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Abstrak. Tujuan dari penelitian ini adalah mempelajari keberadaan, keunikan dan solusi stabilitas
sistem baru nonlinier persamaan integral dengan menggunakan metode pendekatan Picard
(pendekatan berurutan) dan teorema titik tetap Banach. Studi tentang persamaan integral nonlinier
semacam itu bersifat lebih umum dan mendorong kita untuk memperbaiki guna memperluas hasil
Butris. Teorema tentang keberadaan dan keunikan solusi ditetapkan dalam beberapa kondisi yang
diperlukan dan cukup pada domain tertutup dan terbatas (ruang kompak).
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Abstract. The aim of this work is to study the existence, uniqueness, and stability solutions of a new
nonlinear system of integral equation by using Picard approximation (successive approximation)
method and Banach fixed point theorem. The study of such nonlinear integral equations is more
general and leads us to improve to extend the result of Butris. Theorems on the existence and
uniqueness of a solution are established under some necessary and sufficient conditions on closed and
bounded domains (compact spaces).
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1. Introduction

Integral equation has been arisen in many mathematical and engineering field, so that
solving this kind of problems are more efficient and useful in many research branches.
Analytical solution of this kind of equation is not accessible in general form of equation
and we can only get an exact solution only in special cases. But in industrial problems we
have not spatial cases so that we try to solve this kind of equations numerically in general
format. Many numerical schemes are employed to give an approximate solution with
sufficient accuracy [3,4,6,10]. Many authors create and develop Successive approximation
method and Banach fixed point theorem [1, 2,5,7,8,9] and schemes to investigate the
solution of integral equations describing many applications in mathematical and
engineering field.

Burris [1] has been used Picard approximation (successive approximation) method
and Banach fixed point theorem. which were introduced by Rama [6] to study the solution
of Volterra integral equation of the second kind which has the form:

u®) = (O + [, F (t,5)u(s)ds.
In this equation the functions f(t) and F(t,s ) are continuous on the interval 0 <t <
a and square region 0 <t,s <bh.

Definition 1. Let {f _(t)}_, be a sequence of functions defined on a set. E < R' We

say that {f _(t)}"_, converges uniformly to the limit function f on E if , given & >0
there exists a positive integer N such that :

f.e)-f@E)|<e, (m=NteE)
Theorem1. If f is continuous on [a,b] and if F(X)zlef (t)dt, a<x <b, then F(x) is

also continuous on [a,b]

Definition 2. Let f be a continuous function defined on a domain G = {(t,x):a <t <
b,c <x <d}. Then f is said to satisfy a Lipschitz condition in the variable x on G,
provided that a constant L >0 exists with the property that
If (6, x1) = f(t,x2)| < Llxy —x2]
for all (t,x;1), (t,x;) € G. The constant L is called a Lipschitz constant for f.
Definition 3. A solution x(t) is said to be stable if foreach £ > 0,
There exists a § > 0 such that any solution x(t) which satisfies
[|x(ty) — x(t)|l < &  for some t, , also satisfies
lx(t) — x|l < ¢ forallt = t,.
Definition 4. Let E be a vector space a real-valued function ||. || of E into R called a norm
if satisfies:

l. [lx|]| =0 forallx € E,

Il. llx]| = 0 ifandonly if x =0,

. llx + vl < llx|l + llyll forallx,y € E,

V. lla x|| = || ||x]|| for all x € E and « € R.
Definition 5. A linear space E with a norm defined on it is called a normed space.
Definition 6. A normed linear space E is called complete if every Cauchy sequence in E
converges to an element in.
Definition 7. A complete normed linear space is a Banach space.
Definition 8. if T maps E into itself and z is a point of E such that Tz = z , then z is a
fixed pointof T .
Definition 9. Let (C [0, T], ||.]| ) be a norm space if T maps into itself we say that T is a
contraction mapping on C [0, T] if there exists a« € R with 0 < a < 1 such that
ITx =Tyl < allx —yll, (x,y) € C[0,T].
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Theorem 2. Let E be a Banach space, if T is a contraction mapping on E then T has one
and only one fixed point in.
(For the definitions and theorems see [1,5,6]).

Our work is extending some results of Butris [1], by using the same method above.

Consider the following integral equation:

u(t) = uy + fot F(t,5)g(s,u(s))ds + fcf((tt))l( (t,s)u(s)ds (1)

Where te D € R',D is a compact set.
Suppose the functions g(t, u), a(t) and b(t) are defined, continuous on the domain:-

D={(ts): 0<s<t<b} (2)
Also the function g(t, u) and kernels F(t,s) and K(t,s) satisfied the following inequalities:
llg(t, )l <M (©)
lg(t,uy) - gt u)ll < L lluy - usll 4)

b(t
[0 IKE)lds < Kh,h = [Ib(t) — a()ll (5)
IFts)Il <N (6)

where F(t, s) and K(t,s) are kernels of the integral equation (1) and M, L,K,N > 0.
Define a sequence of functions {u,, (t)}m=o bY

Uper (E)=uo + fot F(t, s)g(s, U (s))ds + f;((tt)) K(t,s)u,(s)ds @)
with

/bLo(O) =uo,m=0,1,2, ...

Also define a non-empty set as follows:

Dy =D - (MNb + Kh ), [lull < (8)

2. Existence and uniqueness of solution of (1)

In this section, we study the existence and uniqueness of equation (1) by using Picard
approximation method (Successive approximation).
Theorem 3. Suppose that the integral equation (1) satisfying the inequalities (2), (3), (4),
(5), (6), and relation (8). Then there exists a sequence of functions (7) converges uniformly
to the limit functions u = u(t) which is define by the integral equation

u(t) = uo + J; F(t,5) g (tu())ds + [, K (t,5)u(s)ds )

Which is a unique solution of (1).
Proof for m=0 in (7), we have
t

s (6) — woll < f lgCs, u)ll IFCE, )1l ds + Kh &

0
< MNb + Kh§,
So that
lluy(8) — uoll < MNb + Kh§,
for all te [0, b],i. e.
uq(t) € D forall anduy € Dy .
By mathematical induction, we can prove that um(t) € D, forall [0,b] and uy € Dy, m =
1,2,3,....
That is
[[up (t) — upll < MNb + Kh é, (10)
forall te [0,b] and u, € Dy.
Next, we shall prove that (7) convergent uniformly on D.
Form =1in (7), we have
lluz(t) — ug (Ol < (LNDb + Kh)llus (8) — uoll
For m =2 in (8), we have
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s (®) — wa@)ll < (LND + KR) [ (6) = ol
And so on, by mathematical induction, we have
1 (®) = (Ol < (LND + KR) " Ty (8) = ol
S’Eppose that 6 =(LNb + Kh) < 1. Then

Z”um+1(t) — Uy S A+ §+62+83+ 6™+ ) lug(®) —ull < llug — uoll

1
- 1-6
=
Therefore, the sequence of functions {u,,, (t)}m=o converges uniformly on the domain D.

Now, we shall prove that u(t) eC(D). Taking
b(t)

F (¢, s)g(s,u(s))ds + j K(t,s)u(s)ds
a(t)

u(t) = uy + f

0

And
b(t)

Uy (t) =ug + f F (t,s) g(s, um(s)) ds + f K(t,s)uy,_1(s)ds
0

a(t)
Therefore,

lu (®) = wn(Oll < (LND + KR Tlum(®) = u ]

Since {u, (t)}m=o, is convergent uniformly, then lim w,,(t) = u(t).
m—oo
i.e. lu,(t) — u(t)|| <€, Choosing €,=

llum () —u@®Il <€

and hence

u(t) € C(D), for all te [0,b] and uqy € Dy.

Finally, we shall prove that u(t) is a unique solution of (1). Suppose that

t b(t)
u(t) = ug +f F(t,s) g(s,a(s))ds + f( ) K(t,s)u(s)ds
0 a(t

is another solution of (1).
Form =1in (8), we have

€
—— we get
LNb+Kh

llus (®) —u(®ll < (LNb + K)[[u(t) — u,l|

By mathematical induction, we have
m
lum@® —u®ll < 6 llul®) —ull <

Since 6 <1, then

lim,, 00 Uy, = U(t) = u(t)

Thus #(t) = u(t)

And hence u(t) is a unique solution of (1).

1
1-5 llus — uoll

3. Stability solution of integral equation (1)

In this section we study the stability solution of (1) by the following theorem:
Theorem 4. If the inequalities (3), (4), (5) and relation (7) are satisfied and w(t) is another
solution of (1), then the solution u(t) is stable if satisfies the following inequality:

[[u(t) - w(t)|l <€ forallt > 0Oand €> 0
where
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b(t)

t
w(t) = wy +f F(t,s)g(s,a)(s))ds+ f K(t,s)w(s)ds
0

a(t)
Proof. Consider

() - 0@l < llug — woll + f; LN llu(s) = w(s)llds + [1e) Kllu(s) = w(s)llds

< llug = woll + (LNb +Kh) [[u(t) — w (@)l

So
() - 0Ol < 7= |0 = woll
Puttinge, = — < then

luo - woll (1-6)
lu(®) - w(@®)ll <€
So that the solution u(t) is stable forall t > 0.

4. Another method of a solution of the integral equation (1)

In this section, we study the existence and uniqueness solution of (1) by using Banach
fixed point theorem.
Theorem 5. Let all assumptions and conditions of Theorem 4 be satisfied. Then the
solution u(t) is a unique of (1) .
Proof. Let (C[0,b], ||. || ) be Banach space. Define a mapping T on C[0, b] by:
Tu®)=u, + fot F(t,5)g(s,u(s))ds + f;((tt))K(t, su(s)ds
Since g(t,u) and the kernels F(t,s) and K(t,s) are continuous on the domain(2),then
fot F(t,s)dg(s,u(w))s + f:(t) K(t,s)u(s)ds) is also continuous on the same domain.

®
i.e. T: C[0,b] — C[0,b].
Now, we claim that T is a contraction mapping on C[0, b].
Let u(t) and zu(t) € D, then
b(t)

ITu(t) = Ta®I < f; LN llu(s) —A(s)llds+]
< Sllu(s) — @)l

Kllu(s) — u(s)llds

Thus
ITu(®) — Tu(Oll < &llul®) —u@)ll
Since § < 1, therefore T is a contraction mapping on C[0, b].
Then Tu(t) = u(t) and
b(t)

t
u(t) = ug +f F(t,s) g(s,u(s))ds + f K(t, s)u(s)ds
0
a(t)
Hence u(t) is a unique continuous solution of (1).

Remark. The Picard approximation method given global solution but Banach fixed point
theorem give us the local solution of the integral equation(1).

5. Some examples only in successive approximation.

Example A. Consider the following system of integral equation:

u(t) = ug + fot F(t,9)g(s,u(s))ds + f;((tt)) K (t,s)u(s)ds

with

uy =0.1,1=(0,2),s=3.22
F(t,5)=2.23In(t+0.55), g(s,u(s))= u(s)+4.22s
and
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K(t,s)=2.23(2t71-6.23), a(t)=t, b(t)=t+h,h=0.01

s ! ! ! ! ! |
0 02 04 06 0.8 1 12 14 16 18 2

Figure 1. Successive approximation of global solution of (1)

Example B. Consider the same system of integral equation but local interval and another
functions.

t b(t)

u(t) = up + f F(t,s)g(s,u(s))ds + f K (t,s)u(s)ds
0 o(t)

with

Uy = 0.1, 1=[0,2] s=3.22

and

F(t,5)=5.23e5", g(s,u(s))= s2-3s

K(t,s)= 5.23tan(t + 2) — 6.23, a()=t , b(t)=t+h ,h=0.001.

Figure 2. Successive approximation of local solution of (1)
Remark. Successive approximation using MATLAB are show in figure (A) and (B).
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6. Conclusions

This paper provided the existence, uniqueness, and stability solution for non-linear
system of integral equations. Picard approximation (Successive approximation) method
and Banach fixed point theorem have been used in this study which were introduced by [7].
Thus, the non-linear integral equations that we have introduced in the study become more
general and detailed than those introduced by Butris [1].
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