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ON CERTAIN INTEGRAL FUNCTIONALS OF SQUARED BESSEL PROCESSES

UMUT CETIN

ABSTRACT. For a squared Bessel process, X, the Laplace transforms of joint laws of (U, fORy X% ds) are
studied where Ry is the first hitting time of y by X and U is a random variable measurable with respect
to the history of X until R,. A subset of these results are then used to solve the associated small ball

problems for fDRy X? ds and determine a Chung’s law of iterated logarithm. <f0R” D ¢4 ds) is also considered

as a purely discontinuous increasing Markov process and its infinitesimal generator is found. The findings
are then used to price a class of exotic derivatives on interest rates and determine the asymptotics for the
prices of some put options that are only slightly in-the-money.

1. INTRODUCTION
Let X be a squared Bessel process which is the unique strong solution to
dXt = 2(1/ + 1) dt + 2\/ Xt dBt,

where v > —1 is a real constant and B is a standard Brownian motion. Letting § = 2(v 4+ 1), X is called
a d-dimensional squared Bessel process. We will denote such a process with X = z by BESQ?(z) and §
and v will be related by § = 2(v + 1) throughout the text. In this paper we are interested in the integral
functional

Ry
(1.1) N L= / XPds,
0

where p > —1 and R, := inf{t > 0: X; = y} for y € [0,00) and X is BESQ’(z). (In the sequel, we will
write RZ only if we need to specify the dimension to avoid ambiguity.)

Squared Bessel processes have found wide applications especially in Finance Theory, see Chapter 6 in [8]
for a recent account. They can, e.g., be used to model interest rates in a Coz-Ingersoll-Ross framework. In
the above setting, if X? models the spot interest rates, then exp (Eg’z)y) refers to the cumulative interest
until the spot rate hits the barrier y?. As such, this random variable is related to certain ezxotic options on
interest rates (see [5] for some formulae regarding barrier options in a similar framework). Bessel processes
also appear often in the study of financial bubbles since 1/ VX is the prime example of a continuous (strict)
local martingale when X is a BESQ? (see, e.g., [14], [17] and [18] for how strict local martingales, and in
particular Bessel processes, appear in mathematical studies of bubbles).

In Section 2 we will determine the joint law of (U, £2 _ ) by martingale methods, where U is a random

P2,y
variable measurable with respect to the evolution of X until R,. In particular we will obtain the joint
distributions of (R,, Ef,,z,y) and (max;<r, X¢, Ei,z,y). As a by-product of our findings, if % =1, we have

a remarkable characterisation of the conditional law of me,y given that the maximum (resp. minimum) of
X at R, is below (resp. above) a fixed level in terms of the first hitting time distributions of a 3-dimensional
Bessel process when z > y (resp. z < y).

Date: March 9, 2015.

Key words and phrases. Bessel processes, modified Bessel functions, first passage times, small deviations, Chung’s law
of iterated logarithm, non-homogeneous Feller jump process, time reversal, last passage times, subordinator, interest rate
derivatives.
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We will use the results of Section 2 in order to study small ball probabilities for thz’y in Section 3. Solving
the small ball problem for Zg,zﬂ amounts to finding the asymptotic behaviour of — log Prob(Efm,y <e€)as

e — 0. We will then use this asymptotic form to determine a law of iterated logarithm for (Ei,o,y)yzo as
Yy — 0.

Section 4 will analyse (Eg,oﬂ)yzo as a Markov process indexed by y and compute its infinitesimal generator
when v > 0. We will also consider the process Z° which is obtained via a ‘time reversal’ from (Eg,o,y)yZO-
More precisely, we will find the generator of Z° defined by

Ly
Zg:/ XPds  Vrel0,1),
Li_g
where L, :=sup{t > 0: X; = 2}. In particular, we will obtain that Z* is identical in law to an increasing
family of hitting times of a linear Brownian motion.

Finally, in Section 5 we will apply our findings to the pricing of some exotic derivatives on interest rates.
The small ball probabilities will be used to find asymptotic behaviour of some put options with small strikes,
the options that are only slightly in-the-money.

2. PRELIMINARIES

Let (2, F, (Ft)t>0,P) be a stochastic base where F is completed with the P-null sets. Let X be an
R -valued semimartingale which is the unique strong solution to
(21) dXt :2(V+1) dt+2\/XtdBt,

where v > —1 is a real constant, B is a standard Brownian motion.

Let Q% be the measure on the path space, i.e. C(]0,00),[0,00)), induced by X starting at z. It is well-
known (see Section 1 of Chapter XI of [15]) that for ¥ > 0 the set {0} is polar, otherwise it is reached a.s..
Moreover, the process is transient for v > 0 and recurrent otherwise. We will denote the first hitting time
of 0 for X with R. The scale function, s*, for BESQ?° is given by

t 24

s'(x) =—=x for v > 0, s(x) = log =, s'(x)=a7" for v € [-1,0).

We refer the reader to [15] and [6] for a comprehensive study of Bessel processes and relevant bibliography.
In subsequent computations we will follow a Feynman-Kac type approach as in, e.g., [7].

Lemma 2.1. Let p > —1,A > 0 and suppose that u € C?, solves the following ordinary differential equation
(ODE):

(2.2) 22y + xy’ — y[p? + A2 = 0,

and is strictly positive on (0,00). Then, (Mfkgi)tzo is a local martingale where

u - A ¢
M™ = u(y/X)X; 2 exp <—2/0 XP ds) .

In particular,

u m u/ \/X 12
1[t<R]th( ) = 1[t<R]Mt( ) <(t) — ) dB;.

u(vXy) VX

Proof. If we let w(z) := u(\/Z)r~ %, it is easily seen that w solves
A
(2.3) 2zw"” +2(v + Dw' — 517”10 =0.

Thus, on [t < R)

u uyw' w (v (VX
AM™ = 20 )%(Xt)\/XtdBt =M™ (M S >dBt.

u(VXi) VX
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The solutions to (2.2) can easily be determined via the modified Bessel functions, I, and K, of the first
and second kind. We next summarise some properties of these functions and we refer the reader to Section
3.7 of [19] or Section 9.6.1 of [1] for further results and proofs. For « > 0, I, (resp. K,) is a positive and
increasing (resp. decreasing) solution to

(2.4) 22y +ay — (22 + o)y =0

when z is restricted to (0,00). Moreover, I, has the following series representation:
> 1 T 2m—+a«

2.5 1 = T Y S —— (—)

(25) () mzzomlf(m—i—a—s—l) 2

The above expansion can be used to define I, for a < 0 when « is not an integer less than —1 since the
Gamma function is well defined and finite at non-integer negative values. For aw € ZN(—00,0) one can define
it by taking limits and it turns out that for such an o I_, = I,,. It is also a simple matter to check that I,
satisfies (2.3) for a < 0 as well. Moreover,

(2.6) Ka(z) = gw

The above identity in particular entails K, = K_,.
The asymptotic behaviour of the modified Bessel functions can be described in terms of known functions:

Ia(x)w%asx%O,a;éfl,fQ,...; Ia(x)w\/%asx%oo.
(2.7) Ka(m)ww(%)_a as x — 0,a > 0; Ko(z) ~y/3-€7% as x — oo.

Ko(z) ~ —logz.
Then, it is easy to check that the solutions to (2.2) is of the form
1 1
(2.8) CiK o [ ——=VXaP™ ) + Col ) [ ——VA2Pth) |
I \p+ 1 1 \p+1
where C'y and Cy are arbitrary constants.

Remark 1. [t is worth to observe some further monotonicity properties regarding modified Bessel functions
that will be useful in the sequel.

First consider ™" K || (ﬁﬁx”“) forv e R and p > —1. We will now see that this function is
p+1

decreasing. Indeed, differentiation with respect to x yields

1 1
vV K e [ —— VPP ) VA PR, [ —— Vet )
T\ p+1 1 \p+1

When v > 0, utilising the recurrence elation (cf. Section 3.7 in [19])
K} (@) = TKa(2) = Kou(2), a € R,
T

one can see that the above derivative is megative since K, is positive for all « € R. If v < 0, the other
recurrence relation, i.e.
e
K (z) = —EKa(x) — Ko 1(x), a € R,
yields the conclusion.
Similarly, the function x leil T
p>—1 and p—il > —2. This follows from the recurrence relation

\F)\xp“‘l), has a positive derivative, i.e. 1is increasing, whenever

I'(z) = %Ia(x) 4 Inii(z), a €R,

and the positivity of I, for a > —1. Note that zﬁ + 1> —1 under our hypotheses.
s

J2ERT
variables U, where Eg,z , is as defined in (1.1). We will analyse the cases of negative and positive v separately.

We now return to determining the joint law of (U, ¥ _ ) for arbitrary positive Fr, -measurable random
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2.1. The case v € (—1,0).

Theorem 2.1. Suppose that v € (—1,0), p > —1 and let up(x Kﬁ (ﬁ\/’xm—l), Then,
0 < lim uo(\/ff)m*% < 00, lim wuo(v/z 78 < oo.
z—0 T—00

Consequently, (Mt(/\?-{))tzo is a strictly positive bounded martingale with

(uo) {16 (VXY)
= Le<n My (ﬁ(@)‘@) 4B

t<R]dM

Proof. Note that

et (N e (25) T
—0 S \p+1 0 T p4l 2

NS

lim ug(v/z)z™

v

in view of the asymptotic relations from (2.7). Asymptotic behaviour of K —; for large x yields uo(v/z)x ™2

has a finite limit at infinity, hence the boundedness of (Mt(/\?a))tzo in view of Lemma 2.1. Strict positivity of
K, on (0,00) for all @ completes the proof of that this martingale is strictly positive. O

It is well-known that (see, e.g. Section 2.8 in [13]) for v > —1

(2.9) Q [exp (_;\Ry>:| = m y <z

“21,(VAz)
T Ay y=z
y 2 L (VM)
The above formulae are still valid when v > 0 and note that z=2 I,,(v/Az) (resp. 272 K, (v/Az)) is increasing
(resp. decreasing) in view of Remark 1.

Since R < oo, a.s. when v < 0, the following is a straightforward corollary to the theorem above for v < 0
and y < z.

(2.10)

Corollary 2.1. Let ug be the function defined in Theorem 2.1 and suppose that v € (—1,0), p > —1 and
y < z. If U is Fg, -measurable, then for r >0,

atfor (-3)] <55 () et

MI(%"U). Moreover, under P, X solves

where P>" is defined by

de =

i, 2 (MO0

211) w0 (VXy)

+1) dt+2yXdf,  t<R,
for some P2 -Brownian motion 3.

Proof. Since (Mf}f}’{))tzo is a strictly positive martingale due to Theorem 2.1, Q? is an equivalent probability
measure. The fact that X solves (2.11) follows from an application of Girsanov’s theorem. g

Remark 2. By taking U = 0 C’orollary 2.1 yields the law of X9 for y < z. Compam'ng this Laplace

D2,y

transform with (2.9) shows that Zgzu = Rg* where 6* = 2(75; + 1), y" = (H; 5 and R . 18 the first
hitting time of y* for some BESQ® ( 1_1;132 One can check by comparing the Laplace transforms that we

will obtain later in this section that this equality in law would be valid for y > z, too. Moreover, the same
identities in distribution will hold for v > 0, too. These facts also follow from the time-change result given
in Proposition XI1.1.11 in [15].
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Recall that if X is a one-dimensional regular diffusion on an interval (lo,l;) defined by its infinitesimal
generator, A, where
1, . d° d
=_ = 4 b(x)—
A 27 (z) dx? + () dx
for some locally bounded functions o and b such that o > 0 on the open interval (ly, 1), then for any r > 0
there exists a positive, and strictly decreasing (resp. increasing) function ® (resp. ¥), which solves

Au =r® (resp. r¥)
on (lp,l1) satisfying certain boundary requirements depending on the nature of the behaviour of the diffusion
near [y and [;. Moreover, any other solution of this equation with the above positivity and monotonicity
assumptions is a fixed multiple of ® (resp. ¥) (see, e.g., Proposition V.50.3 in [16]). Then, if R, is the first
hitting time of vy,

P.[exp (—rRy)] = 2237 y < z;
) )
Ty YT

where P, is the law of the diffusion that started at z at ¢t = 0.
Thus, if U = R,,, we obtain the following in view of the above discussion.

Corollary 2.2. Let ug be the function defined in Theorem 2.1 and suppose that v € (—1,0) and y < z.

Then for r > 0, B
oo (on-355.) - 23 ) )

where ® is a positive and decreasing solution of

(uaww
uo (/)
Proof. The ODE in (2.12) corresponds to the diffusion, X, which follows

(2.13) dX, =2 (W + 1) dt + 2/ X, B,

where § is a Brownian motion, if a solution exists. Using the recursive relation

K (z) = *%Ka(z) - Ko-1(2),

(2.12) 220" + 2 + 1) v =rv.

we obtain
1 pt1
W(VEWVE e D (5 ") <.
uo(V/7) Ko (;hvaa's)
pF1 \ptl

This shows that the drift of the above SDE is less than that of the SDE solved by a BESQ®. Thus, when
a solution exists, it never explodes due to the standard comparison results for SDEs. Moreover, using the
asymptotic relations for K as x tends to 0, we can directly verify that

up(VT) VT

M )
Thus, the solution is pushed towards the interior of (0, 00) as soon as it hits 0 since the diffusion coefficient
vanishes at 0. Finally, the existence of a solution taking values in [0, c0) follows easily since the drift term
is locally Lipschitz as K, is strictly positive on [0, 00) and K, is twice continuously differentiable for all a.
The solution is also unique due to drift coefficient being locally Lipschitz.
Recall that in view of Corollary 2.1 X solves (2.13) until the first time it hits 0. Since it cannot hit 0
before hitting y, the formula is a direct consequence of the discussion preceding the corollary. O
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Corollary 2.1 also allows us to compute the law of Ei,z,y on the event that a certain boundary is yet to
be reached via the intimate relationship between the scale functions of diffusions and their exit probabilities
(see Sect.3 of Chap. VII in [15] for details).

Corollary 2.3. Let ug be the function defined in Theorem 2.1 and suppose that v € (—1,0), p > —1 and
y < z. Then, a scale function of the diffusion defined by (2.11) is

(2.14) So(z) = /j yu%(l\/y)d% x> 0.

Thus, for any a > x s
[y (331.,)] - 20 (2 5l s

Proof. The representation of the scale function is due to the well-known formulas for the solutions of SDEs,
see, e.g., Exercise VII.3.20 in [15]. Note that the function is well-defined at z = 0. Indeed, it follows from
Theorem 2.1 that limy_,0uo(,/7)y~2 > 0. Thus, yu3(,/y) > Cy'* for some C > 0 for sufficiently small y.
Since y~(1*¥) is integrable for v € [~1,0), the claim holds.

The second assertion follows from Corollary 2.1 after taking 7 = 1 and U = log 1g, > r,] via the defining
property of scale functions, see Definition VII.3.3 in [15]. ]

Remark 3. The above result in fact gives us the joint law of (max;<pr, X, 9 ). Indeed, for anya > z >y

p’zfy
[max X; < a] = [R, > R,].

t<R,
Since K1 () = \/5;¢ ", we have more explicit formulas when %7 = -1
Corollary 2.4. Suppose that pﬁ = —% and p > —1. Then, for y < z we have the following:
i)
A 27V =y D(2)
§ 4 —
Q° [exp (—rRy - 22p7z,y>} = exp (\f/\ 5 ) B(y)
where ® is a positive and decreasing solution of
(2.15) 220" + 2 (1/ +1-— ﬁx*”> v =rv
on (0,00).

i) The function Sy is, up to an affine transformation, given by exp (—\f)\%)

iii) Fora > z,

A
Qg |:1[Ra>Ry] exp <_2Egvzvy):|

(2.16) =

—v _ y”) exp (fﬁz;> — exp (,ﬁti”)
2 () e ()

v

exp (W

v

sinh (—\F)\“w{y{u)
sinh (fﬁa’”;j””) .

bt 4

Note that the expression in (2.16) yields
_ . —vsinh (—\/Xaiufyziv)
R, > Ry} e — 2

A
Qg [exp (—25’2, > — 2 R
2 Py a "=z sinh(—xf)\ia 2—Vy V)

using the scale function of X under Q°. Comparing this with (2.10) for v = 1/2 gives the following since

I (z) = \/%sinh(x).
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Corollary 2.5. Suppose that ﬁ = f%, v e (—1,0), and p > —1. Then, for y < z < a we have that the
law of me’y conditioned on the event [R, > R,] is that of the first hitting time of (a™ —y~")?/4v? by a
3-dimensional squared Bessel process started at (a™" — z7")% /412,

1—zx

Note that, since lim,_,o = = —logx, when y > 0, we obtain that the above conditional laws converge
as v — 0 (and, thus, as p — —1) to that of the first hitting time of (log+/a — log \/ﬂ)Q by a 3-dimensional
squared Bessel process started at (logy/a — log+/2)?. This can be viewed as the analogous statement of the
above corollary when v =0 and p = —1.

Next we look at the case when y > z > 0. Observe that the function u; as defined in the theorem below
is still well defined and finite at z = 0 in view of, e.g., the series representation of I, in (2.5).

(p—‘flxpﬂ). Then,

Theorem 2.2. Suppose that p > 0, y > z, and v € (=1,0). Let ui(x) := [ v

FES

(Mt(/%]l%)y)tzo is a bounded martingale with

u u ’LL/ X vV
1[t<Ry]th( 1) _ 1[t<Ry]Mt( 1) ( (VXy) . >dBt,

u(VX) VX

for any y > 0.

Proof. Note that [R < R,| has a positive probability. Thus, we have to pay attention to the behaviour of
w(x) = u1(y/Z)r~% at = 0. Observe that under our assumptions, 757 > —1, thus it follows from the series
representation of I, that w(0) > 0 and is finite since I, (1) < oo for any «. Next, we will show that w has
an absolutely continuous derivative over [0, 00). Using the recurrence relations (see Section 3.7 in [19])

In_1(2) + Ini1(z) = 2I'(z), and
5 Tom1(@) = Luni(2)) = aly(a),
we obtain that
(2.17) I(@) = L1 (2) + S La ().

Using this identity it follows from direct calculations that
W' (z) = Ql«ip‘é‘l] ﬂx%“
2 "\p+1 ’

p+1 . v+p+1 .
2 ) asz — Oisxz™ 2z, wesee that lim,_,ow’(z) =0

Lklx
P+
when p > 0. Therefore, we obtain immediately from the ODE (2.3) that when p > 0 lim,_,o 2w”(z) = 0 for
€ (—1,0). On the other hand, when p =0 and v > —1,
w'(z) A1 La(VAz)
W)~ 2Vhe L(Vaz)

by another application of (2.17). Thus, in view of the asymptotics of I, as x — 0

where v = 1+ piil' Since the leading term of I, (

W@ A L@

im = =

=0 w(x) 2 a0 z[,(x)
AT(v+1) A

AT(v+2) 4w+1)

Consequently, lim,_,o2(v 4+ 1)w’ — w = 0 since w(z) > 0 for all z > 0. Again, it follows from the ODE

(2.3) that lim, o 2zw”(z) = 0. However, this condition implies that [’ w”(y)dy exists and is finite. Since
this integral equals w’(z) — w’(0) for any x € [0, 00), we conclude that w’ is absolutely continuous on [0, c0)
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and w’(z) )+ fy w”(y) dy for any z € [0,00). Then, in view of Problem 3.7.3 in [9] we immediately
deduce that

w(X,) = w(XO)—i—/O X)X, dB, +/ {20 (X)) (v + 1) 4 20" (X)X, } ds
= /t2w'(Xs)\/Zst+2/ XPw(X,)ds
0 0

A simple application of integration by parts formula now shows that A (1) is a martingale with the claimed
representation. (I

Remark 4. Observe that uy(xz)x™" is still monotone in view of Remark 1 since under our hypothesis zﬁ >
—2.

Corollary 2.6. Let uy be the function defined in Theorem 2.2 and suppose that the hypotheses therein hold.
Then, we have the following for all z < y:

i) If r >0 and U is Fg, -measurable,

Q? [exp (—TU _ %zp’ y)] D) (2) P2 fexp (—rU))],

ur(vy) \y
S,u
where P‘S " 4s defined by 52 = M(ul) Moreover, under Pf;“, X solves
u (\/Xt)\/Xt )
2.18 dX, =2 2220 1 1) dt + 24/ X, dBy, t <R,
( ) t ( U/l(\/z) t ﬂt > Ly

for some Pf;;jl -Brownian motion f3.

ii) For allr >0 »
otlew (- —351)| 005 () vr

where U is a positive and increasing solution of

(2.19) 220" + 2 (W + 1) v =rv

H
=
D

n (0, 00).
iii) A scale function of the diffusion defined in (2.18) is given by

(2.20) si(z) = /j Wdy, x> 0.

Thus, for any 0 < a < z

v

s (251)] 248 2)* st

Proof. The proof follows the similar lines as in the proofs of analogous results for y < z. The only difference
is that contrary to the previous case the drift term of the diffusion corresponding to the ODE in (2.19) is
only locally bounded. In particular, it is now larger than 2(v + 1), which in turn implies that the solution
is immediately pushed to (0,00) as soon as it hits 0 by comparison results for SDEs. Moreover, being only
locally bounded causes no concern for our purposes since the computations involve the law of the diffusion
until the first time it reaches y. O

Y

Again, since I_; (z) = \/ 2Z cosh(z) we have

Corollary 2.7. p >0, v € (—1,0) and 1=

oy % Then, for y > z we have the following:
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v
Q’ [exp (—TR — 52‘5 )] = COSh( 2 ) (z)
z Y 2, - ’
2 P cosh (—%y*”) ¥(y)

where ¥ is a positive and increasing solution of

A
(2.21) 220" + 2 <1/ +1+VAz " tanh <—\2Cm_”>> v =rv

on (0,00).

ii) The function $1 is, up to an affine transformation, given by tanh (—\f)\i;).
iii) For0<a < z,

(2.22) Q6 |:1 o ( >\26 ):| sinl (*\F)\ZL 2_u—a7 )
. [Re>Ry) XP | =5 %p,2, = —v_g-v\
: ! 2 P sinh (—\Aiy o )

Proof. Only part iii) needs proof. Note that
s Aos cosh (f
Qz |:1[Ra>Ry] exp (_QEp,z,y):| = (

z”’) tanh (f‘/—,}x*”> — tanh <f—’\a*">

2 2
cosh ZU_”) cosh (—%y—”) — tanh (— a—V) .

VA, — v,
cosh (—2yz ) {tanh (— x ) — tanh <_2ya )}

sinh (fgz*”) cosh (fga*”) — cosh (72—‘62”’) sinh (fga*”)
cosh ( \{a—l’)

v

sinh (—%z‘”) cosh (T‘Ga"’) + cosh (—%z‘”) sinh (%a‘”)

v

cosh (f%a*”)

o ®
YIS ¥l
N

¥

On the other hand,

o
YIS

sinh (% (av — z‘”))

cosh (— %a_’/) ’
which yields the claimed representation. O

Note that in fact we do not need to assume p > 0 for part iii) of the above result to hold, since X is never
0 before R, for 0 < a < z. Moreover, (2.22) and (2.16) are the same. Thus,

Corollary 2.8. Suppose that p—j_l = —%, v e (—=1,0) and p > —1. Then, for y > z > a we have that the
law of Eg’z’y conditioned on the event [R, > Ry] is that of the first hitting time of (a™" —y™")?/4v? by a

3-dimensional squared Bessel process started at (a™" — z7")? /4v2.

We end this section with a scaling property which will be useful in the subsequent section. It is a direct

consequence of the scaling property of BESQ? applied to the definition of Egﬁoyy.

Proposition 2.1. Suppose that p > 0,v € (—1,0). Then, we have the following identity in law for any
y 2> 0:

p+lyd A 6
Y Z17,0,1 - Z17’0,.1/'
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2.2. The case v > 0. Recall that when v > 0 the point 0 is polar for X. Thus, one can prove without any
difficulty that M (1) where u, is as defined in Theorem 2.2, is a martingale stopped at R,. Note that for
v > 0 the random variable 2270’?! is well-defined and finite even in the case p € (—1,0). Indeed, Corollary

XI.1.12 in [15] show that
1 1 P 2p
/ Xrds L (/ YS‘st) ,
0 0

where X is a BESQ*¥*+D(0) and YV is a BESQQ(”ﬁH)(O). Since —;Tp > 0 whenever p € (—1,0) we

easily deduce that the random variable on the left-hand side of the above identity is finite. Since a Bessel
process with a positive dimension never comes back to 0 again this yields the finiteness of f(f XPds for all

€ > 0, which in turn implies the finiteness of Zp 0,y-

Theorem 2.3. Suppose that p > —1,y > z, and v > 0. Let uy be the function defined in Theorem 2.2.
Then, (Mt(/\R )t>0 is a bounded martingale.

Recall that BESQ? is transient when v > 0, thus Q% (Ry < 00) =1 whenever y > z. Consequently, we
can deduce the following.

Corollary 2.9. Let uy be the function defined in Theorem 2.2 and suppose that p > —1,v > 0. Then, we
have the following for all z < y:

i) If r >0 and U is Fr,-measurable,

v

a0 3] S () e

where POt is defined by d M(ul) Moreover, under P2y, X satisfies (2.18).
ii) For allr 2 0

%[ <—7«R )| - () e

where U is a positive and increasing solution of (2.19) on (0,00).
ili) For any a < z

0 [t (~25.,)] - 202 (2) 2=t

where $1 s as defined in (2.20).
Analogous to Proposition 2.1 we have the following scaling property.
Proposition 2.2. Suppose that p > —1,v > 0. Then, we have the following identity in law for any y > 0:

p+1 ) )
E1)01 EpOy

We now return to the case y < z.
Proposition 2.3. Let ug be the function defined in Theorem 2.1 and suppose that v > 0,p > —1. Then, we
have the following for all z > y:
i) If r >0 and U is Fg, -measurable,

ol 3] 356

5 u
where P5 o js defined by 7T, v’ - M(“") Moreover, under P>%, X satisfies (2.11) until R,,.

z,y 7
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ii) Forallr >0

oo (- 353.0)] - 503 (5) 665

where ® is a positive and decreasing solution of (2.12) on (0,00).
ili) For any a > z

& [tinmew (555, )] = eV (2) 7 )l

where So s as defined in (2.14).

Proof. We will only give the details for the parts of the proof that differ from the analogous results of the
previous section. Observe that (Mt(/l\“]]%)y)tzo is a uniformly integrable martingale when X starts at a value

larger than y. Thus, using the Optional Stopping Theorem, we obtain
uo(vZ)z PR fexp (—rU)] = QF [exp (—rU) M|

_v A
= Qg |:1[Ry<oo]u0(\/§)y 2 exp <_TU - 222,2,y>:|

+Q3 [1[Ry:m]Mc§gO)} :

For v = 0, R, is finite a.s., hence the claim. In case of v > 0, we still obtain the formula since, on the set
[R, = 0], Zg%y = 00 as well as ug(00) = 0 due to the transience of X.
Using the recurrence relations for K, as in Corollary 2.2, we can deduce that

u (Vo) _
SOVEIVE <y,
uo(v/x)
and the left-hand side of the above inequality converging to the right-hand side as = tends to 0. Thus,
solution of the SDE given by (2.11) until the first time it hits 0 is less than that of

dXt = 2(—V + 1)dt + 2\/ |Xt‘dﬁt
Note that if v > 1 the drift of the above SDE is negative hence its solution corresponds to a squared Bessel
process of negative dimension. This SDE has a unique strong solution and it stays (—oo, 0] as soon as it
hits 0 (see Section 3 of [6]). Thus, we conclude by means of comparison results for SDEs that there exists a
solution to (2.11) until R, for every y > 0.
The ODE (2.12) has increasing and decreasing solutions which can be determined as before via the Laplace
transforms of the first hitting times of the the diffusion on (0, 00) with the generator

A:2xd2+2(W+l> d

dx? uo(\/) da’

which is killed as soon as it reaches 0.

As before, using the explicit form of K 1, one gets

v _ 1 . .
Corollary 2.10. Suppose that i1 = 3 and p > —1. Then, for y < z we have the following:

i)
pY v | 2 P
Q2 o (<rit, - 555, )| = Lo (VAT ) TEL

where @ is a positive and decreasing solution of
(2.23) 220" + 2 (—V +1-— ﬁx”) v =rv

on (0,00).
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i) The function Sy is, up to an affine transformation, given by exp (\[\%)

ili) Fora > z
Q5 1 ex 7526 = zex 7\/Xzy_yy
z | L[Ra>R,] €XP 9 “p.2y v P 2v

v sinh (ﬁau;u>

exp (VAZ) —exp (VA
exp (\A%) — exp (\f)\

)
)

N EA R

(2.24) = y—uf
Z” sinh (ﬁ“ o )
As in the case with T—T—l = —% we get
A v, —V _ VU sinh (\/Xayzzy>
Qj |:eXp (_222727?/) ‘Ra’ > Ry:| = yfl/yfl/ _ a*V . VQ, v
z" Z @7 sinh (\/Xa o )
1— (g)” sinh (\F)\“VQ_DZU)
T ()7 s (VA%
_ au_yusmh(\/»a{lf )
a” = 2" ginh (\f)\a;y )
and hence

Corollary 2.11. Suppose that pil = % and p > —1. Then, for y < z < a we have that the law of 227241

conditioned on the event [R, > R, is that of the first hitting time of (a¥ — y*)*/4v? by a 3-dimensional
squared Bessel process started at (a¥ — z¥)?/4v2.

Similarly, since I1 (z) = 27 sinh(z) we have

x

Corollary 2.12. p > —1 and p—il = % Then, for y > z we have the following:

i)

Y y¥ sinh (%z”) U(z)
Q‘z exp | —rRy, — 722’2774 = ,
) z¥ sinh (%y”) ¥ (y)

where U is a positive and increasing solution of
A
(2.25) 220" + 2 <—V + 1+ VAz” coth <\2fx”>> v =rv
v

on (0,00).
il) The function $1 is, up to an affine transformation, given by coth (\F/\;—V)
iii) For0<a < z,

- Ziysinh (ﬁ%) -

Remark 5. Comparing parts i) of Corollary 2.4 and 2.10 immediately gives us that, for z > y, the dis-
tributions of Ei,z,y are different when v has different signs. On the other hand, Corollaries 2.5 and 2.11
imply that they have the same distribution once they are conditioned on the event that the mazimum of the

underlying squared Bessel process is less than a by time R,. Same conclusion holds when z < y.

\  sinh (VX252
ooy )| )
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3. SMALL BALL PROBLEM AND CHUNG’S LAW OF ITERATED LOGARITHM

The small ball problem (also called small deviations) for a stochastic process Z = (Z;)ic7 consists in

finding the probability
Pl Z] < €] as € — 0,
||-]] is a given norm, usually LP or L*°. It is connected to many other questions, such as the law of the iterated
logarithm of Chung’s type (Chung’s LIL for short), strong limit laws in statistics, metric entropy properties
of linear operators and several approximation quantities for stochastic processes. The determination of the
above probability is not feasible other than in a very few cases and one is inclined to consider the asymptotic
behaviour of
—logP[||Z]| < €] as € = 0.

The solution to the latter problem is also not available in full generality. However, one can get this asymptotic
behaviour for Gaussian processes (see, e.g., [12] and [11]) or real-valued Lévy processes (see [2]). There is a
large amount of literature on small ball probabilities in the Gaussian setting and one can consult the survey
article [12].

As one can expect from the computations made in the previous section, we will be interested in the small
ball probabilities for the stochastic process (X¢);>0, and the “norm”

Ry P
1Z ]y = / Zfpdt)

where p € (0,00) and R, = inf{t > 0: X; = y}. Observe that the above definition is not a real norm unless
p > 1, however, as the results in this section does not depend on whether | - ||, , is a true norm, this is not
a problem. Our results and proofs are close in nature to the results of [10].

Interestingly, the small ball probabilities for X under the above norm does not depend on its index, v, as
seen from the next theorem.

Theorem 3.1. Let X be a BESQ® as defined by (2.1) with § > 0, and R, = inf{t > 0: X, = y}. Then,
one has, for z >0 and y > 0,

i ,ll 1) “AlXIE = — Byt
)\1_{[;0)\ 2 log Q2 [eXp( Al Hp,y)] p+1 z 2 Yy
1 pt+1 pt1\2
- p s = —— —(z77 —y =z
lim ePlog @ [[| X1y <] = S ES AN ) '

Proof. Let w(x) = u(y/r)r~% where u = ug (resp. u = uy) for y < z (resp. y > z) and ug and u; are as
defined in Theorems 2.1 and 2.2, respectively. Then, it follows from the results of the previous section that

V2XA"2 log QF [exp <—;|X||£,y>} _ \@log\;}(z) B \@log\;}(y).

Moreover, when u = ug,

L ogw(@) . loguo(Va)
A—00 \/X A—o00 \/X
pt1 VA B
p+1rxo0 \/X ptl
ijT logKM ()\)
= lim Pl
P+ 1 x50 A

However, using the asymptotic expansions in (2.7) we obtain that for any « > 0,

lim 28 Ko _
A—00 A
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This shows that when y < z

. 1 s V2 | e pt1l
Jim 77 log QZ [exp (—AIIXIIF, )] = ey
. . . logI_v_(x) ) .
In order to show the above limit when y > z, it suffices to show that lim, ,,. —%~— = 1, which again

follows from (2.7). This completes the proof of the first assertion of the theorem.
The second assertion follows by applying de Bruijn’s exponential Tauberian theorem (see Theorem 4.12.9

2
1n[4])toa=—1andﬁ:m(z”#—y%“) . O
Observe that Eg,oy is an increasing process when indexed by y. We will next use the above theorem to
obtain Chung’s LIL for (Ei,o,y)yzo-
Theorem 3.2. Let ¢(y) := %. Then, for any v > —1 and p > 0 one has
»? 1
lim inf —2%Y — 55 Qg—a.s..

y—oo Bly)  2(p+1)

Proof. Tt follows form Theorem 3.1 that

1
. 5 [y6 _
limy = log Q0 Fpo1<el = 2(p+1)%’
thus, for sufficiently small €,

K
Qg [2270’1 < 5] < exp (_s) ,

where K is a fixed, but arbitrary, constant in (0, m) Fix C > 1 and set y, = C™. Next choose k > 0

so that kCP*! < K, In view of Propositions 2.1 and 2.2, we get for all large n

Qg [260 <k¢)(yn+1)] _ Qg 2501<Lp+1
p,0,Yn Py, loglog yn+1

K __K __K
< exp (WIOg((n+1)logC)>(1ogO) KCPFT (n 4 1) *erTT,

which is summable in n. Therefore, by the first Borel-Cantelli lemma, we have that, a.s. for large n,

5
Zp.o.un > k. On the other hand, for y € [yn, Yn+t1],

¢(yn+1)
S0 = 0.y 2 kd(ynt1) > ké(y),
which shows that

DI s
liminf —22% > k. Qo-a.s.,
y—=oo  P(y) 0
and thus
P 1

lim inf —2%¥ >
y—oo Ply) — 2(p+1)

5
5> Qo-a.s.,

by the arbitrariness of C, K and k.
We now turn to prove the reverse inequality. First, let’s observe that
5

b
BN p,0,y 5
(3.1) hyrgg.}f o < 00, Qp-a.s..

The above claim follows from a direct application of Fatou’s lemma since 22707?/ 4 ypHEg?O’l
Next, fix an € > 0, let y, = n™ and consider the events

Ry’n.
By = / XPds < (1+ 26)L1)2¢<yn)

R 2(p +

Yn—1
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It follows from the strong Markov property of X that E,s are independent, and we will now see that E,s

occur infinitely often due to the second Borel-Cantelli lemma. Indeed, by the definition of Ep 0,y » We obtain

QB > Qf Sy, < (420510000
1
- % [Eg’o’l =025 1)210g10gyn]

1+e¢ 1
> eXp( 7 oe loglogyn> = T

where the second inequality is due to the fact that, for a given & > 0, Q9 [ 2,01 < 77} > exp ( (1+¢)s (p+1)2 )

—L__ is not summable, it
nlogn

follows from the Borel-Cantelli lemma that E,, occurs infinitely often. As e was arbitrary this allows us to
conclude, a.s.,

for sufficiently small 7 in view of the convergence result of Theorem 3.1. Since

Ry

i Ry, 8D
imin < )
Thus, Q)-a.s.,
¥, »o 1 30 p+1 1
(3.2) lim inf —2:%:¥n < liminf P,0,Yn—1 + — liminf P,0,yn—1 Yn—1 n

noe Glyn) T omoee Gyn) 0 2p+1)2 0 moee pPHL B(yn)  2(p+1)2
On the other hand,

P11 loglognn®+1)
¢(Yyn) ~ nptl ’

which converges to 0 as n — oco. Therefore, in view of (3.1) and (3.2), we obtain

0 1
lim inf —2%:Yn <
nooo P(yn) ~ 2(p+1

2R QJ-a.s..

Remark 6. We can in fact extend the above result so that for all z >0

P 1
lim inf —22¥ —

vooo G(y)  2(p+1)
Indeed, using the strong Markov property of X we have the decomposition

§ 1) §
2p 0,y — ZPO P Zp,z Y

s
5, Q%-a.s..

where Ep 0,, and Eg .y are independent. Dividing both sides by ¢(y) and letting y — oo yields the result.

Another formal check to this result can be performed by observing

P P
25 +126 i p+125 p’y’1 d o p, y’l
Pzy P, 2,1 p0,1'v5 P0,y 528 ’
p,0,1 p,0,1

8

E 1
yv . . 6 .
and that L converges to 1 as y — 0o once we identify EP>§’1 with

Ry
XPds,
Rz
Yy

where X is BESQ®(0).
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4. FELLER PROPERTY AND ‘TIME REVERSAL’

In the previous section we have proved a law of iterated logarithm for Eg,o,y by considering it as a process

indexed by y. In this section we will see, for v > 0, that it is in fact an inhomogeneous Feller process and
find its infinitesimal generator.

First of all, it immediately follows from the strong Markov property of X that (22704}, FR,)y>0 is Markov.
Suppose P, , is the associated semigroup, i.e. P, ,f(a) = Qg[f(zg’oﬁy)m‘s’o’z = a). Since the increments of
(Eg,o,y)yzo are independent, we have for any bounded measurable f

(4.1) P = [ fla s 0QU,.., < ab),

Let Cy denote the class of continuous functions on Ry that vanish at 0 and oco. (4.1) readily implies that
when f € Cy, P, ,f € Cy as well. Moreover, it follows from Corollary 2.9, and the observation that u; is
finite at 0, that for each z > 0 the measure Q% (me’y € db) converges weakly to the Dirac point mass at
0 as y | z since its Laplace transform converges to 1. Therefore, lim,,. P, , f(a) = f(a) and consequently
(Eg’o,y, FR,)y>o0 is Feller.

The form of the infinitesimal generator of (Ei,o,y, FRr,)y>0 will follow from the following theorem.

Theorem 4.1. Suppose that v > 0. Then, for every x > 0 there exists a decreasing function 7(x, ) satisfying

- —3b=(y :EM 50
/Oe (w,0)db =TT, A€ (0.0),

where w(zx) :=x~ 21 v_ (ﬂ pTH) Moreover,

Qd {exp (=A% 0.4) 1Z00.. = a} —e M o
(4.2) lim = / {e*’\(aﬂ’) - e”‘“} 7(z,db),
ylz y—=z 0

where 7(z,db) := —7(z,db) for b > 0. In particular,

1
/ br(z,db) < oo.
0

Proof. In view of the strong Markov property of X,
A _2a A
Qg [exp <_222,0,y) Eg,O,z = G,:| =e 2 Qg |:6Xp (_QEg,z,y)] .

Thus, it follows from Corollary 2.9 that

o {eXP (=3%5.04) ‘ZgOz = a} — 30 5 Ay
0, 0, exp (—2% —1
lim _ e—%a lim QCD [ p ( 2 ’y)]
ylz Yy—=z ylz y—z
w(z) ,
(4.3) = e Fom W -zl (Z)
ylz Yy —=z w(z)

On the other hand, using integration by parts, we obtain

A S
ch [exp (—222’“/)] -1 = / e_be‘;(Eg’z’y edb)—1
0
AT
(4.4) - 2 /0 e 30Q3 (S0 > b)db.

It is well-known (see Corollary 3.8 in Chap. VII of [15]) that

dy0 _ Y D
Qz[zp,z,y} - / €T G(z,x)m(dm),
0
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where m and G are the associated speed measure and Green’s function, respectively. In our case, these are
given by

v

m(dzx) = ;—de; G(z,x)=—-y "+ (xV2)".

Consequently, the above formula yields
prrl — optl

S8
b3 = ,
M S RS
which in particular implies that II(z,y,db) := %Qg(zg’z’y > b)db is a probability measure on

[0, 00) for each (z,y). However, (4.3) and (4.4) imply that II(z,y, -) converges weakly as y tends to z to some
probability measure, I1(z,-) on [0, 00) which satisfies!

(4.5) L ()\> = /OOO e_%bﬁ(z,db) = Apty 1)z_pwl(z).

2 A w(z)

Moreover, since Q° (Eg%y > b) is decreasing in b for each (z,y), the limiting measure II is necessarily of the
form
ceo(db) +2(p+ v + 1)27P7(2,b) db,
where ¢¢ is the Dirac point mass at 0, ¢ a nonnegative constant, and 7(z, -) is a decreasing function for each
z. In particular, 7(z,00) = 0. In order to find the constant ¢, it suffices to check the value of the function L
at oo. However, using the explicit form of w,
)
=0

5

/!
p+1/+1[,ﬁ (p+

=

p— 1 p = 1 =
i S B ey, W=y (5-5)
p+1 \ p+1
since L r lou I
T—00 T Ia(x) T—00 2
due to (2.7).

Thus, we have shown that

/ 9 _Aye -1 00
W) gy, G lew (£3%)] A/ e 37 (2,b) db.
0

w(z)  ylz y—z 2

Since T is decreasing with 7(z,00) = 0, we obtain by integrating by parts

o {QXP (—2%.0.) ‘Zg,o,z = “} e NS
lim = 675(1/ {eifb — 1} 7(z, db)
Yz y—=z 0

where 7(z,db) = —7(z,db). Finally, note that one necessarily has

1
/ br(z,db) < oo,
0

since otherwise L, as defined in (4.5), would have been infinite. O

A
2(1

s s
Q:(Zpzy>b) gy

P ) converges vaguely to a finite

The above theorem yields that the sequence of measures (

measure on (0,00) as y — z. Thus, for any f € Ck(Ry,R), i.e. the space of continuously differentiable
functions with a compact support, we have
QA (%h0,) [0 =

4.6 li
(4.6) lim 2z

]_f“)Am{ﬂa+wfmnwwdw

1Using the integral representation of I, for o > —%, it is tedious but straightforward to check that this representation holds
for z = 0 as well by taking the limit as z — 0 and showing that L(\) < oco for A > 0.
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In other words, letting B(R;) denote the bounded Borel functions defined on R, if we define the operator
A, : B(R;) — B(R;) by setting

- / T {flatb) — fl@))w(zdb)  for f € Ck(Ry.R),

then we see that the process (M?f)yzo defined by

Mf = f(55,,) — /Af

is a martingale with respect to the filtration (F, Ry)yZO whenever f belongs to the domain of A, for all z > 0.
The form of the infinitesimal generator also reveals the fact that the increasing process (2270)?/)1,20 is purely
discontinuous, i.e. there is no interval (a,b) in which it is continuous.

Remark 7. It follows from the fact that (Ry)y>o is left continuous that (ZpOy)yZO is a left-continuous
process. However, in view of the above Feller property one can obtain a cadlag version of it when we
augment the filtration with the null sets. Existence of a right-continuous version can also be independently
verified by observing that

b e (-4280,)] = 04 o (550

We will end this section by analysing a specific ‘time reversal’ example. To this end let L, := sup{t > 0 :
X; = 2} and suppose that v > 0 so that Q}(L, < oc) = 1 for all x > 0. We will consider the process Z°
defined by

Ly
(4.7) z8 = XPds  Vxel0,1).
Lio
In view of the well-known time reversal results for diffusions, see, e.g., Exercise 1.23 in Chap. XI of [15], the
law of the process (X1, _¢,t < L1) under Q) is identical to that of (X;,t < Ry) under Q7 2”. Recall that
772 (Ry < o0) = 1. Thus, we can write

x

Ri_z
(4.8) z8 = / XPds, X = BESQ* ().
0

Note that the above equality is to be understood in the sense of equality between the laws of the processes.
Due to the strong Markov property of X we again have that (Z )zE[O 1) is a Markov process with respect

+—

to the filtration (F;)ze[0,1) Where ]—"l :=0(Xs; Li—p < s < Ly1). Observe, more easily in view of (4.8), that
Z°, too, has independent increments rendering its Feller property in view of the arguments that led to the
Feller property of (X2 5.0.2)=>0 at the beginning of this section. The next theorem will yield the form of the

infinitesimal generator. Its proof will follow similar lines of the proof of Theorem 4.1 so we will only give the
details when it differs.

Theorem 4.2. Let Z° be as defined in (4.7) and suppose v € (0,1]. Then, for every x € [0,1) there exists
a decreasing function 7(x,-) satisfying

00 11 _
/ e300 by — —2 VA=) 0,00,
| =

p+1
(ﬁxT) . Moreover
pH1 )

where w(zx) := 12 K »
p+1

H —AZ(; Z5 = _ e Aa oo

(4.9) lin Qo [exp (ZAZ)) [Ze = a] —e ™ _ / [ e el oo an),
ylx y—x 0

where p(x,db) := —7(x,db) for b > 0. In particular,

1
/ bp(z,db) < oo
0
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Proof. First observe that in view of (4.8) and the aforementioned independent increments property

A A, A
Qg [exp (—2Z3) ‘Zﬁ = a} —e 3 Q?_r [exp (—22271_3371_11)] ,

where 8 = 2 — 2v. Therefore, the same arguments in the beginning of the proof of Theorem 4.1 yields that
Qf—m(zi,l—m,l—y>b)db

= converges vaguely to some probability measure, II(x,-) on [0, c0) which

the measures
satisfies

(4.10) L (;) = /Ooo e~ 2T(x, db) = iz;’((ll__;”))

Moreover, the limiting measure is necessarily of the form
ceo(db) + 7 (z, b) db,

where ¢ is the Dirac point mass at 0, ¢ a nonnegative constant, and 7(z, -) is a decreasing function for each

8 (5
x. Observe that since foI(Eg}lfx’lfy) = 00, the measures Ql’m(z‘"’;’_”;l’y>b)db are not finite and neither is
their vague limit. On the other hand, we can still conclude that ¢ = 0 since, in view of (2.7), one has
1K! log K.

lim £ Eal@) gy, leKa(®) _

z—oo x K, (2) T—00 2
Next, integrating (4.10) by parts yields

00 "1 —

(4.11) #(, 00) —/O (1— e 307 (x, db) = —M.

Thus, due to the dominated convergence theorem, taking the limit of the above as A tends to 0 yields

!/
lim xK (z) = lim log Ka(2) Ka(z) =—
10 Ky(x) 20 logx

for any « > 0. This in turn yields that

/ \/X p+1
Cw'(@) v op+l . Koy (p+1x 2) VA pi
lim = — 4+ lim z 2z =0,
A—0 w(z) 2z 2z A0 fr A Y p+1

p+1 \ p+1

5 A8\ |76 _ —2a
—%awl(l — ) — lim Q0 [exp (_fzy) |Zw - a] —€: .
w(l—x) yla y—x
Thus, combining above with (4.11) and plugging in the value of 7 (z, c0) yield
s A 78\ | 76 —a
exp(—522)|Z2=a| —e o0
lim Q4 [exp (= y) ‘ 2=q :/ {e_%(‘”'b) - 6_%G}P($,db).
ydx y—x 0

Example 4.1. As an application of the above theorem consider the case when v € (0,1] and pﬁ = s. Then,
the associated 7 is defined by
> —2b~ 1 v—1
e 27 (x,b)db = —(1 — x)
0 VA

in view of the explicit form for K 1. Thus, by inverting the above transform, we have
1
omh

7(x,b) = (1 —z)”*
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This reveals that the infinitesimal generator, A, of Z° is defined by

A= (1) / T {flatb) - f(a) w% b

for any f in C' with a compact support. Consequently,

_ dbdy

5y * _ v—1 > é _ 4 #
1z = [ o= [ 1@ 0 - 12D} 5=

-
is an F-martingale for such f.

Example 4.2. Observe that although Z°, or (Eg,o,y)’ is an increasing process with independent increments, it
is not a subordinator (see [3] for a definition and further properties) since the increments are not stationary.
However, in the above example, if one takes v = 1, then one sees that Z° becomes time homogeneous, i.e.

7% is a subordinator. Observe that v =1 implies p = 1 in this framework. More precisely,
Ly
Z0 =74 = X, ds,
Ll—z

where X is BESQ*(1), is a subordinator. Moreover, Corollary 2.4 and (4.8) yield

A

Qg (exp (f)\Z;L)) = exp ( 2x> .
Thus, Z2 4 Tz, where T}, is the first hitting time of x for a Brownian motion starting at 0.

5. APPLICATIONS TO FINANCE

Our aim in this section is to give some examples arising from some financial models and discuss how the
results from previous sections can be used to obtain prices of certain financial products.

As explained in Introduction the process X is commonly used in the finance literature to model interest
rates. Suppose the spot interest rate is given by X? where p > —1 and X is BESQ’(z) and consider the
following ezotic derivative on interest rates which pays one unit of a currency at time R, if the accumulated
interest is less than k, i.e. 3% _ < logk. This is an example of a digital option and its price, as usual in the

P2,y
Finance Theory, is given as an expectation of its discounted payoff:

D(k;0,p,z,y) = Q) {1[25,2,1,9] exp (_mew)} -

On the other hand, if one computes the Laplace transform of D(k;d,p, z,y), one obtains

)
Epvz~y

/ e Dk 6,p, 2,y) dk = Q) [ / e exp (=351, dk] = Q2 [exp (~(n+ 1T )]

0

which is at our disposal due to the results from Section 2. In particular, the above identity implies
/0 e " ek D(k; 6, p, 2, y) dk = /0 e HuQ? [Eg,z,y € du] ,

hence

(5.1 | eptsp et = Qi (S, <ul. o,
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Moreover, once the function D is determined by inverting the corresponding Laplace transform, one can also
obtain the prices for put options written on the accumulated interest. Indeed, for any K > 1

P2y K) = QU[(K —exp(¥).,)) exp (-3,

K
= Q / Lss . <logk) dkexp (=3, )
1

K log K
(5.2) = / D(logk;d,p, z,y) dk = / e“D(u;0,p, z,y) du.
1 0

Note that for K = 1, i.e when the option is at-the-money since the cumulative interest at ¢ = 0 is defined to be
1, the put option is worthless. We can in fact get how fast the option becomes worthless as K approaches to
1. Indeed, comparing (5.2) to (5.1) yields the following asymptotics for the option value in view of Theorem
3.1:
(5.3) lim log K log P(6; , y, K) ! ( E i)2

. im lo o} 2, Y, =———— |2z — .

lim log K log y 5+ 12 y

The above expression tells us how small the option price becomes when the option is slightly in-the-money,
i.e. when K is very close to 1.

Next, assume y < z and consider another type of a put option on the maximum of the short rate with
maturity R, and payoff (K — max;<r, X;)* for K > 2. The price of this option equals

K
Qg €Xp (_Zf},z,y)/ 1[Ra>Ry] da

_ W()/K 50(2) — 5(a)

uo(vy) \y so(y) — so(a)

in view of Corollary 2.3 and Proposition 2.3, where the pair (ug, $p) is computed by setting A = 2.
Finally, if one is interested in pricing an Asian option on the short rate until time R,, it suffices to use
the identity

K
) §
Qz exp (_Ep,z,y) A 1[maXt§Ry X<a] da

)

5 +

X2, K
Qg K - 2 = exp (_Zg’z’y) = Qg exp (_EZ;Z,?;J A 1[Zg,z,y<kRy] dk
Yy

and invert the joint Laplace transform of R, and mew obtained in Section 2.
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