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ABSTRACT

The Proton on Hydrogen collision problem is
treated in the time~depeﬁdent formalism using a new
self-consistent nuclear trajectory model in conjunction
with a simple semi-classical approximatién. In this
method the nuclear trajectory is dependent on the time-
evolution of the electronic wavefunction which is
described by a basis of HF eigenfunctions. The small- far PP

cov doths

energy, large scattering angle region is well b !
described in this way and agreement with available
experimental data is obtained. The inclusion of the
semi-classical approximation and the use of a larger
molecular basis than hitherto employed allow these
limits to be quite reésonably extended to describe the . #Ms<rpeded.
small angle and moderate eneréy region also.

Results of charge exchange probabilities and
differentialwscattering cross—-sections in the range
150~1000 e.v. (lab. energy of incident proton beam) are
presented along with some inelagtic calculations on
excitation into the Hydrogen 2p+l and 2S states.
It is further shown that the inclusion of the.Gerafée ﬁ“m“9!
states (280g, 3Dog) in the basis set has a significant
effect on the results obtained for collision energies
of 700 e.v. and lKev.

A new numerical method is described which enables
very rapid computation of all qguantities required for
the basis set, and leads to quick and simple integral

calculations.



SECTION I

INTRODUCTION

The experimental work of Helbig & Everhart (Ref., 1)
(which was verified and improved by Houver, Barat &
Fayeton (Ref. 2)) with Proton and Hydrogen colligions,
has ied to many theoretical studies of this problem.

The work of Bates et. al, 6 (Refs. 3,4,5) are typical of
earlier efforts where the nuclear motion was assumed

to be classical and in straight lines (Impact Parameter
Approximation, I.P,A.). This motion was treated as a
perturbation on the electronic wavefunction which was
solved in the Time~Dependent formalism.,

The electronic wavefunction is usually described
by a basis set of either atomic or molecular eigenfunctions
of the stationary system; the technique being referred
to as the method of Perturbed Stationary States (PSS).
An expansion in molecular eigenfunctions is best
used in the case of low energy collisions becauée, for
a period of time in these collisions, the electron
cannot be said to belong either to the target nucleus
or té the incident nucleus. Obviously a large enough
atomic basis set could describe sdch a situation but
the time reguired for a computation would be very large.

The early resultg, using the I.P.A. and a two state
molecular expansion (1Sog, 2pou) to describe the electronic
motion, wevre in dgualitative agreement with experiment

but failed to predict with any accuracy either the heights



or the positions of the extrema in the charge exchange
probability curves,

Bates & Williamé (Ref, 5) found that including
the effect of the rotation induced coupling between the
2pou and 2pmu molecular states gave much better
quantitative agreement with experiment by damping and
alteying the phase of some of the theoretical charge
exdhange oscillations.

The E,6 range (where E is lab. energy of incident
proton beam and 6 is lab. frame scattering angle)
where this particular approach gave best accord with
experiment was 500 < E < 1000 e.v., 6 = 3°,

Explanations of the small angle, low energy
deviations came from F.J. Smith {(Ref., 6), Marchi &
F.T, Smith (Ref. 7) and F.T, Smith (Ref. 8), who showed
that the error was inherent in the classical nuclear
path approximation. It is the quantum-mechanical or
wave—-effect of the nuclear motion which gives rise
to almost all of the damping of charge exchange curves
in this region. The theoretical results that lead |
to this conclusion are in fact present in the very
early papers of Mott (Ref. 9) and of Massey & Smith
(Ref, 10).

Thie effect has been taken into consideration in

the work of McCarroll & Salin (Ref. 11) which has lead

to the results published by McCarroll, Piacentini & Salin

(Ref. 12). They have used an Eikonal approximation

where the classical limit of the Time-Independent



Schrodinger equation for the whole system is coupled
with the classical electronic transition amplitudes
.calculated in the I.P.A.. This work, along with the
inelastic calculations of ChidichimO=Frank & Piacentini
(Ref, 13) using the same method, are inaccurate
in the moderate scattering angle region due to the
straiéht line trajectory approximation. The high
energy, large angle inaccuracies are caused firstly
by high energy non~adiaba£ic effects appearing which
are.not described by a simple molecular basis set of
three states, and secondly by failure to take any
account of the bending of the trajectories at moderate
to large scattering angles.

The first of these problems was first investigated
by Bates (Ref. 3{ who multiplied each of his molecular
basis functions by a velocity dependent term to make
the resulting functions eigenfunctions of the total
,system for infinite separations. This allows for the
effect of the relative motion between colliding centres
in the asymptotic limit. In part, these terms were to
account for the so called "Momentum-Transfer" effects
when the target electron was picked up by the incident
proton., Rosenthal (Ref. 14) has pointed out that the
introduction of these velocity dependent terms is
purely to correct for the error caused by using a small
basis set. Gaussorgues & Salin (Ref. 15) using an atomic
basis set have shown that these velocity dependent
effects are negligible below incident energies of 5 Kev.

The second problem, namely talking correct account



of the bending of the nuclear trajectories, is related
to the first problem but becomes more important at low
energies and moderate to large scattering angles.
The difficulty surrounding the whole problem is
understandable when the case of an inelastic'transition
is considered. If a Time-Dependent solution is
attempted the difficulty is in correctly choosing
classical trajectories for particular reaction
channels, and for the Time~Independent equivalent, the
difficulty lies in choosing a potential (since the
wavefunction is changing in time then so too is the
potential) .
In the interesting paper of Knudson and Thorson
(Ref, 16) a Time-Dependent method is presented where
the electronic wavefﬁnction is separated into a
gera%dahalf (1Sog) and an ungéra%d&half (2pou, Zpr),
and each half is solved for along its own Time-Independent
classical trajectory. However it was found that .the
"Plelastic phases" predicted by this approximation
were inaccurate and had to be replaced by those
calculated in a Time~Independent method. This particular
Time-Dependent approach fails in the small eﬁérgy, large
scattering angle region due to the constant potentials
used to solve for the nuclear motions. An explanation
of this error is presented in the next few paragraphs.
Gaussorgues et,‘alﬁ (Refs. 17 & 18) have presented
a Time-Dependent method which relies on the physical
reasoning that in large angle scattering, the scattering

force is predominantly due to the repulgion between the



nuclear centres, and is comparatively unaffected by
the changing electronic wavefunction,

It can be seen that this method has a lower limit
because at small energies, despite the fact that large
angle scattering may be involved, the nuclear scattering
ig significantly influénced by the way in which the
electronic wavefunction evolves in time. This limit
is iilustrated in the paper (Ref. 18) where a
discrepancy of 30% is noted for a scattering angle
of 20° in a collision of 100 e.v. It is this small-
energy, large to moderate scattering angle region which
my method beét describes,

To reiterate, the Eikonal Approximation using the
I.P.A., (Ref. 1l1l) accurately describes the small-
energy, small scattering angle region where straight
line classical behaviou; and nuclear gquantum-mechanical
effects are predominant, whereas the Common-Trajectory
method of Gaussorgues et. al. (Refs. 17 & 18) predicts
accurately the experimental results in the small-energy,
very large scattering angle regions where the nuclear-
nuclear forces can be expected to provide for almost
all of the scattering force. Neither of these two
methéds adequately describe the small-energy, moderate
to large scattering angle region due to their not
considering the mutual dependence between the electronic
wavefunction and the nuclear trajectories. To elaborate;
firstly, the solution of the electronic wavefunction

is quite sensitive to variations in *he bending of the

classical trajectories, and secondly, the potential giving



rise to this bending is significantly dependent on
the variations of the evolving electronic wavefunction.

To £ill this gap I have developed a technique
which solves for both the classical nuclear trajectory
and the time evolution of the electronic wavefunction
together in a self-consistent fashion.

The main approximation inherent in the method
is the solution of the entire elentronic wavefunction
subject to the constraint of only one classical
nuclear trajectory. In the FE6 range considered this
apprgximation is reasonable as the classical trajectories
aésociated with each contributing basis function do not
differ markedly from the gelf-consistent trajectory. 1In
addition, the "inelastic phase" predictions are quite
accurate which is in contradistinction to the results
of the dual-trajectory model proposed by Thorson et. al.
(Ref. 16).

To facilitate the calculaticn of differential
scattering cross-sections and to predict the low-
energy, small angle damping in the charge oscillation
curves previously mentioned, I have developed a semi-
classical approximation which was derived from the
work of Marchi & FP.7T. Smith (Ref. 7) and of F.T. Smith
(Ref. 8). The contributing state electronic phases
are introduced into this approximation from the solution
of the electronic wavefunction along the self-consistent
trajectory.

In the moderate energy region, where inelastic

transitions (other than that to the Zpwp state) occur,
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I have employed a molecular eigenfunction basis set which,
at most, included the 1Sog, 2pmy, 2509, 3pﬂ%, 2poy,
3Dmg, 3pou and 3Dog states. The extra Gefaé@;basis
functions were included to account for any radially
induced excitations present at higher energies, due
to the neglect of velocity dependent translation
factors in this work. It has been found that the
inclhsion of the states 2So0g & 3Dog in the basis set
has a significant effect.on the results for a collision
energy of 1 Kev and gives better agreement with experiment
than-hitherto obtained. However, the neglect of any
velocity dependent terms has led to some non«physiéal
oscillations occuring which give rise to unreliable
higher state excitation calculations,

In the next section the reasoning leading up to
the self-consistent trajectory approximation is enlarged
upon and the equations to be solved are derived. The
semi-classical approximation and sgome theoretical
justification for its use are presented in Section IIIX
followed by Section IV which deals with the numerical
algorithm used to construct the basis set and also with
some computational details of the problem., In Section V
the results of this research are graphed along with
those of several other theoretical approaches and experiments,

and a discussion of the results is presgented.



SECTION ITI

THE SELF-CONSISTENT TRAJECTORY

The basic premise implicit in all theoretical collision
studies employing approaches along the lines of the PSS
approximation, was presented in the half-century old
work'of Born and Oppenheimer (Ref. 19). The main reasoning
behind that work is that if there are slow relative movements
between nuclei in molecﬁles (a slow ion-atom coliision is
an example of this) then the electronic wavefunction will
adjust itself instantly fo these movements since the electron
moves so very much faster than the nuclei. This assumption -
is the basis of an approximation which is usually known as
the zercth-order Born Oppenheimer (B.0.) approximation
sinnce it 1is formally the result of truncating a perturbation
expansion in (%)% to the zeroth corder term where m/M is the
ratio of electronic to nuclear mass. .When this approximation
is applied to cases where the electronic wavefunction does not
undergo transformationg to higher states but instead alters
itself to adjust to the slow nuclear movements, it is often
referred to as the adiabatic approximation. If this B.O,
approximétionis applied to the collision problem, the total
wavefunction becomes separable into a simple product of
electronic and nuclear components. This separation leads to
the method of solution where the solutions to the electronic
equations are used to calculate an effective potential in
which the nuclear nmotion may be solved.

Thus the total wavefunction may be written as,

Y(R,r) = F(R)Y(R,¥) (1)



where Y (R,r) is the electronic wavefunction and F (R)
icva function of the nuclear variables only. (All
electronic and all nuclear coordinates are represented
by r, R respectively).

Mott (Ref. 9) showed that very little error
was incurred in simple collision theory by assuming
that the nuclei could be treated as infinitely heavy
particles. This discovery led naturally to the Impact
Parameter Apprcximation (I.P.A.) where the nuclei are
treated as classical particles and travel undeviated
at constant velocity along straight liﬁes during an
interaction. |

When the I.P.A. is applied in solving the Proton
on Hydrogen collision, the electronic wavefunction is

usually expanded in a bhasis set of molecular eigen-

functions:

t
En(t)dT

P(t,r) = ) an(t)un(t,f)emijo

I

n=1, 2, ... number of basis functions N,

where the a are time dependent coefficients and the

=

of the electronic Hamiltonian. The cﬁanqe in variable
from R fo t in the electronic wavefunction is because

time is the independent variable in this approach and

the nuclear coordinates, R, wmay be extracted from the

particular time~dependent straight-~line trajectory

chosen, Velocity dependent terms have here

E & u, are respectively, eigenenergies and eigenfunctions

10.

(2)
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been ignored for simplicity. This wavefunction is
solved by substitution into the Time~Dependent Schrodinger

equation;

my (z,t) = ih ¥ (F,¢0) (3)
dt .

where H is the electronic Hamiltonian of the system

and is dependent on the internuclear separation R,

but not on the time rate of change of R. Given the
incident nucleus trajectory R(t), the problem is to
solve for the electronic wavefunction after the collision
is over in order to calculate the probability of charge
transfer. It turns out that a simple superposition of
the eigenfunctions 1Scg & 2pou (ui1 & pz) accurately
gives the wavefunction of an electron in the 18
Hydrogenic state about the target nucleus for large
internuclear separations, R. Thus:

$pg(¥) (W1 (R,T) + w2 (R, I)) | (4)

S

is the grouwnd state wavefunction of an electron centred
about the target nucleus. Equation (3) is integrated

in time subject to the initial conditions at t=0 that,

ay 1//2 + i0 and, (5a)

I

a, = 1//7 + i0 (5b)

where the subscripts 1 & Z'apply respectively to the
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eigenfunctions 1Sog & 2pou. It should be noted that
the coefficients a, are complex. The initial conditioﬁs
(5) are chosen to correctly localize the electron
around the target nucleus in the 1S Hydrogenic state,
When the substitution of (2) into (3) is carried
out and if only a two state approximation involving states

1l & 2 is used (noting the orthonormality of the un's)L
A (k) =0 ,m=1,2, (6)

for all time and thus the solution of the wavefunction

(2) is subject only to the evaluation of the terms;

t .
e“lJOEn(T)dT, n=1,2 (7)
along the particular straight line trajectory chosen.
The solution of the problem is completed by using the
inner product between the final wavefunction (2) and
the wavefun~ttion (4) to calculate the probability of

charge exchange, This probability, P is given by:

EX

Ppx = 1 - |<¢1s|¢(w'£)>|2 ' | (8)
since the term, |<¢18!w(w,£)>|2 gives the probability

that the electron stays on the target atom. Since the
potential energy curves associated with states 1 & 2

are different (Appendix II), the two terms (7) will

usually differ, which leads to a partcicularly simple

partial esplanation for the existence of the charge
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exchange oscillations and qgualitative agreement witl.
experiment.
When a larger basis set is employed and if a
transformation to the rotating centre of mass frame is
carried out, equations (6) become;
° : .8 <& dun —itkE (T)-E_(1))dt
.a (t)= } a_ (t) (i6<yu ILy]u > = V<u |w~m>)e o n m
m ! m n m
n . dRrR
(9)

forn=1, 2; oo 5 N

Diﬂyfé Bra and Ket notation is used. Here 06(t) is the
angular velocity of the rotating frame with respect
to the lab frame,V(t) is the time rate of change of the
internuclear separation R(t), and QQ is the usual angular
momentum operator. Equations (9) are integrated along
a classical nuclear straight line trajectory while
all dynamical variables and the internuclear separation
“at which the basis set is to be evaluated, are derived
from that trajectory. |

The rotation induced coupling is one of the most
important mechanisms involved in predicting the experimental
results and nmuch work has been done to incorporate it into
theoretical approaches to the problem.

Bateg & Williams (Ref.5) and McCarroll, et. al.
.Refse (L2,29) have published work which includes the
rotation coupling in an 1L.P.A. approach. However, the
straight line trajectory approximation fails where large
scattering angley are involved, as could be expected,

The crvor introduced through not taking account of the



bending of the classgsical trajectories for collision
energies in the range .l - 1 Kev and scattering angles
greater than 4o,lmay be seen in the results published
in (Refs. 12 & 18).

The physical reason explaining this error came
from Knudson & Thorson (Ref. 16) who pointed out that
the straight line trajectory samples the region of
strong coupling (between 2pou & 2pmu states) much more
than does the correct tréjectory. The strong coupling
region occurs for small internuclear separations (see
inteéial graphed in Appendix II) and it is for such

separations that the nuclear repulsive forces cause the

incident nucleus to be at least partly repelled from the

target leading to les§£f/coupling than that predicted
by a straight line tréjectory. One other difficulty
involved with the I.P.A. is the ambiguity implied in
obtaining a scattering angle from a straight line,
particularly for large angles.

Bates & Sprevak (Ref. 20) have presented a method
based on the work of Bates & Crothers (Ref, 21) which
describes very large angle scattering and is very
similar to the work of Gaussorgues et.al. (Ref. 17).
digcugsed in the introduction. Bates & Sprevak in a

Time-Independent approach have used for their potential

14,

an average of the 1Sog & 2pou potentials, an approximation

which fails in the low energy, moderate to large scattering

angle region for the same reason as doeg the work of

Gausgorgues et. al. (Refs. 17 & 18). The reason igs that

in this region it is no longer an accurate approximation
[4



to calculate the potential which determines the nuclear
motion regardless of the variations in time of the electronic
wavefunction.

Knudson & Thorson (Ref. 16) have done some Time-
Dependent calculations and though their results are
good for small angles and smail energies, the method
is inaccurate for larger scattering angles because cf
the constant potential approximation used for the nuclear
scattering. To obfain reliable results in the small-
energy, moderate to large scattering angle region, a
method is required which solves for both the nuclear
motion and the electronic wavefunction without any constant
potential approximations,

I have developed a method which meets these reQuireménts
where the incident nucleus is assumed to move along a single
classical trajectory which has been found by using
the time-evolution of the electronic wavefunction to
give a time varying potential. The first step in
obtaining a solution to a particular collision is to
guess a probable nuclear classical trajectory given
the initial conditionsg of incident energy, E and
impact-pzrameter, p. The time~dependence of the
electronic wavefunction is determined along the gnessed
trajectoryvusing eguations (5 & 9), and this time-
dependence is uced in calculating a time varying potential
which leads to a better guess for the nuclear trajectory.
The force on either the target or the incident nucleus

at any time is given by:



le6.

F(t) = Jla (6) ]2 3o o(g) - 2 (10)
n IR R?

The whole proceés is then repeated using the newly
calculated trajectory and so on until the final electronic
wavefunction obtained does not vary from iteration

to iteration by more than a certain tolerance. As

an indication of the speed of the method, I have found
that for all collisions attempted, convergence to better
than 1% was reachéd aftef only two iterations. Given

an incident energy E, and an impact-parameter p, a
caléﬁlation using the self-consistent trajectory method
gives a scattering angle 8, and a solution to the
electronic wavefunction (equation 2). For computational
details involved in this section see (appendix I).

The results obtained as described may be used
directly in the calculation of charge exchange
probabilities as in eqtn{ (8) but those results do
not predict the low-energy, small to moderate angle
damping which is experimentally observed and they do
not directly lead to calculations of differential-
scattering cross-sections (DSCS). To cover these
inadequacies some effort must be made to include the

quantum-mechanical effect of the nuclear motion.



SECTION ITIT

THE SEMI-CLASSICAL APPROXIMATION

In theoretical investigations of experimental results
it is important not to loose sight of the simple physical
aspects of the problem considered. The observables
associated with the proton on Hydrogen experiment are
the incident beam energy.E, and the scattering angle
6, In the straight-line trajectory studies of Bates
et. al. (Refs. 3,4,5) a quantity p (the impact para-
meter) is introduced and placed on the same footing as
accorded the experimental observables E & 6, Their
method of solution is to decide upon the initial
conditicne. p & E for a par£icular collision trajectory
and these lead simultaneously to a unique solution of
the electronic wavefunction and to a unique scattering
angle 8 . The physical implication of this model is
that all protons observed to scatter through an angle
0 result from identical collision trajectories, (each
characterised by the same impact = parameter p) and
possess the same obser?able electronic properties,

An obvious example where this implication is not valid
is the case of very low energy collisiong (< 15 e.v.)
where the De Broglie wavelength of the incident proton
is comparable to the spatial variation of the scattering
potential., In such cases a wavepacket description

of the incident proton is required as opposed to the

clasgical point model.
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In the energy range of interest (.1 to lKev)
it is the zeroth order Born-Oppenheimer approx. (eqtn.l)
which leads to the inéorrect notion that there is a
unique one-to-one depéndence between p & 6 for a
particular collision energy E. It turns out that if
the full quantal treatment of the problem is reduced
to'a'semimclassical approximation, then the scattering
observed at an angle 6 may result from several different
classical trajectories edch characterised by the same angle
6. Thus, in a two state approximation using the lsog & 2pou
states, contributions to the scattering calculated at a
particular scattering angle 6 will generally come from
two different classical trajectories, each characterized
by its own impact parameter, pi1 & p2 respectively., I
shall now go through the reasoning which leads to this
result. The works of F.T, Smith (Ref. 8) and of Marchi
& Ssmith (Ref. 7) have contributed significantly to this
section.,

In a higher order approximation the total wavefunction
is written:

Y(R.7) = JF (R)u (R,T),
L .

n = l,r 2, ¢ @ ¢ f 1\]', (10)

(where all variebles are as before) instead of the approx-
imation of eqtn., (l1). If this wavefunction is affected
by a scattering potential the resultant scattered wave is

normally desgcribed by:



where elkR/R'is a spherical wave and the ﬁ;s are the

quantal scattering amplitudes.

For simplicity egtn. (11)

is reduced to a two state expansion including the

lsog & 2pou states only:

y = p gm1g1kR

The next step in the solution is to associate a physical

(+1 (0 IE)UI (R/r) + £2 (0 iE)UZ (R,I‘))

quantity with these scattering amplitudes, thus:

c1(6,E) = |7C1 (6,E) Iz

is known as the Differential Scattering Cross Section

(DSCS) for scattering into state 1, and is an observable

quantity. — fhuwghat kvobsewm;~
Some necessary results and equations derived from

the previous section are now presented.

egtn. (4),
1
¢, = === (uy + u2) ,
N
1
¢p = == (U1 = Wa2)
B‘/“?:*- 1 2

where ¢A & ¢B are ground state hydrogenic wavefunctions

Rewriting

(11)

(12)

(13)

(14A)

(14B)



centred around the target nucleus and the incident

nucleus -respectively. If the substitution,

t
n, = - J En(T)dT , =1, 2,

(@]

is put into egtn. (7) then eqtn. (8) becomes,

Poy = 3l1 = cos(ny = n2)l,
and _
Py = 51 + cos(ny ~ n2)l ,

where P is the probability of direct scattering and
(ny = n2) is referred to as the phase difference
between states 1 & 2.

Following F.T. Smith (Ref. 8) the concept of the
classical action is introduced. Given a particular

scattering event whose classical trajectory is known

there is a corresponding action,
s:fﬁ,dé‘j,
where P(g) is the momentum along the trajectory. For

the equivalent ¢lassical trajectory without interaction
. ] Y :

the action is,

o = ig -~ et
] » W
"o J o o f

’

20,

(15)

(l6a)

(16b)

(17)
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which gives the overall collision action,
A=8 - 8_ (19)

If a collision between two protons occurs subject

only to a 1lSog potential,
Vi(R) = E;(R) - E;(») + 1/R? (20)

the collision action along the resultant classical
trajéctory can be calculated., Given two such collisions
derived from the 1Sog & 2pou potentials, two collision
actions A; & A; may be obtained. Marchi & Smith (Ref. 7)
have shown that provided the scattering angles associated
with the A, & A, are the same, 6 for example, then

scat

(Ay = A2) = (n1 = n2) (21)
to second order in the function,
(Vi (R) =~ V2(R))/E

where th2 V's are as defined in (20) and E is the collision
energy. It should be noted that the classical phases (n's)
used in egtn. (21) were calculated using an average

potential,

Vg = B (V1R + V2 (R) (22)



22,

to determine the nuclear motion and the scattering

angle 6 , and not a straight line trajectory.

scat
A simple physical explanation of the agreement

shown in eqgtn. (21) is given if eqtn., (17) is examined.

The quantity S/h gives the number of De Broglie wavelengths

along a particular classical trajectory and if two

actipns like A; & A, are combined the effect is very

similar to the interfergnce resulting from the

superposition of two waves, Thus the combination of

two totally classical quantities, i.e. action integrals,

and the use of two contributing trajectories, leads to

qualitative agreement with experiment by producing

ogcillations. Egtn. (12) may be rewritten thus,

¥

total MR 2m (£ + Fa)gn + (F1o- F2)bp) - (23)
using eqgtns. (14), leading to the DSCS's for direct

scattering and charge exchange,

Opy = H|F1 = #2017, | (24a)

op = %|F1 4 £2]2 . (24D)

In approaches using the I.P.A. the predictions for probability

of charge exchange P are undamped in the small-energy,

EX/

small-scattering angle region (see egtns. 16) whereas

here,

EX

3 : ) ) 4
BX O+ C
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can only be undamped if |#1| = |#2].
The scattering amplitude #, is a quantum mechanical
term but to be consistent with the correspondence

principle, it should have a classical limit, let this be

fclassical = exp(ia/h) (26)

(using egtn. (19)) since in the high-energy, or classical
nucleus region, the charge exchange oscillations still
exist and are predicted by egtn. (26) but the nuclear
quantum-mechanical damping is no longer present. If

the full-quantal scattering amplitude is written:

£ = exp (iAq/h) (27)
then Ag may be expanded,

Ag = A + hA, + h2%pA;, + ... , (28)

and thus A is the classical limit of Ag and leads to
egtn. (26). However, since the quantal DSCS is given
by |#]? , then it would be reasonable to expect the
classical approximation of # to lead to a classical
DSCS. The classical DSCS is aiven by/

O‘c(e'E) = e m_ﬁm ..aaeu (29)

sn 6 36

as seen in Ref., (22), and if ¥ isg the classical approximation

of # then would expect,
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0, (6,E) = |F]2 (30)
This is achieved/by setting the imaginary part of A; to,

= L
Im(Al) 3 lOgch . | (31)
(The- real part of A; and its consequences is dealt

with by Ford and Wheeler (Ref. 30), but it has no part

in this research.) This gives, to first order in h,

a classical scattering amplitude,
% .
F(6,E) = o * exp(ia/h) . (32)
The classical approximations to the #1 & Ff2 of

egtn., (12) may be written,

“Pn L ’
fn(e,E) = X exp(iAn/h) n=1 2, (33)
sin en 36

where the relationship between o, & en is determined
classically using the potential Vn(R) given by eqtn. (20).
Since the potentials V; (R) & V2 (R) are significantly

different for some values of R, then so will be the.
~p, 9p
n n

STRe. 50 |/ n = 1, 2 and therefore, |#1| # |#2]

terms,
for certain collision trajectories. Thus the small-energy,
gsmall angle damping which is experimentally observed
has a theoretical description.

In my calculations I have used egtns. (21 & 33)
combined with the solutions obtained for the electronic

wavefunction in the self-consistent trajectory approximation,
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to produce differential-scattering cross sections. Eqgtn.
(21) was obtained by Marchi & Smith (Ref. 7) using an
average potential (egtn. (22)) and hence its use here is
justified since the self-consistent trajectory technique
uses an average potential (egtn. (10)) to determine the
nuclear motion, It is well known, (Bates & Sprevak
(Ref, 20)), that the rotatiecn induced excitation causes
a change in the phase of the charge exchange oscillations
calculated in the ﬁwo state approximation., I have taken
this effect into consideration by using the coefficients
a, (éée egtn, (2)) as corrections to the classical'
phases N e To obtain results as a function of the
scattering angle 6, I solve for the electronic wave-
function along many different self-consistent trajectories,
all at the same collision energy E. Using eqgtns. (21 & 33),
the scattering amplitudes are written, for a particular
enerqgy,

—pn(O)_Bpn(G) b

£ (0) = an(O)exp(inn(G)), n=12, ... N
gin © 96

(34)
where the N"% in eqgtn. (11) may be dropped since
Zlanlz = 1, (It should be noted that the n, 7 A, but
Ehat strict correctness is achieved when the phase

differences are calculated in accordance with eqtn. (21)).

In higher energy collisions (E > 1Xev) it becomes
possible to excite the electron to hydrogenic gtates
other than the 15 and 2p + 1 states. I have allowed

for this by expanding the basis set to include the

rotation induced excitation, 2pwu = 3pop and 3poy >+ 3pTi.
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These' excitations provide for the possibility of
describing scattering into the 2S and 3ptl hydrogenic
states respectively. The hydrogenic states 2S, 2ptl

and 3p*l may be written,

$(28), , = —= (u(250g) £ u(3pow)) (35a)
' /3

6(2p1) , 5 = —= (u(3Dwg) £ w(2pmy)) | (35b)
. 7 /E

q>(3pir)A B = wi~(u(4Dﬂg) + u(3pmu)) (35¢)
By

where the notation of egtn. (l4) is used. Large internuclear
separations are required for eqgtns. (35) to be accurate. 'In
all calculations which I carried out the first molecular
wavefunctions in the expansions {(egtns. (35)) were barely
excited and were consequently neglected in highér state

DSCS calculations. Since there is only one molecular

state contributing to the excitation of each of the higher
hydrogenic states then there is no interference between
scattering amplitudes (as in eqgtns. 24) and this leads to
identical direct and exchange DSC3's. The differential
scattering cross-sections for direct & exchange scattering

into the higher states are written,

9p 3 2 . ,
0 (28) =y R 203 g, (36a)
D, EX Sin 6 90

3{)1; 2 .

o(2ptl) . . o=y b 2Ph 14 2 (361)
D, EX Sin © 26

5  9ps p

o(3pt) . o= —RE 905 (36¢)

D EX Sin 0 96

where eqtn. (34) has been used and where 3,4,5 apply
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respectively to the 3pou, 2pmru, and 3pru molecular
eiéenfunctions. When the posgibility of higher state
excitations is included the probability of charge

exchange represented by eqgtn. (2) must be modified to,

%onEX
vPEX = n=1%1, 2, .. , N. (37)
»0.D + 2o EX
nn nn

To complete this Section the final DSCS for scattering
into the 1S state is written,

1

- 3 =
RL2PLET A exp (dmy)
Sin 6 96

50,)% :
m|mR2 SP2 5, exp(ing) (38)
Sin 6 90 o

where eqgtns. (34 & 24) are used and remembering the new

normalization of eqgtn. (34).
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SECTION IV

THE BASIS SET

In most studies of the Proton on Hydrogen collision
problem in the low-energy region (1< Kev), a basis set
of molecular eigenfunctions has been used to describe
the électronic wavefunction, A partial justification
of this cholce of basis'sét is the quasi-molecular
nature of the system for low collision velocities
at small internuclear separations. Examples of molecular
basis set approaches may be seen in the works of Ferguson
(Ref. 23), Bates & Williams (Ref. 5), Knudson & Thorson
(Ref. 16) and McCarrol, Piacentini & Salin (Ref. 12).

The main problem'associated with such a basis set
is, to quote from Bates & McCarroll (Ref. 3) who first
pointed it out, that though these eigenfunctions
satisfy the appropriate equation for all internucleér
separations if the internuclear velocity is zero, they
do not satisfy itvfor all velocities of relative motion
if the internuclear separation is infinite. This problem
was partly solved by the introduction of certain velocity
dependent terms and much improved theoretical results
were obtained in the high energy region (see Ferguson
(Ref. 23)). However Ferguson (Ref. 23) and Gaussorgues
& Salin (Ref., 15) showed that the introduction of these
velocity dependent terms had a negligible effect on
the theoretical results obtained for collision energileg

below 1 Kev. They are neglected in this work.



If the velocity dependent terms are omitted
the radial interaction connecting eigenfunctions of
the same parity and angular momentum projection appears
(see eqtn.9)° To allow for any possible excitations
occuring because of this mechanism I have included
in my bacis set the even parity states, 2So0g, 3Dog
andlphe odd parity state 3pou. The angular interaction
term also shown in eqtn. (9) connects states whose
parity is the same but QhoSe angular momentum projections
differ by 1. To describe any resﬁlting rotational |
exciﬁations‘the basis set has been extended to include
the 3Dmg, 2pmu and 3pmy electroniq states also. The
basis set size was terminated here because preliminary
results showed that the inclusion of higher states
had a negligible effect on the charge exchange
probability curves. (It will be seen in the next
section that this termination led to errors in the

ccalculations of excitations of higher states.)

29,

The largest basis set used consisted of the following

functions: -~
u1 = Y(lsog)
Hz = Y (2pou)
us = Y (3pou)

-

Wy = %i(w(zpwu+) + P (2pmru)

A

(37
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1
us = —=( (3pru,) + Y (3pru_))
5 = . +

Le = Y (2509)
w7 = Y (3Dog)

1 |
Wg = —=(y (3Dmg,) + ¥ (3Dmg_))
8 > +

where the subscripts + & - apply to the angular momentum
projection guantum number m = *1, The summation in the
m state basis functidns is to satisfy the condition that
there be no resultant angular momentum about the
internuclear axis.

To calculate the quantities required by the time-
dependent basis set a numerical technique developed
by Cayford, Fimple & Unger (Ref. 24) for atomic
calculations was applied by Cayford, Fimple, Unger & White
(Ref. 25) to the Hi two centre problem. The standard
method of obtaining the eigenfunctions and eigenvalues
of the Ht system is to solve for the wavefunction
using a truncated infinite serieé. Exanmples of such
calculations may be seen %n Refs., (26,27). The
electronic wavefunction of the Ht system is usually

separated thus,
P o= L(A)M(u) (exp (im¢) /V2m) (38)

where A,u and ¢ are the usual confocal elliptic coordinates,
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-
il
"
+
=
U‘V
~N
jpe]

(39)

(r_ & r,, are the distances from the two respective

a
nuclear centres to the electron).

.Peek (Ref. 27) using a series expansion has
determined Hi eigenfunctions (egtn. (38)) to an accuracy
of 1:10'7 with 20 terms in p and 16 terms in A.
Computing the value of one of the integrals given in
eqtns. (9) using such an expansion would require the
summation of approximately 10° analytic integrals.

Even if an accuracy of 1:10°% was required the figure
10° would only be reduced by an order of magnitude.
Using the numerical technique to be presented in this
section, accuracies of 1:10° éan be achieved using
at most 10° summations along with a numerical extra-

polatior,

The functions L & M of egtn, (38) are solutions of,

242 Ty 2
doozen) Sewon o+ BRAL 4 o - 1 L(x) =0,
da dx 2 AZ-1

3 2. 2 2
4 (epzy S p o BRIWD L A =0,
dy dn 2 L=-p?

vhere -1 <y < 1, : (41)
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quations (40) & (41) are solved subject to the

boundary conditions,

L(®) = 0 ,
L(l), M(-1), M(+1) are finite, (42)
and to the normalization conditions,

L2dx = 1 , (43a)

M2dp = 1 ' (43b)

(The correct normalization of ¢, namely that,

RS .
2 [LZMZ(AZ - p?)ydixdy = 1, (44)

8

is corrected for at the end of the computation.) - To
remove the singularities which exist in egtns. (40 & 41)
due to the terms in m?, the transformations,
LO) =L/ GE - 12 (45a)
and

M) = M) /(1 - u2)™/? (45b)

are made., These lead to the new equations,
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2 242
[(x2~1) 4 ~ + 2 (m4l) Mo + A + ERA 4 ooR) 4 m(m+1>}£(m =0,
32 32 2

.(46a)‘

and

2 . 2
[(1w112) A 2(m+l)u-§m - A - ERZU? - m(m+1)JM(u) = 0 o

du? ou 2
(46b)
The method used requires that the functions to be
solved go to zero at their end points and to this end
the transformations
X(A) = (A% = L)e(n) (47a)
and .,
Y(u) = (1 = u®)Mu) (47b)
are substituted into eqgtns. (46) leading to,
2 2
(A2-1) & b 2(m-1) 28 4 2A7FD) _ AmA
ar? PN (A2-1) AZ-1
24 2 .
P+ ERAD L oRA 4 m(mtl) | X(A) =0, (48a)
2
and
o2 2
[(1wu2) 0w 2 (me1)pd 4 24EEWT) dmy
au? au (L-u?)  1-p?

2. 2 -
- A - ERZUC . m(m+l)J Y(u) = 0 . (4eb)
2
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As these equations are to be solved numerically
it is no longer feasible to use the X coordinate
system gince it cannot be divided up into a finite
number of finite mesh spaces. To elimiﬁate this
problem the A space is transformed to another space
whose limits are finite. When solving egtn. (38) for
the case of large internuclear separations, it is
obvious *that computational emphasis should be placed
on those regions which ére close to each nuclear centre,
To deal with these two abovementioned problems, the

following coordinate space transformations have been

devised,
£ = (A-1)/(1+C(A-1)) ,

where 0 < g < 1/C , (49a)
and,

p = u/(A=-p?)
where =1/(A-1l) <p< 1/(A-1) , (49b)

where A & C are constants dealt with later. Thus

egtn, (48a) after the substitution of eqgtn. (49%a) beconmes,

o2
(264 (1-2C) £2) (1-CE) 2 Ser

dg?

+ {2 (m=1) (34 (1~C)E) (1-CE) - zc(2g+(1mzc)§2)(1ncg)}%z
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2 (24 (2-4C)YE+ (1-2C+2C2)E2) = 4m(Ll+(1~C)E) (1-CE)
(28+ (1-2C) £ )

-+

b A+ m(uil) ¢ EREQEQA-CIE)? 2R(l+(1wC)E)J X(E) = 0

2(1-cg)? - 1-Cg
(50)

Similarly egtn. (48b) becomes,

02 (L+4Ap?) (4p? - (Y1+4Rp2 - 1) %) »2
(VI+4RpZ - 1)?2 9p?

N {2p(4p2—(/1+4Ap2 - 1)2)(/1+4Ap23 - (1+6Ap2))
(Vitdnp? - 1) 3 ’

STTAns? 24 (Y1+4pp? - 1) %) - JTHnp? -
~ 2(m~1) p/I¥4Rp } 9. 4 2(p +(Vitdnp® - 1) me@(lﬂ ApZ - 1)

90 4p* - (/1+4Ap - 1)?
iR (/1+4Ap2 - 1)2
. ER (/i*xApz D .- m(m+l)} Y(p) =0 . (51)
8p

The boundary conditions (42) are now given by,
X(0), X(1/C), ¥(~1/(a-1)), ¥Y(1/(A-1) =0 (52)

and the normalization conditions (43) are,

s

(2~m) '

2 . 2 ) ’
J X [ (1-CE) J e E = 1 (
(L-cg)*?

[3;]
9%}
)]

284 (1-2C) 2

4 § o
J yv2 - fmkjﬂﬂf_ e LTl N rl)» dp = 1 (53b)
4p (VI+IRPZ ~ 1) 2] 297/1%4Pﬂa
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Equations (50-53) are now translated to finite
difference form. The whole £ space is divided up
by a mesh of Nvlievenly spaced mesh points giving the
interval between points, h; = 1/CN. A similar treatment
of the p space leads to a mesh spacing h, = 2/((A-1)N).

The following notation will be used,

Ek = khl r k = OI -]] e 6 ¢ ’ N
X = X(E)
(54)
pk = '"l/(A'"l) + kh? k = 0, l; o ¢ @ ’ N
Y =Y(p) .
A first order approximaﬁion to the derivatives in
egqtns. (50,51) is used. As examples of this approximation
derivatives of the function X at the mesh point k are
presented,
ax ~ Lt (Xk+l - xk_l) , (55a)
.dg i 21‘11
and
2| :
X sz - 2% 4 XL (55b)
152 L2 k-] k k41
ag X h,
gk

The integrals (eqtns., 53) are approximated by trapezoidal

rule which.is entirely consistent with the first ovder
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approk%imations of the derivatives.

To illustrate the finite difference form, eqtns.
(50,52,53) are put into this form. Thus, at each
internal mesh point in £ we have the following set

of equations,

- - 2 2 2
_ 2k(2+(1-2C)kh,) (1-Ckh,) * A+ mutl) + ER? (1+ (1-C)kh;)
h, - 2(1~Ckh,)?

2(2u(2~4C)kh;+(1~2c—2c2)k2h12)~4m(1+(1—c)kh1)(1-Ckh1)

+
(2kh; + (1~2C) k2h, %)
2R (14 (1-C)kh, ) k (24 (1-2C)kh;) (1-Ckh;) 2 .
+ + ( + )
ey X o X1t A

N i'(m-l) (1+(1~C)khy) (1-Ckh, ) -C (2khi+(1~2C) k*h,; %) (l—-Ckhl)]

h,

Ferp ™ B =0

kzl, ctoyp N"'l ' (56)

This is a set of N-1 equations in the unknowns Xk(k = 0,1, ...,N)
and also the energy E and separation constant A, A similar

set of equations in the unknowns Yk(k =0, 1, 0. , N), E & A

may be written using egtn. (51). The normalization

conditions bhecome,

N ) 1 (2"1Tl)
(1-Ckh, ) N Xk?- “1=0, (57a)

hy : -
k=1 | 2khy+ (1-2C) k2, ? (1-Ckh, ) 2

and,



. (2-m)
h, ) 4 (-B+kh,) 2 ‘ .
k=1 (4 (~B+kh,) 2~ (/1+4A(-B+khy)? ~ 1)?2

(V1+4A (-B+kh,) % ~ 1)
2 (~B4+kh,) 2/1+4A (-B+kh,) °

k

where B = 1/(A-1) .

It should be noted that the trapézoidal approximations
given above are strictly correct only if the integrands go
to zero at the end points., Though the X's & Y's have been
constrained to go to zero at theix end points the '
integrands represented in eqgtns. (57) in fact do not.

Thus knowledge of the end point values of the integrands
is required and since.this is not forthcoming from the .
equations, we usually take a Taylor expansion about a
known point to get a first order approximation to the

~end point values. Such a procedure has the effect

of adjusting the coefficients of the extreme Yk‘s & Xk‘s>
in eqtns. (57) but since this would cloud the presentation
unnecessarily it is here omitted.

The boundary conditions (52) become finaily,

and

giving the whole finite difference system 2N+4 eguations

38,

(57b)



in as many unknowns. The solution of the system is
started by substituting egtns. (58) into egtns. (56)
and the corresponding equations in the Y's, for
k = 1 and k = N-1. This eliminates the unknowns
o' XN’ Yo & YN and reduces the order of the system

of unknowns and equations to 2N,

X

. Before introducing a Newton-~Raphson algorithm
for solving the system, it is most convenient to
alter the notation slightly. It is desirable to

think of all the unknowns, the X E and A on egual

kl Ykl
fobting. With this goal in mind we make the following

definitions,

Xow-r TR
XoN =E . (60)

We note in passing that the definition (59) (k = 1)
has nothing whatsoever to do with the boundary condition
(58) . Xy, (of (58)) has been discarded from the list
of unknowns and we are merely reusing.the‘symbol in piace
of ¥,.

Now that we have all the unknowns notationally
on the same foolting, we simply nunber the equations 1
to 2N, first taking (56) (k = 1, ... , N-1), then the
corrvesponding ¥ egtns, (k = 1, ... , N-1) and finally

(57a) and (57b). In the revised notation this system
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can be represented formally as

fk(leXz ...o X ) = 0 k = l, e ¢ o ¥ 2N’ . ) (61)

2N

where each %k corresponds to one of the above mentioned

equations.

. The equations (61) are a set of nonlinear algebraic
equations, and, starting with an initial guessed
solution, can be solved by means of a generalized Newton-
Raphson iterative method (Ref, 24 ). Let i(n) = (x{n),...‘xéﬁ))
be axvector whose components are the values of the
unknowns in (61) at the nth iteration, and also define
F(n) = (%l(?(n)), .,; fZN(?(n)))o Then at the (n+l)th
iteration the solution vector is given in terms of values

at the nLh iteration by,

g(m+l) _ (n) _ (7 (1)y~1 & (n) , (62)

where J is a Jacobian matrix, the elements of which are,

(n)
(m) _ |%%,

J%m

(63)
9X
m

The iteration (62) is repeated until

max (|4, Py 1, L 1s ™)) < tolerance, (64)

ZN(

e = (n — .
since when F( . 0 the systen of finite~difference

equations is solved exactly. A very efficient algorithm,



has been developed for the rapid solution of (62).

The algorithm, which has been described in a previous

paper Ref., (24), is based on the sparse and near-

tridiagonal properties of the Jacobian matrix.

(0)

It remains to determine a starting vector X

for the algorithm. We have fcound that the procedure

will, easily converge from the poorest of gtarting

solutions but probably the simplest to generate and apply

™ ' . .y
are united/atom wavefunctions. Once a solution has
been obtained for one value of R it is a simple matter

to use that solution as a starting solution for another

nearby value of R. In this way it is possible to
quickly obtain the wavefunctions for many values

of R.

In these calculations the mesh point distribution

has quite a bearing on the accuracy of the final result

and we have found that the distribution should

emphasise that region of the wavecfunction which has

the greatest contribution., This 2mphasis is obtained

by varying the constants A & C in the coordinate
transformations (49). The operators required for
integral calculations in eqgtns. \9) are given in

confocal elliptic coordinates by,

- w12 2 .1 ;
9&. = 23,;‘, .L.S,L,,}.‘.m)w_ M + LE&.W,,;EL Qg\i o+ :‘E‘i M + L §Pl,

AR 3X (A%-p?) (A2=-u%) 3p 3R OR

where ¢ = L(XA)M()) (note that the ¢ part of ¥ does not

depend on k at all) and,

F

41.

(65)
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L = i[._ W/ 0P A7) oy 2 4 A ZED A0
y (}\2__"12) AN (}\Z_UZ)
cosd e + A sing ﬁu} . (66)
du YV {x2-1) (1-p?) 3¢

Some of the above operators involve derivatives
of the wavefunction with respect to the internuclear
separation R. These are calculated numerically by
evaluating the wavefunction at R and then at R + AR
leading to a computation of the derivative using
egtn. (55a). All integrals are computed using the
trapezoidal approximation including any end-point
corrections which may be necessary.

One can improve the accuracy by taking more mesh
points, but roundoff error increases with the number
of mesh points. Instead we make an extrapolation to
the h; = h, = 0 limit based on a number of calculations
at different finite sizes of h; & hs. This technique
is known as the Richardson extrapolation procedure
(Ref., 28). Let Q be a gquantity like the electronic
energy E, separation constant A or matrix element of
some operator which depends on a finite difference
solution., Then,if h; is a function of h,, the procedure
assumes that Q is a continuous function of the mesh
spacing hy; and Q is expanded in a Taylor Series about
the point h; = 0. However, since inverting the
coordinate system, corresponding to h; -+ ~h), cannot
change the resulting value of Q, we can ~mit all

terms conteining odd powers of h,.



Thus,

Q = a; + a{h% + ash} + ... ’

where a; is the h, » 0 limit of Q, and hence given the
0's corresponding to several different h;'s it is
possible to get a; to a high degree of accuracy.
Results of such extrapolations may be seen in Refs, (24,
25) .

In computing the present basis set three different

meshﬂspacings have been used corresponding to N-~1 = 120,

43,

(67)

140, 160 and the eight basis functions required (37) were

obtained at 66 different internuclear separations from
.05 A.U, to 40 A.U.. At each of these internuclear
separations all electronic energies and integrals

were computed using the’ three different mesh spacings

and all quantities were extrapolated according to

~egtn. (67). During the calculation of the time evolution
of the electronic wavefunction, values of the various
integrals and electronic energies are required at
intermediate values of the internuclear separation R,

and to £ill these gaps least square f£it polynomials .

as functions of R were calculated for each of the energies

& integrals. The values drawn from the resultant
polynomials are never in error by more than 1:10",
Much of this worxk may bhe seen graphically represented

in Appendix (II).
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SECTION V.

PRESENTATION -AND DISCUSSION OF RESULTS

The main point of this work is to‘present and
justify the Self Consistent Trajectory method of
describing the nuclear motion in Proton on Hydrogen
collisions of low energy and moderate to large
scattering angles. Unfortunately there is very little
experimental information 'in this region and in fact
the lowest energy results of Helbig & Everhart (Ref. 1)
haveﬂvery large angular resolution errors associated
with them. Consequently three identical calculations
of charge exchanée probability in the range 10° < o < 18°
for an ecnergy of 151 e.v. have been carried out using
egtiis., (9, 34, 37). The only difference between the
calculations is in the treatment of the nuclear motion
which, in this range of E & 0, is the essentiai difference
between the I.P.A. inherent in the work of McCarroll
& Piacentini (Ref. 29), the common trajectory
tecnnique of Gaussorgues et., al. (Ref., 18) and the
self consistent trajectory (S.C.T.) technique presented
here. Thus the electronic wavefunction‘(described by
three states 1So0g, 2pou & 2pwu) was solved in the
Time Dependent formalism subject to: 1) a straight
line trajectory, 2) a trajectory determined only by
the nuclear-nuclear repulsive forces, and 3) a self-
consistent trajectory. The results are presented

in Fig. L. The differences between the varicus approaches



are guite apparent and the only valid comparison that
may be drawn is between the 2prmu probability amplitudes
obtained from 2) & 3) which are approaching each other
as o diminishes. This i1s as expected since the forces
giving rise to the S.C.T. are largely nuclear-nuclear
for -very small p. The results of Fig. 1, along with
similar results published in the paper of Gaussorgues
et, al (Ref. 18), serve-to illustrate the fact that,

at low energies and moderate to largé scattering angles,
a time-dependent potential is required to describe

the nuclear motion.

Another interesting result of this research is
presented in Fig. II and shows the effect of the
inclusion of higher states in the basis set. It was
found that at an energy of lkev the radial excitation
of the gerard states 2sog & 3Dog had a significant
effect on the probability of charge exchange curve,
S.C.T. calculations using three state, five state and
seven state (as in Fig. II) expansions were carried
out and they show that higher states do have an
important contributiosn at an energy of 1 kev. In the
range of scattering angle studied closer agreement
between the three state'S.C.Tm calculation and the
three state calculation of Gaussorgues et. al. should
have been obtained and the discrepancy is unaccounted
for. However, the seven state calculation is in
excellent accord with experiment, with the probability
of exchangc curve having slightly higher values than

the experimental pointg for 0 » 409 as would be expected

45,
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dvs to the experimental angular resolution errors
involved. 1In preliminary investigations I found that
the states 3Sog, 4fou were barely excited through
radial interactions in collisions of up to 1 kev and
this led to the final basis set as noted in egtns. (37).

Typical low energy (151, 250 e.v.) results are
giveh in Figs, III & IV (prob. of charge exchange
v scattering angle) and in Figs. VII & VIII (reduced
DSCS's v scattering angle), however the experimental
data does not extend to large enough scattering angles
for comparison to be made. Good agreement with the
results of McCarroll et. al. (Ref. 29) is obtained,
even at very small scattering angles, But this small
angle accuracy is not.experienced in inelastic
calculations using the $.C.T. method.

Fig. IX shows the reduced DSCS's obtained for an
incident energy of 700 e.v., where the discrepancy
between this work and that of Gausscrgues et. al. (Ref. 18)
in describing the small angle behaviour of the reduced
DSCS for direct or exchange scattering into the 2p*l
state, should be noted. This error is due to.the single
classical tréjectory asgumption inherent in the S.C.T.
method. The Proton on Hydrogen collision problem,
including inelastic processes is a multichannel problem
and the use of the $.C,T, method is equivalent to
forcing each of these channels along a common trajectory.
However the single trajectory approximation becomes more

acceptable for larger energies and larger scattering angles
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where the trajectories associated with each channel

approach the self-consistent trajectory. Thus the
L

single trajectory assumption creates a lower limit for

the applicability of the S.C.T. method which is about

U

S,

(_E0 ~ 1400 &v. deg. In Figs. (VII - X) the limiting

Nttt s e

points where the inelastic DSCS's predicted in this
work: become inaccurate are marked by a vertical slashed
line. This lower limit applies to inelastic calculations
only whereas the eiastic'phases (which lead mainly to
the charge exchange probability curves) are predicted
quitg accurately for all 6 justifying further the
approximation of egtn. (21).

Some higher energy (700 e.v., 1000 e.v.) seven
state calculations are presented in Figs., V & VI
and the discrepancies between this work and that of
Gaugsorgues has been shown to be due to the inadequacy
of their basis set. It should be noted that the
experimental points given in Fig. IX are scaled to
the results of Gaussorgues et. al.‘(Ref. 18) and not
to the results of this work. Scaling in such logarithmic
presentations would result in all of the experimental
points being displaced by the same amount. The results
of Chidichimo-Frank & Piacentini kef, (13) were caloulated
using the Eikonal approximation developed by McCarroll
& Salin Ref. (11) and a five state molecular expansion
(lsog, 2pou, 2pnu, 3poy, 3pmu) coupled using exact

matrix elements of <y Lylun> (see eqgtn. 9). Some

n I

of their results are reproduced in Fig. X along

e

with inelastic results calculated by Gaussorgues & Salin
¢

47.
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using an atomic expansion and the above mentioned
Eikonal approximation.

Before elabgrating further on Tig. X some difficulties
associated with the higher energy studies of this
work are discussed. In solutions of equations such
as the Time-Dependent Schrodinger equation, it is obvious
that® any numerical integration may be terminated only
when the result obtained is tending toward some limit.
The integration in this work (see App. I) was taken
to 20 A.U. and, when using a three state expansion,
convergence was easily obtained within this limit.
However it was found that when higher states were
included such convergeﬁce could never be reached, and
the higher state coefficients continued to vary. This
very point is noted by Rosenthal (Ref. 14) who attributes
these variations to the‘thSically spurious limits
(for large R) of the matrik elements of egtn. 9. (see
‘App, IT for matrix elements). Essgentially, the coupling
introduced by the radial matrix elements does notvgo
to zero as R » », and this effect gives rise to problems
in calculating higher state excitation probabilities
in this work. These problems are eliminated in Bate's
and McCarroll's work (Ref, 3) with the inﬁroduction of
other difficulties.

However, despite this problem, after integration
to 20 A.U. the 1Sog, 2poyu, 2pmu state occupancies did
not vaxry by more than 1%, while the 3pou state occupancy
varied about a mean by around 20%, and consequently these

results are presented in Fig. X with appropriate error bars.
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(Note here that though the 25 hydrogenic state is
.strictly formed as a linear combination of the 2Sog
& 3pou molecular states, the occupancy of the 2Sog
state in these calculations, apart from the fact that
it varied greatly at "convergence", is so small that
it does not affect the result presented for scattering
into the 28 state of Hydrogen (beyond the error barc).
Consequently this work's predictions of the direct &
exchange DSCS's for scatéering into the 28 state, are
equal) .

ﬁThis work's agreement with the DSCS for direct
scattering into the 2S5 state of Hydrogen as calculated
by Gaussorgues & Salin (Ref. 15) is apparent (Fig. X).

The basic theoretical difference between the work
of Gaussorgues & Salin and that of Chidichimo-Frank
& Piacentini (Ref. 13) is that Gaussorgués et. al,
have included radial coupling elements in their calculations.
One major reason for this work's agreement with that of
Gaussorgues et, al, is that radial coupling elements
have been included here,

It therefore appears that the neglect of velocity
dependenc translation factors and radial coupling elements
is a mistake and that best results will be obtained by
using a reasonably large basisg set and translation
factors. In this work it has been shown that the use of
a large basis set and radial coupling elements has led
to improved agreement with experiment énd it is an
obvious extrapolation of this result to state that near

perfect agreement could be obtained with a very large

L4



50,

basis set. However the inclusion of translation factors
would give equivalent agreement when coupled with a much
smaller basis set because of the conéequent elimination

of convergence problems. |

In this work it appears that the major effect of
the-inclusion of the 2S0g & 3Dog states is to slightly
alter the classical phase of the 1Sog state (specified
by both its coefficient, a; (egtn. 2.) and n: (egtn. 15))
by coupling through the radial elements. This coupling
is what leads, in the main, to the final agreement with
experiment.

As a partial check on the accuracy of‘these calculations,
it is interesting to note that the numerical value of
the DSCS's obtained in this work agree with those of
Gaussorgues et. al (Ref. 18) and hence no scaling factor
was required for Fig., IX. Because of this agreement
all other theoretical & experimental values have been
normalized to this work's results (except in Fig. IX)
at a point where the two approaches could be expected

to concur.
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' FIGURE T
The curves A represent probability of charge
exchange v impact parameter p using;
— e e gtraight line trajectory approx. (I.P.A.),
————— -~ 1/R nuclear-nuclear forces only to determine
nuclear trajectory, and,
-— the self-consistent trajectory method. All
of theseﬁprobabilities vere computed using eqgtn (37).
The curves B represent the probability of excitatién
of the 2pwmu state v impact parameter p, where the legﬁ%d
noted above still applies. Thig probability is strictly

‘a probability amplitude which is given by,

P 2

- |a2pﬂu|

The vertical bar in this figure is repeated on
Fig. IIT and the bars denote the corresponding point

in p & 8 space.
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PIGURE II

All points are probability of charge exchange
values v the laboratory scattering angle 6.
————— three state (1Sog, 2pou, 2pmu) calculation
of Gaussorgues et. al. (Ref. 18).

The full curves A, B, & C were all obtained
using the S.C.T. method presented in this work,

and they result from 3 state (1lSug, 2pou, 2pmy),

5 state (1Sog, 2pou, 2pmu, 3pou, 3pmu) and 7 state

(1scg, 2poyu, 2pmwu, 3pou, 3pwu, ZSég, 3Dog) calcu-
lations respectively.

. The experimental points x were obtained by
Houver et. al. (Ref. 2) and have an angular resol-

ution of .20.
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FIGURE IITI

Probability of charge exchange v lab scattering

angle 0 for incident energy E = 151 e.v..

This work, a three state (1Sog, 2pou, 2poy)
calculation using the self-consistent trajectory

technique.

X Experimental points of Helbig & Everhart (Ref. 1)

whose angular resolutions are 1.2°, The vertical
bar is repeated at the same point on Fig. I to allow

for comparison between figures.
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FIGURE IV

Probability of charge exchange v lab. scattering
angle 6 for incident energy E = 250 e.v..
—————— a three state (lsog, 2pou, 2pwu) calculation
of McCarroll et. al. (Ref. 29) using the Eikonal approx-
imation (Ref., 11).

This work, also a three state calculation,

using the S.C.T. technique.
X Experimental results of Houver et. al. (Ref. 2) angular

resolution: .40.
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FIGURE V

Probability of charge exchange v lab. scattering angle

6 for an incident energy E = 700 e.v..
““““““ a three state (1Sog, 2poyu, 2pmu) calculation
of Gaussorgues et. al. (Ref. 18).

B This work, a seven state (lSog, 2pou, 2pmu, 3poyu,
3pmy, 2s0g, 3Dog) calculation, using the S.C.T. technique.

A This wnrk, a three state (1Sog, 2pou, 2pmwu)
caiculation, using the S.C.T. technique.

X Experimental points of Houver et. al. (Ref. 2),

angular resolution = ,07°,
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FIGURE VI

Probability of charge exchange v lab. scattering
angle 6 for an incident energy E = 1 Kev.
—————— a three state calculation (l1Sog, 2pou, 2pmu)
of Gaussorgues et. al. (Ref. 18).

This work, a seven state (1sog, 2p0n, 2pmu,

3poy, 3pmu, 280g, 3Dog) calculation, using the S.C.T.
technique.
X,0 Experimental results of Houver et., al. (Ref. 2)

angular resclution: x .07°

o) .2o
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FIGURE VIT

Reduced DSCS (8?2 %% degreeélA.U.) v lab. scatt-
ering angle 0 for incident energy E = 151 e.v.. All
curves are calculated for this figure as for Fig.‘III.

A: Total reduced DSCS for exchange,

92|29 (1s) ) (2p*l) | .
Mgy IO

B: Reduced DSCS for direct scattering into the 18
hydrogenic state.
C: Reduced DSCS for direct or exchange inelastic

scattering into the 2pil hydrogenic state.
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FIGURE VIII

Reduced DSCS's v lab., scattering angle 6 for
an incident energy E = 250 e.v..
————— — Work due to McCarroll et. al. (Ref. 29).
Thie work,

Xx,0 Experimental results of Houver et. al. (Ref. 2).

7'1
For other details see the le?%gd of Fig. IV. The

curves A, B & C have the same labelling as in Fig. VII,
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FIGURE IX

‘Reduced DSCS's v lab. scattering angle 6 for an
incident energy E = 700 e.v..
——————— Work due to Gaussorgues et. al. (Ref. 18),.

This work (seven states).

® ,0,X Experimental work of Houver et, al. (Ref, 2).
For other details see the 1eg$%d of Fig V. The
curves A, B, & C have the same labelling as in Fig, VII,
It should be noted that three state calculations
(using the S.C.T. method) of the DSCS's are in closer
agreement with the appropriate resuits of Gaussorgues
et; él., but they ére not presented nere for the sake

of clarity.
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FIGURE X

DSCS's lab. scattering .angle 6 for an incident
energy E = 1 Kev,
—— e m— Work of Chidichimo-Frank et. al. (Ref., 13)
using a 5 state (lSog, 2pou, 2pmy, 3poy, 3pmu)
expansion coupled with the Eikonal approx. (Ref. 11),

Work of Gaussorgues & Salin (Ref. 15)

using an atomic basis set and also coupled with the

Eikonal approx. (Ref. 11).

This work, as in Fig. VI.

X,@ Experimental results pf Houver et. al. The
curves are all direct DSCS's and A,B & C correspond
to scattering into the 18, 2ptl & 2S states of

Hydrogen respectively.
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" CONCLUSTION

In this work it has been shown that the self-
consistent trajectory method is a useful and viable
method fér describing small energy, large scattering
angle proton on hydrogen collisions. However nore
experimental data is required to completely assess
its accuracy.

The inclusion/of higher state gerajpdéfunctions
in the molecular basis set has been shown to have a
significant effect on the results for collision
energies as low as 700 e.v.. However, the neglect of
velocity dependent terms in the basis set has caused
spurious excitations of some higher states which in
turn leads to inaccurate inelastic cross-sections,
Some effort must be made to ensure that the excitations
caused by the radial coupling elements go to zero as
the accelerations of the colliding nuclei go to zero.

A collegue of the writer has extended the
algorithm presented in section IV to deal with single
configuration H, (Ref., (31) and these calculations
are prescntly being further extended to include multi-
configuration and electron correlation effects. The
basis fuﬁctions obtained for these systems, coupled
with the methods presented in this work, will enable

atom—atom collisions to be accurately described.
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APPENDIX T

" COMPUTATIONAL DETAILS

The following cqnsists of a general discussion
regarding some of the more technical details involved
in obtaining the results.

"The basis set was evaluated at the following

internuclear separations:

R= 5 - 10 ;, AR = .5 ’

R= 10+ 20 , AR= 1 ,

where A,U., are the units involved. At each of these.
internuclear separations the basis set Was evaluated
for N = 120, 140, 160, where N is the number of mesh
pointg in each dimension of the wavefunction.

The radial and angular integrals were evaluated
at each internuclear separation three times using
the three diffecrent basis sets corresponding to
N = 120, 140, 160, and the results were then
extrapolated using the technique discussed in section IV.

Accwuracies for the resulting eigenenergies and integrals
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rangea from 1 part in 10° to 1 par£ in 108,

To enable evaluation of the various integrals
and eigenergies at intermediate values of the.internuclear
separation, some sort of interpolating procedure is
required and consequently a least squares (LSQ) fit
technique has been used.

,If it is assumed that these quantities are continuous
functions of R then it %s possible to state that,

Y(R) = a  + aR + asR? + ... aMRM , (1)
to some'degree of accuracy, where the a, are unknown
coefficients and where Y (R) represents an approximation
to the functional dependence of an integral or eigenenergy
on R, If Yi, i = 1, N represents a set of exact
solutions to Y(R) at the points Ry i =1, N, then

the least-square criterion may be written,
N .
8= ] (¥, -Y. "% , (2)

where the Yi' are given by (1) after substitution of the

R,

i i =1, N, and where S is to be minimized.

The way in which this is carried out is to
differentiate (2) with respect to each of the ass i = 0Q,M,
and set each differential to zero. Thus a set of M+l
equations in M+l unknowns is obtained,

M

Na  + JR;ar + ... + IRy a = LY,



ZRiao + JRY a1 + ... + IR T a_ = JR,Y.

M
IR, a i

o F 2RM+1 ap toe.e.  F ERiM a, = ZRbi“Yi ,

and here 2 implies igl' These equations are simultaneous
and may be solved by any standard sub-program., The
accuracy of the reéultind polynomial may be easily
checked by resubstitution of the Ri. At no stage are
polyﬂbmials of greater order than M = 10 required and
the resulting accuracy is never worse than 1 part in
10%.

Due to the variations in the integrals and eigen-
energies with R, it was decided to evaluate the LSQ
polynomials_over discrete ranges of R, Conseguently

three polynomials were computed for each integral and

eigenenergy, and these give accurate values in the ranges;

05 <R .5, .5 <R<10, 10 <Pk < 40 respectively,
where A,U. are used,

Graphical representations of all eigenenergies
and integrals are presented in App. II along with the
LSQ polyriomials,

Equations (9) were integrated numerically from
thelr starting solutions (egtns. 5) using the standard
4th crder Runge-Kutta method. The integrations were
taken froﬁ an internuclear separation R of about 20 A.U,

(approximately «) out to 20 A.U,, in about 1500 equally

spaced time points. These parameters were varied so that
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the final results obtained (excluding the higher
stéte results as previously discussed) did not change
by more than 1%. The trajectory along which the electronic
wavefunction was solved, was divided into 3000 points
equally spaced in time. At each of these points in
space the appropriate polynomials are evaluated to
give the values of the integrals and eigenergies of the
contributing states. A large saving in computer time
would occur if an(integrétion technique giving emphasis
to the region of élosest approach was employed.

The results for each energy come from solutions
of the electronic wavefunction corresponding to about
60 different values of the impact parameter p. These
values are chosen to give the smooth curveé in the
Figs., (I-X).

In the calculations of the scattering amplitudes
ap4
36

as functions of the scattering angle 6, for each of

given in eqgtn. (34) it is necessary to know Py &

the contributing electronic states (1 = 1, ... N).
This functional dependence is also obtained by fitting
a LSQ polynomial through a number (abouﬁ 50) of

previously calculated points., These points are calculated
by setting the initial conditions (impact parameter p

and incident energy E), subjecting the system to a potential
caused by the electronic state in quegtion, numerically
integrating to a large internuclear separation, and

hence obtaining a scattering angle 0.
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APPENDIX TI

GRAPHICAL REPRESENTATIONS OF THE INTEGRALS AND EIGENENERGIES;

THE LSQ POLYNOMIALS,

The following two figures show the variations of
the .radial and angular integrals as functions of R, the
internuclear separation. These values are required for
the solution of egtns. (9).

The numerical Valueé for Figs. (XI-XIII) were
obtained by evaluating the LSQ polynomials presented in
Tables (I-III) respectively.

To use the LSQ polynomials to evaluate any integral
or eigenenergy at a particular R, the coefficient
indicated by the label 1 is the constant term in the
expansion, whilst the succeeding numbers labelled by 2-+11
are the coefficients corresponding to powers of R 1-+10

respectively.,



FIGURE XI

Radial Integrals:

A, <lSOg1:i4286g>
dR

B, <2pmu||3pmu>
daRr

¢, <2pou|-S-|3pou>
dRr

D, <lSog1£L{3D0g>
dR

E, <ZSog|£L|3Dog>
dR
Note: the above are the only non-zero radial integrals

formed between the states of the maximum sized basis

set mentioned previously.
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FIGURE XII

Anguiar Integrais:
A,  <2pmu|Ly|2pou>
B, <3pmu|Ly|2pop>
c, <lSog|Lyi3Dﬂg>
D, <280g|Ly|3Dmg>
E, <2pmru|Ly|3pou>
F, <3pmu|Ly]|3pou>
G, <3Dng|Ly|3Dog>
Note: the above are the only non-zero angular inte-

grals formed between the states of the maximum sized

basis set mentioned previously.
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(Only the electronic energy is graphed.)

A,

G,

H,

FIGURE

XITI

+ .
H, energy eigenvalues:

1Sog

2T

2S0g

3pmu

2pou

3Dmg

3pou

3Dog
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Contour Diagram of ‘¢|2 for 4fou taken through the XZ plane.
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