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Abstract 

 

Fibonacci numbers, Lucas numbers and Mulatu numbers are built in the same method. The three numbers differ in 

the first term, while the second term is entirely the same. The next terms are the sum of two successive terms. In 

this article, generalizations of Fibonacci, Lucas and Mulatu (GFLM) numbers are built which are generalizations of 

the three types of numbers. The Binet formula is then built for the GFLM numbers, and determines the golden ratio, 

silver ratio and Bronze ratio of the GFLM numbers. This article also presents generalizations of these three types of 

ratios, called Metallic ratios. In the last part we state the Metallic ratio in the form of continued fraction and nested 

radicals. 

 

Keywords: GFLM numbers, Fibonacci numbers, Lucas numbers, Mulatu numbers, Binet formula, Golden ratio, 

Silver ratio, Bronze ratio, Metallic ratio, continued fraction, nested radicals. 
 

1. Introduction 

Fibonacci numbers are found by Leonardo Fibonacci. Fibonacci was born in Pisa in 1170 (Koshy, 
2001; Kalman, and Mena, 2003; Falcón and Plaza, 2007). The thn  Fibonacci numbers is the sum of the 
numbers of the two previous terms where n  ≥ 2 and the first and second terms are 0 and 1. In addition to 
Fibonacci numbers, there are Lucas and Mulatu numbers where the thn term with n  ≥ 2 is the sum of 
the numbers of the two previous terms, so that Lucas and Mulatu numbers have the same recursive 
function as Fibonacci numbers (Patel, D., and Lemma, 2011; Lemma et al., 2016; Lemma, 2019). 

Lucas's numbers was found by Francois Edouard Anatole Lucas (Koshy, 2001). Lucas's numbers is 
obtained by taking the two initial terms, the 0-th term is 2 and the 1st term is 1. Mulatu numbers were 
discovered by Lemma Mulatu and published in 2011 (Mulatu, 2016). Mulatu numbers is obtained by 
taking two initial terms, the 0-th term is 4 and the 1st term is 1. 

Interesting properties of Lucas's numbers have been reviewed by Lemma (2011). Schneider (2016) 
discusses the golden ratio in the form of continued fraction and nested radicals. Whereas Sivaraman 
(2020) developed Metallic ratio which is a generalization of three types of ratios namely Golden, Silver 
and Bronze ratios. 

Similarities in the formation of Fibonacci numbers, Lucas and Mulatu numbers produce ideas to obtain 
new numbers which are generalizations of the three. The resulting generalization also produces other 
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numbers that have not yet been found. Interesting properties of the new numbers are examined in this 
article and the results are obtained that these properties have been attached to Fibonacci, Lucas and 
Mulatu numbers. 

 

2. Research Methodology 

The purpose of this study is to find a sequence of numbers which is a generalization of rows of 
Fibonacci, Lucas and Mulatu numbers. Interesting properties of the new sequence numbers are examined 
in the article. The steps taken to achieve these two objectives are: 

1. define a new sequence of numbers which is a generalization of Fibonacci Lucas and Mulatu 
numbers. This new sequence of numbers is called Generalization of Fibonacci-Lucas-Mulatu 
(GFLM) numbers;  

2. shows that the solution of the GFLM numbers recursive relation is    nn
n rCrCa 2211  ; 

3. build the Binet formula for GFLM numbers and show that the formula produces the Binet formula 
for Fibonacci, Lucas and Mulatu numbers; 

4. shows that the ratio of two consecutive terms in the GFLM number converges to the golden ratio; 
establishing a silver ratio and a bronze ratio for the GFLM numbers; 

5. build a Metallic ratio of order for GFLM numbers. This section also discusses several special cases 
related to Metallic ratio; and 

6. states the Metallic ratio in the form of continued fractions and nested radicals. 
 

3. Results and Discussion 

3.1. The Fibonacci-Lucas-Mulatu (GFLM) Numbers 

Fibonacci numbers are 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584, 
4181, … (Fernando and Prabowo, 2019). Lucas numbers are 2: 2, 1, 3, 4, 7, 11, 18, 29, 47, 76, 123, 199, 
322, 521, 843, 1364, 2207, 3571, 5778, 9349, ….. (Koshy, 2001). Mulatu numbers are 4, 1, 5, 6, 11, 17, 
28, 45, 73, 118, 191, 309, 500, 809, 1309, 2118, 3427, 5545, 8972, 14517, … (Mulatu, 2016). The three 
types of numbers have the same formation pattern, namely the recursive formula in Equation (1): 

2 ; 21   nPPP nnn       
(1) 

where  

1. 00 P and 11 P  for Fibonacci numbers; 

2. 20 P and 11 P  for Lucas numbers; and 

3. 40 P and 11 P  for Mulatu numbers. 

 
The 2-nd term for the three types of numbers is 1. Whereas the first term can be stated with k2 where 

2. 1, 0,k   For ..... 4, 3, 2, 1, 0,k  obtained the Fibonacci-Lucas-Mulatu (GFLM) numbers: 
...... 2126 1316 810 56 34 22 12 1, 2 ,k,k,k,k,k,k,k,k 

  

(2)

 Definition 1. The Fibonacci-Lucas-Mulatu (GFLM) numbers is a sequence of numbers obtained by a 

recursive formula 2 ; 21   nPPP nnn where kP 20  ; ..... 4, 3, 2, 1, 0,k  and 11 P . 

 

 The GFLM numbers are extensions of Fibonacci, Lucas and Mulatu numbers. In other words, the 

three numbers are a special case of the GFLM numbers. Here are the first 16 terms for those obtained 

from Equation (2) or Theorem 1. 
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Table 1. Fibonacci, Lucas and Mulatu numbers are obtained from GFLM numbers 

 

 0 1 1 2 3 5 8 13 21 34 55 89 144 233 377 610 

1k  2 1 3 4 7 11 18 29 47 76 123 199 322 521 843 1364 

2k  4 1 5 6 11 17 28 45 73 118 191 309 500 809 1309 2118 

 

One of the conveniences of recursive relations is that the equation in Definition 1 can be stated 

repeatedly: 

 

 
 

 87531

6531

431

21

    

    

    

















nnnnn

nnnn

nnn

nnn

PPPPP

PPPP

PPP

PPP

 

and so on. 

Note the GFLM numbers in Equation (2). The recursive equation for (2) is given in Definition 1, i.e. 

2 ; 21   nPPP nnn where kP 20  ; ..... 4, 3, 2, 1, 0,k  and 11 P , we get

 

 

01157678

1246567

0135456

124345

013234

123

012

PPPPPPPP

PPPPPPP

PPPPPPP

PPPPPP

PPPPPP

PPP

PPP















 

and so on. 

 

Proposition 1. If N is an odd number, then 1421  NN P.....PPPP where .P 11 

 Proposition 2. If N is an even number, then 15310  NN P....PPPPP where kP 20  ; 

..... 4, 3, 2, 1, 0,k   

 
So, if N is an even number, then the thN  GFLM numbers is the sum of odd terms of GFLM 

numbers fourth   thN 1  plus 0-th term. If N is an odd number, then the thN  GFLM numbers is the 
sum of even terms of GFLM numbers fourth   thN 1  plus first term. 

3.2. Recursive Relation 

Homogeneous Linear Recursive Relations with Constant Coefficients (HLRRCC) is equation 

  0nf  with all terms in a one-rank recursive relation, not multiplication of several terms, and the 

coefficient of all terms is a constant. HLRRCC with order thk  given in Equation (3) 

knknnn aC....aCaCa   2211

      

(3) 

 

 na : thn  term; kC,....,C,C 21 : constant and 0kC
 

 

The thn  term of Fibonacci numbers, Lucas, and Mulatu numbers is the sum of the numbers of the 

two previous terms where 1n . The three types of numbers are HLRRCC second order that satisfies 

Equation (4) 

21   nnn aaa        (4) 
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                       na : thn  term;  , : nonzero real constant. 

 The solution of Equation (4) is sought by assuming 2ran  so we get Equation (5) 

02   rr
      

(5) 

Real roots of quadratic equation (5) are expressed with 21,r that is
2

42

21

 
,r   

The recursive relation of Equation (5) can be formed into the general solution of the recursive 

relation. Proof of a general solution of the recursive relation can be seen in Theorem 1. 

 

Theorem 1. Suppose that 1r  and 2r  the solution differs from the equation 02   rr , where 

 , and .0  Every solution from HLRRCC 21   nnn aaa   has a solution from its 

recursive relation, i.e.    nn
n rCrCa 2211   

 

Proof: We will show that 21   nnn aaa   has the solution of the recursive relation is 

   nn
n rCrCa 2211  . Theorem 1 can be proved by means of an equation    nn

n rCrCa 2211 

substituted into Equation (4).Note that, 

 

21   nnn aaa 

 

 

         2
22

2
11

1
22

1
11




nnnn
n rCrCrCrCa 

 

 

        


2
2

221
2

11 rrCrrCa
nn

n

  

  

       22
2

22
2

1
2

11 rrCrrCa
nn

n




 

 

   nn
n rCrCa 2211   

So, it is proven that HLRRCC 21   nnn aaa  have a solution of a recursive relation is 

   nn
n rCrCa 2211  . 

 

3.3. Fibonacci, Lucas, and Mulatu Numbers 

Fibonacci, Lucas, and Mulatunumbers have the same equation i.e.: 

21   nnn aaa
      

(6) 

Equation (6) can be changed to Equation (5) with real roots, i.e. 1r  and 2r are 

2

51
1


r and

2

51
2


r       (7) 

Fibonacci numbers have two initial terms, i.e. 00 F  and 11 F . Values 1C  and 2C in 

   nn
n rCrCa 2211  on the Theorem 1 for Fibonacci numbers are expressed with F,C1 and F,C2 . For 

0n and 1n , substitute on    nn
n rCrCa 2211  obtained 

021,  F,F CC       (8) 

1
2

51

2

51
21, 













 














 
F,F CC       (9) 

With elimination method, the solution of Equations (8) and (9) are F,C1 = 
5

1
 and F,C2  = 

5

1
  . So, 

the equation of the Fibonacci number to thn  term is 
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nn

nF
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51
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1

2

51

5

1
      (10) 

Lucas's number has two initial terms namely 20 L  and 11 L . In the same way, obtained L,C1 = 1 and 

L,C2 = 1. So, the equation of the Lucas number to thn  term is 

nn

nL












 














 


2

51

2

51
      (11) 

Mulatu numbers have two initial terms, i.e. 40 M  and 11 M . The coefficient of Mulatu numbers 

are M,C1  = 
5

510 
 and M,C2  = 

5

510 
. So, the equation of the Mulatu number to thn  term is 

nn

nM












 














 


2

51

5

510

2

51

5

510
    (12) 

 Write 
2

51
  and 

2

51
1


 , then Equations (10), (11), and (12) respectively can be expressed 

with 

 nn
nF   1

5

1

5

1
      (13) 

 nn
nL   1       (14) 

 nn
nM  





 1

5

510

5

510
      (15) 

Equations (13), (14), and (15) respectively are Binet formulas for Fibonacci numbers, Lucas, and Mulatu. 

In general, Binet formula can be stated with 

 nn
n CCP   121       (16) 

 

3.4. Golden Ratio on the GFLM Numbers 

 For the GFLM numbers (2): ...... 1316 810 56 34 22 12 1, 2 ,k,k,k,k,k,k,k  with the first and 

second terms are ,.....,,kkP 210 ; 20  and 11 P . From Equation (16), for 0n and 1n obtained 

 

  11

21

1
2

1
1

0
2

0
1









CC

kCC
       (17) 

The solutions of Equation (17) are 




21

212
1






kk
C

 
and 





21

21
2






k
C . By taking 

2

51
 , then 

5

15
1




kk
C  and 

5

15
2




kk
C ,.....,,k 210 ;   

1. For 0k  obtained constant F,CC 11
5

1
  and  F,CC 22

5

1
  

2. For 1k  obtained constant L,CC 11 1  and  L,CC 22 1  

3. For 2k  obtained constant M,CC 11
5

510



  and  M,CC 22

5

510



  

Referring to Equation (16), the thn  term from the GFLM numbers on Equation (2) or Definition 1 
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can be stated by Equation (18) which is the Binet formula for the GFLM numbers 

                      

 nn
n

kkkk
P  













 














 
 1

5

15

5

15
 

,...,,,n 3 2 1 0 ; ,...,,,k 3 2 1 0       (18) 

Because 6180
2

51
1 .


 , then 111   . For ,n obtained   01 

n
 . This result is used to 

prove theorem 2. 

 

Theorem 2. The ratio of two consecutive terms in the GFLM number converges to the golden ratio, viz  
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Define operator E with   rnn
r PPE  ; 0n  and 0r . Note that   ,0

nn PPE    ,1
1

 nn PPE and

  2
2  nn PPE . Therefore,    ;22

2 EPEP nn    ; 11
1 EEPEP nn   and   1 00  EPEP nn . From the 

GFLM numbers in Definition 1 
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0
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The last equation    012  nPEE  is similar to 012 mm  with a solution 
2

51
m . One 

solution is called the Golden ratio 
2

51
 . Another solution is .

2

51
1


  As a result, the GFLM 

number in Definition 1 is 21   nnn PPP  can be written as Eq. (19) 

 nn
n CCP   121 0 ; n

      

(19) 

 In the next section we will build a new line that is raised from the GFLM number. From these new 

numbers, two ratios are called the Silver ratio and the Bronze ratio. In the next section, a Metallic ratio is 

built which is a generalization of the ratio of gold, silver and bronze. 
 

3.5. Silver Ratio on the GFLM Numbers 

 Consider at the sequence of numbers in (20): 

...... 169140 7058 2924 1210 54 22 1, 2 ,k,k,k,k,k,k,k    (20) 

For 2 1, 0,k   obtained the numbers in Table 2. The ratio of two consecutive numbers for Table 2 

converges to 2.4142. 

 

 
Table 2. Fibonacci numbers, Lucas and Mulatu Order 2 
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0k  0 1 2 5 12 29 70 169 408 985 2378 5741 13.860 

1k  2 1 4 9 22 53 128 309 746 1801 4348 10.497 25.342 

2k  4 1 6 13 32 77 186 449 1084 2617 6318 15.253 36.824 

 

Rows of numbers (20) can be stated recursively with Equation (21): 

2 ; 2 21   nPPP nnn

      

(21) 

where .... 3, 2, 1, 0 ; 20 ,kkP   and 11 P  

With operator E , Equation (21) is equivalent to    0122  nPEE  which is also equivalent to 

0122  mm . The solution of the last equation is 21m  and solution 21m  called the silver 

ratio, symbolized 4142221 . . Consider that another solution is 212   . As a result, 

212   nnn PPP  it can be written as Eq. (22) 

 nn
n CCP   221 0 ; n

      

(22) 

Limit the ratio of two consecutive numbers in (20) converging to silver ratio. Because 121   , 

then   02 
n

  for .n   Obtained ratio 
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3.6. Bronze Ratio on the GFLM Numbers 

 Consider at the sequence of numbers in (23): 

...... 251152 10966 3320 106 32 1, 2 ,k,k,k,k,k,k 

   

(23) 

For 2 1, 0,k   obtained by the numbers in Table 3. The ratio of two consecutive numbers to 2 1, 0,k   in 

Table 3 converge towards 3.3028. 

 
Table 3. Fibonacci numbers, Lucas and Mulatu Order 3 

 

0k  0 1 3 10 33 109 360 1189 3927 12.970 42.837 141.481 467.280 

1k  2 1 5 16 53 175 578 1909 6305 20.824 68.777 227.155 750.242 

2k  4 1 7 22 73 241 796 2629 8683 28.678 94.717 312.829 1.033.204 

 

Rows of numbers (23) can be stated recursively with Equation (24):  

2 ; 3 21   nPPP nnn

      

(24) 

where .... 3, 2, 1, 0 ; 20 ,kkP   and 11 P  

With operator E , Equation (24) equivalent to    0132  nPEE  which is also equivalent to 

0132  mm . The solution of the last equation is 
2

133
m  and solution 

2

133
m  called the 

bronze ratio, symbollized 30283
2

133
.


 . Consider that another solution is 

2

133
3


   . As a 

result, 213   nnn PPP  can be written as Eq. (25) 

 nn
n CCP   321 0 ; n

      

(25) 

Limit the ratio of two consecutive numbers at (25) converging to Bronze ratio. Because 131  

then   03 
n

  for .n   Obtained ratio 
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3.7. Metallic Ratio on the GFLM Numbers 

We have obtained three types of ratios namely the ratio of Gold, Silver and Bronze with successive 

values is  ;  6181.  ;  41422. and 30283. . The three types of ratios are special cases of Metallic 

Ratio. 

Define recurrence relations in Equation (26) 

.... 3, 2 1   , 2  ;     21 ,,tnPPtP nnn        (26) 

where ,....,,kkP 32 1, 0 ; 20  and 11 P  

With operator E , we get   012  nPtEE . The auxiliary equation is 012  tmm  which is a 

quadratic equation with a solution 
2

42

21




tt
m , . Solution 

2

42 


tt
m  called Metallic ratio of order 

t  and symbolized with 
2

42 


tt
t , .... 3, 2, 1,t   Another root is written 

2

42 


tt
t t . 

 

3.7.1. Special Case 

Metallic ratios of order 1, 2 and 3, respectively, are Golden, Silver and Bronze ratios. The name 

follows the medal on the Olimpycs. 

1. If 1t , then we get  



2

51
1 , the Golden ratio 

2. If 2t , then we get  


 21
2

82
2 , the Silver ratio 

3. If 3t , then we get  



2

133
3 , the Bronze ratio 

 

3.7.2. The Infinite Small Order Converge to Zero 

 For any real number t  which is very small, we can write 
rq

t
1

 , where q is large and .r 0  In this 

case, the Metallic ratio by order  t will take the form 
r

r

t
q

q

2

411 2
 . For q  so that 0t  and 

104
2

1
0

2

11
4

2

11

2

1

2

411
2

2





rrr

r

t
qqq

q
 . Thus, Metallic ratio approach 1 when t is very 

small with order rqt 

 
For 1r  so that 

q
t

1
  and 

q

q

q
2

411 2

1


 .... 3, 2, 1,q  called Platinum ratio. For 2r   then  

2

4

1
2

411

2 q

q

q


 .... 3, 2, 1,q   called Rhodium ratio.  
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For example 
1

1
1 r

q
t   and 

2

1
2 r

q
t  . For 21 rr   then 21 rr

qq   and 21 tt  . That is, the bigger r  then 

rq
t

1
 faster towards 0. Accordingly, for q  the same, Metallic ratio 

r

r

t
q

q

2

411 2
  will be faster 

towards 1 for r  the greater one. So, the Rhodium ratio is faster to 1 than the platinum ratio. 

Now we review for 1r  which produce Platinum ratio 
q

q

q
2

411 2

1


  for .... 3, 2, 1,q  Take 10q

and 100q  Obtained 051249221
20

40011

10

1 .


 and 00501251
200

0004011

100

1 .
,




 . Thus, 

Platinum ratio faster towards 1 for q bigger ones. 

For 2r , Rhodium ratio 
2

4

1
2

411

2 q

q

q


  For 10q  obtained ..

,
00501251

200

0004011

100

1 


  For 
this case, we get the result that the Platinum ratio and Rhodium ratio are the same. 

3.7.3. The Infinite Big Order 

For t  large, Metallic ratio will increase. We get, for t  

 

t
ttttt

t 






2

2

22

4 22



 Thus, for 0t then 1t and for t then tt   

3.7.4. The Ratio of the Metallic Ratio 
 Now we will compare the ratio of the Metallic ratio with successive orders: 

 

   
   

1
4
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2

4

2
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2

2

2
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tt

tt

tt

tt

t
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; t

 

That is, for t larger, the k -th Metallic ratio is almost identical to ( 1k )-th Metallic ratio.  

 

3.8. Expressing Metallic Ratio in Continued Fractions 

 Consider the Equation 012  tmm  with one solution is the Metallic ratio, ie 
2

42 


tt
t . 

Consequence of 012  tmm obtained 012  tt t   or tt t  12 . If the two segments are divided 

by t  obtained 
t

t



1

1

 
 

Proposition 3. The Metallic ratio is equal to its own reciprocal plus 1: 

 
t

t



1

1 , .... 3, 2, 1,t 

 
 

We can express Metallic ratio in the form of continued fraction. Note that 
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Proposition 4. We can write the Metallic ratio as an infinite continued fraction with all coefficients 

equal to 1 except the last coefficinet: 

 

.....

t










1

1
1

1
1

1
1

1
1 , .... 3, 2, 1,t   

 

3.9. State the Metallic Ratio in the Nested Radical Form 

 Consider the Equation 012  tmm  with one solution is the Metallic ratio ie 
2

42 


tt
t

Consequence of 012  tmm obtained 012  tt t   or tt t  12 . If both segments are drawn, the 

roots are obtained tt t   1

  

Proposition 5. The Metallic ratio is equal to the square of itself plus 1: 

tt t   1 , .... 3, 2, 1,t 

  

We can express Metallic ratio in the form of nested radical. Note that for .... 3, 2, 1,t   applies: 

....ttttttttt

t

ttt

tt









111111111    

1

 

 

Proposition 6. The Metallic ratio is equal to 

 
2

42 


tt
t

t

1
1

1
1

1
1

1
1







 ......tttt  1111

 

4. Conclussion 

In this article, we generalize to three types of numbers namely Fibonacci numbers, Lucas numbers and 
Mulatu numbers. The result is a new number that we call the GFLM numbers. The interesting properties 
of the GFLM we describe in this article include the Binet formula for the GFLM number, and the golden 
ratio, the silver ratio and the Bronze ratio of the GFLM number. We also present generalizations of these 
three types of ratios, called Metallic ratios. In the last part we state the Metallic ratio in the form of 
continued fraction and nested radicals. 



 Agung Prabowo et al./ International Journal of Quantitative Research  and Modeling, Vol. 1, No. 3, pp. 112-122, 2020 122 

References 

Bolat, C., & Köse, H. (2010). On the properties of k-Fibonacci numbers. Int. J. Contemp. Math. Sciences, 5(22), 

1097-1105. 

Falcón, S., and Plaza, Á. (2007). On the Fibonacci k-numbers. Chaos, Solitons & Fractals, 32(5), 1615-1624. 

Fernando, G. B., and Prabowo, A. (2019) Hasil Bagi dari Jumlahan Sepuluh Bilangan Fibonacci yang Berturutan 

oleh 11 Adalah Bilangan Fibonacci Ketujuh, Jumlahku, 5(2), 103-110. 

Kalman, D., and Mena, R. (2003). The Fibonacci numbers—exposed. Mathematics magazine, 76(3), 167-181.  

Koshy, T. (2001) Fibonacci and Lucas Numbers with Applications, New York: John Wiley & Sons. 

Lemma, M. (2011) The Fascinating Mathematical Beauty ofbThe Fibonacci Numbers, Proceeding HUIC-Hawaii 

University International Conferences on Technology and Mathematics, 1(1), 1 – 9. 

Lemma, M., Lambright, J., and Atena, A. (2016). Some Fascinating Theorems Of The Mulatu Numbers. Advances 

and Applications in Mathematical Sciences, 15(4), 133-138. 

Lemma, M. (2019). A Note on Some Interesting Theorems of the Mulatu Numbers. EPH-International Journal of 

Mathematics and Statistics, 5(5), 01-08. 

Mulatu, L., Agegnehu, A., and Tilahun, M. (2016) The Fascinating Double Angle Formulas of the Mulatu 

Numbers, International Journal for Innovation Education and Research, 4(1), 25-29. 

Patel, D., and Lemma, M. (2017). Using the gun of Mathematical induction to conquer some theorems of The 

Mulatu Numbers. Journal of Advance Research in Mathematics And Statistics, 4(3), 09-15. 

Schneider, R. (2016) Fibonacci Numbers and the Golden Ratio, Parabola, 52(3), 1-6. 

Sivaraman, R. (2020) Exploring Metallic Ratios, Mathematics and Statistics, 8(4), 388 – 391. 


