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Abstract

Polar code is a novel and high-performance communication algorithm with the ability to

theoretically achieving the Shannon limit, which has attracted increasing attention recently due to

its low encoding and decoding complexity. Hardware optimization further reduces the cost and

achieves better timing performance enabling real-time applications on resource-constrained devices.

This thesis presents an area-efficient architecture for a successive cancellation (SC) polar decoder.

Our design applies high-level transformations to reduce the number of Processing Elements (PEs),

i.e., only log2N pre-computed PEs are required in our architecture for an N -bit code. We also

propose a customized loop-based shifting register to reduce the consumption of the delay elements

further. Our experimental results demonstrate that our architecture reduces 98.90% and 93.38% in

the area and area-time product, respectively, compared to prior works.

ii



Dedication

This work is dedicated to my parents, friends, and my advisor, who always encourage and

support me throughout my study.

iii



Acknowledgments

First, I would like to sincerely thank my advisor, Dr. Yingjie Lao, for his unending support

and help in my research. I am lucky to have had the opportunity to work and learn from Dr. Lao.

I am grateful to my thesis committee members Dr. Jon C. Calhoun and Dr. Shuhong Gao,

who spend their valuable time reading and improve my thesis.

I want to thank my past and current group members: Joseph Clements, Azadeh Gholamrezazadeh-

Famili, Urmil Joshi, Ling Qiu, Ankur Sharma, Jianchi Sun, Antian Wang, Xiaojia Wang, Yuejiang

Wen, Yunhao Xu (Southeast University, China), and Bingyin Zhao, for their assistance and feed-

back to my research and study. I also extend the thanks to my collaborators: Dr. Benjamin Case,

Dr. Gengran Hu (Hangzhou Dianzi University, China), for their discussion on the theoretical and

mathematical background.

Last but not least, I want to thank my parents and friends for their help and love.

iv



Table of Contents

Title Page . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . i

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii

Dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Polar Codes in 5G Communication Systems . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Contribution and Outline of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Mathematical Background of Polar Codes . . . . . . . . . . . . . . . . . . . . . . . 4
2.1 Channel Polarization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 Polar Encoding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.3 Polar Decoding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3 Pipelined Architectures for Fast Fourier Transform (FFT) . . . . . . . . . . . . . 18
3.1 Introduction of FFT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.2 Hardware Design of FFT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4 Area-Efficient Pipelined VLSI Architecture for Polar Code . . . . . . . . . . . . 30
4.1 Hardware Optimization of Prior Work . . . . . . . . . . . . . . . . . . . . . . . . . . 30
4.2 Pipelined Polar Encoder Architecture . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.3 Proposed Architecture for Polar Decoder . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.4 Hardware Analysis and Experimental Result . . . . . . . . . . . . . . . . . . . . . . . 41
4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

5 Conclusions and Future Works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
5.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
5.2 Future Works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

Appendices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

v



List of Tables

4.1 Schedule of 8-bit MDC-based pre-computed polar decoder . . . . . . . . . . . . . . 40
4.2 Comparisons of the proposed architecture with prior works . . . . . . . . . . . . . . 41
4.3 Hardware analysis of (1024,512) SC implementation results with pre-computed PE . 42

vi



List of Figures

1.1 Model of modern communication system . . . . . . . . . . . . . . . . . . . . . . . . . 2

2.1 Channel combining and splitting [4]. . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 Channel polarization in BEC of N = 2 [2]. . . . . . . . . . . . . . . . . . . . . . . . . 7
2.3 High-level diagram for channel polarization in BEC of N = 256 [2]. . . . . . . . . . . 9
2.4 Butterfly unit: (a) polar encoder; (b) FFT . . . . . . . . . . . . . . . . . . . . . . . . 10
2.5 Compact level of 8-bit example of encoder tree . . . . . . . . . . . . . . . . . . . . . 11
2.6 8-bit example of polar encoder . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.7 8-bit example of SC polar decoder . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.8 Partial sum of an 8-bit polar decoder. . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.1 Twiddle factor of DFT for N = 8. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.2 Butterfly unit of DIT-based FFT algorithm. . . . . . . . . . . . . . . . . . . . . . . . 21
3.3 DFG DIT-based FFT algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.4 Butterfly unit of DIF-based FFT algorithm. . . . . . . . . . . . . . . . . . . . . . . . 23
3.5 DFG of DIF-based FFT algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.6 Butterfly unit of radix-4 DIT-based FFT algorithm. . . . . . . . . . . . . . . . . . . 25
3.7 N -point SDC FFT architecture. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.8 N -point SDF FFT architecture. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.9 N -point MDC FFT architecture. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.10 N -point MDF FFT architecture. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.1 A tree-based polar decoder [16] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
4.2 A line-based polar decoder [16] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
4.3 An 8-bit MDC Polar Encoder Architecture. . . . . . . . . . . . . . . . . . . . . . . . 32
4.4 A high-level Area-Efficient MDC-Based Polar Decoder Architecture. . . . . . . . . . 32
4.5 Schematic diagram of pre-computed PE . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.6 PE of MDC-Based Polar Decoder: (a) Element of Min-Sum Algorithm Architecture

of f Node. (b) Element of Parallel Branch and Delayed Decision Approach of g Node. 34
4.7 Loop-based Shifting Register: (a) Rl(j) in Odd Stage. (b) Rl(j) in Even Stage. . . . 36
4.8 (a) Commutator in Even Stage and Feedback Path. (b) Commutator in Odd Stage. 36
4.9 Scheduling of 8-bit example for SC polar decoder . . . . . . . . . . . . . . . . . . . . 39
4.10 Scheduling of 8-bit example for feedback encoder . . . . . . . . . . . . . . . . . . . . 40
4.11 Algorithmic Performance of MDC-Based Polar Decoder. . . . . . . . . . . . . . . . . 43

vii



Chapter 1

Introduction

During the rapid development of modern communication, fast and reliable communication

systems are in high demand for low-latency applications such as cloud computing, eHealth, and

smart manufacturing. A general requirement for modern communication is that it should be able to

transmit and exchange the information over a long distance, while still maintaining high information

quality.

Fig. 1.1 shows a high-level model of a modern communication system that mainly consists of

five parts: source encoder, channel encoder, channel, channel decoder, and source decoder. Specifi-

cally, when transmitting a message in the channel, unavoidable environmental noise interferes with

the message, which may distort the information. To solve this problem, channel encoding and decod-

ing can apply an error correction code (ECC)-based algorithms that is used for error control of the

data by adding redundant information to the message in the transmitter, which allows the receivers

to detect and correct the errors without retransmission, to ensure efficiency and reliability [1]. Re-

cently, polar codes have been considered as a significant breakthrough in the ECC-based algorithm

because it can achieve the capability of Binary-input Discrete Memoryless Channel (B-DMC) [2].

1.1 Polar Codes in 5G Communication Systems

Polar code is not a theoretically sound but is recently standardized as a control channel

code for the 5th generation (5G) communication systems by 3GPP (3rd Generation Partnership

Project) [3]. The original scheme of the polar code was proposed in 2008 [4], which is theoretically

1
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Figure 1.1: Model of modern communication system

proven to achieve the Shannon limit in a given B-DMC. Specifically, the core of the polar codes is the

channel polarization, which can make the capacity of the channels become one of two extreme cases:

(1) a part of channels have the channel capacity close to 1 (i.e., noiseless channels); (2) channels

will be close to 0 (i.e., noisy channels) at the end. Based on this channel polarization construction,

the information is transmitted in the noiseless channels, and the noisy channels will be assigned

as binary 0. Meanwhile, the successive cancellation (SC) decoding process is originated from this

scheme with a low computational complexity of O(N log2N), where N is the total code length.

Considering the performance of the SC decoding process, the SC polar decoding shows a superior

accuracy performance that the block error rate (BLER) of the results are exponentially decreased

when the code length is long [5].

Thanks to the subsequent and continuous development of polar code, 5G communication

has enabled many advances in numerous applications. However, for application scenarios such

as mobile Health (mHealth) systems, and the Internet of Things (IoT), hardware resources and

power consumption are usually constrained [6]. Thus, low-cost architecture designs of polar codes,

especially for the decoders that are more computationally-intensive than encoders, are of great

interest.

In the literature, many designs for polar decoder have been proposed [7–24], most of which

are implemented by SC decoding [4] with a low complexity, belief propagation (BP) [25] or successive

cancellation list (SCL) [26]. Most of the designs primarily focus on reducing the latency, which

usually requires a large number of processing elements (PEs) as well as registers in SC, SCL and

BP polar decoder [17,19,27].

Due to its structural and computational similarity with Fast Fourier Transform (FFT),

2



many design and optimization approaches for FFT architectures have been adapted to polar code

implementations [16, 18–20, 28]. In the original design [16], the latency, throughput, and hardware

efficiency are relatively low. A pre-computed design was proposed [20] to improve the latency and

throughput.

As opposed to these prior works, this thesis investigates area-efficient designs of the polar

decoder. By further exploiting the high-level transformation techniques from FFT designs, we

propose a novel Multi-path Delay Commutator (MDC)-based polar decoder architecture. We focus

on the SC-based decoder due to its lower complexity. BP and SCL algorithms require a large number

of logic cells and registers for parallel processing, which is not suitable for the area-constrained

applications.

The proposed architecture uses parallel branches and a delayed decision as an efficient

scheduling approach [29]. Furthermore, a folding technique is employed to reduce the hardware

cost of the decoder, which will be extremely suitable for resource-constrained applications. Besides,

increasing the parallelism of the SC polar decoder, it will have relatively low utilization of the

hardware resources since the SC polar decoding is computed in series, where the decision of each

the estimated bit is heavily dependant on the previous steps.

1.2 Contribution and Outline of the Thesis

We summarize the main contributions of this thesis below:

• The proposed design extends the polar encoder design in [28] to implement a more efficient

MDC-based polar decoder.

• Our design yields better hardware utilization of PEs without increasing the number of delay

elements compared to [16,18,19].

• The proposed design achieves the smallest area consumption among all the existing SC-based

decoder architectures.

The rest of this thesis is organized as follows: the mathematical background of SC polar

code from [5] and pipelining FFT architecture are reviewed in Chapter 2 and Chpater 3, respectively.

Then, our proposed area-efficient pipelined architecture and its performance are discussed in Chapter

4. Finally, Chapter 5 concludes the thesis and discusses future works.

3



Chapter 2

Mathematical Background of Polar

Codes

This chapter reviews the mathematical background of polar codes from [4,5], which are used

in the hardware implementation. Section 2.1 reviews channel polarization. Then, the polar encoder

and original polar decoder algorithms are discussed in Section 2.2 and Section 2.3, respectively, to

illustrate the construction of the polar codes.

2.1 Channel Polarization

The name of “polar” relies on the channel polarization characteristic of the polar code.

In general, channels are classified as either reliable channels or unreliable channels. The reliable

channels have a more powerful capacity to transmit the data, while the unreliable channels are

used to transmit the redundancy. In order to investigate the channel polarization phenomenon, the

channel capacity will first be studied.

A basic Binary-input Discrete Memoryless Channel (B-DMC) W : X → Y is defined as

follows. Given the input alphabet X = {0, 1} and the output alphabet Y, the transition probability

W (y|x) represents the transmission of x ∈ X to y ∈ Y. Based on the definition of the B-DMC

4



channel, the corresponding symmetric capacity I(W ) ∈ [0, 1] is expressed as:

I(W ) ,
∑
y∈Y

∑
x∈X

1

2
W (y|x) log

W (y|x)
1
2W (y|0) + 1

2W (y|1)
. (2.1)

When W (y|0) = W (y|1) = 0.5, the channel W has the symmetric property, which means I(W )

achieves Shannon capacity [30].

The channels applied in the polar codes require a recursively polarization transform to split

the channels to two extreme cases: the capacity of good channels is closer to 1 while the capacity

of bad channels is closer to 0. In general, the process of polarization transform is illustrated as: N

uniform and independent B-DMC being combined as a compound channel WN that is split as N

polarized B-DMC W i
N with i ∈ [1, N ]. Specifically, the channel combining is defined as a relationship

between the synthesized channel WN and the underlying raw channels WN based on the mapping

from binary source vector (uN1 ) to input vector (xN1 ) is :

WN

(
yN1 |uN1

)
= WN

(
yN1 |xN1

)
. (2.2)

Then, WN is split as size N W i
N : X → YN ×X i−1 by applying

W
(i)
N

(
yN1 , u

i−1
1 |ui

)
=

∑
uNi+1∈XN−i

1

2N−1
WN

(
yN1 |uN1

)
(2.3)

where (yN1 , u
i−1
1 |ui) is the output of the channel W

(i)
N with yN1 as received data and ui−11 as the first

(i − 1) estimated bits. However, as the code-length increases, the computational complexity will

be exponentially increased. Therefore, the Equation (2.3) is further represented as split channels in

odd indices and even indices by leveraging ideas from FFT:

(W i
N ,W

i
N )→ (W 2i−1

2N ,W 2i
2N ), (2.4)

where

W
(2i−1)
2N

(
y2N1 , u2i−21 |u2i−1

)
=
∑
u2i

1

2
W

(i)
N

(
yN1 , u

2i−2
1,o ⊕ u

2i−2
1,e |u2i−1 ⊕ u2i

)
·W (i)

N

(
y2NN+1, u

2i−2
1,e |u2i

)
,

(2.5)
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and

W
(2i)
2N

(
y2N1 , u2i−21 |u2i−1

)
=

1

2
W

(i)
N

(
yN1 , u

2i−2
1,o ⊕ u

2i−2
1,e |u2i−1 ⊕ u2i

)
·W (i)

N

(
y2NN+1, u

2i−2
1,e |u2i

) (2.6)

with the odd indices elements u2i−21,o = {u1, u3, ..., u2i−1} and even indices elements u2i−21,e = {u2, u4, ..., u2i}

in uN1 .

The diagram of the polarization transform is shown Fig. 2.1. After the polarized B-DMC

is achieved, the good channel and bad channel are further denoted as W+ and W−, respectively.

Besides, the capacity of these two kinds of channels is illustrated as:

I(W−) ≤ I(W ) ≤ I(W+). (2.7)

Figure 2.1: Channel combining and splitting [4].

An example of a communication channel model of binary erases channel (BEC), whose

receiver receives either the binary information or a message that the information is erased, will be

used to further explain the channel polarization in Equation (2.7).

As shown in Fig. 2.2, two independent BECs are combined as W 2, and then the channels

will be split as a good channel (W+) and a bad channel (W−) that are highlighted in purple and

6



green in Fig. 2.2, respectively.

Figure 2.2: Channel polarization in BEC of N = 2 [2].

For any ui, i ∈ [1, 2], is uniformly distributed on {0, 1}, the x1 and x2 are

x1 = u1 ⊕ u2

x2 = u2

(2.8)

so the mutual information of the inputs x1 as well as x2, and the their corresponding output y1 and

y2 are defined by using the chain rule

2I(W ) = I(x1x2; y1y2)

= I(u1u2; y1y2)

= I(u1; y1y2) + I(u2; y1y2|u1)

= I(u1; y1y2) + I(u2; y1y2u1)

= I(W+) + I(W−),

(2.9)

since

W+ : u1 → (y1, y2)

W− : u2 → (y1, y2, u1).

(2.10)

7



Thus, the mutual information of channel W+ and W− are:

I(W+) = 2I(W )− I(W )2

I(W−) = I(W )2.

(2.11)

In other words, the good channel W+ has a larger channel capacity but the bad channel W− has

smaller channel capacity after the polarization transform.

By recursively applying the polarization transform in a larger stage (i.e., n = log2N is

larger), each polarized channel is further polarized. For example, a good polarized channel W+

transforms to two new polarized channels W++ and W+− while the similar pair W−+ and W−− are

constructed from bad channel W−. If the code length becomes larger, the I(W+) will be closer to 1,

but I(W−) is reduced and close to 0. Note that, if the code length N = ∞, the channel capacities

will polarized to be the two extreme conditions as I(W ) = 1 or 0.

An example is also shown in Fig. 2.2. Assume the BEC has erasure probability ε = 0.5,

the channel capacity I(W ) = 1 − ε = 0.5 for a single channel condition while if more channels

involve, the polarization will happen. For N = 2, the channel capacity of polarized channels are

I(W+) = 2× 0.5− 0.52 = 0.75 and I(W−) = 0.52 = 0.25.

Furthermore, a high-level diagram of polarization transform from n = 0 to 8 is introduced

in Fig. 2.3. It can be seen that each channel transforms into a good channel (in purple line) and a

bad channel (in blue line), which shows the polarization phenomenon is finally indicated based on

the location. Specifically, the channels located at the top are treated as the good channels while the

bad channels located at the bottom but only a few transitional channels located in the middle.

2.2 Polar Encoding

As the channel polarization properties illustrated, only the good channels will transmit the

data. Therefore, we refer to the inputs of the good channels as the information bits uA and the

inputs of a bad channel as frozen bits uAc , where A is a set of corresponding indices. The parameter

K is used to represent the number of information (free) bits that transmit in the good channel, and

the code rate is defined as R = K/N .

In the polar encoding process, a mapping from the binary source vector u = uN1 = (u1, u2, ..., uN )

8



Figure 2.3: High-level diagram for channel polarization in BEC of N = 256 [2].

to the input vector x = xN1 = (x1, x2, ..., xN ): u→ x is obtained from:

x = uGN , (2.12)

where GN = BNF⊗n2 is a generator matrix of size N = 2n, BN is the bit-reversal (permutation)

matrix and F⊗n2 = F2 ⊗ Fn−12 is the n-th Kronecker power of F2, with the ⊗ is the operator of

tensor product for two vector space.

Specifically, the F2, so-called kernel matrix, is used for channel combining and is defined as

F2 ,

 1 0

1 1

 . (2.13)

The construction of the kernel matrix is represented by a butterfly unit that is similar to the FFT,

and the comparison is shown in Fig. 2.4. Based on this figure, it is obtained

[xa xb] = [ua ub]F2 = [ua ⊕ ub ub]. (2.14)

where ua and ub are two independent bits from the source vector u, and xa and xb input bits from

x.

9



(a) (b)

ua

ub

xa

xb

Figure 2.4: Butterfly unit: (a) polar encoder; (b) FFT

In order to construct the FFT-like structure, the polar encoder recursively employs the

butterfly units of the F2. Thus, this polarization transform is decomposed by n = log2N stages

with N/2 butterfly units in each stage and along with a bit-reverse operation of BN . Note that,

based on the commutation properties of GN :

GN = BNF⊗n2 = F⊗n2 BN , (2.15)

the indices of the source vector are either bit-reverse order or natural order so the bit-reversal

matrix BN is padded at the beginning of stage 1 or at the end of stage n, where BN is a bit-reversal

operation of the indices that are expressed as

ibn−1bn−2...b0 = i′b0b1...bn−1
(2.16)

with index i is in natural order and i′ is in bit-reverse order. To this end, the computational

complexity of the polar encoding process is the same as the FFT which is O(N log2N).

A case study is illustrated by an 8-bit example. The compact-level form and data flow

graph (DFG) of 8-bit polar encoder are shown in Fig. 2.5 and Fig. 2.6, respectively. It can be seen

in Fig. 2.5, the elements (ui, i ∈ [1, N ]) in the source vector u is in F2 represented as a binary

number form, while elements in future stages vector uj , j ∈ [1, n] are in a binary matrix form. For

each element in non-zero stage, source vectors uji ∈ F2j

2 is a 2j × 2j binary matrix that is generated

by two last stage elements with their corresponding generator matrix. For example, the u1 and u2

are computed based on Equation (2.14) to get the next stage element u11 that is expressed as

u11 = [u1 ⊕ u2 u2]. (2.17)
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Figure 2.5: Compact level of 8-bit example of encoder tree
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Similarly, the u12 is also expressed as

u12 = [u3 ⊕ u4 u4]. (2.18)

Then, these two elements are further computed the next stage element u21:

u21 = [u11 ⊕ u12 u12]

= [u1 ⊕ u2 ⊕ u3 ⊕ u4 u1 ⊕ u3 u2 ⊕ u4 u3].

(2.19)

The rest of the elements are computed in a similar fashion.

u0

u2

u1

u3

u4

u5

u6

u7

x0

x2

x1

x3

x4

x5

x6

x7

Figure 2.6: 8-bit example of polar encoder

Based on the compact-level encoder tree diagram, the DFG is constructed by the butterfly

units in Fig. 2.4 (a) accordingly, which is shown in Fig. 2.6. In general, the frozen bits have the

fixed bit-value to be 0, and the Ac is known by encoder and decoder.
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2.3 Polar Decoding

The original polar decoding algorithm, so-called successive cancellation (SC) decoding, ob-

tains the a set of outputs from the channel yN1 = (y1, y2, ..., yN ), and uAc to decode the information

in uN1 and identify the frozen bits. The estimated bits ûN1 = {û1, û2, ..., ûN} of uN1 , are generated

by series-decoding from the set of outputs. Specifically, decoding each estimated bit ûi, i ∈ [1, N ]

requires the previous (i− 1) estimated bits ûi−11 , which is defined as

ûi =


0, if i ∈ Ac

0, if L
(i)
N

(
yN1 , û1

i−1) ≥ 1

1, otherwise,

(2.20)

where

L
(i)
N

(
yN1 , û

i−1
1

)
,
W

(i)
N

(
yN1 , û

i−1
1 |0

)
W

(i)
N

(
yN1 , û

i−1
1 |1

) (2.21)

is the likelihood ratio (LR) computed from yN1 and ûi−11 .

According to the odd and even expressions of W i
N in Equations (2.5) and (2.6), the corre-

sponding LR forms are represented as:

L
(2i−1)
N

(
yN1 , û

2i−2
1

)
=
L
(i)
N/2

(
y
N/2
1 , û2i−21,o ⊕ û

2i−2
1,e

)
L
(i)
N/2

(
yNN/2+1, û

2i−2
1,e

)
+ 1

L
(i)
N/2

(
y
N/2
1 , û2i−21,o ⊕ û

2i−2
1,e

)
+ L

(i)
N/2

(
yNN/2+1, û

2i−2
1,e

) (2.22)

for the odd indices elements u2i−21,o = {u1, u3, ..., u2i−1}, and

L
(2i)
N

(
yN1 , û

2i−1
1

)
=
[
L
(i)
N/2

(
y
N/2
1 , û2i−21,o ⊕ û

2i−2
1,e

)]1−2û2i−1

L
(i)
N/2

(
yNN/2+1, û

2i−2
1,e

) (2.23)

for even indices elements u2i−21,e = {u2, u4, ..., u2i} to reduce the computational complexity. Thus, the

polar decoding process has same the computational complexity as O(N log2N). However, actual

computation still has the bottleneck of large latency since the output of the estimated bit is generated

in series (i.e., N data are inputted in parallel but only one estimated bit is outputted in every step),

which is opposite to the polar encoding process and FFT algorithm with parallel input and output.
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As a result, the decoding latency is

2×
log2N∑
i=1

2i−1 = 2× 2log2N − 1

2− 1
= 2(N − 1). (2.24)

To further optimized the polar decoding process, the Equation (2.21) is transformed to the

logarithm-domain as a implementation friendly perspective [31]. Therefore, the log-LR (LLR) form

is defined as

LL
(i)
N

(
yN1 , û

i−1
1

)
, lnL

(i)
N

(
yN1 , û

i−1
1

)
. (2.25)

Specifically, the Equations (2.22) and (2.23) are expressed as:

LL
(2i−1)
N

(
yN1 , û

2i−1
1

)
=2 tanh−1

tanh
LL

(i)
N/2

(
y
N/2
1 , û2i−21,o ⊕ û

2i−2
1,e

)
2

· tanh
LL

(i)
N/2

(
yNN/2+1, û

2i−2
1,e

)
2

 ,

(2.26)

and

LL
(2i)
N

(
yN1 , û

2i−1
1

)
=(−1)û2i−1LL

(i)
N/2

(
y
N/2
1 , û2i−21,0 ⊕ û2i−21,e

)
+ LL

(i)
N/2

(
yNN/2+1, û

2i−2
1,e

)
.

(2.27)

However, the Equation (2.26) is still computational expensive in both hardware and software

because the tanh−1 operation involves a large look-up table (LUT) to implement. To address this

problem, an approximation algorithm in the log-domain widely used in BP LDPC, which is Min-Sum

algorithm, is applied in the SC polar decoding [18, 32]. Specifically, the Min-Sum approximation of

Equation (2.26) is:

LL
(2i−1)
N

(
yN1 , û

2i−2
1

)
=

1

2
·
∣∣∣LL(i)

N/2

(
y
N/2
1 , û2i−21,o ⊕ û

2i−2
1,e

)
+ LL

(i)
N/2

(
yNN/2+1û

i−2
1,e

)∣∣∣−
1

2
·
∣∣∣LL(i)

N/2

(
y
N/2
1 , û2i−21,0 ⊕ û2i−21,e

)
− LL(i)

N/2

(
yNN/2+1û

2i−2
1,e

)∣∣∣
= sign

[
LL

(i)
N/2

(
y
N/2
1 , û2i−21,0 ⊕ û2i−21,e

)]
sign

[
LL

(i)
N/2

(
yNN/2+1, û

2i−2
1,e

)]
min

[∣∣∣LL(i)
N/2

(
y
N/2
1 , û2i−21,0 ⊕ û2i−21,e

)∣∣∣ , ∣∣∣LL(i)
N/2

(
yNN/2+1, û

2i−2
1,e

)∣∣∣] .

(2.28)

Considering the hardware implementation, the polar encoder is easily implemented by the

logic gates with low hardware consumption. However, the bottleneck of the polar codes hardware
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implementation is the polar decoder that requires a large amount of hardware resource and clock cy-

cle. Therefore, the hardware implementation for the polar decoder is more critical in the architecture

design.

For simplification, we use the functions f , g and h to represent the Equations (2.28), (2.27)

and (2.20) in LLR-form, which are defined as:

f(a, b) ≈ sign(a) sign(b) min(|a|, |b|). (2.29)

g(a, b, ûsum) = a(−1)ûsum + b (2.30)

h(LL(i)(yN1 , û
i−1
1 )) =


0, LL

(i)
N

(
yN1 , û

i−1
1

)
≥ 0

1, LL
(i)
N

(
yN1 , û

i−1
1

)
< 0,

(2.31)

and the corresponding FFT-like DFG for an 8-bit example is shown in Fig. 2.7.

Meanwhile, the partial sums of the previously decoded message (i.e., ûsum) are needed to

decode the subsequent message. Therefore, we need an (n− 1)-stage truncated polar encoder in the

decoding process as demonstrated in Fig. 2.8 for the 8-bit example.
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Figure 2.7: 8-bit example of SC polar decoder
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Figure 2.8: Partial sum of an 8-bit polar decoder.
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Chapter 3

Pipelined Architectures for Fast

Fourier Transform (FFT)

In this chapter, the mathematical background and the hardware design for the FFT will be

studied.

3.1 Introduction of FFT

3.1.1 Definition

FFT is a fast implementation of the discrete Fourier transform (DFT) as well as its inverse

form (iDFT), which reduces the complexity from O(N2) to O(N logN), where N is the data point.

Specifically, the N -point DFT is mathematically defined from [33] as:

X[k] =

N−1∑
n=0

x[n]W kn
N , k = 0, 1, . . . , N − 1, (3.1)

where x[n] is k ∈ [0, N − 1] and W kn
N = e

−j2π
N nk, respectively.

In addition, the iDFT is also defined as:

x[n] =
1

N

N−1∑
k=0

X[k]W−knN , n = 0, 1, . . . , N − 1. (3.2)
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Note that

W−knN = (W kn
N )∗ = e[(j2π/N)kn]. (3.3)

It is important to mention the W kn
N and W−knN are called twiddle factor and its physical

meaning is explained in Fig. 3.1. It can be seen that a unity cycle is equally divided by 8 red points

that represented 8 data points (N = 8) in this case, that is
∑8
k=0(W k

N ) = 0. Therefore, the angle θ

between the data point k and the real positive axis are:

θ =
2π

N
k, (3.4)

so the complex number form of twiddle factor is calculated by e±jθ = cos θ ± j sin θ.

1-1

j

-j

θ
Re

Im

Figure 3.1: Twiddle factor of DFT for N = 8.

3.1.2 Properties of DFT

There are several main properties of the DFT that give the alternative ways to improve

the efficiency. The FFT applies these properties to reduce the number of computations needed,

optimizing the algorithm.
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3.1.2.1 Linearity

Given X1[k] = DFT(x1[n]) and X2[k] = DFT(x2[n]), if

x[n] = ax1[n] + bx2[n], (3.5)

then

X[n] = aX1[k] + bX2[k], k = 0, 1, . . . , N − 1 (3.6)

where a and b are constants.

3.1.2.2 Periodicity

Given WN = e
−j2π
N as N -th root of unity, W

(k+mN mod N)
N = W k

N , therefore

X(k +mN) =

N−1∑
n=0

x[n]W
((k+mN) mod N)n
N =

N−1∑
n=0

x[n]W kn
N = X(k). (3.7)

3.1.2.3 Symmetry

Given W
(N/2)
N = e−jπ = −1, then

X(k +N/2) =

N−1∑
n=0

x[n]W
(K+N/2)n
N =

N−1∑
n=0

x[n](−W kn
N ) = −X(k). (3.8)

3.1.3 Radix-2 FFT Algorithm

The radix-2 FFT algorithm is the most widely used one, which requires N = 2n where

n ∈ Z+. The original design is first proposed in [34], which is now well-known as a decimation in

time (DIT) FFT algorithm, and the algorithm is reviewed in Algorithm 1.

Fig. 3.2 shows the DIT-based butterfly unit that is the basic processing element of the FFT

algorithm. There are three inputs, as well as two outputs for each butterfly unit. Specifically, the

lower input b will firstly multiply the corresponding twiddle factor W k
N , which then do the addition

and subtraction with upper input a to generate the upper output A and lower output B, respectively.

The entire data flow graph (DFG) of DIT-based FFT algorithm consists of N
2 log2N but-

terfly units and an 8-point example is introduced in Fig. 3.3. For the N -point FFT algorithm, there
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wk
N

a

b
-1

A = a + bwk
N

B = a - bwk
N

Figure 3.2: Butterfly unit of DIT-based FFT algorithm.

are total n stages that is defined as

n = log2N. (3.9)

In each stage, the intervals between the upper input and lower input for each butterfly are increased

by 2, i.e., a = x[i], b = x[i+2n−1]. In addition, the sequence of input data points is bit-reverse order

(the order x[i] is [b0b1...bn] where ib = [bnbn−1...b0] is the binary form of order i) while the output

is nature order.

Algorithm 1 Cooley-Turkey DIT FFT algorithm [34]

Input: x[i], i ∈ [0, N − 1]

Output: X[k], k ∈ [0, N − 1]

1: for l = 1 to n do

2: for i = 0 to 2l − 1 do

3: ω = W i2n−l−1

N

4: for j = 0 to 2n−l−1 − 1 do

5: X[j] = x[j] + x[j + 2l]× ω

6: X[j + 2l] = x[j]− x[j + 2l]× ω

7: end for

8: end for

9: end for

10: return X[k], k ∈ [0, N − 1]

Similarly, another algorithm, so-called decimation in frequency (DIF) FFT algorithm, has

the same computational complexity and cost as the DIT FFT algorithm [35]. Algorithm 2 and Fig. 3.5

shows the algorithm and the DFG of the DIF FFT algorithm. Compared with the DIT FFT algo-

rithm, this algorithm firstly partitions the input data in N/2, and the input sequence is in bit-reverse

order instead of the natural order. It is interesting to know that the butterfly unit of the DIF FFT
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Figure 3.3: DFG DIT-based FFT algorithm.
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algorithm (shown in Fig. 3.4) is similar to the butterfly unit of the DIT FFT algorithm. It requires

the addition and subtraction of the upper and lower inputs, which will then do the multiplication

with the twiddle factor. Note that, since the input pair is different, the selections (computations) of

twiddle factors in each stage of the DIF FFT algorithm are different as well.

wk
N

a

b
-1

A = a + b

B = (a - b)wk
N

Figure 3.4: Butterfly unit of DIF-based FFT algorithm.

Algorithm 2 Gentleman-Sande DIF FFT algorithm [35]

Input: x[i], i ∈ [0, N − 1]

Output: X[k], k ∈ [0, N − 1]

1: for l = 1 to n do

2: for i = 0 to 2(l − 1) do

3: for j = 0 to 2n−l − 1 do

4: X[j] = (x[j] + x[j + 2n−l])

5: X[j + 2n−l] = (x[j]− x[j + 2n−l])×W i2n−j

N

6: end for

7: end for

8: end for

9: return X[k], k ∈ [0, N − 1]

3.1.4 Radix-r FFT Algorithm

The radix-2 FFT algorithm is the most popular used in many areas. However, if there is a

large number of input data point N , the radix-2 one is not ideally used in this case.

The radix-r requires the number of input data points as N = rn, so it reduces the flexibility

of the operation. An example of radix-4 DIT-based butterfly unit is proposed in Fig. 3.6. In this

butterfly unit, it consists of 4 radix-2 DIT based butterfly unit but the all twiddle factors are moved
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Figure 3.5: DFG of DIF-based FFT algorithm.
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to the outputs [36].

XF
k =

N/4−1∑
n=0

x4nW
4nk
N +

N/4−1∑
n=0

x4n+1W
(4n+1)k
N +

N/4−1∑
n=0

x4n+2W
(4n+2)k
N +

N/4−1∑
n=0

x4n+3W
(4n+3)k
N

= AF
k +W k

NB
F
k +W 2k

N CF
k +W 3k

N DF
k , k = 0, 1, . . . , N − 1

(3.10)

w2n
N

-1

-1

-1

-1-j

wn
N

w3n
N

x[n]

x[n+N/4]

x[n+N/2]

x[n+3N/4]

X[4k]

X[4k+2]

X[4k+1]

X[4k+3]

Figure 3.6: Butterfly unit of radix-4 DIT-based FFT algorithm.

Further, the split-radix FFT algorithm that combines different radix algorithms (e.g., radix-

2 and radix-4) takes the advantages from both algorithms [37].

3.2 Hardware Design of FFT

There are a lot of VLSI architectures that have been used for the implementation of the

FFT algorithm [38–43]. Generally, it can be mainly classified as memory-based and pipelined archi-

tectures. The memory-based (cache-based) designs only require a few numbers of butterfly elements

so it can save a lot of hardware resources. As opposed to memory-based architectures, other widely-

used pipelined FFT architectures in digital signal processing (DSP) applications, such as single-path

delay commutator (SDC), single-path delay feedback (SDF), multi-path delay commutator (MDC),

multi-path delay feedback (MDF), are the ones with multiple butterfly processing elements that

could potentially improve the speed significantly.
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3.2.1 SDC FFT Architecture

Fig. 3.7 shows a basic structure of the SDC FFT architecture, which only has a single

datapath of the input and two datapaths of the output. It has log2N butterfly units and the

commutators, that is, only one radix-2 butterfly unit is required for each stage [44]. As a result, the

utilization of the radix-2 butterfly units is 50%. Pipelining stages are inserted into the datapath,

and registers are used to store intermediate values. However, the register size grows quickly with the

size of the FFT, which would offset the benefit of using SDC architectures. Another disadvantage

of this architecture is that the control logic for each PE is usually very complicated, which may

consume a considerable amount of area and power for conventional FFT applications [45].
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Figure 3.7: N -point SDC FFT architecture.

3.2.2 SDF FFT Architecture

The idea of SDF is firstly illustrated in [46] which is further then applied in a pipelined

processor in [47], and the architecture is presented in Fig. 3.8. Different from SDC, each PE in

SDF only takes one external input and output one sample at each clock cycle. The butterfly can be

skipped in the PE to pad the data into the registers that are used in a later clock cycle. Compared

to SDC, SDF usually yields less memory size and simpler control logic. The utilization of multipliers

for radix-4 SDF is 75%, while only 25% for the butterfly unit and a general SDF (radix-r).

Specifically, a key component called the shifter unit that consists of a different number of

registers is based on the data point. Meanwhile, the number of shifters is also determined by the

radix, since it should be the same as the input and output paths of the butterfly unit. Note that

if the radix r is higher than two, the newly arriving data are pad into another shifter at the next

clock cycle. After the r clock period, the new input signal will get into the first shifter again, and

then the previous data in this shifter will shift into the next register. Once all the registers in the

shifters are filled by the data, the data located at the first register in each shifter, are fed into the
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butterfly unit again to do the basic butterfly operation, but the multiplication with twiddle factor

will share the same multiplier.
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Figure 3.8: N -point SDF FFT architecture.

3.2.3 MDC FFT Architecture

The MDC FFT architecture which is shown in Fig. 3.9 can allow operate r samples in each

clock cycle to trade-off area for speed while simultaneously improving the hardware utilization to

achieve a superior overall performance compared with SDC architecture [48], where r is the radix. In

general, this design can have a better timing performance when the radix r and the input data N are

high, because the latency and stage are reduced [45]. However, since there are more datapaths need

to be controlled at the same time, the control unit, especially the commutators, will become more

complex in the entire architecture. In order to store the intermediate results, the delay elements in

each left hand side datapaths of the butterfly unit is determined by

The Number of Delay Elements =



(r − 1)rn−l, path 1

(r − 2)rn−l, path 2

...

rn−l, path r − 1

0, path r

(3.11)

where the n = logrN , and l is the sequence of stage. For the right hand side of the butterfly unit,

all the datapathes have the same delay elements as next stage in inverse path order of the equation

(3.11) except for the output datapathes.
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Figure 3.9: N -point MDC FFT architecture.

3.2.4 MDF FFT Architecture

Another most recent pipelined FFT architecture is the MDF which is firstly proposed in [49].

It combines the feature of both MDC and SDF FFT architecture to achieve an area-efficient design.

The architecture consists of r M -point SDF FFT architectures and an extra radix-r butterfly unit.

Note that, for a N -point MDF architecture, the relationship of r, M and N is defined as:

N = r ×M. (3.12)

As shown in Fig. 3.10, the SDF FFT architectures are operated in parallel, and then the results pass

to the radix-r butterfly unit to generate the final result. This design can have a high throughput

of r in each clock count. Besides, the number of registers is reduced while the number of butterfly

unit is increased.
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Figure 3.10: N -point MDF FFT architecture.

In this chapter, we review the FFT algorithm and its hardware implementation. Note that,

the designs with the respects among of area, efficiency, memory size, and control-complexity, are

widely adopted in different applications, for instance, convolutional neural network on Artificial

Intelligence [50], polynomial multiplication over the ring on post-quantum cryptography [51, 52],

FFT-like successive-cancellation (SC) polar decoder [16, 20] etc. Based on the variety and charac-
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teristics of these applications, the customized and optimized FFT-based architectures are used.
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Chapter 4

Area-Efficient Pipelined VLSI

Architecture for Polar Code

In this chapter, the prior works of polar codes hardware design and the Single-path Delay

Commutator (SDC)-based polar encoder from [28] are briefly reviewed. Then, our novel area-efficient

pipelined VLSI architecture for Fast Fourier Transform (FFT)-like polar decoder is introduced. The

proposed design includes the high-level transformation by customizing the Multi-path Delay Com-

mutator (MDC)-based FFT architecture in Section 3.2.3 to reduce the processing elements (PEs),

loop-based shifting register to reduce the number of registers, and a customized PE by leverag-

ing parallel branches and delayed decision scheduling approach to enable this efficient scheme [53].

Finally, the hardware analysis and the synthesized results are introduced.

4.1 Hardware Optimization of Prior Work

In the literature, a number of architectures for the SC polar decoder have been developed [14,

16,18–20,23,27,54–56]. Specifically, the first FFT-like based design is proposed in [16] which include

variants, i.e., tree-based and line-based. For the tree-based design (Fig. 4.1), it requires 2j PEs and

registers in each stage, where j is the sequence of the current stage. The line-based design (Fig. 4.2)

employs N/2 PEs and (N − 1) registers, which overall has fewer PEs compared to the tree-based

design. However, these two designs have a relatively large latency of 2(N − 1) clock cycles for an
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N -bit code. Later, pre-computed PEs are employed to reduce the latency [19, 20, 27]. Besides,

Breadth-First Searching (BFS) based decoding algorithms (i.e., SC list decoding) allow decoding in

parallel to improve the latency [14, 54, 55]. On the other hand, Depth-First Searching (DFS) based

decoding algorithm (i.e., SC stack) has also been proposed [56].

Figure 4.1: A tree-based polar decoder [16]

Figure 4.2: A line-based polar decoder [16]

However, most of these existing works are targeting on the low-latency designs, which usually

incur large area/power consumption. In addition, another challenge of the SC decoding algorithm

is that the first stage outputs of g nodes (i.e., L(N/2,2) to L(N,2)) need to wait for a large number of

clock cycles for their partial sum inputs, which also lowers the hardware efficiency. In contrast, the
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objective of our design is to reduce the hardware cost and improve the hardware utilization.

4.2 Pipelined Polar Encoder Architecture

A decimation-in-frequency (DIF) SDC polar encoder architecture was proposed in [28], with

a throughput of 1 bit per clock cycle. In order to increase the throughput, we propose an MDC-based

architecture which is further used in the feedback encoding path of the polar decoder. The 8-bit

example is illustrated in Fig. 4.3. In this architecture, each PE consists of PASS or XOR operation.

By properly placing the delay elements in the data-path, the utilization of each PE is also increased

to 50%. This architecture folds the number of PEs from N
2 log2N in fully parallel architecture to

log2N in this architecture.

2D

2D D

D

Figure 4.3: An 8-bit MDC Polar Encoder Architecture.

4.3 Proposed Architecture for Polar Decoder

4.3.1 MDC-based Polar Decoder Architecture
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Figure 4.4: A high-level Area-Efficient MDC-Based Polar Decoder Architecture.

The proposed design adopts the concepts from MDC-based FFT architectures [57] for op-

timizing the original polar decoder architecture in [16]. In addition, by applying high-level trans-
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formations, including folding, retiming, and pipelining [58], the number of PEs in the proposed

architecture is further reduced from (N − 1) to log2N .

In general, the proposed area-efficient MDC-based polar decoder, as shown in Fig. 4.4,

consists of three main components: PE, commutator, and switch and feedback encoder. For an

N -bit decoder, there are n (i.e., log2N) PEs along with delay elements (registers) to execute the

computations in parallel, since we employ a folding factor of N/2 in our design [58]. Besides, there

are two multiplexers (MUXs) after the last stage of PE, which acts as the h nodes to identify frozen

bits.

4.3.2 Pre-Computed PEs of MDC-based Polar Decoder

Fig. 4.5 shows the schematic diagram of the pre-computed PE in Fig. 4.4. The PE consists

of one f nodes, and one g nodes assembled by g0 and g1, which gives three output signals from two

inputs.

f

g1

f(a,b)≈sign(a)sign(b)(|a|,|b|) a

b g0

g1

g(a,b)=a+b

g(a,b)=b-a

Figure 4.5: Schematic diagram of pre-computed PE

Specifically, f nodes in the DFG of Fig. 4.9 perform the min-sum algorithm, whose archi-

tecture is shown in Fig. 4.6(a). Specifically, according to Equation 2.29, the sign bit of the output

f(a, b) is computed by XORing the sign bits of two inputs a and b, where a and b are both q-bit

quantized signals. The magnitudes of two inputs’ absolute value are fed into the comparator such

that the smaller one outputs as the remaining (q − 1) bits of f(a, b).

g nodes are the main computational bottleneck of the entire SC decoding process. It requires

an additional input ûsum that is encoded from the previously estimated bits. As opposed to the

parallel outputs in FFT, the original SC polar decoder produces results in series, which generally

leads to lower throughput and PE utilization. To overcome this issue, we employ a pre-computation

method [18] based on parallel branches and delayed decision approach [29]. The output of ûsum is
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only 1 or 0, which represents addition or subtraction of two inputs, a and b, respectively. Therefore,

we also first simultaneously calculate these two operations and then select the corresponding result

once ûsum is generated. This method basically trades area off for speed. Fig. 4.6(b) shows the

structure of the g nodes (note that g is represented as g0 and g1 in Fig. 4.4) with the parallel branch

and delayed decision approach.

a

b

(a)

+

-

y0

y1

(b)

[q-2:0]

[q-2:0]

C2A

C2A
q-1

A2C

>

q-1

a

b

f(a,b)

>: Comparator
C2A: 2's complement to Absolute Value
A2C: Absolute Value to 2's Complement 

Figure 4.6: PE of MDC-Based Polar Decoder: (a) Element of Min-Sum Algorithm Architecture of
f Node. (b) Element of Parallel Branch and Delayed Decision Approach of g Node.
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4.3.3 Pipelining and Loop-based Shifting Register

The delay elements are used to store intermediate signals based on the properties of folding

and pipelining methods. It can be seen from the left-hand side of the green dashed line in Fig. 4.4.

There are three register sets in each stage. The register set in the upper path is named as Ru(j)

and the two identical register sets in the lower paths for each g node are denoted as Rl(j).

The number of registers in Ru(j) follows the same amount of delays element of the traditional

MDC FFT architecture, i.e., the number of registers are doubled for each subsequent stage, which

is defined for stage j (1 ≤ j ≤ n) as:

Pu(j) = 2j−1, j ∈ [1, n− 1]. (4.1)

Note that the upper path of stage n is the input path, so there is no need to include any register in

stage n.

For the lower paths, since the g nodes need to wait for the corresponding estimated bits

to make the decision, both of the addition and subtraction results are stored in the parallel paths.

We also apply to the pipeline by adding extra delay elements to ensure all the signals are properly

aligned. The required pipelining registers of the lower path in each stage are expressed as:

τl(j) = 2j−2(j − 1), j ∈ [2, n] (4.2)

In order to ensure the delay elements in each Rl(j) register set are fully used in each clock

cycle, we propose a loop-based shifting register design, as shown in Fig. 4.7. This technique not

only improves the hardware utilization but also the area efficiency, since the overall number of delay

elements is reduced. The scheme is also mathematically expressed by re-designing Equation (4.2)

as:

τl(j) =


bn2 c2

n−j + 2n−j−1, j is odd

(n2 − 1)2n−j , j is even.

(4.3)

In this case, the lower path register set Rl(j) only requires the number of delay elements as:

Pl(j) = 2j−1, j ∈ [2, n] (4.4)
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Figure 4.7: Loop-based Shifting Register: (a) Rl(j) in Odd Stage. (b) Rl(j) in Even Stage.

for both odd and even stage. Half of the intermediate signals for addition and subtraction results

in g need to be stored for decision in every stage. According to Equation (13), delay elements are

separated into two groups in odd stages, as shown in Fig. 4.7(a). For example, τl(9) is redesigned

as 1024 = 4 · 256, which means each data shifts within Pl(9) = 256 delay elements for 4 times, while

τl(10) is redesigned as 2304 = 4 · 512 + 256, such that each data shifts in a two-group loop for 4

and a half times, with 256 delay elements in each group. In this case, the number of delay elements

in each stage is the same as the original tree-based design [16]. A releasing signal s[j] is needed to

output the data from the delay elements, according to Equation (4.2). Note that there is no register

in the first stage Rl(1), as no pipelining register is required in the output path.

   1

   0

   0

   1μ[j]
=c[j]

   1

   0

   0

   1

μ[j]

s[j]

(a) (b)c[j] 0: Pass
1: Switch

c[j]

Figure 4.8: (a) Commutator in Even Stage and Feedback Path. (b) Commutator in Odd Stage.
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4.3.4 Commutator

The dataflow is mainly controlled by the commutator, as shown in Fig. 4.8. The commutator

consists of two MUXs with a single-bit control signal c[j] to perform either pass or switch operation

in each stage j.

The switching rate of commutators is controlled by a (n − 1)-bit counter µ in the forward

path. The commutators in the feedback path require only a (n − 2)-bit counter µfb, since it has a

truncated (n−1)-stage DFG. The switching rate of the commutators is doubled for each subsequent

stage, as the interval of the two inputs of the PEs is reduced by half.

After employing the pipelining method as described above, the pass or switch operation

needs to be inverted in the odd stage, while the even stages and the feedback path remaining the

same as counter values. Thus, the control signal c[j] for commutator in the forward path at stage j

is given by:

c[j] =


µ[j]⊕ s[j], j is odd,

µ[j], j is even.

(4.5)

4.3.5 Feedback Encoder

The design of the feedback encoder for calculating partial sum ûsum is mainly built upon

the polar encoder in [28], which only requires (n − 1) encoder PEs (XOR or PASS) by simplifying

the feedback encoder to (n− 1) stages. The correct results of the g nodes are selected by the MUXs

based on ûsum.

As opposed to the design in [28], we convert the original DFG from decimation-in-frequency

(DIF)-based to the decimation-in-time (DIT)-based so that we cascade the feedback encoding path

directly after h nodes. Thus, bit-reverse operations are eliminated.

4.3.6 Scheduling Scheme for Proposed Polar Decoder Architecture

In our proposed design, since the number of PEs is tremendously reduced compared with

the previous works, the scheduling of the polar decoder design becomes more important. Specifically,

the intermediate results computed by the g nodes need to be outputted either the value in g0 or

g1 once the corresponding estimated bit is achieved. Thus, our scheduling scheme, introduced in

Algorithm 3, can control the intermediate results to the PEs in the specific clock cycle by adding
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the delay elements on the data path. The scheduling scheme can also be represented in the DFGs,

which are shown in Fig. 4.9 and Fig. 4.10. It can be seen that each node will be computed in the

specific clock cycle is highlighted in red.

Algorithm 3 Scheduling scheme of proposed polar decoder architecture

Input: N , N ≥ 4

Output: schedule[i, j], i ∈ [1, N ], j ∈ [1, log 2(N)− 1]

1: for i = 1 to N/2 do

2: schedule[i, log 2(N)] = i;

3: end for

4: for k = 1 to log2(N)− 1 do

5: j = log2(N)− k;

6: schedule[1 : 2j−1, j]=schedule[2j−1 + 1 : 2j , j + 1];

7: end for

8: schedule(2,1)=schedule(1,1);

9: if N > 4 then

10: for k = 1 to log2(N)− 2 do

11: schedule(2k + 1, k + 1)=schedule(2k,1);

12: diff=schedule(2k + 1, k + 1)-schedule(1, k + 1);

13: for i = 2k + 1 to 2k+1 do

14: for j = 1 to k + 1 do

15: schedule(i, j)=schedule(i− 2k, j)+diff ;

16: end for

17: end for

18: end for

19: end if

20: for i = N/2 + 1 to N do

21: for j = 1 to log2(N) do

22: schedule(i, j)=schedule(i−N/2, j)+schedule(N/2, 1)− 1;

23: end for

24: end for
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4.3.7 Case Study of an 8-Bit Example

In fact, the right-hand side of the green dashed line in Fig. 4.4 shows an 8-bit example of

the proposed architecture. The corresponding schedule for each PE is summarized in Table 4.1.

Table 4.1: Schedule of 8-bit MDC-based pre-computed polar decoder

Clock Cycle 1 2 3 4 5 6 7 8 9
PE3 1,5 2,6 3,7 4,8
PE2 1,3 2,4 5,7 6,8
PE1 1,2 3,4 5,6 7,8

XOR1 1,2 3,4 5,6
XOR2 1,2,3,4 2,4
Output û1,û2 û3,û4 û5,û6 û7,û8

Data L(1,1) to L(8,1) are fed into the circuit from clock cycle 1 to 4. In the third stage, the

intermediate results of f node L(1,2) and L(2,2) are passed to Ru(2) while the other two intermediate

results L(3,2) and L(4,2) are switched down by the commutator. Besides, the intermediate results of

g node (L(5,2) to L(8,2)) are registered in Rl(2). Note that since τ(3) = Pl(3), no loop is needed in

this stage.

Meanwhile, L(1,3) and L(2,3) are encoded as ûsum = û1 ⊕ û2 to make a decision for L(3,3)

which is stored in Rl(1) at clock cycle 3. The encoded value ûsum = û1 ⊕ û2 and û2 are stored in

FU(2) and FD(1), respectively. Then, L(3,3) and L(4,3) are immediately encoded as ûsum = û3 ⊕ û4
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which are then switched by the commutator to the lower path into the second encoder PE along

with û1 ⊕ û2.

Consequently, this encoded value (ûsum = û1⊕ û2⊕ û3⊕ û4) outputs L(5,3), which is located

in the register of Rl(2). When L(5,3) and L(6,3) are released from Rl(2), the counter value c[3] = 0.

Using the control signal after the XOR operation with µ[3] = 1, the commutator switches up the

L(5,3) and L(6,3) to Ru(2), while L(7,3) and L(8,3) are passed in the lower path. The rest data follow

a similar pattern. The last bit is decoded at clock cycle 9.

Similar to FFT architectures, this design is easily extended to an N -bit architecture by

cascading stages at the beginning of the data-paths. The corresponding number of registers in each

path is calculated from Equations (4.1) and (4.4).

4.4 Hardware Analysis and Experimental Result

Table 4.2 presents a performance comparison of the proposed architecture against several

prior works [16, 19, 27, 59] and a base-line as fully parallel architecture design. It can be seen that

our work reduces the number of PEs from (N − 1) or (
√
N − 1) to log2N , while yielding a slightly

higher latency of (log2(N)− 1)N/2 clock cycles. Besides, our design uses the same amount of delay

elements as tree-based design in [16], which is 2qN less than other designs that involve pre-computed

PEs [18, 19]. Since the design of a partial sum generator (feedback encoder) is not considered in

some prior works whose complexity is also relatively low compared to the forward path, the hardware

performance of feedback encoder is omitted in Table 4.2.

Table 4.2: Comparisons of the proposed architecture with prior works

Designs Latency # of PEs ≈ # of Register Throughput [bit(s)/clock cycle]
Proposed1 (log2(N)− 1)N/2 log2N qN 2

[16]2 2(N − 1) N − 1 qN 1
[18]1, 2 N − 1 N − 1 3qN 2
[19]1, 2 0.75N − 1 N − 2 3qN 2

[59] 2N −
√
N

√
N − 1 Not Proposed 2

Fully Parallel Archi. 2(N − 1) N
2 log2N (N log2N +N)q 1

1 design involved pre-computed PEs

2 tree-based design

To demonstrate the efficiency of the proposed architecture, we also compare the hardware
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performance with another application-specific integrated circuit (ASIC) design by implementing

our design by using Verilog HDL and mapping into a 32nm technology node. We follow the same

parameters as in [19]. q is set as 5 such that each LLR is represented by 5-bit fix point number as

a 3-bit integer and 2-bit fraction for quantization. The comparison of the synthesized results for

(N = 1024, K = 512) is presented in Table 4.3. It can be clearly observed that our proposed design

achieves significant reductions of 98.90% and 99.02% in the number of logic cells and pre-computed

PEs, respectively. Note that, to give a fair comparison for the designs under different technology

nodes, we only compare the logic cells instead of the actual area-consumption. Thus, our design

is extremely suitable for resource-constrained applications. Overall, the Area-Time Product (ATP,

i.e., # logic cell × latency) is reduced by 93.38% in our proposed architecture.

Table 4.3: Hardware analysis of (1024,512) SC implementation results with pre-computed PE

Designs Proposed [19]
Tech. Node 32nm 45nm

# of Logic Cell 3729 338499
# of PEs 10 1022

Latency [Clock Cycle] 4608 767
ATP ×107 1.72 25.96

Critical Path 0.6ns 2ns

In addition, the PEs and registers have higher utilization ratios. We compare the utilization

with another folded architecture [59] that has a utilization of

N log2N)

(
√
N − 1)(2N −

√
N)

. (4.6)

For example, according to [59], the utilization of the folded architecture is 16.35% when N = 1024,

while designs in [20,27] have a utilization ratio of

N log2N

(N − 1)2
(4.7)

which is only 0.98%. In contrast, the utilization of our proposed design is given by

2

log2N + 1
, (4.8)

which is increased by 10.07% from the folded design [59] and 94.61% from the architectures in [20,27].
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Last, we verify the algorithmic performance of our design. We select code rate as 1/2 and

N = 1024, which is the maximum length of polar code for channel coding scheme for uplink (UL)

enhanced mobile broadband (eMBB) data with information block [3]. We present the simulation

results of the proposed MDC-based decoder in Fig. 4.11, whose shows a consistent bit error rate

(BER) performance as previous works in [60,61] based on the energy per bit to noise power spectral

density ratio (Eb/N0).
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Figure 4.11: Algorithmic Performance of MDC-Based Polar Decoder.

4.5 Conclusion

In this chapter, we presented an area-efficient architecture for poplar decoder by leveraging

its structural similarity to FFT. The pipelined MDC architecture for SC-based polar decoder utilizes

a parallel branch and delayed decision approach as well as folding and pipelining techniques to reduce

the number of PEs and improve the hardware utilization.
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Chapter 5

Conclusions and Future Works

5.1 Conclusions

This thesis mainly introduces the polar codes architecture, especially a novel area-efficient

SC polar decoder, for the resource-constrained applications, which is motivated by the similarity

of the SC polar encoding/decoding and FFT algorithm. Compared with the previous works, our

proposed polar decoder design focuses on another direction that explores the trade-off of the better

area performance, which is well-balanced on the latency and the area as achieving the lower ATP

product.

5.2 Future Works

This proposed polar decoder design has shown the advantages of the area performance.

However, several aspects are further investigated.

5.2.1 Discontinuous Output of SC Polar Decoder

Amount the existing designs [16,19,27,32], the estimated bits are outputted discontinuously.

Meanwhile, these existing designs are only considered one input data set without examining mul-

tiple continuous input data sets, which makes the entire system imbalance, and the latency finally

increases tremendously.
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To address this problem, the retiming and techniques are used to avoid the discontinuous

output on the estimated bits by exploring an efficient scheduling scheme.

5.2.2 Low-Complexity MDC-Based Polar Decoder Architecture

In our proposed polar decoder design, the control units are still complex to implement

because the high-level transformation and the pre-computed design are applied. Therefore, the

control units can be further optimized, which can simplify and reduce the cost of our design.

5.2.3 Low-Latency Polar Decoder Architecture

The pipelined FFT architecture candidates introduced in Chapter 3 can be further explored

in different high-level transformations on the polar decoder. For example, the MDF-based design

is customized as the low-latency polar decoder design since it easily increases the parallelism of the

data paths without significantly expanding the area-consumption. The designs of the pre-computed

look ahead PE and the loop-based shifting register can also be applied in this next design.
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The SC polar decoding process of 8-bit example in the proposed MDC-based polar decoder

is illustrated as follows:
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