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ABSTRACT

The use of computer graphics to support and enhance the 

presentation of introductory calculus concepts is described.

Computer graphics provides more accurate graph 

sketching, consistent presentations and the ability to 

develop mathematical models incrementally. The addition of 

extensive use of color aids even more, adding contrast, 

color keying, dimensionality, and interest to an 

illustration.

Ten lessons have been designed, developed, and 

evaluated. They employ a set of subroutines which interface 

to the NBC APC microcomputer graphics software. These 

lessons as developed and evaluated may be used interactively 

in the classroom or by individuals, or noninteractively in. 

the classroom by the use of photographic slides.
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I. INTRODUCTION

The need for picture* to aid understanding in 
mathematics has been apparent ever since nan began applying 
functions and mathematical theorems to the world around him. 

TO quote Descartes, "It is very helpful to represent these 
things in this fashion since nothing enters the mind more 
readily than geometric figures.“(1) Figures are 
particularly helpful to students when each stage of a 
problem or solution can be presented separately. This 
allows the "mental situation of the problem solver'* to 
evolve as the investigated geometric figure evolves before 

his eyes. "At each stage, the problem solver has a mental 
picture of the geometric figure he explores, but this 

picture changes in transition to the next stage: some 
details may recede into the background, other details come 
to our attention, new details are added."(2 )

The teaching of a first class in calcu 1 us is a prime 
example of the need for i 2 lustrations. Much more than 
numbers and symbols are being manipulated; concepts with 
meaningful graphical representations are being presented.

Computer graphics has developed rapidly in the past few 
years, and is an increasingly available technology. A new 

generation of microcomputers has arrived: they combine 
capabilities for both graphics and text. The availability 
of these systems promises to fuel the demand for graphics 
capabilities, which in turn will fuel this availabi 1 ity.(3)
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Thus the marriage of these two areas, computer graphics 

and a first course in calculus/ seems only natural. On a 
good day, when the board has been recently cleaned and long 
pieces of chalk are still available, the average professor 
can create chalkboard drawings of the basic curves and/or 

concepts easily enough. But on any day, given sufficient 
power, computer-generated color pictures of these same 
concepts and more complex illustrations will always be 
accurate, quickly drawn, correctly label led, attention- 

getters.
In addition, the use of color can add to the depth of 

comprehension by students. Color may be used to aid stu­
dents in mentally sorting out the various pieces of a more 
complex illustration. When several labels and lines or 

curves appear together, the same key color may be used for 
all labels associated with the line or curve of the same 
color. “Color systems were state of the art a few years ago 
but are now numerous and affordable."(4)

However, very few projects have previously been under­
taken to utilize the advantages of color computer graphics 

for the instruction of introductory calculus. A review of 
literature and communication with the chair of the SLGGRAPH 

Education Committee (5) found none that were readily 
available for interactive use and implemented on a portable 
higher resolution system. The graphical illustrations 
developed throughout this paper and discussed in detail in 

Chapter V provide this service.
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If a large screen projector is available for the 

computer system used, pictures may be generated and 
developed interactively on the screen as the instructor 
gives an accompanying verbal explanation- Or, these graphs 
may be created beforehand with photographic slides made and 

presented to the class by the instructor.
The system can also be made available to students out 

of the classroom, so that they may review, at their own 

pace, the lessons presented in class. For this purpose, 
more text can be added to accompany the diagrams and guide 
the student through them.
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II. REVIEW OF LITERATURE 

JU COMPUTERS AMD EDtJCATIOH
Numerous applications of tbo computer and Its abilities 

have been developed since its inception in the late 1930's. 
However, the early pioneers in this field were devoted 
almost esc lostvely to its use in research. Very few 
undergraduates were ever allowed to experience any form of 
contact with the new mechanism. Meanwhile# some groundwork 
was being made to broaden computer usage in education at 
several isolated institutions# notably Purdue# Carnegie- 
Mellon (then Carnegie Tech)* and Stanford. "The National 
Science Foundation during this period also made significant 
contributions through its program of undergraduate 
instructional equipment."(6) And# in 1967# the Pierce Panel 
of the President's Science Advisory Committee published its 
Computers in Higher Education report which helped to serve 
"as a guide and focal point for persons working on the 
subject of computers in education.” This report's 
recommendations concentrated mainly on the provision of 
computing service to the undergraduate and graduate coneunity.

With the provision of these computing service# on 
college and university campuses# old and new users alike 
began to discover more innovative applications, in 1971# at 
the Second Conference on Computers in the Undergraduate 
Curricula. Alfred Bork presented his six basic theses on 
computers in a learning environment, the second of which 
statess
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"We are only beginning the task of learning 
how to uae computer! in education*

I worry greatly about teachers who feel that 
they a l ready know a l l  the answers. We have a long way 
to go, and theoretical analysis will not tell us how to 
employ computers effectively. Hence we want to maintain 
flexibility# and we should be prepared for long years of 
trial and error while using computers in 1 earning."(7)
Mirroring the dynamism of the high tech era, education 

has continued to change and to explore the possibilities of 
the computer. The three major uses of computers in the 
instructional process have continued to be: i) ag an aid in 
the delivery system for instruction, 2) programmed by the 
student himself for purposes of learning from the implemen­
tation of an algorithm, or 3) studied by students for the
purpose of a job in a computer-related field.(Q) It is the 
first of these three# as an aid in the delivery system, that 
has developed into what is commonly referred to as computer- 
aided instruction or CAT.

B. CALCULUS AMP THE COMPUTER
1* Without Graphics. The computer, without the aid of 

graphics# has been used in several ways to teach calculus. 
However, the ideas behind these methods may be improved upon 
by the use o f  graphics as is done in Later sections of this 
paper. The major uses of computers without graphics in 
teaching calculus have been either in a laboratory course as 
the main tool# or for interactive student Lessons and/or 
learning games. The first of these primarily takes 
advantage of the computational abilities of the computer.
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One such technique require© some student knowledge of 
coding and running programs, but His an introduction 
neither to numerical analysis nor to computer science."(9) 
Only enough knowledge of programming techniques is needed in 
order for the students to code algorithms which are given 
them, and they do not have enough time available to become 
"proficient at constructing complicated algorithms, although 
they will be able to work through a few moderately difficult 
ones."

This approach was used with the CRICISAM experimental 
text at Northern Illinois University. One example of a 
lesson here is integration of a function on a given 
Interval. The students evaluated a few Integrals by 
explicitly calculating Riemann sums and taking limits.
This was done using non-monotonic continuous functions with 
the fineness of the partitions serving as the stopping 
signal in a calculation. It is interesting to note that a 
geometric figure was used to explain this concept in the 
paper describing it, but the students Only dealt with 
numbers and calculations, and still may not be able to 
relate to this concept geometrically.

At Gettysburg College, in Gettysburg, Pennsylvania, 
students worked with the epsilon-delta definition of a 
limit.(10) They programmed an algorithm to find all values 
of X "close" to some value such that the function at 
ts within a small epsilon value of the function at x. This 
was done with fairly routine functions so that the student
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could "concentrate on the algorithm and not be distracted by 
an uimecessariiy complicated function statement." Again, 
the student dealt only with numbers and calculations, not a 
pictorial approach.

This same epsilon-delta definition of a limit was 
taught in a different manner at Carleton College in 
Northfield, Minnesota. (11) Instead of the student doing 
actual programming, programs for interactive student use 
were developed. Two games, “Me Epsilon You Delta" and "You 
Epsilon Me Delta” were used in which the student play* 
against the computer to learn the definition of limx->a f(x)
* L. These games pit student against computer in alternately 
choosing values of D and E for specified a, L, and function 
f{x) such that I x-a I < D and lff(x)-Ll < E. One could see 
that a similar approach using graphics could convey the same 
idea, but leave a much bigger impact. This game has some of
the characteristics (interactivity, flexibility) of the more
recent forms of C M .

An example of modern CAI for calculus is the following.
At the University of Puerto Rico, a complete course of CAI 
nodules for first semester calculus was developed.(12) This 
was done with the basic philosophy and objective of
overcoming "certain experimental and analytical deficiencies 
in the students* preparation (as well as to offer a 
challenge to the more highly motivated students)." The Math 
Department also desired "to overcome, to whatever extent 
possible in such a limited program, ths tendency toward rote
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learning and memorization as the basis of learning." At 

first they had hoped to be a b U  to utilize previous CAI 
programs by merely translating them into Spanish.

"At the start of the project we wrote to numerous 
publishers and universities in order to obtain 
information on texts and already existing CAI for 
calculus courses. Although we then found some 
interesting supplementary texts, it soon became 
apparent that very little had been done for calculus 
like the interactive programs that we had envisioned. 
Algebra, statistics, and linear algebra seemed to be the 
areas that had attracted the most effort for a variety 
of reasons running from the size of the student populace 
to the appropriateness of the material for programming."
The result was their development of eight modules 

intended as strictly supplementary to, and not replacing, 

the textbook or the lecture. Each module presupposes that 
the student already has some f ami L iarity with the topic 

presented. The general form of a module is an introduction 

followed by questions intended to determine the readiness of 
the student for this lesson? if not ready to benefit from 
this module, he may be asked to review before continuing.
If ready, he then participates in working through a program- 

selected example. FolJowing this, "the student is given the 
opportunity to make up and enter his own examples in the 
same format as in 3 Cthe program-selected example]. The 

computer provides the data and necessary prompting. The 
option to terminate is offered before each example."

These eight modules consist of the fol lowing; 3) Intro 
- Basic how-to’s of system use. 2) Number - Needed for 

successful use and interpretation of remaining modules; 

covers round-off and reading of mathematical tables.
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3) W ait - Uses a table with rational functions and values 
making their denominator valuta approach zero. 4) Secant - 
illustrates the slope of secant line approaching slope of a 
corresponding tangent. 5) Oral - Calculates values of a 
function and its derivatives to aid in graph plotting* 6) 
Curve - Evaluates a function# finds intercepts# critical 
points# and points of inflection. 7) newton - Finds roots 
of a given polynomial. 6) Area - Calculates the approximate
integral by various methods.

While most of these could be enhanced by the use of 
graphics# this is particularly true of the fifth and sixth 
modules. This was also a comment by ths developsr*.*

"It is our continuing disappointment that thess 
modules contain very few graphs. Despite the fact that 
we had proposed to buy sene graphics terminals end even 
a plotter# we were never able to do so. SevereL 
programs were developed to  produce graphs with 
alphabetic characters but were never actually 
incorporated into the final modules. It is still not 
clear whether a graphing routine can make a straight 
line look like a straight line that will be very 
convincing for students."
The lack of special symbols# such as an integral sign 

and lower case alphanumeric*# worn also listed as a handicap, 
nonetheless# it was felt that the project was reasonably 
successful. Though difficulties were encountered in 
collecting measurements for formal evaluation# it was found 
chat all students who used five or more nodules earned at 
L M »t a. grade of C in the course# while of these students, 
only one had obtained above 700 on the SAT math achievement.

Another attempt at CAT for calculus implemented on the 
IBM PC was evaluated by this author. Examination showed



that this eat of drill and practice leesons consisted 
primarily of skeleton problems which used randomly generated 
values as parameters. These values were then substituted 
into the problem* at the time of program invocation. Except 
tor the change of numerical values in the problem®, this 
lesson was similar to questions and problems found at the 
end of the sections of an ordinary calculus textbook. No 
graphic® and very little interactivity were used.

2. With Graphics. Computer graphics is the creation, 
storage, and manipulation of models of objects and their 
picture® via computer^ 13) The principal leaders in this 
field have not historically focused much attention on the 
use of graphics for educational purposes. A® recently as 
1982, the ACM/S1GGRAPH Bibliography listed only 6 references 
for CAI, and this was under the main heading of 
"Miscel laneoue.* This seeming indifference was not due to 
the fact that graphics had no place in education; indeed, 
the opposite is true. Computer graphics, particularly 
interactive computer graphics, has the potential to be a 
fine illustrative and motivational tool. At the HlCOGRAPH 
•82 conference held in Japan, this was one point made at the 
symposium on the future impact of computer graphic®. Alfred 
Bork stated with reference to education, that "Perhaps it is 
a little unfortunate that we separate all computer graphics 
as if it is a separate problem. The problem is 
communication, and wc need both words and pictures,-(14>
But unfortunately, in the past as well as today, the budgets
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of Boost educational institutions are under strain enough with­
out the additional high coat of graphics systems. Today 
though, we find that "personal computers have put 
interactive graphics within the reach of practically any 
interested educator."(15) As availability increases, so 
will the quality of software for graphics and for calculus.

At present however, while numerous lessons have been 
developed for CAI in other areas, there ace relatively few 
to be found for introductory calculus. Of these, the use of 
graphics is 1imited.

One such sot of calculus lessons available is contained 
as a part of the PLato system, developed at the University 
of Illinois, and supported by funds from the National 
Science Foundation. This system currently has available to 
students approximately 5 lessons in various stages of 
completions they employ high resolution graphics on a 
monochrome system. Topics include slope of a tangent line 
to a curve, limits, newton's method, and minimum and maximum 
theories.(16) These lessons are interactive and intended 
primarily for individual student use. They are available 
through the University of Illinois Plato network and require 
a larqe expensive computing system supporting COC display 
terminals for use.

A set of four interactive lessons on limits was 
developed at the College of the Virgin Islends.(1?) These 
are used on an Apple II Plus, a portable, yet low resolution 
system. They "attempt to treat the single topic of limits
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in some detail and from several perspectives." The four 
lessons include i) Finding Limits - Studiaa the behavior 
of the graph of a function near ita limit b y  repeatedly 
magnifying its graph near the limit. 2> Epsilons 4 Deltas - 
Uses the graph of a function and a neighborhood of the 1 imit 
for user to graphically determine What satisfies the 
definition of a limit. 3) Limit Problems - Student selects 
type and difficulty level for randomly generated user 
practice in Limits. 4) Graphic Problems - Asks questions 
about one- and two-sided limits and continuity at points and 
on intervale for a given graph.

X similar system was presented et the 6th Annual 
National Educational computing Conference in June of 1984.
Xt the University of southern California, calculus on the 
computer was offered for the first time in the fall of 1983. 
This course utilized a multi-user microcomputer system 
with some graphical capabilities. This i» an interactive 
system designed for individual use.08)

The three systems mentioned above are al 1 geared to 
Individual use* they are all also rather limited in the 
amount of material developed. This type of CXI. complete 
with text, and leading the student through an entire lesson 
which uses graphics, can be very effective, but also 
roguiree an enormous fee in man-hours to create, "it may 
take as much as 200 hours of an expert’s time, with some 
additional programmer time, to program one hour of effective 
tested-out computer-aided instruction.*<19) These systems
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also require the scheduling of individual students on 

available graphics terminals. Other possible uses should 
still be consideredr such as the collective presentation of 
graphical calculus lessons.

"The role of the classroom teacher frequently 
gets lost in the excitement over computers. But 
in addition to its great value as a learning tool 
in the hands of students, the computer also holds 
considerable promise as an aid for the teacher in 
illustrating lectures and especially in supporting 
interactive classroom discussions. Nowhere else 
is this better illustrated than in mathematics..."(15)
At the Conservatoire National des Arts et Metiers of 

Paris, France, drawings are produced to be used in such a 

manner. An Apple II microcomputer is used, and lessons are
presented on ordinary television sets in black and white. 
This has been found to increase student interest, and help 

to "improve their understanding of the notion explained 
because concepts, which were very formal to them before, 

are, in a way, put into a concrete form..." The teacher 
also benefits not only from knowing that his students can 
understand more easily, but finds a source of pedagogical 
inspiration for new illustrations, exercises, and re­

marks. (20) A sample of their work consists of ten programs 
related to the conics (drawings of ellipses, eccentricity, 

plane sections of cones, etc.). One such program draws 
conics according to their eccentricity, which efficiently 

and pleasantly presents students with this definition.
Researchers at Pennsylvania State University use a 

library of classroom demonstration programs on an Apple II
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Plus to sketch graphs and interactive!y illustrate concepts. 
This allow® teachers to overcome the lack of time to 
carefully sketch graphs or perform "laborious calculations 
to illustrate such concepts as the delta-epsilon definition 
of limtt*»”(21) Their only completed section relevant to a 
first course in calculus is a derivative demonstration.
This illustrates the relationship between the graph of a 
function and its derivative by plotting each on separate 
halves of the screen/ vertical lines are drawn to connect 
the two at critical points.

Similar work has been done at Duke Univers 1 ty.(22) 
Classroom demonstrations oft an Apple II with a 19" color 
monitor used the graphLc© capabilities to Implement an 
"electronic blackboard." Using programs already available, 
prior to class* the instructor can create a graphic he would 
like to show his students, but cannot draw very wei 1. This 
is th«* saved on a diskette, the computer wheeled on a cart 
to the classroom, and the picture recalled during class.

The preceding projects have made use of graphics to 
aid instruction of calculus by use of available low- 
resolution graphics systems* More impact and better 
"student eye training* can be made with even higher 
resolution and higher quality illustrations.

The Graphics Education Research Group of the Colorado 
Computing Center developed a series of high precision images 
to be used in an introductory calculus course.(23) These 
computer images were developed and displayed in a batch
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environment using a compositional modeling system. Proa 
thees images. classroom visual aids in the form of large 
prints, elides* and transparencies were produced for 
commercial distribution. This group was forced "to 
investigate and develop economically viable computer 
visualisation techniques for uss in the educational 
process*" They felt that a first course in calculus would 
be an ideal topic since textbook visuals ere often vague or 
imprecise and few visual aids have been produced in this 
area. A  real-time interactive graphics medium was ruled out 
due to precision requirements* the developmental time span, 
end the general imbalance of interactive graphics devices 
among educational institutions. Thus, since sll such 
institutions have portable audio-visual equipment available* 
the group concentrated on non-interactive display techniques 
for high quality images*

This rsvisv of literature did not disclose any color 
graphics systems of higher resolution that vsre currsntly 
available for interactive use* Clearly* the combination of 
color graphics* better resolution* and interactivity as 
designed end developed in this project can be used to 
produce an effective didactic tool for a first course in 
calculus*

B. SCREE# DES1CM
Whether interactive or non-interactive, intended for 

classroom or individual use* graphical and textual output
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atxft b«y itructur«<J on the ocrton. The display oust be we 11 
designed in order for the visual presentation to be 
effective. Following ore guidelines for good ergonomics and 
good screen design.

1) Planning - Before anything else, the designer must 
realise what he desires to create, as well as what Is within 
his power to create. What is the sire of the screen? How 
»any characters are available? Can the product be developed 
on a machine other than the one it is to be used on? If so, 
the designer may be able to take advantage of some special 
features, and should also be aware of the differencea.<24)

Screens should be designed in a manner analogous to 
that used for textbook illustrations, but keeping in mind 
the special features of the new medium. If possible, it it 
even recommended that the original author of material should 
not be the screen designer. Rather, the author ehould lay 
out the raw ideas which arc then converted by a competent 
graphic designer, the person who might do layout for a 
magazine ad.(24)

2) consistency - A certain degree of consistency should 
be used within a single layout, and throughout a set of 
related illustrations. Too many changes of type style or 
line style can be distracting, and draw the viewer's 
attention a way from the content of the presentation. To 
maintain this consistency, it is helpful to use a style 
sheet similar to that used by textbook producers for 
specifying typographic paramoter«.(25> This style sheet
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coneists of a matrix to be filled in by the designer. The 
rowo indicate the parte of a unit to bo treated specially, 
each «a titles, label#, or bodies of text. The column* 
indicate the typographic parameter* used} for example, the 
color, font and line style#, character size, and 
justification of text. Entries in this matrix are either 
checkmarks or numeric values.

3) Variety in textual styles - While eome consistency 
must be maintained, a balanced variety of textual sty Lee can 
spark new interest. Occasional use of right-justified text 
instead of the more conmon left-justified can create a fresh 
look without the confusion of a completely different text 
font or alee.

4) Grammar - The rules of grammar must be followed for 
all text on the screen. Words ehould not be split in a 
sentence without hyphenating. Comas, apostrophes, and end* 
of sentences should all be appropriately placed.(26)

5) Phrases - Natural phrases should be kept together on 
a line, if possible. Try to keep a single thought together, 
rather than splitting it across several lines.

6) Short lines - Short lines avoid reading errors.
7) Text graphics - The graphic aspects of the text 

itself must not be forgotten. Particularly for mathematical 
illustrations, the use of special characters, subscripts, 
and superscripts is important. Common mathematical notation 
should be u«ed rather than "cheap" subet 1 tut Ions. For 
example, though it is often easier to type a function



involving division or fraction* on a single line, such a*
2/4 ■  1/2# the vertical fraction method of writing 1* much 
cleaner and easier to road# aa 2 • l. Special symbol*

should be taken advantage of# *uch a* a smoothly curved 
integral sign appearing before f<x>d* Instead of 
IBTUUldx).

8> Spacing - The amount of spacing on different 
computer* varies, it may be necessary to double space to 
enhance readability.

9) Blank apace - Computer "white" space 1* fra®) text­
book "white" space la not* This is one advantage of using 
this mechanical marvel. Liberal use of blank with a email 
amount of essential information on each screen aide the 
mental digestive process.

10) Unnecessary information - Any information which is 
not relevant to the current Idea should be removed. "The 
screen should not be a history of what has happened in the 
last five minutes."(27)

11> Variety in layout - Avoid monotony for the viewer. 
"Machines thrive on repetition. People thrive on 
verioty.*{28) If each text screen looks different# the eye 
can more quickly detect more information there. Borders# 
shadows# arrows# boxing, spacing may all create variety.
Keep in mind however# the difference between a monotonous 
display and a consistent user interface, if the student most 
interact with the program, his interface should b# 
consistent throughout.



12) Material on one sermon- The graphics should bo 
•colgd to fit al 1 oo one 9cr«on. It should not "scroll* or 
move up the screen.

13) Subdivide complex 1Z lustrations - Too *>ocb Informa­
tion should not be included Id one Illustration* Complex 
concepts should be broXon Into smaller units end presented 
individually or one step at a time prior to presentation ol 
the total picture.

14> Movement and animation - If animation is used* It 
should be related to the instructional message* and not 
merely for flashy display. But used correctly* animation 
can bo a very effective technique.(26) Por example, a 
moving object to Illustrate velocity from point A to point 6 
is wore effective than simply illustrating point A and point 
8 While noting that it took 3 seconds to cover the distance 
between the locations.

15) Perceptual guidelines - Words can help the viewer 
Mentally organise a display. Use phrases such at * Mote the 
point on the left of the s c r e e n . o r  *Tbi# comes 
before..."

17) Gopbaeixe key words end phrases - Key points can 
stand out from a body of toxt or 11 lustration by use of 
highlights such as type style* blinXing* color, or timing in 
display.

17) Timing - The element of timing can add to a 
pr.goncatton- Tor readability. » P*«»* vlth a prompt can be
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inserted betvssn sentences or paragraphs of text. Graphic 
illustrations can also be added to in this manner*

Id) Bye movement - Movement on the screen should follow 
the normal eye movement Whenever possible. This is from 
left to right and top to bottom. Complicated movements 
should be avoided. For example, text should not be written 
in the top left corner, move to the lover part of the 
screen, and bach to the top again. The student will 
probably miss ths text on the lower part of the screen with 
this pattern.<26)

19) Know your audience - Present the material with a
level of detail appropriate for the intended audience. For
coliege-level material, more detail and smaller text sizes 
are acceptable if necessary* if the audience were to be
elementary students, simpler illustrations and larger text
would be recommended,

20) Review and evaluation - Once complete, don't be 
afraid to mate revisions. Changes may be suggested after 
review directly at the screen by other designers, or if 
implementation reveals previously unnoticed flaws.



U I .  USB OP COLOR

X. COLOR AHP EDUCATION
Poopl• react to color, Information content can almost

always be conveyed by use of black and white, but -it ia
color that attracts, conveys meaning, elicits emotional
rtapona*, and fosters the retention of information.^ 29)
Current research on the use of color has found several 
situations in which color has been found to play a key role;
studies of tote other areas of color use have been
nonconcluslve. However, it is agreed that the emotions)
impact of color i* greater than that of black and white. In
fact, in a 1979 study by Johnson and Roberson, when subjects
were informed that their particular study had shown no
advantage of using color for instructional films, the
subject* were upset because they liked the color
presentations store.(30) This is one illustration of the
idea that color can be used to invoke a positive response to
material presented.

It has been shown thst When color is seiecclvely used 
co direct attention to specific material. Increased 
comprehension of that material takes place. It has also 
been shown that the use of color can aid in focusing 
attention; however, the positive effects of color use 
possess a curvilinear relationship to th# number oC colors 
used. Research has demonstrated thst there is an initial 
advantage in comprehension as the first few colors are addod
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to an uncolored display; this however, Is fol lowed toy * 
decrease •» more colors are added*

* separate experiment revealed that the use of color 
versus black and white presentations of slides increased 
students* recall of peripheral visas 1 material (that is# 
content which was irrelevant to the plot or theme), tout did 
not significantly effect recall of the central material. It 
should be noted here that the slides consisted of multi­
colored posters end cenic book stories; color was not used 
on any particular segment to focus attention on that 
segment*

Thus# care should be taken to ensure that# Where color 
is intsnded as more than an attention-getter# the eagerness 
to use this rainbow of color does not rssult in a fogging of 
the original material content. When a limited amount of 
color is used io a graphics display, the student can more 
ably * locate key points that can toe used to partition the 
material to be eearch#d.*(31) But the advantage# of this 
partitioning can be overcome if the number of color-coded 
partitions becomes too large*

Color coding for information location has also been 
found to  help improve overall visual search performance.
This keying of colors to information has proved most 
effective When many categories of information are to be 
presented# highly distinguished# colore and peripheral 
vision are used, and the quantity of objects in each 
category is kept reasonably small*(32)



In addition to *££«ctiveno** of selective color for 
imediat* attention e*d understanding, the os* of colot also 
result* i® more accurate recall o f « « w r U l  than the **** 
materiel presented in block and whit*.

Kosearch at San Praocleeo state Coil0 9a showed that 
•rhao two-color slid* images of ted and free* vote used for 
the presentation of visual in formation* student teat score* 
rose as »ech a* two tiait ashl«h as teat scores follows0 9  

t U c k  and White slide presents c loos* the use of three-color 
si idee 1 red and green on s blue backs round, increased the 
test scores b y  thirty percent-(33)

Similar studies at other locations have also shown that 
recall and comprehension tea be increased by see of color. 
in general then* color scheme* for understanding end 
treaeaberio? materiel should be developed *« veil as echemee 
1 0 provide olerity is the presentation of an idea. ’'Color 
should be selected to supplement the ides* the organisation, 
tod the style - m  that order/*<34>

b . i w c f f m  Pas o? cor/>R
In order to avoid a frivolous use of color, guidelines

for Its use should be fol loed« It ehoaid be considered as 
a tool with certain capabilities which are effective only 
uhsa used properly. There are three considerations for 
forming such guidelines hare* the implication# of the 
hardware used to produce the colors, the physiological 
perception of the eye, and hu»at> psychology.
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Tho first of these three is base* on the relationship 
tootvoen the additive prUsacX** of rod, gretn, blue end their 
coccpleotcnt*. those cocepleveats ore cy«» (turquoise), 
M^sntb, end yellow, respectively, end ere also Vnown a* the 
subtractive primaries* they ere the colors perceived by 
removal of their cotfpiccteut fro* white Ught.<t3)0»*
Figure i U W « i m o  those relationships. coepleeents ere 
shown exactly opposite each other* X color is composed by 
the colore at opposite ends of the arrows point lit* into it/ 
red, green, end blue light ere used In this aeoner to create 
the eight eve liable colors on the C&r screen of the fteC AFC 
used for this project. The colors fonts* by a atxcot* of 
the additive primaries will appear brighter or of higher 
intensity because the nixed color has the intensity of w o  
electron b o w .  Thus, yellow will Appear brighter then red 
or green, cyan will appear brighter then blue or green, 
magenta brighter than red or blue, and White the brightest 
of ell.

Without going Into a deteiiod description of the 
Physiology of the eye. the following generalisation* **y be 
made. Currently, color perception Is based on the theory of 
three opponent receptions! blue/yellow, green/red, end 
vhite/blacX. these opponent-color combinations ere 
considered no be too difficult to perceive vfcon used 
directly together# end should be avoided* it h»» aiao been 
found that "v»rwar~ colors, such as red, White, or yellow.



25

t. *44ltiv» Color fltUUo



tend to attract attention, white blue ha* low vleuai 
activity and ovay 90 unnoticed.

Huitan* also react to color based on psychological 
factor*. for example* red w y  be o*ed to denote *etop- or 
"'danger*' at wo are used to ccetng such warning algo* in red.

The following guideline* coploy all three of the afore* 
mentioned con* Ida ration*.

U*o high color contract for character/background pair*. 
Alphanumeric information should bo displayed in the wore 
noticeable color* of red, yellow. o.c White when axed on a 
black background a* for chi* project.

61 u* should not be used for text or roail, significant 
area*, Xt work* beat as a background color.

Color combinations should bo comps tibia. It is 
recoiwsendod in literature to avoid the opponent-color to*»* 
of rcd/groen or bive/ycllow. Sowcver, acre® moderate e»o of 
these color combination* on thl* project were noted to bo 
acceptable; in feet, one viewer even stated that be 
particularly liked these color combinations and they helped 
to attract hia attention.

Stnco red and green are not easily seen at the 
peripheral of the aye** viaual fluid and blue tend* to fade 
Into the background no natter where it i* placed, segments 
to be perceived in thta region *hould be done in white.

If color coding 1* u*ed to enforce relationship* 
pertinent to the content of cwterlel, keep the coding 
consistent throughout the 1 eseoo to reinforce the same
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relationships. As the mtaber of colors inert****, the sit* 
of tb* color-coded objects should also be increased to 
naintsin comprehension.

Also* when color-coding, it should be remembered that 
about 6 to 1 0  percent of the sale population 1* color* 
blind.(35) This normally effects the perception of red and 
?r*en differences. In consideration of this, end for 
communication increase by use of redundancy* shape should be 
incorporated, Whenever possible/ into the sane ceding 
scheme*

From five to nine colors are about all that oan be 
perceived effectively in one prss*ntation.U9) Five Is 
usually the "magic number'* for short-term memory of a 
quantity of related objects* Thus, e display of only four 
color* should toe near optimum to insure some memory space Is 
conserved for other functions While colors are being "brain 
processed •*

Beware of overpowering other colors with us# of th* 
brighter subtractive primary colors on the CAT* Though 
adjacent areas of color may in actuality be the sane site* 
i f one area is of higher inteosl ty than another, it vil 1 
appear to be of a slightly larger sirs*

Adjacency can also affect the perception of e color's 
true value* When complementary colors appear together, 
M.teilatioo occur., ana ttwy »PP**r * » »  lf lt***
at. M i l .  Th. «*pla».n*ary eolo* will 0 0 th# look °* 
the etrouger color surrounding it.
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Warmer colors, such as red# will also appear to be 
closer and Light in weight compared to darker colors, such 
as green, which appear more distant# smaller, and heavier-

Outlining colors in white or black accentuates contrast 
and tends to make an image appear busier. Used incorrectly, 
outlining may create confusion in an illustration rather 

than aid clarity. Depending on the width of the outline, it 
could also create other contrast effects on the object being 
outlined.

It was found on this project that the use of outl ining 
was desired for such purposes as separating the function 
graphs from the color-filled area between the curve and an 
axis or another curve. In some situation!# it was necessary 
to use a special plotting routine which drew a heavier line; 
otherwise, the curve appeared to fade into its adjacent 
color-filled area. Por example, the use of a cyan border 
with its complement# red, used for area fill# caused the 
cyan to fade away to white. Figure 2 shows an example of 
this poor color combination on the left side? the combination 
on the right side does not have "fade-away" colors.

Strongly contrasting colors, such as a fully saturated 

red and fully saturated blue, should be used adjacently with 
caution when both are to cover much area. Though the 
contrast can be effective to convey differences# too much of 

these strong colors can cause eye strain. Again, this was 
perceived in several of the preliminary illustrations for



Figure Z -  Us« of Adjacent lament ary Colors
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this project, resulting in necessary changes for some color 
schemes.

These basic guidelines were applied to all layouts used 
to create the color illustrations on this project. Some 
changes were implemented based on comments of reviewers and 
the tastes of the designer; these were required in order to 
produce the best possible end product.
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TV. DESIGN CONCEPTS

A. GENERAL IMPLEMENTATION CONCEPTS
The 10 wain segments developed are designed to be 

presented as supplementary visual aids in a first course in 
calculus classroom environment. In order to be used with an 
entire class, a large projection screen must be available? 

this should have a screen size of at least 4' x 6* to 
provide legibility at the back of large classrooms. The 
images, produced by the computer and projected onto the 

screen, can then become the primary lecture aid (replacing 
the traditional chalkboard or overhead projector). The 
instructor retains control over the display by his 
responsibility of loading the proper program and interactive 
use of an executing program.

Four of the ten main segments have corresponding 
programs which include a complete textual development 

analogous to a lecturer's description. These are designed 
for individual student use to complement the lecture. 
Students who desire a review of the classroom presentation 
may use these lessons for that purpose, though they should 

still be encouraged to seek personal help from an instructor 

if questions remain. These individual lessons can reduce 
the monotony of answering routine questions for an 
Instructor, as well as giving the teacher valuable time to 
help students with more serious difficulties. In addition, 
students who may be apprehensive about asking for help from
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an instructor will usually not have the same reluctance 
toward using a terminal for assistance.

In the event that a large projection screen is not 

available for use with the computer system, photographic 
slides may be produced. The graphs and images drawn for 
interactive classroom use are photographed at pce-determined 

"pause" points in the programs. They may then be used in 
the classroom with a slide projector and traditional 
projection screen non-interactively. However, a sense of 
watching the illustrations evolve is still possible. They 
should be shown, in order, with each successive slide in a 
set illustrating a new stage in the development of a final 
picture. This can sti 1 1 be effective in much the same way 
as the interactive method of presentation.

B. DEVELOPMENT ENVIRONMENT

1. Supporting System. The illustrations and lessons 
prepared were developed on an NEC Advanced Personal 
Computer, a microcomputer system with two floppy disk 
drives. Graphics were implemented by use of the GRAFDRAW 
unit and a Font Compiler under the UCSD p-System. The 

GRAFDRAW unit is a collection of Pascal procedures which 

comprise a subset of the SIGGRAPH CORE standards. The 
display consists of 640 x 480 pixels, presently considered 
quite high for a microcomputer system. Eight colors are 

available, including black and white. The Pont Compiler was 
used to redefine several rarely used keyboard characters to
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special text characters, such as infinity, delta, integral 
sign, etc.

This particular system was purchased for the Computer 
Science Department of the University of Missouri-Ro1 la, and 
is presently located on the third floor of the Math-Computer 
Science Building. It was chosen for this project because of 
its color capabilities and higher resolution necessary to 
prepare effective illustrations.

The Pascal language is supported in this environment. 
This language worked well as it supports the concepts of 

structured programming? many subroutines were used to avoid 
redundant code. Most of these subroutines were kept in a 
library utility file supported by the p-Syatera. This allowed 
access by all programs and quicker compilation.

2. 1 1 lustration Preparation. Each lesson topic is
compiled as a separate program, employing the two graphic 
u t i l i t y  libraries. T h e s e  programs include hardcoded 
stopping points or pauses, triggered by depressing the 

"return" key of the terminal console. A pause is included 
at a logical point in the development of each illustration.

In order to prepare the slides used for a non- 

interactive presentation, photographs are taken at each 

pause in the lesson using a 35 mm camera and tripod. The 
set of slides developed was photographed in a completely 
darkened (except for the terminal display) room at 1/4 
second, aperture f8 using 200 ASA Ektachrome film.
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C. gROOUCTfOtt STSPg
The creation o£ those conputor generated Image# and 

text w y  be vi«w«d a ® a proceed of interrogated phage* of 
development end analysis. th# various »tagoo of production 
are describe in th# following paragraph*.

to produce those tosson*# th# first step vs* a review 
of th# topic# pr«ie&t«d in an introductory calculus course, 
the prixvary ©ource for thli wa© th# text iu for several 
year# at th# University o£ Missouri-fto1l«» Calculus with 
Xnalyric; CeoaLetry by Ksmw and Foulis* Chapter# 0-7 cover 
eh# material commonly found in * university or col tog#'# 
first »tw*«t*r calculus courao, This normally begin* with a 
pre-calculus review of geometric©! concopte, followed by the 
Introduction of limit#/ and including the definitions end 
rulos for elementary ditferentiation and integration with An 
introduction to their application#, the lesson* to b# 
Illustrated vere selected bated oc the criteria of potential 
gain from automation of 11 lustration. Thee# geln# were 
considered In term# of accuracy# use of color# rat# of 
presentation/ repetitiveness of drawl age* and use of 
Interactivity.

after suitable topic# were chosen/ th© concept and goal 
of each lessoo was clarified. The functions which would 
xost clearly illustrate each topic were aVetchtd end 
preliminary drawing* of th# final form© were done on paper.



These drawings showed the order in which i 1 Lustrations were 
to ho generated, and notes were made on appropriate "pause* 
points.

A  library of subroutines called TOOLS was developed, 
created, compiled, and added to ae necessary. This library 
contains subroutines Which could be conotonly used by two or 
wore of the programs. This includes procedures for such 
fundamentals as drawing the axes, plotting the graph of a 
function, or performing a text line feed for subscripting.
It aiso includes subroutines ussd to create specialized 
illustrations. For example, algorithms are included to 
rotate a point about the x or y axis, to partition a given 
interval into n segment#, or draw a line through two given 
points. A  more complete description of this library is 
given in Section D  of this chapter*

The programs also made use of the Grafdraw graphics 
utility library provided as a supplement to the NEC A PC p- 
System implementation. These routines consisted of two 
distinct classes. The first type are graphic output 
primitives, functions Which create graphic output or control 
the system's current screen position (in x-y coordinates); 
these result in display processing unit (DPU) instructions. 
The second class of routines is attribute settings, or 
functions which determine line style and color.(13)

Text was displayed on the screen by use of the Grafdraw 
"Text* command in order to maintain control over position, 
size, color, and style. The basic 256 character text font
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provided with the system was altered. This allowed special 
characters to be defined and easily used. The new font 

definition was then compiled, and characters for summation, 
delta, right-pointing arrow, integral sign, pi, and infinity 
were readily available for use. Subscripting and 
superscripting were accomplished by use of a '’half' line 
feed subroutine included in the TOOLS library.

Programs were then coded, compiled, tested, and 
evaluated. Several students examined the programs and used 
the four individual ones. Their comments were recorded, 
resulting in several changes to the presentation style, as 
well as correction of a few typographical errors.

D. TOOLS SUBROUTINE LIBRARY
1. M iscellaneous Subroutines. The subroutines which 

were used to compose the TOOLS utility library are briefly 
described in the following paragraphs. Several of the more 
complicated concepts are explained in the following two 
sections.

Two subroutines help preserve the current state of the 
graphics core variables such as the current text color, text 
position, and fill color. "SaveCore” and "RestoreCore" 
were used primarily for the four individual student lessons 

when graphics and a body of text appear together on the 

screen.
Four subroutines were employed to ease the use of 

windowing. These are described in Section 2.
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Control of promptsr pauses, and erasures was 

accomplished via "GoOn", "GoOn_Slides“, "GoOn_and_Erase", 
and "EraseT", These used either current screen postion or 
accepted as input x and y values in screen coordinates to 

position a prompt message, and to erase selected regions of 
the screen.

“Ret" and "Ret2'* controlled the line feed or carriage 

return of the graphical text fonts. They were used for 
subscripting and superscripting as well as standard line 
feeding in text bodies.

Control of the line style was performed with "Dot", 
"Dash", and "Solid". These subroutines consisted of hard­
coded calls to GRAFDRAW attribute setting subroutines.

The mathematical functions were plotted on graphs in 
the window coordinate system. The axes for these graphs 
were first drawn with a call to "Axes", which accepted as 

input the variables used to determine the lengths of the 
axes in each of the four directions from the origin, as we 1 1  

as an input variable to determine the color of the axes. 
Tick marks could be requested to be drawn at integral 

locations on the axes, or they could be suppressed. The 
points for each function were then plotted by use of either 

"Plot" or "Heavy_Plot". The first of these takes as input 
the quantity of points to be plotted and the color in which 
the function i6 to be drawn. The latter makes use of the 
former to quickly plot the function at four additional 
positions varying by one pixel in each of the four
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directions from the origin? this results in a heavier line 
for greater contrast with surrounding regions.

MY_For_X" and *,X_For_Y" are used to determine the 

corresponding coordinate, given one of either x or y, for 
the current function.

The point-slope form of a line is used by "Line Thru" 
to sketch a line through two points which are given it as 
inputs. The endpoints of this line are determined by input 
of an interval given in x coordinates.

"Line^Pt" draws a line whose path begins at a point 

given in screen coordinates as input, and ends at a point in 
window coordinates also given as input. This is used as a 
perceptual guideline to point to specific points on the 
graph, normalLy from a body of text.

Two subroutines are used to plot a line from one of the 
axes to a point on the graph, which is given as input.

"Show Horiz" draws such a line between a point on the graph 
of the current function and the point on the y axis of the 
same height. "Show_Vert*’ performs a similar function using 
the x axis.

Whenever a particular region between a curve and the x 
axis must be partitioned into n equal intervals, "Segments” 
is cal led. This uses a given interval on the x axis and a 
number, n, for the quantity of partitions as input. It also 

requires that a color be input for use as the partition 1 ine 
color, and a second color input if color fill of the 
segments is desired.
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The five remaining subroutines developed for the TOOLS 
utility library are used for three-dimensional rotations and 
projections- "Init_for_Revolv” initializes the variables 
needed for a given angle increment. The four other routines 
are described in the paragraphs of Section 3 under this 
heading.

2. Windowing. The ccanputer graphing system used 
defines all output in terms of an x~y coordinate system with 
origin at the lower left corner; it extends a distance of 
640 pixels in the positive x direction and 480 pixels in the 
positive y direction. This project makes extensive use of 
graphs of mathematical functions. These graphs are plotted
using the standard x-y Cartesian coordinate system. In 
order to completely and appropriately graph the desired 
functions, windowing must be implemented.

Windowing is the process of mapping the given "world” 
coordinates to screen coordinates.( 13) “World” coordinates 
refers to the true numerical values in Cartesian coordinates 
of any point on the graph. Windowing allows the origin and 
scaling of this graph to differ from that ot the screen 
coordinate system. in each of the programs, the variables 
for X_Origin, Y_0riginr and scale must be assigned values in 
screen coordinates before any part of the function's graph 
may be drawn.

Limits are set for the window coordinates at the time 
the axes are drawn; the length of the axis in each of the 
four directions from the origin is given. These lengths
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must be considered by the programmer whenever referring to a 
position on the graph.

Al 1 routines in TOOLS which refer to graphs use the 
world coordinates as input. Four of the TOOLS routines are 

adjustments to the four most basic DPU controlling routines 
of the GRAFDRAW unit. They ares Move_JGW_Abs,
Move_lGW_Rel , Line_lGW_Abs, and Line_lGW_Re 1. (IGW denotes 

In Graph Window) These al low control of the DPU as if it 
were operating in the world coordinate system. The two 

"Abs" procedures convert world coordinates to screen 
coordinates by the following equations:

X_Screen = Round (X Origin + sea 1e*X_WorId)
Y^Screen — Round (Y_Origin + seaLe*Y_Wor1d)

The two “R e 1" procedures operate similarly, but without the 
addition of the origin values.

3. Three-Dimenaional Rotations and Projections. For 

several of the lessons developed, such as volumes of solid3 
of revolution, it was necessary to create three-dimensional 
projected illustrations. Functions were always specified in 
the two-dimensional coordinate system. In order to treat 
them in three dimensions, they were considered to originally 

lie in the z=0 plane.
To illustrate a solid formed by rotation of a curve 

about an axis, two forms of rotation were necessary. These 
are the rotation of an individual point on the curve and the 

rotation of a segment of the curve itself, each to be 
described in succeeding paragraphs. Both used the standard
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rotation equations for a right-handed coordinate system, 
with positive counterclockwise rotations-(13) Rotations 
were always per formed in the window coordinate system.

Consider a point (x,y) to he rotated through an angle 
of e. The transformation equations resulting in (x*,y'#z') 
would then be as foilowst

Rotation about the x axis:
[x' y $ z' l ]  = C x y z l 3 1 o 0 0

0 cose Sine 0
0 -sine cose 0
0 0 0 i

Rotation about the y  axis:
[ x ' y ' z '  1 3 - C x y z l ] cose 0 -sine 0

0 1 0 0
Sine 0 cosQ 0

0 0 0 1
The curve y - x2, as shown in Figure 3.a, is displayed 

in Figure 3-h with the path traced by a complete revolution 
of the point at (1,1) about the y  axis. Rotations of a 
particular point on a curve were required in order to show 
the flat surface(s) on the end(s) of an object, as well as 
for use in crosshatching.

The subroutines Rot_X_Pt and Rot_Y_Pt included in TOOLS 
accomplished this Form of rotation. Input parameters 
require the initial and final angle of rotation for the 
Specified point; for a complete revolution, these are 0 and 
360 degrees, respectively. For the developed programs, an 
increment of 1 degree was used to calculate successive 
values and fill arrays of the specified point rotated
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0 plane

b) Rotation of the point (1,1) about the y axis

c) Rotation of the curve 60 degrees about the y axis on the 
interval from x * 0  to x = 1

Pigure 3- Rotation of a Curve
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through angles of th* Initial angle, initial angle *  1 , 
einal angle - 1, final angle.

Pigure 3 .C  shows the sane curve on the interval [0,13 
fro® Pigure 3.a rotated 60 degrees about the y  axis. 
Rotations of a section o f  a curve were used in order to
sketch the mirror image of the curve on the opposite side of
the axis of rotation. For Pigure 3.c# this would have been
a 180 degree rotation rather than a 60 degree one. Again#
these curves nay also be used for crosshatching.

The subroutines Rot_X_Curve and Rot__Y_Curve included in
TOOLS provided this form of rotation, input parameters
require the specification of the interval endpoints and the
angle through which the curve on this interval is to be
rotated. Each previously calculated point on the curve and
within the interval is then rotated the specified angle.

The four rotation routines perform projection also.
This is done to provide a two-dimensional representation of
a three-dimensional object.(36) The rotated three-
dimensional world coordinates must be mapped into a
projection plane world coordinate system. This new system
provides the viewer with a projection plane on which the
object can still be perceived as having depth.

Oblique projections were used for these three-
dimensional drawings. This type of representation portrays
three dimensions by drawing lines parallel to the third <*)
axis at a consistent angle to the horizontal (x axis),(37)
The x and y axes are perpendicular to each other. Thus the
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z coordinate, which is used after rotation of a point out of 

the z—0 plane, must be used to calculate the projected point 
onto the two-dimensional screen. So after the afore­
mentioned rotations are performed, the new (x',y'> point in 
projected window coordinates must be found. This is done by 
use of the following equations applied to the previously 
rotated (x,y,z) point.

Projection of points rotated about the x axis:
x ' = x +■ z/ 2

y' = y + z/2
Projection of points rotated about the y axis:

x' - x + z/6
y* = y z/6

The difference in the divisors of z is required in 
order for the perspective of the viewer to be adjusted for a 

more "normal" appearance.
The computer allows all these calculations to be 

performed relatively quickly. Points may then be plotted to 
accurately portray the solid objects to the viewer.



V. GRAPHICS PROGRAMS FOR INTRODUCTORY CALCULUS

A- ADVANTAGES OF THE SYSTEM
Whether used interactively or non-interactively, there 

are still many advantages to the use of this computer!ted
"blackboard" system. Highlights of these are enumerated in
the following paragraphs.

First of all, a computer-generated graph will be much 
more accurate than one drawn by hand on a chalkboard. 
Students can see the true representation of a function on a 
graph without the confusion of wondering such things as 
whether an inflection point occurs at x«l or x«2. "This 
accuracy has also the merit of training the eye of the 
students."(19) Accuracy is further enhanced by the use of a 
higher resolution system such as the one used, curves with 
very small or very large curvature may still be represented 
acceptably? this has been a problem for users of the Apple 
II or IBM PC, two common systems currently used. Curves on 
a lower resolution screen appear to be jagged or stairstep, 
and "the discretisation of the picture also produces the 
intermingling of close points"(19) for which the teacher 
roust comment upon the reasons for this. In order to avoid 
wrong interpretations by the students*

Graphical representations of mathematical functions 
will also be created consistently every time, circles will 
not look like ellipses, hyperbolas will not be confused with
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parabolas, and division of an interval into n equal 
partitions will truly be n equal partitions-

Legibility is also increased when computer-generated 

text is used. Machine generated lettering and mathematical 
symbols will be consistently written every time. This text 
will be much more legible than the same information written 

on a blackboard or overhead projector.(38) Again, the 
higher resolution of the NEC APC allows an increased amount 
of detail to be remote clearly shown than on the more common 
IBM PC or AppLe IJ systems.

Hand in hand with accuracy and consistency is the 

ability to create difficult pictures that the instructor 
previously carried about in his head, but simply found too 
difficult or time-consuming to sketch in class. This 
includes such things as solids of revolution and successive 

graphs of area for Riemann sums, broken into more rectangles 
with each succeeding picture. The computer allows these to 
be created relatively easily. For the more difficult 

drawings, text book illustrations reflecting precise drafts­
manship have usually been the primary source (23); however, 
the quantity is limited and the quality in some texts still 
may not be up to the standards of similar illustrations 
generated interactively by the computer.

The use of color is also a super plus for these 
illustrations. Though some textbooks do employ color, it is 
usually only one color with perhaps a lighter shade of the 

same color used for contrast. And, obviously, switching
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between different colore of chalk at a board can be 
confusing as well as time-consuming for an instructor.
Color can increase and influence attention. "By carefully 
utilizing color to manipulate attention, the user can 
partition material at key points, organize it, and code it. 
Techniques that direct attention increase the likelihood 
that the attended to information will be processed."(39) 
Techniques of color utilization may include graphing several 
functions on the same set of axes in different colors, 
using a solid area of color "fill" to show a specific 
region, or highlighting specific segments. A unique feature 
of the system used is that it al so al lows text to be written 
in any of the eight available colors? this psrmits color­
keying of the text and labels to corresponding graphic 
segments.

Along with the use of color, the computer offers 
several other features unavailable with conventional chalk­
board methods. A  variety of line widths or combinations of 
dots, dashes, and solids can be used to emphasize different 
sections of a diagram. This provides consistency for such 
concepts as hidden lines or connecting specific points to 
their coordinates on the axes. Different text styles may be 
defined and used, as well as changing the scaling of the 
height and width of existing or new text fonts. This 
focuses attention in a manner similar to the way different 
colors do? different text style or sizes may bs keyed to 
different uses. It also relieves monotony for the viewer.
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Al 1 of the above advantages are used together to create 
graphical, representations which may be presented as a single 
complete illustration with all segments and labels in 
position, or as a series of progressive illustrations. Just 
as the solution to a problem is derived step by step, or a 
concept is presented by building one idea on top of others, 
the graphical representations can be shown in successive 
stages of development. The illustration can evolve on a 
screen and be built upon as it evolves in the viewer's mind.
This is superior to textbook illustrations where the reader 
Ls normally presented with the final Illustration to use as 
a reference even at the beginning Of a presentation? this 
often leads to confusion on the part of the student# who 
cannot always sort out the relevant parts of a diagram.

A final advantage, but certainly not the least of 
these, is that the concentration of the instructor can be 
turned to the students and the explanation Of the concepts 
being presented rather than focusing his attention on the 
creation of appropriate chalkboard images. Graphs and 
illustrations can be quickly and conveniently sketched with 
no more effort than it takes for the touch Of a button. 
Computations are performed quickly and painlessly at 
successive stages of iterations or for different points 
along the graph of a function? the numerical results may be 
listed on the screen alongside the corresponding graphical 
represention. The instructor also gains from knowing that 
the comprehension and understanding of his students is improved.



49

B. LESSONS DEVELOPED
The ten programs Which have been developed for 

interactive classroom presentations are briefly described
here. A  sample program use is given in Section C of this 
chapter. The four programs for individual use are discussed 
with their corresponding classroom version.

1) Inequalities - This graphically shows the solution 
set of a given inequality. The solution interval is found 
algebraically and highlighted on the illustration with a 
bold overlay of the existing function graph in a 
contrasting color. Integral values of x and the function at 
x are also calculated and displayed in a table, one set at a 
time as the corresponding points on the graph are 
illustrated. This program has a corresponding lesson for 
individual use.

2} Slope of a Tangent to a Curve - This lesson makes 
use of the definition of the derivative with limits to 
illustrate the derivation of the slope of a tangent line to 
a curve. The tangent to a given curve is drawn at a fixed 
point. A  succession of neighboring points, gradually closer 
and closer to the fixed point, are shown. The secant 1 inea 
between these neighboring points and the fixed point are 
drawn in color. The delta x distance is also pointed out as 
it approaches a distance of 0. The formulas for slope are
shown at the side of the graphical diagram. This is also 
available for individual use.
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3} Parabola - A  menu at the beginning of this program 
allows use of two different versions. The first displays 
the same basic parabola y  = x2 with the coefficient o f  the 
x2 term changed and the curve displayed in a different color 
for each different coefficient function. The corresponding 
focal points and directrices are d r a m  In the same color as 
the curve they define. The second version simply 
illustrates translation of the same parabola along the y 
axis.

4) Hyperbola - This lesson is similar to that for the 
parabola. There arc two choices available in the menu. The 
first draws two hyperbolas in contrasting colors with 
different values in the denominator of the standard 
equations; this illustrates the effect of increasing or 
decreasing these values. The second version displays the 
asymptotes and dimensions of the rectangle used to sketch 
these asymptotes-

5> "Linear Approximation - This lesson shows how a 
function may be approximately evaluated at a given point.
If the given point does not work nicely in the function, a 
nearby point which does evaluate easily way be used for this 
approximation- A  curve which represents a given function is 
shown, with just such a point for which it is difficult to 
evaluate the function. A  neighboring point is shown, for 
which the function may easily be calculated. The tangent to 
the curve at this point is drawn, and the difference between 
the tangent's value at the given point's x value and the
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curve*a value at this point is shown to be quite smal l.
6) Area Between Two Curves - This lesson has two 

possible aets of curves to be drawn* In both, two curves 
are sketched and the distance between each and the x axis is 
illustrated by use of a color region fill* The area which is 
not bounded by the two curves can then be erased to the 
background color.

7) Derivatives and Graphing - A  polynomial curve is 
shown with the curve of its derivative on the same graph in 
contrasting colors. This is done in two illustrations: one 
for the first derivative and one for the second derivative. 
Below the graphs, the function and its derivatives are shown 
and the characteristics of the function (increasing, 
decreasing, concave, convex) are shown with the 
corresponding characteristics of the derivative (positive, 
negative, zero).

Rieroann Suras - This lesson shows how the area 
between a non-monotone continuous function and the x axis 
can be approximated by use of rectangles. Successive 
illustrations break the interval up into an increasing 
number of partitions, showing how the increase in quantity 
of partitions makes the area calculated more nearly 
approximate the total area desired. A  corresponding 
Individual lesson is also available for this program.
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Figure 4. Solid of Revolution - Method of Cylindrical 
Shell*
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9) Volume of Solid of Revolution by Method of Disks - 
Thie program draws a curve, 11 lustra tea a given interval 
bounded by thim curve and one of the axes, and then shows 
the solid generated by rotation of the curve about the axis. 
The solid may be displayed as cut into many disks, or a 
single sample disk may be selected in order to more clearly 
point out the dimensions used to calculate the volume of 
each disk. An individual lesson with text le also available 
for this program.

10) Volume of Solid of Revolution by Method of 
Cylindrical Sheila - This is similar to the presentation 
used for the Method of Disks above. The curve and area to 
be revolved are shown, and the solid object is generated.
The volume is then shown as being broken into many 
cylindrical shells os shown in Figure 4, or one cylindrical 
shell may be shown in order to more clearly illustrate the 
dimensions used to find the volume of each Individual 
cylindrical shell.

C. SAMPLE LESSOtf USE
The fol lowing paragraphs describe a sample program to 

be used in a classroom session with a large screen projector 
available. Statements regarding the instructor's comments 
and actions roughly correspond to the text used in the 
individualized version of this lesson illustration sst.
This particular program Illustrates th# use of Rlemann sums 
to find the value of a definite integral.
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The first screen to appear upon program invocation is 
the title of the lesson to he presented, "Riemann Sums," in 
a large red text font. A  short menu is presented which 
allows the user to request a general curve illustration of 
area between a curve and the x axis, or Riemann sums 
calculated for the specific curve, y  ■ 9 - x2, or the "quit” 
option- After selection by the user of the desired section, 
the program continues with the request* (Jpon completion of 
one of the two non-"quit" choices, the same menu reappears. 
Also used throughout the program, execution is "paused" at 
certain points Where the instructor may wish to make 
comments? this pause will cause the continuous display of 
the current screen until depression of the return key causes 
the program to proceed to the next screen or add to the 
present screen.

The first choice in this sample program is intended 
primarily to be used as an Introduetion7review of the area 
between a curve and the x axis on a given interval. The 
first graph will then appear; this is a plot of a polynomial 
curve which will he used to illustrate the area between the 
curve and the x axis on an interval. The interval used is 
simply between two points whLch are chosen as "a* and “b" on 
the x axis. The curve ia drawn in green# l abel led merely as 
"y = f(*)*“ The points "a" and "b" are labelled on the x 
axis in cyan, with corresponding lines drawn from the points 
(a,0) and <b,0> up to the curve. The area is then split up 
into polygons, and the general notion of finding the area
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between a curve and the x axis is introduced and/or 
reviewed.

The second option creates a plot of the curve 
y = 9 - x2 in the color red. The next "pause" is followed 
b y  the inscribing o f  4 rectangles on the area between the 
curve and the x axis between x*l and x»3. The rectangles 
are filled with color and the instructor points out the fact 
that the desired area is not completely covered by these 
four rectangles, but that this is a reasonably close 
approximation.

Next, the width of sach rsctangle is found. The 
difference in the two Intervals' endpoints Is illustrated by 
text to the side of the graph. The equation "3 - 1 « 2" is 
shown there, with dotted lines connecting the numerals 1 and 
3 of this text to their corresponding points (1,0) and (3,0) 
on the x axis. The instructor then mates note of the total 
distance o f  2 to be split among 4 equal partitions. The 
width of each rectangle, delta x, is illustrated on the screen.

The height of each rectangle is then determined. The 
point at which each rectangle contacts the curve is 
illustrated and labelled. The distances which determine
each of these points' x and y coordinates are 
co 1 or-coded by use of yei low for the x values and green for 
the y # or fix), values. After the next pause, a table 
illustrating these values is displaysd, presented one line 
at a time by use of the pause control. Th® resulting screen 
is shown in Figure 5.
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F ig u re  5 .  ir ibed  R e c ta n g le *  w ith  ?our»uIa Tafclo



57

General ination* ar« than made about the formulas to be 
uaad when finding the area of the kth rectangle. The 
formulas for xk and yk are shown and col or-cod ad to display 
the f o m u l  a used to find the area of the kth rectangle. The 
summation formula for thie rectangle la than shown, with the 
numeric value of this area.

A  menu then prompts for Input of a value, MnM, to be 
uaed for the number of partitions in the next illustration; 
the choice to skip this option is alao given. Xf a value is 
given, the same curve is sketched and the requested number 
of partitions is drawn? the numerical value of the 
represented area is written below the graph. This allows 
the instructor to play with the concept of different values 
of "nM before more formal presentation of this idea. This 
segment repeats with as many different inputs of as 
desired until the segment's quit option Is taken.

The next screen presents three graphs of the same curve 
with partitions of n-2, n-4, and n-8. The corresponding 
area summation formulas are shown below, with their 
respective values for the represented areas. After a pause, 
the general formula with the limit of n approaching infinity 
ie given along with a graph illustrating the entire interval 
area shaded In. This screen is shown in Pigure 6.

The initial menu then reappears and the session may be 
terminated, the introduction section reviewed, or this 
specific curve and its illustrations may be repeated.
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Figure 6 Rleiaann Soma v ith  Varying VaJua* G>t
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D. POSSIBLE EXTENSIONS AND IMPROVEMENTS
Although a complete set of interactive graphics 

illustration# for each individual topic presented in an 

introductory calculus course is beyond the scope of this 
project, this is completely feasible. A few suggestions for 

future work are recommended.
The programs for the ten topics chosen could be adapted 

to cover different material which requires similar type 
illustrations. For example, the program for Riemann sums 

may be used as the basis for development of a lesson on the 
approximation of definite integrals by both the Simpson and
Trapezoidal Rules. Volumes of solids of revolution 

illustrations could be modified to illustrate surface area 
of solids of revolution. Graph sketching, max and min 
points of a function could be expanded upon using the 
derivatives and graphing lesson.

Corresponding individual lessons may be developed from 
the classroom presentation programs currently without these. 
Since the concentration of this project was on the color 
graphics illustrations, following work could be done to 

develop more of the individualized lessons with an increased 
amount of interactivity. This would require the development 
of more conventional CAI programs, with student input 
analyzed by a series of branching instructions. For this 
type of presentation, many possible student answers must be 
considered and a detailed evaluation and test should be
done.
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for th* oUurooa presentation*# it is also rtcwMna*} 
thst with th* porch*** of * projection screen, another
purchase bo made. A notivo cod* generator oouid b* used to 
epeod th* creation of some of tho nor* complicated 
II lustration# for interactive presentation*. in particular, 
th# sol W o  of revolution programs require *«»y tisc- 
consic*in$ calculation* and thus « w  senevb&t alov to draw on 
th* screen* In order to revolve * point completely about an 
axle, approximately id second* waiting t i w  i# required for 
calculation* before the plotting of th* revolved point 
appears oa-soceen# This slovno*# Is dun to the fact that 
cod* 1* generated a* UCSD p~Codo» an intermediate code u**d 
to wax* th* p-Sy*t*» sore flexible. fowewer, p~Ced* i* nee 
th* opt in* i oode to be r\»> on th* Machine- A native code 
generator could be Installed In order to change chi* cod* to 
assembly language code instead. this could reeol t in 
improvement in computational ly related code by a factor 
varying free 20 to 20. for example, a staple manipulation 
such as incrementing a loop index by 1 could be done SO 
U(b> faster. Ibis software is currently available for 
* moderate cost.



VI. CONCLUSIONS

It has been shown that a color computer-generated 
i i lustration ays tea could be used nor# effectively than 
traditional chalkboard techniques to create graphs and text 
for a  first course in calculus. The interactivity of such a 
system used with a large screen projector has the advantage 
of developing these visuals incrementally before the eyes of 
the students. In addition, with good screen design, the use 
of color can be quite effective. It can aid comprehension as 
a color code showing relationships, or increase the recall 
ability and retention of students. Color also can serve as 
a motivator, and increase interest in the subject matter 
being presented.

The project presented In this paper provides a system 
which may be used for this purpose. It combines the 
attractive features of interactivity and color on a higher 
resolution, relatively inexpensive microcomputer- A review 
of current literature and commonicatIon with various persons 
in the field of computer-aided instruction revealed no other 
projects Which combined all of these same features.

The use of a large projection screen with this system 
is recommended for its classroom use. Interactivity and the 
dynamic development of quality color illustrations as 
students watch the increasing detail can be Valuable for 
comprehension of the material. The corresponding 
individual-presentation lessons with additional textual



informs tioa ere z*\oa u I for the student** review of the 
classroom presentation*.

This ay»t.e», as developed and evaluated, m s  intended 
to display the capabilities and promote interest in the 
possibility of this type of educational tool* Ths ten 
lessons developed tor classroom us* are available in ths 
University of Miseouri-Rolla Computer Science Department tor 
Future research or use, as are the four corresponding 
lessons to be weed Cor individual lesson review- a «ora 
complete eat of lessons could easily be created by use ot 
the subroutine library developed for this project, and by 
modification of the existing lesions.

The project also was designed to aervs as an example and 
trial system to promote effective usa of color computer 
graphics waterials for educational purposes. The guidelines 
presented and awwsarired hare should be useful tor anyone 
Who must prepare graphics dtaplays, especially in the field 
at education*



63

BIBLIOGRAPHY

1. Descartes- Euvres. Vol- X, pp, 413.
2- Polya, George. Mathematical Discovery? On

Understanding, Learning, and Teaching Problem Solving. 
Vol. 2. John Wiley & Sons, 1965.

3. Borreli, Jerry. "Microcomputer Graphics Survey," 
Computer graphics World, V (September, 1982), pp. 73.

4. Kenealy, Patrick. "Computer Graphics," Mini-Micro 
Systems, (July, 1982), pp. 162-163.

5. Bork, Alfred. Personal conwunication. April, 1984.
6. Kurtz, Toro. "The Pierce Report Revisited," Proceedings 

of the Conference on Computers in the Undergraduate 
Curricula, 1970, pp, 0.4-0.9.

7. Bork, Alfred. "The Computer In a Responsive Learning 
Environment - Let a Thousand Flowers Bloom," Proceed­

ings of the Conference on Computers in the Undergradu­
ate Currico la, 1971., pp. 4-9.

8. Hamblen, John. "CAI Predictions - In Retrospect or 
Five More Years and What've We Got," Appl ications of 
Learning Technology: Progress and Problems, pp. 292- 
294.

9. Kuller, Robert. "Computer Oriented Calculus,"
Proceedings of the Conference on Computers in the 
Undergraduate Curricula, 1970, pp.4.1-4.Ll.



64

10- Leinbach, L. Carl. "Calculu6 as a Laboratory Course," 

Proceedings of the Conference on Computers in the 
Undergraduate Curricula, 1971, pp.13-17.

11. Kirchner, Roger 8. "Programs for Computer Extended 
Instruction in Mathematics," Proceedings o£ the 
Conference on Computers In the Undergraduate Curricu 1 a, 
1970, pp. 4.37-4.44.

12. Anger, Frank D. and Rodriguez, Rita V. "A Method for 
Experimenting with Calculus Using Computer-Assisted 
Instruction," Proceedings of the National Educational 
Computing Conference, 1980, pp. 171-178.

13. Foley, J.D. and VanDam, A. Fundamentals of Interactive 
Computer Graphics, Addieon-Wesley, 1982.

14. "Transcripts of NICOGRAPH'82 Symposium," Computer 
Graphics, Voi. 17, No. 2 (May 1983), pp. 85-113.

15. Peters, Harold. "From the Director's Desk: Computer 
Graphics," Pipeline, Spring, 1982, pp. 2.

16. University of U l i n o i s  Plato system. Personal 
communications and visit. February, 1984.

17. Hoffman, Dale. "Computer Aided Education in Calculus - 
Limits," Proceedings of the National Educational 
Computing Conference, 1982, pp. 302.

18. HicXernell, Fred J. and ProsXurowsXi, Wlodek. "The Use 

of Microcomputers in the Teaching of Calculus," 
Proceedings of the Nations 1 Hducationa1 Computing 
Conference, 1984, pp. 298.



65

19. Gerard, Ralph W. Computers and Education, McGraw-Hill, 
1967 .

20. Chastenet de Gery, J. and Hocquenghera, s. "Collective 
Use of a Micro-Computer with Graphics to Illustrate the 
Mathematics Lesson." Computers in Education. Edited by 
R. Lewis and E.D. Tagg. North Holland Publishing Co., 

1981.
21. Maurer, Robert F. and Donovan, Timothy P. "Some Uses 

of Computer Graphics in the Calculus Classroom," 
Proceedings of the Nations 1 Educational Computing 
Conference, 1981, pp. 281-283.

22. Smith, David S. "Using Computer Graphics to Teach 
Mathematics,” Pipeline, Fall, 1983, pp. 25-28.

23. Joy, K.; Warner, J.R.j and Yuskaitie, R. "Non- 
Interactive Graphics Techniques in Mathematics 
Education," Proceedings of the Conference on Computers 
in the Undergraduate Currjcula, 1977, pp. 119-123.

24. Bork, Alfred. Learning With Computers, Digital Press, 

1981.
25. Beach, Richard and Stone, Maureen. "Graphical Style, 

Towards High Quality Illustrations," SIGGRAPH'83 
Proceedings, Vol, 17 (July, 1983), pp. 127-135.

26. KoseI, Marge and Justad, Karen. "Designing the 
Display," Pipeline, Spring 1982, pp. 8-10.



66

27. Bork, Alfred. "Computers and Information Technology as 
a Learning Aid." Paper read at the Study Conference of 
the Centrum VoorOnderweija en Informatietechno1 ogie, 
June 15, 1983.

28. Knapp, John M. "The Ergonomic Millenium," Computer 

Graphics World, VI (June 1983}, pp. 86-93.
29. Samit, Morris L- "The Color Interface," Computer 

Graphleg World, VI (July 1983), pp. 42-50.

30. Johnson, B. and Roberson, J. "Color in Instructional
Films: Goes It Still Make No Difference in Learning
Achievement?," Educational Technology, vol. 10(1) 

(L979), pp. 32-35.
31. Durrett, John and Stimmel, Thomas- "The Instructiona1 

Use of Color," Pipeline, Fall 1982, pp. 10-13.
32. Shontx, W.D.; Trwnw&, G.A.; and Williams, L.G. "Color 

Coding for Information Location," Human Factors, vol.

13, pp. 237-246.
33. Clark, L. The Ancient Art of Color Therapy, Simon and 

Schuster, 1975.
34. Burns, Hugh. "The Brainbow Connection: Supplementing 

the Romance of Classroom Color Computing," Pipgl ine. 

Fall 1982, pp. 4-6.
35. Durrett, J. and Trezona, J. "How to Use Color Displays

Effectively: The Elements of Color Vision and Their
Implications for programmers," Pipeline, Fall 1982, pp.
13-16



6?

36* Pavlidis, Theo- Algorithin for Graphic* and I mag a 
Processing, computer Science Press. 1982.

37. Plckholtz, Andrew. "Interactive 3-D Graphics for the 
Apple II," Byte, November, 1982, Vol. 7, No. 11, pp. 
474-505.

36. Clark, Ja m s  S- "The Electronic Blackboard, Using a
Microcomputer and Large-Screen Television As A  Lecture 
Aid," Proceedings of the National Educational Computin' 
Con Eerence, 19B3, pp. 149-151.

39. Durrett, J.; zweiner, C.j and Freund, R. "The Human 
Factors of Color Disp1ay-Basad Instruction," 
Proceedings of the National Educational Computing 
Conference, 1981, pp. 284-286.



VITA

Kathy su* vindhocsc va» born on July 2. 1958 in at* 
Zoui*, Xi««oori, ah* received hoc primary education io 
O ilm an, U U f t O U «  *od m condory a 4 u e «U o » in Paua, I l l i n o i s .  

Xn Hay of 1980, ah* received bar Bachelor of Arte de*re* in 
Mathematic# from XXlioola a>XZ.*$© i» Jacksonville, UUnoi*.

Sh* ha* O n n  wrolltO la th* oxedoat* School of 
th* <toiv«c«ity of Mi««our J-Rol 1 * cine* September I^BO, 
ettendin? « U « m  both on ctftpM «o* at th© at* toui* 
<hr*4uoe* extension Center# fib* ho* b«*n a 9r*0<»t« teaching 
««ei*t*nt tn both the Deportment* of AatbeawtU-s **<3 
Computer SeUnct. current I y* *b* i» on on educational leave 
of absence fco» WeDonaeli Oouyl** Astronautics Conpeny whore 
*h* hoc b*»n employ** ©Inc* June X*$l*


	Color Computer Graphics as Applied to Introductory Calculus Instruction
	Recommended Citation

	tmp.1604929366.pdf.ukjAa

