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ON P-VALENT FUNCTIONS OF COMPLEX ORDER

Abstract. The purpose of the present paper is to derive characterization theorem
and radius of starlikeness for certain class of p- valent analytic functions. In connection
with these results some more properties are discussed.

1. Introduction

Let A, denote the class of analytic functions defined in the unit disc
U ={z:]|z| <1} of the form
(11) f(z):zp+ Z anzna (pEN: {172737})

n=p+1

For -1 < B < A <1, let P(A, B) |8] denote the class of functions which
are of the form

1+ Aw(z)
1.2 =———=
(12) P) = 1 por
where w is bounded analytic functions satisfying the conditions w(0) = 0
and |w(z)| < 1.

o
Let P(A, B, p, ) denote the class of functions p(z) = p+ Z anz" which

n=1
are analytic in ¢ and

(1.3) p(z) = (p—a)pi(z) + @ pi(z) € P(A, B).
Using (1.2) and (1.3), one can show that p(z) € P(A, B, p, «) if and only if
(1.4) (2) = %, w(z) e U,

where v = (p — a)A + aB.
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7T .
For some real A, || < 5 b a non-zero complex number, we designate

Sg‘(A, B, b) as the class of functions f(z) € A, such that

2f'(z)
f(z)

(1.5) p+d < — p) = p(z), for p(z) € P(A, B,p,«),

i\
bcos A\’

This class generalizes various classes studied earlier by Aouf [2], Janowski [§],
Golzina [5], Ganesan [4], Silverman [10] and Polatoglu et al. [11]| respec-
tively. In particular, S(4, B,p, ), S*(4, B),Sa(p), Sp(A, B), S(a,b) and
S*(A, B,b) are all contained in the class S;‘(A, B,b).

where d =

2. Some preliminaries
LEMMA 2.1. [2| Let p(z) € P(A, B,p,«). Then, for |z| <r, we have

— [pB+ (A-B)(p— a)|Br?
1— B2r2

1) [pt -
A— B)(p—
LEMMA 2.2. [2] f(2) € S(A, B,p,a) if and only if

z€eU.

(2.2) zp[lz] . filz) €S*(A,B), zel.

LEMMA 2.3. [9] Iff(z € S*(A,B) (-1<B< A<1), then
2(A - B)

(2.3) =5

arcsinr, |z| =7 < 1.

3. Main results

In this section, a necessary and sufficient condition, radius of starlikeness
for functions belonging to class SIQ\(A, B, b) are determined.

THEOREM 3.1. A function f(2) = 2P + ap12PT + apy22PT2 + ..., belongs
to the class S;,\(A, B,b) if and only if

a(2f1() (v —pB)bcos Az
< f(2) p) = 1+ Bz ’

z€eU.

Proof. Let

i [(2f'(2) B (v —pB)bcos Az
< f(2) p) A 1+ Bz
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Using subordination principle, it follows that
e (') N _ L 0 =pBe(z)  ptaw(z)
beos A \ f(2) pp=»r 1+ Bw(z) 1+ Bw(2)
This implies f(z) € Sp(A, B,b).
Conversely if f(z) € Sz;\(A’ B, b), then for some p(z) € P(A, B,p,«) and

zel, ) /
oor (ZJ{(S) _p) =rlz).

Hence, we have

et (z2f'(2) N _ ptaw(z)
beosh \ f(z) ©) T 1+ Bw(z)
This simplifies into

N (2f(z) ) _ (y-pBlw(2)
beosA \ f(z) 1+ Bw(z)
By subordination principle, it follows that
) / — B
o (2 Y L = pBbeos):
f(2) 1+ Bz

For parametric values p = 1 and o = 0, we get the Theorem 1 in [11]
which reads as follows:

COROLLARY 3.2. f(2) = 2z + a22® + azz® + - - -, belongs to SM(A, B,b) if
and only if

(A— B)bcos Az

e“(%—l>< x5, 270

Abcos Az, B =0.
THEOREM 3.3. If f(2) € Sp(A, B,b), then
£(2)\ 6B

Proof. We define the function w(z) by

% =(1+ Bw(z))%

(y=pB)
where the exponent is so chosen that (1+Bw(z)) F has the value 1 at the
origin. Then, w(z) is analytic in ¢/ and w(0) = 0. Logarithmic differentiation,
yields

212 (v = pB)beos W (2)

f(2) cpP= 1+ Bw(z)
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By Theorem 3.1, it follows that |w(z)| < 1 for all z € U with |w(z1)| =1
such that |w(z)| attains its maximum value on the circle |z] = z; < 1 at the
point z7.

Using Jack’s Lemma in this equality, since |w(z1)| = 1 and k > 1, we obtain

o, (=) o (y—pB)bcosdw(z1)
z1 o) e'p= 1+ Bo(a) = F(w(z1)) ¢ F(U).

But this contradicts Theorem 3.1. Now using (3.1), we obtain

(1)
2P

which completes the proof. m

= [Bw(z)| < B,

For parametric values p = 1 and o = 0, we get the Theorem 2 in [11]
which reads as follows:

COROLLARY 3.4. If f(z) € Sy(A, B,b), then

O
z
THEOREM 3.5. If f(2) = 2P + ap122P*? + api32P™ + -+, belongs to

S;‘(A,B,b), then
G(r,—A,=B,b|) < [f(2)| < G(r, A, B, |b]), zelU

<1, z€eU.

where,

(y—pB) cos A(|b|+R{b} cos \)
2B

r?(1+ Br) ,B#0

G(T, A7 B7 ’b’) = { A(p—a)|b‘COS>\T B == 0

rPe
This bound is sharp, being attained by the extremal function

{ (14 B2) F 2, B#0

(3.2) fi(2) =

Alp—a)

2Pea | B=0.
The radius of starlikeness of the class S;,\(A, B,b) is

re =
(v — pB)|b| cos A — /(v — pB)2[b|2 cos2 A + 4B2 + 4B(y — pB)R{b} cos? A
2[-B? — B(y — pB)R{b} cos? )| '

This radius is sharp, being attained by the extremal function

('ypr)efw‘bcos A
B

fu(2) = 2(1+ B2)
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Proof. Let f(z) € S;‘(A, B,b) and B = 0. Therefore, from (2.1) we have
prd(ZE Y _popB+( —pB)]Br?
f(2) 1— B?r2
Hence we get

z2f'(z)  p(1 — B?r?) — B(y — pB)bcos? \r?

(v — pB)|b| cos A\r
< .
- 1 — B?r?

(v — pB)|b| cos Ar

3.3 — <
(3:3) f(2) 1 — B?r? - 1 — B?r?
zf'(2) . .
The set of the values of ) in the closed disc with center
z
(34) C(r)=
p(1 — B%r?) — B(y — pB)bcos? \r? p(1 — B?r?) + B(y — pB)bcos? \r?
1 — B2%p2 ’ 1 — B2p2
and radius
(v — pB)|b| cos A\r
p(T) = 1 _ BZTQ *
The inequality (3.3) can be written in the form,
zf'(2)
. M < < M-
(35) ) <2 { TEY < anr),
where
p— (v — pB)|b| cos \r + p(B? + B(y — pB)R{b} cos® \)r?
My(r) = ,
1 — B2r2
p+ (v — pB)|b| cos A\r — p(B? + B(y — pB)R{b} cos® \)r?
Ma(r) = 1— B2r2 )

On the other hand
! 0
(3.6) §R{Zf (Z)} :ralog\f(zﬂ.

By considering (3.5) and (3.6) we can write

Ma(r) < 2 log[£(2)] < Malr),

which yields the desired result on integration. If we take B = 0 in the
inequality (3.3) we obtain the complete result.
From (3.3), we have

zf(z) p— (v — pB)|b|cos \r — (B2 + B(y — pB)R{b} cos® \)r?
SRR -5 |
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For r < r, the right hand side of the preceding inequality is positive, which
implies
rs =
(v — pB)|b|cos A — \/(y — pB)2[b]2 cos? A + 4B2 + 4B(y — pB)R{b} cos?
2[—B? — B(y — pB)R{b} cos? )] '

We also note that the inequality (3.3) becomes an equality for the function

('ypr)befi)‘ cos A
B

fu(2) = 2(1+ B2)
Hence the proof is complete. =

THEOREM 3.6. If f(z) € S;‘(A,B,b), then for |z| =r < 1,

f)| _ 2y =pB)
arg 2 | ST=Ba z€eU.
(%5%)
Proof. From (2.2) fZ(Z) = <f1£2)> where fi(z) € S*(4, B). From

(2.3), the desired inequality follows. m
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