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Abstract The present study utilized Cattaneo-Christov heat
flux model for solving nanofluid flow and heat transfer towards
a vertical stretching sheet with the presence of magnetic field
and double stratification. Thermal and solutal buoyancy forces
are also examined to deal with the double stratification effects.
Buongiorno’s model of nanofluid is used to incorporate the
effects of Brownian motion and thermophoresis. The boundary
layer with non-Fourier energy equations are reduced into a
system of nonlinear ordinary (similarity) differential equations
using suitable transformations and then numerically solved
using bvp4c solver in MATLAB software. The local Nusselt
and Sherwood numbers of few limited cases are tabulated
and compared with the earlier published works. It showed
that a positive agreement was found with the previous study
and thus, validated the present method. Numerical solutions
are graphically demonstrated for several parameters namely
magnetic, thermal relaxation, stratifications (thermal and
solutal), thermophoresis and Brownian motion on the velocity,
temperature and nanoparticles volume fraction profiles. An
upsurge of the heat transfer rate was observed with the impo-
sition of the thermal relaxation parameter (Cattaneo-Christov
model) whereas the accretion of thermal and solutal stratifi-
cation parameters reduced the temperature and nanoparticles
concentration profiles, respectively.

Keywords Nanofluid, Stretching Sheet, Cattaneo-Christov
Model, Double Stratification

1 Introduction

Fluid dynamics due to a stretching sheet plays an essential
role in the industrial manufacturing applications for example
in the extrusion process. The production of sheeting mate-
rial forms a continuously moving solid surface with inconsis-
tent surface velocity through an or else quiescent fluid [1].
Crane [2] pioneered and obtained an exact solution for the
stretched flow of a quiescent fluid. In the past decades, wa-
ter (viscous fluid) used as a cooling fluid, but it does not seem
that water will be the perfect cooling fluid when inspecting the
desirable properties of the final product. Subsequently, many
researchers analyzed the study with different physical param-
eters (i.e. magnetic field, suction/injection, heat generation,
thermal radiation) and various types of fluids (non-Newtonian
fluids, nanofluids). Nanofluids are a contemporary class of heat
transfer fluids that have been subject of developing research
in the new era. The nanofluids are invented to boost the base
fluid’s thermal conductivity [3, 4]. Choi et al. [5] managed an
experiment on nanotube-in-oil suspensions and found that the
thermal conductivity is higher compared to the theoretical cal-
culations. Buongiorno [6] and Tiwari and Das [7] introduced
the two well-known nanofluid models. There are seven slip
mechanisms in the Buongiorno’s model which could produce a
relative velocity between the nanoparticles and the base fluid,
but, only thermophoresis and Brownian motion were effective
to model the nanofluid. Khan and Pop [8] were the earliest ap-
plied the Buongiorno’s model to study the boundary layer flow
of a nanofluid towards a stretching sheet.

Cattaneo [9] introduced Maxwell-Cattaneo (MC) law by
adopting a thermal relaxation time term to the traditional
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Fourier energy model. However, Christov [10] added a time
derivative of heat flux and reformulated the law into a hyper-
bolic energy equation. Later, there are a few of investigations
were examined to validate the stability and uniqueness of the
solutions using the new non-Fourier energy model [11–13].
Many recent literatures on the boundary layer flow due to a
stretching sheet also considered the non-Fourier energy equa-
tion (see [14–27]). Salahuddin et al. [14] found that the tem-
perature profile for MHD flow of Williamson fluid with vari-
able thickness showed a reduction using the heat flux model as
compared to the classical energy model. Hayat et al. [15] stud-
ied the stagnation point flow of Jeffrey fluid towards a non-
linear stretching surface and a similar conclusion was made.
The fluid temperature declined with the increasing values of
thermal relaxation parameter. Malik et al. [16] investigated
the MHD Casson fluid flow and identified that the temper-
ature deteriorated using the non-Fourier energy model. The
similar studies also conducted for various fluid models such
as nanofluids [17–19], second grade fluid [20, 21], viscoelastic
fluid [22, 23], Eyring Powell [24, 25], Carreau fluid [26] and
Oldroyd B-fluid [27]. All these results showed that the non-
Fourier energy model might lead to the reduction of the fluid
temperature profile.

Stratification may occur due to the variation of temperature
(thermal stratification), concentration (solutal stratification) or
both (double stratification). Effect of double stratification is
associated in many engineering applications or processes i.e.
solar energy, thermal energy storage systems and heat rejection
from environment. It is trusted that the effect of stratification
correlates to the energy performance. Hence, a few of funda-
mental studies were scrutinized for the convective flow with
the inclusion of stratification effect. Ibrahim and Makinde [28]
considered the natural convection of a thermally and solutally
stratified viscous flow with the presence of nanoparticles. Mat
Yasin et al. [29] applied Tiwari and Das model to solve the
mixed convection flow of a thermally stratified nanofluid in a
porous medium. The coupled effects of mixed convection and
double stratifications for Maxwell and Jeffrey nanofluid mod-
els were examined by Hussain et al. [30] and Abbasi et al. [31],
respectively. Besthapu et al. [32] investigated the impact of
double stratifications on MHD nanofluid due to an exponen-
tially stretching sheet. Daniel et al. [33, 34] considered the
mixed effects of MHD, mixed convection, viscous dissipation
and Joule heating on both steady and unsteady doubly stratified
nanofluid, correspondingly. Very recent, Kandasamy et al. [35]
studied the MHD nanofluid towards a porous plate with dual
stratifications. All the findings exhibited that the temperature
and concentration profiles were depreciated with the increment
of thermal and solutal stratification, accordingly.

In the present work, the MHD boundary layer flow and
heat transfer of a doubly stratified nanofluid over a stretching
sheet is fundametally studied. The Cattaneo-Christov heat flux
model is used to represent the energy equation whereas Buon-
giorno’s model of nanofluid is selected to combine the effect of
Brownian motion and thermophoresis. The governing model
is first transformed into a coupled set of ordinary (similarity)
differential equations using a set of transformations and then
numerically solved using bvp4c programme in MATLAB soft-

ware. Velocity, temperature, and nanoparticles concentration
profiles are illustrated in the graphical form using the selected
values of the pertinent parameters while the numerical values
of the skin friction coefficient, the Nusselt and Sherwood num-
bers are presented in the table.

2 Materials and Methods

Consider a two-dimensional, steady and incompressible flow
of a nanofluid due to a stretching sheet with linear velocity
Uw (x) = ax aligned the x−axis while the flow is confined
to y > 0 as depicted in Figure 1. A uniform magnetic field
of strength B0 is applied perpendicular to the plate with an
assumption that the magnetic Reynolds number is adequately
small so that the induced magnetic field can be omitted. Ther-
mal and solutal buoyancy forces are also considered to deal
with the double stratification effect [32]. The wall tempera-
ture and concentration is given by Tw(x) = T0 + Ax and
Cw(x) = C0 + Ex, correspondingly where Tw > T0 and
Cw > C0. The linear stratified ambient temperature and
concentration are in the form of T∞(x) = T0 + Bx and
C∞(x) = C0 + Fx such that T0 and C0 are the beginning
ambient temperature and concentration of the nanofluid.
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Figure 1. Flow geometry

Under the boundary layer assumptions, the governing model
are:

∂u
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= 0, (1)

u
∂u

∂x
+ v

∂u

∂y
= ν

∂2u

∂y2
+

g

ρf
[(1− C∞) ρf∞βT (T − T∞)]

+
g

ρf
[(ρp − ρf∞)βC (C − C∞)]− σB0

2

ρf
u,

(2)



Universal Journal of Mechanical Engineering 7(4): 213-221, 2019 215

u
∂T

∂x
+ v

∂T

∂y
+ λ2Tλ = α

∂2T

∂y2
+ τ1DB

∂T

∂y

∂C

∂y

+τ1

(
DT

T∞

)(
∂T

∂y

)2

,

(3)

u
∂C

∂x
+ v

∂C

∂y
= DB

∂2C

∂y2
+

(
DT

T∞

)
∂2T

∂y2
, (4)

in conjunction with the initial and boundary conditions

u(x, 0) = Uw(x), v(x, 0) = 0, T (x, 0) = Tw(x),
C(x, 0) = Cw(x),

(5)

u(x,∞)→ 0, T (x,∞)→ T∞(x), C(x,∞)→ C∞(x)
(6)
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It is clear that if λ2 = 0, the energy equation (3) is reduced
to the Fourier energy equation. Further, (u, v) are the veloc-
ity components along the (x, y)-directions, T and C are the
nanofluid temperature and the nanoparticles volume fraction,
respectively, ν is the kinematic viscosity, σ is the electrical
conductivity of the fluid, ρf is the density of base fluid, ρp
is the density of nanoparticles, λ2 is the thermal relaxation
time, k is the thermal conductivity of the fluid, Cp is the spe-

cific heat, α =
k

(ρCp)f
is the thermal diffusivity of the fluid,

τ1 =
(ρCp)p
(ρCp)f

is the ratio of heat capacity of the nanoparti-

cles to the base fluid, DB and DT are the Brownian and ther-
mophoretic diffusion coefficients, correspondingly.

The governing equations (2)-(4) with the conditions (5) and
(6) are simplified by employing the similarity transformations
as listed below:

η =

√
Uw(x)

νx
y, ψ =

√
Uw(x)νxf(η),

θ(η) =
T − T∞(x)

Tw(x)− T0
, φ(η) =

C − C∞(x)

Cw(x)− C0
,

(8)

where η and ψ are the similarity variable and stream function,
respectively such that

u =
∂ψ

∂y
= axf ′(η) and v = −∂ψ

∂x
= −
√
aνf(η), (9)

which satisfies (1). The resulting nonlinear ordinary differen-
tial equations together with the initial and boundary conditions
are:

f ′′′ + ff ′′ − (f ′)
2 −Mf ′ + λθ +Nφ = 0, (10)

1

Pr
θ′′+fθ′−f ′θ−δ1f ′+Nbθ′φ′+Ntθ′2−γT θγT = 0, (11)

φ′′ + PrLe(fφ′ − f ′φ− δ2f ′) +
Nt

Nb
θ′′ = 0, (12)

f(0) = 0, f ′(0) = 1, θ(0) = 1− δ1, φ(0) = 1− δ2,
(13)

f ′(∞)→ 0, θ(∞)→ 0, φ(∞)→ 0, (14)

where

θγT = f2θ′′ − ff ′θ′ + f ′
2
θ + f ′

2
δ1 − ff ′′θ − ff ′′δ1.

In addition, f is the dimensionless stream function along
x−direction, θ is the dimensionless temperature, φ is the di-

mensionless nanoparticles volume fraction, M =
σB0

2

ρa
is

the magnetic parameter, λ =
Gr

Rex
2 is the thermal buoy-

ancy parameter where λ > 0 and λ < 0 corresponds to
the assisting and opposing flow case,accordingly with Gr =
gρf∞βT (Tw − T0) (1− C∞)x3

ρfν2
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ν
. Fur-
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3
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α
is the Prandtl num-

ber, γT = aλ2 is the thermal relaxation parameter, Nb =
τ1DB(Cw − C0)

ν
is the Brownian motion parameter, Nt =

τ1DT (Tw − T0)
νT∞

is the thermophoresis parameter, Le =
α

DB

is the Lewis number, δ1 =
B

A
and δ2 =

F

E
are the thermal and

solutal stratification parameters, respectively.
It is noticed that for the case of unstratified nanofluid, the

system of ordinary differential equations (10)-(14) is reduced
to the model by Akbar et al. [17]. The skin friction coefficient,
local Nusselt number (heat transfer rate) and local Sherwood
number (mass transfer rate) are defined as (see Akbar et al.
[17])

Rex
1
2Cf = f ′′ (0) , Rex

− 1
2Nux = −θ′ (0) ,

Rex
− 1

2Shx = −φ′ (0) .
(15)

3 Results and Discussion
The nonlinear ordinary (similarity) differential equations in

(10)-(12) together with the conditions (13) and (14) are nu-
merically solved using bvp4c solver in MATLAB software. In
the bvp4c code, η∞ is set up to 15, however it is found that
η = 7 is sufficient enough to achieve the far field bound-
ary conditions for the parameters considered. Velocity, tem-
perature, and nanoparticles concentration profiles are graph-
ically visualized for several values of the control parameters
namely magnetic M , thermal relaxation γT , thermal stratifica-
tion δ1, solutal stratification δ2, thermophoresis Nt and Brow-
nian motion Nb as shown in Figs. 2-11. For numerical re-
sults, M = λ = N = Le = Pr = 1, δ1 = δ2 = 0.1,
γT = 0.05 and Nb = Nt = 0.2 have been considered. These
values are kept as constant in the study except the varied pa-
rameters as shown in figures and tables. Tables 1-3 present
the comparison data of −θ′(0) and −φ′(0) for unstratified and
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doubly stratified cases. It shows that all the numerical results
in the present work for a limited cases are in favorable agree-
ment with the previously published reports. Therefore, it is be-
lieved that this bvp4c programme can efficiently work and the
results presented here are correct. Table 4 displays the values
of f ′′(0), −θ′(0) and −φ′(0) for several values of M , λ, γT ,
δ1, δ2 and Pr with N = Le = 1 and Nb = Nt = 0.2. The rate
of heat transfer increases with the intensification of the ther-
mal relaxation parameter and Prandtl number while decreases
with the magnetic, thermal buoyancy and thermal stratification
parameters.

Table 1. Comparison data of −θ′(0) for the case of unstratified viscous fluid
when M = λ = N = Nb = Nt = γT = 0 and various values of Pr.

Pr Present Khan and Pop [8] Akbar et al. [17]

0.07 0.066056 0.0663 0.0663
0.2 0.169089 0.1691 0.1691
0.7 0.453916 0.4539 0.4539
2 0.911358 0.9113 0.9114
7 1.895403 1.8954 1.8954
20 3.353904 3.3539 3.3539
70 6.462199 6.4621 6.4622

Velocity profile in Fig.2 depreciates with an increase in M
while opposite trend is observed for both temperature and
nanoparticles concentration profiles in Figs. 3 and 4. The
magnetic field generally induces a Lorentz force which drag
the fluid motion and hence, decelerates the fluid velocity. The
opposition between fluid particles also produces heat and as
a consequence, both temperature and nanoparticles concentra-
tion increase.
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Figure 2. Velocity profile for diverse values of M .
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Figure 3. Temperature profile for diverse values of M .
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Figure 4. Nanoparticles concentration profile for diverse values of M .

Fig. 5 reveals that the nanofluid temperature diminishes
with the enhancement of thermal relaxation parameter. The
heat transfer process from sheet to the fluid is delayed with
the increment of γT . It means that the particles of the mate-
rial require more time to transfer energy to the nearby parti-
cles [14, 18], hence the temperature is reduced. Figures 6 and
7 exhibit that the temperature and nanoparticles concentration
profiles deteriorate as the thermal and solutal stratification pa-
rameters increase, respectively. An undershoot of temperature
or negative temperature is possible with a higher value of δ1.
Hence, it is worth to control the value of δ1 to avoid the nega-
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Table 2. Comparison data of −θ′(0) and −φ′(0) for the case of unstratified nanofluid when M = λ = N = γT = 0, Pr= 10, Le = 1 and various values of
Nb and Nt.

Nb = Nt
Present Khan and Pop [8] Anwar et al. [36]

−θ′(0) −φ′(0) −θ′(0) −φ′(0) −θ′(0) −φ′(0)

0.1 0.952377 2.129394 0.9524 2.1294 0.9524 2.1294
0.2 0.365358 2.515223 0.3654 2.5152 0.3654 2.5152
0.3 0.135514 2.608819 0.1355 2.6088 0.1355 2.6088

Table 3. Comparison data of −θ′(0) and −φ′(0) for the case of doubly stratified nanofluid when M = 0.49, λ = 0.3, N = 0.09, Pr= Le = 1, γT = 0 and
Nb = Nt = δ1 = δ2 = 0.2.

γT
Present Abbasi et al. [31]

−θ′(0) −φ′(0) −θ′(0) −φ′(0)

0 0.828513 0.379802 0.82852 0.37977
0.05 0.855738 0.357128 - -
0.1 0.882816 0.334568 - -

Table 4. Numerical values of f ′′(0), −θ′(0) and −φ′(0) for several values of M , λ, γT , δ1, δ2 and Pr.

M λ γT δ1 δ2 Pr f ′′(0) −θ′(0) −φ′(0)

0 1 0 0.1 0.1 0.7 -0.08292 0.86089 0.45037
0.05 -0.08773 0.89192 0.42579
0.1 -0.09230 0.92251 0.40153

1 0 -0.56674 0.79803 0.39024
0.05 -0.56922 0.82458 0.36870
0.1 -0.57163 0.85089 0.34730
0.05 0.15 -0.59530 0.80642 0.36738

0.2 -0.62140 0.78800 0.36624
0.1 0.3 -0.66603 0.81253 0.28750

0.5 -0.76326 0.79952 0.20586
0.5 0.1 -0.73777 0.80419 0.35444
-0.5 -1.09627 0.75407 0.31816
-1 -1.29144 0.72087 0.29314
1 0 1 -0.62745 0.93241 0.50306

0.05 -0.63040 0.96402 0.47791
0.1 -0.63325 0.99535 0.45293
0.05 0.15 -0.65580 0.94458 0.47546

0.2 -0.68123 0.92480 0.47325
0.1 0.3 -0.72325 0.95513 0.37997

0.5 -0.81624 0.94550 0.28097
0.5 0.1 -0.78681 0.94444 0.46175
-0.5 -1.11757 0.89749 0.42157
-1 -1.29568 0.86769 0.39493

tive temperature which seems to be physically unacceptable.

Figures 8-11 portray the impact of Brownian motion and
thermophoresis parameters on the temperature and nanoparti-
cles concentration profiles. Both parameters arise due to the

presence of nanoparticles and nanofluid also known to have a
better thermal conductivity as compared to the base fluid (wa-
ter). The nanofluid temperature upsurges whereas the nanopar-
ticles concentration declines with the augmenting values of
Brownian motion parameter. As stated by Akbar et al. [17],
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Figure 5. Temperature profile for disparate values of γT .
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Figure 6. Temperature profile for disparate values of δ1.
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Figure 7. Nanoparticles concentration profile for disparate values of δ2.

higher magnitudes of Nb (smaller nanoparticles), could en-
hance the thermal conduction and this might lead to the en-
largement of the temperature.
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Figure 8. Temperature profile for assorted values of Nb.
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Figure 9. Nanoparticles concentration profile for assorted values of Nb.
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Figure 10. Temperature profile for different values of Nt.
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Figure 11. Nanoparticles concentration profile for different values of Nt.

4 Conclusions

In the present work, MHD flow and heat transfer of a dou-
bly stratified nanofluid towards a vertical stretching sheet is
analyzed. The classical Fourier energy equation is replaced
with the Cattaneo-Christov heat flux model. The Buongiorno’s
model of nanofluid is chosen to include the effect of Brownian
motion and thermophoresis particles deposition. The mathe-
matical model (PDEs) is converted into a system of nonlinear
ordinary differential equations (ODEs) using similarity trans-
formations. The bvp4c function in MATLAB software is used
to numerically compute the governing boundary value prob-
lem. As the conclusions:

• Fluid velocity decreases while the temperature and
nanoparticles concentration increase with the enlargement
of the magnetic parameter due to the higher of Lorentz
force.

• Fluid temperature depreciates with the increment of the
thermal relaxation parameter. It shows that the non-
Fourier heat flux model give a better estimation of the
temperature distribution.

• Both temperature and nanoparticles concentration profiles
decrease with the accretion of the thermal and solutal
stratifications, respectively. It implies that the strength of
the thermal and solutal stratifications may affect the dis-
placement of the fluid temperature and concentration.

• Nanoparticles concentration profile declines with the en-
hancement of Brownian motion parameter while opposite
result obtained for the intensity of thermophoresis param-
eter.
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