadilia

e meaning of eqn (3.5) is

transfomn of a projection at angle ¢

the

trangfocm of the density., This regult
importance in ithe theory and practica

reconstroction from projections.

3.2.2

Projection

Tt ig coovenienl to introduce a

for angular Fourier sarvies

£
>

M

noooA

100N

the one-dinengional

WO~ 1 me

Le
1

Trxpansions using Angul

139

3.%7a shows +hat

+ noosd) dn (3,08)

b

(3.

theorem (Bracewell

therwise known the

as
cransform formula,

Fourier

o

corvrasponds =

standard notatlon

===
where the integcy M

glignifiicant terag

the measurement noise level).

L. . "
mth angular rouciesr coc

exprans

{(3.6)

to A . In the Followine

applied to any of

i

1a appliad

these

¥) exp(imd
m( ) . P ( )

large enough

s
&

We

Lolent o

0

B

g chapters the

o
L.

symbpols with

'
L

'y

Iosupensc

(3.6)

all

inalnde

all terms above

and A as

i

game notation ig

; wiptn attached,

d
-



or crowned with conventional or tovertod civouwnllex acconlsa.

Fauation (3.5) leads lmmediately to
b

.1\,I_u(p,>) = { £ (E) exp(iz2wpl) di (3.7)

When the notation of the angular

L

RGINE N

[

Fouriler coaffic

1
Aated =5 "

Aiver gubstiiutiong ega (3.1) into egn (3.8), use of the

integral represeuvtation of the Bessel funcition Jm (2mpx)

A (p) == 2‘“‘(:34)'“ ( A () J {Zvor)y v di {(3.9)

tnapaction of Wig, 3.Ta indicates that 0P wakes an

LI}

angle (0~¢) with the & amis and its veflection in that axig

wakes an angle (2¢0-0) with the x axis, so that

E(E,D) = | [A(x,0) + Az, 20-0)] dn (3.10)

We note from the geometwy of Wig, 3.1a that

Afiter suobstituting eqgn (3.6) into egn (3.10), and using
. A . . PN - o

volations (3.11), we see that the abth sngular Fourier

coefficient of the projection can e wriltbhon as

b

£ (+? . Z

15 noted by Covmack (1963) .,

,m
o
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When N orojections are given, wo decote the got of

angles ab which they are weasuraed by | q',»n pon= 2,0 W N )

Recongtruction iz simplest whao the ¢ arve equally spaced
£ N ] k :

in the interval 0 +to . Since
f(=E,0) = £(&, ¢ +mu) (3.13)

the N measured projeciions can be transformed into 2N gemi-

projecitions, for each of which & existse throughout the

~anded

T
o
2

vange [0, bl., It ig convenient to def

of measured angles

b oo N o for w o> M}, For n > N, the seni-projections

Prom a set of saonl-projections we wmay wish bo

egtimate £(6,0) for all ¢ in the vange [0, w]l. 7Thisg rcan

only be done succesgfully 1€, for any & in the rvanga [0,b],

=

g

all significant variation of £{(&,¢) with ¢ can ba

characterised by 2D

gsanples. TH N i3 pon lacrge
N

enongh to achlove this, then any estimate of #(§,¢) wmust

sufifenr from angular alispoing (Bwmith, Peters and Bates 1973).

[
I
O

Since ©(&, (bn) ig peviodic in ¢, we way vepresent it

by the angular Fourier series

f(ﬁ,¢w) = nof (&) exp(im¢n) (3.15)
i . -
o = N

We have 2N samples ¥(£,¢ ), yet 28 4+ 1 Fourier coaflililcients
, a ,

£ {8) appear in egn (3.14%). To allow the wo 1 o be

determined from the samples, we geb € = t. and take half

of each corvesponding term in the o

e voguice sampling functioons, =($) say, such that



2N

£0E,¢)

=

the “dealita

somer.

| neg

p.516; Papoulis 1962, p.At) of
sericg (egn (3.15) in thi

Pl
+.3

= '!

{zuoir/N)

whoere

q

' computer-asainted

1977 a collimatad ¥X-

ray beam

saction along a line pavallel t

The dntensity 1 = of

I (E:f‘.’))

through the ohjent,

cident radiation

The de 2O

,.,

by

ol the material

A gingle

<

a

)

,-:
u
\ L‘

LI

Feapace”

P FLE, %

callad the "ke

ton HOIEN;

Lan ¢ T e
LI AVEIE o

the

sample

projectad dengi

(3

in the range [0, 2w] the
Function for discoreto Fourioer

ronel”  (Hamwing 1973,

the cocvresponding Fourier

CIELEE) 3

(3.18)

CANEON

iy (MaCullough and

Payne

the obhiect cross

o the n axis in TFig. 3.7a,
radiation alter it hags baeen

abha COe

rLL]M,J,Utl

L On ,

n

yogpace,  Mrom Pig. 3,7



ibomay appear that £(8,¢) 15 ginply a funcbion ol polar

coovdinates & and ¢ . in general, however; #(0,¢) is

dependent on ¢ . Represented ag a polar function £(&,¢)

would therefors be maltivalued at the origin, hence it

wore conveniently vepregseobted in vectangular coordinate

Projected density space is periodic in the aangular parvaseber

$ , silnce

(3.20)

A point at vosition

rise o a

ainusoidal curve in

(3.27)
leading Wdhola (1977)

vectangular coovdinate

h LINK U RBVE e

Dach perviod of the domain dg Ltgsell gsyowetric ginoe

which

a mHb

ALL scanners measure a gset of sanples of projsction
gpace, and from this data the crogs-gectional

2

computed usiog a reconstruction algovithm. The

ray ' samples given by £(kAE,nn/N), where k and n awve

intagers, represaont a unllorm saapling of projection space

and may be obtalned ugiong a gceries of linear scang att N
eguispsacad angles, Figure 3.2 shows ihe

gsamples in the (E~¢) plane. Nobe that

this space make point A coiovcident with A' and B

coincident with B,



1o

ing-Ray Prodections

The rveprasentation of projectoed-densit
intvoduced above is of parvticular use in intevpretiog the
projection measuremenis made by a fan-beam scanner. In this
cagse, "diverging-ray" projections are wmeasured by a mulbi-

elenent detector wunit positionad on a straight line or on a

civoular arc, We amosume that the detecitorn

egquigpaced on an arc whose centrs is the focal gpot of the

Reray bube. AP denotes the anguloy sepavolion bebtween

detectors (flg: 3.3a) . Note thab the focal spot of the f-rvay

the contre of roration of the gystem and the central

wrror element all lie on a gt

f 4

we denote by (), ¢') the projec

attanuation Yor diverging rays

thisg Tunction

LY (0. s ap e

and thaese sanples

e(w,¢“) = f{E,9) (3,23)

whera

However, the Jdiverging-ray projection sgemples are eqguispaced

in P which, together with the foma of egn (3.25), zuggests

in bhe (b~¢)

iently represen

that they ave moye conve

this representation forn diverging vay

plane., We
projectionsg, aince P and § aro singly relatod by

eqin (3.,20),



a5

o

Interpretation of diverging-ray projections i
particularly simple i€

APt =AY (3.26)

il

leading to the meagured projectic

C

on sampleg
e kAP, 0Ad*) = EF(R gin (kAd'), (n~k)Ad') (3.27)

h lie on equispaced lines of constant angle in projection

space (cf. Pig. 3.2). ¥Fig. 3.4a shows the manner in which

thig space beging Lo £i1l up with samples after the §

v g e
[ S 10y

bl

Tow diverging-ray projections are measured. In {(y,¢) space

the samples are equigspaced on

s

traight lines which pass out

of the diagram at its upper left edge and veappear inverted

at the lower wight, lecting the mobiuz s v of

the sgpace, After measuring gawples of e(d,¢') for 0<$’ < w

we have the situation shown in Pig. 3.8bh. Note “hat no

samples havo bheen measured 1n a briangular region in the

lower lefi of the diagram whi other regions of projection

PO

are overdeternined, with overlapping samples. The

Ty
Boac

o

diverging-ray projection data adeqguately sampleg the

triangular vegion only after further rotabion of the

detector to ¢' = wi2¥, where Y is the waximum value of
Le.e. half the sagular width of the fan beam., If neasurements
are made over the lavger range 0 <¢* <21, all projecition

B mples are moeoasured twice,

Abr = /N (3.,28)

3

wheve loteger N ig the number of

=4 Cly \/J CwWa

equival

=nbly containaed in the asured diverging-vay

projection data. Lelt K be the vuaber of gample points in



THG

£ (or V) for each angle of viow ¢'. TFor a genecal density

lay and radial canpliog

ara

1972 when

Noo= (n/2) K (2

i
.
»3
o

=

When N ig significantly smaller than (/2K the numerical

approxiwations of a conventional filteved hack-projection
procedure lead o reconstruction ervor, egpecially il the
intervior of the density containg high-contvast regions.
These affects ave di scusged in datall in Chapter 4, Taking

Mogreater than (0/2)K generally does not more than veduce

the

fects

of projection measurement noige, Most fan-beaw
detectors, hovever, have a rvelatively small angle of
divergence, oy exawple, the pacameters o

detector are:

[eH
2

T

[N

ig clear that the simple neasurcment scheme

eguating Ad’' and AP leadsz, from

greater than the nunber of projectio (168)

given by condition (3.29). We therefore geck measurement

schemes which provide a better halauce

e

of views and th2 number of

Consider the effeot at dnorements
ApY given by

ApT = 2AY (3,31)

Figure 3.0c¢ indicates the meauu gomples In orojectic
space after scanning over the range 0 < ¢7 < w+2Y. o

the range

o
i

ig. 3.bco, those sawples wmeosured fov ¢

0 < ¢' < 1w ave denoted by the symbol 4+ and thosa samples



can be siuwply co

whare N

regquired values

! oblained

can oe

gamnple

known

is glver

i

o

ig

111
[}

e i jootions

The

b

4

' in Tig, 3.4

indicat

at point ¢

by dnterpolation in o

etwean adjacant

This intenpo

o s =
}_ e . - iﬂ] oS PN TR . T S T 3 . 57 [ PN - ' Ny o t “
yedaune o TNe SYmmociile posSitions ol e SAanDle points,

and

N

> e an

rodundancies oy

K

IS

ve Aoty enent nemao

Fowr times

C‘

HAEs

#

in

o they result ineviitably

oF

non-uniform deterninations

projection

velative to

LEWS

OV

denoted by

interlaaved

. 1. -
d by
und Formd

showin

Qs

(3,28) and

ar Tthe interval 0 < ¢' < 27, The sanpleos

by those corvesponding to o < ' < 2w

the projection space sanples

The

cedundant datea.

no




] 4 - w5 e B A . '3 . {"L

ince the interdrlcaviong of opposing views in 0

results in each equivalent projection haviag 2K sewples in

that the vacoe radiaol resolution

Tn

e
L
~

o
=
wl
-~
£
©

the detector

the 2K radial cawmples (for any ¢) wmay

y

practice,

ant due bo bthe [iunlte widih of

not be complat

dual detooctov

-

on an indiv

“he radiat

e
o

element., Mor exanple, let each eleoment with its collimator

have a beamwidbh of AY, i.e.

T

angle ¢4n., This overlap booomes vero
individual beam widthe of AY/2. Hence with suitable

sible for an offfget detector having K

thvough an angle ol 29 radiaos to
collect the seame data as a gymneteically placed

]

2K elements rotated through an angle of w+2V¥,

resolution the offget detectory can ntilise only half the

%

radiation of a uwniform fan-hean incideot upon it use of

lda

erlapping gamples in

:

solition than ©f

=
o

N

2K-elepent detector, unlnes additbional computatilonal

ocedures (Hunt 1970, Brac

lavped data

poszible saving of X datector elements aod asgociated

of rvaduced Tesolud

ation in the design

utiligation is 2 wmost attractive congidor

i]
4
1

Hdoed seannervs Lo vadiothorvapy treatuent planning.

We note that the vesolubion/baanr-utl lisation



compromise doeg not arlse 1 the vadiation ig collimated at
the source to give a discrete bean corrvesponding to each
daotector elenent. In addition, we note that a further
application off the offset detector principle is possible.
A posgible neagurencot sequence ig as follows:
(i) detector ofiset by 1/8‘of an element spacing;
(i1) rotation through 2y radiang, with data collection.
(1i1) swall detector translation to an offset of 1/0
ol an element spacing;
(iv) rotation through 2w radiang, with Ffurther data
colliection.
Hence K detectors can weasure UK digstinct vadial

gsamples for each projzction angle. Howeveyr, the guality of

»

the recongtructaed image would be criticolly dependent on ihe
alignment and stability of the detector gysten (Zhepp and

Stain 1977).

The treatment of the fan~beam data colleation

Jing two sactions, enphasises

procedure, given in thoe pre

4 )

the gymnetry of the p

ojection gample distributiion which

results when Ad? is an dnteger multiple of Ay . The
diverging~vay data are rearvanged, concuryrently wibth the
measurenents, o corvespond to parallel-vay views gpaced by

o
1

Ad? . When requirved, interpolation in angle igs achieved by

multiplying the dncoming ganple by a welchiting factor and

adding the weighted values to the nearedsh parallel-ray
sanple polnts. Because ofF the patbora sywmetvry, linear

interpolation requires only a fow constant welghting factors,

e.g. 1/, 1/2, 3/0 when At = UAY . Afler straightifovward
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vadial interpolation to glve projection sanples equispacoed
in &, the weordeved data are imunediately suibable fou
conventional parallel-vay reconstruction using a standard
algorithn, It should be noted that for a fan-bean wilth

— 1 oy oy oy B - 1 - o O BN (I -
a relatively gnmall included angle (e.g, #07, as in the

detector degcribed by parameters (3.30) above) there ig

"

only a maximun 2% erroc in the radial pozitions of th

©

. - ' ' w1

in -space if the radial interpolation

A detector whose olements were equispaced

)

in gin ¢ rather than ¥ would give the rnquired radial

ganplaeys divectly.

Siwmilar projection processing wmay be used fow

d whan A’ /AP is not an integer

diverging-ray data neazure

£

or a simple fraction such as 3/2 ., However, the
corresponding sanple disteih

‘cature of those glven above.

and symmetry which are a
Veveriheless the interpolation welght values are consitant
for valnes at congtant ¢, and so o look-up table enables

1 1

putations to be performed alnost asz veadily with

the oo

arbitrvatvy (but 'Humtamt) Ap ' and AU . figure 3.%6a shows

™

projecidon gpace as gsampled by a syametrically placed
P T s 9. B B R -~
deteator rotated through 3607, For gome values of

the sanples ave vedundant, oxr neavly =0, whereag at other

levels are widely spaced, poor gample

distribution is inproved dranatically by detector offset,

as showo in Mg. 3.6b. Reorndeving to ceguivalent parallel-

ray projections proceeds exactly as in the abhove

paragraph,



Ag examples of the data procegsing procoedore, we
prosent reconstructions obtained from conputer-ganerated

sponding to two fan-beam geometries.

projections ol
The respective meagsurement schemes are denoted by A and B
with the detector parawcters listed in (3.30).

In sohene A, projections are counputed covresponding

rositioned detector and €or angleg of

3

view equal by Ad' = LAY over the range

U < ¢ < 2207 . "Thede ave then reordered and interpolated

get witih N = 135 and ¥ = 121,

The corresponding projection-space diagram may be derived

. 2

from Plg,. 3.00c {(where A¢' = 2AY) and it ig found that 3/48

of the sanple polnts require angular interpolation.

In schems 8 detector L1a cotatad

-~ o B . s
through 3607 . The angle A¢' bebween vicews is the sane as

\ , ) N B . o .
in scheme A (4/3) 7, but each alterna detactor aleomnent is

. .. . = ey O -
ignorved, giving an angle of (2/3) 7 between each of the

s

60 active elements. The detector is oifget by 1/0 of the

spacing between thege elements. Hence the projectlion=-gpace

vJ

dizgram of #ig. 3.5b applies, aond the interlesving of

ovposing views leads to an eguivalent pavallel-wvay dats

set with ¥ = 135 and K = 121, asg in schene A,
Diverging-ray projections were genervated using

the simulated head phantom of Shepp and Logan (1974) , and

the parallel-ray reconstruction algorithn enployed the

convolution filter presented in that paper. The e

projection operation was iwplewgentad with the usuval

trapevoidal approximation and linear interpolation between

L



filterad vjection samples (see Chapter ). The

»

cecongtructions of WMig. 3.7 demonstvate that the approximate

interpolations required to convert from diverging—ray Lo
parallel-rvay projection data lead to negligible

reconsbruction exror when the projection data is computer-

generated. The recongtruction accuracy is shown cle
in ¥ig. 3.7b and it ig evident that the two projection
measurenent scheoemes lead to reconstructions which are

effoctively egquivalent for ideal projection data.

]

Preproces

i
p

ta by sinple

v

ing of fan~bean projection de

Lnterpolation accentuates the evvors which are coused by

migalignment and instability of

and Kruskal 1977, Shepp and Stein 1977). Methods of this

N

type are nore suited to low-resolution applications such as
radiotherapy treatnent planning (Dreike and Boyd 1976)

b

rather than highe-regsolution diagr

08,
e
o
o
5
)
L
§
-

<
-
)
o
e}
S
|-
o
&
—~
7
w
=
Ty
(i

[r

f—
e

and Kruskal 1977).

1

An altervative, and rather move elegant approach to

reconstruction from fan-beam projection Jdata iz adopted

Ly

~

H 1minarayanau and Naparstok (1876) and by Pang

an, Liaks]

and Genna (1977). They develop a wmodified form of the

filtered back-projection nethod which involves independent

processing of the data obtained at each angle of view. The

A [N

o dnmplemnentation

purpogse hardware, but requires a large table of weighting

»

LE the back-projection procedure ig to be implemented

s
£
s
—_
{2
-

LOYS

[}

¥

{
1

1

cconomically ., An extensive gtored table or much computation

.

algso rvequired to jmplement related schemes (see Gullberyg

fete
o
{

1977) in which the projection data are {ivst back-projectad



along the diverging ray paths to form a "layergram which
is subsequently "rho-filtered” (Peters 1970a) to obhain
the roeconstructed imago.

A low-cost, low resolution X-ray scanner ig currently

under developmoeat at Chrigtchurch Heospital (Claxk 1977).

This scanner and an agasociated winicomputer are to be uged

. The paramaters

i

apy treatment planning

¥, K and Ay -of the fan-beam X-ray detector ave listed in

{(3.30) ., Parallel-ray back ig rvapid and simple

when taplenented in machinse language on ithe minicompuler.

parallel-way

o

Reordoring the fane-beom data allows the fag
reconstruction algorithm to be employved, and ig egpacially

attractive bacauge few aritbuetic operations are reqguired,

speing can be done concurrenbly

Lon prepro

collecti]

with the dats

of the method uged o reconstirunct fron

fan beam projections, projection-gpace diayrams are

—~

inveluable in assessing the efificiency of the

collaection scheme. The advantagesn of the

detector,
and rotation through a full cirvcle, arve then cleavly

apoarent.
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Fig. 3.7 a Reconstruction of mathematical head
phantom (Shepp and Logan 1974) using diverging-ray
projections and simulated offset detector. In the
120 x 120 point image, black represents values less
than 0.97 and white represents values greater

than 1.04 .,
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CHAVVER G

FECTEON

4,7 INPRODUCYTON

usually kunown only at

Eal

A

gamole polatsd,

this form off incowpletencss

ad back-projection,
Lo finit
0Of

PIrensa

i a glvea length to be computed bo pakiaily

Orwaace o

comal dars

Ko PROJECTION

Theae Muodd

Cinaed by (o

g(&,9) = Ipl MNp,9) sxn(~i2w&p) dp (1)

s )



The filter array clemenis are

whilich repregenbs the back-projection opa Let B (8, 9)

denote the go

<«
E_(E,9) = d LoE(kd, ¢) §(E~kd) (4. 3)
3 p
oo
wharo bthe ganple spacing ig A and §{2) ig

Tunciion,  Oply o findt

somples are non-ycro.  The gsonpled peojection has a poviodic
Povyier tiransgk
co
o0
7 J A p - o f oy 3 .
L (6,0) = [l % Alp-1/3,0)1 exp{-iz2w&e) dp (h,u)
1 wzwco

, , :
the projeciion gamplan,

In this case egn (U.1) and the convoluotion

wourier

g {jd,d) = d 2 Flled, ) q((g=k)d), =0, &1,.., {(h.5)

wheis the spatial ia givan by (Bracewall and

[
C
—
o
[
—

thes gsamoles of thig function

(Ramachandran and Lakshminag

g{ke) = 1/8d4%, k= 0

s A/ PRy, ke odd (.7



2 i

filbtor avray congiste of the truncatod

periodd

Pig., H.1a,  The trenzfourm of

Ther slignal-to=neoige rabio of s ed

i usuvally lowosh fou

quenay ( ! o) i =

1a

ding o overshoot in
:‘,, L g);ﬂ)

and Logan {7 i doh

v

[

Lad prodection which are

by dnterpolation

comvolution of theos

projections.,  The int

lTinear and "neoacest nelghbour? interpolation ace
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denoted by b (6), ho (&) and b (8) conpectively,  Doepoting

hy () = (1/d) (1-]g/d]),

and thelr o

(p) = aing (dp) (i, 1)

WLty and (Bo12) the

o (4.7), Followed by «

s " R : - o
! .

egquivalont to The uge of the continuous Lilter glvaen by

{ interpolation
sty the corresponding . conbtinuons

o a spatial overaging (i.e. swoothing) opecation ot the

Howevaor, the etifect in

gpatial dnterpolation is wmuch nore serious, yet ofton it
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Ny Components Lo the edtiwnate of the continuous
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Hiied projection,
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interpolation wolags
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that he

1o onegative at and near the foldis

fireguency .,

COMPONSN

with B

maesthod dbs

Crror and

may

and

additional spatical averaging would olfget the apparent

G
o
ol
[

bt

mnnher of nons

—_
J=
Nt

~—
=

regquiren ¥ odistiogth

filter avray, i.c,



The amount of

-

cvalintion of

where J < K,

iiained

alt)y = o/t a o
A\S 5 &1 2 (b, 109
where congtant o = «d ?‘/’l"n‘ TH Ehe ]
4 v 5 R [ i3 21
©12 {,1'\;
radius & = L, say,

Tor » < @ Tl ic
I ¥ 1 : + box g e PR T | T
, oAy is wero, and fov v o» b

o)y = 2o il St / {it, v o> bd (i.22)



which hag itz waximun value of o/0° ot radiuas /2 .

—x.—
«
&S

Figure | shows tho behaviour of ¢{(o/d) for a vange o fi"
values of ©/d .,
FPor a general dengity M(,9) the vecongtrucition
A (e ,0Y) from a truncated il
two~dimensional convolution
PRI

X {(r,0) = Apt,o0m e ((e? w0t < 2rrt cos (8-01) ) /2
0 ‘0

rwegatkive, henca no evyor cancellation can

heR
-
-
o
<3
[
’54 -
=

(4.23), and slowly varying

froegquency) components of the density ave

o

IO Thege

~
Lot
_—
[V
-~
s
~—
“d
i
(i
—~
™
=
ARy
fia
[
~—
—
e
Iz
o
"
~—

(1,7Y then the above

formila represonts a truncatad Fouridew approximation
to the perviodic ramp filter of Fig. U4,7a. This.

representation (Mamming 1973) wninimiges thoe intoegral of

J

’

the sguare of the approximation

ideal soectral Dilter

abruptly changes sign.  For

Lodonts

howeve

Flaguve U.,3b shows the vo

wiion of o coontral cootion
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ol the Shepp and Togan (1974) head phonton usiog theic

pul with W o= 10 . Tho zoro

Lrequency erroy is obvious and easily corvected, but

i
[
s
v
=
r.‘.l
"
o
[
o
A
P
o]
el
£
-
;
=
e}
o
34
-

re appavent.

dense skull bone ia comparatively well roconstructed,

2y
LR

contributes o

inly o

of the vrojection gpectrun. The dens
recons tructad 4f the filter ars

the gpectral spprowiwation error at low

Freguanay
waelghting

function,

whare Q(p) is

chove minimnis

congtraiLnk

b
o
e
=
-
—~
=
B
N
&S
=
—
—~
!
o
1 1
o)
e
g

A

squares method (Hammiag 1273).

R
o .

Pruncation of an infinite leagth cpaliasl Uilter leads

to a spectyal

uniformly distributad, #When the Thoer specimwn approximates

.
2 &Dpfﬁpﬁ}ﬂf@ =
i ; :

Wip) = 1/ . ol o« 1/2a (h.25)
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srpuares melhtod to oo

£ e O

We have used +

length filters with thoe wailghting fTunction of (4,2%)

[ia)

(Pig. B, 4a),
uging them {(e.qg. Fig. 4.Uk)

those uging simple truncated

However it io ovident that this

L2

inferior to the filter of length K (6!

the akull.,

Bio, 8.2 way be

filter langth

The filter acvay of (4.7) has al

epavling the convolution to bhe

number

of cezrablions necassary

same length.

Indivect evaluacion of convolnticn using discrete

O

/

en

Fouriar Sy dghiom

(1) Transformation of projection and filts

{(2) dMoltiolication of tho two btronsforms



K

(3) tnverse transformation of this prody
The transforms nay be computod cconowlcally usicg some form

ol 1

thatl convolutions wmay aluo be

of the " algoriitbho. Noi

ot oal., 1977) .

i
Y]
o
L—.J
n

W
=
=
=
&
/'\
o
fomd
@
e
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e
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e
+

\

i
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@

,\
~
oy
X
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=
W

o
o
oy
9%
o

siown that a sawpled projection

Spech U,

@ foem Iy evaluates

the period oi the gpechown, and

convolution can be wade aquivalent 0 the
reguired lineayr convolution of (4.5) 4if its poviod is

approxinately doubled by augmnenting the

samplay with ¥X=1 samples of

The gimplest and most common FEUC biong wake

use oif the Yyad:

congtrainsg the nums

pamples to

avgmentation of

samples, whaere K, is ap lnteger power of 2 and K. 28

F‘(\

siwmilarvly, the filter iz auguented {(or computed) to this

length. dhe avguenled projection for B = 8, the #ilter and

&

e rasultant

o

implewendtation allows convoluiiion products at
non-egsential ganples of the wodificed vrodection, i.a. where

ot . 1 o
t

the corresponding oviginn

Thevefore there 4o a savi nq of about 1/2 of ihe operatioons
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involved in Lhe vsual,
wihiich all convolubion

The FET genera

maginary

chown (Brigham 1574) thal a second projection

the imaginary copponent of the complos iaput data

corveatly modified {n the i vy component. of thoe outpint,
procedure allows the projecilions to he procasgead

i - . 1
tone comte

projection and filter epectra veanires only real

Eany.

on bthe

QFTE T
2

in the result, Silimination of

WINRCASZaTY Samdleg apnpe: !

by ] s LA " IS B S SR, i N o AT . L. EyL
hege redundanaies involves modification of o T R

cinner 1976),  vurther goall

Towwand

transforns {(Singleton T969) . However, L8 &
allows K, to be halved (e.g. K = 150, J « 100, Ko o= 256
and radix-2 YUY then wore
eliminated in comporison with cxach evalustion (I = 150).

It omay appear that

it on of Fhe

decl Filter

fintte length spa



alternative use of gaap.

@ Torms shown iu

and pgn (4.8)) which overlap when peric

o a form of error

"aliasing” (Bevgland 1969)., This

vin,  albthoughy smal

large XK, lg simoly

rocedure,

(M/2) log, N

svgland 196489), bub ao optinised

tation regulres soocwhal

A complex multiplication is equivaleant to four wreal

Wea

operations. e convo

i lenentations by eguating the vespeotiva numbs

honi
N
)
P
L
P~
T
I
L
I
]
i

Jections,

L
N
3
ot
-
ot
i

Wi ik)ll nas ios oot Doy Ko 2 {! N

this the FFU implementation is the wora ago

.

of the convolut

o5,

enred ot egquispaced

¢n given by {n-1)n/M,

{(4,72) muat he

chion intogral of eqgn

summation, We

-
.2
-
.
Cu
s
-
o
o
o
Z
~g



A
h

which way be uzing fig. .6, which shows the

(€, ¢)

The modifiie

gseparvated by w/N io angle ¢ and sampled at intecvals of d

(o

. 8 oand

hatween known samgles, uvzing, for exam

schemes of saction #4.3. We denonte by p the upg

Timit of the intervolated wnodified projoction.

Bxact int

in oa sering

The erxponential wmay bhe

functions J._ ({(2vop) using, tow exoanple;

[9A5)Y ai

funotbion {(Abvamowitcr and Ste

n then simplifics to glve

o dlnrploxp (L2NkE) do (L am)




thie veconsivuction of g

netion at thoe

hack-orojection approgimation. he corresponding

for the veocongtruction of a Gausaian, bub without a Filtey

Ty

i@, frow ego (4. 30)

and for non=zero k

5}2(1?VO)

W
—

K

~

1(2ﬂpv)

4

1

i)

[N

LS

e

standard intog

and Stegun 1965),

Doand=~Timited varsion of

Dresaent thae anpiroy

reconstroction. How

1972) for v < (N-1)

leairge order n has
ig negligible in comparizon for 2 < n=~2 {(Ahvamowitz and
Stegun 1965) .

fhe eveor in thoe reconstruction of A{r,8) duoe ©o the

trapaexoldal o




IE the oviginal cross seocition may be enclosed by a cirole
of dismeter D aay, this ervoy will be negliaible within

18 the ervor is vequired Lo be negligible only at the

covracsponding o thae gircle’s centue,

[y
[

——
»

D dn agn (4.

(i
rh
2
]

it iy often ds

D from N projoctions measul

arrvor can be veduced

of aore i

N opoints,

agured pro

VA Hence gl(f,d ) may be
= - ¥

o

an angular Fourier geries (sec ago (3.715))

Wie

T

Wt

)

7

2 angulay chram ig perieodic zince gl(g,¢ ) 4

funotion of

angular alias

£ (8) = A (x) = 0 ix
\H(C) /"l.l(\ ) )

angular Doy ior

coe

veconstruction from N projeacid
be bandiimited in 0 Lo anguolax

large enough to satisty (4.30), the back-proijsciion



approxiwation of (4.27) (with exact I in

introdic: crror.  Otherwvise

fei

angulac i

8

reguired to angicent N, or p should be

s ing,

for example, the ’ Cilier of egqn {(4.17). Inequality

(B.30) d= thus & number of

A ginaliar o

digtribution to
equally
o gampling
angular

of o cross ocechlion we hi

ooks

-1

The asgunad form of

ok +o be Ne o TC R s
el et SO DA ConBia

distribution leads o on estimated valuve of N which ig too

a1l to poermit the

of a genevral iwmuge.,
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the ghape of the continuoug form of the wodiiiad

o naighbouchood o

(2) the distance betwoen the nearest modifiad

oh congtant over

PASE A GOIN

T Al .
A0 Whd

it becomes signilicant just

e thisg interval. In the veconstou

the circle of pimilar gitoation arison in

L
B
-~

soma of the

violation mnst be groes

in seciously affectad.  These poglition-variant o

tive tolerancae Lo

Ods which pario

k.
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poe

S TDERATTIONG

5,1  INTRODUCTTON

Thig chapter presents a theorotical analysis of L

problem of image reconstructicn fvom bollow and truncated

projections. Section 5.2

preliminaries,
Section 5.3 18 devoted to the theorvaetical golution of the

hollow projection problem, Thare is n

-

y conplete solution

to the tyruncated projection problem, but it iz shown in

[®]
=

sacltion 5.0 that sone unambiguous information can be

abstracted from i

uncated projections., Section 5.5 is

concerned with the estimation of the evryor which rasulis

s

Erom assuning that incounplete soiong are aotually

complete.

circele of radius h in flg. 3.%1a, To asaist the analysis

off incouplete projeciions another ciraels of vadioz a < b

i introduced (see Fig. 5.1) and we parbitioan the density
into regions defined by
Ar,8) = A (2,0) wo<a



Tt is convenient to partition the projection £ into bwo

H -
Lo, . . N e . R o 3 Lo oy ) e oy N
components: the projection of A and the projeaction of A .

L 1

The projection due to A7 ig denoted by 7. We wake o

further partition of £ into the "hollow projeciion”

)
¥

i

A
<
A

and the "truncated orojection” , detined by

F(E,0) = F(E,0) le] < a

s F(E,0)  a < ] < b (5.2)

whore the cirvcunilow accents forwm a graphic notations the
invaertad accent guygests Lhalt a "bite” has been taken out of
the projecition, whereas the convenlbional accent suggeshs

"

cut off", Prom the above

definitions and TFig., 5.1 it ig clear that

£ o4 £ (5.3)

Lot
T

il
h

.
o,
T

it
h

Y

. ‘ . . LA
and in general (d.e, foc A # 0)

hw
i
~u
.
i
@
!
~
N
—
—~
o
—

L . \ . 0 T :
In oegn (3.1), A ds weplaced by AT when A

- P

AT . Note that this definition of A7 and

£ which follows eqn (5.1) o

worem) whan £ dg replaced by £7 .

poveplaced by

egqn (3.5) by A and A, respectively, vher
£ oand €., The angular Fourier secies notation {(egqn (3.6))
ig applied to any of the syubols £, A and A with & super-

ERN .

seripts or crowned with conventional or idnverbed accents.



VP ROGECTLONS

]

Tn this section a clogsed-form expression is derived

for reconstructing the dengity from a finitie number of

4

hollow projections. Recongtruction 18 possi

fe]

sle bhecause

C

Il 3 t - ’4 . v‘ e d N - '
the corrvespondence beltween A and £ (Fig. 5.1): the

3

hollow projection £ la due only to density in the vagion

+ , . . : . P - +
A, so that it is iondepeandent of A . Hence A can be

E—#
ot
o
i

YV
vecongtructed from £ by inversion of the integral eguation

(3.12). The case m = 0 covrespouds to Abel's equation,
which has a sgimple invevse (Bracewell 1965)., Therva are a

number of methods for selving ogn (3.12) for w # 0, sowe of

Re)

which make use of Mellin transforwus (Sncddon 1968).

Following Zeitler (1974), we state the inversion Formula

L

5 devived by Cormack (1563):

g (5.5)

where T (°) denotes the Chebyshev polynomial of the
: N

kind of itz and

red by

order m, which iz defi

Stegun 1965)

T (x) = coslm are cos )

(i arc cosh %)

Prom the linits tion it i clear that egqn (5.5)

is a reconstius For hollow projections, nov

)

invegtigate the possibility of prociical veconstrouction from
a finite number of hollow projectiong, using the Loraula
(H5.5). Substituting (5.5%) ioto (3.6), and uvuszing (5.6) to

represent the Chebyshev polyonomial, we find that



A (i , 0) Tl— . (L:.v. j { nof (f)) exo (zi‘l @)

[ exp(im arve cos(&/¢)) + exp(~im are cos(5/v))1 }

A
(E%/v? - 1) ¥ ag/g (5.7)

e G J { #(8,0 + 1 are cosh(f/x))
bOF(E,0 =i are cosh(E/¥))} (£%/c? « 1) % dE/g (5.8)

Bvidently, use of eqn (5.5) iwolies apalybtic continvation of

i

mnoasured projection data into the coiplex ¢=-plans, as noted

by Zeitlexr (1974). This can be effactod by takiog comolex
valuas for ¢ in the interpolation formula (3.716) and the

formula (3.17) for the appropriate gampling function.

Congiderable giuplificntion vesulits if we veconstruct the

specifilc density somples A(rfey)f whera the 2N equispaced
N B

andgles Ok corvaespond Lo the ¢r of the set of gsemivrojactions
' Ly

e

I(éywm):

¢D = ni /N, Gk ek /N o,k o= 1,2,3.0.0 20 (5.9)

!

e

ubstituting egqn (3.16) into agn (5.8) wa cobhtain

+<s(0yw¢,mi arc cosh (E/7))VH(E2 /v 1) 7 A8/ (5,10
.

which is troansfoomad wiih the

i 2N 7 o
A, 0,) = = w3 <m?r**l€ﬁ“,[




which repregsents a formal golution to the problom of image
recongtruction from N hollow projeccions, iHowever, it
a practical solubtion since the ginh term becomes
extrewnely large for moderate values of N and /v, e.q.
10 for N = 20, &/vr = 2. Hence the solution is the sum
of terms of very large wmagnitude and alternating sign,
so that any error, noise or aliasing in the projection
gamples is intolerably wmagnified in the reconsgtruclbion.
The significance of the ahove anslysis ig that a
complete soluatlon exists in theory to the problem of image

] . .3 :

struction from a finilte number of hollow projections,

rERCOn
but that a straightforward eppreach to computing the

solution is certain to fail in practice. Chapter 6

describes computationally useful solutions to the proplem.’

5.0 TROMCATED PROJECTIONS

It is not pogsible, in general, to obtain a uvnigue

reconstruction of a density from its truncated projections.

-

It is clear from the definitions (5.1) and (5.2) and from

A
KN

FMig. 5.7 that congsists of £ added to part of i e

+

3

are interested in reconstructing XA but, unless A is

method

zero, symetvical or known a priovi there is no exac
for geparating the additive.compon@nts £ and F of the
given projection data, This section derives analytic
expressions for the errvors which arise if truncated
projections are treated ag though they are complet

A formula is algo presented from which useful o priovi

.

egltimates can be made of the "nolise’ levels to he expected

in images recongtrocted from truncated projections.



Computational examoles of the une ol this fomula ave

presented in gsection 5.5,

We denote by )A\
we obltain by treating £ ag though it is a couwplete
projection, The notation A7 ig defined by cgn (5.1),
with A replaced by X

Since we know that we can recongtruct A frowm £,
pertectly in principle, we intuitively ex

act A o be,

in some ugeful sense a recognisable to A,

todis therefore convenlient to intvodoce a notation for +the
~

arvencae haetween A and A 2

A (e,0) = AT (r,0) 4+ C(x,0), £ < a (5.12)

truncated projection ig being treated
- 1. I 1 g -1 - T s oh ey
as complete, the esiimate of the mth angular Fourien

rad

coaefficlient of the Fouriery btransform of the danc

i
e
=

s

ol

n

ained from eqn (3.7):

P

whare the definition (5.2) has been

egtimate of the m(h angular Fouriern

density ig obtalned from the Hankel tyrangform inversion of

3

eqn (3.9), with circunflex accents on A and A :

> >

() = 2m (i)™ J A (o) 7 (rep) o dp (5. 14)
0

When (5.13) is substituted into (5.14), which is then

which depand

—

evaluated for v < a, the vart of £ H(é'
i

3 VDon

,
~—
=
[on]

o (0) is reconsivucted pecfectly. o, © (v

1
° Lo - g + T S Vg 1 " K ar N " N OE R BT PPN D e
of >\x | (v) and is ooly aifected by A ‘(.{.) . TH follows From
il - : il



(3.12), using definition (5.6), that the pact of  (g)

which contyibutes oventually to ¢ () is

Remember thatl

>
Faed

((E) has value only in the range e < a.
On referring to (5.13) and (5.,14) we zsee that

@ a b

¢ (e) = (=) j J J ) T (E/8) exp (i2wpE)

b

“ap ds dE dp (5.15)

. - ;L2 A
[ AT 3 = g
T (2rep) | 27)

To reduce this expresgion it would be desirable to perform
the integration with regpect Lo p. Thisg cannot be done

immediately, however, becauge the factor o in the integyrand

to integrate by

cangaes divergenca. Tt s
parts with respact to &, oaond it is convenlent 10 intvoduoce

the notation

- (5.16)
%

s

Haence, it follows

om eqgn (5.15), using definition (5.16),

that

i o W
ap (-iZ2uap) 1 dp ds

-
e
—
n
=
B
o
<
]
A
&
—
fmia
s
¢
=
!
Y
o
g
-
—
)
-

mo joom
a - 0



Yhe integrations with respect o p o can be evaluatbod in
closed form {(Abramowity ond Stegun 1965, Watson 1966,
H

The second inbegral with reupect o p ds discontinuouz at

1

E = v, and since v < a by definition, this disconti

Lty

falls within the range of the & integral. Hence ihe latter

ig eplit into two parts, and obgerving that D (£,2) is an

il

odd or even fuaction of & for m  an even or odd integer

regpectively, we

1
+o(2/7) K4(F)Si J D (E,8)sinlmare cos {(E/x)] (r?2-£2)" 748  ds
0

.

where the regtrictions wm > 0, a > r > 0 apply. We aow
have the error in the weconstruction of A expressed in
terns of dengity A . Note, from éQﬁ (3.12), that the
fivst terom in egn (5.18) ig proportional to £ (a) .

LI e e O 2 e v
To find the corx JK%EJCDilkl ng rveconstruchad estimate of A,

guatlong (5.13) through (5.17)

s

v - ! ] i ~, s 3 iy ¥ “ s pad — e e L oy
ardg valid foxr v » a if A {r) veplaces ¢_(v). It then

with respect to & in egn (5.17). Perforwing the

integrations before, the rvesult sinplifies Lo

2
ess



S
N |
>
n
—
e
.
fW)
5N
.

r
~——
—~—

e
3
~

A2/w)sinin ave cos(a/v) ] {v7-a”)

We now perform an integration }y parts with respect

£ , where l,( ,8) is the integrated term, and obtain

~
Since kf(r) is easily conputed from the given truncated

[ - 2

sing a standard reconstruction method, it follows

5.20) 18 a Fredholnm integral equation of the firgt

kind for km(r); with the E-integral as its kernel. However,

the factor inside the pavtial derivative with respeoth to i
ig zmero for m = 0 and is (1/¢) for wm = 1, so that

A

MGe) = () = 0 (5.21)

] . )

Consequently, 1t is inpogsible to deterwnine AO and A
unambiguougly, given tLouncated projeciions. Since
e

A
' - T () 1, a3 ] 4 Y T, S s = -
XO and X1 cannot be cobtained by inverting egn (5.20) we

[Le,

cannot unambiguously complete the truncated projections ov

estimate ¢ via eqn (5.18).

In wany situations of sclentific loterest

5 '

information about the dengity can be ubiliged in
veconstruction from truncated projechions.  For oxaonple, in

the recongstyuction of body crong gections in medicine, the
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cross section boundary can be deterwmincd Lo an accuracy of

T2 mmoug

Milan 1975).

™~

—

1 this section

egtilmated, ag gh

5.5 TERRORS IN T

On iunvaki

series, introduc

is the average error at radius

is

as thouy

©

eqn (5.18) szhows

\F .
A upon which

- .k
component of A

to calculate the

On performing th

Tt

we optalin

'( —a

25 (2/1) (a®~r

i

from which we

ae

The average erro

but then
But note
furthegt
we would expeat)
with the

neasured project

sing opt
By making an initial estinate of

reconstruction nay be

Compu

rotio b/a,

jco-electronic appavotus (Lillicrap and

Aa

improved, The formulas developed

enable the reconstruction errors to be

oW gection 5.5,

0

ROM INCOMPLETE PROJECTTONS

ng the standaxd notation for angular Fourie

ad

we gsee from (5.172) that

r o in an

ted from truncated projections € which are

=l

h they are

+ : . o
that AO is the only Fourier coefficient of
i
oy _ v R AN .
depends. Tt follows that A, is the only

that we need to estimate in order ho be abl

average reconstruction ervyor for 0<r <h .

e E-integration in eqn (5.18), with m = Q,

2)

e eryor 1

roincreases with r© to begin with,

infinite at » =

o

steeply until it

I

he integrand of (%.22) the parts of A, (8)

a

are weighted most heavily, implying (a

that the average error tends to increase

which determines how geverely the

tong ave btruncated. £ an estimate of the

3]

Inspection of

a,
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{r) with © g avallablo, then ¢ (xr) can

varlation of A 0

o

be conputed by nunerical evaluation of the integral in

-

eqn (5.22),., In sone tuations, however, wae may only be

Tf

I} k1

able to estimate the average value, between v = a aand © = b,

1 ]

of /\.) (r). Conseguently it is worth calculating the form of

m

g
Co(r) when.ké(r) ig given by

o .
AO(L) = (%

1
°
N
(5%
—~—

On making the suvbstitubion
52 = a% 4+ (a%-r?) tan?(0) (5.20)
in (5.22) we find, on uging (5.23), that

.o () = (2/1) [ e(x) = ave tan (e(r)) 1 (5.25)

where

e

e(r) = {[ (/a)? = 11 / [1= (x/a)?]] (5.26)

shows the average reconstruction error ¢, (r), tor

G

several values of a/b, when A . (r) has the form of a "unit

annulus” (remewver that \)( ) exigste, by definition, only

within the interval a < r < b, so that the »ight side of

eqn (5.23) represents a unit density within an annul

Useful estinat of both a/b and the average value

of AO are usually available in pracitical situations. It

follows that reasonably acourate es

imatas of the average

arrors ln the veconstruction of images Lrom truncated

(‘\

2 oy

projectiong can be obtained by ingpection of Fig., 5.2,
Je now invaestigate the error for the cowplementaiy
gituation where recoanstruction is attempted Trom hollow

rojections, We again treal the projections as though they

£

are complete. The reconstruckion oo obtained equals the true
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density A minug the approximatoe dengity A recoasiyucted
from the cowplementary set of truncated vrojectiovns. Henco
the results derived here aond in section 5.4 are applicable
to hollow projection reconstruction, I[n pavkiculac wo note
from eqn (5.21) that the avérdqe evrorv in the reconstructlion
is zero in the region of intevest, il.e. where ¥ > a . tHance
a circularly symnetric densgity is reconstoucted exsctly (in
principle) for # > é when the corregponding nollow
projections are used as. input to conventional algorithus.,

r

Ianspection of Tig. 5.2 ghows that a ring of large amplitude

(3]

negative density would be expected in the reconstruction
just inside the cirvele v = a, and computational experiments
confivm this,

The analysis of reconstruction ervror in seclion Sn@

and in this gsection does not include the effects of sampling
or of a finite number of projections. However, computed
reconstructions confivm that the average evrors obtailuned in

s

practice can be predicted accurately by using

i

g, 5.2,

[€e]
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0

FAY

Fig. 5.1 totation for pacts of projections aund densilties, for the example
Au,0) =1, » <b
=0, r >b
\/ ’-\
The complete projection £(§) is shown, and & and £ denote the
complementary hollow and txuncated projection cespectively. A and.

4 . 4 , PP
A are seporate parts of the tobal densily, and their individual

complete projeckions are denoted by £ and I reagpaectively.
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This chaptesr ghows how preprocessing ol truncated and
e

hollow projections enables useful images Lo be veconstructed

o m - 1 . '

from them vsing the madified back-projection method,

Yo g 4

section
6.2 introduces two digstinct approaches to the preprocessing
of incomplebe projechions., The details and resulits of the.

simole” approach are presented in gection 6.3, Section 6.4

reviews the conditions which are gatisfied by a set of

“hey ave consistent with an object wross

o]
=
o

L..

L
.
o
)
]
e
[

e

gaction of

Findte vxtent., In gection A.5 it is shown how

these conditions are used for "consistent” preprocoassing of

\_,.a
‘\/
7
E—’a
-~
-

incomplete projections., Section 6.6 presents
regults which arve requived for the analysis off Lthe projeciion

nhvated on use of

preprocesaing methods, Attention is cov

on method of roecongtruction, but

the modified back-projeoti

alternative methods are also disougsed,  Uhe signitficance of

6.2  RALLONAL

ITnage vaeconstruciion from hollow projoctions 13

theoretically poggible. Although o diveoct Fformula
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it g shown in Chapter 5 that this
formula ig not sultable for direct numoerical evaluaiion.
There 1l no correspondicg formula for recoungtruchion from
truncated projections,

Detailed analysig of the wodificd Hion

rvecongtruction mathod ghows (zee Chapter 0) thalt it is well

sulted to reconstruction from Liaite numbers of sampled

projections,. However, this and ginilar methods give
giygnificant reconstruction evrorg whaen the projections are
hollow or truncated (see Chapter 5)., We intultively =upect

thege ervors to be reduced if the unknown pacts of the

projections are estinated uging a smooth continuatlion of the
data. Such a continuation ig mo#f gimply obtaived using
gagmnents of a chogen function which arve fitted to the data.
We engure thalt the functional forwm of Lhese segmenits has a
sound physical basig., Bxperience in a related contoxt
(MeDonnell and Bates 1975a) confirms that sinple

continuation of incomplete data dramatically reduces the

errovs 1n inages which aive reconstiuched using such data,

A natural choice of function to extend tyruwnoated

projections ig a segunoent of the projection of a circular

2 i1

cross sectlon having uniform density. In the "simple

completion® method this funobion,

mulltipli

eyl
[§%)
2
=
—in
,-,
[
i
3

ed by a

extrenities of the truvncated projectio The "eompleted”

projection thus consigl the original trnocated grojection

o
|

5 Of

and the extrapolating zeguents,

Tn general the comoleted vrolection, denotad by
; & 15 ) ¢ s
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«2 A BRI B & I N S ey P R AP S e
PE,¢), dn different from the actunl projection {8, 4) .

spective reconsiyuctions which ave obbadaed Srow

~

FLE, ) and £(&,d) ave denoted by A, 0) and N {(r,0).

v

ion ervor” ¢{c,0) due bto the compiletion ot

The "reoconstiouct

hollow or truncated projecitions is defined asg

] n

The gimple completion mathod vt eacn

projection independently. However, ithoe projections are not

actually independent since they are all derived

aingle cross section.  The wore gophisiticated "conglisbeal

- 1

completion” method {(see section 6.5 below) treats all

9,

projections sinultancously hy operating oo their angular

-

ienta,  The devendence of the projections ig

by
L.
e

Fourier coelf
taken into account by fitting pavticular functions to the
iciaents, noaking use of precise results,

cion 6.4, 'he funciiong provic

a umooth

tion of the projection coefficients {and hence ihe
projection Haca) into the hollow ow tiyuncated parts.

Congigtent conpletion, compared o

ig more in accord with the physics off the

ig analogous to the "overlapping edge

method of image processing (MobDonnell and Pates
deconvolution methods

(Bates et al. 1976, MoRinnon et al. 1978).

We denote by b, and b, the values off £ covresponding

: 0o



the

0D
AL

particular

) = 0, &< b1 o
A0 , b, < £ < b

For any

determines b, and b,

known, then we a

£

estimate of the radi

OrOSs gectlion.

operations for each

Lhe

#ind

b

gemi-ywidth 0

Bil a segment o

[1 - /b ]

1 wp ot
8 an

two samnple
projection, T

regrosg

r' '"\

in

bhead

(3) Compute projec

——

Tnostep (2) we it G

truncatad projection

two coefficients.

o

accurate repy

sample values are us

projact

pproxil

ot

7
nate b1
the

wus ol

"gimple completion

truncated projection

€ the

[

2

one edga

6.2,

Gl on

lon gampl

~a and

he functio

g

. giving

b

ad rather

03
i

A

leie

U'['ﬁ']

o

and

ctral

¢

(3)

n to

leagt-ac

sedgmeant

0

{ )

rotection (soeoe
ction at aoyle ¢

2

&)

method”

T

Five

2 oconplat

of the uvross se

T the bouvndavy ig
by b, where b ig an

clorounsaribi the

U(j

involves ihe followd

gsee Fig. 6.7a)

o
»

and

b)) /2

o leawst

the truncated

of
. | ~ R ol I
and ¢, are found by

the form

For

sampla valy

ig Llikely to bhe a
¢ projection when

msmher of

oL nam

jae
~~

o

Ny

g

HIS IS
Lave

L0
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Thae above procedure gives the tioe projecuion €8, ¢)
, , . L . . I

withowot exror when the objeot ig of wniform deunsity and has

a cirvcular cross section., Tan geueral, tha completed

~

projeciion £(&,¢) ig different from ©(&,¢) . Yhe least-
gsguares nature of the function-Litting proceduce (step (2)
above) engures that £(&,¢) - £(5,4) is oscillatory within

the

the two intervals for which a-5d < [El < a, where d i

spacing between samples of the projection, Figure 6.1b

~s

Lllustratves the behaviour of £(&,¢) — £(&,9)
A conparison with the Fonotions defined in section

6.6.1T shows that the segment fitlted iun step (2) is

_(O) I
of

proportional to ¢ ’N”O)
sinple completion method represents each truncatdd part of

the projection by the firvat two terms the infinite

i~
o
e}

expansion (6.20).,

(1)

In section 6.6.1 we derive the component g {(£) of

a modified projection which corresponds to the p rojection

e (1)

componant. £ (&) . We denote by g(&,¢) the egtimated

modified projection corresponding to £(£,9¢), since g (&,¢)

i

is the actual modified projection (see egqn (J.1))

] ol

corvesponding to €(&,9) . Comparison of Fig. 6.1b for

%(£,¢)-m £(g,9) and Fig. 6.7 fox f(ﬁ?(g) and ¢ (£) shows

that G(£,9) — g(&,¢) is insignificant where |E| < a~5d,

i

see Fig, 6.1c, The recongtruction error ils covvespoundingly
small for ¥ < a-5d, gince those pacts of the mnodified

noi hack-

1
=

projections which arve gigunilficantly in error are
projoected into this circular region, We therefore concluode

that if truncated projectiong ave preprocesced using the

simple conpletion method than modified back-projection of



thew (see Chapter 4 fow accurately reconstouets the
LR ) nea o P S g N s P
intevior of the cross gection.
We present vesults obtained frow the reconstruchion
1 M 3 N i)

procedure, using exact conpoter-genarated projections of the

s o . .

shown in ¥ig, 6.2, The object is fouvned by the

I i

tesgt object
superposition of an elliptical region and six circular
regions, each off constant density and centved on the x-axis
(see Fig. 6.2 and Table 6.1)., We comoute 128 equispaced

srojechkions, each saupled at 63 values of & wolformly

distributed over the range -1 < & < 1T, Parts of the
projections are set to zero to gsimulate hollow or truncated
projections, which are then preprocessed to foom the
conpleted projections. The completed projections are
convolved with the filter of Shepp and Logan {(see eqn (4.8))
and the back-projection operation is implementaed with the

usual trapezoidal approxiwmation (egn (4,27)) and lineax

interpolation between the filtered projection gsamples.
The results are all displaved in a standard forwmat to

K o

facilitate comparison of the projection completion nethods
The reconstruction obtained from the oviglnal

projection data ig shown in Plate T1. Tn all of the plates,

ities greater than 1.6 ave ‘Lpro”wuiwd by black, and

EREE [

those less than 0.75 are represented by white, with 14 grey

levels egquispacad bebween these extremes. Two cen

sections of the test obiect, showing khe density profiles

along the = and v

plottad in this tigure are the

reconstruciion ghown in Platoe 1. “hese plots illugstrate

the accuracy of the recongtruction procedure.
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N
o
L
s
Ay

The rooconctouction

oA Plato

regults wnen a = 0.0 but the truncated projecitions are not

proevrocessad,. Considerable '

~vors anre ovidant wn the

s

reconstruction and they ave of the fomn predicted in

Plates T3 {(Pig. 6.3c) and 1 (Pig. 6.3d) show
reconstructions obtained 2fter preprocessging of the

projecitions using the simple completion wethod, The

boundary of the tesi: object is an ellipse but in these two

axanples the completion meithod treats the crogg-section
boundary as a circeloe of radiug b1 = b, ., The pavameters

b.l and b7 are 0.85 for example T3, and 0,95 for T4, The

] o o

recons truction is less accurate iF the radins of its

circulay boundary is taken as the sewi-major

rather than the average ol the two semi-axes of the
aelliptical crogs section (0.85),
hown in Plate 15 (Fig. 6.3e)

The raconstruction o

s obtained when the projection completion method makes uge

=1

e

1

, determined frowm the

C
i

the actual values of b,l and b

B

L. SR

elliptical boundary of the tegt object., This reconstruction

ig more accurate than thoge in which the boundary ig tveated

as civoeular (T3 and T4) ., Wheo a lacge parh of
projection is truncated, uoe Qf-fhe avtual bowmdoxry of the
croge seosbtlion enables an acourate rveconstruction (Ffor » < aj
to ba obtainaed using the gimpls cownpletion metbod, Fou

anows

eranpla, Dlate T4 (Fig.

obtailned when a = 0.3 .

When the gsimple conplation metihod is applicd Lo a

truncated projection, the complated
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=

e

likely to be sigonificanily dififerent frow i{¢,¢) For

> a {see Fig., 6.1b). Honoe thoe veconsgoruaetion error

f(€;¢) and {0, 0)

as angular Fouvier series having the form of eqn (3.6) with

-~

i
.

i

o

coell:

Lents £ (8), £ (&) and ¢ (v). From eqn (3.12)
g (x) ig due only to £ (&) - £ (&) . Hence the average

ervor alt radiuvug v is zero {(l.e. ¢ {r) = 0) provided that

fo(é) - fo(i) = O For all £, d.e.

~

J HE(E, ) = E£(E,9)] do = 0 (6.3)
The acceuracy of the reconshructions shown in plates 13 to T

suggests that condition (6.3) ig approximately satisiiad,

particularly when the crosg-gection boundary isg known.

6.3.2

The cowpletion procedure of section 6.3.71 o easily

adapted to interpolate hollow projections. With

to Pig. 6.4, the procedure for each hollow projection 1s:
(1) rFind the projection midpoint EO = (b1-%b,)/2 and

gemiwidth bO = (szﬂb1)/25

the funchtion

]

5 :
)2 /021E R cw(gm }/Gal tooat least one

0 lCO

£

gample at each of the edges (4 = & a) of the hollow.
The coetfficients ¢y and ¢, are found by lineaw
regression., It iz foond that Choe usa of 3 samp

each edge leads to a reasonable leagt-squares it of

the segment o the projection data.

ﬁ\
e
=

Compute projection sanpley foc —a < & < a .
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The test object and projecition/veconstraction sohanos
described in gectlion 6.3.1 are uvsed in the examples of
recongtruction from hollow projections,

Plates M1 and W3 (Figs. 6.%a and 6.5¢) show
reconstructions from hollow projections (a = 0.1 and 0.3)
when no preprocessing is employed.  In the part of the

~

vecongtruction wnere v < a  the density is negative and

2

large in amplitude, ag predicted in gection 5,5,

Recongtruction ervvorg are evident where » » a  bub they ave

L9AL£NEWML7V reduced by propsOQw*uimg 0i the ojactions,
as shown in Plates H2 and H4 (Tigs. GoSb and 6.5d4).
Comparison of Fig. 6.5d and Pig., 6.3e shows that
ginple completion of hollow and truncated projectiong ig

affective for the lattev. Yor hollow projections,

)

-

£(&,¢) is likely to be gignificantly different fvowm £(E,

< a (see Fig. 6.04b). Hence the corresponding

]

modified projection g(&£,¢) is in ervor whoere [g] < o, and

thege erronsoug parbs hackpro’i 2 over all of iwnage

gpace, resuliting in reconstruction arrors everywheaere,

Within the recounstruction region of datorest, d.e. a <y <b

f.-

the ervor ig greatest neay ¥ = a .,

Let ¢ ( ) denote the ang coaliizient of the

reconstruction errov wesulting from completed hollow

projections. We find that

using egn (5.21) and an avgument giwailay to

the end of section 5.5. The meaning ol =gn (6.4) is that

the lowest-order angular components are not corrupted by

back-projected errors bubt the otbhor conponents are

{(v) = g, (x) = 0, Lo oA (6.4



237

vulnerable., The ervor in the rocovziracted ifnage bocomes
siguificeant when a lovge fraction of the projoction ig
hollow.

The eiifectiveness of the zimple completion wethod
for hollow projections ig increased by the presence of one
(or more) of the following conditions:

(1) Only a swmall fraction of the projection is hollow,

(2)  The bulk of the dengity is cirvcularly symue

(3)  The complete projection varies only slowly for |E] < a.,

JECTION CONSTSTENCY CONDITI

The density A(x,0) is finite-valuaed everywhere and

1

is zero outside the cirvcle of radius b in lmoge space,
Hence its Fourier traunsform Alp,¢) is an entire function
(Paley and Wiener 1934). We expand A{p,d) and A(f,@) An
their angular Fourier serieg (3.6) whose coelficients

|

Am(p) and Am(r) arve related by the Hankel foranula (cf.

aeqn (3.,9)).
N oe LM e e -
Am(x) = 2 (=1) jAm(p) Jm(zﬂLp) p dp {(6.5)

Note also that

M) = )M ) e £ () = ()" E () (6.6)

Since A_(p) is an entire function the integrand of (6.5) is

well behaved and

o
.
~2

~—

. m 1Huﬁl - b
nrn{k (r)}‘ = 2(ed) s oh JDmJ A (p) dp (6
e , mi ~

using the asymptotic approwimation for a Begsel function of

Ve
o

small argument {Abranowilbz and Stegun 1965). Heoce a



(r) in of  » mus{ have no G

axpansion of Am POWR LS

_ , ‘ 0
ordar lower thao v, obtherwisge TOEG 8

exlbent or na

(r/bH)

projection component

inite

in agn

1.8

cos (n arva cos (§/r)) dr

(r/b)m

B

A N T

(&)

Now fffn way be expanded

polynomials of the second kind, cf, eqn (6.20).

he lowest of r in gerles

(/b

corresponding expans

(:‘f/ﬁb)m is t

(1

powery

( 14

Am ) then, from egn (6.8), ig the lowes
i

ion of (%)

polynomial in the -

characteristic of the Cheby:

-~

(1963, 1964y, number of zeroey

x--«

foom the

(1

Cormack

Suwith, Peters and Bates 973) named the propevty

condition” since it is

v

the "consi

o
o

axnansion

when a projection get is consistent with a cross

findte extent and of finite dengity.

From the Hankel inverse of egn (6.5) and

similar to the above we

(p)

m
P

for gmall p. The moment theorem for Fouri

)

{(Bracewell 1865) then shows that the I--ith monent

<

zero for ¢ < m.,  This property of

£
N

(Lheoretically eguivalent) statement

&

alternative

consistency condition and hag boen

properties of Chebysashev polynonials (Cornack

Qs

acbion 18

COriaes

e,

. )
L
BT

RAFZRA

ar L

of

Of

of

Substitnting

N
—

(6.8

and

Chebyshe

Since

)

shav expansion is deduced by

ig proportional

0

f.‘
Tt

T963) .

(¢

Thi

t0

)

S

ceasoning

Forms

)
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s

Hin-Gal (1974, 1975) velerz to the mowent property as Uhe
Peonsistence condition” for £ (&) .

s

conslstency coudition bhaen

san (6.6), (6.19) and (6.20))

i—n

£o(5) = 20(1-£2/b)F %

m,m+20
pe MR

The corvesponding ewpansion for Au {(p) ds clearly analogous
to eqn (6.21) so, from eqn (6.5), }\m(fir;') ig glven by
, 1 :
[ae]
cQ

A (r) = 2ub % (=)Pg

(ZTﬂ)p)Jﬁl(Zﬂlxﬁ dp  {6.10)
p oty O - N

I
2P [ b 2p-l
0

For 0 < r < b and for each wnm and p the integral in

o

eqn (6.10) represents one of the .Z:arni]\:(s polynomials (Born
and Wolf 1970, Cormack 1964) which have exbensive
appl:i.aé.i‘.ion53 in the theory of optical aherrations. They are
close relatives of the Jacobi polynomials (Tatian 1974) .
Following the wmethod of sSwmith et «l. (1973), A (‘;‘:.') ig Flrst
expressed in terms of hypergeometric functions using

formnulae 11.4.33 and 11.4.34 of Abramowits and Stegun (1965)

for the Weber-Schafheitlin integral in egn (6.10). We find

@

immediately that (¢f. egqns 4.17 and 5.1 of Smith et al.

(1973))

m(J:) = 0 , > b (6.11)

Hence 1F £ (&) can be ol exactly by eqn (6.9),

m

-<,
\,_\
Ls
15
=
\

=

then the projections ave congistent with a cross
having zero dengity outside the civcele v o= b, Too the non-
K} - gL g A L4

zero part of the reconstruction the hypergeometric functions

<

simplify to shifted Jacobl polynomials as follows Crom

Fornula 22.5.102 of Abramowitz and Stegun (1865).



~
-
[

Making use of formula 22.4.1, we find that

<o

™
Am(ﬁ) = (r/b) Ty ek
p=0

: (0,m)
}: j - p\ ¥y

wp Tp (2¢*/b*1), 0<r <h (6.12)

(o, B)

0 (x2) danotes the Jacobl polyunouial,

whaere P

Lerche and Zeitler (1976) use the generating function

for Zernike polynomialg (Born and Wolf 1970) to obtain a

]

beautifully direct dervivation of the regult in eqn (6.12) -

P

~
[O%

{1

see also Zeltler (1974), Klug and Crowther (1972), Logan and

Shepp (1975), Maxe (1974). The lesgs dirvect method ontlined

1 ]

above is, however, more easily adapted to the analysis of

(]

projection components which do not satisfy the consigtency
condition.

We note that (&) and f1(£) are respectively even

£
0
and odd functions o €. The even-order (odd-oxdarn)

of the gecond kind form a conplete gel

&

Chebyshev polynomials
for the expancion of an even (odd) function (see acqu (6.19)) .

Ingpection of egqn (6.9) shows that the supansion of fO
L. ]

contains all the Chebyshev polynomials of even parity.

]

Similarly, the expansioa of f1(€) containg all the Chebyshev

polyneomials of odd pavity. Hence the congistency condition

places no constraint upon fO(E) ox f1(€); an arbitrary

(= :

fo(i) ox 11(£L 0 < & < b, ls always congistent with a
correpponding cross section whose density is zero fov ¥ > b,

When m > 2, we denote by fﬂ(ﬁ) the paglt of the
- il

projection angular Fourier coafficient which does not
e . R ) Wk e |
gatisty the congigtency condition. Letl Al(r) rapraesent the
- - i
y SR - e ot o ' " o .'l - P oo <l - N
density corvesponding to @ (£) . By deiinition, in(g) 1.4
- ' - {

represented by (¢f. egn (6,9))



m > 2 and

(m=1) /2,
= m/z

When (6.13) and (6.14)

analogous to (6.10) is

we find that

Hence lnconsistent

reconstruction for 0 < r <}

to those used to derive
0
(=) » £

Q= 1 m, M- ?CI

)\ni (r)

where ¥ > b .

b/r and

b < x < «,

CONSISTENT COMP

2b (l-g?/bh) " L F

egn

(b/r)mm2q+zp(0;mm2q¥1)

Bach term in eqn

a Zernike polynomial in b/x over the

FTLON OF PROJECITONS

, 0

. x p
'] T, e 2o

(.,13)

e odd

m evon (6.14)

arve nged ingtead of (6.9) an equation

obtained, hut instead of eqn (6.11)

comnponenits do

D . After manipulations

(6.12) from eqn (6.10)

we obtain

A

(6.16)
{(6.186)

is the product of

interval

Simple complation of

:
jection g

consigtency condit

one which leads

)

Based on the precise

{

(1)

Hollow Projections
et which doos
to a vrojection

consistent completion of hollow projections

Find :i;-‘m(‘g) yoa < &< b, from the projection

A

[a—

wllow or rruncated projections

not satisty the

e,

[0}

conpletion method ig

‘ying thisg condition,

section 6.0, the procedure

is

a

data uwging,



for exanple, the Past Fourier Teansiooam (BRwU) .,

(2) ¥Find a finite nuwaber P, zay, of the coefficients

£

X . in repregentaltion H.9). Those coeffiolonts
m, a2 pres é ( ) hos ; 5

are found by a least-squares fit of the expansion
functions to fm(g)f a < & < b, Many suitable couputer
routines exist, e.g. IBM (1968).

(3) Use eqn (6.9) Lo compute Em(g), 0 <& < a.

(1) Obtain i(g P), =a < & < a, from the angular Fourier
gseries with coefficients £ (&) uging, for example, the

~

FET.  Por -|&] > a, £(&,9) = £(&, ¢) .

f

The reconstruction A{r,0) is obtained from £(&,¢) using the
modified back-projection method. Alternatively, the

coefficients fm o, Getermined in step (2) above may be
2p .

used in ego (6.12) to obtain km(r) and hence to reconstruct

Al,0) . The implementation of this procedure is discussed

in gection 6.6.2,

vy
l

finite number P of coefficilients can be

a3}

Only
conputed in step (2) above. First, we consider the case
where the right-hand gide of eqn (6.9), truncated after P
tefmg, exactly repfesents £ (£), a < |&] <b. The

consistent nature of this representation then ensures that

the reconstruction A(xr,0) ig zero for ¥ > b, Now the

6]

projections of A{(r,0) are £(&,d) and the outer paxrt

(

> a) of £(&,¢) arve the original hollow projection

¢
measuremants, Hence A (x,0) iz of finite extent and is
consistent with the given hollow projeciions,

In general, there arve many cross sections having

densities which are consistent with a finite nunber of

projections (Logan and Shepp 1975, Logan 1975),
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But when there is no aliasing ov noige in the projection
data (see section 4.5.1) recoastyuction is unaubiguous;
the theoretical reconstruction formﬂla (5.11) gives the
unique cross section whose depsity is consistent with the
prqjection data. 'The theorctical formula ig applicable

when the projections are hollow (gee gection %.3). Hence

Ar,0) is an unanbliguous reconstruetic

W

n of the original
cross section from its hollow projections.

The theoretical reconstruction formula represents
the analytic inversion of the integral equation (3.12).
Section 6.6.3 shows that reconstruction using analytic or
nunerical inversion of this equation can succeed only when

the consistency condition is satisfied absolutely. However,

ojection data inevitably contain small inconsistent

!'"S

components. Hence a practical F‘C(U%Lfﬂ@ilﬁﬂ method,

on inversion of the integral equation (3.12), reguires the

2

fitting of consigtent basis Tunctions to £ (&) .

Note that £(&,¢) ds alwmost certainly different to

£(g,¢) for || < a. However, in contrast with simple

completion of holldw rojections, the co onsistent completion
method ensures that %(E,¢) - £{(&,¢) leads to reconstruction
error confined to the_region r < a, where it ig of no

congequencea, Although the plates and figures show X(rge)
for 0 < ¥ < b, the actual density A(x,0) for r < a is

men the projections are hollow,

Con tent coupletion of projections makes use of the

right-hand gide of egn (6.9), truncated after P terms, to
repregent fq(g) for a < (& < b, In practice, this
i - —

representation of the projection data is approximate rather
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than exract, The complated projoctions #£(g,¢) contain a

small incongistent component, so A(x,0) is swmall but none

zaero for ¥ > b, Henca ithe projections of the pari of

Ar,;0) for which a < v < b dififer by a corregpondingly small

amount from the given hollow projections. There is

therefore a scmall recongtruction error A(r,0) = )\ (r,9)
(where a < v < b) which is due to the approximate
represenation of the projection data. Fven when P < 6,

thig error is wnuch simaller than the reconstruction error

h arisges from the silmple completion of hollow

a

whi

projections, because the sinple completion method wakes no

attempt to pregerve the consigtency of the projection set,
Plates Clto CU (¥Figs., 6.06a to 6.6d) show

recongtructions obtained by wmodified back-projection, after

consistent completion of hollow projections. The. test
object, projection/reconsgtruction scheme and the format of
the figures are described in section 6.3.1. In the first
two exanples (C1 and C2) the hollow projections have a = 0.1
For C3 and CU, a = 0,3 .

The rnmonwcru« ions shown here were obtained using
only fo(i), fi(g),,ag f8(€) in step (1) of the cousistent
completion procedure. We denote by §O the ﬁumbeﬂ of
coefficients . . in the expansion of £ _(£), which are

0,2p N 0

determined in gtep (2). For each m we chooze P, in

step (2), so thalt the highest order of Chebyshev polynomial

il

computed ig )?O 2 {m even) ox 2E0w3 {(m odd), Therefore

depends on m and ig related to PO by

P ﬁO - /2, m aven

= EO ~ (mk1) /2, w oodd (6.17)
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Toable 6.2 shows the valuocg of PO used in the four cxaaples,
Plates C1 and C2 (Migs., 6.6a and 6.6Dh)

o

Comparigon of
with H2 shows the improvement which resulits from use of the

sonsistent completion maethod, Note that PO is larger fox

exanple C2 than for C1. A larger value of ?O implies a more

accurate representation of the hollow projection data in the

Tale
b dal
h’.
rul
o
g
o)

consistent completion procedure., As asxzpected, C2
more accurate recongtruction,

When a = 0.3, consistent completion of the hollow
projecitions leads to a recoustruction (C3, Fig. 6.6c¢) which
has less exror than the corresponding ro.anLruCtion.using
the simple completion meihod (H4, #ig. 6.5d). As Lthe value
of a increases towards b, gimple completion of hollow

projections leads to reconstruction errors which are much

gtent

[

larger than those which result afiex ﬁse of the cong
complaiion procedure.

| Ingpection of eqn (6.9) and egqn (6.13) shows that the
consistency condition places no counstraint on fo(g) O on

f1(g) . Hence consistent completion of hollow projections

has no advantage over the simple completion method for

coefficients fm(g), where 0 < £ < a and wm= 0 or 1.

Simple and conzistent completion of projections may be

combined in the folloﬁing hybrid procedurea.

(1) Form %(Ef¢) by simple completicn of the hollow
projecticons (see sectlon 6,3.2).

~

(2) Obtain £

(&) and .

2

0
(3) Tor m > 2, obtain £ (&), 0 < £ < a, using the first

1 -

three steps of the congistent completion procedure,

o

3

()  Sum the angular Fourier “es with the coefficd

found in akeps (2) and (3).
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This procedure leads to completed projections which are
different from the E(§,¢)>of step (1), where —a < & < a,
Por 1(§| > a, the complieted proj ections consiut of the
original hollow vrojection data. The above pro cedure is

used to obtain the reconstruction shown in Plate CU (Fig

6.6d). Comparigon of Platesg €3 and CU (Filgs. 6.6¢ and 6.6d)

-

confirms that the projection coelficients £ (&) and f1(€),

0 < £ < a, have no effect on Ale,0), v > a.

6.5.2 Truncated Projections

Consistent completion of truncated projections way be

[N
ex

effected using a wodified form of the procedure which

given at the beginning of section 6.5.1. However the

analysis of truncated projections

.

Chapter 5 shows that

(r) and A1(r) are theoretically iudeterminate. UThis

>
<

esult {(gsee egqn (5.21)) is confirmed in section 6;4 where

it ig shown that the consistency condition places no
constraint on fo(g) or on fq(g)a

Az in Section‘6°5a1, we examnine the implications of
the theoretical reconstruction formula (5.11). It shows
that the rveconstructed dengity X(r,@) in the region of
interest (0 < » < a) depends upon %m(g) where £ > r .
Therefore raeconstx m:( 100. from truncated projectlons cannot
be unique, since any arbiltrary behaviour of the functions
E (£) and f1(g)y for a < & < b, iy consigtent with a
density which is zero for » > b . Siwmilarly, cousistency of
the higher-order coefficients of the completad projeati

is not sufficient to ensure that the corresponding angular

coefficients are reconstructed accurately. Toe theoretica

s

formula ahows that accourait:

s raconstruction from truncated



pro]

i
w

ections requives £ (&) (g) for all £, bul a

14

completion of this tyeoe 18 genecally not posgible in

practice.,

The cousistency condition alone is unable o

the ambiguity inhervent in reconstruction from trunca

projections. The simple completion procedure of gec

6.3.1 resolves this ambiguity by gelecting a cross s

which has a physically reasonable digtribution of th

dengity in its outer parts,

6.6 PROJECTION THEORY AND AGLTERNATIVE METODS

OF RECONSTRUCTION

Projection Basi

g o

i

The Chebyshev polynomial UY(X) of

-

he second

order | (an integer) is d by (Abramowitz and

ginl{ (Z4+1) arc cos (x)},

Hence the first four of these polyncomials

Uy (x) = 2%, U,(x) = B2, U,(x) = 8x-ix

3 (%)

polynomials ave orxthogonal over the vange [ =1, 1]
1

welght (1-x7)? and they form a complete set over

(A

L.

Note that (c¢f. egn (6.6))

U, (-x) = (m)ZUZ(x) 6, (1)

A projection £(§,¢) which is zaro for lEl > b

-

apresented by

=

UZ (E£/b)

o+

1

Haat

ragolve
tead
tion
ection

e

Py

cind of

N

Stegun

19

(6.19)

may be

(6.20)
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whaere thoe « 7 (¢) ave expansion coefficients, PFreow formula
T1.0.25 of Abvamowitz and Stegun (1965) the Pourier
transform of eqn (6.20) with respect o § is
Alp,¢) = b % CZ(¢) (i) PR (6.21)
L=Q 0
The modified (filtered) projection g(&,¢) is defined by
eqn (B.1) .,  The inverse transform of IplA(p,¢) ia, from
Formulae 11.04.37 and 11.4.38 of Abrawmowitz and Stegun (1965),
(o8]
g(E,6) = (/1) ¥ e (d) v /), lE] < b
e /

=~ (1/1) (87 /0%~ 1)

N

ot

Loe () [E/b+ (E2/b2-1)F] " i , £ > b (6.22)

We introduce a supersceipt (1) applied to £,A and g

to denote individual terms in their respedtive expansions
(6.20), (6.21) and (6.22), With reference to expansion

(6.20), we define () (g) by

tee) = 2 oo () £ () (6.23)
B L=0

e (1) S O U g o

and A (p) and g (£) have gimilar definitions. We refer

, ) .. . 1) . . , -
to f( )(&) and g( )(é) as corresponding "comnponents” of the

3 3 5 N I e ' 3 - lad ) .
projection and wodified projection. Note that I( )(g)
represents the projection of a cirvcular crosg section of

unit density and having radius b . IFigure 6.7 shows the

off f(é)(g) arncl q(Z)(g) for 7 = 0,1,... 5.

£ (1)

Ag 1 increases, |

(1)

behaviour
(£) has nmore ogcillations. Also the
corrvesponding g

(£) is increasingly localised in the

interval |£] < b because of the exponent ~ (1+1) for & > b

(1)

(see egqn (6.22)). Comparing the integrals of |g




Rw<0nsxrnwnjon using

A procedure for
ig

projections

(3)

presented

step of this

(x)

£ to obtain A
m,mt+2p m

of the projection is

sum the (6.12)

geries

explicitly and reconstruct

The Jacol

ugsing their recurrence relatioon

in the forward direction (e.qg. see

precomputed table is
using the recurs

™ig method a

the individual polynounials.

A (r) avaluat

way be
m ay

valuesg of «

density A(x,0) is

example) to sum the angular

The reconstruction

and (6.12) is, of course,

to hollow projectiong. 'The

expansion (6.9)

consi

procedure we may use the
via
hollow,

than to complete

obi polynomialsg

not used it is
ion relation given by Luke

voids expli

ed in parallel at
, with a resulting increase in
found from
Fourier
procedura

applicable to comnlete as

are orthogonal over

201

(6.21)

7:*1:111 ke

Polynomials

2
i

stent completion of hollow

Tustead of

coefficlents

eqn (6.12) . When a large part

it wmay be more economical to

the projections

(r,6) unsing conventional methods

in eqn (6.12) wmay be evaluated

(Abramowitz and Stegun 1965)

=
Pie
o
—~
0]

te (1968)). If a

more economical to gum

(1969,
«it computation of

Tor a pavticular value of wm,

all the reguived

efficiency. The

Xrl(r) ueing the ¥P7T (for
{

.
SerLes.

using expansions (6.9)

well as

Tunctions in the radial

< &/b < 1, hence the



coeificients § L. dre tound by dntegrabtion when [ (&)
i, M- 20 . me

L

ig known accuvately over the whole of thisa

fm( o P) is available Tor equal incvements in U, theo Lhe

FET can be used to compute £ Lol o The iwplementation of
o, ek 2p

this recongtruction wethod is more complicated and requires

> modified back-projection method,

)

more computation than +th

o

hence few reconstructions using it are found in the
literature, e.9. Corma,u (1968): Sith, Peters, Miller and

Elke (1975). However, reconstruction using the modified

v '

back-projection method requires coasistent completion of
hollow projections when lavge parts of them are missing.
Since the procedure for consigtent complaetion requires the
coafficients f , reconstruction uging egn (6.12) is

wm,mt2p 7 7 , g equ ) is
a practical alternative to the use of modified back-

projection wheun the projections are hollow.

tion Inversion

nsing Integral Rou

Chapter 5 shows that uge of the theoretical formula
for reconstruction from hollow projections does not
represent a practical recongstruction method. The formula
(5.11) atteupts to recongtruct a cross sooLlon with density
A, 0) identically zero where r > b, Sowme inconsistency of
the projection data is inevitable in practice, and the
inconsistent conponents imply density for b < r < « .  But
density in this region ig incompatible with the direct
formula and cannot he veconstructed using it. JHence a

reconstruction method based on direct evoluation of this

formula is unable to handle projection inconsistencies

because (a) thelr efifects cannot he compensated by

recongstructed density within r < b, and (b) the method



canovot reconstouch the required density where b < 1 < e

‘ects have been obgserved with ARU-tyvoe

Note that gimilaxr af
recongtruchtion wethods, where substantial improvements dre

.ohrawnod by reconstructing over an "extended field"
(Crowther and Klug 1974),

BEguation (3.12) relating fm(g) and Am(r) is a

Volterra integral equation of the firsgt kind for Am(r),
Numerical solutions of guch equations can be obtained by
linear mult ep methods (Holyhead and McKee 1276). These

nethods partition the range of variables r and & into
small intervals. Within each interval, Xm(r) and fm(g)
are each represented by a low-order polynomial. The

1

olution proceeds in gteps, starting with Am(b) and working

Ui

back towards )\m(O) , making usge of the values of /\m(r)

computed in previous steps. A system of linear algebraic

equations is solved at each step to ensure continulty of

m(r) ; and pogsibly some of its dbflVHLJVGu, as well as

matching the value of fm(g) for the corresponding interval,
However, the approximnate repregentations used in the wmulti-

step method are equivalent to the introduction of additional

incongist 5]

-

ent components into the data. This method

')

unable to take account of inconsistency in the projection

data, for the reasons given in the preceding paragraph.

Practical reconstruction using the integral equation
or its theoretical inversion formula vegquires the fitting of

Hiong bo the data, and analytic
evaluation of the integral. This approach leads directly to

the methods of gection 6.5 and gection 6.6.2.



6.7 COMCLUSLONS

This chapter shows Uhot practicgl recomstruction‘ig
possible from finite numbeirs of projections which ave hollow
or truncated as well as sampled., The approach is to
preprocess hollow or truncated projections so that useful
recongtructions can be obtained from them using the modified
back~projection method (gsee Chapter #4). A "completed"
projection 1s formed by augmenting the data by extrapolation
1€ the projection is truncated, or by interpolation if it is
hollow.

r

=

here are two types of projection completion method,

os

The first method isg simple and computationally rapid. When

X

the projections are truncated for |&] > a, use of the

0

gimple method of projection completion, followed by modified

back-projection, leads to reconstructed images which have

only a small error for r < a ., The nature of this method

does not permit a precige analysis of the erxor in the final

ﬁ

recongtructed iwage. We are able, however, to make use o

the precise results esgtablished in section 6.6.7T to support

the qualitative avguments presented in section 6.3.1. The
zero and firvst orxder angular coefficients of the
recongtructed image (M,eq Ao(r) and Xq(r), r < a) are

those wost likely to be in ervror. Conversely, Xo(r) and

AN, (r), for v > a are reconstructed exactly when
] 7

F

projections which are hollow for

the simple method. It ig shown that when a large part of
the projection iz hollow the reconstrucition of Am(r), w > 2,

is contaminated by error. When only a small fraction of the



projection is hollow (L.e. a/b << 1) simple conplaetion of
the hollow projections leads to rvecoustructed images which.
have correspondingly cmall ervors for » > a . Tha success

2
nan

i

bt

of the mple completion procedure reinforces related

»

experience in image restoration work where a sgimilar method
(the "simple edge extension"” of Mcbonnell and Bates (1975a))
greatly improves the quality of restorved images,

The more quthtigd sed "consigtent completion method”

‘

is based on pr se results presented in section 6.4,
Consistent completion of * hollow projections represents an
indirect but goundly-based evaluation of thelr theoretical
reconstruction formula. Methods of reconstruction which
involﬁe dizect numerical evaluvation of this formula are
unsoundly based, as shown in section 6.6.3.

Fxact reconstruction is possible using consistent
completion of hollow projections, but wnuch coumputation is
required. However, consistent completion can be implemented
reasonably accurately with comperatively little computation-
al effort if suitable approximations are made. A qualitaﬁive
argument preﬂented.in section 6.5.71 shows that such
approximate implementation. leads to reconstructions {(from
hollow pfojections) which are much more accurate than those
obtained after simple completion of the projectious.

Couvergely, it is shown in gection 6.5.2 that there is

little to be gained by the use of congistent rather than

.

simple completion of truncated projections.
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(a)
(b)

(c)
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&4

Componaents ol

test object desard

6.2).

6.1, Hed

1

the

toxt (sece Fig.

in

n

® co-~ovdinate of ellipse ov civcle centre

radius (wajor, minor semiaxes Ffor the

circle
elli

psea)

density of a compounent within its boundary.

(b)

Table 6.2

’

Parameter

using consistent

0

PL

-

&

p=

0

C2
C3
ch

e

0 0.95,

0.75
00:3

values

0.25
0.25
0,25

for the example reconstructions
completion of hollow projections

P, is defined in section 6.5.1 (see egqn (6.17)).

CTPligure

6.6a
H.06b
6.6c
G, 6d

LI W

&l

0

[O2 A 64
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Wi, 6.1 a Hxample of a completed projection L

N
Do

showing the brancated projecticn (=) ond the maboening
projeetion segnents (= =)o These segmenhs ar@ used Lo
exbrapolate the tﬁunagted projection from § = ta bo
the assuned (or knowo) projection extremitics ,bq" b bz
fig. 6.1 b Torm of the diffezsnce ( © - & ) bebweon the
catimated and actbual complete projeations.

n
Fig. 6.7 ¢ The modificd projection (g -—g)

corvesponding to Iig. 6.1b .
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procaedures. See Table 6.1 and seetion 6.3.
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Mpe 6.5 (page 253) Profiles of the deﬁﬂity along tho
§<f and y  axes din reconstrouctions of the tost oblect.

The profiles of the actual ebject ave plotbed ag (» = =)
for comparison with the profiles of the reconstruction,

) 5 Pop each figucve, the

which arve plotted as
corresponding plate is dndicabed in parenthesgey.

The generatlon of the orviginal projection data and the
procedure Ffor the final rveconstruction are described

section 6.%.,1 o

The nrespective recongtructioans are obbalned from 3

Tig. 6.5 a (1) Oxiginal projection data
Tgs 6.3 b (IP2) Truncated projections, a = 0.6
withoul preprocessing.

Simple coumpletion of thuncabted projections, a = 0.6

with

[¢]

}i‘i“g};o 6@3 (:T;) 'b',] w2 1);) 3 ()(lé35

o

Fig, 6.5

e,

o
o .
N
@

('05) b, and b, determined from the

boundary of the cross section,

Tig. 6,5 £ (06) Simple completion of truncated

projections, a = 0.5 , with ‘bq

and b, determined from the

C..

boundary of the crozg secltion.
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Mg, 6,5 HWote the legend for Mg, 6.3 .
The wrespective reconstructions ave obtained

fron hollow projections with (page 256)

Tige 6.5 a (1) a = 0.1 , no preprocessing

TMigs 6,5 b (H2 a = 0,1 4 ginple projection completion

02

0
0

Mig. 6.5 ¢ (HB)v a = 0.5 , 0o preprocessin
0

Fig. 6.5 d W4) a =

05 4 simple projection completion

Mz, 6.6 (page 256) Note the legend for Fig, 6.% .

[e]

The reconstruchions are obtained after counsistent
completion of hollow projections, Only nine angulan
Fourier coefficients arve used . (see goction 6.5,1) .

Table 6.2 shows the parameter wvalues used for the

regpective reconsbructions.
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Pig. 6.7 (continued cun pages 258 and. 259)
, W) e
Plots of the projechion componenis L~ >(§ )

shown ag () , aud the corresponding components
g(> (£) of the modified projection (= = =)

A ) £ "~‘) M (i'.) < T 3 e L . 3]
The functions i<l){5ﬁ) and gr /(S ) ave defined

by eqn (6.2%) of section 6.6.71
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CHAPTRR 7

CONCLUSLONS AND ST

ONS _FOR FURLIER RESEARCH
This thesis presents techniques for reconstructing
images from incomplete measurement data. A number of
methods are developed for improved acquisition and
processing of such data, with particular refereace to

‘applications in electroun microscopy, molecular structure

determination and medical tomography.

7.1 CRYSTO-HOLOCRAPHY D A ACTLON FROM DNA

The potential value of crysto-holography is

demonstrated in Chapter 1 - its actual practical value

can only be assessed by experiments using the électron
micfcgcope“ Taechinigques now exist for producing very thin
crystalline £ilws (cf. ITijima 1977) which could be used to
support biomacromolecules (Siegel 1971). The diameter of
the DNA molecule (2 nm) is comparatively large in terms

of high resolution electron microzcopy. Electron crysto-

holograpny of DNA could be used to supplement X-~ray

}.u
K—J-
Hh

nicroscope should be no more difficult to make than a zone
plate or half-plane aperture, bul a major practical

dif ficulty (Downing and Siegel 1575, Beer et al. 1974) is
the preservation of DNA structure in the electron micro

Afraction from DWA,

oA
d
¥
=
o
e
o,
Tk
h

The preliminavy work on

fr iton experimentsg. The diffraction plane mask for t

67

COpPe .



reported in Chapter 2, indicates that the proposed 98BS
structure mevits a thorough and detailed evaluation. There
is an urgent need for Xevay data of betbter quality, to allow

liable comparison of the convenbional and the Si 1S mode Ls .

o
=
( ]

Tt is hoped that the existence of the alternative SBS model
will encourage experimental biochemists to investigate
improved techniques for the preparation of DNA specimens

suitable for X-ray diffraction studies.

7.2 TMAGE RECONSTRUCTTION I'ROM PROJECTIONS

Chapter 3 presents a procedure Ffor the preprocessing

9

of projection data mee QLL'Q using a fan beam of vadiation.
The procedure is well suited to implementation on the mini~
computers which are now comnonly used to assist radiotherapy
treatment planning. Practical meagurements contain RETOIS
due to misalignment and instability of the X-ray detactor,

and further experiments are required to deterwine how these

errors affect the quality of images reconstructed from

ied back-projection method of reconstruction

i—to

The modi

he

o

ig considered in detail in Chapter 4. The analysis of
point gpread function of this procedure leads to an improved

wnderstanding of its inherent approximations. Further work

[
(&=}

is required (see also Brooks and Weilss 1976) to asgess more
fully the Lffﬂcté of approwinate interpolation beltween the
projections,

The regults derived in Chapter 5 for reconstruction
from hollow and txuncated projections are of considerable

theoretical interest. The practical nethods developed in



5

Chaptef 6 lead to accurate reconstiuchions of a test object.
from hollow and truncated projections, The poerformance of
thege wmethods should be tested further using a vaviety of
gimulated cross sections and then using actual measured
projections,

The preprocessing nethods developed in Chapter 6
could easily be adapted to make use of any available
information relating to the hollow or truncdted parts of
projections. For exanple, these parts might be meésmred at
low resolution in order to reduce the X-ray dose to the
patienlt (Gordon 1976). EGven when projections are measured
with nniform resolution over their complete extent, it may

be desgirable to ignore parts of them and use the

preprocessing techniques developed for hollow and truncated
projections. For example, a high contrast part of the cross
section, such ag a bone or metallic object, leads to errvors

which are distributed throughout the reconstructed image,

should be possible to reduce these errors

F -
ey

In some cases
significantly by restricting the dyuvemic range of the
projections.,

The radiological litevature on compubter assisted
tomography is increasing rapidly, and special issues of
optical journals (e.g. Hendee 1977) are also being devoted
to this topic. The next wajor development in radiology
might be the advenl of more flexiblevtomographic gCanners

-

which are able to reconstruct an image of a szelected region
of a cross section, with minimal X-ray dose. Results
presented in this thegis wmay contribute significantly to

guch an objective.
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