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Abstract: Area-dependent quantum field theory is a modification of two-dimensional
topological quantum field theory, where one equips each connected component of a
bordism with a positive real number—interpreted as area—which behaves additively
under glueing. As opposed to topological theories, in area-dependent theories the state
spaces can be infinite-dimensional. We introduce the notion of regularised Frobenius
algebras in Hilbert spaces and show that area-dependent theories are in one-to-one
correspondence to commutative regularised Frobenius algebras. We also provide a state
sum construction for area-dependent theories. Our main example is two-dimensional

Yang—Mills theory with compact gauge group, which we treat in detail.
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1. Introduction and Summary

Area-dependent quantum field theory (aQFT!) is a modification of 2-dimensional topo-
logical quantum field theory (TQFT): we consider the category of bordisms with area
Bordy""*“ and symmetric monoidal functors from it to the category of Hilbert spaces
‘Hilb which depend continuously on the area. We can think of the area as a positive num-
ber attached to each connected component of a surface, additive under composition.> In
order to have identities in Bord,"“*, we allow zero area on cylinders.

The main change when passing from TQFTs to aQFTs, and indeed the main moti-
vation to look at this generalisation in the first place, is that the state spaces can now be
infinite-dimensional. This is in contrast to TQFTs, where dualisability forces all state
spaces to be finite-dimensional (see e.g. [CR, Sec.2.4]). The same argument for aQFTs
merely requires each state space to be a separable Hilbert space (cf. Lemma 2.9 and
Theorem 3.5).

The main example of an aQFT is two-dimensional Yang—Mills theory for a compact
semisimple Lie group G [Mig,Rus, Wit], in which case the Hilbert space assigned to a
circle is CI?(G), that is, square integrable class functions on G. We treat this example
in detail in Sect. 5. Area-dependent theories in general have been considered in [Bru]
and briefly in [Seg, Sec. 1.4] (see also [Bar, Sec.4.5]). A construction of area-dependent
theories using triangulations with equal triangle area has been given in [CTS].

Two-dimensional TQFTs are of course a special case of aQFT, namely they are
aQFTs which are independent of the area parameters. Conversely one can show that if
for all bordisms ¥ the zero area limit of Z(X) exists, then all state spaces Z(U) are
necessarily finite dimensional, and the zero area limit of Z is a TQFT (Remark 3.6).

Recall that 2d TQFTs are in one-to-one correspondence to commutative Frobenius
algebras [Dij, Abr], and that there is a state sum construction of 2d TQFTs which starts
from a strongly separable symmetric (not necessarily commutative) Frobenius algebra
A as an input [BP,FHK,LP]. The commutative Frobenius algebra defining the TQFT
obtained from this state sum construction is just the centre Z(A).

The generalisation of these results to aQFTs is for the most part straightforward to
the point of being mechanical: just add a positive real parameter to all maps in sight
(“‘area parameters”) and impose the condition that everything just depends on the sum
of these areas.

The algebraic cornerstone of this work is the notion of a regularised Frobenius algebra
(RFA), which consists of families of structure morphisms (product, unit, coproduct and
counit), subject to the usual axioms of a Frobenius algebra, suitably decorated with area
parameters (Definition 2.3).

An important example of an RFA is L?(G), the square integrable functions on a
compact semisimple Lie group G. Here, the product u, and the coproduct A, do have
zero area limits given by the convolution product and by Ag(f)(g, h) := f(gh). The
unit 7, and counit g, on the other hand do not have ¢ — 0 limits, see Sect. 5.1 for details.
By the Peter-Weyl theorem we have L*(G) = Dy VO V*, where the sum is a Hilbert

1 We use the small ‘a’ in aQFT to set it apart from Algebraic QFT or Axiomatic QFT, which are often
abbreviated as AQFT.

2 This is equivalent to considering Riemann surfaces and remembering the induced volume form up to
diffeomorphism, see [Mos,Ban].
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space direct sum over isomorphism classes of irreducible unitary representations of G,
and the RFA structure on LZ(G) restricts to an infinite direct sum of finite-dimensional
RFAs on V ® V*. This is a general result for Hermitian RFAs, i.e. RFAs for which

,uj, = A, and le = g, for every a € R. ¢ (Theorem 2.19):

Theorem 1.1. Every Hermitian RFA is a Hilbert space direct sum of finite dimensional
Hermitian RFAs.

All examples of non-hermitian RFAs we know are also direct sums of finite dimen-
sional RFAs, but we are not aware of a proof that this holds in general (Remark 2.17).

Finite dimensional RFAs in turn are very simple: they are just usual Frobenius alge-
bras A together with an element H in the centre Z(A) of A, and the area-dependence
is obtained by exponentiating H (Corollary 2.15). This makes RFAs sound not very
interesting, but note that, conversely, an infinite direct sum of finite-dimensional RFAs
has to satisfy non-trivial bounds to again define an RFA (Proposition 2.16). And as the
example of L?(G) shows, the direct sum decomposition may not always be the most
natural perspective.

Our next main theorem generalises the classification of 2d TQFTs in terms of com-
mutative Frobenius algebras as given in [Dij, Abr]. Namely, in Theorem 3.5 (and in
Corollary 3.7) we show:3

Theorem 1.2. There is a one-to-one correspondence between (Hermitian) aQFTs and
(Hermitian) commutative RFAs.

In Sect. 4.2 we furthermore generalise the state sum construction of [BP,FHK,LP].
We find that a strongly separable symmetric RFA A (as defined in Sect. 2.1) provides—
under one extra technical assumption—the data for the state sum construction of an
aQFT, and the resulting aQFT corresponds, via Theorem 1.2, to the commutative RFA
given by the centre of A.

This paper is organized as follows. In Sect. 2 we collect the algebraic preliminaries
about RFAs, in Sect. 3 we state the definition of an aQFT and we show that aQFTs
correspond to commutative RFAs. Section 4 contains the state sum construction and in
Sect. 5 we give a detailed treatment of our main example, 2d YM theory.

2. Regularised Frobenius Algebras

In this section we study an algebraic notion—regularised Frobenius algebras—that will
play a central role in characterising and producing examples of area-dependent QFTs.
A more detailed treatment of this subject can be found in [Sze] where we also refer the
reader for proofs that are omitted here. We denote with Hilb the category of Hilbert
spaces and bounded linear maps with the strong operator topology on the hom sets

Hilb(H, K) = B(H, K).

3 In [Seg,Bar] the classification is instead in terms of algebras with a non-degenerate trace and an ap-
proximate unit. However, it is implicitly assumed there that the zero-area limit of the pair of pants with two
in-going and one out-going boundary circles exists. This is not true for all examples as the commutative RFAs
in Remark 2.25 illustrate.
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C DE A B A
ida | oan=
A B A A B

Fig. 1. Graphical notation of morphisms in the symmetric monoidal category Hi/b. Here a morphism f €
B(A® B,C® D ® E), the identity id4 € B(A, A) and the symmetric braiding 04 p are shown. The tensor
product of morphisms is depicted by drawing the morphisms next to each other and composition of morphisms
is stacking them on top of each other

2.1. Definition of regularised algebras and Frobenius algebras.

Definition 2.1. A regularised algebra is an object A € Hilb together with continuous
families of morphisms

pa € B(A®?, A) and 1, € B(C, A) 2.1

for every a € R., called product and unit, such that the following relations hold:

1. for every a, ay, aaz, by, by € R. g, such that a; + ay = by + b,

May © (ldA ®77a2) = Hp; © (77h2 ® ldA) s (2.2)
May © (ldA ®Ma2) = Wb, © (sz ® ldA) . (23)

2. Let P, € B(A, A) be given by (2.2),1.e. P, = g, © (idA ® Uaz) with a = a; + ap.
We require that lim,_,o P, = id4.

Let A, B € Hilb be regularised algebras. A morphism of regularised algebras A 1) B
is a morphism in Hilb such that for every a € R. g

g =fony, mio(f®f)=fou.

Instead of continuity of u, and n, in (2.1) it is enough to require continuity of
a — P,, for details see [Sze, Sec.4.1.1]. On the other hand, it is important not to
impose the existence of an a — 0 limit on u, and n,; in Sect. 2.4 we will see examples
where this limit does not exist, which would then have been excluded.

We will often use string diagram notation to represent morphisms in Hi/b, our con-
ventions are given in Fig. 1. The morphisms in (2.1) are drawn as

A A

Ma: a ’[’]a:

a

A AC (2.4)
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and the relations in (2.2) and (2.3) are

A A A A A
ai by
vo= " = = Pa and az b2
az bo
AC C A4 4 A A AA A A s

The next lemma gives some simple consequences of the above definition.

Lemma 2.2. Let A be a regularised algebra. Let a1, ay, by, ba, c1, ¢2 € Rwg such that
ai+ay =by+by =cy +cp.

1. Let n), € B(C, A) be a family of morphisms which satisfy (2.2) and Condition 2 of
Definition 2.1. Then n,, = n, for every a € R..
2. Py, 0 Ny = Nay+ay and Pal. o Py = ay+as-
3. Py 0 [hay = ib, © (sz ®id) = pe, o (1d ®Pc2) = [a+ay-
Proof. Here we only give the proof of Part 1, the proof of Part 2 and 3 are similar.
Leta,b,c € R.g and let us write P, , = ji4 0 (n/b ® idA) for the morphism in
(2.2). From (2.2) we have that
ta o (5 ® L) = pa o (ne ® ) (2.6)

as both sides only depend on the sum of the parameters. We then have that
Pyipo 772 = P(;+b O N, (2.7)

and using that the composition is separately continuous together with lim, 0 Py4p =
lim, p 0 P,,, = ida we get that 5, = 7, for every ¢ € R.o.
0

Next we introduce the dual concept to a regularised algebra. A regularised coalgebra
is an object A € Hilb together with continuous families of morphisms

Ag:A—> A% and g,: A — C (2.8)

for a € R., called coproduct and counit, such that the following relations hold: for all
a,ap,ay, by, by > 0,suchthata; +ap = by +by =a,
(idA X Saz) oAy = (81,2 ® idA) oAp =: Pé, 2.9)
(ida ® Agy) 0 Agy = (Ap, ® ida) 0 Ay, (2.10)
and limg—0 P, = ida. A morphism of regularised coalgebras, is a morphism of the
objects which is compatible with A, and ¢, in the obvious way. Note that for a regu-

larised coalgebra the dual statements of Lemma 2.2 hold. For the morphisms in (2.8) we
introduce the following graphical notation:

A A C

a

Aa: a Eq —

A A @.11)

A key notion in this paper is the following:
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Definition 2.3. A regularised Frobenius algebra (or RFA in short) is a regularised alge-
bra A € Hilb, which is also a regularised coalgebra, such that

A A A A A A
ay by c1
as - bo B ()
A A A A A A @12

holds for all a; + ap = by + by = c1 + ¢2. A morphism of RFAs, is a morphism of
regularised algebras and coalgebras.

Inan RFA P, from the algebra structure and P, from the coalgebra structure coincide:
Lemma 2.4. For an RFA we have P, = P, for all a > 0.

Proof. Leta, b € R. be arbitrary. Choose ay, az, by, by € R. ¢ such thata = a; +ay,
b=by+byanda > by and b > a; (e.g. b1 = %, a) = g). By relation (2.12) one has
that

(/vl’az ® ldA) © (ldA ®Ab2) = Aa1+a27b1 o ,u'b1+b27u| . (213)
Composing (2.13) with id4 ®ey, from the left and with n,, ® id4 from the right yields
Paon/ = Ption. (2.14)

We can take the b — 0 limit on both sides of (2.14) and use separate continuity of the
composition to get P, = P,. i

We will prove the following lemma in “Appendix 5.2”.

Lemma 2.5. In the monoidal sub-category of Hilb tensor generated by an RFA and its
structure morphisms every morphism is jointly continuous in the parameters.

This lemma is not entirely immediate as composition in Hilb is only separately
continuous but not jointly continuous in the strong operator topology, and e.g. the map
B(H,H) > B(K® H K ® H), f — id® f, is not continuous if K, H are infinite
dimensional.

Remark 2.6. Usual (non-regularised) Frobenius algebras have an equivalent characteri-
sation via a non-degenerate invariant pairing. The same is true in the regularised setting,
however as we will not need it here, we only refer the reader to [Sze].

Recall the symmetric braiding o on Hilb. We call a regularised algebra A € Hilb
commutative if (1, 0 04,4 = gy for all a € R . The centre of a regularised algebra A
is an object B € ‘Hilb and a morphism i : B — A such that

Maooa a0 (ip®idy) = g o (ip ®ida) (2.15)
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for all a € R. ¢, which is universal in the following sense. If there is an object C and a
morphism f : C — A satisfying the above equation then there is a unique morphism
f : C — B such that the diagram

B -5y A

T (2.16)
c

commutes. This implies in particular that i g is mono [Dav].

Lemma 2.7. The centre of a regularised algebra exists and it is a commutative regu-
larised algebra.

Proof. One quickly checks that the closed subspace

() ker (a(x ® =) — pa(~ ®x) € A (2.17)
a€R>0
xeA
satisfies (2.15). It satisfies the universal property (2.16) as any map f : C — A satisfying
(2.15) lands in K.
Analogously to ordinary algebras we obtain induced product and unit morphisms on
K satisfying the algebraic conditions (2.2) and (2.3). Finally, that the map P, induced
by P,oix =ik o P satisfies lim,_, ¢ P, = = idg follows from taking the a — 0 limit
on both sides of the defining equation and using that i is an isometric embedding. O

A regularised algebra is separable if there exists a family of morphisms e, €
B(C, A® A) for every a € R. ¢ such that for a; + a, = by + b = a,

. (tay ®id4) o (id4 Beqy) = (da ®1,) o (e, ®id) and
2. May © €ay = Na-

The e, are called separability idempotents. A regularised algebra A is strongly separable
if it is separable and furthermore

3. 0aA0€, =eq.

These notions are direct generalisations of separability and strong separability for alge-
bras, see e.g. [Kan,LP].

For an RFA A, we call the family of morphisms 7, := 4, 0 Ay, 00, foray, az, az €
R.g with a = a1 + ap + a3 the window element of A, cf. [LP, Def.2.12]. We call
the window element invertible if there exists a family of morphisms z, € B(C, A) for
a € R (the inverse) such that (14, 0 (Tg, ® Za3) = Nay+az+a; = May © (Zaz ® Tay). From
a direct computation one can verify that if there exists another family of morphisms z/,
which satisfies the above equation then z; = z, for every a € R., that is the inverse
of the window element is unique. In the following we write 7! for the inverse of z,. It
is easy to check that the window element and its inverse satisfy (2.15).

An RFA is symmetric if €4, o ftq, 00 = &p, 0 l4p,. The following is a direct translation
of [LP, Thm. 2.14] for strong separability for symmetric Frobenius algebras.

Proposition 2.8. A symmetric RFA is strongly separable if and only if its window element
is invertible.

Proof. Sete, := Ay 0 ‘L'JZI. Conversely set fa’l = (&q; ®ida) 0 eq,. |
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2.2. Properties of RFAs. In this section we collect some properties of RFAs. The next
lemma shows in particular that an RFA has a Hilbert basis with at most countably many
elements.

Lemma 2.9. Let A be an RFA.

1. The Hilbert space underlying A is separable.
2. Forall a € R., P, is a trace class operator (and hence compact).

Proof. Part1:Let { @ | jel } be a complete set of orthonormal vectors in A and write
Va(1) := Agy 0 Nay(1) = Y4 jc; $x ® ¢y & with a = ay + az. By [Kub, Cor.5.28],
independently of the countability of the indexing set /, there are at most countably many
non-zero terms in the above sum. Thus for a given a € R ¢ there is a countable set of
pairs (k,l) € I x I such that yjl # 0. Define 1(a) C I to be the countable set of all
elements of / that appear in such a pair. Let

J:=|J 1a/n) ST and A;:=span{¢;|je}CA. (2.18)

nEZ>0

Note that J is countable and A is separable. Write B, := &4, o g,. By (2.12), this
satisfies

(ida ®Bay) 0 (Ya, ®1d4) = P, (2.19)
and hence for every v € A and n € Z-o we have that

Pijy(v) €Ay and  lim Py (v) = v, (2.20)
n—00

since lim,_, o, P1/;, = id4 in the strong operator topology. Since Ay is closed, v is an
element of A ;. We have shown that A; = A, and hence that A is separable.
Part 2: First let us compute the following expression for some ag, a; € R-¢:

By 00 0V () =Y Bu () ® Pl 2.21)

J.kel

This is an absolutely convergent sum, since the left hand side is a composition of bounded
linear maps. We can rewrite this expression using (2.19) to get

Buooova()= Y Bu(@®; ®b)ve ()l

j.k,del
= Y (@i1(Ba ®ida); ® i @ i)
J.klel
=Y (@il Ba ®id)S; ® D dx @ dy) 222)
jel k,lel
=Y ($1(Ba; ®ida) o (ids ®vay (1))
jel
= (¢j|Pusp)),

Jel
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which is again an absolutely convergent sum. By [Con2, Ex. 18.2] P, is a trace class
operator if and only if > jer(®jlPagpj) is absolutely convergent for every choice of
orthonormal basis {¢;}, which we just have shown. In this case we have that

tr(Pa) = Y ($1Path)). (2.23)

jel
O

Let A € Hilb be an RFA. By the Part 2 of Lemma 2.9 and [EN, Thm.I1.4.29],
a — P, (for a > 0) is norm continuous. The following corollary shows that if we had
defined Hilb to have the norm operator topology on hom-sets all examples of RFAs with
self-adjoint P, would be finite-dimensional.

Corollary 2.10. Let A € 'Hilb be an RFA such that lim,_o P, = id4 in the norm
topology on B(A). Then A is finite-dimensional.

Proof. From Lemma 2.9 (2) we know that P, is compact for every a € R . By [Conl,
Prop. V1.3.4] the subspace of compact operators is closed in norm operator topology.
These together with lim,_,o P, = id4 imply that id4 is compact, which in turn implies
that A is finite-dimensional. O

We denote the category of RFAs by RFrob and its subcategory of commutative RFAs
by cRFrob.

Proposition 2.11. Any morphism in RFrob is mono and epi.

Proof. Letg : A — B be amorphism of RFAs and let 1,  := (ids ®BL) 0 (ida ®¢ ®
idg) o (v ® idg). Then ¢ o Y, = P, and ¥4 0 ¢ = PA,. We show that ¢
is epi, showing that it is mono is similar. Let f, g € B(B, X) for an object X such
that f o ¢ = g o ¢. After composing with ¥, ; from the right for a, b € R.o we get
fo Palih =go PB  This last equation holds for every a, b € R. ¢, so we can take the

. a+b’
limita,b — Otoget f = g. O

Remark 2.12. As we will see in Example 2 in Sect. 2.4, not every morphism of RFAs is
invertible, hence RFrob is not a groupoid.

For A, B € RFrob the object A ® B is an RFAs by
ui® = (nt @ ul) o (d@o @id), 0¥ =t @k,

(2.24)
A2®E = (id®o ®id) o (A;l4 ® Af) , ef®B = A g B

Proposition 2.13. RFrob is a symmetric monoidal category with the above tensor prod-
uct.

Recall that a Frobenius algebra in Hilb is always finite-dimensional see e.g. [Koc,
Prop.2.3.24].

Proposition 2.14. Let A € RFrob. The following are equivalent.

1. A is finite-dimensional.
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2. All of the following limits exist:
limg—0mq, limg—opa, limg—o€q, limg—oAg.

Proof. (1 = 2): If A is finite-dimensional, then the map a +— P, is norm continuous,
hence P, = ¢*# for some H € B(A). Then 5y := ¢ ?!y, is independent of a and
nae = P, o no, hence lim,_,¢ n, = no exists. One similarly proves that the other limits
exist as well.

(1 <= 2): The morphisms given by these limits define a Frobenius algebra structure
on A, hence A is finite-dimensional. a

Corollary 2.15. A finite dimensional RFA A is in fact an ordinary Frobenius algebra A©
together with an element in its centre H € Z(A©) which one obtains by differentiating

P, at a = 0. Conversely, the area depenence on A©) can be restored by setting P, :=
e,

For more details on this, see [Sze, Sec.4.1.4].

Proposition 2.16. Let I be a countable (possibly infinite) set. For k € I let Fy € Hilb
be a (possibly infinite-dimensional) RFA. Then @, Fx (the completed direct sum of
Hilbert spaces) is an RFA if and only if, for every a € R,

sup H;ﬂa‘ < oo and sup ” A]; < 00, (2.25)
kel kel

k 2 k 2
Z &, <oo and Z ‘ nall < oo, (2.26)
kel kel

where ik, Ak, ek and nk denote the structure maps of Fy.

Proof. Let F := &, c; Fx and fix the value of a.
(=): Let us write xy for the k’th component of x € F = @, ; Fi. Then forevery k € I

k k
[a%] = swp |abew] = swp Iaaewl < sup 1Al el = Aql < oo,
xi € Fy xi€Fy xi € Fy
lIxell=1 lIxell=1 llxxll=1

so in particular sup; ” A’; ” < 00. A similar proof applies to the case of u,. We calculate
the norm of n,:

2

k
Na|

Inall® = lna (DI =)
k

el

ol :;‘

which is finite if and only if 1, is a bounded operator. If &, is bounded, then by the Riesz

Lemma there exists a unique v € F such that ¢,(x) = (v, x) and |l&4|| = ||v||. Then
(U, Xx) = (v, xx) = e4(xx) = 8§(xk). So again by the Riesz Lemma ||s§ || = ||vr|l. We
have that
2 2 2 k>
leal® = llwl* =) " lwel> = |k

kel kel
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(«=): The operators n, and ¢, are bounded by the previous discussion. For A, one has
that

2
I18all* = sup 180(IP = sup |3~ AqCw)| = sup > [ateo]
i< R S
k 2 2 2
< sup ZHA el sup 3l = s [ < 0
xeF l xeF

lixf=1* lxl=1*

so A, is bounded. For p, the proof is similar.

Then one needs to check that a — P, := Zke I P{f is continuous. Let ¢ € R+,
ap € R>p and f € @, Fr with components fi be fixed. Leta’ > agand0 < E < ¢
be arbitrary. Since P, — P, is a bounded operator, one can find J,» C I finite, such that
for every a < a’

. . 2
[pi = Pigs| <.
jelNs,

Then let §' > 0 be such that for every |a — ag| < &’

S |\w-rhys| <e-E

jEJa/

which can be chosen since the sum is finite and each P; is continuous by assumption.
Finally let § := min {8’, a — ao}. By construction we have that for every |a — ag| < 4,

|(Pe = Py £ Z H(P’ PiYf; H2 <&

O

Remark 2.17. All examples of RFAs known to us are of the form given in Proposition 2.16
with finite-dimensional summands Fj. In fact we can show from the statements in [BB,
Sec. 6.4] that all RFAs are (not necessarily orthogonal) direct sums of finite dimensional
RFAs and a direct summand, on which P, is quasinilpotent for every a > 0. This
summand may be either O or infinite dimensional. The finite dimensional summands
are generalised eigenspaces of P, for every a > 0, while the remaining factor is the
intersection of their complement. On the latter P, is quasinilpotent for every a > 0 by
[BB, Cor. 7.2.4]. For Hermitian RFAs, which we will introduce in Sect. 2.3, we show that
this direct summand is O (see the proof of Theorem 2.19). We do not know an example
of an RFA where this summand is non-zero. Note also that the same RFA F; cannot
appear infinitely many times, as otherwise the bounds (2.26) would be violated.

2.3. Classification of Hermitian RFAs. We start by recalling the notion of a dagger (or
+-) symmetric monoidal category S, e.g. from [Sel]. A dagger structure on S is a functor
(=) : & — S°PP which is identity on objects, (—)'" =ids, (f ® ¢)" = fT ® g’ for
any morphisms f, g and GZ/,V = oy,y. We fix the dagger structure on Hilb given by
adjoints.



94 I. Runkel, L. Szegedy

Definition 2.18. A Hermitian regularised Frobenius algebra (or 1-RFA for short) is an

RFA for which ,uz = A, and 172 = &4 (and therefore P, = PJ ). We denote by T-RFrob
the full subcategory of RFrob of -RFAs.

Let 1-Frob" denote the category which has objects countable families ® = {F;, o;}
of f-Frobenius algebras F; and real numbers o, such that for every a € R

jel

sup {e™“% | u;[[} <oo and Y e |n; |* < oo. (2.27)
Jjel jel

A morphism ¥ : & — @' consists of a bijection f : I — I’ which satisfies o; =
oy(j) and a family of morphisms of Frobenius algebras v; : F; — F ]/C( ) (which are

automatically invertible [Koc, Lem. 2.4.5]). We will write ¥ = ( ;i }j . 1)'

Let ® € -Frob" with the notation from above. For j € I we turn the Frobenius
algebra F; into an RFA by multiplying its structure morphisms by e~ “°/. Using Propo-
sition 2.16, we get an RFA structure on jer Fj- The next theorem shows that the
resulting functor is an equivalence. '

Theorem 2.19. There is an equivalence of categories t-Frobt — +-RFrob given by
oD jel Ej A

Proof. We define the inverse functor. Let F € T-RFrob and fix a € R.¢. Then P, is
self-adjoint and therefore can be diagonalised. Let sp, (P,) denote the point spectrum’®
of P,. Furthermore, by Lemma 2.9 P, is of trace class, and hence compact. Thus it has
at most countably many eigenvalues and the eigenspaces with non-zero eigenvalues are
finite-dimensional. Let

F= {B F, (2.28)

aespy (Pa)

be the corresponding eigenspace decomposition of P, .

Claim: The eigenvalue « of P, on F, is of the form e~%°« for some o, € R. In particular
0 is not an eigenvalue.

To show this, first assume that c(a) := o # 0, so that Fy, is finite-dimensional, and
simultaneously diagonalise P,, P, and P,4, on F. Then on a subspace where all three
operators are constant with values c(a), c(b) and c(a+b) one has that c(a)c(b) = c(a+b).
Furthermore a — c(a) is a continuous function R>9 — R and ¢(0) = 1 since a — P,
is strongly continuous at every a € R>¢ and lim,_.9 P, = idr. So the unique solution
to the above functional equation is c(a) = e~“° for some o, € R.

Finally let us assume that o = 0. Clearly, ker(P,) < ker(P,4p) for every b € Rx.

Since P, is self-adjoint, we have for v € Fy that 0 = P, (v) = PT/2 o Py/2(v). But then

a
Py/2(v) = 0 and similarly, for every n € Z>q we have that P,/on(v) = 0. Altogether
we have that Fp = ker(P,) = ker(Pp) for every b € R>¢. So lim,—.0 P, = idr implies
that Fy = {0}.

4 We would like to thank André Henriques for explaining to us this decomposition of T-RFAs, or rather the
corresponding decomposition of Hermitian area-dependent QFTs via Corollary 3.7.

5 The point spectrum of a bounded operator is the set of eigenvalues. Every compact operator on an infinite-
dimensional Hilbert space has 0 in its spectrum, but it need not be an eigenvalue.
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Claim: The eigenspaces are T-Frobenius algebras by restricting and projecting the struc-
ture maps of F.

To show this, first confirm that the structure maps do not mix eigenspaces of P,
because P, commutes with them. Then checking {-RFA relations is straightforward and
these are f-Frobenius algebras, cf. Proposition 2.14.

Claim: The convergence conditions in (2.27) are satisfied by the above obtained family
of 7-Frobenius algebras F;, and real numbers oy,.
This can be shown directly by computing the norm of the structure maps.

Showing that the two functors give an equivalence of categories is now straightfor-
ward. O

Corollary 2.20. Let A € 'Hilb be a T-RFA. Then P, is mono and epi.

Proof. From the proof of Theorem 2.19 we see that P, is mono. Since P, is self-adjoint
we get that P, is epi. O

Lemma 2.21. /. Every -Frobenius algebra in ‘Hilb is separable, hence semisimple.
2. Every T-RFA is separable.

Proof. Part 1:

Let F denote a T-Frobenius algebra in Hilb and let £ := o A = A* o A, which
is an F-F-bimodule morphism and an F'-F-bicomodule morphism. It is a self-adjoint
operator, so it can be diagonalised and F' decomposes into Hilbert spaces as

F = @ F,, (2.29)

aesp(§)

where Fy is the eigenspace of & with eigenvalue «.
Now we show that (2.29) is a direct sum of Frobenius algebras. Let o« # B and take
a € Fy, b € Fg. We have

§(ab) = a&(b) = pab (2.30)
=&(a)b = aab
since £ is a bimodule morphism. Then (2.30) shows that ab = 0, so (2.29) is a decom-
position as algebras.
Similarly one shows that (2.29) is a decomposition as coalgebras. We have for every
a € F,, using Sweedler notation:

A(a)) = &(aq)) ® ap) = aq) ®&(aw) 231)
=aA(a) = aan) ® aw), '
which shows that the comultiplication restricted to F,, lands in F,, ® Fy.

We now show that 0 is not in the spectrum. Let us assume otherwise. Then Fp is
a Frobenius algebra. We have £(x) = A* o A(x) = 0 for every x € Fp, and so also
A(x) = 0, which is a contradiction to counitality. Therefore 0 is not in the spectrum of
&, i.e. £ is injective.

Now the only thing left to show is that each summand Fy, is semisimple. Take A(1) -
o~ ! projected on Fy ® F, and denote it by e®. This is a separability idempotent for the
algebra F,, hence F, is separable, hence semisimple (see e.g. [Pie, Ch. 10.4]).

Part 2:
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By Theorem 2.19 we can decompose a 1-RFA A = @ .; A, into T-Frobenius algebras
and by the above proof we can decompose the A, summands into finite dimensional
separable algebras A, = D, Ay« With separability idempotents e”*. We have

Jeme]? = o A"»O‘(l)H2 o e o pme o are )]
) (232)
= ot e Lot e,

where (C*) refers to the fact that H xtx || = ||X||2 and in the middle step we used that
Ag o 1s the eigenspace of £7 = u% o A with eigenvalue «. Furthermore we have that

1= |lida,, | = |47 0 17 @ id) |

e R i e P PN M Vi R P

We claim that

(2.33)

ey = Z e c AQ A, (2.34)
oel
aesp(§?)

which is then clearly a separability idempotent for the RFA A. To check (2.34) we

compute
lealP = X e e = Y et e

oel oel
aesp(E?) aesp(E?) (2.35)
2.33) ’
< 2 e < naa | < oo
oel
aesp(E?)
O

Lete € C\ {0}, 0 € R and let C, , denote the one-dimensional -RFA structure on
C given by

e—ao e—aa
ea() = e e, Ay(l) = 1®1, na(D) =€, p(1®1)=——L.
€ €
(2.36)

Let C € 'Hilb be a one-dimensional T-RFA and ¢ € C with ||c|| = 1. Then by Proposi-
tion 2.14, &, = g9 o P, with P, = ¢4 id¢ for 0 € R. Set € := g¢(c) € C. Then

C— Cey

(2.37)
c—1

is an isometric isomorphism of RFAs.

Corollary 2.22. Let C be a commutative t-RFA. Then there is a family of numbers
(ej, Gj)jel’ where €; € Cand o; € R, satisfying

sup {e_“°f|6j|_l} < oo and Ze‘zagf|ej|2 < 00 (2.38)

Jjel jel

for every a € R.q such that C =@ ;; Ce, 5, as RFAs.

Jjel
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Proof. By Theorem 2.19 and Lemma 2.21, C is a direct sum of semisimple algebras. By
the Wedderburn-Artin theorem every semisimple commutative algebra is a direct sum
of one-dimensional algebras. Using the isomorphism (2.37) we get the above family of
numbers. The finiteness conditions come from (2.27). |

Lemma 2.23. Let ¢ : Cc ; — C. o be a morphism of RFAs. Then (1) = €/€’ € U(1)
and o = o’

Proof. From ¢ o n, = n,, one has that for every a € Rxp, ¢(1)e*e % = (¢')*e
Since € # 0, ¢/ # 0 and ¢(1) # 0, one must have 0 = ¢’ and hence p(1)e* = (¢')*.
One similarly obtains from &/, o ¢ = ¢, that €'p(1) = €. Combining these we get that
l@(1)] = 1 and that ¢(1) = €/€’. O

Proposition 2.24. Every morphism of commutative T-RFAs is unitary, in particular the
category of commutative T-RFAs is a groupoid.

Proof. Let ¢ : C — C’ be a morphism of commutative T-RFAs. By Corollary 2.22 we
assume that C = @jel Ce,.0; and C' = @]el, (Cer ol By a similar argument as in
the proof of Lemma 2.23, we see that ¢ does not le the (CE o) ’s with different o’s.

Let C, := P jer C, 20 and define C/, similarly. These are both finite-dimensional,
O'] =0
since these are eigenspaces of the P,’s with eigenvalue e™“?. Let ¢ := ¢|c,. Then

¢ is a morphism of finite-dimensional RFAs so it is a bijection as in particular ¢ is a
morphism of Frobenius algebras, cf. the proof of Proposition 2.14. Let n, := dim(Cy)
and letus write g; = 1 (j = 1, ..., n,) for the generator of (CE_,.’O_,. in C, and g;. =1

(j =1,...,ny) for the generator of C./ .- in C,, and write ¢(g;) = ZZU—I (pfkg,/c.
AR/ -
From the equation ¢ o & = i’ o (¢ ® @) one has for every j, k, [ that

-1 j -1
Sir(e) ™ol = oM ((e)7)

o If j # k then ¢/'¢*" = 0 for every such k and for every /. This means that in
the matrix /! in every row there might be at most one nonzero element. Since ¢ is
bijective there is also at least one nonzero element in every row in the latter matrix
and the same holds for every column. We conclude that the matrix of ¢ is the product
of a permutation matrix p and a diagonal matrix D.

o If j = k and if /! # 0 then ¢/! = (el’/ej)*, which give the nonzero elements of
the diagonal matrix.

Now p~! o ¢ restricts to RFA morphisms of the one-dimensional components, hence

by Lemma 2.23 the diagonal matrix D is unitary. Therefore ¢ is unitary, ¢ is the direct
sum of unitary matrices so ¢ is unitary and in particular invertible. O

2.4. Examples of RFAs.

Commutative RFAs
1. Let (€x, ox)rc; be a countable family of pairs of complex numbers such that for all
a>0
2
< o0. (2.39)

e 40k

sup|eke “%k| < 0o and Z
kel

€k
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Then Ac¢ s = Pyc; Cfi, the Hilbert space generated by orthonormal vectors fj,
becomes an RFA by Proposition 2.16 via

ta(fe ® f;) i= 8k jex fre %, Na(l) := Z Z_I’:efaak, (2.40)
kel
Aalfi) = f"%ﬁ‘f“"h ea(fi) = exe "%, (2.41)

This RFA is strongly separable (with t, = n,) and commutative. Furthermore this
RFA is hermitian if and only if €, € U(1) and o} € R for every k € I.

2. Let I := Z-¢ and consider the one-dimensional Hilbert spaces C f; and Cg; with
I fill®> = k% and [|g]|> = k' Let F := @2, Cfy and G := @72, Cgy be the
Hilbert space direct sums, so that

(fe. fi)F = 8 jk* and (gr. gj)c = S ik . (2.42)
Define the maps
2 ad 2
wE(fe® f)=8je ™ o, k() =) e g
k=1 (2.43)

AF(f)=e® i@ fi, eF(f) =,

and similarly for G by changing fj to gi. These formulas define strongly separable
(with t, = n,) commutative RFAs by the previous example with (¢x, oy) = (N )
for F and with (e, ox) = (k, k%) for G. Note that lim,_,¢ [,Lg exists and has norm
1, but lim, ¢ /Lg does not: the set { ||,ug(gk ® gk)H / gk ® gkl =k | k € Zso } is
not bounded.
Define the morphism of RFAs ¢ : F — G as ¥ (fx) = gk. It is an operator with
[[¥]| = 1 and is mono and epi, but it does not have a bounded inverse, as the set
{lv= @ /gl = k2 | k € Z- } is not bounded. The example also shows that RFA
morphisms which are mono and epi need not preserve the existence of zero-area limits.
Isomorphisms, on the other hand, being continuous with continuous inverse, do preserve
the existence of limits.
These two RFAs are not 1-RFAs, as one can easily confirm that the summands C f
and Cgy for k > 1 are not T-RFAs. We compute e.g. for C fi that

(fio ta(fe ® fO)) = e F k% and  (Ag(fi). fi ® fi) = e Kk, (2.44)

so clearly, if k£ > 1 then these are not equal and hence MZ # Ag.

Remark 2.25. In some cases none of the structure maps of a commutative Hermitian RFA
admit an @ — 0 limit. A concrete example can be given as follows. Fix 1/2 > § > 0.
Then the family of numbers (n!/2*?, n), s , satisfies (2.38) and the structure maps i,
Ay, Ng, &, of the corresponding commutative T-RFA from Corollary 2.22 do not have
ana — 0 limit.
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Hermitian RFAs from compact Lie groups

3. Consider L%(G), the Hilbert space of square integrable functions on a compact
semisimple Lie group G with the following morphisms:

na(1) =Y e “Vdim(V)xy, w(F)(x):= / F(y,y~'x)dy,
veG G
Po(f) == pnma() ® f), Ha:=Paop,

ea(f) = /.G na(DE)f O Ndx, A, y) = f(xy), Ag:i=Ao Py,
(2.45)

where f € L2(G), Fel*(GxG)=ZL*(G)® LZ(G), G is a set of representatives
of isomorphism classes of finite-dimensional simple unitary G-modules, oy is the
value of the Casimir operator of the Lie algebra of G in the simple module V, xy is
the character of V, and f G denotes the Haar integral on G. These formulas define a
strongly separable symmetric RFA (with 7, = n,), for details see Sect. 5.1.

4. The centre of the previous RFA is CI%(G), the Hilbert space of square integrable class
functions on G, with multiplication, unit and counit given by the same formulas, but
with the following coproduct:

Ag(f) = e (dim(V) ™ xv ® xv fv, (2.46)
veG

where f = ZVeG fvxv € CI*(G). This is a strongly separable commutative RFA

(withta(1) = Y, g eV @dim(V) ™! xyand 7, '(1) = 3, .5 €79 (dim(V))?
xv). For more details see Sect. 5.1.

3. Area-Dependent QFTs as Functors

In this section we define the symmetric monoidal category of two-dimensional bordisms
with area. Using this, area-dependent QFTs are defined as symmetric monoidal functors
from such bordisms to the category of Hilbert spaces Hilb. We classify such functors
in terms of commutative regularised Frobenius algebras, mirroring the result for two-
dimensional TQFTs.

Below, by manifold we will always mean an oriented smooth manifold.

3.1. Bordismswithareaand aQFTs. Recall the definition of the category of 2-dimensional
oriented bordisms Bord, [Koc,Car]: The objects are closed 1-dimensional manifolds and
morphisms are diffeomorphism classes of compact surfaces with boundary parametri-
sations that identify the boundary with the source and target 1-manifolds. The category
of bordisms with area Bord,"** has the same objects as Bord, and the morphism are
pairs

X, A:m9(X) — R>o), 3.1

where X is a morphism in Bord, and A assigns an area to each of its connected compo-
nents, which is additive under composition. We allow A to take 0 value only on cylinders.
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Here, by cylinder we mean bordisms C : S — §’, where § = §’ as 1-manifolds, and
where C is diffeomorphic to S' x [0, 1] as a 2-manifold with boundary. This implies that
Bord,""*“ has identity morphisms, and that objects given by diffeomorphic 1-manifolds
are isomorphic in Bord,**. Both Bord, and Bord,"** are symmetric monoidal with
the disjoint union as tensor product.

We equip the hom-sets of Bord,*"** with a topology as follows. Fix a bordism X :
S — T in Bord,. Define the subset Us, C Bord,"*“(S, T) as

Us = FI(2) = [T, 4| A:10(2) > Reo} = Rag)™ x (Rs0)™,
(3.2)

where N, is the number of connected components of X equivalent to a cylinder over a
connected 1-manifold and N,, = |mo(X)|— N.. The topology on Uy is that of (R>0)N" X

(Rzo)Nc. We define the topology on Bord,"““(S, T) to be the disjoint union topology
of the sets Uy,. After these preparations we can define:

Definition 3.1. An area-dependent quantum field theory, or aQFT for short, is a sym-
metric monoidal functor Z : Bord,"** — "Hilb, such that for every S, T € Bord,"
the map

Zs.1 : Bord," (S, T) — B(Z(S), Z(T)) (3.3)
A - 22, A4

is continuous.

Remark 3.2. Bord,"*? is enriched in topological spaces Zop, thus one could try to define
area-dependent theories to be Zop-enriched symmetric monoidal functors Bord,"** —
‘Hilb without the explicit mention of continuity in the area. However this would be too
restrictive: The category Hilb with strong operator topology is not Zop-enriched [KR,
Sec.2.6]. On the other hand, Hilb with norm topology is Top-enriched, but it leads to
the problem already encountered in Corollary 2.10: The existence of zero area limits of
cylinders implies that all Hilbert spaces Z(S) are finite-dimensional.

The following lemma shows that it is enough to require continuity in the area to hold
for cylinders over S!. The proof is similar to the proof of Lemma 2.5 and we omit it.

Lemma 3.3. Let Z : Bord,"** — Hilb be a symmetric monoidal functor and let
(S' x [0, 11, a) denote a cylinder with area a. If the assignment

Rso — B(Z(Sh, 2Sh)

3.4
ar ZS' % [0, 1], a), GH

is continuous, then Z is an aQFT.

Similarly to RFAs, aQFTs form a symmetric monoidal category aQ FT.

The categories Bord, and Bord,""*“ are t-categories, where (—)T is the identity on
objects. On morphisms it flips the orientation of a surfaces and switches its in- and
outgoing boundary components, while keeping its area. Following the terminology of
[Tur, Sec.5.2] we define:
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Definition 3.4. We call an aQFT Z : Bord,"** — Hilb Hermitian, if the diagram

Bord{r* —Z3 Hilb

= l<_)+ 3.5)

Bord{r* —Z5 Hilb

commutes strictly.

3.2. Equivalence of aQFTs and commutative RFAs. Recall that 2-dimensional topolog-
ical quantum field theories (TQFT) correspond to commutative Frobenius algebras by
assigning to a TQFT Z its value on the circle Z(S!). The structure maps of Z(S!) are
given by the value of Z on the generators of Bordy, i.e. on three holed spheres (the two
pairs of pants) and on discs (the cup and the cap).

Analogously, if Z is an aQFT one obtains a commutative RFA structure on Z (SY, the
parameter of the families of structure morphisms being the area. We have the following
generalisation of [Dij] and [Abr, Thm. 3] for 2d TQFTs:

Theorem 3.5. The functor

G :aQFT — c¢cRFrob

Z— ZShH (3.6)

is an equivalence of symmetric monoidal categories.

The proof of this theorem is via a generators and relations description of Bord,"*“,
essentially the same as in the topological case, see [Sze] for details.

Remark 3.6. If all zero area limits of Z € a QF T exist, then the RFA Z(S) is finite-
dimensional. This follows from Theorem 3.5 and Proposition 2.14.

Corollary 3.7. The restriction of the functor G in (3.6) to the category of Hermitian
aQFTs gives an equivalence to the category of T-RFAs.

Corollary 2.22 together with Corollary 3.7 shows that a Hermitian aQFT is determined
by a countable family of numbers (¢;, 0;);<; satisfying convergence conditions given in
Corollary 2.22.

4. State Sum Construction of aQFTs

The state sum construction of two-dimensional TQFTs (see [BP,FHK] and e.g. [LP,
DKR]) has a straightforward generalisation to aQFTs which we investigate in this section.
We give an assignment of weights for plaquettes, edges and vertices from a strongly
separable symmetric RFA in order to obtain state sum aQFT and describe the connection
to the classification of aQFTs in terms of commutative RFAs assigned to the circle.
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(@ . . (b)
w - W
s s f
e
W — e ,
e v v

w w

Fig. 2. Elementary moves of PLCW decompositions with area. a shows edges e, ¢’ and between faces f and
f’. (The two faces are allowed to be the same.) When we remove the vertex w”” and the edge ¢/, the new area
maps should be the same outside the shown region and such that the area of the connected component of the
surface does not change. b shows an edge e between two faces f and f’. When we remove the edge e and
merge the faces f and f’ to f”, the new area maps should again be the same outside the shown region and
such that the area of the connected component of the surface does not change

4.1. PLCW decompositions with area. In Sect. 4.2 we will use PLCW decompositions
[Kir] to build aQFTs. For a compact surface X this consists of three sets X¢, 21 and X
whose elements are subsets of X. Their elements are called vertices, edges and faces.
Faces are embeddings of polygons with n > 1 edges, edges are embeddings of intervals
and vertices are just points in X. Faces are glued along edges so that vertices are glued
to vertices. For example a PLCW decomposition of a cylinder S' x [0, 1] could consist
of arectangle with two opposite edges glued together. From this one can obtain a PLCW
decomposition of a torus S' x S! by glueing together the other two opposite edges. For
more details on PLCW decompositions we refer to [Kir] and for a short summary to
[RS, Sec.2.2].

We are going to need PLCW decompositions of surfaces with area, which we define
now. Let (X, A) be a surface with strictly positive area for each connected component
and let X, X1, X, be a PLCW decomposition of . Let A; : X — R.o be maps
for k € {0, 1, 2}, which assign to vertices, edges and faces an area, such that for every
connected component x € p(X) the sum of the areas of vertices, edges and faces of x
is equal to its area A(x). A PLCW decomposition of a surface with area (X, A) consists
of a choice of X} and Ay for k € {0, 1, 2}.

Definition 4.1. An elementary move on a PLCW decomposition of a surface with area
is either

e removing or adding a bivalent vertex as in Fig. 2a, or
e removing or adding an edge as in Fig. 2b.

By [Kir, Thm. 7.4], any two PLCW decompositions can be related by these elementary
moves. The elementary moves in Fig. 2 map PLCW decompositions with area to PLCW
decompositions with area.

4.2. State sum construction. Let A € Hilb be a strongly separable symmetric RFA.
Recall that 7, ! denotes the inverse to window element in the sense of Proposition 2.8.
We consider the following families of morphisms

Lo = gy © (lda ®7,,") € B(A, A),  Ba = &4, 0 e, € B(A®?, C)
and W/ := AW o Nay € B(C, A®")

aj

@.1)



Area-Dependent Quantum Field Theory 103

for aj,a; € R.o withay +a; = a andn € Z>,. Here, Ag,") is the n-fold coproduct:

AL = Py AD = Ay, A = (Ayn ®1da @+ ®ida) o AL . We call B, the

contraction and W/ the plaguette weights. We will use the following graphical notation
for these morphisms:

A . AA A
Ca = “ Ba = W(;L =
A A
A 4.2)
a3z + aq
4.3)

for every ay, as, az,as € R.pand a = Z?:l a;. It follows from the axioms of an RFA
that these compositions depend only on the sum of the parameters.

The morphisms in (4.1) and (4.3) satisfy the following conditions for every a, ag, a1,
az, a3 € Rop, and for every n € Z>:

1. Cyclic symmetry:

= and Q = A
| a;n | | a;n | (4.4)

2. Glueing plaquette weights:

| /\ H

| ay;n | az;m |a0+a1+a2;n+m72 |

4.5)

3. Removing a bubble:

3; + a2 + as; |
| ag;n + 2 | |a1 a2 +az;n 4.6)
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4. Moving ¢,:

- g

| az;mn | |a1+a2—a3;n |

a2 a1+ a2 —as

and _
al as

4.7)

Furthermore we will assume the following:
(L) The limit lim,_,o D, exists.

We note that this assumption is quite natural, as it holds for all examples of the form
given in Proposition 2.16. In this case, the limit is the sum of finite rank projections.
Furthermore, from Lemma 2.21 Part 2 and Remark 2.17 we get the following lemma:

Lemma 4.2. A hermitian symmetric RFA is strongly separable and satisfies assumption

(L).
The following lemma is a direct generalisation of [LP, Prop.2.20].

Lemma 4.3. Let A be strongly separable symmetric RFA satisfying Assumption (L). Then
DgoDyp = Dyypforeverya, b € R.gand the image of the idempotent Dy := lim,—.o D,
is the centre Z(A) of A. It is an RFA with the restricted structure maps of A. Let us write

Do = [A T Z(A) A A], [Z(A) NN Z(A)] —idy. (48

for the embedding and projection of Z(A).

In the rest of this section we define a symmetric monoidal functor Z4 : Bord,™** —
Hilb using the RFA A. Let S € Bord,"*“. Then

Za8) = Q) z(®™, 4.9)

xemp(S)

where Z(A)®) = Z(A) and the superscript is used to label the tensor factors.

In the remainder of this section we give the definition of Z4 on morphisms. Let
(2, A) : S — T be abordism with area and let us assume that (X, .4) has no component
with zero area. Choose a PLCW decomposition with area ¥, Ai for k € {0, 1,2} of
the surface with area (X, A), such that the PLCW decomposition has exactly 1 edge
on every boundary component. By this convention 7o (S) U 7o(T) is in bijection with
vertices on the boundary and with edges on the boundary.

Let us choose an edge for every face before glueing, which we call marked edge, and
let us choose an orientation of every edge. For a face f € X which is an n s-gon let us
write (f,k),k =1, ..., ny for the sides of f, where (f, 1) denotes the marked edge of
f, and the labeling proceeds counter-clockwise with respect to the orientation of f. We
collect the sides of all faces into a set:

F={(fb|feZnk=1...,ns} (4.10)

We double the set of edges by considering ¥ x {l, r}, where “I”” and “r” stand for
left and right, respectively. Let E C X1 x {/, r} be the subset of all (e, ) (resp. (e, r)),
which have a face attached on the left (resp. right) side, cf. Fig. 3a. Thus for an inner
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(a) (b) Ai(e)  (©) AL(f)

(e) _ o _
(e,l)//( ) ﬁAl(t?)_ ﬁAl(f)_
e,r
e

(e,0) (e,r) (f;0) (fyin)

Fig. 3. a Left and right sides (e, /) and (e, ) of an inner edge e, determined by the orientation of ¥ (paper
orientation) and of e (arrow). b Convention for connecting tensor factors belonging to edge sides (e, /) and

(e, r) of an inner edge e with the tensor factors belonging to the morphism © . ¢ Conventions for the
g ging P Al (e)
labels of the tensor factors for an ingoing boundary edge f with (f,/) € E

edge e € X the set E contains both (e, [) and (e, r), but for a boundary edge ¢’ € ¥ the
set E contains either (¢’, [) or (¢/, r). By construction of F and E we obtain a bijection
®:F — E, (fik)+ (e,x), (4.11)

where e is the k’th edge on the boundary of the face f lying on the side x of e, counted
counter-clockwise from the marked edge of f.

For every vertex v € X in the interior of £ or on an ingoing boundary component
of X choose a side of an edge (e, x) € E for which v € d(e). Let

Vi So\no(T) — E 4.12)

be the resulting function.
To define Z4(X%, A) we proceed with the following steps.

1. Let us introduce the tensor products

Of = ® A(f,k)’ Of := ® A(e,x)’

Wk)er X)EE
(f.k)e y (e,x)€ (4.13)
Ohn = ® A O = ® Aleoun)
bemy(S) ceno(T)

Every tensor factor is equal to A, but the various superscripts will help us distinguish
tensor factors in the source and target objects of the morphisms we define in the
remaining steps.

2. Recall that by our conventions there is one edge in each boundary component and
that we identified outgoing boundary edges with 77o(7"). Define the morphism

€= ® '8,(2(6) : Oin @ O — Oouts 4.14)
eeZi\mo(T)

where ,852 () = BA(e)» and where the tensor factors in Oip ® O are assigned to

those of B 4, () according to Fig. 3b, c.
3. Define the morphism

V= l—[ C%g;) € B(Og, Og), (4.15)
veXo\mo(T)
where
(Y =id® -0 ® - ®id € B(Og, Of), (4.16)

where ¢, maps the tensor factor A to itself.
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4. Assign to every face f € X obtained from an 7 y-gon the morphism

(ny)
Wi = Wasc 1 € = A ® - @ Az @.17)

and take their tensor product:
. f .
F=Q (WAM> .C — OF. (4.18)
fexs

5. We will now put the above morphisms together to obtain a morphism £ : Aj, — Aou.
Denote by T the permutation of tensor factors induced by ® : F — E,

”(ID : OF —> OE. (419)
Using this, we define
K= [(C Loor e o % OE} , (4.20)

idoin K

L:= |:Oin —> O ® O s Oout] . (4.21)

6. Using the embedding and projection maps ¢4, w4 from (4.8) we construct the mor-
phisms:

Eni= Q) 1 2a(8) = O Eow= Q) 7)1 Oow > Za(T),
bemo(S) cemo(T)
(4.22)

where Lff) =14:ZA)® - A® and n/gb) =74 : AD - Z(A)®. We have all
ingredients to define the action of Z4 on morphisms:

ZA(S, A) = [ZA(S) G 0n S Ogy 22 ZA(T)} . (4.23)

Now that we defined Z4(p) on bordisms with strictly positive area, we turn to the
general case. Let (X, A) : S — T be a bordism with area and let X, : S, — T, denote
the connected component of (X, A) with strictly positive area. We have thatin Bord,*

(2, A) = (Es, A)U(E\ZL, 0), (4.24)

where A, denotes the restriction of A to 7o (X,). The bordism with zero area (X\ X, 0)
defines a permutation x : mo(S\S;) — wo(T\T). Let Z4(Z\X4,0) : Z4(S\S;) —
ZA(T\T;) be the induced permutation of tensor factors. We define

Za(Z, A) == ZA(E\Z4,0) ® Za(Z4, Ay), (4.25)
where Z4 (X4, A,) is defined in (4.23).

Theorem 4.4. Let A be a strongly separable symmetric RFA satisfying Assumption (L).

1. The morphism defined in (4.23) is independent of the choice of the PLCW decom-
position with area, the choice of marked edges of faces, the choice of orientation of
edges and the assignment V.
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2. The state sum construction yields an aQFT Z, : Bord,""** — 'Hilb whose action
on objects and morphisms is given by (4.9) and (4.25), respectively.
3. The commutative RFA corresponding to the aQFT Z 4 is the center of A.

Proof. Part 1:

In order to show independence of the PLCW decomposition with area first notice that all
conditions on A depend on the sum of the parameters. This implies that the construction
is independent of the distribution of area, i.e. the maps Ay (k € {0, 1, 2}). Checking that
the construction is independent of the details of the PLCW decomposition can be done
as in the case of TFTs (see e.g. [DKR, Lem. 3.5]), which is due to Conditions 1-4.

Part 2:
For an in-out cylinder with a single component with area a the morphism £ in from (4.21)
is exactly D, from (4.3). Clearly this is continuous in the parameter. When considering
an in-out cylinder with several components, the zero area limit of the assigned morphism
exists by Assumption (L) and it is clearly a permutation of tensor factors.

Functoriality follows from the fact that the morphisms D, form a semigroup
(Lemma 4.3). Monoidality and symmetry directly follow from the construction, con-
tinuity in the area follows from Lemma 3.3, hence Z4 is indeed an aQFT.

Part 3: This directly follows from Lemma 4.3 and from the (4.9). O

5. Example: 2d Yang—Mills Theory

The state sum construction of 2d Yang—Mills theory has been introduced by [Mig],
was further developed for G = U(N) in [Rus], and has been summarised in [Wit];
for a review see [CMR]. There, partition functions and expectation values of Wilson
loops were calculated. These references also discuss the relation between the state-sum
construction and the Lagrangian-based field theoretic approach to 2d Yang—Mills theory.

The proof of convergence of the (Boltzmann) plaquette weights has been shown in
a different setting in [App]. In this section we will heavily rely on the representation
theory of compact Lie groups, a standard reference is e.g. [Kna].

5.1. Two RFAs from a compact group G. Let G be a compact semisimple Lie group
and [ dx the Haar integral on G with the normalisation |, ¢ 1dx = 1. We denote with
L?(G) the Hilbert space of square integrable complex functions on G, where the scalar
product of f, g € L*(G) is given by (f, g) := [ f(x)*g(x)dx.

Let G denote a set of representatives of isomorphism classes of finite-dimensional
simple unitary G-modules. Then for V € G with inner product (—, —)y and an or-

thonormal basis {ely}?i:ni(v) let

f,y :G—=>C
G.D
g+ (dim(V)'(e), g.ef )y

denote a matrix element function and let My denote the linear span of these. The matrix

element functions are orthonormal [Kna, Cor.4.2]:forV, W e G,i, jef{l,...,dim(V)}
and k,l € {1,...,dim(W)}

(fif» [l ) = SixBjidv.w (5.2)
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where y, w = 1if V = W and 0 otherwise. The character of V is defined as

dim(V)
xv = (dim(V))~/2 Y £V (5.3)
i=1

The Peter-Weyl theorem provides a complete orthonormal basis of L2(G) in terms of
matrix element functions and of the square integrable class functions C/2(G) in terms
of characters:

L*(G) = @ My and CI*(G) = @ C.xv (5.4)
veG veG

as Hilbert space direct sums. Note that L*(G) ® L3(G) = L%(G x G) and CI%(G) ®
CI*(G) = CI*(G x G) isometrically by mapping f ® f to the function (g, g')
f(g)f'(g"). We will often use these isomorphisms without further notice.

In the following we will define a T-RFA structure on L?(G) and CI*(G). Let us start
with defining the operator

A: L*(G) — L*(G) ® L*(G)
f= A =[x, y) = fxy)],

which has norm 1. Let u := AT : L>(G) ® L?(G) — L?(G) be its adjoint, which is
given by the convolution product. For F € L*(G) ® L*(G)

(5.5)

W(F)(y) = /G Frox~ly) dx. (5.6)

Let V € G and let us denote with oy € R the value of the Casimir operator of G in the
module V. We define the unit to be the heat kernel on G:

Ng : C— L%*(G)
L (1) =Y e dim(V)xy (.7)
VeG
for a € R-o.
Lemma 5.1. The sum in (5.7) is absolutely convergent for every a € R~..

Proof. This follows from [App, Sec. 3], which we explain now. Let us fix a maximal
torus of G and let T denote its Lie algebra, let A* C T* denote the set of dominant
weights and let (—, —) be the inner product on T* induced by the Killing form and | — |
the induced norm. We will use that, since G is semisimple, there is a bijection of sets
[Kna, Thm. 5.5]

G =AY
Vi Ay, (5.8)
Vi <A

From [Sug, (1.17)] and [App, (3.2)] we have that (by the Weyl dimension formula)
for V € G with dominant weight Ay € A*

dim(V) < N|ay|™, (5.9
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where N € R is a constant independent of V and 2m = dim(G) — rank(G).
From [Sug, Lem. 1.1] we can express the value of the Casimir element in V using
the highest weight Ay of V and the half sum of simple roots p as

oy = (Ay, Ay +2p). (5.10)
It follows directly [App, (3.5)] that
avl? <ov. (5.11)

We can give an estimate for the norm of Ly as follows. The choice of simple roots
gives a bijection Z™"K(G) _ A* which we write as n — A(n). Using the proof of [Sug,
Lem. 1.3] there are C1, C2 € Rxq such that for every n € 7rank(G)

Cilnll = |A(n)| = C2Inll, (5.12)

2 rank(G) 2
where ||n|* =37 ns.

Let b(j) denote the number of n € Z™(G) with ||n||> = j. We can easily give a
(very rough) estimate of this by the volume of the rank(G)-dimensional cube with edge
length 271/2 + 1:

b(j) < (2512 + 1)rank(©) (5.13)

‘We compute the squared norm of 7, following the computation in [App, Ex.3.4.1].

||77a||2 = Z(dim(V))2g_2‘wV (558) Z (dim(V,\))ze‘Z“"VA

VEG LEAT
PN 3 e 02D 2 Y i
rEAT rEAT (5 14)
5.12) 0 . :
< NZC%m Z ”n”2m e—2aC1 HnH2 — NZC%m Zb(j)jme—ZaClj
neZmﬂk(U) j:]
00
(5.513)N2C%m Z(zjl/Z + l)rank(G)jme—2aC1j,
j=1
which converges. O

Finally we define the counit as ¢, := njz 1 L%(G) - C. Explicitly, for f € L%(G),
£a(f) = (na. ) = Y €7 dim(V) / @ fadx. (515
veG G
Again fora € R let
P, : L*(G) — L*(G
a (G) — L*(G) (5.16)
f e na® f),

g ;= Pyopand A, ;= Ao P,.
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Proposition 5.2. L2(G), together with the family of morphisms [ia, Na, Mg and &4 for
a € R. ¢ defined above is a strongly separable symmetric T-RFA.

Before proving this proposition let us state a lemma. Let V € G and define

1Y = palmyemy, Ny = e % dim(V)xy, 17
vV .._ vV .._ ( : )
Aa = A|Mv, &, -—8a|Mv-

From a computation using orthogonality of the f,y we can obtain the following formulas:

Po(fY) = eV [ € My, (5.18)
1a(fY ® £) = 8jue™V (dim(V)) "2 £ € My, (5.19)
dim(V)
Ag(f)=e®dim(v)"* Y fl e feMy@My,  (520)
k=1
ea(f}) = e~ (dim(V))"/?8;;. (5.21)

Lemma 5.3. Let V € G. Then My is a strongly separable symmetric T-RFA with the
structure maps in (5.17).

Proof. Checking the algebraic relations is a straightforward calculation. As an example,
we compute the window element of My .

dim(V)
uy o Ay oy = > ) oAV (fii)e % (dim(V)'/?
=1

dim(V)

- Z /’LXI (fif ® f))e (atasoy
o (5.22)
dim(V)

- Z fi e @rraras)ov (dim(v)) 1/
k=1

= ¢~ (arrataloy dim(V)xy = r];/1+a2+a3,

which is clearly invertible. ]

Via the correspondence in Corollary 2.15, the finite dimensional RFA MYy is given by
the Frobenius algebra My (with structure maps at a = 0) and the element in the center
ay - id My -

Proof of Proposition 5.2. LetV € G and let us compute the following norms.

dim(V)

2
— e—2a(7V (dlm(V))2<XVr XV) = e—2ac‘rv dlm(V) Z <fk‘1/(v fl}/>
k=1

i

(5.23)

= 299V (dim(V))2.
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Letp = Z?‘;“:(}/) ®ij fl}/ € My and compute
5 dim(V) 2
[l @] = e @imvn™ Y el £ @ sy = el 524
i, j k=1

so Ay =e d | =lnd | and [ | = ad]-

We now would like to take the direct sum of the RFAs My for all V € G, so we
check the conditions of Proposition 2.16: the sum is convergent since it is the squared
normof 7, € L?(G) and the supremum is clearly bounded. Therefore L?(G) is an RFA.

Clearly, L*>(G) is strongly separable, symmetric and Hermitian by Lemma 5.3. O

Now we turn to define an RFA structure on CI%(G).

Proposition 5.4. The centre of L>(G) is CI*(G) and it is a commutative F-RFA.

Proof. Letus compute the morphism D, from (4.3). Forp =} |, & th;n(:/) 9 fly
L?(G) we find:

Da(9) = tay 0 012Gy, 12(G) © Da; ()

dim(V)
= [ay © 012(G),L2(G) Z Z ol fx ®© fi e~V (dim(V))~1/2
veG i ik=1
dim(V)
=Y > ele vdim(v) s £
veGijk=1
dim(V)
=Y > gledim(V)) "y,
veG i=l

(5.25)

From this equation we immediately have that D4 |cp2(g) = Palcp2()- We now show that

Dal(ci2 Gyt = 0. Using (5.4), we have that ¢ € (CI*(G))* C L*(G) if and only if

for every W € G (xw, @) = 0. We can compute this using the orthogonahty relation

(5.2)to get the following: ¢ € (CI*(G))™ if and only if for every W e G we have that
A oW — 0. By (5.25) we get that D, ((p) =0.

We have shown that the image of Dg is C 2 (G), therefore it is the centre of L2(G) by
Lemma 4.3. Furthermore it is a T-RFA, since LZ(G) is a T-RFA and Dy is self-adjoint. O

2
For completeness we give the comultiplication AS PO of c1 2(G). For ¢ = doved
¢ xv € C*(G)

2 _ . —
AST D (@) =Y VeV (dim(V)) xv ® xv. (5.26)
veG

Remark 5.5. Note that for both L2 (G)and Cl 2 (G), thea — 0 limit of the multiplication
and comultiplication exists (by definition), but the a — 0 limit of the unit and counit
does not, cf. the proof of Proposition 5.2.
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5.2. State sum construction of 2d Yang—Mills theory. In this section we give state sum
data for 2d YM theory following [Wit]. The plaquette weights Wf 1 C — (L*(G))®*
fork € Z=p anda € R > 0 are

Wak(l)(xl, ce XE) = Z eV dim(V)xy (xq - xi), (5.27)
veG

and the contraction and ¢, are given by

By = (Wj)T, o= Py, (5.28)

where P, is as in (5.16). Now we are ready to define 2d YM theory, which maps S' to
the centre of L2(G), see Proposition 5.4.

Definition 5.6. The 2-dimensional Yang—Mills (2d YM) theory with gauge group G is
the state sum area-dependent QFT

Z0 = 2126« Bord;s"™** — Hilb (5.29)
of Theorem 4.4. The commutative RFA it assigns to the circle is ZgM SH=c lz(G).

Next we compute Z\?M on connected surfaces with area and » > 0 boundary com-
ponents. For b = 0 the result agrees with [Wit, Eqn. (2.51)] (see also [Rus, Eqn. (27)]).

Proposition 5.7. Let (=, a) : (SH)in — (SHYHbout pe a connected bordism of genus
g with by, ingoing and boy outgoing boundary components and with area a. Then for

VieGforj=1,..., bou we have

Z% (Z.a) v, ® - ® xv,, )
e e T im(VYIE) - ()@ if bin = 0
= { 71 (dim(V1))X®) . (xy, ) @Pou fbn=landVy =--- =V, ,
0 else
(5.30)

where x (X) = 2—2g —bin — bout is the Euler characteristic of . For by = 0 (boyt = 0)
the source (the target) is C and the factors of xv or Xv; are absent.

Proof. We first consider the case that b := by, > 1 and bj; = 0. Denote the map
assigned to the two-holed torus by ¢, = @ o (id ®(K 0 072(6),12(G) © A) o Aflz) :
LZ(G) — L%*(G) and compute

dim(V)
¢a(fi}) = o (@MW oo g 12) | D ¢ @mV)™ f{ ® fif ® ff
ki=1
dim(V)
_ Z e a0V (dim(v))—Zgjkgklfi}’ = e 9oV (dim(V))_2fi}/.
k=1
(5.31)
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Using this, we compute for ag, ..., ag41 € Roo witha = f;(l) a; that

8
AL o [Tea onay = AL, | D2 e @ no (dim(v))! = xy
i=1

g+l Qg+l
VeG

= | o) [ DD e v dim(V)) T xy (x - x)
VeG
(5.32)

Finally, we need to compose (5.32) with 7®% to get (5.30), where  : L%(G) = CI*(G)
is the projection onto the image of Dg. We compute using (5.25):

dim(V)

Ay () =7 T dm (V)T () f () 533

= (dim(V ) " xy (x1) ... xv (xp).

For the case by, = boyy = 0 we use functoriality. Let ¥’ the surface obtained by
cutting out a disk from . Compose Z¢y; (£, a — a’) with &, and use (5.21).

For the case bi, # 0 we need to turn back outgoing boundary components by com-
posing with cylinders with two ingoing boundary components and with area a, which

we denote with (C, a). For U, W € G we have
Z9u(C.a)(xw, xw) = € sy, (5.34)
Using the result for the b, = 0 case and (5.34) we get the claimed expression. O

Remark 5.8. As already noted in Remark 5.5, 1, and €4|¢p2(g), 1.e. the value of Z\?M
on a disc with one outgoing (resp. one ingoing) boundary component, do not have zero
area limits. On the other hand, the expression (5.30) has a zero area limit if x(X) =
2 —2g — (bin + bout) < 0. Note that this is the condition of X being stable. Indeed, the
xv are orthogonal for different V and have norm || xy | = 1, and for a given « € Z the
sum ZVGG (dim(V))“* converges if « < —2. To see this, use the bijection from (5.8)
and the estimate from (5.9) to get

Do dmV)* < Y @dim(Vi)* <N Y A" (5.35)

veG AEAT AEAT

which converges for —ma > rank(G) by [Sug, Lem. 1.3]. Then use thatm = (dim(G) —
rank(G))/2 and that 3rank(G) < dim(G) to get « < —1, and since « is an integer
o < —2.These limits are related in [Wit] to volumes of moduli spaces of flat connections
(see e.g. [KMT] for more results and references). For example for G = SU (2) we have,
for g > 2 and bin = byt = 0,

oo
. SU(2) _ —2g+2 __
lim 2y (38,0) (1) = ) 02 = (28 - 2), (5.36)

n=1

where ¢ is the Riemann zeta-function. For general G, these functions are also referred
to as Witten zeta-functions, see e.g. [KMT].



114 I. Runkel, L. Szegedy

Acknowledgement. The authors thank Yuki Arano, Nils Carqueville, Alexei Davydov, Reiner Lauterbach, Pau
Enrique Moliner, Chris Heunen, André Henriques, Ehud Meir, Catherine Meusburger, Gregor Schaumann,
Richard Szabo and Stefan Wagner for helpful discussions and comments. We also thank the referees for their
detailed comments which significantly improved the exposition of this paper. LS is supported by the DFG
Research Training Group 1670 “Mathematics Inspired by String Theory and Quantum Field Theory”.

Funding Open access funding provided by Institute of Science and Technology (IST Austria).

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims
in published maps and institutional affiliations.

A Proof of Joint Continuity

The following lemma will be instrumental in showing that various joint continuity con-
ditions hold automatically in Hilb. A similar statement can be found in [KMD, Sec. 2].
Lemma A.1. Let'H; € Hilb (i = 1, 2). Let X be a subset of a finite-dimensional normed
vector space (e.g. X = Rxo). Equip X with the induced topology and let a — S,gi) be two
continuous maps X — B(H;). Then the map X*> — B(H1 @ H»), (a, b) > Sc(,l) ® 5,52)
is jointly continuous.

Proof. We will first show that the map a +— H S,Si) ” is bounded on compact subsets of
X.Let K C X be compact. By strong continuity we have that for every & € H; the
map a +— Sf,i)(h) is continuous, so in particular the map a +— H Sc(,i)(h) H is continuous,
hence bounded on K. By the Uniform Boundedness Principle [Con1, Ch. III.14] the map
Stgi) ) is bounded on K.

an—)‘

Now we turn to the claim in the lemma. Let ag, by € X and «, ¢ € R. be fixed. We
will show that the map (a, b) — S,gl) ® Sl(jz) is continuous at (ag, bg).

For T € 'H; ® Hj take a sequence {7,},, in the algebraic tensor product of H; and H»
such that T;, 7% T. We have the estimate

2 2
H S @52 - S0 © ST H

< |V e s = s esth| 1T - T+ s @ 57 - s @ sfy

N,
(A.1)

We give an estimate for the first term on the right hand side of (A.1). Fix some §; > 0.
Then by the above boundedness result there is a k > 0 such that for every a, b € X with

Sél) H < k and HSZ(,z) H < k. So we have

la —ag|+|b — bg| < 61 wehave‘

s o - swo s < s ] sl s s,
2 1 @ '
SR DR B N B
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Since T}, =z r , we can choose n (which we keep fixed from now on) such that

£
IT — Tyl < INE (A.3)

ao,bo
Putting (A.2) and (A.3) together we get
2 2 €
|5 @ s —siw e sh| 1T - Tl < 3. (A4)
We give an estimate for the last term in (A.1). Recall that each 7;, was chosen in the
algebraic tensor product of H; and Hjy. Thus 7, is a finite sum of elementary tensors,

tn
T,=) x| ® (A5)
j=1

fort, € Z>1, x,{ e H and y,{ € H®@. Using this, we get:

|50 =50y @ 57T, + 50 @ (557 - SEOT,

In
=0 (| - st
j=1

| o
! |5 = s

).

(A.6)

X

st

‘ :

1571

By strong continuity of a S,gi) we can chose § > 0 such that for every a, b € X
with |a — ag| + |b — bg| < 8> we have

. e ; e
H (s — syl | < _ and H 8 = S| < ————.
4tk Hy,f, ” 4ty ‘ Séo) . ‘x,],
(A7)
for every j = 1,...,1,, since these are only finitely many conditions to satisfy. Let
8 := min {81, 82}. Then for every a, b € X with |a — ag| + |b — bg| < § we have that
e
[ @ s = s @sihn| < > (A8)
Finally, using (A.4) and (A.8) we have that
[ @ s - s @S| <. (A.9)
O

Proof of Lemma 2.5. Let @4, . a4y : A®" — A®™ be a morphism in Hilb tensor gener-
ated by g, 14, Ay and g4, involving a total of N connected components when drawing
it using the graphical calculus, with parameters aj, ..., ay. One can write ¢, ... 4y 0

the form (péll) o (®ZN:1 Pai,el,Q) o gog) for some €1, &2 € R.( and morphisms wé})

.....

and <pg). Then by separate continuity of the composition of Hilb and joint continuity of

®lN: 1 Ps; by Lemma A.1 the morphism ¢, | .. 4y 18 jointly continuous in the parameters
al,...,dpN. O
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