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Summary

In the last fifty years, new engineering problems, connected with gravel extrac-
tion, installation of dams and disposal of mine waste into rivers, have risen to
the extent that sediment transport modeling is assuming a key role in realistic
river hydraulic simulations. Floods, meandering, sediment load computation,
river bed aggradation or degradation, channel design and navigation are some

of the problems concerning the sediment transport in rivers.

In literature, different models and numerical schemes have been proposed
in order to describe the river dynamics. Mathematical modeling of river flow
is usually based on the vertically averaged Saint-Venant equations, which ex-
press the conservation laws of mass and momentum for water flow, and the
Exner equation for the conservation of the sediment mass. In this work sev-
eral aspects on the river modeling have been considered. The first purpose is
a clearer understanding of the coupling between water and sediment in order
to better explain the limitations of models in which the conservation equations
are simplified. The second objective is the implementation of an efficient so-
lution procedure. The last aim is the development of a mathematical model
for the non—uniform sediment transport and the extension of the algorithm to
this case. Consequently, the thesis focuses on two main parts: the comparison
between a quasi two-phase and a simplified model and the implementation of a

non-uniform sediment transport model.

In the first part, existing methods for solving 1D morphodynamic system
with uniform sediment transport are reviewed. In the river morphological mod-
els with low sediment concentration, it is often assumed that the rate of bed
evolution is of a lower order of magnitude than flow changes (see e.g. [30, 47
and [13]). In this case, the spatial differences in sediment fluxes are the mainly
responsible of topography changes [19] and the sediment storage in the water is
negligible. Besides, in the momentum equation only the water phase is consid-
ered. Consequently, this simplified models is essentially mono-phase and, due

to its simplicity, has been widely used [5, 22]. Different numerical schemes have
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been proposed in order to numerically solve the problem. The limit of this ap-
proach is its applicability only for lower concentration and Froude numbers (see
e.g. [13, 41]). For this reason a rather complete approach, a quasi two-phase
model, is studied and compared with the simplified approach. The equations of
the model are written for the sediment-water mixture as proposed by Rosatti
and Fraccarollo [43] and Wu and Wang [54]) and, consequently, the sediment
storage in the water column is considered in the continuity equation for the

mass and in the momentum equation.

Firstly, the model equations for the sediment-water mixture are presented.
Secondly, a non-dimensional analysis is carried out for the quasi two-phase model
in order to derive a simplified (essentially mono-phase) model. The equations
for these two approaches are presented and differences with the literature high-
lighted. The eigenstructure of the two systems are compared and a range of
validity pointed out. In the third chapter, both the models are discretized as
proposed by Rosatti et al. [45]. This solution procedure, herein explained, con-
sider the effects of morphodynamics on the flow and vice versa. The schemes are
validated with a reference solution and test cases for both the models performed.
The comparison of the numerical results highlights the differences between the
two systems and the importance of the coupling terms in the time evolution of
the bed in rivers with high sediment concentration. Then, the model is suitable
for mountain rivers where the concentration becomes relevant and with imme-

diately adaptation of the sediment transport to the flow.

Another peculiarity of the mobile-bed models is the description of the non-
uniformity of the sediment. In this second part, the study focuses only on the
sediment gradation in alluvial rivers where, generally, the concentration are low
and an essentially mono-phase model can be used. In conventional models,
the concept of mixing layer is essential. Deeply buried grains have minimal
probability of entrainment into motion and all the bed fluctuations are assumed
to be concentrated in a mixed layer of finite thickness. Indeed, it is known in
literature [4, 28, 52| that only in mixing layer grains can be eroded.

In particular, in the second part, a mathematical analysis and physical in-
terpretation of mobile-bed model with non-uniform sediment is carried out (see
e.g. [42]). In the standard models, the sediment transport capacity is computed
for each class of the grain size distribution curve and the mass balance written
for each grain size class into the mixing layer (see e.g. [4] and [55]). In Chapter 5
a new formulation based on the series expansion of sediment transport formulas
is introduced (see e.g. [3| and [4]) and an analytical derivation of the model

developed in the Section 5.2.1. The model equations describe the time variation
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of the statistical moments of the sediment distribution curve. An approximate
solution for the non-uniform sediment transport is proposed under the assump-
tion that time variation of free surface elevation is negligible and the discharge
of the mixture is constant on the whole domain (see e.g. [30] and [42]). A
system of two equations with unknowns the bed mean diameter and the bed
elevation has to be solved in order to get a simplified solution. This solution
is compared with numerical results. In fact, the standard model based on the
division of the sediment distribution curve is discretized in agreement with the
solution procedure proposed in Chapter (3). In the last chapter, test cases for
non-prismatic channels and unsteady condition are presented and the sensitiv-
ity of the model to the mixing layer thickness highlighted. Finally, in order to
validate the model, numerical results are compared with the experimental data
obtained by Ribberink [42].






Part 1

Quasi Two-Phase and
Essentially Mono-Phase Models

for Water and Sediment Flows






Chapter 1

Governing Equations of Water

and Sediment Two-Phase Flow

In order to simulate the sediment transport process, a variety of mathematical
models have been proposed. In this chapter a briefly review of existing models

is presented and the governing equations for a two-phase fluids explained.

1.1 Literature Review

Model equations for sediment transport processes are generally based on the
conservation laws of mass and momentum, but they can differ in key aspects of
the mathematical description, such as the use of simplified conservation equa-
tions versus equations for the sediment-liquid mixture, the definition and use
of parameterized sediment transport functions, capacity or non capacity models
and mobile-bed resistance.

Capacity models or equilibrium models are applied under the assumption
of local equilibrium between the sediment transport rate and the sediment-
carrying capacity of the flow. More specifically, the solid discharges is assumed
to be computable on the basis of various parameters that characterize the flow
and the transport regime. This concept is not always reliable because the sed-
iment transport rate doesn’t adapt immediately to the local flow condition, as
proved by many authors [8, 56]. Besides, the sediment transport formula are
usually derived for steady flow and are unable to consider the non-stationarity
of the flow. Nevertheless, a definitive description of the adaptation time is not
the argument of this work and the governing equations are derived under the
assumptions of immediate adaptation.

A second main difference among models is between simplified equations for

low sediment concentration and two-phase models for higher concentration. In
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fact, in the case of strong interaction between flow and morphodynamics, the
aggradation and degradation processes are strictly connected with the hydro-
dynamics. Consequently, the conservation equations for mass and momentum
are written for the water-sediment mixture. In particular, in order to model
mountain rivers, the effects of the sediment concentration on the bulk-fluid den-
sity and on the temporal variation of the bed elevation are considered. In these
quasi two-phase models [14, 37, 43, 48, 54|, the sediment transport immediately
adapts to the flow. The model equations were analyzed in the case of a rect-
angular channel by Morris and Williams [41|. Besides, in order to close the
problem, it is necessary to add two further relations: for the friction term in the
momentum equation and for the sediment concentration. In literature, different
closure relations have been proposed and are reported in Section 1.3.

On the other hand, in the most widely used models the inertia and con-
centration associated to the solid phase are assumed to be negligible, so that
the momentum equation for the solid mass is disregarded. The conservation
equations for the solid and liquid mass are simplified under the assumption of
low sediment concentration. Consequently, the model is essentially mono-phase.
This approach is widely used in modelling river flow, see e.g. Armanini [5] and
Wu and Vieira [53]. The resulting equations were analyzed by de Vries [22], Lyn
and Altinakar [37] and Sieben [47] in the simplified case of sediment transport
in a rectangular channel.

The problem is that authors [1, 12, 23, 29, 31, 34, 51| propose different
reductions under the same assumptions as shown in Chapter 2. Then, a deeper
understanding of the quasi two-phase models is necessary in order to clarify

some simplifications.

1.2 The Equations of Motion for Water-Sediment Mix-

tures

The fundamental equations of motion for a sediment-mixture system come from

three considerations:
e conservation of mass,
e conservation of the momentum,
e material properties.

The two phases of the fluid are characterized by density ps for the sediment
phase and p,, for the water phase. The fraction occupied by the solid particle is
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c and ,consequently, 1 — c is the fraction of volume occupied by the water phase.

dy

e

|
Q O dz

Figure 1.1: Sketch of the main variables and control volume dV = dx dy dz

An infinitesimal element of fluid with volume dV, located at position x =
(z,y,z) at the time ¢, is considered as shown Figure (1.1). The motion of water
and solid phase is regarded as the flow of an homogeneous medium and the
mass and momentum equations are written separately for the solid and liquid
components. The liquid and the solid particles are incompressible, the densities
ps and p,, are constant factors and the conservation equations for the liquid and

solid phases written for the control volume dV are:

o
5 1=+ V- [1-cuu] =0, (1.1)
oc

where Uy = (U, Vy, Wy) and ug = (ug, vs, ws) are respectively the velocity of
the water phase and solid phase, us and u,, are the solid phase and water phase
velocity components in the x-direction, vs and v, velocity components in the
y-direction, ws and w,, in the z-direction.

It is possible to derive the corresponding equations for the mixture as a
whole. The notions of the density and velocity of the mixture for the elemen-
tary volume dV of space are introduced. The density of the mixture p can be

determined by the water density p,, and the solid density ps:
p(x,t) = pw[l —c(x,t)] + c(x,t) ps = 0. (1.3)

The conservation equation of the total mass is:

dp
5 V- (o), (1.4)
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with u = (u,v,w) velocity of the sediment-water mixture and density p not
constant. The momentum equations for the incompressible solid and liquid

phases can be respectively written as [10]:

0 ~
g (cpsus) + V- (cpsus @ ug) = cpsf + V- T+ ¢V - Ty, (1.5)

%,
ot [(1 - C) pwuw] +V- [(1 — ) Puwlly @ uw} =
—(1—¢)puf+V Ty —cV-T, (1.6)

where the first term on the right side of Equations (1.5) and (1.6) represents
the rate of increase of momentum per unit volume in the control volume while
V- (cpsus ® ug) and V- [(1 — ¢) pyuy, ® 1, are the rate of momentum lost by
convection through the volume surface, f is the body force per unit volume, T,
and T, the stress tensor of liquid and solid phase and ¢V - ’i‘s the reciprocal
forces between the phases acting on the surface §V; as explained by Armanini

[7] and Meruane et al. [39].

The lag between local water velocities and sediment movement is usually
assumed negligible, and nearly no relative motion exists except for the settling
due to gravity. Thus, the velocity components in the z and y-directions of the

liquid and solid phases are equal:

with v and v components of the water-sediment velocity vector u.

Since the sediment velocities us and vs are equal to the fluid velocities,
the model is not properly two-phase but quasi two-phase (QTP). Under this
assumption, adding Equation (1.5) and (1.6) gives the momentum equation for
the mixture:

0
a(pu)#—v-(pu@u):V'T—kpf, (1.9)

with T = T,,+Ts. The tensor T has the same form as that for an homogeneous

incompressible liquid:
Ty =-pIl+71 (1.10)

where p is the pressure, I is the unit tensor and 7 is the deviatoric stress tensor.

0
&(pu)—kv‘(pu@u) =—-Vp+ V. 7pf. (1.11)
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where u = (u, v, w) is the vector of the water-sediment mixture velocities. The

component w in the z-direction is:

w = CpSwS + pwww (112)
cps + (1= ¢) puw

Equations (1.2),(1.4) and (1.11) are the equations for instantaneous motions
of flow and sediment. Assuming that each instantaneous quantity can be split
into time-averaged and fluctuating components, one can obtained the Reynolds-
averaged equations. In the Reynolds decomposition, the fluctuating part of the

velocity and the concentration satisfy:
o 1 t+T
d = T/t ddr =0, (1.13)

where ~ and ’ respectively denote the mean and the fluctuating part, while T is
the time period considered that should be longer than the fluctuation period of
turbulence. The resulting time-averaged equation of conservation of the total
mass, Equation (1.4), is:

dp
— + V- (pu). 1.14
5 TV (o0) (1.14)

Secondly, the Reynolds-averaged momentum equation is

0
a(pﬁ)+v-(pﬁ®ﬁ) =V T+ pf, (1.15)
where the terms concerning the Reynolds stress, V - (pu’ ®@u’ ), is included in
the tensor Tt. Finally the conservation equation for the solid mass, Equation
(1.2), becomes:

oc -

a—i +V - (clis) + V- (Fuf) =0, (1.16)

where V - ('uf) represents the turbulent sediment flux.

1.2.1 The Two-Dimensional System of the Vertically Averaged
Shallow Water Equations

By dropping, for simplicity, the bar ~ of the time-averaged components, the
Equation (1.15) is written explicitly in the z-direction, where the z direction is
defined as positive from the bed level z; to the free surface elevation 7 as shown
in Figure 1.1. Under the assumption of gradually varied flows, the inertial and
diffusion effects are neglected and the only external force is the gravity force pg:

op

5, = P9 (1.17)
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where ¢ is the gravitational acceleration. In order to derive the shallow water
equations [9], p is assumed constant along the depth h. The analytic solution
of the Equation (1.17) is:

P =Dpa+p(x,t)g(n—2) (1.18)

where 7 is the free surface, Figure (1.1). The atmospheric pressure p, is as-
sumed to be zero, then, the derivatives of pressure p with respect the horizontal
coordinate z and y are:
Op ap 877
— =gh— 1.19
5 = INas T9P5 (1.19)
0 0
9P _ gh— P +9p—
oy oy 8

Writing explicitly the vector Equation (1.11) and substituting Equation (1.19)

(1.20)

and (1.20) yields the momentum equations for gradually varied mixture flows

in the z direction:

@—G—u@—l—v@ w@ —_h%_ 8?7_1_
P\ar "0z "0 0z) " oz " Pox
t a t t
O | OTay | OTas (1.21)

and, similarly, in the y direction:

av+u@+v@+w@ ——h@— @+
at " ar "oy T Vaz) T Moy Pay
ort, —ort, or!
yx vy yz
+ Ox + oy + 0z

(1.22)

By remembering that the velocity components in the z and y directions
are the same for the liquid and solid phases, the three dimensional hydrostatic

model system is:

D=l o (=l + 5 (A=) el + o [(1 =) w

ot y 0z
21—+ 21—+ 21— w) =0,  (1.23)
Ox oy 0z s ’ '
L R D B DS B
8t+8 (cu)+ay(cv)+8z(cws)+(%U(cu)—i-ay(cv)—i-az(cws)—
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ou n ou n ou N ou h@p on n otk n oty 0Tk,
— tUu—F+v—+w— | = —-gh— — gp—
P\at %oz "oy T Vo2 or  Por ™ ar T By | 9z
(1.25)
v v ov ov ap on Ot éx or, ?jy or, éz
v, ov. . ov = —gh2lt _ .
p(é)t Yor T Vay T az> 9oy ~ 9Pyt ox T oy T oz
(1.26)

The system of vertically averaged momentum equations can be determined
by integrating Equations (1.23)-(1.26) over the interval [0,7n] where 2z, = 0 is
the reference level as shown in Figure 1.2. It should be notice that the bed level
zp is defined as the surface of discontinuity for the concentration ¢ = ¢(z, vy, 2)
and the velocities u = u(z,y,2) and v = v(z,y, z). In fact, the concentration
c is assumed constant and equal to the value ¢, in [0, 2], while the velocities
u and v are zero. Instead, in [zp, 7] the velocities and the concentration ¢ are

not uniformly distributed as shown in Figure 1.2. Due to this discontinuity, for

u v ¢
h
n
” BSOS EES S Vs
“ O O O O e S e e
X

Figure 1.2: Velocity and concentration profiles

example the integral of the first term of Equation (1.23) becomes:

n) 9
L@
(1.27)

In order to integrate the second term on the left side of the Equation (1.27) the

z(t) 9 n(t)

5 [1—c(tz)]dz

0
[1—c(t,z)]dz—/ 5%

0

[1—c(t,z)]dz+/(t)

Leibniz rule is applied:

[0 o= 2 [ e )
— |l —c(t,2)dz = — —c(t,z)dz+
Zb(t) 8t 8t Zb(t)
87] - 8zb -
—au—c(z—n)]+§[1—c(z_zb)]. (1.28)
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Then, the value of the concentration ¢ at the boundary of the interval [z, 7]
should be defined. At the solid surface z, and at the free surface boundary n,

the local concentration ¢ assumes the following values:
c(z=2z) = cp, (1.29)

c(z=mn)=0. (1.30)

The depth-averaged concentration C' is defined as:

C(z,y,t) = . (i,t) /77 c(z, z,t)dz. (1.31)

Consequently, by applying the Leibniz rule and the previous definitions, the
integral of Equation (1.27) is:

n) 9 9 oy 0z
/0 E[l_c(t’z)]dz:a[(l_c)h]_ngg(l—cb)Jr
0 0z
to (1= Co)h] = - (1 - ) (1.32)
with ' .
Cb(xayat) = Zb(x’t)/o C(I’,Z,t)dz. (133)

Similarly, in order to integrate all the other terms in the Equations (1.23)-

(1.26), the depth-average velocities are defined:

U(z,y,t) = . (i,t) /77 u(z, z, t)dz, (1.34)
V(z,y,t) = h(; 0 /nv(:p,z,t)dz. (1.35)

where 2z is the bed level and h = 1 — 2 is the depth of the column water.

Besides, it should be notice that the concentration ¢ and the velocities u and
v are not uniformly distributed over the water column depth h. Consequently,

the integral of the product between local variables is:

U
/ c(z, z, t)u(z, z,t)dz = e, ChU. (1.36)

2b

where o, i1s a corrective coefficient. The other correction factors are:

1 n
Uow = s /Zb c(x, z, t)v(x, 2, t)dz, (1.37)
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1 n 9
Qo = G373 /Zb c(x, z,t)u(z, z, t)dz, (1.38)
=z | ez za (1.39)
Qo2 = 7773 : c(z, z,t)v°(x, 2, t)dz. .

Finally, the conditions at the free surface n and at the bed boundary z; are:

Kinematic condition of the free surface The water free surface 7 is a free

moving boundary and can be expressed as a single valued function,

z=n(z,y,t). (1.40)

After differentiating Equation (1.40), the free surface equation is:
— +u'— v — = w’ (1.41)

where u®,v® and w® are the velocity components at the free surface.

Velocity components at the bed boundary At the solid boundary a no-

slip condition is assumed:

uw=0, =0 (1.42)

where u®, v are the velocity components at the bottom. The bed level z,

is defined as the surface where the vertical sediment velocity w? and the

water sediment velocity w,{’u are equal to zero:
wd =0, wl=0. (1.43)

Shear stress boundary condition at the free surface They are usually spec-
ified by prescribing the wind stresses. Here, both the two components of

the wind shear force per unit area are assumed equal to zero:

0 0

Tl r;;a—z 0, (1.44)
In on

i+ T + Tﬁys(@ =0. (1.45)

Shear stress boundary condition at the bed The x—component 7y, and

the y—component g, of the bed shear stress per unit area are:

3zb 6zb
Tox = T;Q 4 7tb 2y 00

T 5 Ty ay? (146)
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th tbazb tbazb
Toy = Tyz T Tye A

Y 8[5 Tyyaiy. (147)

Vertical sediment flux across the free surface The vertical sediment flux
across the water surface should be zero:

(wse +wid), _ = 0. (1.48)

Under all the previous assumptions, applying the Leibniz rule and by neglect-
ing the turbulent diffusion fluxes and the dispersion terms [52], the equations
for the conservation of solid and liquid phases, Equation (1.1) and Equation
(1.2), become:

0 0 0
Sa-om+ Lia-ayal+ 2 (- awc)un
0
+5, [0 —aaC)VH =0 (1.49)
0 0z, O 9 -

while z and y momentum equations, Equations (1.21) and (1.22), are:

0 0 9 0

ot (14 acCA) U] + o (14 ag2CAs) U + Biy (1 + awCAs) UV] =
1 an 1 ocC 1 9T, 1 o7, 1

=——9/(1 A,) —dz — —gh?A,— + — 2 4 — W~ s

pwg( TOA) Ox : Qng Ox - pw Oz * pw Oz prO

(1.51)

o (14 aeCAL) V] + 9 (14 Qe CA) UV + 9 [(14 au2CA;) V2] =

ot dy y
1 on 1 oC 1 9T, 1 0T, 1
=——g(1+CA;) dz — —gh?Ag— + ——2 + —— 2 — — 1y,
pwg( )8y 200" pw Oy pw Oy pu Y
(1.52)

where Typ = [ 71,dz, Toy = [ 73,dz and Ty, =[] 7, dz are neglected un-
der the shallow water assumptions [9, 38, 46] and As; = (ps — pw)/pw is the
submerged relative density of the sediment.

Equations (1.49)-(1.52) constitute a two-dimensional system where the vari-
ables are U, V', h and z. All the other quantities should be expressed in function

of the unknowns through closure relations.
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1.2.2 The 1D Open Channel System for the Mixture

Finally, the one dimensional equations for unsteady flows in open channel can
be derived by performing a laterally integration of the two dimensional model
(1.49)-(1.52) or directly from the 3D equations by an average over the cross
section. To this purpose I(z,y,t) and r(x,y,t) represent the left and the right
walls while B(z,y,t) is the width as shown in Figure 1.3.

I(x,2) 1(x,2)

Figure 1.3: Sketch of the main variables and control volume for the 1D open channel
model.

The resulting equations are given by:

-0 A+ -0 A+ (- 0wO)@ =0, (15
8(;A) + Cbagib + 8(613;0@) =0, (1.54)

2

0 9 9
C 1+ eCA) Q] + 2 Jage (1+CA) | +g(1+CA)AZL 4

ot ox A ox
AH oC 70
Asap——— = ——Cy, 1.
+gAsap 5 oz pr (1.55)

with A area of the cross section occupied by water and sediment set by the bed
level z, and the free surface 1, Ay area of the cross section occupied by water
and sediment set by the reference level z = 0 and the free surface elevation n, @
total discharge, C,, is the wetted contour and «y, a corrective coefficient defined

as following:

_ 1 2
ap = AH/yh dy. (1.56)
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where H is the maximum depth of the water-sediment mixture with respect to
the bed level, Figure 1.3. The coefficient ., and a2, Equation (1.36) and
(1.38), are redefined as:

/ c(z, z, t)u(x, z,t)dz
A

Qe = ol : (1.57)
/c(x,z,t)uz(x,z,t)dz

Qo2 = 24 (1.58)

o CAU?

In most of the existing models [14, 43|, the values of the coefficients a., and

Q2 are approximated to the unit.

In the system (1.53)-(1.54), the total discharge @ is the volume rate of
the water-sediment flow, including any suspended solids which is transported

through the cross-sectional area A and, then, it results:
Q=UA, (1.59)
while the depth-averaged solid and liquid discharges are defined as:
Qs = an,CUA, (1.60)

Qw = (1 - thuC) UA. (161)

By summing the two conservation equations, Equation (1.53) and (1.54), the

following continuity equation is derived:

0A 94,  0Q

—_— 4 — 0. 1.62
ot "ot on (1.62)
It is possible to consider the Equation (1.62) in the final system rather than

Equation (1.53) and the quasi two-phase (QTP) model equations are:

DA 04, 0Q
o5 ot Tar =Y (1.63)

0 0 2 0
911+ 00D Q4 2 (1 + 0 CA) C | 4 g1+ a4 4

ot ox A ox
AH oC T
+9Asah7% = —;Cw, (1.64)
0(CA) + Cb% + o(CQ) = 0. (1.65)

ot ot ox
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where the unknowns are the free surface elevation 7, the area A and the total
discharge . The friction term ECU, and the concentration C' are expressed
through closure formulas reportedpin the Section (1.3). Generally, the solid dis-
charge () is estimated from sediment transport formulas and the concentration

C' can be calculated from Equation (1.60) as:

_ Qs
aaUR’

(1.66)
Instead, the friction term is expressed through the following relation [15]:
=10, (167)

which represents a linearization of a closure formula as reported in the Section
1.3.2.

1.3 Closure Relations

Closure relations for the friction term and for the solid concentration are needed

for the solution of Equations (1.63)-(1.65) and herein reported.

1.3.1 Sediment Transport Relations

In order to express the sediment concentration C' in terms of the unknowns U, h
and z, different sediment transport formulas can be used. A sediment transport
formula relates the sediment-carrying capacity of the flow to the hydrodynamics
and the sediment features. These formulas estimate the solid capacity of the
flow Q. that, if the availability of sediments is limited, can be different from the
real solid discharge @s. However, many models [29, 30, 31, 32, 36] assume the
solid discharge Qs equal to the sediment-carrying capacity Q..

In this section, only two sediment transport relations are reported: the
Meyer-Peter Miiller formula and a monomial relation.

Empirical sediment transport formulas are mainly based on a critical value
of incipient motion of bed particles. Usually, the critical condition for incipient
motion is referred to the critical Shields parameter 6.. In particular, the Shields
diagram, Figure 1.4, establishes the relationship between this critical parameter

0. and the shear Reynolds number Re,:

u? duy
g, = —x d  Re, =% 1.68
gD an e ” (1.68)

with Ag the relative density of the sediment, d sediment diameter, u, bed shear
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10
8
PG 6
=
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01 " %10 > %10 100 1000

Figure 1.4: The Shields diagram (1936) obtained through experimental data with
uniform sediment.

velocity and v kinematic viscosity of the water. The bed shear velocity u, is
usually calculated through the Chézy law, Equation (1.78). Since both the
non-dimensional parameter 8. and Re, depend on the shear stress velocity, the

incipient condition can be recast in terms of the explicit particle Reynold’s

number D, [57]:
1/3
D, = d<9A5) .

V2

The relation between the critical parameter 6. and the explicit particle Reynold’s

number D, can be approximated as following [11]:

0. = 0.22D;"' 4+ 0.06 exp (—17.77D; ). (1.69)

Although the Shields theory presents limits, many sediment transport for-
mulas are still based on the critical Shields parameter 6.. One of the most
widely used is the Meyer-Peter Miiller formula [40], a power law of the differ-

ence between the Shields parameter ¢ and the critical parameter 6,.:

Qs _ /o 1.5

where 0" = u2,/ (gAsd) is the Shields parameter due to the grain resistance. If

the global resistance is considered, the Shields parameter can be corrected as

]{I/ —-1.5 u2
== * 1.71
’ <ks> gAsd (L.71)

following:

where &/ is the Strickler coefficient due to the resistance of the grain.
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Starting from the Meyer-Peter Miiller relation, the solid capacity can now
be rewritten as a function of the Froude number Fr = /gh/U [43]. After
substituting Qs = e, CUh into the Equation (1.70), the solid concentration

can be obtained: 9

oy A U3

The shear velocity for the uniform flow is expressed through the Gauckler-

C = Fr? (uz - gAsd06)3/2 (1.72)

Strickler formula:
2 qU?

uy = 2Rl (1.73)
s*"h

where kg is the Strickler coefficient [ml/ 35_1] and R the hydraulic radius,
defined as the rate between the area of the water column A and the wetted

perimeter C,. In conclusion, the following algebraic expression is derived:
C = Fr’s, (1.74)

where

8 Ad \Y
_ g _98s
0= Aom (kz RE T O "C) ' (1.75)

If the sediment mobility is high, the critical parameter can be neglected and the

coefficient S is:

N 3/2
_ 9
h= Asacy (kgR}IL/3) ' (1.76)

Finally, thanks to its simplicity the relation proposed by Grass [27] can be
used in many test cases herein reported. This formula doesn’t refer to a critical
parameter and the solid discharge is a function of the velocity U and an empirical
coefficient & depending on the grain dimensions and calculated on the basis of
experimental data:

Qs = sUlU|™ (1.77)

with 1 <m < 4.

1.3.2 Bed Shear Stress

The friction relation is obtained in uniform flow conditions (gravitational forces
exactly balanced by the frictional resistance forces) under the hypothesis that
the concentration of the particles is enough small and, consequently, the direct
interaction between particles can be ignored. In particular, the bottom shear

stress 7 is expressed in function of the unknowns through the Chézy-Tadini law
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[5]: _
70 2 29
—=u; =U"= (1.78)
p X’
with x the Chézy friction coefficient and u, the bed shear velocity.
Besides, the Chézy friction coefficient can be substituted by the Strickler
coefficient kj:

1
x = ksR}. (1.79)

The advantage of using the Strickler coefficient kg is the lower dependency on
the hydraulic radius and, then, the greater dependency on the bed roughness.
If a cross section of area A is considered, the roughness along the coordinate

y is usually not constant as shown in Figure 1.5. The section shown in Figure

Figure 1.5: Scheme for the Einstein-Horton method based on sub-areas with the same
velocity.

1.5 is dived in N sub-areas A; and wet contours (C,,); with different friction co-
efficients k;. In order to calculated the equivalent friction coefficient k, starting

from the coefficients k;, two methods are herein reported.

Method of Einstein-Horton

In this method, proposed by Einstein [24], the area A is subdivided in N sub-
areas A; characterized by the same mean velocity U as shown in Figure 1.5.

Starting from the Gauckler-Strickler relation and assuming the rate between the
velocity U and the energy slope /ig constant along the section, the averaged

friction coeflicient kg is:

U
ks = Ry,) %3 1.80
\/TE( h) (1.80)
where the hydraulic radius Ry, is:
Cu

Ry = (1.81)

S (Cw)j(Br);

Similarly, the hydraulic radius (R},); for the subsection A; is calculated through
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the Gauckler-Strickler relation:

/
(Rn)j = k§3/2< v >3 " (1.82)

Vin

After substitution of Equation (1.82) into Equation (1.80), the following equa-

tion is obtained:

2/3
ky = (Cw); (1.83)

(SN, (Cu)ik; 1)

Uj = x4/ (Rh)jiE.

is possible to calculate an equivalent Chézy coefficient:

Cu
= . 1.84
* \/ (N, (Cold) .

This criterion is based on the assumption that each sub-area is characterized

By remembering that:

by the same mean velocity U but it is evident that a lower velocity corresponds to
the area with more vegetation. Then, this method is applied when the roughness
doesn’t strongly change along the section. Instead, the method proposed by

Lotter can be applied in the case of larger roughness variation along the section.

Method of Lotter

The assumptions on the base of this criterion are:

1. the discharge @ is equal to the sum of the local discharge @); related to

the area A; in which the section is divided:

UA =Y UA;; (1.85)
i

2. the energy loss ip is constant along the section A:

in = (ip);. (1.86)

The local velocity U; is calculated through the Chézy law:

Us = X3/ (Bn) ji,
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and substituted in Equation (1.85):

kAR =3 KA (R (ip) ), (1.87)

By using the second assumption, Equation 1.86, the equivalent Strickler coeffi-

cient becomes: 5/3 2/3
b 2 kA7 (Cu); 1.88
B e

Similarly to the method of Einsten-Horton, the equivalent Chézy coefficient y

can be derived starting from the previous equation:

YA

1.

1.3.3 Formula for the Redistribution of the Solid Area

The solid area Ay is computed by solving the system of Equations (1.63)-(1.65),
but, in order to study the evolution of the section shape, the local variation of
the bed level 2, should be determined, Figure 1.6.

y Zb(Yat)

Figure 1.6: Scheme for the redistribution of the sediment along the section.

The temporal variation of the bed level is a function of the bed shear velocity:

O e = £ (), (1.90)

and, then, of the shear stress at the bottom:

Slawl=r()2). (191)

Under the hypothesis of energy loss ip constant in the section and hydraulic
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radius Ry equal to the depth A, the stress 7y is:
T0 = gpwirh. (1.92)

If the temporal derivatives of the bed level 0z, depends on the depth h [20] as

following;:

0

ot
and the Equation (1.93) corresponds to the Equation (1.91), the coefficient m
should be equal to 1/2.

Instead, k is the redistribution coefficient and can determined by integrating

[z ()] = K [h ()] (1.93)

the bed level variation over the interval [I, r]:

A, "o
= | ZkR12q 1.94
and, then:
04,
k=0t (1.95)

T a M
Z 2
/l ot Y






Chapter 2

The Essentially Mono-Phase
Model and its Range of
Applicability

A non-dimensional analysis was carried out in order to investigate the applica-
bility of some reductions of the quasi two-phase (QTP) model. The equations
were scaled with respect to the uniform flow and the equilibrium concentration.
In this analysis two parameters emerge: the Froude number of the basic flow
and the ratio € between the sediment concentration in the water column Cy at
the equilibrium and the solid concentration under the bed level (Y. The solid
concentration C} is usually considered constant in time, while the sediment con-
centration in the water column C' is a function of the hydrodynamic variables
and sediment features as shown in the Section 1.3. The aim of this chapter is
to clarify the importance of each term with respect to the variation of the solid
concentration in the water column and to the coupling between hydrodynam-
ics and morphodynamics. Finally, the eigenvalues of the two systems for the

rectangular section were analyzed and a simplified solution proposed.

2.1 Non-Dimensional Analysis of the Quasi Two-Phase
Model

For simplicity, a rectangular channel with unit width was considered as shown
in Figure 2.1. In this case the hydrodynamics and the morphodynamics of a

water-sediment mixture are described by the following QTP system:

gt (h + 2) + ai (UR) =0, (2.1)
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0 ) N ) h?
— [(14+ acuCA) Uhl + = [(1 + a2CA) U?h] + g | (1 + CAy) |t

ot ox ox
toh(1+0A) 20 — s, (2.2)
ox
0 0z 0 B

where Equations (2.1) and (2.3) are respectively the conservation of the total
mass of the mixture and the solid mass. Instead, Equation (2.2) is the conserva-
tion of the momentum for the mixture as show in the Chapter 1. The corrective
coefficient a, and a2, Equation (1.36) and Equation (1.38), are considered
unitary and neglected [9]. In literature [26, 56], experimental data asset the
value to 0.4 + 1.

n /
Z{ X - 7 dx
y

Figure 2.1: Control volume for determination of shallow water equations with mobile-
bed, where h is the water depth, z, the bed elevation, n the free surface elevation and
B the channel width (for simplicity unitary).

2.1.1 Derivation of the Essentially Mono-Phase Model

A non-dimensional analysis of the Equations (2.1)-(2.3) was carried out in order
to clarify the importance of each term with respect to the variation of the solid
concentration C' in the water column and the coupling between the hydrody-
namics and the bed evolution. The scaling factors are reported in Table 2.1
where "

€= (2.4)
denotes the ratio between the morphodynamic 7* and the hydrodynamic t*
time scales. In facet, it should be remarked that two different time scales are
employed for the hydrodynamics and bed evolution variables since, for low con-
centration, bed variations occur on a time scale significantly longer than that
of typical hydrodynamical phenomena [33]. The scale for the axial coordinate

x is the same for both the hydrodynamics and morphodynamics quantities, in
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Quantity | Scale Comments
U Uy Up uniform flow velocity
x lo lp length of the hydrodynamic wave
l
t U—O for the hydrodynamic quantities
0
l
t 70 for the bed evolution, 7* is the non-dimensional time
eUp
h, z ho uniform flow depth
C Co | Cp concentration at the equilibrium (stationary flow)
U .
5 -0 with AUR = 22,
lo p

Table 2.1: Scaling factors used in the model. Here, quantity = scale X dimensionless
quantity.

fact the length of morphodynamic waves has the same magnitude of the hydro-

dynamic wave.
After rescaling the Equations (2.1)-(2.3) and performing some standard al-

gebraic manipulations, the following equations are obtained:

on* 0z 0

e +€8T* + oy (U*h*) =0, (2.5)
0 * * 1% 0 * *TT*2
e [(1+ CoC*A) U*h*] + o [(1+ CoC*A) KU + (2.6)
0 h*2 1 0z
— (1 + CyC*A, ——h* (14 CoC*Ay) =t = —*U*h*,
Wy (1+ CoC™As) T Fe (1+ CoC™As) 5 - = =7
€Co g (C*h™) + ECbaT* + Coax* (C*U*h*) = 0. (2.7)

where * denotes the non-dimensional quantity and Frg = Uy/+/gho is the Froude

number of the base flow.

Empirical evidence [19]| suggests that, for low concentration, topography
changes are mainly due to the spatial variation in the sediment flux. Conse-
quently, the second and third term of the solid mass continuity equation should

have the same magnitude and the parameter ¢ should be:

e

(2.8)

with Cy = C (Uy, ho) equilibrium concentration for the base flow.

Since in general the typical concentration Cy of the sediment in the water
column A is much smaller than the sediment concentration Cjy in the river bed,

the morphodynamic time scale is much longer then the hydrodynamic time scale
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but, if the concentration Cy increases, the two time scales become comparable.
Using this definition, Equation (2.8), the non-dimensional model equations are
finally rewritten as:

oh* 0z 0

o o T o

(U*h*) =0, (2.9)

82* [(1 + GCbASC*) U*h*] 4 ai* [(1 + eCyA,C*) h*U*Q] + (2_10)
1 0 h*2 1 o0z
- = 1 AS * — _h*(1 As * b A *h*,
TFrR g |1 T COACT) 5 | gt (U QALY 5 = =1l
8 * 1% az; a KTTHR LK\
€5 (C*h*) + 5o T ax*<c U*h*) = 0. (2.11)

If all the terms multiplied by e are simplified, an essentially mono-phase
(EMP) model is consistently derived:

Oh* N 0
ot  Ox*

9 o )
* * * * 2.1
8t*(Uh)+8x*(hU)+ (2.13)

1 oh* 1 0z
——_h* ¥ b
+ Fr3 = Ox* + Fr3 Oz

(U*h*) =0, (2.12)

— _,Y*U*h*,

0z 0

S o (CTUH) = 0. (2.14)

It is important to underlined that the EMP was obtained starting from the
QTP model. In literature, many simplified models are presented and in the
Section 2.4 and they will be introduced and compared with the results of the
non-dimensional analysis. In the following sections the two non-dimensional

systems are studied and a simplified solution derived.

2.1.2 Eigenvalues Analysis

The behavior of the eigenvalues of the hyperbolic part of the System (2.9)-
(2.11) were discussed by Morris and Williams [41]. The eigenvalue analysis will
be extended here to the non-dimensional fully coupled system. For simplicity

the symbol * is dropped.

Neglecting friction, the non-dimensional model equations can be rewritten

in compact form as:

ou OF 0z
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where
h+ 2z Uh 12
U= | UH 1+ CpeAsC) | ,F=| (1+eCoAsC) <U2h + 2) :
o 2Fr§
Ch+e€ Zp CUh
0
H f (14 CpeAC) 2.16
— — €A . .
Frg b ( )
0

Also the bed evolution is expressed in terms of the free surface time variable ¢.

The system (2.15) can then be rewritten in quasi-linear form as

oW oW
where
) 1 0 1
ocC oC oC
oC oC ocC
Zp - it -
€(C+hah> ehaU 1+6h82
U h 0
h oC oC h oC
24 7 i -~ U il
A—| @ U+ FT% + Ehr a7 2Uh« —l—fhraU aFTQ + &hr 5,
oC oC oC
eU <C + h@h) eh (C’ + U@U) ehua
(2.18)
whit
h

2
E=eChA;, a=1+&C, r=U +2FT(2)'

The eigenvalues of System (5.43) can be computed by imposing the condition

det (A — AB) = 0, which yields the characteristic polynomial

053)\3 + 042)\2 4+ a1 A+ ag =0, (2.19)
where
ap = EhUOébl, (2.20)
h
o=« <—U2 + 2) + eaby + &rbg (1 — eC) (2.21)
Fr§

ay =Ua (24 eby) + Ebs (1 — eC), (2.22)
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oC

ag=—a(l—ebg) — §U@ (1—-€C), (2.23)
with ho( 0C oC  oC ac
b= — (h e %) 2 2.24
! Frg< an Voo 8z>+U 9z (224)
h oc oCc  oC
b= —— (c+n2S 28 %Y
2= TF <C+ on ~ Vau az>

ac  _oCc . oC
2 e & e
+U (C +2he —Use = 3hp ) : (2.25)

ocC oC

oC oC oC

by = —2C — 3h— +2U — h— 2.2
4 C 38h+ U8U+3 B ( 7)
oC aC
_ 2y X -
bs = (r+U?) 50~ U (2.28)
oC oC oC
In the case of fixed bed, Equation (2.19) reduces to:
A3 + A2+ a\ =0, (2.30)
with b
o= (-U?+ — 2.31
aq ( U + FT’%) ) ( 3 )
ay = 2U, (2.32)
ag = —1. (2.33)

The solutions of Equation (2.30) are the two well-known relative celerities of

the free-water surface:

Vh
MNM=U+— 2.34
1 +F7'()7 ( )
Vh
N=U—-— 2.35
2 FT‘Q7 ( )

while the eigenvalue Ag, associated with the propagation of bed disturbance, is

equal to zero.

Instead, in the case of mobile-bed, the three solutions, Figure (2.2), depend
on the choice of the closure relation. In fact, the solid concentration C' should
be expressed as a function of the other unknowns by a closure formula. In this

case, following e.g. Rosatti and Fraccarollo [43], the closure formula proposed
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in Section 1.3 is chosen:

C = BFr. (2.36)

1
Fr[-]

Figure 2.2: FEigenvalues for the coupled system. Sediment concentration Cy increasing
from 0.000002 to 0.045. The lines are dashed for small values of the Froude numbers
because high concentrations with small Froude number are not physically meaningful.

3
25
2 —
< < .
158  JSF e EMP model 1/ —_——- ETP model
QTP model ) QTP model
r 1 1 1 1 Loy
05 1 15 2 05 _1_ 15 2
Fr[] Fr[-]
(a) (b)
e S EMP model
QTP model
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o 7
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05 1 _ 15 ,
Fr[-]

(¢)

Figure 2.3: Comparison between the QTP and the EMP system eigenvalues with
Cp = 0.03.
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The eigenvalues of the QTP system are compared with the eigenvalues of
the EMP system derived e.g. by de Vries [22]. In the case of the EMP model,
the quasi-linear system (5.43) has the form:

h 1 00
W=|U|, B=|U h 0
2 0 0 1
U h 0
h h
U2+ — 2Uh —
A= * Fr2 Fr2 (2.37)
oC oC oC
h—- h — hU —
eU(C—I- 8h) € <C+U(9U> eUaz
and the coefficients of the characteristic polynomial are
g = EhUbl, (2.38)
h 1 oC oC
=55 - U? h|l=5(C+U— | —207— 2.39
w=(pg-0)reh|mz (orugp) ] e
hoC
=2U (14 e=— 2.40
o =20 (14557 (2.40)
az = —1. (2.41)

It can be seen that the differences between the respective eigenvalues become

significant for non negligible values of the sediment concentration.

2.2 A Simplified Quasi Two-Phase Equation for the
Bed Evolution

In this section, an evolution equation for the unknown z; describing bed evolu-
tion will be derived under the hypothesis of low Froude number and of approxi-
mately steady free surface and discharge profiles. In order to derive a simplified
equation, the friction term is considered equal to zero. Similar equations were
proposed also by Hudson and Sweby [29] for the low sediment concentration case.
Instead, this derivation holds independently of the mixture-bed concentration
ratio and provides a much more interesting and severe benchmark for numerical
methods. Besides, this approximated solution can be useful to understand the
importance of the coupling terms.

The non-dimensional Equations (2.9)-(2.11), where the stars are dropped

again for simplicity, are considered and the hydrodynamic time scale is used in
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the continuity equation for the total mass:

oh 8z 0 B
o o T o (U =0, (2.42)

zwaiu1+anA4nUhy+F%;1K1+4%AJDhUﬂ (2.43)

0 h2 sz
— (1 AC) — 1 AC)— =0,
5 (1+€eCy 0)2 +h (14 eCrAC) 5 0
0 Oz, 0
Furthermore, a quasi steady flow is considered and the following solutions are
imposed:
n= 77+677/($7t)7 (245)
Q=Q+Q (z,1). (2.46)

where now 9§ is a small parameter that is independent from ¢ = Cy/C}, which
is not required to be small. A first obvious consequence of these assumptions is
that:

0Q _ sy 99 _

?—w»g—m&
n n 1
%—<»E—§m

Besides, without losing any generality, it can be assumed that the sedi-
ment concentration formula is a function C' = C(n, 2, Q). This implies that the
derivative of C' with respect to space and time has to be computed by the chain

rule as

dC 9C oy  9C 9z, 9C 9Q

=== = = 2.4
9z onox | 0m0x 00 0z’ (247)
oC  0Con 0CO9z, 0C0Q
ot i P B 2.4
or ~ onor omor 00 or (2.48)
Neglecting all the terms of order ¢ yields:
oC  0C 0z,
=== 2.49
O0r Oz Oz’ ( )
oC  90C 0z
= == 2.
or Oz OT (2.50)
By rewriting now Equation (2.44) in terms of 7 and z:
Qm _ 9(Cx%) 0% ICQ)_ (2.51)

or or or ox
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neglecting terms of order ¢ and expressing the free surface gradients in terms of

zp, one obtains:

0z Oz, Ozp =
Ehczg GCE + E + QCZ

Ozy

5 =0 (2.52)

oC
where C' = C(7, 2, Q) and C, = 9 Rearranging the previous equations yields
Zb

the approximate evolution equation for the bed profile:

82’() QC,Z a'?’/b o

o T1rac. —ccox " (2.53)

This nonlinear equation can be solved very accurately by the method of

characteristics and an appropriate solution z,(z,7) can be obtained:

Dzb B 82’1, QCZ 82?1; o

5754_1—#6}102—608770' (2.54)

Consequently, the solution is constant and zp(x,7) is equal to zp(x0,0) along
the characteristic line (x,t):
QC.
= —_— (T — 2.55
x $0+1+eCZ—eC(T 70) (2.55)

2.3 Range of Validity of the Models

The magnitude of the € rate is an important parameter in order to know the
importance of the coupling terms. It is not immediate to understand the effect
of the concentration on the bed evolution but the parameter ¢ can be used as
an estimation of the magnitude of the negligible terms. Consequently, can be
acceptable to neglect terms with order of magnitude inferior to the 1% and,
instead, consider them when the parameter ¢ becomes more relevant. If the
range of validity of the EMP model is fixed for values of € inferior then 0.01 and
the concentration under the bed level is usually 0.65, the limit of concentration
C'is 0.0065. In the numerical test cases, in fact, the differences between the two
models, EMP and QTP, are observed for concentration higher then 6.5 %eo.

Besides, in the case of quasi-steady flow, the Equation (2.53) indicates the
migration rate of a finite bed perturbation. Since the whole derivation of Equa-
tion (2.53) is independent of e ratio, this equation can be considered to yield a
good first approximation for the bed evolution also in regimes of quasi-steady
flow with high sediment concentration.

A second information from the analysis of the equations is the difference in

the stationary state. If the boundary conditions are constant in time, the steady
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state, in case of QTP model, is:

Oz _ o U

— —_ 2.56
ox "0 1+ ecpAse ( )

Starting from the consistent derivation of the EMP model and the definition

of its range of validity, in the next section the existing models are analyzed.

2.4 Analysis of the Existing Models

In Cao et al. [13], the effects of simplifications on the numerical results are
studied and the importance of these assumptions underlined. In this section,
some of these models are consistently reviewed with respect the non-dimensional
analysis.

Simplified models has been proposed [1, 12, 23, 29, 31, 34, 51] and, in the
major part of them, the momentum Equation (2.2) is reduced to the equation of
the clear water in the case of fixed bed, Equation (2.13), that in the dimensional
case is:

0 h? Oz T

9 (172

Some authors [13] justify this choice also in the QTP models because the terms
regarding the coupling between solid and liquid phase are incorporated in the
uncertainty of the friction term. Otherwise, authors [1, 12, 23, 29, 31, 34, 51|
propose different kinds of simplifications for the conservation of the solid and
liquid mass.

In the following models the momentum equation is written for the clear

water, instead, the conservation equations of mass are:

Model A While the continuity equation are written for the full system [1]:

oh 0z 0 B
E—Ffat +a—x(Uh)—0, (2.58)
0 (Ch) O0zy  0(ae,CUR)
o + Cbiat + R e 0, (2.59)

the momentum equation is simplified, Equation (2.57). Consequently,
terms with the same order of magnitude are not considered in all the
Equations (2.9)-(2.11) as shown in Section 2.1.

Model B In the continuity equation of the total mass, the bed variation is not

considered [23]:
oh 0
o T 5y (UM =0, (2.60)
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0zy  O(Ch)  O(aeCUR)
R T T

In this case the system is simplified except for the temporal variation of

=0; (2.61)

the sediment storage in the water column in Equation (2.11).

Model C Cui et al. [21], remembering that the flux of the sediment-water
mixture ) is the sum of the liquid discharge ); and the solid discharge Qs

and they rewrite the conservation equation for the total mass, Equation

(2.1), as:
ah 82{; 8Qw aQs

oo T T
where Q,, and Qs are respectively the liquid and solid discharges for unit
length. The authors assume that the liquid discharge Q,, = (1 — C)Uh

is equal to the discharge of the sediment-water mixture () = Uh and the

=0, (2.62)

following equations for the conservation of the mass are obtained:

oh Oz 0 0 _
ot "o T an UM 5y (0aCUR) =0, (2:63)
0z, O(Ch) O(CUR)
Cogy =g =g =0, (2.64)

The incoherence of this formulation is that if the liquid discharge ., is
equal to Uh, the solid concentration C' should be zero and consistently
also the solid discharge Qs = CUh should be negligible in Equation (2.62)
and, then, in Equation (2.63).

Model D Both the time variation of the bed level and the sediment storage in
the water column are neglected. This is the most used model [12, 29, 31,
34, 51] and the simplified system is:

oh 0
St 5 (Ul =0, (2.65)
O0zy  0(ae,CUR)

Cbiat + B e 0. (2.66)

The model coincides with the EMP model, Equations (2.12)-(2.14), con-

sistently derived with the non dimensional analysis.

Cao et al. [13] observe that the solutions of these simplified systems can be
substantially different above all for aggradation processes and the inaccuracy due
to the neglect of the coupling terms can be accumulative, but they not justify
the choice of these models. However, a consistent analysis and derivation of the
EMP system is now present. The model D coincides with the EMP model and

can be used under the assumption of low concentration C'. The models B and C
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consider only some of the terms multiplied by € in the non-dimensional system,
Equations (2.5)-(2.7), while the conservation equations of mass in the model A
are complete but the momentum equation is written for the clear water.

Finally, the choice of a model for fixed or mobile bed in one-dimensional
river models can lead to lose some information connected to the topography of
the river and to the non-uniform distribution of the velocity along the cross sec-
tion. These models present substantial differences with the model presented in
Section 1.2.2 or Wu [52] where the 2D information is considered. For example,
in the case of an arbitrary shape of the cross section it is necessary to define a
corrective coefficient in the momentum equation because of the non-uniformity
of the velocity along the cross section as shown in the Chapter 1. Some algo-
rithms, such as in Stelling and Verwey [50], assumed the corrective coefficient
unitary while HEC-RAS [12] divides the cross section in two parts, thalweg and
banks, and calculates the rate of discharge for both the two sub-areas. This
solution procedure leads to an increasing of the computational cost with respect
to consider a corrective coefficient.

In the following chapter the QTP and EMP models for a general cross section

are discretized and an efficient solution procedure is proposed.






Chapter 3

Development of an Efficient

Numerical Scheme for the Two
Models

In this chapter the solution procedure proposed by Rosatti et al. [45] is extended
to the case of a mobile bed for both the models. The advantages of this scheme
are the high efficiency and the low computational cost, the reconstruction of
hydrodynamic and morphodynamic 2D information and the possibility of solving
the full system without the assumption of quasi-steady state. In fact, this
solution procedure considers the effects of morphodynamics on the flow and
vice versa. In the first section a briefly review on the existing method and their

features is proposed.

3.1 Literature Review on the Existing Schemes

The main feature of numerical methods is the computational efficiency. Different
schemes were proposed for the EMP model. There are several methods to solve
numerically the equations for 1D open channel. Standard explicit numerical
methods present a time step limitation due to the stability restriction imposed by
the Courant-Friedrichs-Lewy (CFL) condition. Some recent numerical schemes,
for example Stelling and Verwey [50] and Casulli [15] or the solution procedure
of the software HEC-RAS [12], are based on a semi-implicit discretization. The
more efficient methods are based on a semi-Lagrangian discretization of the
momentum equation while the continuity equation for the mass is discretized
with a finite volume method as proposed by Rosatti et al. [45]. Thus scheme is
capable of accurate solutions in all regimes, except in presence of strong unsteady

shocks as in dam-break cases. Instead, by using a suitable upwind Eulerian
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discretization for the same equations, a scheme able of describing accurately
also unsteady shocks can be obtained, although this scheme requires a more
restrictive stability condition. In conclusion, this solution procedure makes the
method appealing for computationally intensive simulations and it can be used
for sediment transport simulations and river morphology studies. Two methods
are herein proposed and extended to the mobile bed case: the upwind Eulerian
discretization [15, 43| and a semi-Lagrangian formulation [17, 18, 45| for section
averaged free surface flow modeling.

Finally, in Cao et al. [13], the difference between algorithms with syn-
chronous and asynchronous solution procedure is highlighted. If all the equa-
tions are solved simultaneously the scheme is defined as synchronous. Instead,
the asynchronous procedure is based on the fixed bed or quasi-steady flow as-
sumption. In fact, the river bed is assumed to be fixed when the de Saint-Venant
equations are solved. On the other hand, the flow is assumed to be steady when
the evolution of the river bed is computed. Thus, the Exner equation is solved
by using the hydrodynamic variables at the previous time step. Besides, in the
quasi-synchronous procedure, as shown by Kassem and Chaudry [31], the de
Saint-Venant equations are solved separately, but the bed variables are used
to adjust the flow variable through an iterative procedure. Cao et al. [13] and
Kassem and Chaudry [31] suggests that it is possible to decouple the solution
procedure only when the sediment concentrations are negligible and the time
scale of the bed evolution is less then the time scale concerning the hydrody-
namic variables.

In the solution procedure described in the following section no assumption
of quasi-steady flow or fixed bed are done when the equations are numerically
solved. In fact, the three conservation equations are discretized without sim-
plification of the temporal derivative as in the case of asynchronous solution.
Then, the morphodynamic effects on the flow and viceversa are considered and

the solution is fully synchronous.

3.2 Discretization of the Model Equations

In order to obtain an efficient numerical discretization, the EMP and QTP
systems are reformulated by using an appropriate change of variables. The
resulting QTP system in function of the free surface 7, the bed elevation z; and

the discharge Q is:

dAot (n) n oqQ

= o =0, (3.1)
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0 oOF on
% [(1+CAs) Q] + E+9A(1+CAS)%+
HAOC
d(CA) 04, 0(CQ)
T + G, p + p =0, (3.3)
with
Atot — A + Ab, (34)
2
F=(1+CA)) O‘“ZQ : (3.5)
= +2[(1+0A)U] (3.6)
o=y oz s . .

The local concentration ¢, see Chapter 1, is considered constant and, conse-
quently, the corrective coefficient v, is unitary. Instead, the coefficient a2 is
introduced instead of a2 to consider only the non uniform distribution, Figure

3.1, of the local velocity u along the y coordinate:

/ u?(z,y, 2, t)dz
A .

(3.7)

Q2 =

AU?

u(y)

Figure 3.1: Non-uniform distribution of the velocity along the y coordinate

Similarly, the resulting EMP system consistently derived from the QTP
system (3.1)-(3.3) is:

on  0Q _
5t ae =0, (3.8)
0Q OF on B
E‘F@‘FQA%—{—O(Q—O, (3.9)
o, 24, 9(CQ) _ (3.10)

ot ox
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with 0?
Oy2
F == (3.11)
a=r. (3.12)
AX1-1/2
X X \
| | |
} AXi; }
| | \ -
i1 i il
| | |
| | |
\ i-1/2 i+1/2

Figure 3.2: Staggered computational grid

The solution procedures for both the two systems, Equations (3.1)-(3.3) and
Equations (3.8)-(3.10), are similar. The computational domain is discretized
by a staggered computational grid, Figure 3.2, where the wet area A and the
free surface elevation n are defined at the integer nodes x;, ¢ = 1,..., N, while
the discharge @ is defined at the half integer nodes z;;1/9 = (z; + Ti41)/2.
The node distribution is arbitrary and the node spacings are defined as Ax; =

Tiy1/2 — Ti—1/2 and Az /5 = Tiy1 — T, respectively.

3.2.1 The Momentum Equation

The two schemes already proposed by Rosatti et al. [45] for the fixed bed case

depend on the formulation of the momentum equation.

Upwind Eulerian Discretization

The Equations (3.2) and (3.9) are integrated over the control volume [z;, z;j+1]:

Tivl [ oF 0
/ ( [(1+i.CA,) Q]+ 5+ gA (1 +i.CAy) any

ot ox
HAoOC
Aoy —— — dr = 1

+icgAsay 5 B + on) x =0 (3.13)

(3.14)
where
. 0 decoupled model,
e = (3.15)
1 coupled model.
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and

a2 Q2
A )

a=r. (3.17)

F=(1+41i.CA,) (3.16)

Applying the mean value theorem to all the terms except the flux F' yields:

0 Fiy1 — F; on
(1+icA)Q| + 2T A (1 rica) 2 4
ot 12 ATy e 0|41/
AH oC
+icgAsap—— 5 92 + aiy1/2Qiy12 = 0. (3.18)
i+1/2

The free-surface gradient and the total discharge @) are discretized in space by
a centred finite difference and in time by a semi-implicit time average. The
advective term is discretized by an explicit upwind scheme where F; denotes
the upwind-based discretization of the momentum flux [2]|. The area A, the
concentration C and the friction term « are linearized in time, while the other
terms are function of 1 or @) and still contain all the information regarding the

time evolution of hydrodynamics and morphodynamics:

anll/Q — QY FM—FP
(A (A 1+1 i
<1 el 28 ) At * Aziy1/o *
n+l _  n+l n n
+gAi+1/2 (1 —Hccﬂrl/?AS) v Az -9 Aziti1/o *
AL o HE O — O
, n i+1/2iv1/2 Gy — G
+chAsahi+1/2 9 AZCZ'+1/2 +
+az+1/2 [QQ?—:TQ (1 - 19) ?4_1/2} =0. (319)
with )
F]'= o (3.20)
[u2(1+ZCCA) :| U <0.
A i+1/2

Rearranging the terms and solving for @, the discrete formulation for the mo-

mentum equation becomes:

E n
Qﬁ'f’l _ ’i+1/2 (Q )
i+1/2 7 4 ZCCZ"+1/2A + 19Atozl+1/2
. o (3.21)
B YAt 9Ai+1/2 (1 +Z"’CZ’+1/2A ) ( n+l n—l—l)
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where FE

it1/2 denotes the sum of all the explicit terms:

-7:5_1/2 = (1 + icCAS)?+1/2 Q?+1/2+

Fn. _ Fn
_Ap L TE _ n L Oon
At g = A= D)) (1+icCr o)

77?—1—1 -
A (3.22)

AL W HE y CT L — O
+1/2 1172 Oy == (1= 0)Atag, ) ,Q7 -

—iAtgay
cAAlg hit1y2 2 Axi+1/2

Since the values of the area A at the nodes i+1/2 are not defined, they are com-
puted by a quadratic interpolation on an upwind-biased stencil or, alternatively,
by an upwind-weighted interpolation of the form A; i/ = pA; + (1 — p) A1,

where p is an upwind weight.

Semi-Lagrangian Approach

For the section-averaged equations with arbitrary cross-section shape, unlike in
the constant rectangular section and 2D cases, it is not possible to obtain a
purely advective formulation of the momentum Equations (3.2)-(3.9). However,
a quasi-Lagrangian formulation [18, 45| can be derived by expanding the momen-

tum flux and canceling some of the resulting terms by use the mass-conservation

equation:
D11+ iCANQ] + aelU 2 [(1 +i.0A)Q] + gAl(L +i.CANQI LT =
ot c s u2 o c s g c s or
AH oC 0(a,2U)
ZcQAsT% - QT —1Q. (3.23)
Then, the momentum equation in a quasi-Lagrangian formulation is:
D . . on . AH oC
E[(l +i.CAs)Q] + gA (1 4+ i.CAy) i —aQ — zchsahT% (3.24)
with o 5 U
_ 99 4 (14 ony 20t (3.25)

- Y2 A?
The material derivative is approximated in a semi-Lagrangian fashion (see e.g.
[45]) for the coupled model as:

ox

(1+cCry 1 A ) QI = (L +icCRA) Q2
At

i+1/2

D .
ZI(+iCA)Q)

(3.26)



3.2 DISCRETIZATION OF THE MODEL EQUATIONS 43

where * denotes the quantities interpolated at the foot of the trajectory. The

position of the quantities is define by:

At
Ty = T — /0 e (@ (1) U (2 (1) d. (3.27)

The integral is evaluated by sub-stepping technique as shown by Rosatti et al.
[44] and the quantities at the foot of the trajectory are computed by a cubic
interpolation of the four nodes nearest to the position z7, /o S in the fixed bed
case [45].

The resulting numerical discretization for the momentum Equation (3.2) is

equal to Equation (3.21):

f'SL
ol — i+1/2 n
i+1/2 7 (1 + 1Oy p Qs + 0N )
) o (3.28)
YAt 9Az'+1/2 (1 + ZcCiH/?AS) n+1 n+1

Az (14O A+ DALY, ) (mi =m™)s

but the explicit terms F; *i_Ll /o are:

Fol =1 +i.CA:) Q+

. an
—(1—-9)AtgA (1 +i.CAg) —
(1=9)AtgA(1+iCAs) 5+ (3.29)
9As (an)y 1 +1/2AH OC
¢ 2 Ox

(1 —9)AtaQ

*

and x denotes quantities interpolated at the foot of the trajectory. Defining

the explicit terms as F; Jif /L2 in a different way yields the same discretization for
the discharge Q?-:_ll/Q‘ Consequently, the same solution procedure shown in the

Section 3.3 can be used for both the two formulation.

3.2.2 The Continuity Equation for the Total Mass

The conservation equation for the total mass is integrated by a finite-volume

method over the control volume [372‘71 /25 Tig1 /2] :

Tit1/2 8Atat 0 B

i—1/2
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Side fluxes are discretized in time in a semi-implicit fashion, by taking them
equal to the weighted average of the corresponding values at time levels n + 1

and n. The resulting discrete equation is:

(VI = (7 +9at QI — ity ) +

(3.31)
+(1 = 0)At (Q?—H/Q - Q?—l/Q) =0

where (V;); denotes the sediment-water volume between the section i — 1/2
and 7 + 1/2. If the section shape is arbitrary, the volume V; is a non-linear
function of the free surface 7. Substituting Equation (3.21) or Equation (3.28)
into Equation (3.31) yields:

w1 VAL 94512 (1 i C?JFI/QAS) (il — et

(Vo) o w0 n)+
Azip1yo 1+ Gl Qs +OALA, o )
. } (3.32)
92 A2 gAi—l/Q (1 + Ci—1/2A> ( n+l n+1) —gr
Ami—l/? 1+ O?—I/ZAS + ﬂAt‘)‘?—uz K 1) =%
where
Gr = (Vi) — (1= D) (@~ Q1) +
oA Fit1/2 B Fiz1/2 . (3.33)
L ClLypBs Falyy p0AE i+ Cl )y A +al | UAE
The final system is:
(Vt)?Jr1 + ’C?—W?—ﬁl + K?U?H + ’C?+177?++11 =g, (3.34)
with
) PARgAz, , (1400, ,A,)
F = - - < (3.35)
Atz (14 icCly oA + VAL, )
Kp=— (K1 +K). (3.36)

The set of Equations (3.34) for all cells ¢ of the computational domain con-

stitutes a weakly nonlinear system that can be written in vector notation as:
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Here,  denotes the vector of the unknowns 7)™, V¢(n) denotes the vector of
the unknown Vi”Jrl , M a symmetric tridiagonal matrix and G is the vector
of the right-hand side terms G'. In order to guarantee full mass conservation
in cross-sections of arbitrary geometry, a nonlinear relationship between n and
Vi(n) must be assumed. Thus, it is necessary to solve a scalar nonlinear equation
for each cell to recover the new free-surface values from the new section volumes,
even for explicit time discretizations. The system can be solved after assigned

the right initial and boundary conditions as reported in the Section 3.3.

3.2.3 The Continuity Equation for the Solid Mass

The conservation equations of the solid mass, Equations (3.3) and (3.10) are

integrated over the control volume 1:

Tit1/2 A
/ " ( 0 (i.CA) o A (C’Q)) dz =0 (3.38)
vy \O or | Oz

The area A is substituted with the difference between the total area A; and the
bed area Ay:

Tix1/2 (09 0 04, 0
& A Cc A a d = . .
[ (G eoar - gowmratg s gica)a=o @)

The fluxes are discretized in time in a semi-implicit fashion, while the con-
centration C' is explicit in agreement with the discretization of the momentum

equation:

ie [CPOV)TT =GP (V) = R + P (V)] +

+Cy(Vo)i ™ — Co(Va) + 0AL ( Cry1oQitye = Cilyya ?—Jﬁl/g) T (3.40)

+(1 —9)At <q+1/2Q7,+1/2 1711/2@11/2) =0,

From Equation (3.40) the variation of the solid volume (AVZ,)?H = (Vb);”rl -
(Vi) for all the cells of the domain is, then, calculated:

n+1 __ (1 — 19) At cn n iCC?_l n
(Ve);™ = i.CT — Cy ( r12Q0 12 — i—l/QQi—l/Z) TG Cb(‘/i)i +
iCP = Cy, VAL n+1 n+1
+ 1chn - Cb (%)Z + Zchn - Cb ( 1+1/2Ql+1/2 Z 1/2Ql 1/2) +
T,

(3.41)
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Since the values of the solid concentration C' at the integer nodes ¢ are not
defined, they are computed, similarly to the area A;, /o, through a quadratic
interpolation on an upwind-biased stencil or an upwind-weighted interpolation
of the form C; = pCj_y /5 + (1 — p)Ciyy /-

Finally, the volume (AVb)?Jrl is redistributed through the redistribution
formula explained in the Section 1.3.3. The solution procedure is fully explained

in the following section.

3.3 Solution Procedure

The aim is to calculate the following vectors of the unknowns in each node, as

shown in Figure 3.3, at the time n + 1 :
e the free surface elevation n"*1,
e the discharge Q"+,
e the bed volume variation AVt

The initial conditions are:

the free surface elevation n°

the discharge Q°,

the sediment concentration C°,

e the matrix zp° of the unknown (Zb)?,j as shown in Figure 3.3.
Zv |
) 4
® Quip2,Ciero N E
[ ni,(AVb)i
\
\
J | J (Zh)i.m
i-1/2 { i r+1/2[ -
} (Zh)i.j+l
(a) Position of the unknowns on the (b) Discretization of the bathymetry

computational Grid

Figure 3.3: Sketch of the discrete variables
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Figure 3.4: Flow chart of the solution procedure

If no values of sediment concentration is known, the initial condition C° is
calculated through one of the sediment transport formula reported in the Section

1.3 in function of the initial wetted area A?+1/2’ the total discharge Q(1)+1/2 and



48 3 DEVELOPMENT OF AN EFFICIENT NUMERICAL SCHEME FOR THE TwoO MODELS

the sediment properties. Since the sediment concentration C° is defined at the
node ¢ + 1/2, the area Af(i)+1/2 has to be calculated starting from the initial free
surface 77? and the bed elevation (zb)g ; through a cubic o linear interpolation.

After assigning initial and boundary conditions, the System (3.37) can be
solved with appropriate boundary conditions as shown in the flow chart, Figure
3.4. The upstream boundary conditions affect the first computational cell, while

the downstream boundary conditions the last cell N:

Upstream subcritical condition In the case of fixed bed the characteristic
analysis shows that one boundary condition is necessary. In the case of
mobile-mod another condition should be specified, but in the Equation
(3.31) only the total discharge )1/ = Qest is imposed and the flux @3/,
is expressed by the momentum equation, Equation (3.21) or Equation
(3.28):

(Va)i+ — Kyt + Kgnp ™t = Gt (3.42)

with R
G = (V)7 = (1= 9)At (Q5), — Qi) +

E,SL
e F e (3.43)
L+ C?+1/2A8 + 0‘711+1/219At “

In the semi-Lagrangian approach, if the foot of the semi-Lagrangian trajec-
tory is located outside the computational domain, the explicit terms FF
are evaluated by setting all the quantities upstream the boundary equal to
the values in the first computational cell. It can be noticed that the solid
concentration C is not herein imposed as boundary condition, but the
hydrograph of the sediment-water discharge Qs is the only information
required. In fact, the concentration C.g is required in the conservation

equation of the solid mass as boundary condition.

Downstream subcritical conditions Similarly one boundary condition is re-
quired and the free surface elevation 7 is assigned. In this case the Equa-
tion (3.34) for the last cell N becomes:

(VON™ + KR iy + K™ =GR, (3.44)
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with

Gy = ~Ke ol + (Ve = (1= AL (@1~ Qs +

E,SL E,SL
A Iy B I
1+C]@+1/2A +aN+1/219At 1+ C% 1/2A +af 12 vAL
(3.45)

After solving the System (3.37), the vector Q"*! of the unknowns Q?:II/Q
for i = 1,..., N is calculated using Equation (3.21) or Equation (3.28) and
the vector AVt of the unknowns (AV};)?H is updated through Equation
(3.41). At the upstream boundary, two conditions are necessary: the total
discharge Q.st and the sediment concentration Ceg. If no values of the solid
concentration at the upstream boundary are known, the solid concentration at

the equilibrium can be calculated and imposed as boundary condition.

Then, the evolution of the section shape is calculated as shown in the flow
chapter (Figure 3.4). In fact, the bed elevation (zb)?;rl depends on the vol-
ume (V)1 through a redistribution formula as shown in the Section 1.3.3.

Firstly, the coefficient k is determined by integrating Equation (1.95) between

Ti+1/2 OA
/ g b e
Ti—1/2 at
(3.46)

i+1/2
/ / o h1/2dydx
Ti-1/2

To calculate the denominator, the composite trapezoidal rule is used and the

[3«"2‘—1 2y Lit1 2]1
/ /

redistribution coefficient k; for the section 7 results:

A n+1
Entl = — 2(AVh); - - (3.47)
2=t (Wi1— <\/ ;—+1 + \/thr ) sz
with
Wt =t — (27 (3.48)

The initial bed level (zb)?’ ; is assigned. Since kP! is known, the bed elevation

(2p)" s

()7t = B REE 4 ()] (3.49)

)

Finally, the sediment concentration C’”+ ntl

—-1/2 i—1/2
and A”Jrll/2 through a sediment transport formula and the loop is executed until

the final time %.,4.

is calculated in function of



50 3 DEVELOPMENT OF AN EFFICIENT NUMERICAL SCHEME FOR THE TwoO MODELS

3.4 Stability and Efficiency of the Two Schemes

The computational cost of a scheme is a critical point in realistic applications.
For example, fast simulations are mandatory for hazard management and very
long-term simulations are needed to perform erosion/deposition simulations.
Last, but not least, simulation of real river flows are very often performed by
engineers who only have access to limited computational power. The efficiency

of the two schemes are well described by Rosatti et al. [45].

The advantage of this solution procedure is, firstly, the higher efficiency with
respect standard explicit schemes [35]. These schemes should respect the CFL

condition and their stability depend on the Courant number:

max (\) At

C= Az

(3.50)

where A is the generic eigenvalue of the hyperbolic system.

Two different Courant number are introduced in this work in order to evi-
dence the efficiency of the schemes: the Courant number based on the celerity
Ceal = (Ja,2U| 4+ v/gh) At/Az and the Courant number based on the velocity
Crel = |Oéu2U’ At/Azx.

The Eulerian upwind-based scheme for momentum advection was found to
be stable under the condition Cye < 1 in applications with smooth solutions,
steady and quasi-steady shocks. For the simulation of dam-break waves, also a
CFL condition C,; < 1 must be guaranteed as shown by Rosatti et al. [45].

Instead, in the linear case, the semi-Lagrangian formulation is uncondition-
ally stable [16]. In the non-linear case, as reported by Rosatti et al. [45], the
stability can only be checked empirically. In test cases, no restriction seems
to limit the time step and the semi-Lagrangian discretization was shown to be
stable and accurate over a wide range of velocity and celerity Courant numbers,

but to produce inaccurate results in presence of strong unsteady shocks.

Since, as shown in the Section 3.3, the solution of a nonlinear system at
each time step is required, some consideration on this computational cost can
be done. It should be remarked that, in order to guarantee mass conservation,
the solution of a scalar nonlinear equation per node is necessary also for an
explicit time discretization because the volume V; is a non-linear function of the
free surface elevation 7. Thus, the only extra cost with respect to an explicit
scheme solving the same equations is the solution of a tridiagonal linear system,
Equation (3.34), multiplied by the number of fixed point iterations. The number
of iteration is usually low and was found to be 6 on average in all tests with

complex sections. Finally the cost to solve the tridiagonal system is similar to
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an explicit scheme of comparable accuracy as shown by Rosatti et al. [45]. In
conclusion, a minor computational cost is expected also for Courant number not

much larger then one.






Chapter 4

Test Cases

Since a complete set of tests in various regimes of fixed bed flows are presented in
[45], only test cases on mobile bed are herein presented. The numerical solutions
of two models, EMP and QTP, are successively compared in order to highlight
the significant differences arising in the case of high sediment concentration. In
all the following test cases the 6 parameter is set to 0.6 and the time discretiza-
tion step At it is chosen so as to yield an assigned value of the maximum Courant
number based on the velocity Cye = max |U| At/Az and the maximum value
of the Courant number based on the celerity Cee; = max(|U| + /gh)At/Ax is
evaluated. Courant numbers larger than one show, as expected, a major efficient
of this solution procedure with respect to the explicit scheme. The concentra-
tion under the bed level C} is generally equal to 0.65. Both the two scheme, the
semi-Lagrangian and the upwind Eulerian discretization, were tested but only

the numerical results of the semi-Lagrangian scheme are reported.

4.1 Comparison with the Solutions of the Simplified

Equation

In this test, the numerical solution of both the QTP and EMP systems are
compared with the solution of the simplified equation, Equation (2.53), reported
in the Section 2.2 and Section 2.3. A channel with rectangular cross section and
unit width is considered. The friction term is, for simplicity, set to zero. The

initial bathymetry is given by:

z — 200
0.2 sin?
;) (ZE7 0) = < 400
0 otherwise

7r> if 220 m < x < 400 m

The channel is 5000 m long and discretized with 2000 cells. Thanks to
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the semi-Lagrangian scheme a large time step (At = 32 s) that corresponds
to Courant number C).; = equal to 1.3 can be used. The maximum Courant

number based on the celerity C,.; is equal to 288. The solid concentration
is written as a function of the Froude number Fr = /gh/U as C = BFrZ.

The coefficient for the closure formula, the initial and boundary conditions are

reported in Table 4.1.

Test case | n Fr I5} €

() | s | =] | ] -]
a) 50 5 | 0.0045 | 200 | 0.006
b) 50 5 | 0.0045 | 2000 | 0.06

Table 4.1: Initial and boundary conditions

The flow can be considered quasi-steady. If the Froude number tends to zero,
the simplified model for the bed evolution is valid. Indeed, if € is negligible, test
case (a) in Table 4.1, Equation (2.53) reduces to the simplified equation proposed
by Hudson and Sweby [29]. The numerical solution of both the models, QTP
and EMP, strictly agree, as shown in Figure 4.1 (a), with the simplified solution,

Equation (2.53), for the e rate negligible.

..................... Initial condition
FES—— Simplified solution

2+ ”~
Y
¥4 °a‘ Numerical solution, QTP
or J ) . Numerical solution, EMP
: .
.'/ L
lr P
s 1
hg .
5F a i
N : o"! %
i %, or *
" Lh & . 23 " i
500 1000 1500 2000
x [m]

(a) € =0.006, at time ¢ = 300000 s

Initial condition
—immmmm Simplified solution

0.2t o .
P e
H 5 L]
F Y P Numerical solution, QTP
0151 3 :. t ° . Numerical solution, EMP
; .
J e b
01f )
' ic e
' Lo
il i
005 LA
{ i L
i i "
i Y ie .
ol A ;e R ) ‘
500 1000 1500 2000
x[m]

(b) € = 0.06, at time ¢ = 30000 s

Figure 4.1: Comparison between the approrimated and the numerical solutions.

In the case (b), the solution of the simplified equation for the € rate not neg-
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ligible agree with the numerical solution of the QTP model, but not with the
numerical solution of the EMP, Figure 4.1 (b). The parameter ¢ has increased
(e = 0.062) and, if the two numerical solutions, QTP system and EMP system,
are compared, the difference in the propagation velocity of the bed perturbation
is evident. The shape of the numerical solution is slightly different from the so-
lution of the simplified model because of the assumptions in Equation (2.15).
Nevertheless, the numerical solution of the QTP system shows a lower propaga-
tion velocity of the finite perturbation of the bed with respect the model with
€ set to zero. In conclusion, if the parameter € is not negligible a fully coupled
model has to be considered because differences due to the neglect of the terms
multiplied by epsilon can be accumulative. These differences become evident

for values of concentration C' higher then 6.5 %o.

4.2 Impact of Model Simplifications

In order to asses the performance of the proposed method in the case of bathymetry
changes and underline the effect of the simplifications in the model equations
during the transient state and with high concentration, three different test cases
are presented: a channel with a width variation of the cross section, a local depth

variation and a sediment wave in a channel with an arbitrary cross section.

4.2.1 A Non Prismatic Channel

The scheme has already tested in the case of non prismatic channel, fixed bed
and supercritical condition by Rosatti et al. [45]. In the case of mobile bed,
experimental data are not available. However, a non prismatic channel of 2000 m
with roughness coefficient ks constant, is herein considered. The channel is
discretized with 201 cells and the space step is 14 m when the width is 50 m and
10 m otherwise. The flow becomes supercritical in correspondence to the channel
constriction. Firstly, the steady-state in the case of fixed bed is calculated,
the upstream discharge Q is 473 m3s~! and the free surface elevation at the
downstream boundary is 10m. The geometry of the channel and the initial
condition are shown in Figure 4.2 and Figure 4.3 while the bed slope is 1.2 %o.
In this case the time step should be reduced and the semi-implicit discretization
used due to the high values of concentration and Froude number during the
transient state where the width decreases. The Courant number based on the
velocity is set equal to 0.4, but the maximum Courant number based on the
celerity is still greater then one (Cpe = 1.2).

The sediment concentration is calculated by means of Meyer-Peter Miiller

relation with d = 1 e¢m. During the transient state and when the concentration
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Figure 4.3: Initial conditions.

are higher, the differences between the QTP model and EMP model are evident
as shown in Figure 4.4. The stationary state of the two systems is generally dif-
ferent with respect the same initial and boundary conditions and the difference
is mainly due to the term (1 4+ CA) in Equation(3.2):

0z _

gA(1+CA) o

—aQ. (4.1)

In this test case the concentration is close to zero where the section is constant
and differences in the steady state are not relevant. Instead of the difference

due to EMP model can transiently be significant where the section changes and



4.2 IMPACT OF MODEL SIMPLIFICATIONS 57
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(b) Concentration

Figure 4.4: Comparison between the QTP model and EMP model during the transient
state (t = 200 s).

the concentration C increases.

4.2.2 Depth Variation

The channel is 2000 m long and 3 m width, the initial water depth is 3 m and the
discharge 27.6 m®s~1. The Strickler coefficient ks is 30 m'/3s~1. The channel is
discretized with 201 cells with Ax equal to 10m. The regime is subcritical and
the concentration is higher then 6 %o as shown in Figure 4.5. The bed slope i
changes between 1000 m and 1150 m as:

10% if 1000 m < x < 1020m and 1130m < = < 1150m
Zb (33,0) =

1% otherwise

The initial condition is the steady state for the fixed bed case. As in the
previous case, it is possible to observe, as during the transient state where the
concentration are about 1% (Figure 4.6), the river bed evolves in a different
way (Figure 4.5) depending on the model’s choice. The closure relation is the
Meyer-Peter Miiller formula and the diameter d is equal to 0.4 mm.

The Courant number based on the velocity is 1.2 and based on the celerity
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Figure 4.5: Comparison between the QTP model and EMP model during the transient
state (t = 150 s).
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Figure 4.6: Froude number and concentration at t = 150 s.

is 3.1.
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4.2.3 Arbitrary Cross Section

A channel with an arbitrary section is considered. A flood and sediment wave
propagating in the channel are considered in order to test the non-linear relation
between the free-surface elevation and the area of the section. The importance
of considering this relation is already demonstrated in Rosatti et al. [45].

The coordinates of the first section are reported in Table 4.2, while the bed
slope is 0.1 %oat the time ¢t = 0 s as shown in Figure 4.8. The channel is
1500 m long and discretized with 151 cells (Az = 10 m). The Chézy coefficient

is 20 m1/2s71 in the flood areas and 30 m!/2s~1.
) Zb Yy Zb
[m] [m] [m] [m]

0.000 | 60.199 | 23.000 | 49.999
0.250 | 59.699 | 24.000 | 50.249
0.500 | 59.199 | 25.000 | 50.749
0.750 | 58.699 | 26.000 | 51.749
1.000 | 58.199 | 27.000 | 53.749
2.000 | 57.199 | 28.000 | 54.749
3.000 | 56.699 | 29.000 | 55.249
7.000 | 56.299 | 30.000 | 55.499
8.000 | 56.199 | 31.000 | 55.599
9.000 | 56.099 | 32.000 | 55.699
10.000 | 55.999 | 33.000 | 55.799
11.000 | 55.899 | 34.000 | 55.899
12.000 | 55.799 | 35.000 | 55.999
13.000 | 55.699 | 36.000 | 56.099
14.000 | 55.599 | 37.000 | 56.199
15.000 | 55.499 | 38.000 | 56.299
16.000 | 55.249 | 42.000 | 56.699
17.000 | 54.749 | 43.000 | 57.199
18.000 | 53.749 | 44.000 | 58.199
19.000 | 51.749 | 44.250 | 58.699
20.000 | 50.749 | 44.500 | 59.199
21.000 | 50.249 | 44.750 | 59.699
22.000 | 49.999 | 45.000 | 60.199

Table 4.2: Coordinates of the first section at x =0 m.

The initial discharge is Q equal to 6.95 m3s~! and the initial depth h is 3 m.
The Meyer-Peter Miiller relation is used with diameter of 0.4 mm . Initially, the
concentration C along the channel is at the equilibrium with the hydrodynamic
and is equal to 1076, Firstly, the solid concentration increases until the 1% in
1 A during the flood and, after, decreases to the initial value. In the meanwhile,
the flood wave imposed at the upper boundary lasts 200 hours and the peak
discharge is 120 m3s~!. The sediment concentration C' at the upstream bound-
ary and the water elevation 7 at the downstream change during the simulation
as shown in Table 4.3.

During the simulation the maximum Courant number based on the velocity
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Figure 4.7: Bathymetry at timet =0 s.

time Q time C time n
[s] | [m?*/s] | [-] | [m] (-] [m]
0 6.950 0 [10°%] 300 | 51.999
36000 | 120.000 | 360 | 1072 | 45000 | 56.999
72000 | 6.950 | 720 | 1075 | 150000 | 51.999
00 6.950 oo | 1076 00 51.999

Table 4.3: Upstream boundary conditions.

is set equal to 2.2 (Cpy = 17.4). The scheme used is the semi-Lagrangian
formulation. The flooding of the 14" section (z = 130 m) is presented in
Figure 4.8.

1\ U

56
% 54 F
N
52 Bed level
Free surface
50 F
48 0 10 20 30 40
x[m]

Figure 4.8: Computed free-surface elevation at the time t = 20 h in the 14" section
(x =130 m).

Due to the increasing of solid concentration not only differences in the bed
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Figure 4.9: Bed evolution at the time t = 200 h calculated with the QTP model and
the EMP model.

level can be observed between the two models (Figure 4.9), but also the section
shape differently evolves during the transient state (Figure 4.10). The formula
used in order to redistribute the sediment is a function of the depth h as reported
in the Section 1.3.3. Consequently, in the same section x = 50 m (Figure 4.10)
the aggrading sediment process corresponding to the EMP numerical solution
disagrees from the QTP model. As in the previous test cases, the bed evolution
is different and depends on the model’s choice and the front of sediment travels
with different velocities depending on the model’s choice. In Figures 4.9 and
4.10, the bed levels are plotted at the time ¢ = 200 h.

4.3 Aggradation Test Case

The model is applied to the flume experiment of Soni et al. [49] extensively
studied by Cao et al. [13] and Kassem and Chaudry [31] in order to verify the

model. The experimental flume was 0.2 m wide and 30 m long. The closure
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Figure 4.10: Section shape evolution (x = 130 m) at the time ¢ = 200 h calculated
with the QTP model and the EMP model.

formula is a monomial relation:
Qs =0U™, (4.2)

with 0 and « empirical coefficients, Table 4.4. The numerical solution herein
implemented required the solid concentration C' that is simply the rate between
the solid discharge @ and discharge of the mixture ). The values of § and m
for the sediment size used in the study [31] are respectively 1.45 107% and 5.

1/26=1 and the concentration of the

The Chézy coefficient x is equal to 29.69 m
sediment under the bed level Cp is 0.6. The values of the water depth h, the
liquid discharges @Q;, the bed slope i and the increment of solid discharge are

reported in Table 4.4.

h Q m ) i X
[m] [m?s] ]| [s*m™2 [-] [m!/2s71]
0.05 | 4.000107% | 5 | 1.451079 | 3.56 1079 | 29.69 m1/2s—1

Table 4.4: Ezperimental test [49]
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The initial data and the boundary conditions are reported in Table 4.5. For
the numerical model two boundary conditions are specified at the upstream
and one at the downstream. The total discharge at the upstream boundary is
calculated as the sum of the liquid discharge @); and the solid discharge Q. At

the downstream the free surface n is assigned constant.

Initial Condition Upper Condition Lower Condition
h Q Q C n

[m] [m?s] f [m?s] - [m]

0.05 | 4.00310793 | 4.0148 1093 | 3.6983 10~ 93 0.05

Table 4.5: Numerical simulation: initial and boundary conditions

------- Initial conditions
QTP and EMP models
Soni et al., 1980

0.15R =~ =

0.1F

0.05F}

x [m]

Figure 4.11: Computed bed and water surface profiles compared to data of Soni et al.
[49] at the time t = 40min. The dashed lines are initial bed and water surface profiles.

The channel is discretized with 60 cells. The efficiency of the semi-Lagrangian
scheme let to use a larger time step with respect [13] (At = 0.6s) and [31] where
the Courant number is set to 0.65. In this scheme the time step is chosen equal
to 1.6 s that corresponds to Courant number Cye = (|U| + v/gh) /Az equal
to 3.5. In fact, the scheme is stable as shown in [16, 25| and no restrictions

significantly limit the time step.

Finally, the calculated profiles strongly agree with the experimental data
as shown in Figure 4.11. The QTP model gives the same results of the EMP
model because the solid concentration are low as it is expected from the non-
dimensional analysis. No experimental data are available in order to validate

the models for higher concentration.
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4.4 Conclusions

In natural river, discharge and geometry changes can be relevant. Consequently,
the simplification of the mathematical model can lead to inaccuracy that could
be cumulative with the increasing of the simulation time. The numerical tests
clearly demonstrate as, for concentration C' higher then Corp, 6.5%0+1%, the
solutions of the two models disagree. Otherwise, for lower concentration, the
two solution are equivalent consistently with the non-dimensional analysis. The
value of € suggested in Section 2.3 is, then, confirmed by the numerical results.
The solid concentration becomes usually higher in correspondence of transient
flows and the use of the QTP model become essential. Besides, the model was
tested for non prismatic channel, width and bed elevation changes and irregular
section. The numerical results were compared with an analytical solution and
with experimental data. Finally, with the proposed numerical method, the quasi
two-phase models can be used without any loss in efficiency with respect to the
essentially mono-phase or fixed bed case. In the following part only the EMP
model is considered and the non-uniform sediment transport is analyzed only

in the case of concentration lower then the Cgorp value.
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Chapter 5

Mathematical Description of the
Non-Uniform Sediment

Transport

River-beds are usually composed of non-uniform sediment mixtures and the
prediction of natural river processes is, consequently, complex. In the second
part of this work, the shallow water equations are integrated with the description
of the sediment transport with non-uniform grain-size. Only the EMP model
is considered (Chapter 2) and, consequently, the range of validity of this model
should be respected.

5.1 The Bed Material Fraction Approach

Firstly, a briefly review on the transport of sediment mixture is undertaken to
highlight the mechanism of grain sorting. In particular, a model based on the
division of the grain size distribution curve in a discrete number of classes is
herein explained. Even though the literature has pointed out the limits of using
this approach, this is the most commonly used method in numerical models

12, 34, 55, 56, 58.

5.1.1 The Grain-Size Distribution Curve

In a mixture of water and sediment with non-uniform grain-size, the particle
size gradation of the bed surface is described by using a discrete number of
classes. To assess the distribution of the granular material on the bed surface,
sieve analysis is generally used. The availability factor of each class p; is the

percentage of the grain-size class j. The particle diameter is usually log-normally
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distributed, but can be converted in a symmetrical Gaussian distribution by a
logarithmic transformation. Wu et al. [56] plotted the particle diameters on
a logarithmic scale against the availability factor of each grain class. These
curves, Figure 7.3 (b) and (d), result bell-shaped with respect to the frequency
distribution displayed in Figure 7.3 (a) and (c¢). The mass balance is, then,

written for each class in which the grain-size distribution curve is divided.

60 ] 60+ ]

p[]
pl]

e Tl e

O(IJ 0.5 1 1.5 1 2
d, [mm] d, [mm]
(a) Percentage of grain size class j against (b) Log-normal distribution
diameters
= ] —
30 301
220 Z20F
o o

10 H 10}
B | O I L [ O
2 3

0 1 2 3 1
d; [mm] d; [mm]
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diameters

Figure 5.1: FEzamples of frequency histogram reported by [56] for the Rio Grande,
New Mezxico.

5.1.2 Continuity Equations for Each Sediment Class

In these models, the concept of mixing layer is essential [28]|. Deeply buried
grains have minimal probability of entrainment into motion and only grains in
the mixing layer can be eroded. The sediment transport capacity and the mass
balances are calculated for each class of the grain size distribution curve by
considering the mixing layer thickness as shown in Figure 7.3. In particular, the
curve is divided in m classes.

Under the hypothesis of EMP model and in agreement with the derivation
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»
|

y

Figure 5.2: Sketch of a generic cross section and of the main model variable in the
case of non-uniform sediment

in the Chapter 2, two systems of m equations of mass conservation, for both
the mixing layer and the substrate, are written:

d 9(Qs); d

Cb@ (ij(s) + oz + Cbpj% (Ab — A(;) =0 j=1l.m, (5.1)

0 subs — 0 .
Coss [pj t(Ay — A(;)] = iy (A= 4s)  j=1lem,  (52)

subst

where the unknowns are the availability factors p; and p; , while Ag, the area

of the mixing layer, is calculated through a closure formula. The availability
factors p; are equal to the value p; in the mixing layer in the case of bed

subst of the substrate in

aggradations and to the value of the availability factor p;
the case of bed degradations. The mixing layer thickness is usually related to

the sand dunes height as [5, 52|

0 = max(0.5Ap, 2d,,), (5.3)
where 03
A dso\”
Sl (2} (1-e ") (25-1) (5.4)
h h
and
w2 — g2
T - u2 C7 (55)
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Alternatively, the thickness § can be related to the specific diameter dgg [8] as:

o~2+~ 3d90. (5.7)

15t - 0.03} [
— 1f —0.02}
a o
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(a) Availability factor of each sediment class (b) Sediment transport capacity calculated

in the mixing layer through a transport formula
0.01r
o
2 0.005F
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(c) Solid concentration for each class of sed-
iment that is equal to the product between
the availability factor p; and the transport
capacity (Q.) ;

Figure 5.3: Sediment concentration of each grain-size fraction j

In order to calculate the solid discharge (Qs); or, equivalently, the sediment
concentration C; the Einstein theory is usually used. The solid discharge of
each grain-size fraction j is assumed dependent on the number of grains present

in the bed river as shown in Figure 5.3:

(Qs)j =Dj (Qc)j (5-8)

where (Q.) ;s the sediment capacity, i.e.the solid discharge in the case of steady
flow and uniform grain size material equal to d;. The basic assumption of classi-

cal non-uniform models is that interactions among the moving sediment particles
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are negligible. Each size class of the moving sediment mixture is assumed to
have the same transport behavior as if there were uniform sediment and the
sediment capacity (Q.) ; can be calculated through a sediment transport for-
mula. Figure 5.3 (c) represents the distribution of the solid discharge of each
grain-size class and, then, the distribution of the sediment transported by the
flow. It can be noticed that the two grain-size distributions, in the river-bed
(Figure 5.3 (a)) and (Figure 5.3 (c)) are different as reported by Armanini [6].
Consequently, the sediment fraction pr;, transported by the flow, differs from
the sediment fraction p; in the mixing layer:
. bj (Qc) 7

prj = S0 (Qc)j' (5.9)
The two systems of m equations, Equations (5.1) and (5.2), with the EMP
model, Equations (3.8)-(3.10), can be numerically solved as reported in the
Chapter 6 in order to model the river processes. The difference is that, in the

non-uniform model, the solid discharge is the sum of all class contributions:
m
Q= [pi (@), (5.10)
j=1

where m is the number of classes in which the curve is divided.
The two main limitations of using Einstein theory in order to calculate the

solid discharge @), are:

e the unsteadiness is neglected and the hypothesis is based on the local

equilibrium conditions;
e the hiding effects are not taken into account.

Finally, it should be noticed that, in the EMP model, the solid discharge
Qs is considered equal to a,2CQ. Then, the Equations (5.1) and (5.10) are

rewritten:

0 1o} _ 0 .
Cba (ij(;) + o (auijQ) + Cbpja (Ab — A(g) =0 j=1.m, (5.11)
c=%" [pj (Cc)j} (5.12)
j=1

where (C,) j is the sediment transport capacity calculated through a closure
formula reported in the Section 1.3 under the hypothesis of sediment availability

and uniform diameter equal to d;. Consequently, the total amount of solid
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discharge C'Q) is a function of all the solid concentration C; for each grain size

class in which the grain size distribution curve is divided.

5.2 The Moments Approach

In literature, a novel approach proposed by Armanini [4] is also derived by writ-
ing the sediment transport capacity as a function of the mean diameter of the
sediment mixture, expanding in series and substituting in the continuity equa-
tions for each sediment class, Equations (5.1) and (5.2). Herein an analytical
derivation of the moments equations is proposed in order to have a procedure

suitable for all the statistical moments.

5.2.1 An Analytical Procedure for the Derivation of the Mo-
ments Equations

Grain-size density and distribution are continuous concepts, Section 5.1.1, where
the random variable is the diameter d, Figure (5.4). Consequently, the solid
discharge Qs or, equivalently, the sediment concentration C', depends on the
grain size distribution p (t, T, ¢, U, 02) where the average 1, the variance 0% and
all the statistical moments considered can change in time ¢ and space x. The
objective of this formulation is the reduction of the number of unknowns from
the number of classes in which the distribution curve is discretized, Section
(5.1.2), to the number of statistical moments necessary to describe the shape of
the distribution curve. Firstly, in the conservation equation for the solid phase

(EMP model)
04, 0Qs
“5r T ow

the sediment discharge )5 should be expressed in function of the statistical

=0, (5.13)

moments. In agreement with the Einstein theory, the solid discharge Qs is the
integral over the grain-size interval [0, 4+00) of the product between the grain

size distribution curve p and the sediment capacity Q.:

—+00

Qu (t,) = / p(t,2,6,1,0%) Qe (6) do, (5.14)

0

where, in this section, ¢ is a dummy variable denoting the diameter d in order
to avoid possible misunderstanding in the notations of the integral and Q). is the
capacity discharge calculated as all the sediment is distributed with diameter
¢. In this way, the product between the distribution curve and the transport

capacity for each class, p (t, T, G, p, 02) Q. (¢), represents the solid discharge of
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each sediment diameter ¢. The integral of the function p (t,:p, o, 1, 02) Q. (0)
gives the solid discharge @5, Figure (5.4).
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(a) Distribution of the grain-size of the sedi-
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through a transport formula ment that is equal to the product between the
availability factor p and the transport capac-
ity Qe

Figure 5.4: Sediment distribution curve.

In order to calculate the integral Equation 5.14, firstly, the discharge of the
sediment class capacity Q. (¢) is expanded in Taylor series around the mean
value p. In particular the distribution p is assumed to be dependent only on the
average u and the variance o, for this reason the Taylor expansion is considered

until second-order partial derivatives:

Q.|  (p—p)?
042 |, 2

Q.

3
56 |, +o0(¢’). (5.15)

Qe (¢) = Qe (1) + (¢ —p)+

Secondly, the equation (5.15) is multiplied by p and integrated over [0, +00) to
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obtain the total discharge Q,:

=400

400
&= [ sawds+ [po 88% a6+ (5.16)
0 0 =
T o 9*Q (6 —p)?
- . d < d 3).
[p 96 ¢uu¢+0p8¢2 o 3 ¢+ o0(¢°)

where p is still dependent on the statistical moments p and o. By remembering

+oo
that [ p(¢)d¢ =1, the following expression works out:
0

1 9°Qc

3 992 0% +o(4%), (5.17)

p=p

Qs = Qc (M) +

“+o0o
where 1 is the mean diameter and o2 = [ p(p— ,u)2 d¢ represents the variance
0

of the grain size distribution curve.

The statical moments can now be used for describing the shape of the dis-
tribution, Figure (5.4 a). In particular, time variations of the function p causes
temporal changes of the statical moments. In order to calculate the temporal

derivatives of the statistical moments:

+o0
P (5.18)

/

“+o0o
7= [p(o-n?do. (5.19)
0
+o00

n — moment = /p (¢ — p)" do, (5.20)

0

the conservation equations of the sediment for each grain size class, Equations

(5.1) and (5.2), are multiplied by ¢ where n is the n—statistical moment and

integrated :
+oo
[ | s+ 5 Q0 + "Cupgy (4 - A9 do =0, (21
bat pAs O P bpat b 4 — Y, .

0
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+o00

0 0
[ [ercigy [ an = a0)] - orupgy (40— 49| do=0. 522
0

Here, only the mean and the variance are considered but the procedure can be
extended to the other moments. If n is equal to one, the Equations (5.21) and
(5.22) become:

—+00

[ [ecrgy s + o5 00 + oCipgy (- 49| ds =0, 523
0

Troe 9

/ [Gbcbat [pS"bSt (Ap — )} $Cpp 5, (Ap — 5)] d¢ = 0. (5.24)
0

By remembering that the diameter ¢ is an independent variable and

+00 +o0o

ap .. [0 o
[oarao= [ 5 words =, (5.25)
0 0

the first and the last term of the Equation (5.23) becomes:

0A 0As
/ 6O 86 = Cun (5.26)
“+00
0 _0
¢Cppo (Ap — As) dp = Cofi (Ap — As) - (5.27)
ot ot
0
+oo
where i = [ ppde is equal to the mean diameter of the substrate 1t in the
¢=0

case of bed degradations and to p in the case of bed aggradations. The second
term of the Equation (5.23) represents the flux of sediment that determines the

variation of the mean value:

/00 (pQc) d /00 (6pQc) dp = %, (5.28)
0 0

+oo
with Fj, = | ¢pQcdé. It can be expressed in function of the statistical moments
0
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by expanding the term Q.¢ in Taylor series around the mean diameter pu:

Q.
6Qc(6) = Qe (1) + | Q=)+ 22| | (6= ) +
0¢ p=pn
1 an 82@0 2 3
+-12 + - +o0 . 5.29
After integration over the interval [0, +00) of the previous equation, the flux F},
is:
0Q. 14 82@0 2
F,=pQ: (1) + + = o”. 5.30
I IU’Q (lu’) ( a¢ b= ) 8¢2 b= ( )
The Equations (5.23) and (5.24) become:
0 OF, _0 B
by (nAs) + 5, T Cbig, (Ap — A5) =0, (5.31)
0 subst —é _
Chae [ (A = 43)] = Cofi (A, — 45) =0, (5.32)

+o00
where Msubst — f psubst (¢) d¢
0

To describe the evolution of the sediment distribution curve, it can be also
necessary to analyze the time variation of the variance ¢2. Similarly to the
procedure for the average u, the Equations (5.21) and (5.22)are written for

n=2:

+o00
0 0 0
[ #Chg, s + 65 (6Q0) + PCupyy (A= As)do =0, (539
0
a0 ?
/ #*Chs, [pSUbSt (Ap — A(;)} ~ *Ciprg, (Ay — As) o =0, (5.34)
0

By remembering the definition of the variance o2,

—+o00

/p¢>2 =’ + 0%, (5.35)

0

the Equations (5.33) and (5.34) become:

0 OF, 0

Cogr (17 +0%) As] + 57+ Cy (° +8°) 5 (A= A5) =0 (5.36)

a2 [(pet2 4 g2 (4, — A5)] = G (7% + %) O (4~ 45) =0, (537)
bat b 0 b ot b 0 ) :
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with
o0

Fpo= | (pQc0”) do. (5.38)
/

Herein, 2 denotes the variance of the distribution for the sediment in the sub-

S“b“)2 in the case of bed degradations and to ¢2 in the case of bed

strate (0’
aggradations. Similarly to Equations (5.29) and (5.30), the term Q. (¢) #? is

expanded in series with respect to the mean diameter p and becomes:

Qe (‘b) ¢2 = Q. (M) (Qc(bQ) ((ZS - M) (Qc¢2) M
8¢ o=u 8¢2 d=n 2
(5.39)
This equation is rearranged to get:
9 Q.
Qc¢” = Qc (¢ = p) o+ 2pQc (1) (0 — ) + 1o (¢ —n)+
0¢ p=p
an 2 ach (¢ - #)2
+ <2Qc( ) +4p 90 |, + ¢ 06° ¢>=u> 5 (5.40)
with 90 50
2\ __ c 2 c
8¢2 (Qeo?) = 4¢ 56 ¢ 5z T 2Q.. (5.41)
The Equation 5.40 is then integrated over the interval [0, 4+00) and the flux F-
derived:
1 Q. Q.
Foz = Qe () p+ 5 <2Qc (1) < +u adg ) o?. (5.42)
o=p o=p

The final system for the sediment transport in the case of non—uniform

sediment is:

8Ab aQs o
Coar 5, =0 (5.43)
) ) B
Cogp (nAs) + —-= + Cofi, (Ap — As) =0, (5.44)
9 OF.» 5 D
Cbgt [(M2 + 02) A‘S] + Or (MZ + 02) a (Ab - A(S) =0, (5-45)
Ca[s“bSt(A *A)]—Cﬂg(A —A5) =0 (5.46)
bat b 4 b ot b 0 ) .
0 0
Cba [(HsubstQ 4 O.substQ) (Ab _ Ag)] _ Cb (ﬂQ 4 5’2) & (Ab _ A5) —0.

(5.47)



78 5 MATHEMATICAL DESCRIPTION OF THE NON-UNIFORM SEDIMENT TRANSPORT

where the unknowns are the bed area A;, the mean diameter p and the variance
o2 and all the other variables are expressed, by replacing the dummy variable

¢ with the diameter d, in terms of the mean and the variance as:

1 9%Q.
Qs =Qc(d=p)+ 5 % 0% +o(d), (5.48)
2 o |,_,
0Q. I 82Qc 2
F, = c = = s 4
14 IUQ (d /.L)+ < ad d:u—i_ 2 8d2 = o (5 9)

Fpo=Qo(d=p)p+

Q.

1 9*Q.
+§ <2Qc(d—ﬂ)+4u 0d

od?

+p

) a2 (5.50)
d=p

This procedure can be extended to the other statistical moments in order to

d=p

better describe the time evolution of the grain-size distribution of the sediment.

Besides, the same approach can be applied to the concentration C' instead

of expanding in series the discharge Qs:

1 9%C, 5 3
—C(d=p) 4t , 51
C=0C.(d u)+2 BYE d:Ma + o0 (d’) (5.51)
Equivalently, the fluxes are redefined as:
oC, p 0%C, 9
F,= |pC.(d=p)+ ( od |, t5 902 d_ﬂ) ol Q, (5.52)

F0'2 = [Cc(d: M)M+
9%C.
Fod

+
d=p

5 dc d:#) 02] Q. (5.53)

5.2.2 Sediment Transport Formulas with respect to the Statis-

1 oC,

tical Moments

The next step is to express the sediment transport capacity formulas and its
derivatives with respect to the diameter d in function of the statistical moments.
In fact, this general result is in agreement with the system obtained by Armanini
[3] where the discharge is calculated through a monomial formula. In this case,

the transport capacity is:
Q. (d) = mU*a~", (5.54)
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and, consequently:

k—1 -1
C.(d) = %. (5.55)

The derivatives with respect to the diameter d are:

aC, l
= =—C,(u) —, 5.56
o |, (W) (5.56)
0%C. I(1+1)
— (1) . 5.57
o |, = u Cew (5.57)

By substitution of Equations (5.56) and (5.57) into Equation 5.48, the following

expression for the sediment discharge Qs is obtained:

2

C=Ceo(p)(1+ cZ%m, (5.58)
where
e = L . D) (5.59)

Secondly, the flux F), is calculated:

o2
Fa=Ce) (14 0% ) @ (5.60)
where 11
01:< U )>. (5.61)
2
Finally, the flux F2, can be derived as:
o2
Fy2 = uC. (1 " Cg;ﬂ) Q. (5.6
with
1(2-31—1?

A similar procedure can be developed for the empirical relations such as
Meyer-Peter and Miiller. As reported in Section 1.3 , the relation can be rewrit-

ten in function of the diameter d as:

3/2
8 g gAgd
2
= Fr?-— - .. 64
C.=Fr X (k:gR,ll/S 72 0) (5.64)
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Under the hypotheses of ks constant with respect to u, the derivatives of C, are:

1/2
C AS
oC. :_12990177«2( g__ 9 d@) : (5.65)

2 1/3 2
od U kg Rh/ U
and 12
0%C, g° g gAgd -
¢ = 6Z02Fr’A, — 2=, . 5.66
gz~ Ut T agls T (5.66)

The advantages of using this formulation is the reduction of the number of
unknowns from 2m, with m number of classes in which the sediment distribution
curve is divided, to twice the number of statistical moments considered, for
example the mean p and the variance ¢. In this work the equations for the
statistical moments, Equations (5.43)-(5.46), are implemented in a simplified
model, where the hydrodynamic is considered quasi-steady, in order to find a
reference solution. Instead, the bed material fraction approach is implemented
by extending the scheme proposed in Section 3 to the non-uniform sediment

transport.

5.3 A Simplified Solution for the Evolution of the
River-Bed and the Grain-Size Distribution

A simplified solution of the EMP hydrodynamic and morphodynamic system
with non-uniform grain-size distribution is herein reported. A similar solutions
was proposed by Ribberink [42]. Starting from the solution proposed in Section
2.2, Equation (2.53), in the case of EMP model (¢ = 0), a simplified equation
for the bed evolution is derived. It should be noticed that C' depend also from
the mean diameter p, if the variance is assumed constant, Equation (5.51). By
considering the non-dimensional analysis of Section 2.2 and the dependency of

C from the mean pu, the derivative of C' with respect to space is:

oC _ 0C 0z, 0C Op

— = — 5.67
Ox Oz, Ox + ou Oz’ (567)
and the simplified equation for the bed evolution becomes:
Ozy  ~ ., 0z ., 0u
or +QC; Ox +QC, oxr 0. (5.68)

where C), and C; are respectively the derivatives of C' with respect to © and z,.

Secondly, the Equation (5.46) is scaled under the following assumptions:

e rectangular channel with constant width,
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e thickness § of the mixing layer constant in time
e variance ¢ constant in time.

The scale factors are:

= fiop”, (5.69)
§ = hod*, (5.70)
FH = C(]Uohoqulj, (5.71)

where Cy, Ug, hg, pto denotes the values of the variable for the base stationary
flow. The non-dimensional equation for the temporal derivatives of the mean

diameter is then: .
op*  10F;  [* oz

or* 0% dx*  0* O+ (5:72)
where F} is a function of p and 2. Then:
OF} _ OF; op*  OF,; 0z (5.73)

ox*  Op* Ox* Oz; Ox*

Equation (5.72) and the simplified equation for the bed evolution, Equation

(5.68), constitute a system of two equations where the unknowns are bed level

2z, and the mean diameter p under the assumption of substrate infinite and
subst

I constant in time. The system can solved numerically by the method of

characteristics.






Chapter 6

Extension of the Numerical
Scheme to the Non-Uniform

Sediment Transport

The two methods proposed in the Chapter 3 are extended to the non-uniform
transport calculation. The solution procedure still remains the same, but the

concentration C is calculated through the Equation (5.12) and the availabilities

subst

factors p; and p; are updated.

6.1 Equations of the Model

Under the assumption of EMP model, the set of equations to be solved is:

on , 0@ _

ot + or 0 (6.1)
0Q OF on B
E‘f‘%ﬁ-gz‘l%ﬂ-aQ—O (6.2)
04, 9(CQ)
Cy o + 9 0, (6.3)
0 .0 D o
5 (i) + 5 (2C5Q) +pj 5. (As = 45) =0 j=1.m, (64
9 subst ok 0 .
= P A= A9 =R (A= As) = 1m, (6.5)
with )
p o Qwd (6.6)
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o=+ ZZ (6.7)
C=3"[n(C)y] (6.8)

The unknowns of the system are the water free surface elevation 7, the discharge
of the mixture @), the area Ay, the sediment concentration C', the m fractions of
sediment in the mixing layer p; and in the substrate pj“bSt. All the other terms
are expressed in function of the unknowns.

The discretization of the Equations (6.1)-(6.3) has been already explained
in the Chapter 3. Instead the equations of mass conservation for each grain-size

class, under the hypothesis of As constant in time, is herein discretized.

6.2 Continuity Equations for Each Sediment Class

The computational grid still remains the same propose in the Chapter 3 for the
discrimination of Equations (6.1)-(6.3). The integer nodes are z; and the half
integer nodes are ;1 /9 = (z; + r;41)/2. The availability factors are defined at
the integer nodes 4, while at the nodes i+ 1/2 they are computed by an upwind-
weighted interpolation. The equation (6.5) is integrated over the control volume
i defined by nodes i —1/2 and ¢ + 1/2.

i+1/2 op; (Qs) oA, |
/il/Q (CbA5 ot dz + or >+ Copj Dj ot )dl’ j=1..m. (6.9)

where j denotes the grain-size class. The first term of the previous equation is

discretized by a forward-in-time finite difference method:

(6.10)

Vap] (pj) +1V6_(pj) Vs
ot At ’

while, the second term, the gradient of solid discharge, is discretized in space

by a centred finite difference and in time by a semi-implicit time-averaging:
0 0 0
(AQs); 7" = Qo)1 )a, — (Qs)i o, =
+1 +1
v [p?—«—l/zj (CC>?+1/2,]' Q;L+1/2 — D12 (chll/z,j ?71/2} + (6.11)

(U= 9) [P (Colliayoy Qiro = Pty (Colirjag Qo)

where 9 is the time-averaging parameter and p; 1/ ; is computed by an upwind-

weighted interpolation. In the last term of Equation (6.9) the fraction (p*), is
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explicit:
oV, (AV,)"+t
N2~ (p) 12
[(p )j 8tL (") A (6.12)
AVy),
where (AV); is calculated through the Equation (6.3).

At
The final system is:

+1
ij Vs — ijVé

n n n+1
Chy At + v |:pz‘+1/2,j (Cc)i+1/2,j z:1/2
_p?_l/zj (Cc)?,l/zj Q?j11/2:| ++(1-9) [p?+1/2,j (Cc)?ﬂ/zj Q?+1/2
. AV, .
D172, (Ce)iz/2 Q?—1/2} + Cbp?,j(Ai =0 j=1l.m. (6.13)

By rearranging the previous equation, the availability factor p?;rl in the mixing

layer becomes:

VAL
n+l _  n n n n+1
Pij = Pij— CypVs [pi+1/2,j (CC)1'+1/2,]' i+1/2
n n n+1 (1 - 19) At n n n
“Pi—1/2,5 (Ce)i1/2, Qi—l/Q} GV [pi—l—l/Q,j (Ce)ig1/2,5 Qi+1/2

n n n *\ T (A‘/S)?—i_l .
“Pi_1y25 (Cc)z;l/zj Qi,l/g} —(p )” 7 j=1l.m, (6.14)
where (p*):”] is equal to pzj in the case of bed aggradation and to (ps”bSt)?j for

bed degradation.
Similarly, to update the gradation pj“bSt in the substrate, the Equation (6.5)

is integrated over the control volume :

i+1/2 b i+1/2 A
subst * s .
O (pubst 4 ) — T2 o 1m, 6.15
/i—1/2 ot <pj ) /i—1/2 Piot g " (6.15)

and discretized in time by a forward finite difference method:

*\T n+1 subst\" n
subs n+l - (p )i,j (AV;)Z + (p )z’,‘ (V;)z -
(p t>i = A ’ j=1.m.  (6.16)

The value of (p*);z f depends on the sediment process:

p?:j (AVS);H-l + (psubst)rf‘ (‘/;)n

n+1 v.J LOE (p*) = .
<psubst>' = (%)n+1 1 (p )z,] pz,j (617)

bJ subst\ 11 ! if ok
( )zg if pj = pj

n+1

) )

Finally, in order to preserve the physical meaning of the positivity of (p;)
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the size fraction has to be guaranteed:

At < Cy

PR Vs — ()7 (AVL)r !

(AQy)*

j=1..

6.3 Extension of the Solution Procedure
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The initial and boundary conditions still remain the same explained in Chap-
ter 3. The only difference is that, if no values of the initial concentration C°
are known, they are calculated thorough Equation (6.8) in function of the avail-
ability factor pgj where ¢ denotes the section and j the grain size class. As

in the uniform case, the free surface elevation "', the discharge Q"*!, the

n+1

variation of the bed volume AV, are calculated. Then, the matrix p"+!

of the unknowns p; ; is calculated thorough Equation (6.14), while the matrix
(pS“bSt)nJrl of the unknowns pfgb“ is updated through Equation (6.16) as shown
in Figure 6.1. The vector C"! of the concentration values at the time n + 1 is
n+1
7:7j

puted by means of a sediment transport formula, i.e. Meyer-Peter and Miiller

calculated through Equation (5.12) where the sediment capacity (C.); " is com-

or a monomial formula:

m

et =3 e (6.18)

j=1






Chapter 7

Test Cases

The analytical solution found by solving the system of two equations for the
unknowns bed mean diameter and bed elevation, Chapter 5, is compared with
numerical results of the EMP scheme in case of non-uniform sediment. Secondly,
a case test for a non prismatic channel is presented. Finally experimental data

are compared with the numerical results of the scheme.

7.1 Propagation of a Small Perturbation

The first case consists in a rectangular channel with a small, but finite, per-
turbation of the bed level at the center of the domain. The analytical solution
in Section 5.3 was found under the assumption of small amplitude of the per-
turbation, or bed form, so that the variation of the surface elevation becomes
trivial. Moreover, the discharge is considered constant over the whole domain,
thus, the solution can be used only for problems with a small migration rate
of the bed form compared to the mean velocity of the fluid. Under the previ-
ous assumptions is possible to use the equations for the mean diameter u and
the bed level zp evolution derived in Section 5.3 with the hypothesis of infinite
substrate. The numerical solutions of these equations, Equations (5.68)-(5.72),
are computed by means of the method of characteristics. The closure formula
is [42]:

k‘Un_l B

with n equal to 5.66 and [ to 0.908. The channel is frictionless and is discretized

Ce

with cells of size 0.05 m. The bed concentration C} is equal to 0.6. The mixing
layer thickness is 0.3 mm. The boundary conditions are imposed by assuming
a discharge value of 0.138 m3s~! and water elevation 0.8 m respectively for the

upstream and the downstream boundary. The initial bed level, Figure 7.1 (a),
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Figure 7.1: Initial conditions.

is:
zp=5m ifz<0m
2 (2,0) =% 2z, =5m+0.0042 fOm<z<10m
2, = 5.04 m ifzx>10m
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Two classes of sediment are considered with the diameter d; of 0.4 mm and
1 mm, Figure 7.1 (c¢) and (d) . The fraction p; changes from 0.5 to 0.3 in
10 m, while the fraction py changes from to 0.5 to 0.7, Figure 7.1 (a). The
system of Equations (5.68) and (5.72) is solved numerically and the solutions
are compared with numerical results of the full system of Equations (6.1)-(6.5)
as shown in Figure 7.2. The scheme proposed in Chapter 6 calculates the two
sediment fractions p’f“ and ng, the average p is calculated starting from these

two values and compared with the average p calculated from Equation (5.72).

0.7 o Computed
R o Approximate Solution
'£0.65F
E
=1
0.6
0'5520 0 20 40
x[m]
(a) Mean diameter
5.04¢ 60000000
o
5.03F F
o
5.02f S
= o
Esoif S
N o
5¢ 00000000 ¢ °°
o
OO Oo
4.99 F Ooo &0
-20 0 20 40
x[m]

(b) Bed level

Figure 7.2: Comparison between the simplified solution and the EMP model with
non-uniform sediment.

7.2 Non Prismatic Channel

The second test consists in a no prismatic channel of 1000 m, as shown in Figure
7.3, with roughness coefficient constant (k; = 20 m!'/3s~1). The sediment is
distributed in two classes, Figure 7.4 (b) and (c), and the mixing layer thickness
is set to 0.03 m. The total discharge at the upstream boundary is set equal
to 175.412 m3s~! and the free surface elevation is 4 m at the downstream
boundary. In Figure 7.4 the initial conditions and the numerical results for the

bed elevation and the availability factors of the two classes are reported. The
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Figure 7.4: Time evolution of the bed level and the sediment fractions in a non
prismatic channel.

results show that the finer sediment of the substrate increases in correspondence

to the channel enlargement, Figure 7.4 (c), while the availability factors of the
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mixing layer evolve to the upstream boundary condition (p; = 0.4 and ps = 0.6)
Figure 7.4 (b).

7.3 Effects on the Numerical Results of the Thickness
of the Mixing Layer

A trapezoidal channel is considered. The wall slopes is 33.7° | while the Chézy
friction coefficient is set equal to 20 m'/2s~!. The channel is 30 m wide and
1000 m long. The initial discharge @ is 50 m?s~! and the water depth is 1 m.

The inlet and outlet conditions are reported in Table 7.1. Besides, in order to

time Q h
(] | [m®s™'] | [m]
0 150 0.85

100 300 1.5
200 150 0.85
00 150 0.85

Table 7.1: Upstream and downstream boundary conditions.

have a degradation process, the solid concentration at the upstream boundary is
imposed and the sediment fractions transported by the flow change during the
simulation as shown in Table 7.2. The sediment transport formula is the Meyer-

Peter Miller formula. The channel is discretized with 101 cells (Az = 10 m) and

time | pr1 | pr2 | pPr3 | Pr4 C
A S = T
0 [002]012]024]062]|410°*
100 | 0.02 | 0.16 | 0.36 | 0.46 | 5 1073

200 | 0.02|0.12 024|062 | 4107
oo | 0.02]0.121]0.24]062]410°4

Table 7.2: Boundary conditions on the grain size distribution.

the maximum Courant number based on the celerity is 7.1, while the Courant
number C),; is set equal to 1.2. The sensitivity of the calculated bed elevation
zp to the mixing layer thickness is analyzed by changing the value of mixing
layer thickness from twice to three times the initial dgg, Figure 7.5.
Consequently, the thickness of the mixing layer influences also the time varia-
tion of the grain-size distribution curve. In Figure 7.6 the grain size distribution
at x = 200 m is calculated at time ¢ = 1000 h with the two different values of
d. As observed by Wu [52], the influence of the mixing layer thickness is large

during degradation processes. Usually the thickness § is set to twice the dg,
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(a) Bed evolution

Figure 7.5: Bed level calculated with different thickness ¢ of the mixing layer at time
1000 h.
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Figure 7.6: Grain-size distribution at the 21*" section (x = 200 m).

but, if it increases, the bed profiles changes. The thickness is consequently im-
portant to calculate the bed profile and size distribution in the mixing layer
(Figure 7.7).

7.4 Comparison with Experimental Data

Finally, numerical results of the EMP model with non-uniform sediment are
compared with the experimental data obtained by Ribberink [42]. In the exper-
iment performed by Ribberink [42], the variations in average grain size of the

transported material and the material in the transport layer are large. Con-
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Figure 7.7: Sediment fraction p; calculated with different thickness 0 of the mizing
layer at time 1000 h.

sequently, the application of a morphological model for non-uniform sediment
is required. A change in the mixture composition is imposed by changing the
fraction of the transported material at the upstream boundary of the flume.
During this test the composition of the mixing layer was measured. For the
numerical simulation, the experiment E8 and E9 described by Ribberink [42]
are considered. As shown in Section 5.1.2, the fraction of sediment transported

by the flow pr; is different then the fraction of sediment p; in the mixing layer:

p;Ce(d;)

pri = 22 7.2

with d; = 0.78 mm and do = 1.29 mm. The fraction p;p of transported
sediment at the upper boundary decreases linearly from 0.5 to 0 during 30 hours.
The water discharge at the upper boundary and the water depth at downstream
are constant in time. The value necessary for the simulation are reported in
Table 7.3. The numerical results of the EMP model with non-uniform sediment
are compared with the experimental data obtained by Ribberink [42] and the
results of his model, Figure 7.8. The wave proceeds in the downstream direction.

The EMP model seems to better explain the time evolution of the fraction p;
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Exp Q h i P1 | PT1 Qs X
[m?s™] m) | ] | [-] | [-] | m!Y%s7!
8 0.02410282 | 16.7 | 1.65 | 0.43 | 0.50 | 2.82 1076 | 35.2
9 0.0241027 | 154 | 2.01 0 0 2.70 1076 | 37.0

Table 7.3: Upstream boundary conditions.

with respect to the model proposed by Ribberink [42].
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7.5 Conclusions

Numerical results were compared with the developed analytical solution. Be-
sides, a test case in a no prismatic channel is presented. Secondly, a degradation
test in a trapezoidal channel with four sediment classes is considered in order
to observe the sensitivity of the model to the mixing layer thickness. This pa-
rameter seems to have a great influence on the solution in the case of scouring
processes as already observed by Wu [52] and can be a limit for the application
of the model. Nevertheless, the model was applied to the experiment performed
by Ribberink [42] and the results show a better agreement with the measured
data with respect to the numerical model proposed by the same author. In con-
clusion, the model results suitable to study the non-uniform sediment transport
in channel with low concentration (EMP model) but the limit of a formulation

based on the mixing layer should be considered.






Conclusions

A detailed analysis of the most widely used models for mobile bed river dy-
namics was carried out in the idealized framework of one dimensional flow in a
channel with rectangular cross section. More specifically, quasi two-phase model
(QTP) and essentially mono-phase (EMP) approaches were compared showing
that several partly mono-phase formulations are inconsistent with a rigorous
scaling analysis. A consistent simplified model was derived, EMP model, and
its range of validity pointed out. The EMP model, in fact, results suitable for
low sediment concentration values. A limit value Cgrp of applicability for the
essentially mono-phase model is analytically derived and confirmed by numeri-
cal results. The limit of concentration Corp highlighted in this work is 6.5%o.
For larger concentration values, the numerical solutions of the QTP model differ
from the ETP model.

Secondly, starting from the quasi two-phase model, a simplified equation
for the bed evolution was derived in the case of quasi-steady free surface and
mixture flows. The solution of the simplified equation can be computed very
accurately by the method of characteristics and provides a useful benchmark for
numerical methods. This simplified problem allows to compare the performance

of different numerical approaches in a more physically relevant context.

Besides, an highly efficient and accurate semi-Lagrangian numerical method
for the quasi two-phase mobile bed system is proposed, based on the numerical
scheme proposed by Rosatti et al. [45] for the fixed bed case. Also an upwind
Eulerian discretization is developed with the advantage that the solution pro-
cedure remains the same for the two schemes. The semi-Lagrangian method
is linearly unconditionally stable and allows to employ much longer time-steps
than standard explicit discretization. This property is extremely important for
realistic applications to morphodynamic problems, where numerical simulations
of very long time intervals are necessary to study the long term impact of ero-
sion and deposition processes. The quality of the numerical solutions obtained
by the proposed method is assessed by several numerical experiments presented

in Section 4 and also by employing the newly introduced benchmark problem.
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Numerical results show that, with the proposed numerical method, the quasi
two-phase models can be used without any loss in efficiency with respect to
the essentially mono-phase or fixed bed case. Since the model is suitable for
arbitrary shapes of the cross section, the next step will be the validations of the
model provisions for realistic problem in natural rivers against real measured
data.

In the second part, a model based on the division of the grain size distri-
bution curve in a discrete number of classes was implemented by extending the
EMP model and test cases studied. Besides, an analytical derivation of the
approach proposed by Armanini [4] was carried out. This approach is based
on studying the time evolution of the statistical moments that describe the
grain-size distribution curve. The reduction of the number of unknowns is one
of the advantages of the statistical moments approach proposed by Armanini
[4]. In fact, in this formulation, the number of variable is reduced to the num-
ber of statistical moments, while, in the standard approaches, it is equal to
the number of classes in which the grain-size distribution curve is divided. An
analytical solution was developed under the assumption that the amplitude of
bed perturbations is so small that the variation of the surface elevation can be
ignored. Under the previous hypothesis, it is possible to derive a system of two
equations for the bed level and the mean diameter of the grain-size distribution
curve. This system is numerically solved by the method of characteristics and
constitutes a benchmark problem in order to verify the implemented method
for non-uniform sediment transport in rivers.

Finally, several numerical tests are proposed. The limit of this model is
the sensitivity to the mixing layer thickness above all in degradation processes.
Nevertheless, this formulation is the most suitable for numerical schemes of
unsteady flow. Besides the numerical results were compared with experimental
data and a good agreement with the measured data is obtained. The future
development of this second part is, firstly, the application to a real problem in
order to describe the dynamics of solid transport for sediment mixture and to
better predict morphological changes. Secondly, it should be possible to reduce
the computational cost of the scheme by discretizing the equations based on the

statistical moments in the model for unsteady flow.
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