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This paper investigates an approach to impact vibration energy harvesting using a triboelectric
mechanism under harmonic and random excitation. The harvester consists of a clamped-clamped
beam with a stiff plate in the middle to realize the impact electrification process when subjected
to external vibrations. The harvester uses stiffening in the clamped-clamped beam introduced by the
impact between two triboelectric layers to increase the frequency bandwidth. A piecewise theoretical
model is used to model the harvester for two scenarios of motions, before and after impact. The
harvester is tested experimentally under different harmonic excitation to validate the theoretical
model. The outcomes show a good agreement between both experimental and theoretical results.
Higher bandwidth is achieved at a lower gap separation distance. The operating bandwidth of the
energy harvester increased from 4.4 Hz to 17.8 Hz with an RMS output voltage level of 7 V and an
output power density of 7 mW/m? at 1.4 g excitation level and 100 wm gap. The model is extended
and validated experimentally under random excitation. The simulated power spectral densities are in
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good agreement with the experimental results.
© 2020 Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Mechanical vibrational energy harvesting has been given sig-
nificant attention by researchers as a potential alternative power
source. In recent years, the triboelectricity mechanism has
demonstrated as a new alternative mechanism for energy har-
vesting (Fan et al, 2012; Wang, 2013; Wang and Wu, 2012).
Because of several advantages, such as higher power output, low-
cost materials, and a simple fabrication process, the triboelectric
mechanism is considered one of the most efficient techniques
for energy harvesting. In the triboelectric mechanism, contact
electrification happens when two materials of different polarities
contact and separate from each other. Zi et al. (2016), Wang
et al. (2015), Yi et al. (2015), Zhou et al. (2014), Zeng et al.
(2013), Zhang et al. (2014). The materials must have opposite
tendencies to lose and gain electrons. Aluminum material tends
to lose electrons when it meets another less positive triboelectric
material such as Polydimethylsiloxane (PDMS) (Diaz and Felix-
Navarro, 2004; Dhakar et al., 2016; Khan et al., 2017). PDMS has
many useful characteristics, such as excellent elasticity and flexi-
bility, surface malleability, biocompatibility, and easy fabrication.
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These properties of the PDMS make it attractive for using PDMS-
based energy harvesters in many applications. The cyclic process
of contact and separation creates an alternating current as the
charges flow between the two triboelectric layers. The charge
density is a function of multiple factors, such as the chemical
properties of the materials and the micro-surface patterns that
control the area of contact (Henniker, 1962). Surfaces with micro-
patterns increase the contact area and enhance the conversion
efficiency (Dhakar et al., 2015b; Jin et al.,, 2016).

Because of their narrow operating bandwidth, linear vibration-
based energy harvesting devices are considered inefficient. Dif-
ferent types of nonlinearities are considered by researchers to
increase the frequency bandwidth, such as magnetic (Mann and
Sims, 2009; Erturk et al., 2009; Stanton et al., 2010, 2012; Bil-
gen et al, 2015; Ibrahim et al., 2016, 2017), and mechanical
forces (Gammaitoni et al., 2009; Masana and Dagaq, 2011; Sneller
et al,, 2011; Sari et al, 2008; Mahmoud, 2010). Internal res-
onance (Yang and Towfighian, 2017), multiple cantilevers that
have close natural frequencies (Al-Ashtari et al., 2013), and soft-
ening in springs (Nguyen and Halvorsen, 2011) are different
approaches that broaden the operation frequency bandwidth. A
bistable cantilever energy harvester with piezoelectric material
under magnetic nonlinearity was demonstrated and found to
improve operating frequency bandwidth (Stanton et al,, 2010;
Ibrahim et al., 2016, 2017). Impact vibration energy harvest-
ing is an alternative approach used to increase the frequency

2352-4847/© 2020 Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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bandwidth (Dhakar et al., 2015a, 2014, 2015b; Niu et al., 2013;
Soliman et al,, 2009). However, among all these studies, no in-
depth investigation was demonstrated regarding impact vibra-
tion triboelectric harvesters. One of the efficient studies in im-
pact vibration harvesters is the work conducted by Mahmoud
and Abdel-Rahman (Mahmoud, 2010). They investigate an im-
pact vibration energy harvester based on electrostatic transduc-
tion. However, triboelectric transducers are more efficient than
electrostatic ones because the material used in triboelectric de-
vices can charge itself when subjected to impact from vibration
sources.

Most of the studies reported above used a known harmonic
base excitation form. However, most ambient vibrations are ran-
dom. To understand the energy harvesting devices operating
under random excitations, the ambient vibrations should be de-
scribed with probability and random vibrations theories (Papoulis
and Pillai, 2002). One of the first studies that considered energy
harvesting under random vibrations was done by Lefeuvre et al.
(2007). Halvorsen (2008) extracted a closed-form expression that
reflects the amounts of energy harvested from a linear energy
harvester using a random vibration theory. Adhikari et al. (2009)
derived a mean power for piezoelectric vibration harvester sub-
jected to a random base excitation signal with exact closed-form
expressions using the method of random vibrations. The expres-
sion is provided for two different circuit connectivity, with and
without an inductor. Litak et al. (2010) investigate a piezoelectric
ferromagnetic cantilever beam energy harvester under random
excitation. They induced bistability from two permanent magnets
to improve the coupling to the electrical system and the per-
formance of the energy harvester. A similar design was done by
Ferrari et al. (2011). Blystad et al. (2010) investigated the effect
of stoppers and power conversion circuitry on the performance of
an energy harvester subject to harmonic and random excitation.
Harmonic excitation was found to be promising at low and high
excitation amplitudes under variable load resistance. On the other
hand, the output power caused by random vibrations was found
to be sensitive to stopper loss, which should be considered if this
loss is to be minimized. However, those results are a numerical
result, and no experimental validation was provided. Zhao and
Erturk (2012) studied bimorph piezoelectric energy harvester
configurations under random excitation. The effect of higher vi-
bration modes is also investigated, and they found that lightly
damped higher modes can alter the expected power curve under
white noise excitation. A piezoelectric buckled beam vibration
energy harvester is investigated theoretically and experimentally
by Cottone et al. (2012). The piezoelectric beam shows higher
output electric power when it is compressed than in the un-
buckled case. A randomly excited bi-resonant cantilever-mass
impact structure with attached polyvinylidene fluoride (PVDF)
films based piezoelectric energy harvester (PPEH) was developed
to enhance the bandwidth, Li et al. (2016a,b). A similar study was
conducted under electrostatic coupling between the randomly
excited bi-resonant cantilever-mass structure, Zhang et al. (2016).
The electrostatic coupling results in broadening the bandwidth
of the energy harvester. Electret-based micro energy harvester
with a gap-closing mechanism investigated under low pressure
to reduce the air damping and increases the Q-factor (Zhang
et al, 2018; Guo et al.,, 2020). The bandwidth of the harvester
is broadened by stacking two-devices, where their resonances
found to be merged at higher excitation. A coupled system of
electromagnetic and triboelectric transduction mechanisms was
demonstrated in a rotational pendulum design of a hybridized
generator (RPHG) (Guo et al., 2020). The system is tested under
different external excitation to optimize the electrical output
performance of the device. A hybrid energy harvester with a
similar coupling mechanism was investigated with a nonlinear
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stiffness design to address widening bandwidth and to enhance
the device performance (Gupta et al., 2017). For more information
about combinations and other energy harvesting mechanisms, the
reader can refer to Shi et al. (2019), Liu et al. (2018). However, the
investigation of the triboelectric energy harvesters under random
excitation remains missing in the literature.

Many small electronics and sensors are converting from being
battery powered to self-powered. This conversion is done by har-
vesting biomechanical or ambient energies generated by human
walking, heartbeats, machine vibration, and random vibrations
from automobiles and wind. Triboelectric energy harvesting is a
new and effective energy harvesting technique. This technique
provides the necessary power for many small electronics that
would not need battery or sensor replacement (Wang et al.,
2017a), making it attractive for a wide range of applications in
the automotive and bio-sectors. Also, it shows high performance
at low frequencies, making it superior for biomedical applications
to harvest energy produced by heart beating and respiratory
motion (Zheng et al., 2016), human interaction (Dong et al., 2018;
Yang et al., 2018), blood pressure (Liu et al., 2017; Li et al,,
2014), and human movement for implantable and wearable de-
vices (Chen et al., 2020; Wen et al., 2016). In transportation, there
are many sources of wasted energy, such as vibration energy,
wind energy, impact, etc. In the field of intelligent transportation
systems (Ahmadian, 2008; Jin et al., 2017; Chen et al., 2015;
Wang et al,, 2017b; Li et al.,, 2018), the triboelectric mechanism
is used as driver behavior monitoring (Meng et al., 2018), safety
systems (Guo et al., 2018b), tire monitoring (Guo et al., 2018a),
and emission monitoring (Shen et al., 2018).

Here, we focus on designing a PDMS triboelectric energy har-
vesting device capable of harvesting energy under various types
of excitations. This harvester provides a solution to overcome the
low energy density and the narrow operating bandwidth prob-
lems in energy harvesting devices. We fabricate a triboelectric
energy harvester to convert harmonic and random mechanical
vibrations into usable energy. PDMS microscale semi-cylindrical
grooves are employed to increase the contact surface area, and
hence to enhance the generated power. Also, we develop a theo-
retical piecewise model to understand the separation and contact
motions. This energy harvester design shows the feasibility of
the triboelectric transduction mechanism to convert mechanical
energy into electrical energy. The mechanical energy is of the
form of harmonic and random vibrations. The electrical energy
might be used in powering microsensors.

The organization of this article is as follows: In Section 2,
we discuss the triboelectric energy harvester design and config-
urations. We described the working mechanism in Section 3. In
Section 4, we developed the theoretical model using a lumped
parameter model approach and providing the experimental setup
in Fig. 5. The harmonic and random analysis are explained in Sec-
tions 6 and 7, respectively, and finally, we end with conclusions
in Section 8.

2. Device design and configuration

Fig. 1 shows the schematic of the proposed device using the
triboelectric mechanism. The triboelectric energy harvester (TEH)
comprises two parts: an upper Aluminum part and a lower PDMS
part. The device is working based on the periodic contact and
separating between its upper and lower parts. The Aluminum
layer is engraved with semi-cylindrical patterns and serves as
a mold for the polydimethylsiloxane (PDMS) layer. The molded
PDMS, which has mirrored semi-cylindrical grooves, is placed on
the thin, bottom Aluminum layer. The upper part is attached
to a clamped-clamped polymer beam as a central mass. When
the device is in operation, the clamped-clamped polymer beam
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Fig. 1. Schematic for the triboelectric energy harvester.

Table 1

List of dimensions and structural parameters of the harvester parts.
Structural parameters Value
Beam (I, w, h) (15, 3.7, 0.1) cm

Center mass (I, w, h)
Mold (1, w, h)
Density of Aluminum
Density of Polymer

(5.2, 3.8, 0.5) cm
(5.2, 3.7, 0.4) cm
2700 kg/m?
1220 kg/m?

can vibrate, while the lower part remains fixed, as shown in
Fig. 1. When the device is excited at the base with mechanical
vibrations, the upper and lower parts undergo a periodic con-
tact and separation movement. During the contacting-separating
motion, both layers will be full of different charges, and hence
alternating current is produced (Wang, 2013). The lower part
will restrict the amplitude of the clamped-clamped beam motion,
which results in the broadband behavior of the TEH (Soliman
et al., 2008; Dhakar et al., 2013; Liu et al,, 2012). Progressive
Tool Co. of Endwell, NY, Progressive Tool Co Kernel Descrip-
tion (2015) grooved the semi-cylindrical micropatterns into the
Aluminum layer. The semi-cylindrical micropatterns, Fig. 2(a),
increase the contact area of the two surfaces, generating more
power. The structural parameters for the triboelectric generator
are in Table 1.

A (5.2 x3.7x 0.4) cm Al mold with semi-cylindrical micropat-
terned grooves (Fig. 2a) is designed and machined by Progressive
Tools (Progressive Tool Co Kernel Description, 2015). This Al
mold is used to fabricate the PDMS layer and acts as the upper
electrode in the energy harvester. The micropatterns increase the
surface contact between the layers of the energy harvester. In
the beginning, the Al mold is cleaned by immersion in distilled
water for 10 minutes using Ultrasonicator. The water is replaced
with acetone, and the process is repeated for another 10 minutes.
Then, the cleaning with water is repeated one more time. The
mold is dried using a Nitrogen gun. A 10 1 mass ratio of
silicone elastomer base and a curing agent is mixed to achieve
homogeneous mixture with a lot of air bubbles. After that, the
mixture is vacuumed for an hour or more until all bubbles are
removed. Next, the cleaned Al mold is treated with a STH5841.0
agent to help in peeling off the PDMS later. After that, a piece of
glass is placed on top of a heater, and the PDMS mixture is poured
on it. Immediately, an edge of the Al mold with the micropatterns
downward is embedded in the PDMS mixture, and the tilted mold
is slowly flattened into the mixture to avoid trapping air bubbles,
which would interact with the PDMS. Then, the mixture is baked
at 80 °C for an hour and a half. After baking, the PDMS layer is
peeled off from the Al mold yielding a thin layer with a semi-
cylindrical reverse pattern, as shown in Fig. 2b. Later, this PDMS
layer is bonded to a thin Al layer to create the lower electrode.
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3. Energy harvester cycle of work

The cycle of work is shown for the triboelectric transduction
mechanism in Fig. 3. Under no mechanical load, the generator’s
layers are separated by a spring-like restorative force from a can-
tilever beam with a center mass. In the beginning, the upper and
lower layers are out of charges (Neutral), Fig. 3a. When the device
is subjected to mechanical excitation, the beam starts to vibrate,
and the two layers contact each other, Fig. 3b. When contact
happens between the layers, and because Al material tends to lose
electrons, while the PDMS layer tends to gain electrons, the Al
layer will be positively charged while the PDMS will be entirely
negatively charged. As the mechanical load becomes weak, the
beam restoring force starts to separate the two layers. At this
stage, a potential difference is induced between the two layers,
and the current starts to flow from the upper Al layer toward
the lower Al layer, as shown in Fig. 3c. This process continues
until the full separation between the two layers occurs. The
triboelectric and electrostatic charges are in equilibrium when
complete separation happens, Fig. 3d. Continuity of the applied
mechanical excitation results in moving of the two layers toward
each other, and again the equilibrium between the two layers is
disturbed. This disturbance makes the current flow in the other
direction from the upper layer to the lower one, as shown in
Fig. 3e. Then, the cycle repeats.

4. Theoretical model

The flexible clamped-clamped beam holds a center mass and
vibrates under mechanical excitation, providing the contact and
separation mechanism required for charge electrification gen-
eration. Here, the clamped-clamped beam is excited with two
different types of signals using an electromagnetic shaker. Ini-
tially, the harvester is subjected to a harmonic vibration input
signal, and then the harmonic signal is replaced by a random
Gaussian white noise signal. For both cases, the harvester is
modeled as a Single Degree of Freedom (SDOF) lumped parameter
model with two scenarios: before and after impact, Fig. 4. The sig-
nificant differences between the two situations are the stiffness
and damping, which becomes more damped after the impact. An
additional impact spring force with a stiffness of k; is added to the
mechanical stiffness k., when the upper electrode is in contact
with the lower one in Fig. 4(b). The total forces acting on the
upper electrode are shown in Fig. 4(c).

The upper and lower electrodes of the triboelectric generator
are considered as a parallel plate capacitor. According to Fig. 4,
the governing equations for the two scenarios (Mahmoud, 2010),
are given by Egs. (1) and (2). The definitions of the variables
are listed in Table 2. For solving the system under harmonic
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Fig. 2. Upper and lower layers of the triboelectric generator (a) Aluminum mold. (b) SEM image for the PDMS layer.
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b) Compressed (Equilibrium)

) Releasing

e) Compressing

Fig. 3. Operating mechanism for the triboelectric energy harvester.

Table 2
The definitions for the variables used in the theoretical model.
Variable Definition
m The effective mass of the structure
y(t) Relative displacement
Cm Mechanical damping coefficient
a(t) Base excitation
q(t) Charges transferred
S Total electrode area
€ Vacuum permittivity = 8.85 x 10~'? F/m
€ The dielectric constant for the PDMS
o Surface charge density
T The thickness of the PDMS layer
g The gap between the upper electrode and PDMS
) Maximum allowable penetration distance

excitation, we use the shooting method ( Appendix). In con-
trast, numerical integration is used to address the system under
random excitation using Mathematica software (Wolfram, 1987).

) —Cn(t) = keg¥(£) + S0 — ma, y(t) < g
my(t) = (1)
—ciy(t) — kiy(t) — (keg — ki)gi — ma, y(t) > g
v 4qt) (T o
a0 = (2 +do —y(t)) + g (o =¥ (2)
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5. Experimental setup

Fig. 5 shows the experimental setup used for testing the de-
vices. We use an electromagnetic shaker to investigate the dy-
namics of the harvester experimentally under different types of
excitation. LabView software (NI, 1976) is used to generate har-
monic and random signals with a NI USB-6251 data acquisition
board. The generated signal is amplified and sent to the electro-
magnetic shaker, which simulates low-frequency vibrations. To
measure the provided acceleration, (352A24) an accelerometer
from PCB Piezotronics with a sensitivity of 100 mV/g is placed
on the shaker. The accelerometer signal and output voltage are
sent back to the LabView software through the data acquisition
board. A variable resistance box is used to control the resistance.

6. Harmonic analysis

The identified parameters of the energy harvester and some
experimentally extracted parameters are summarized in Table 3.
The gap between the two electrodes is measured with a blade
metric feeler gauge, and the estimated gap value is corrected by
matching the RMS output voltage from the model to the experi-
mental output voltage. The remaining parameters (¢, k;, ¢;) used
in the simulation are extracted by curve fitting with the experi-
mental results. According to these parameters, the fundamental
natural frequency for the generator is found to be 20 Hz.

The optimal resistance matching the internal impedance of the
harvester is estimated by varying the value of the resistance and
measuring the changes in the voltage, current, and power outputs
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Fig. 4. SDOF system model (a) before impact; (b) at the onset of impact (zoomed in); (c) free body diagram during impact.

Resistance Box

Fig. 5. Schematic for the experimental setup.

Table 3
Experimentally extracted parameters for the harvester.

Parameters Value
Mechanical stiffness keq 1056 N/m
Impact stiffness ki 12 keq
Mechanical damping coefficient Cm 0.325 N.s/m
Effective beam mass Mefy 0.00254 kg
Center mass M 0.0480168 kg
Impact damping coefficient G 200 ¢y
Maximum penetration distance $ 10 pm
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at 0.5 g excitation level in Fig. 6. The Voltage-Current intersection
and the power curves show optimal resistance of R = 4 M.
The testing was conducted at different excitation levels for
two different gaps. The output voltage, current, and power curves
are shown for two different gaps of 100 wm, and 250 pwm, with
an optimal resistance of 4 M, Fig. 7. The amplitudes values
increase as the excitation levels increase and reach maximum
values of 7.5V, 1.7 A, and 14 W of voltage, current, and power,
respectively, at 1.4 g. By comparing the results from the two gaps,
the amplitudes values of the 250 wm gap are more substantial
than of the 100 wm gap at low excitation levels. However, the
100 wm gap device operates in a much wider bandwidth than
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the 250 pwm gap device. The broader bandwidth can be related larger gap promotes increased linear momentum, which results
to the increasing number of collisions between the layers. The in stronger impacts and better output.
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Fig. 8. Experimental and simulated voltage response at different excitation levels at different separation gaps with the following estimated surface charge densities
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To verify our model, we simulate the response of the harvester
for the 100 wm and 250 wm gaps, Fig. 8. The simulated results
show a good agreement with the experimental results. We also
notice that the values of the surface charge densities used to
match the experimental results are lower for the 250 pwm than
those of 100 wm. Because a more extensive penetration occurs
at smaller gaps, the surface charge density is more significant.
However, this larger surface charge does not lead to a larger
power output because the rates of change of the charge and
power are lower at smaller gaps, according to Eq. (2). The cor-
responding output current and power are shown in Fig. 9 and
Fig. 10, respectively.

Next, the gap between the two electrodes is varied experi-
mentally, and the maximum output voltage is recorded for each
difference, as shown in Fig. 11(a). The optimum gap based on the
output voltage found to be around 300 pm. Similarly, the band-
width for each gap is recorded, and the optimum bandwidth is
observed to be for a lower gap of 150 wm, as shown in Fig. 11(b).

This observation means that the larger power is obtained at the
price of the bandwidth.

7. Random analysis

The dynamics of the energy harvester are investigated exper-
imentally and theoretically under a Gaussian white noise exci-
tation signal to validate our model under a random input sig-
nal. Here, the experimental Power Spectral Density (PSD) curves
at different RMS Gaussian white noise excitation signals for a
100 pwm gap are shown in Fig. 12(a). The PSD represents the
distribution of a signal over a spectrum of frequencies. The output
voltage increases by increasing the RMS values and increasing
the gap between the two electrodes to 250 wm in Fig. 12(b)
increases the amplitudes while the bandwidth gets narrow. This
observation is consistent with the results of the harmonic exci-
tation. To obtain the simulated PSD of the output voltage under
random excitation, the base acceleration term in the system of
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Fig. 9. Experimental and simulated current response at different excitation levels at different separation gaps with the following estimated surface charge densities
(@) 0 =5 uC/m? (b) o = 4.5 nC/m?, (c) o = 8.5 nC/m?, (d) o = 7.0 nC/m?, (e) o = 12 uC/m?, (f) o = 10 wC/m2.

equations in Eq. (1) is replaced with a random Gaussian white
noise signal, then the system is solved numerically to extract the
voltage response. Then the PSD is calculated by applying a Fourier
transform to the discrete voltage. To simulate the experimental
conditions, we used the random signal from the experimental
results as an excitation input in our model. Fig. 13 shows the
experimental and simulated PSD curves. The simulated results in
these figures are in excellent agreement with the experimental
results. We assume the surface charge density to match the
experimental results. However, the surface charge densities are
considered very low compared to the harmonic results. This con-
sideration is deemed to be acceptable because the input signal is
random, and the contact between the two electrodes is less than
the harmonic case.

Following the current development in the technology of tribo-
electric energy harvesters, it is possible to modify current sensors
to be self-powered. In the biomedical sector, the triboelectric
mechanism harvests energy from heartbeats, respiratory motion,
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activities of daily living, and blood pressure. In the automotive
industry, the triboelectric device used to convert the position,
thermal, gas, and pressure sensors into self-powered sensors.
Possible applications for the current manuscript are harvesting
the energy of random automotive motions to power sensors used
to monitor driver habits in the automotive industry and of the
low-frequency human walking activity to power and monitor
implants in the biomedical sector.

We presented an impact vibration harvester that achieves
a broader bandwidth by replacing the linear stiffness with a
piecewise stiffness function. This impact harvester addresses the
severe limitation of linear one whose narrow bandwidth causes
low conversion efficiency as a small deviation from the natural
frequency results in a significant output loss. Using this piecewise
stiffness function, a larger amplitude is spread over a broader
range of frequency, improving the conversion efficiency of me-
chanical vibration to electricity. Moreover, the analysis is ex-
tended to study the viability of the triboelectric energy harvesters
for different applications that subjected to random excitation.
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and o = 0.12 pnC/m>.

Regardless of the low values of the generated power from the
harmonic and random analysis, we demonstrated and provided
a feasibility study that the triboelectricity is a viable energy har-
vesting technique that could be used with different applications
undergoing types of excitations. Moreover, combining triboelec-
tric energy harvester with impact vibration results in higher
bandwidth. For future work, further analysis and optimization
studies can be accomplished to achieve higher output power and
significant improvement.

8. Conclusion

An impact triboelectric based energy harvester was proposed
and fabricated. Also, a piecewise theoretical model was used to
realize the contact and separation mechanisms of this harvester.
The experimental results conducted under harmonic and ran-
dom excitation for two different separation distances. A higher
output voltage achieved by increasing the excitation accelera-
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tion. The maximum peak power density found to be 7 mW/m?
at 1.4 g with an optimal load resistance of 4 M. The band-
width increased by increasing the excitation amplitude caused
by the contact-separation mechanism reaching a maximum value
of 18 Hz at 1.4 g. The output voltage and bandwidth depend
on the gap distance between the triboelectric layers. We noticed
that large gap results in higher output voltage for low excitation
amplitudes but with lower bandwidth. However, a small gap in-
creases the frequency range of impact, and hence the bandwidth
increases but with lower outputs. The simulated results were
validated experimentally, and the results were in good agreement
with each other. The model extended to validate our random
excitation results, where the PSD results confirmed the results
of harmonic excitation. Both experimental and simulated PSD
results showed good agreements.
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Appendix
To solve the coupled dynamic equations (Eq. (1) and Eq. (2)),

we use the shooting method as explained in Ref. [brahim et al.
(2016), we let

X1 = y(t)
Xy = y(t) (A1)
X3 = q(t)

This will introduce the following three first order ordinary differ-
ential equations:

X1 =X

Xa(t)

—CmXa(t) — kegX1(t) + aX3(t) — ma, Xi(t) < g&

1
M —ciXa(t) — kegXi(t) — ki(Xi(t) — &) — ma, Xi(t) > g

(A.2)

X3(t)

—BXs(t) (

where «, 8, and y are parameters given by
1 1 o
o = s —_—
2€,€0S

T —xl(t>) v (do — Xi(0)

€r

B = Yy = (A.3)

€oRS’ &R
The appropriate initial conditions that will give a periodic
solution for the first order ode system are given by

y(0) = X1(0) = m
¥(0) = X5(0) = m,
q(0) = X3(0) = n3

Then we introduce new variables by taking the derivative

of each variable, (X1, X3, X3), with respect to the three initial
conditions, (11, 72, 113)

(A4)

0Xq X 0X1 X 90X X

— =Xy, — =X, — =X

am an an3

W D s)
— =Xy, — =X, — =X .
37]1 8772 37]3

8X3 8X3 ax3

— = Xjo, — = Xi1, — =X

an an a3
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Next, we take the time derivative for the previous system of
equations

X . Xy X .

— =Xy, — =X, — =X6

am an2 an3

) O Xy . Xy .

2%, =X, =X (A6)
87’]1 37]2 8773

8X3 . 3X3 8X3

— = Xio, — =X, — =X

am a2 ans

Using Eq. (A.5) and Eq. (A.6) we construct the first order ode
system as given in Eq. (A.7) in Box L.
The initial conditions for the system above are given by:

X1(0) = mo
X2(0) = mo
X3(0) = n30
dX1(0 0
xy0) = 21O _
am am
0X;(0 0
xs(0) = 2D _ I _ g
a2 M
0X;(0 0
xo(0) = 210 _ O _
an3 o
9X2(0 0
x(0) = 220 _ 9 _
an an
9X2(0 0
Xs(0) = X0 _om (A8)
an 012
0X>(0 0
xa(0) = 2D _ 9 _ g
an3 912
0X3(0 0
X10(0) = 83( ) _om =0
m an3
dX3(0 0
X11(0) = a )2220
an an3
0X3(0 0
X12(0) = 3 )=£=1
an3 a3

where (1910, 1720, 730) are the initial guesses for the initial
conditions that will lead to periodic solution. Integrate numeri-
cally Egs. (A.3), (A.7), and (A.8) over one period T, T = %’ where
£2 is the excitation frequency. After that the values X, - Xy, are
calculated at time T, and the error in the initial conditions are
calculated and updated by the following algebraic equation:

Xs X5 X om
X7 Xg Xo ) —=1[I1f19m2
X0 Xn X o3

n10 — X1(T, 10, N20, M30)
120 — Xa2(T, M10, N20, M30)
n30 — X3(T, 10, M20, M30)

(A.9)

| |

where, I is the Identity matrix, (911, 12, dn3) are the errors
in the initial conditions guesses. The process is repeated until
convergence achieved and the errors are minimized.
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