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8A contains the proofs for our technical statements in the paper. We present the proofs
for technical statements that we develop in this Appendix in §B. We use the following
identities for the standard normal random variable with cdf ®(.) and pdf ¢(.) throughout
the Appendix: ¢ (z) = —z¢(2), [ 2#(2)dz = —p(v) and 1 > [f‘(;()”)r - f’fgzz) > 0,

where the last two inequalities are proven in Sampford (1953).

A Main Proofs

Proof of Proposition 1: If the firm does not have the limited liability option, then
mp(Kp) is strictly concave in Kp and the unique optimal capacity investment level K7,

and the optimal expected equity value 77, are given by

_ —b
o - [ €0+p) . 0
K} = <(1’YD’))CD> ift B>2cpKj
Kp = { 2 if 2cpKh < B <2cpKY (5)

_ 1 —-b
K} = <(5(1+b)> it B<2epKb,

1+ap—vp)cp

( 2cpK9(1—vp) .
%Hﬂp if B>2cpKY
T = 2652 +pB+ P if 2cpK1, < B < 2cpK?,
1 _
| Z2Rp(rep=n) 4 B(1+ap)+ P if B <2cpK}

-1

With limited liability, when the firm borrows (Kp > %), we have Ip(Kp) = K7 (1+ap —p)2cp—
KD(_I_%) [B(1+ ap) + P] such that the firm is able to pay back the face value of the loan
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if and only if §~1 +.§~2 is no less than Ip(Kp). For §~1 +§~2 > Ip(Kp), the optimal equity value
I > 0, and for & + & < Ip(Kp), I = 0. We obtain

%{?—_;K( v (I4+ap —7p)2cp + <1+11)> Ep("7)[B(1 +ap) + P > 0. (6)

Therefore, we can identify the unique K}, < K% such that Ip(K}) = 2¢8 and Ip(KY) = 2¢v.
Since Ip(Kp) is strictly increasing in Kp, we have Ip(Kp) > 2% for Kp > K}; hence
I}, = 0 at each &1+ & and 7, = 0 for Kp € [K},00). Therefore, it is sufficient to analyze
the problem for Kp € [0, K},)). We have three separate cases to consider:

Case 1: For Kp € [O, %}, similar to the no limited liability case, the firm does not

— (141
borrow, and the expected equity value of the firm is 77, = maxg,, 2§Kl() ) +B+ P -

2¢p (1 —vp) Kp.
Case 2: For Kp € [26 , K D] similar to the no limited liability case, the firm optimally

I The expected equity

borrows, and is always able to pay back the face value of the loan.
value of the firm is 7}, = maxg, QEKSJF%) +B(l+ap)+P—2cp(1+ap—p)Kp.

Case 3: For Kp € (K fj, K%) the firm always borrows, and for some demand realization,
is not able to pay back the face value of the loan; hence the expected equity value of the

firm is

= max [ [ (61 + &) KD — 2epKp(1 +ap —p) + B(1 +ap) + P| (€1, &)d1dea,
Tp(&KD)

where Yp(& Kp) ={&:& + & > Ip(Kp)} and f(&1,&2) is the joint pdf of &.

Let gp(Kp) denote the objective function in the overall optimization problem and
g (Kp) denote the objective function in case i. It is easy to establish that gp(Kp) is

continuous at the boundaries Kp = QL and Kp = K E; and hence gp(Kp) is continuous

cD

in Kp. It follows from (5) that gp(Kp) is strictly concave in Kp for Kp € [0, KE] and
has a kink at Kp = %. We obtain

995 (K
gD D // |:<1+ > (fl +§2) ( ) 2(1—"@[) —'yD) cp f(§1’€2)d€1d§2. (7)
OKp Tp(&KDp)

It is easy to verify that agD | K- = ‘9gé’KD | KLt hence gp(Kp) does not have a

kink at Kp = K.. Define G(Kp,ﬁ) = (1+3) (& + &)K) ( ) _ 2(1+ap—vp)cp as
the integrand of (7) (without the density function). Note that G(Kp,&) is increasing in

Tt can be shown that for & > 0 and vp > 0, KL > %, where the equality only holds if & = 0 and

’yD:O.

33



()

& for i@ = 1,2, and decreasing in Kp. We define Kp = (MWD

—b
) . We have

- B 1\ cu . B(l+ap)+P u 2 U S ;
Ip(Kp) =2 (1 + b) & [1 2KD(1+U«D*'YD)CD:| < 2¢", thus Kp < K} and is in the feasible
region of Kp. Note that for €% = (&%, &%), Gp (KD,E“> = 0. Since (& + &) takes its
maximum value at € = &%, and Gp(Kp, &) is strictly increasing in ; for ¢ € {1, 2}, we have
Gp(Kp,€) < 0 for £ € Tp(€, Kp). Therefore 2BEL)| 0. Since Gp(Kp,€) is strictly

decreasing in Kp, gD(KD) <0for Kp € [KD,KD>

In summary, gp (KD) is strictly concave in Kp for Kp € [0, KZD] (with a kink at Kp =

B ), and is strictly decreasing in Kp for Kp € [KD, KD> It follows that gp(Kp) will be

2cp
unimodal if K% > Kp. Since 8%1(([;[’) > 0 (from (6)), this is equivalent to [p(Kp) < 2¢,

which gives us B > BB In this case, K7, is in the strictly concave part and is unique. K7},
is identical to (5). m

Proof of Proposition 2: In the proof of Proposition 1, we already established that the
stage-1 objective function gp(Kp) is strictly concave in Kp for Kp € [O, KH and strictly

. - . 1+1)2¢ KL\ "%
decreasing in Kp for Kp € [KD,K}{)). We obtain %?‘Kl = W [1 — (K—g> b]

€+})

1 _
where K, = <(1+GD_’7D)CD

> " Tt follows that 20pED)| 1 > 0 if and only if K, < K},
In this case gp(Kp) is strictly increasing for Kp € [O, K lD] and strictly decreasing in
Kp for Kp € [KD,K}‘)). Since gp(Kp) is continuous in Kp, there exists at least one
K3 € (Kb, K3%) such that %};@‘K* = 0. MPp(Kp) characterizes this first-order-

D
condition. Since alg[((KD) > 0 (from (6)), K}, < K} is equivalent to Ip(K}) > 2¢!, which

gives B < Bﬁj.

To prove that K7}, € (K}D,K}f)), it is sufficient to show that aggl(f;D) > 0 for Kp €
(KE, K})]. For Kp > K1, as follows from (7), we have

99p(Kp) 1 i /K
ok, (1 + b> KD/AD(&KD) &1+ & —2¢ <K1>

Let HD<KD) = ffTD(E;KD) |:§1 + & —25 (Il<(1)11,] f(fl,fg)dfldfg. Note that, for Kp >

1
b

] f(&1,62)dé1dEs

KL, Hp(Kp) and %fff’) have the same sign, so we can use Hp(Kp) to characterize the
3 _ _1
sign of %I;D). Define Mp(Kp,&) = & + & — 2¢ (%) b as the integrand in Hp(Kp)

(without the density function). For € such that & + & = Ip(Kp), we obtain M (Kp, &) =

K_% |:2(1+GD*’YD)CD _ B(+4ap)+P
(b+1) Kp

in & for i € {1,2}, Mp(Kp,&) < 0 for € such that & + & < Ip(Kp). Therefore, we have
Hp(Kp) > [ [ [&m—z& (ﬁg)_b] F(61, )dgrdes = 2€ [1— (%) ] For Kp <

} < 0 since b < —1. As Mp(Kp,§&) is strictly increasing

)
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1
Kll), we have 2¢ [1 — (K—1> b] > 0; and hence Hp(Kp) > 0 for Kp € (KE,KH. ]
Proof of Proposition 3: The stage-1 objective function gp(Kp) is strictly concave in
Kp for Kp € [0, K H (and strictly increasing at Kp = 0) and strictly decreasing in Kp for

K e [KD, K}’a) If 7p is unimodal in Kp, thus gp(Kp) is unimodal in Kp, it follows that

1. If 69’3 \ KL < 0, then the unique K7, is characterized by the strictly concave part

(sumlar to Proposition 1).

2. If agD | kt, > 0, then the unique K7, is characterized by M Pp(K7) =0 as defined

in ProposMon 2. Let K p denote the optimal solution in this case. From Proposition

2, we have K p > K}).

As it follows from the proof of Proposition 2, 51

. > 0 is equivalent to B < Bb.

D
The optimal expected equity value of the firm, 77,, follows directly.

We now prove that 77, decreases in ap. We have two cases to consider:

Case 1: QCDK}7 [l—g(fié)] [1—11—1;]3} 1+ <B<2CDK1

The firm’s optimal expected equity value is given by 7}, =

2(14ap—vyp)ep KK (ap)
pERbe) . g1+

_— —b .
ap) + P where K} (ap) = <(1+§S%> . We obtain gZ—fD’ = —2cpK}(ap) + B <0 as

follows from the definition of Case 1.

l
Case 2: 0 < B < 2cpKj, [1 - s(fﬁ)] [1 — 1175[)} - =

The firm’s optimal expected equity value is given by

T = / / @SR —2epKp(+ap o) + Bl +ap) + P| (&, &)derdes.
Tp(&KD)

1o} K .
Note that WD ( D) _ 87”83 Kp) ’7 aﬂgKKD ) ’7 %K D Since 7 51(< )’7 = 0, we obtain
ap D Kp a Kp

aﬂ’D(KD)
dap

B // ¥7d [720DED + B] f(§17§2)d£1d62 <0
Tp(&Kp

as follows from K}) < K p and the definition of Case 2. m

Lemma A.1 Ifb> —2 and € has a bivariate normal distribution, then wp is unimodal in

Kp.

. _ I sy ) (BT
Proof of Proposition 4: We define S'(ap) = QCDK% (1 —~p) b [1 — é(li},)] (1t (DlJng))
such that for a given ap, for B > S*(ap), the firm uses a secured loan (and invests in
K3 (ap) = K}(ap)) without default possibility. B > S(ap) is equivalent to dp(K}) < 2¢L.

Hence, both the default cost and the expected loss due to the unsecured part of the loan
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are 0 in (4). We define S?(ap) = Sl(ap) — such that for S'(ap) > B > S?*(ap),

_pP
(I+ap)
the firm uses a secured loan (and invests in K} (ap) = Kh(ap)) with default possibility.
B > S?(ap) is equivalent to Ip(K}) < 2¢'. Hence, the default cost is strictly positive but
the expected loss due to the unsecured part of the loan is 0 in (4). For B < S?(ap), the firm
optimally borrows to invest in K (a) = Kp(ap). In this case, the firm uses an unsecured
loan and both the default cost and the expected loss due to the unsecured part of the loan
are strictly positive in (4).

In summary, for any given ap, the ordering of B and thresholds S'(ap) and S?(ap)
determine the optimal borrowing level of the firm, and hence the form of Ap(ap). We

95 (ap)
" Odap

obtain < 0 for ap € [0,a’5*") thus, we can analyze the problem in two cases.

. 1) = 0(]— __¢
Case 1: B> S*(0) =2cpK} (1 —p) [1 5(1+i)} .
As S'(ap) is strictly decreasing, we have B > S'(ap) (and hence B > S?(ap)) Vap €
[0, a’34%). Therefore, we have Ap(ap) = (2cpK}h(ap) — B)ap for 0 < ap < a’Bo*.
. 1) — 0(1_ __ ¢
Case 2: B < S5°(0) =2cpKp(1—vp) [1 |
In this case, the ordering of B and S%(ap) is important in characterizing Ap(ap). We have

S2(0) = 2ep K% (1 —vp) |1 — % — P and we obtain
¢(1+3)

852(61[)) . 1
dap  (1+ap)?

e KO (1)t (1o S
P —2cpK”(1—1~p) (1 6

D

Notice that $?(0) is positive (negative) if P is less (greater) than 2cp K% (1—p) [1 - (ﬁl)] .
b

Since (1+ap —vp)" [~b(1 + ap) — yp) is strictly decreasing in ap, for P > 2cp K9 (—b —
__é 958%(ap) _ __¢é
YD) [1 5(1+}))]’W€ have Jap = 0 for ap > 0. For P < 2cDK (=b—7p) [1 §(1+11,)]’
(ap)
D

there exists a unique ap such that %‘IDD) <0 for ap < ap and dST > 0 for ap > ap.

> (1+ap —p)" [-b(1 +ap) — ’YD]]

|

Since the signs of $?(0) and 85 (aD ) depend on P, we have three subcases. Before analyzing

them, we first present a Lemma that we will use throughout the rest of the proof.
Lemma A.2 We have B > S (a3%) > S? (a’3%%), VB > 0.

S b 2.1: F > 2 l( | — 77? :| —0 — YD )
upcase CD D |: 5(1 i) ( )
1

In this case, we have S?(0) < 0 and M >0, Vap. For aj* = [(QCDBK%)_I) — 1} (1—7p),
we obtain S?(a%*) < 0. Hence, for ap € [0, a3%%), we have S*(ap) < 0 < B. It follows that
the firm always uses a secured loan (and invests in K} (ap)). For B < S'(0) (which follows
from the definition of Case 2), since S'(ap) is strictly decreasing in ap and B > S'(a/3%%)

from Lemma A.2), it follows that there exists a unique a%,, as defined by S'(a%) = B
D D
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(where the superscript d refers to “default”). We have B < S'(ap) for ap < a?, and the
firm uses a secured loan with default possibility, and B > S 1(aD) for ap > a”ll), the firm

uses a secured loan without default possibility. Therefore, Ap(ap) is characterized by

(2cpKL(ap) — B)ap — F(dp(K}(ap)))S if 0<ap < a$

Ap(ap) =
(2cpK}(ap) — B)ap if ab <ap<aper.

)

£(1+3) ¢(1+3)
We have $%(0) < 0, and S?(ap) is first strictly decreasing, and then strictly increasing in

Subcase 2.2: 2cpKY, [1 - 51] (1—~p) < P < 2cpK? [1 - fl} (—=b—p).

a. We obtain S?(a3%*) < 0; hence S?*(ap) < 0 for ap € [0,a3%®) in this case. Therefore
Ap(ap) is identical to subcase 2.1.
. 0 1__¢ _
Subcase 2.3: 2cp K}, {1 €(1+,1,)] (1—~p)>P
We have S%(0) > 0, and S?(ap) is first strictly decreasing, and then strictly increasing in

ap.

If B> S%(0) (and B < S'(0) by definition of Case 2), since B > S! (a%%) > S? (a/3?)
(from Lemma A.2), Ap(ap) is characterized in a similar fashion to the other two subcases.
If B < S?(0), as S%(ap) is first strictly decreasing, and then strictly increasing in ap and
B > Sl (am®®) > S2?(a%) (from Lemma A.2), there exists a unique a}, € [0,a3%%), as
defined in S%(al,) = B (where the superscript [ refers to “limited liability”). We have
B < S%(ap) for ap < a, and B > S?(ap) for ap > d,. Since S?(ap) = S*(ap) — ﬁ, it
follows that alD < adD, with equality only holding for P = 0. Therefore, we have the following
three regions: For ap < af(< al), we have B < S?(ap)(and B < S'(ap)), the firm uses
an unsecured loan; for a}, < ap < a%), we have S?(ap) < B < S'(ap), and the firm uses
a secured loan with default possibility; and for ap > a$,, we have S%(ap) < S(ap) < B,
and the firm uses a secured loan without default possibility. m

Proof of Proposition 5: Since this equilibrium is relevant for firms that may default
but use a secured loan (Case #i of Proposition 4) and firms that may use an unsecured loan
(Case it of Proposition 4); we will analyze these two cases separately. At equilibria where

the firm uses a secured loan with default possibility, the creditor’s expected return with the

dedicated technology is given by

Ap(ap) = (20K} — B) ap — S x Pr (&1 +& < dp(Kp))

1\ _ 9F 1 _ B(14+ap) . N -
where dp(K}) = 26 (1+ 3) [1 QCDkb(l‘f‘dD_’YD)]' Since & his a bivariate normal dis
tribution, & + & is normally distributed with mean 7w = 2¢ and standard deviation

7 = 0/2(1+p). Since b < —1 and B < 2cpKh[1 — yp], we obtain dp(K}) < fi. We
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have Pr (51 +& < dD(K}D)> =7 (%) where ®(.) is the cdf of the standard nor-
mal random variable.
For firms that may default but use a secured loan (Case ii of Proposition 4), for any

ap € [O,a%), we obtain

3ADp(GD) _ _BC¢ (dD(KiJ) —M> (M— d:é(Kll))> gz <o,
9Apan) _ _pey, (dD(K}J) —u) (u—dDz(K};)> % _,
o o] 5] do

where ¢(.) is the density function of the standard normal random variable, as follows from
8%5 =2>0, B%E =+/2(1+p) >0, and dp(K}) < fi. From the Pareto-optimality of the
equilibrium, i.e. ap is the minimum ap that satisfies Ap(ap) = 0, it follows that with an
increase in ¢ or p, ap increases.

For firms that may use an unsecured loan, since ap € [a} Ds aD) it follows from above
that a—AD(aD)‘.D < 0 for 7 € {o,p}. In fact, Ap(ap) is decreasing in o or p for any
ap € [aly,a?), but we cannot characterize the effect of o or p on Ap(ap) for ap € [0,aly).
Let ap(7) denote the equilibrium financing cost for a given 7 € {o,p}. With a small
increment in 7 from 7y to 71, we can guarantee that Ap(ap;71) < 0 for V ap < ap(mo)

because i) Ap(ap; 7'0) <0 forV ap < ap(mp) from the definition of the equilibrium, and ii)

!aTAD(aD)‘ AD(QD)‘ are bounded. Therefore ap increases (locally) in 7 € {0, p}.
Since for a given ap, 7}, is independent of 7 € {0, p}, we have ag D — gz% agf. From

671'D

Proposition 3, we have 8%) < 0, hence < 0. Similarly, Kp=K D(ap) is independent

of 7 € {0, p}; hence we have OKp _ aKI (G'D) 9p  Since K} (ap) decreases in ap, we
PJ; o — aaD ip o p\ap D,

have aKD <0for 7€ {o,p} m

Lemma A.3 Ifb> —2 and & has a bivariate normal distribution, then for a given financing
cost ap with the dedicated technology, for the firm that uses an unsecured loan, K7, and 77,

increase tn o and p, and decrease in ap.

Lemma A.4 Ifb > —2 and & has a bivariate normal distribution, when the firm uses an
unsecured loan with the dedicated technology, the creditor’s net gain from secured lending
and its expected loss due to the unsecured part of the loan increase in o and p. Its expected

default cost increases in o and p if dp(K p(ap)) < 2€.

Proof of Remark 2 The form of Eg(c r) follows from a direct comparison of 7p and 7p in

perfect capital markets. Since vy > vp by assumption, to prove Eg(cF) < cp it is sufficient
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1

to show E [(g;b+§;b> ”} > 26", From Hardy et. al (1988, p.146), if d € (0,1)

and X,Y are non-negative random variables then the following is true: E!/4 [(X + Y)d] >
E1/d [X d] +E/ [Yd] where equality only holds when X and Y are effectively proportional,
ie. X =)Y. Ineb(cp), wehave d = —3 € (0,1) and £ > £ > 0, replacing X with 51 and
Y with & b gives the desired result. Notlce that CD(CF) = cp only if & = & (since we focus
on the symmetric bivariate distribution) and vy = vp. & = & is only possible if either &

is deterministicor p=1. m

B Proofs for Supporting Lemmas

Proof of Lemma A.1: Since £ has a bivariate normal distribution, ¥ = & + &
is normally distributed with mean 7 = 2¢ and standard deviation & = O’\/m.
Let F(.) denote the cdf of ¢, and F(.) = 1 — F(.). By using 1, as follows from the
proof of Proposition 2; for Kp > K}, we have sgn (%?) = sgn(Hp(Kp)) where

1

Hp(Kp) = fliu(KD) |:17Z} -2 (gg)b} f(¥)dy. Therefore we will focus on Hp(Kp) to

prove the unimodality of gp(Kp). From integration by parts, we obtain

ogn B N . . i
Ho(Ko) = [ Ty~ Flio(Ko) i} (20t —n)en | Btan) 2 2]

_1
Define A(Kp) = K,,? (2(”35;’{;3)@ 4 BQtap)tP ) We obtain

82£D) = <1 + Z) Kp' <lD(KD) + —(2(141—)2)2 (1+ap —7p)epKp ‘1’>

Note that for Kp > Ké), Ip(Kp) > 2¢! > 0; hence for b > —2 the second term is positive and
L) Ty

F(p(Kp)) AKp)|.

O5ED) > 0 for Kp > Kb, We obtain Hp(Kp) = F(Ip(Kp)) [

p)dy
% is decreasing in Kp, then
D D

for Kp > KD, Hp(Kp) can only change sign once, which is from positive to negative.

As A(Kp) is increasing in Kp, if we can show that

S ey FC0) 0
F(lp(Kp))
with mean 71 and standard deviation &, by using the standard normal random variable, this
-1 dlp(Kp)

() oK [1_(5(@(}(];)—“” _¢<“3([(?>/;?)_#(1_¢(z))dz] (8)

where ®(.) and ¢(.) are the cdf and pdf of the standard normal random variable respectively.

Since %ﬁ[’) > 0, it is sufficient to show that the last term in parenthesis is positive. Let

We now show that is decreasing in Kp. Since v is normally distributed

expression can be written as
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g

Substituting this in (8), it is sufficient to show that 1 > L(j)g}() )} — lv_qbng()z) which directly
follows from Sampford (1953). m

v = 12ED)"E  Uging integration by parts, we obtain [2(1—®(2))dz = ¢(v) —v(1 —®(v)).
2

Proof of Lemma A.3: For a given ap, the optimal expected equity value 77, is given by

[1 By <ZD(K5>_”>] [qum +B(1+ap)+P—2(1+ aD)cDKD] L eRUT <ZD(KD)_“’> .

g

where i = 2¢ and & = a\/2 1 + p). Since @ is increasing in o or p, it is sufficient to analyze
Smp ‘7 8@ 87”3 where the first term is zero from
D

= K( )¢< (Fg)*ﬁ) > 0.

For K}, = K p, since K p is the unique maximizer, we have sgn (%f—;) = sgn <8MP§(KD) ‘7 ) .

the impact of 7. We have 2 87 = 51>

0
the optimality of K. We obtain %

Using the optimality condition

1o (REREY] [ Dyich — 20+ aphen] = -1+ oo (2L g

g

1 73 _ — N2
we obtain 8MP+E(KD)‘? - (1+%)K1b)¢ (lD(KED)—M> (lD(KED)_N) 11
D

Let z = (%) We need to show that 1 > z [1%() ) } It follows from Sampford

(1953) that { ¢z ()Z) — z] < 1;‘(};()2); therefore it is sufficient to show 1 > % which also
follows from Sampford (1953).

For the impact of ap on K p, we have sgn (8KD) = sgn (8MPD Kp) ’7 > Using the

OMPp(Kp)

optimality condition in (9), we obtain By ‘FD =

o ()]

— Lo () | (0 (PEPE) \T o (etEplr) (tetpr)

< |=2cp+ (14 1)K} _ - N
ep+ 1+ b) D dap 1_(1)<1D( P)-ﬁ) 1_(I)<1D(KP)—ﬁ)
-1
Denoting Y as the last expression in brackets and using %ﬁ‘:[’) =K [2013 — K—} the

desired result follows because —2cp + (1 + 5) [QCD - F—D} Y <0asY <1 from Sampford
(1953). m

Proof of Lemma A.4: We only provide the proof for the expected loss due to the
unsecured part of the loan. The proofs for the default risk and the net gain from secured
lending can be obtained in a similar fashion, and are omitted. Since @ is increasing in ¢ or

p, it is sufficient to analyze the impact of . By using the standard normal random variable,
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the expected loss due to the unsecured part of the loan can be written as

Kp) =1\ [— (141 Kr) =1\ —(141
o <ZD(KD) “) [KD(l +ap)2ep — K9 — B(1 + ap) — P] T (ZD(KD) “) Kote)
g g

Taking the derivative with respect to @, and using the optimality condition in (9), the

T\ (14} A 1
derivative with respect to @ is given by ¢ (%) Kg+b) + ag—ED [2(1 +ap)ep — qu_—’)] .

This term is positive because ag—ED > 0 from Lemma A.3 and the last expression is positive

from the optimality condition in (9). m
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