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SIMPLIFIED MATHEMATICAL MODEL OF GROUP OF OVERHEAD POWER LINES 
MAGNETIC FIELD 
 
Aim. The method for design of simplified mathematical model of the group of overhead power lines magnetic field allowing to 
reduce the number of conductors which are taken into account in the model and field and allowing to reduce the sensitivity of the 
model to plant parameters uncertainty is developed. Methodology. The method based on the multi-criteria game decision, in 
which the payoff vector is calculated on the basis of the Maxwell equations quasi-stationary approximation solutions. The game 
decision based on the stochastic particles multiswarm optimization algorithms. The implementation of the method is carried out 
when determining the number, configuration, spatial arrangement and currents in conductors based on simplified mathematical 
model of the group of overhead power line magnetic field in a given space area. Results. Computer simulation and field 
experimental research results of simplified mathematical model on the example of the group of four overhead power lines 
magnetic field including 21 conductors where based on the developed simplified mathematical model of the magnetic field, the 
number of conductors taken into account in the model is reduced to 6, and the modeling error does not exceed 4 %. Originality. 
For the first time the method for design of simplified mathematical model of the group of overhead power lines magnetic field 
based on the stochastic particles multiswarm optimization algorithms, which allows to significantly simplify the simulation by 
reducing the number of conductors that are taken into account in the model and to reduce the sensitivity of the model to plant 
parameters uncertainty, and at the same time limit the modeling error at the engineering level to 5-10 %. Practical value. 
Practical recommendations on reasonable choice of the minimal number, configuration, spatial arrangement and currents in 
conductors for the simplified mathematical model of the group of overhead power line magnetic field. References 32, figures 6. 
Key words: overhead power lines, magnetic field, simplified mathematical model, computer simulation, field experimental 
research. 
 
Цель. Разработан метод построения упрощенной математической модели магнитного поля группы воздушных линий 
электропередачи, позволяющий уменьшить количество проводников, которые учитываются в модели для снижения 
чувствительности модели к неопределенности параметров объекта управления. Методология. Метод основан на 
решении многокритериальной стохастической игры, в которой векторный выигрыш вычисляется на основании 
решений уравнений Максвелла в квазистационарном приближении. Решение игры находится на основе алгоритмов 
стохастической мультиагентной оптимизации мультироем частиц. Реализация метода осуществляется при 
определении количества, конфигурации, пространственного расположения и токов в проводниках на основе 
упрощенной математической модели магнитного поля группы воздушных линий электропередачи в заданной области 
пространства. Результаты. Приводятся результаты компьютерного моделирования и полевых экспериментальных 
исследований на примере группы из четырех воздушных линий электропередачи, содержащей 21проводник, где на 
основе разработанной упрощенной математической модели магнитного поля количество учитываемых в модели 
проводников уменьшено до 6, а погрешность моделирования при этом не превышает 4 %. Оригинальность. Впервые 
разработан метод построения упрощенной математической модели магнитного поля группы воздушных линий 
электропередачи на основе алгоритмов стохастической мультиагентной оптимизации мультироем частиц, 
позволяющий существенно упростить моделирование за счет уменьшения количества проводников, которые 
учитываются в модели для снижения чувствительности модели к неопределенности параметров объекта 
управления, и при этом ограничить погрешность моделирования на инженерном уровне 5-10 %. Практическая 
ценность. Приводятся практические рекомендации по обоснованному выбору минимального количества, 
конфигурации, пространственного расположения и токов в проводниках упрощенной математической модели 
магнитного поля, создаваемого группой воздушных линий электропередачи. Библ. 32, рис. 6. 
Ключевые слова: воздушная линия электропередачи, магнитное поле, упрощенная математическая модель, 
компьютерное моделирование, полевые экспериментальные исследования. 
 

Introduction. The World Health Organization stated 
that exposure to extremely low frequency magnetic field 
(MF) at power frequencies 50-60 Hz could lead to an 
increased incidence of cancer. This leads to modern world 
trends on stricter sanitary standards for the power 
frequency MF. In particular, in Ukraine the reference level 
is 0.5 µT for living space [1]. Many of overhead power 
lines (OPL) often pass in the residential areas and 
generated a MF, the level of which often exceeds Ukraine 
sanitary standards, that poses a threat to public health [2, 3]. 

Ukraine’s electricity networks are characterized by 
high density, and especially near high-voltage power 
substations. There is usually a group of overhead OPL, in 
the immediate vicinity of which can be located residential 
buildings. As an example in Fig. 1 is shown a photograph 
of the location of 4 group of OPL including 21 
conductors, generating MF, the magnetic flux density 
level of which must be reduced in the considered space. 

 
Fig. 1. Group of high voltage power lines 

 
Active contour shielding methods are most 

economical for securing sanitary standards [3]. The 
systems of active shielding (SAS) synthesis method 
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developed in [4-9]. In SAS usually use simultaneous open 
loop and closed loop control – two degree of freedom 
system [10-14]. 

The initial data for the synthesis of the SAS are the 
parameters of the transmission lines (working currents, 
geometry and number of wires, location of the 
transmission lines relative to the protected space) and the 
dimensions of the shielding space and magnetic flux 
density sanitary standards level, which should be achieved 
as a result of shielding [15-22]. 

The complexity of the synthesis problem solving of 
SAS is determined by the number of OPL conductors. 
Naturally, taking into account all OPL conductors that 
generated MF in the shielding zone, the task of 
synthesizing the SAE is complicated. 

Therefore, it is relevant the approach to synthesis of 
SAS, which makes it possible to simplify the solution to 
the synthesis problem by taking into account a smaller 
number of wires in comparison with the original problem.  

In this approach, the problem of approximating of 
the initial MF measured as a result of experimental 
studies with the help of several wires is solved. 
Depending on the required accuracy of approximation, the 
number of wires taken into account can be reduced to six, 
three or even two wires, which can significantly simplify 
the solution to the problem of synthesis of SAS. 

The SAS plant parameters are known uncertainty 
[22-28]. In this case, the main uncertainty in the synthesis 
of this SAS is the variation of the bus currents in different 
OPL, which leads not only to a change in the magnetic 
flux density level, but also to a change in the position of 
the space-time characteristics (STC) of the MF in the 
shielding space due to the relative redistribution of the 
vertical and horizontal components of the magnetic flux 
density vector generated by various power lines. 
Therefore, the such simplified mathematical model of the 
initial magnetic field must be robust [22-28]. 

The goal of this paper is to develop the method for 
designing of mathematical model of the group of overhead 
power lines magnetic field, which allows to significantly 
simplify the simulation and at the same time limit the 
modeling error at the engineering level of 5-10 %. 

Problem statement. Let us first consider the initial 
mathematical model of a magnetic field generated by 
group of OPL. In the future, we will call this model 
accurate. Consider the group of OPL consisting of K 
OPL. Each K OPL consists from Lk wires. At first, we 
conduct experimental research of the magnetic flux 
density level both in the shielding space and near the 
power transmission line. Based on the obtained data, we 
solve the problem of identifying currents in initial OPL 
wires, at which the sum of the squared errors of the 
measured and model values of the magnetic flux density 
at given points is minimized. 

Based on the calculated current wires levels we set 
the instantaneous current value Ilk(t) at time t in lk wire in 
k OPL in the following form 

   lklklk tAtI   sin (1) 

Consider the lk wire of any rather complex 
configuration with an instantaneous current value Ilk(t) at 
time t in the form of n vector elementary segments Li of 

sufficiently short length. Then the total magnetic flux 
density vector Blk(Qj, Ilk(t)) at the considered point Qj, 
generated by n elementary segments of a lk wire with an 
instantaneous current value Ilk(t) can be determined [2, 3] 
on the basis of a quasistationary solution of the Maxwell 
equation in the following form 
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where 0 is the vacuum permeability, Lix – vector 
differential element at the direction of current; Ri – vector 
whose magnitude Riis the distance from the source to 
the observation point Qj. 

Then the total magnetic flux density vector B(Qj, I(t)) 
at the point Qj, generated by all Lk wires by all K OPL can 
be represented as follows 
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where the vector of instantaneous currents I(t) at time t of 
all Lk wires of all K OPL is introduced, whose 
components are instantaneous current value Ilk(t) at time t 
of lk wire. 

We introduce the vector X of the required 
parameters, the components of which are the number, 
configuration, spatial arrangement and currents in 
conductors of overhead power lines for the simplified 
mathematical model of the initial magnetic field. 

Then for simplified mathematical model the total 
magnetic flux density vector BM(Qj, IMlk(t)) at the same 
point Qj, generated by all LMk wires of model can be 
represented as follows 
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in which the total magnetic flux density vector 
BMlk(Qj, IMlk(t)) at the considered point Qj, generated by n 
elementary segments of a lMk wire of model with an 
instantaneous current value IMlk(t) can be determined [13] 
on the basis of a quasistationary solution of the Maxwell 
equation coherently (1). 

The vector of instantaneous model currents IM(t) at 
time t of all LMk wires of model is introduced, whose 
components are instantaneous current value IMlk(t) at time 
t of lk wire. 

Consider the magnetic flux density vector 
E(Qj, X, IM(t), I(t)) of error between the initial magnetic 
flux density vector B(Qj, I(t)) and magnetic flux density 
vector BM(Qj, IM(t)) of approximate mathematical model at 
the considered points Qj at time t 
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To estimate the simplified mathematical model error 
we calculate the effective value E(Qj, X) of the error 
vector E(Qj, X, IM(t), I(t)) by numerically integrating the 
squared modulus of the error vector over the time interval 
T = 20 ms of the period of the magnetic flux density 
vector change  
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Method or designing. In the designing of the 
simplified mathematical model (3), the mathematical 
model of the original MF (2) is known inaccurately 
[19, 20]. In particular, currents in current conductors that 
have daily, weekly, seasonal variations are approximately 
known. Therefore, we introduce a vector  of the 
uncertainty parameters from their nominal values used in 
the design of the approximate mathematical model. Then 
the problem of design of the robust approximate the 
mathematical model is reduced to the determination of 
such a vector X of the required parameters, the 
components of which are the number, configuration, 
spatial arrangement and currents in conductors of 
overhead power lines for the approximate robust 
mathematical model of the initial magnetic field and the 
vector of uncertainty parameters , at which the maximum 
value of the magnetic field induction at selected points Pi 
of the considered space P assumes a minimum value for 
the required parameter vector X, but the maximum value 
for the vector of uncertainty parameters  so that 

 iQE
i

,,maxmaxminarg* δXX
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This technique corresponds to the standard approach 
to the design of robust systems for the worst-case [29], 
when the uncertainty parameters  lead to the greatest 
deterioration of the approximated model accuracy. 

The problem (7) can formulated in the form of the 
following multi objective game [30-32] with vector 
payoff 
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the components of which E(X, , Qi) are the error between 
the initial magnetic flux density and magnetic flux density 
of approximate mathematical model in the m  points Qi of 
the space under consideration. 

In the multi-objective game (8), the first player is the 
parameter vector of the approximate mathematical model 
X and its strategy is the minimization of the vector payoff 
and the second player is a vector  of uncertainty 
parameters and the strategy of this player is maximization 
of the same vector payoff [32]. 

Note that the components of the vector payoff (2) 
are nonlinear functions of the required parameters vectors 
X and  are calculated on the basis of the Maxwell 
equations solutions in the quasi-stationary approximation 
[2, 3]. 

To find the multi-criterion games decision from 
Pareto-optimal decisions [30] taking into account the 
preference relations [31], we used special nonlinear 
algorithms of stochastic multi-agent optimization [32]. 

Computer simulation results. Consider the results 
of designing of the simplified mathematical model of a 
magnetic field generated by group of OPL including 21 
conductors. In Fig. 2 are shown layout of group OPL and 
shielding space. The initial MF in the shielding space 
generated by two double-circuit 110 kV OPL (OPL-1 and 

OPL-2), a two-circuit 330 kV OPL (OPL-3) and a single-
circuit 330 kV OPL (OPL-4). 

 
Fig. 2. Layout of group OPL and shielding space 

 
In Figure 3 are shown the isolines of magnetic flux 

density, calculated for the nominal currents of group of 
OPL. 
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Fig. 3. The isolines of magnetic flux density, calculated 

for the nominal currents of group of OPL 
 

Modeling of the magnetic flux density created by 
individual OPL in the shielding space carried out. The 
currents in the wires of all OPL were assumed to be the 
same and equal to 500 A. In Fig. 4 are shown the results 
of calculations of the distribution of the magnetic flux 
density in the shielding space during operation: a) only 
one OPL-4; b) during the operation of two OPL-3 and 
OPL-4; c) during operation of three OPL-2, OPL-3 and 
OPL-4; and d) during operation of four OPL-1, OPL-2, 
OPL-3 and OPL-4.  

Based on the analysis of the dependencies are shown 
in Figure 4 shows that as the OPL is removed from the 
shielding space, the magnetic flux density level of 
generated by this OPL in the shielding space decreases. 

However, in the case under consideration, the 
nominal currents in the OPL-3 and OPL-4 are 2000 A, but 
the nominal currents in OPL-1 and OPL-2 are 1000 A. 
Therefore, despite the fact that OPL-3 and OPL-4 are 
removed from the shielding space at a greater distance 
than OPL-1 and OPL-2, the influence of OPL-4 and, 
especially, OPL-3 on the magnetic flux density level in 
the shielding space can be significant. 

Depending on the required accuracy of 
approximation robust mathematical model the number of 
power transmission wires taken into account can be 
reduced to six, three or even two wires. By dint of 
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approximation robust mathematical model in which only 
two current wires are taken into account, it is possible to 
simulate only weakly polarized field, in which the space-
time characteristic is a strongly elongated ellipse. If the 
space-time characteristic of the initial magnetic field is 
close to a circle, then the minimum number of wires 
is two. 
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Fig. 4. The magnetic flux density distribution in the shielding 
space during operation: 

a) only one OPL-4; 
b) both OPL-3 and OPL-4; 

c) OPL-2, OPL-3 and OPL-4; 
d) all OPL-1, OPL-2, OPL-3 and OPL-4 

Experimental research. Experimental research of 
the magnetic field generated by these group of OPL in the 
shielding space, in which it is necessary to reduce the MF 
level to sanitary standards, are shown that the values of 
magnetic flux density calculated at the nominal values of 
power line currents and measured values are very 
different. 

Therefore, initially, based on experimental research 
of magnetic flux density generated by currents in 21 
conductors of the 4 group of OPL were determined. For 
these currents, the original accurate model of MF (2) is 
constructed. The approximated model (3) was designing 
for this accurate model. The simplified model include 6 
conductors. 

In Fig. 5 are shown the isolines of magnetic flux 
density of simplified model of the magnetic field 
generated by group of OPL. 
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Fig. 5. The isolines of magnetic flux density of approximated 
model of the magnetic field generated by group of power lines 

 
In Figure 6 are shown the dependences of the 

magnetic flux density of 1) simplified model and 
2) measured values. A comparison of the results of 
modeling and experimental research of the distribution of 
magnetic flux density values in the shielding space 
showed that the error between such an simplified model 
and experimental measured values of the magnetic flux 
density level does not exceed 4 %. 
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In addition, this simplified model use for the 
synthesis of SAS. Results of comparison of modeling and 
experimental research confirms the possibility of active 
shielding of the initial MF in the shielding space with the 
shielding factor more than 4. 

In conclusion, we note that designing of simplified 
mathematical model of the initial magnetic field is 
equivalent to synthesis of system of active shielding of 
magnetic field. When designing of simplified 
mathematical model, it is necessary to determine the 
number, configuration, spatial arrangement and currents 
in conductors of overhead power lines for the simplified 
mathematical model of the initial magnetic field. This is 
the vector game solution. 

When synthesis of system of active shielding of 
magnetic field, it is also necessary to determine the 
number, configuration, spatial arrangement and shielding 
coils currents, and the control systems parameters. This is 
also the vector game solution. 

The components of the game vector payoff in the 
design of the approximate mathematical model are errors 
between the magnetic flux density level of the initial and 
approximated moles. And the components of the game 
vector payoff in the design of the of system of active 
shielding of magnetic field are the errors of screening of 
the initial magnetic field by the screening coils of the 
system of active shielding of magnetic field. 

Therefore, when calculating the components of the 
game vector gain for designing of simplified 
mathematical model, it is enough to change the sign in the 
expression for to calculate the components of the game 
vector payoff in the design of the system of active 
shielding of magnetic field. 

Therefore, from the point of view of the 
mathematical statement of the problems of designing of 
simplified mathematical model and synthesis of robust 
system of active shielding of magnetic field are tasks of 
approximating of the initial magnetic field. However, 
when designing of the simplified mathematical model, the 
wires are located in the zone of the power transmission 
line, but when designing the system of active shielding of 
magnetic field, the shielding coils are located near the 
shielding space. 

Conclusions. 
1. For the first time the method of design of simplified 

mathematical model of the group of overhead power lines 
magnetic field which can significantly simplify the 
simulation and at the same time limit the modeling error 
at the engineering level of 5-10 % is develop. The method 
based on reducing the number of conductors that are 
taken into account in the model and on reducing the 
sensitivity of the model to plant parameters uncertainty. 
Depending on the required accuracy of simplified 
mathematical model the number of power transmission 
wires taken into account can be reduced to six, four, three 
or even two. 

2. The design of simplified mathematical model based 
on multi-criteria stochastic game decision, which is 
calculated by multiswarm stochastic multi-agent 
optimization from Pareto-optimal solutions. Multi-criteria 
game vector payoff is calculated based on the Maxwell 
equations solution. The number, configuration, spatial 

arrangement and currents in conductors of overhead 
power lines for the simplified mathematical model and 
resulting magnetic flux density value in the shielding 
space are determined by the simplified model designing. 

3. The results of computer modeling and field 
experimental studies on an example of a group of four 
overhead power lines containing 21 conductors confirm 
the correctness of the developed simplified mathematical 
model and the possibility of reducing the number of 
conductors taken into account in the model to 6 while 
limiting the modeling error to level of 4 %. 

4. It shown, that it is equivalent from the point of view 
of the mathematical statement the problems of designing 
of simplified mathematical model and synthesis of system 
of active shielding of magnetic field are tasks of 
approximating of the initial magnetic field. 
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