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Abstract

In this work we let ® be an irreducible root system, with Coxeter group W.
We consider subsets of ® which are abelian, meaning that no two roots in the set
have sum in ®U{0}. We classify all maximal abelian sets (i.e., abelian sets properly
contained in no other) up to the action of W: for each W-orbit of maximal abelian
sets we provide an explicit representative X, identify the (setwise) stabilizer Wx
of X in W, and decompose X into Wx-orbits.

Abelian sets of roots are closely related to abelian unipotent subgroups of simple
algebraic groups, and thus to abelian p-subgroups of finite groups of Lie type over
fields of characteristic p. Parts of the work presented here have been used to confirm
the p-rank of Eg(p™), and (somewhat unexpectedly) to obtain for the first time the
2-ranks of the Monster and Baby Monster sporadic groups, together with the double
cover of the latter.

Root systems of classical type are dealt with quickly here; the vast majority
of the present work concerns those of exceptional type. In these root systems
we introduce the notion of a radical set; such a set corresponds to a subgroup of a
simple algebraic group lying in the unipotent radical of a certain maximal parabolic
subgroup. The classification of radical maximal abelian sets for the larger root
systems of exceptional type presents an interesting challenge; it is accomplished by
converting the problem to that of classifying certain graphs modulo a particular
equivalence relation.

2010 Mathematics Subject Classification. Primary 17B22.
Key words and phrases. root system.
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CHAPTER 1

Introduction

Throughout this work, we let ® be an irreducible root system, and W be the
Coxeter group of ®. A subset X of & is called abelian if no two of its elements
have sum in ® U {0}. We shall classify all maximal abelian sets in ® (i.e., abelian
sets properly contained in no other) up to the action of W: for each W-orbit of
maximal abelian sets we shall provide an explicit representative X, identify the
(setwise) stabilizer Wx of X in W, and decompose X into Wx-orbits.

In this introductory chapter we begin with some background material and pro-
vide some motivation for studying these sets; we then establish notation and prove
some preliminary results.

1.1. Background and motivation

The first work in this area was that of Mal’cev in [10]; he sought to determine
the abelian subalgebras of maximal dimension in simple Lie algebras over C (and
the corresponding subgroups of simple Lie groups, thereby generalizing a result of
Schur). He began by quickly reducing to the case of abelian subalgebras consisting
of nilpotent elements, where his approach was to translate the problem to that of
finding abelian sets of roots of maximal size in irreducible root systems; because
he could assume that the abelian subalgebra lay in the nilpotent radical of a given
maximal soluble subalgebra, it sufficed to consider sets of positive roots, in which
the possibility of summing to 0 did not arise. He found all such sets; however, his
argument for the root system of type E; rested upon a combinatorial lemma the
proof of which was omitted, while for the root system of type Fgs the result was
simply stated without proof.

One important application of Mal’cev’s results is to the p-ranks of finite groups
of Lie type. In [4, 3.3], Gorenstein, Lyons and Solomon used Mal’cev’s reduction
technique to show that, in an untwisted finite group of Lie type in characteristic
p, abelian p-subgroups correspond to abelian sets of roots, and consequently the
p-rank is simply the value given in [10]. In the interest of completeness, they gave
proofs for all cases except that of Eg (although those for Fg and E7 were described
as sketches, the latter of which employed the theory of modules with quadratic
action to obtain initial information about the sets to be considered).

Later, in [5, 6] Guralnick and Malle provided a classification of 2F-modules
for simple groups, which was needed for the completion of the classification of
finite simple groups. Their work left undecided a small number of cases, which
were subsequently treated in [7] and [8]. In [7] the smallest-dimensional non-trivial
modules for the groups Fy(q) (for ¢ a power of a prime larger than 3) and E7(q)
were shown not to be 2F-modules; the proof proceeded by locating both group and
module inside a parabolic subgroup of a larger group, and using modifications of
Mal’cev’s technique to reduce to a problem about abelian sets of roots. Somewhat
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2 1. INTRODUCTION

unexpectedly, a similar approach was successfully employed in [8] to handle the
cases of the sporadic groups Co; and Co; acting on their smallest-dimensional
non-trivial modules in characteristic 2. In these cases the role of the larger group
containing both group and module was played by the Monster M and Baby Monster
B respectively. Indeed, it proved possible to extend the arguments so as to obtain
the 2-ranks of M, B and 2.B, thereby completing the determination of p-ranks of
sporadic groups as listed in [4, Table 5.6.1]; this extension required a portion of the
results of the present work on maximal abelian sets in root systems of type FEg.

Recently, in [11] Pevtsova and Stark investigated the projective varieties of
elementary subalgebras of maximal dimension in simple Lie algebras, under mild
characteristic restrictions. They followed Mal’cev’s method, quoting his results on
abelian sets of roots of maximal size; for certain root systems, including those of
type E,, they used a computer program to verify that the lists of sets which he
gave were correct.

In this work we consider not merely abelian sets of roots of maximal size, but
more generally maximal abelian sets as defined above. If we take a simple Lie
algebra & with root system @, and let 91 be the nilpotent subalgebra of & spanned
by the positive root vectors (for some choice of positive system in @), then each
such maximal abelian set X consisting of positive roots naturally gives rise to an
abelian subalgebra & x of 91, by taking the span of the corresponding root vectors;
provided the field characteristic does not divide any of the structure constants, such
a subalgebra is easily seen to be maximal (in the sense of containment used here)
among abelian subalgebras of 9. It is however not clear that an arbitrary maximal
abelian subalgebra of 91 is necessarily the image of some & x under an automorphism
of &. (Similar comments apply to maximal abelian unipotent subgroups of simple
algebraic groups.)

The author would like to express his sincere gratitude to Bob Guralnick, with-
out whose encouragement this work would not have been published.

1.2. Preliminary results

In the root system @ let II be a simple system and ®T be the corresponding
set of positive roots. For each root o write w, for the corresponding reflection in
W, so that for all 8 € ® we have wq(8) = 5 — 2(((5’5))@, where (, ) is a fixed inner
product on R®; then W = (w, : « € II).

If there are two root lengths, let ®; and ®, be the sets of long and short roots,
and II; = II N ®; and II; = II N @, be the sets of long and short simple roots; let
¢ € {2,3} be the ratio of squared root lengths. If instead there is a single root
length, let ®; = @, IT; = IT and ®, = II, = ), so that all roots are regarded as long,
and let ¢ = 1.

LEMMA 1.1. Ifv € ®; and « € 11, then wa(y) € {7y + ca,v,7 — cat.

PROOF. We have wq(y) = v — 2(((3’5))04; since 2(($;7)) € Z and (v,7) = c¢(a, a),
we have 2(2’5)) = 2?,20‘,;;) € ¢Z. Since the length of the a-string through + is at most
c+ 1, the result follows. ([

We may now give a simple characterization of long roots. Recall that any root
may be written in the form ) . noa with each n, € Z; if the root is positive
then each n, is non-negative.
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LEMMA 1.2. Given v € ®, write v = )y nac; then v € & if and only if c
divides n,, for each a € 1l.

PrOOF. First suppose v € ®;; then « lies in the W-orbit of some long simple
root (for which the divisibility condition is immediate). Since each simple reflection
only affects the coefficient of the simple root concerned, and Lemma 1.1 shows that
if a € II; then the coefficient of a can only be changed by a multiple of ¢, it follows
that ~ satisfies the divisibility condition as required.

Now suppose that v satisfies the divisibility condition; let 6 € ®;, and con-

sider the ratio ((}’g)), with the numerator expanded out using the expression v =

naz(ava) 2

> acti Mac. Bach term involving a long simple root « is either ~G.5 = Ma” Or
a cross term 2"‘1%5(;1’5) = neng Q(f’(f‘)); each in which both simple roots are short is
2
either "“(5(';)"0‘) — na’ o g cross term 22ene(@f) _ nang 28:0) pyyg each term is
s c (575) c (ava)
an integer; so ((}g)) € Z, and we must have v € ®;. O

Given 7,8 € ® we shall write v < ¢ as usual to mean that § —v =3 . nac
with each n, > 0.

LEMMA 1.3. Ifv,0 € ® are roots of the same length with v < d, then there is
a simple root B € II such that v < wg(y) = 4.

PRrROOF. Write 6 —y =" gnaeq, and let II' = {a € IT : n, > 0}. Since

acll
(v,7) = (6,0) = <7+ Z NaQ, 7Y + Z naa>
acll’ acll’
=(17) +2 (% > ma) + (Z nadt, » naa>
a€ell’ aclIl’ acll’
>N +2 ) (),
aell’

for some 8 € II' we must have (v, 5) < 0. Thus wg(y) = v+ mg for some m € N,
and so v < wg(7y); moreover we also have wg(y) < § provided m < ng. f m=1
this is clear, so we may assume m > 1, which forces 5 to be short and v (and hence
0) long, with m = ¢. By Lemma 1.2, ng must be a multiple of m, and so m < ng
as required. O

COROLLARY 1.4. If~,6 € ®* are roots of the same length with v < 8, then there
is a sequence aq,...,q, of simple Toots such that v < We, (V) < WapWa, (7) -+ <
Way,. -+ - WeyWay, (7) = 0.

ProoOF. Use Lemma 1.3 and induction on ht § — ht ~. O

We now show that in considering abelian sets we may restrict our attention to
positive roots.

LEMMA 1.5. If X C ® is an abelian set, then some W -translate of X lies in
o,

PROOF. We use induction on the number n of negative roots in X; the state-
ment is trivial if n = 0, so suppose § € ®* with —6 € X. Let v be a simple root of
the same length as § such that v < §. If § # ~, by Lemma 1.3 we may find g € I1
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with —§ < wg(—d) = —v; then =6+ 5 = —(6 — B) € @, so that 8 ¢ X. Thus
as the only positive root taken to a negative root by wg is 8 itself, we see that
replacing X by its image under wg does not increase n. Replacing —6 by wg(—9),
and repeating the process, we eventually obtain § = +; this time apply w. (noting
that v ¢ X)) to reduce n by 1. By induction the result follows. O

Indeed we may refine this result as follows.

LEMMA 1.6. If X C ® is an abelian set, then some W -translate of X lies in
&T and meets I1.

PROOF. By Lemma 1.5 we may assume X C ®T; use induction on the minimal
height j of aroot in X. If j = 1 then X itself meets II, so assume j > 1; choose a root
0 € X of height j, and as in Corollary 1.4 find a simple root 8 with wg(d) < §. Thus
wg(X) lies in @1 and contains a root of height less than j; the result follows. O

We may also show that a maximal abelian set must contain a basis of R®.
LEMMA 1.7. If X C ® is a mazimal abelian set, then the roots in X span RP.

PROOF. By Lemma 1.5 we may assume X C ®7; take o € ® \ X. Since by
assumption X U {a} is not abelian there must be some §; € X with o + 81 € ®;
set @1 = a+ 1. If ag ¢ X, there must similarly be some Sy € X with a1 + 82 € ®;
set g = a1 + B2. Continuing in this fashion, for some j we must have o; € X,
because ht a < htay < ---; then o = o; — (1 + -+ - + f;) € RX. Thus each root
in ® is a linear combination of those in X as required. (I

In [9] the notion of the long height of a long root was introduced: given v =
Yaer ot € B, we set Ihty = Y oy na + £ Y e Mo (note that by Lemma 1.2
Ihty € Z). Thus in the case of a single root length, the long height of a root is
simply its height. Write p for the highest root of ®; recall that p is long, and that
for all positive roots v we have v < p.

LEMMA 1.8. Given a long root v € ®T, the number of positive roots 3 with
v+ B € ® islhtp — lht~.

PRrROOF. We use induction on lht p — lht y; the result is clearly true if Iht p —
lht v = 0, so take v # p. Applying Lemma 1.3 to the roots v and p, we may then
choose a € II with v < w,(7); if @ € II; we must have w,(y) = v + «, while by
Lemma 1.1 if o € I then wq () = v+ ca. In either case lht wy () = lhty + 1; by
inductive hypothesis the number of positive roots which may be added to wq (%) is
Iht p — Iht we (y) = Iht p — Iht v — 1. Now the positive roots which may be added to
~ are the images under w, of those which may be added to w (), together with
«; thus they number (lht p — lht v — 1) + 1 = Iht p — lhty as required. O

Let ¥ be the subsystem consisting of roots orthogonal to p; we may now de-
termine the size of .

LEMMA 1.9. |U| = |®| —41ht p + 2.

Proor. Take a € IIj; then given f € ® \ {£a} there are three mutually
exclusive possibilities: (i) o+ f € @; (i) a — 8 € &; (iii) («,8) = 0. The map
B — — [ gives a bijection between the sets satisfying (i) and (ii), while 5 — —(a+f)
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gives a bijection between the sets of positive and negative roots satisfying (i). Since
by Lemma 1.8 the number of positive roots satisfying (i) is lht p — 1, we have

|®] —2=2(lhtp — 1) 4+ 2(lht p — 1) + | ¥,
and the result follows. O

We shall require the following piece of terminology: we say that one root ex-
cludes another if their sum is also a root. Thus if X is an abelian set in some root
system, the assumption that a particular root 3 lies in X means that X can contain
no root excluded by 5.

In the following chapter we shall consider the root systems of classical type.
We shall then turn to those of exceptional type, which will occupy the bulk of the
present work.






CHAPTER 2

Root systems of classical type

We shall work through the different types of classical root system in turn. In
contrast to the work to follow on exceptional root systems, where we shall express
roots as linear combinations of simple roots, here we shall take the standard real-
ization of the root system in terms of an orthonormal basis €1, ..., €4 of Euclidean
space R? for an appropriate value of d.

2.1. Root systems of type A,

Let d=n+1, and set ® = {¢; —¢; : i # j}. Suppose X C @ is an abelian set;
define f : {1,...,n+ 1} — {£1} by f(j) = —1 if X contains a root ¢; — ¢;, and
f(j) =1 otherwise. Then if f(j) = —1 we cannot have a root €; — ¢ in X. Using
W we may assume that {j : f(j) = 1} = {1,...,m} for some m; so X is contained
in the maximal abelian set

X ={e; —¢j i <m < j},

of size m(n + 1 —m). It is clear that no two of these sets lie in the same W-orbit
(although the diagram automorphism 6 interchanges X,,, and X, 11_,,), and that
the stabilizer W, is the group (wy, : @ = €; — €41, © # m) = Sy X Spt1-m, which
is transitive on X,,.

2.2. Root systems of type C,

Let d = n, and set ® = {+e; £ ¢; : ¢ # j} U{+2¢;}. Suppose X C @ is an
abelian set; define f : {1,...,n} — {£1} by f(j) = —1if X contains a root +e; —¢;
or —2¢;, and f(j) = 1 otherwise. Then if f(j) = —1 we cannot have a root +e; +¢;
or 2¢; in X. Using the subgroup (w, : @ = 2¢;) of W we may assume that f(j) =1
for all j; so X is contained in the maximal abelian set

Xo={ei+¢:1<i<j<n}U{2;:1<i<n},

of size %n(nJr 1). The stabilizer W, is the group (wq : @ = €; — €;41) = Sy, which

is transitive on the sets of long and short roots of Xj.

2.3. Root systems of type D,

Take d = n, and set ® = {+e¢; +¢; : ¢ # j}. Here it will be convenient to take
the positive system @ = {e; £ ¢; : i < j}, and to restrict ourselves to maximal
abelian sets lying in ®*. Let 6 be the diagram automorphism which interchanges
the simple roots €,_1 — €, and €,_1 + €, and fixes the others; if n = 4 let 1 be a
diagram automorphism of order 3.
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Take 1 < r < n, and let A = (Ay,...,\.) be a partition of n — r satisfying
AM > > >N >0fori=0,1,....,rset uy =r+ A +---+ X;. Set

X(T’)\):{Ei—l—ej21§i<j§T}U{6i:|:€j21§i§T, i1 <]§Nz}

Then X, ) is an abelian set of size ir(r — 1) +2(n —r). Let 8 = +e, ¢ be a
root lying outside X, and assume k£ < [. If [ > r then 8 is excluded by some root
€; F €15 so assume [ < r, in which case at least one of the signs must be minus (and
we must have r > 2). Provided r > 2 there exists ¢ < r with i # k, [, and then g is
excluded by €; + € or €; + ¢;; if ¥ = 2 then —e; £ €5 is excluded by €; + €3, while
€1 — €2 is excluded by €; + €, unless A = (n —2,0). Thus X, ») is maximal abelian
provided (r, \) # (2, (n —2,0)) (note that X5 (,—2,0y) = {€1 + €2, 61 F¢€;:j > 2} C
{er x5 >1} = X(1,(n—1)))- In similar fashion set

Xo={ei+te¢:1<i<j<niU{e—¢€,:1<i<n}

then X is maximal abelian of size $n(n — 1). Indeed Xj is the image of X, (on))
under ¢, while for (r, \) # (n, (0")) the set X(, ) is 0-stable. (If n = 4 the diagram
automorphism 7 cycles X(q,(3)), X(4,(04)) and Xo, and fixes each of X3 12)) and
X(3,0,00))-)

Now let X be any maximal abelian set lying in ®+. Take ¢ > 1, and set
Ni(X)={p € X :(B,e) # 0} and n; = |[N;(X)|. We cannot have n; = 0, since
then the root €; +¢; could not be excluded; we cannot have n; = 1, since if N;(X) =
{€; —€;} then €1 +¢; could again not be excluded, while if N;(X) = {¢; + d¢;} with
0 € {£1} then ¢; — J¢; could not be excluded. Thus n; > 2. If all roots in N,;(X)
have the same inner product with ¢;, let §; be the common value; if instead there
are two roots in NV;(X) which have opposite inner products with ¢;, in which case
we must have N;(X) = {¢; £ ¢} for some j, let 6; = 0.

In similar fashion set d; = 1; then using the subgroup (w, : @ = €; — €;41) of
W we may assume that §; is equal to 1 for 1 <7< s,to =1 for s+1 <7 <r and
toO0forr+1<i<n. Ifr—s>2wemay apply wows with a, ' = €541 £ €510 to
increase s by 2, so we may assume s € {r — 1,r}. Likewise if s=r—1land r <n
we may apply wawWes With a, o’ = €511 + €, to give s = r; on the other hand if
s=r—1and r =n we may apply 0 to give s = r. Now maximality of X ensures
that it contains all roots €; +¢€; for 1 < i < j <r. For 1 < i < r let A\; be the
number of j such that ¢; —¢; € X; again using the subgroup (wq : @ = €; — €;41)
of W we may assume that A\ > Ay > .-+ > A, > 0, and that ¢; —¢; € X for
r+Arte A1 <J<r+ A4+ A Thus X = X, . As it is clear that no
two of the sets X, ) are W-translates of each other, it follows that the X, y) for
(r,A) # (2, (n—2,0)) together with X, form a set of representatives of the W-orbits
of maximal abelian sets.

To consider stabilizers, it is convenient to work in W.2 = (W, 0) = S5 S,,, and
to write elements of this group as signed permutations as in [2]. Given X = X, ),
write A = ((n —r)%—r (n—r—1)%-r-1_ .. 1% 0%). We then have the following
generators for (W.2) x:

k for ke {r+1,...,n},
(k k+1) forke{r+1,...;n}\ {11, - tr},
G i+ DT (e +5 pa+g) forie{l,...,r—1} with A = A1

Consequently (W.2)x = [ ((52059:)1Sa,). The (W.2) x-orbits in X are as follows:
for each pair (k,1) with 0 <! < k < n—r we have the (possibly empty) (W.2) x-orbit
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{ei+e€; : \i =k, \j =1}; for each k with 0 < k < n—r we have the (possibly empty)
(W.2)x-orbit {e; £¢; : Ay =k, pi—1 < j < p;}. The subgroup Wx is of index 2
in (W.2)x unless (r,\) = (n, (0™)), in which case we have Wx = (W.2)x; the only
difference between (W.2) x-orbits and Wx-orbits occurs if (1, \) = (n—1, (1,0"~2)),
in which case the (W.2) x-orbit {€; & €,} breaks into the two Wx-orbits {e; + €,}
and {€; — €,}. Finally, for X = X, the stabilizer Wy is the conjugate under 6 of
that of X, ony); thus it is generated by (i i+ 1) for 1 <4 <n — 2 together with
(n—1 m), and is transitive on X.

2.4. Root systems of type B,

Let d =n, and set ® = {£e; +¢; : i # j} U {%e;}. Much as before we take the
positive system &1 = {¢; £ ¢; : 1 < j} U{€}.

Let X C ® be a maximal abelian set. As a W-translate of X lies in ®¥,
where the only positive roots which can exclude ¢; are short, X must contain
some short root; since each short root excludes all of the others, X must contain
exactly one short root. Let X~ be the set obtained by removing this short root
from X; then X~ is an abelian set in the subsystem of long roots, which is the
D,, system above. Thus, in the notation of section 2.3, replacing X by a W-
translate if necessary we must have X~ C X, ) for some (r,\) (note that W
contains the diagram automorphism 6 of the D,, system, so we need not consider
the possibility X~ C X;). Now consider the short root in X. If it is t¢; for some
J > r, by applying w, if necessary (which leaves the containment X~ C X, )
unaffected) we may assume it is €;; then X can contain no root ¢; — ¢;, so any
roots €; +¢; for 1 < ¢ < r cannot be excluded, whence by maximality we must have
(r,A) = (1,(n —1)). Applying we, ; if necessary we may further assume j = 2, in
which case we have X~ C X (3 (,_2,0)). Thus we may assume the short root is =e;
for some ¢ < r. If it is —¢; then X can contain no roots €; & ¢;, so applying we, will
leave the containment X~ C X, ) unaffected; so we may assume the short root is
€;. Finally if i > 1 and A\;_1 = \;, we may apply the element of WX@», N of section 2.3
which interchanges i — 1 and i. Thus if we set I(A\) = {1}U{2 < <r:X\_1 > A},
then for some iy € I(A) we have that X is the maximal abelian set

X(r,)\,ig) = X(r’)\) U {Eio},

of size 1r(r — 1) + 2(n — r) + 1. Again it is clear that no two of the sets X x i)
are W-translates of each other, so that they form a set of representatives of the
W-orbits of maximal abelian sets.

The stabilizer of the set X, ) ;) is clearly the intersection of those of X, x
and ¢;,; thus its generators are those listed in section 2.3 with the single exception
of the element (ig iy + 1)]_[;-\2’1(/”0,1 + 37 i, +J), and if we write d = A,
then its isomorphism type is obtained from that listed there by replacing the term
(S2054)1S,, in the direct product by (S3054)1Sa,—1 X (S2154). Accordingly the
Wx-orbits are the sets listed in section 2.3 with the following exceptions: for each
0<!l<n-—rwith! # d, the set {e;, +¢; : \; = d, A\; = [} splits into the two
Wx-orbits {€;, +¢; : A\; =1} and {¢; +¢; : \y =d, @ #ig, A\j =1} (of which one or
both may be empty); the set {e; £¢€; : \; =d, pi—1 < j < p;} splits into the two
W x-orbits {Eio :|:6j D ig—1 <j< Nio} and {Eiﬂ:Ej N =d, 1 7é 10, Mi—1 < J < [J,i}
(of which one or both may be empty); finally there is the additional Wx-orbit {e;, }.






CHAPTER 3

The strategy for root systems of exceptional type

For the remainder of this work we suppose @ is of exceptional type. We describe
the strategy to be followed in the succeeding chapters in classifying the W-orbits of
maximal abelian sets in ®. We begin by defining certain types of abelian set. We
then explain our method of proving the completeness of our classification in each
case. Finally we consider the structure of each of the maximal abelian sets.

3.1. Radical and near-radical sets

Recall that p is the highest root of &, and W is the subsystem consisting of roots
orthogonal to p. By inspection we see that there exist simple roots § and ¢’ such
that § is long, ¥ NII = II\ {4}, and every simple root in IT \ {4, 4’} is orthogonal
to d; moreover, if v =} _;; no is a root, then ns < 2 with equality if and only if
v = p, and ng < 3 with equality if and only if v € {p, p — }. We set

E—{Znaae@:ng—l}, 0 ==U{p}.

a€cll

Then 2 = &\ ¥; accordingly, in any simple algebraic group with ® as root system,
Q is the set of roots of the unipotent radical of the maximal parabolic subgroup
given by IT\ {6}. We shall call a subset of 2 a radical set.

By Lemma 1.9 we have |Z| = 3(|®|—2—|¥|) = 2(lht p—1). For each 8 € =, we
have p — f = —w, () € Z; thus = consists of lht p — 1 pairs {3, p — B}. Moreover,
given # € Z the only root in 2 which may be added to 8 is p — 3. Thus a set
which is maximal among radical abelian sets consists of p together with one root
from each pair {3, p — 8}; such a set has size lht p, and there are 2!™7~1 of these
maximal radical abelian sets. Not all of them are necessarily maximal abelian, as
there may be roots outside €2 which are not excluded; we shall need to decide which
maximal radical abelian sets are in fact radical maximal abelian sets.

For the G5 and F) root systems the classification of radical maximal abelian sets
will be fairly simple. For the larger root systems it turns out to be useful to represent
maximal radical abelian sets by certain graphs; the condition of maximality (among
all abelian sets rather than just radical ones) and the action of staby (p) may be
interpreted graphically, and we shall produce lists of equivalence classes of graphs
representing the different W-orbits of radical maximal abelian sets.

For the two largest root systems, it will also turn out to be useful to consider
sets which are ‘almost radical’: a subset of ®* will be called a near-radical set if
it contains exactly one root outside €2 for ® of type E7, or either one or two roots
outside €2 for @ of type Fs. The classification of near-radical maximal abelian sets
will again involve graphs, but will be considerably more straightforward than that
of the radical maximal abelian sets in these cases.

11
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3.2. Proving completeness

Unless @ is of type Go (in which case this turns out to be unnecessary), we shall
begin by providing a short list of maximal abelian sets which are not radical (or
near-radical, for ® of type F7 or Eg). We shall then write S(®) for the collection
of maximal abelian sets listed to this point, and describe a set as known if it is a
W-translate of one of the sets in S(®). Our goal will then be to show that any
maximal abelian set is known; in other words, that the set S(®) is complete.

Our basic approach will be as follows. Let X be a maximal abelian set. By
Lemma 1.6 we may assume that X consists of positive roots and contains some
simple root «; we shall work through the possibilities for « in turn. We shall build
up the set X in stages by successively choosing roots to lie in it; each such choice
will exclude certain other roots, and we shall call a positive root available at a
given stage if it has not at that point been either chosen or excluded. Subsequent
choices must then be made from among the available roots. At each stage we keep
track of the roots excluded by the choices made, until we obtain an abelian set
whose maximality can be checked; if it is maximal we shall then identify it as a W-
translate of one of those in S(®). We may then backtrack by returning to the last
choice made and assuming the converse; ensuring in this way that all possibilities
are considered will mean that all maximal abelian sets are obtained.

There are various ways in which this basic approach can be refined. Clearly any
maximal abelian set of positive roots must contain p, so we shall assume without
further comment that p € X. As we work through the possibilities for a we shall be
able to use some rather technical results (see Lemma 3.1 and Corollary 3.2 below) to
assume that additional roots lie in X. At any given stage we may use the stabilizer
in W of the roots chosen by that point to treat various available roots as equivalent,
thereby reducing the number of possibilities to be considered. If at some point we
find that an available root 3 cannot be added to any of the remaining available
roots, for X to be maximal abelian it must contain 3; in this case we shall say that
B € X by default. On the other hand, for X to be maximal abelian it must exclude
all negative roots as well as the positive roots outside X. Thus suppose at some
point there is a negative root « which has not been excluded. If v can be added to
just one available root 3, then we must have 8 € X to exclude -; on the other hand
if v cannot be added to any available root, we cannot obtain a maximal abelian set
and so need not pursue the current line of investigation. Likewise if at some point
the union of the sets of chosen and available roots is a WW-translate of a subset of €2,
there is no need to pursue the line of investigation as the radical maximal abelian
sets have already been treated (and for ® of type E; or Eg similar considerations
apply to near-radical sets). Finally, whenever we reach a point where there are no
further available roots, provided all negative roots have been excluded the set must
be maximal abelian.

We end this section with the two rather technical results referred to above;
these will be used repeatedly in the arguments showing the completeness of S(®).

LEMMA 3.1. Assume that 11 is a subset of Il and g € II\ IIy such that all
roots in (Il1, B) have the same length; write Z for the set of roots in (II1, ) of
the form ), cqnac with ng = 1. Let Y be a set of positive roots preserved by
(we = a € TI U{B}). If X is a set of positive roots with Y C X such that X
contains some but not all roots in Z, there is a positive W -translate of X which
contains Y and meets (II1).
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PROOF. If X meets (IT;) the result is clear, so assume X N (IT;) = 0; choose
v € X NZ. By Corollary 1.4, we may take simple roots «q,...,qa, such that
B < wa, (B) < -+ < wa, ... wa, (B) = ; s0 a; € II; for all i. Thus if we write
W= Wy, ... Wq,, then as X contains Y and consists of positive roots lying outside
(IT;) the same is true of w(X), and § = w(y) € w(X). Since w lies in (w, : « € II;)
it stabilizes Z, so that w(X) also contains some but not all of these roots. Thus by
replacing X by w(X) we may assume 8 € X.

Now take 71 € Z\ X, and as before take simple roots aq,...,q, such that
B < we, (B) < -+ < Wq, ... wa, (B) = 71; so again a; € II; for all . Again,
each wq, ... wq, (X) for 1 < j < r contains Y and consists of positive roots lying
outside (IIy), and as 8 = wyq, ... Wq, (71) we have 8 ¢ w,, ... w,, (X). Since f € X
there exists a maximal j with 8 € wa,,, ... Wa, (X) but 8 & wy, ... wa, (X). Set
W = Wa,,, - Wa, and X' = w'(X); then B € X'\ wq,; (X’). As 8 and a; have the
same length, we must therefore have wq,; (3) = 8 + a;; then wgw,, (X') is a set of
positive roots containing both Y and wsw, (8) = wg(8 + ;) = o € (IIy). O

The point of this result is the following. Suppose we are considering the possi-
bilities for X containing the given set Y'; we have already dealt with those which
meet the set (II;), and we now wish to treat those which meet the set (IIy, 5). It is
usually the case that Z is the set of positive roots in (IIy, 8) \ (II;); by Lemma 3.1
we may then assume that X actually contains all the roots in Z, since otherwise
by replacing X by a W-translate we revert to the situation already dealt with.

The second of these results will only be required in the treatment of the larger
exceptional root systems.

COROLLARY 3.2. Assume that all roots in ® have the same length. Assume
that T1y is a subset of Il and 8 € I\ Iy; let Y be a set of positive roots preserved
by (we : a € Iy U{B}). Let B/ € II be orthogonal to all roots in II; UY but
not orthogonal to B, and set v = B+ B € ®. Let Ily be a subset of II all of
whose roots are orthogonal to 11y U{B}UY, and set I3 = II; UIly; fori=1,2,3
set W; = (wq, = a € 11;), so that W = Wy x Way. Suppose X is an abelian set of
positive roots containing 8 and Y with X N(Il3) = 0. If X NW3(y) is not Wi-stable,
there is a positive W-translate of X which contains Y and meets (Il1).

Proor. If X N Ws(v) is not Wi-stable, there exist w € W5 and w’ € Wi with
w(y) € X but w'w(y) ¢ X. Since W3 = Wy x W, we may write w = w(;yw(zy with
wey € Wi for i = 1,2; then as w(y) fixes § and w(y) fixes 3, we have

(B,w(B) = (B, waywe)(8)) = (we) " (B),wa)(8)) = (8,8) <0.

Thus as X is abelian and contains 3 we must have w(3') ¢ X. Set X’ = w=(X);
then X’ is an abelian set, consisting of positive roots (since X N (Il3) = @) and
containing Y (since Y is preserved by W7 and orthogonal to all roots in Ils), and
we have v € X’ but #',w” (y) ¢ X’ where w” = w™lw'w € Wy. Set X" = wg/ (X");
then X" is similarly an abelian set consisting of positive roots, containing Y (since
Y is preserved by wg), and we have 8 = wg/ (7) € X" but w”(8) = w'’(wg (7)) =
wg(w” (7)) ¢ X" (since B’ is orthogonal to the roots in II;). Since w”(5) lies in
the set Z of Lemma 3.1, that result may now be applied. (I

In fact in many applications of these results the set Y will be empty, but the
more general forms presented here will be needed on several occasions.
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3.3. Identifying stabilizers and structure

Having determined the maximal abelian sets up to the action of W, we shall
conclude by considering their structure: for each X € S(®), we shall identify its
(setwise) stabilizer Wy in W and decompose X into Wx-orbits. Moreover, it is here
that we shall prove conclusively that no two of the sets in S(®) are W-translates
of each other.

The key to all of this is the internal geometry of the set X; in particular we shall
consider the relation of orthogonality on X. For 5 € X we define the orthogonality
count o(f) to be the number of roots in X which are orthogonal to 8 (for ® of
type G2 or F,; we refine this by counting long and short roots separately, so that
o(B) is an ordered pair). Clearly Wx must fix setwise the set of roots having any
given orthogonality count. Indeed more generally if Z; and Zs are subsets of X
which must be fixed setwise by Wy, then for any n < |Zs| the set of roots in Z;
orthogonal to exactly n roots in Zs must also be fixed setwise by Wx.

Our method of determining Wx is then as follows. We shall produce certain
elements of W which visibly stabilize X, and let G be the group they generate, so
that G < Wx; we shall seek to show that in fact Wx = G. To do this we shall often
find a subset X; of X which Wx must preserve and on which G acts transitively;
we take 51 € X and consider the stabilizers (Wx)g, and Gg,. Since

Wx : (Wx)g, | = [X1]| = |G : Gg,|,

it suffices to show that (Wx)s, = Gg,. As (Wx)p, must preserve the set of roots
orthogonal to £, this frequently leads to a refinement of the partition of X. We
may then seek a subset of X which (Wx)g, must preserve and on which Gg, acts
transitively, and repeat the process. If we reach a point where we have stabilized
enough roots to span R® (note that X contains spanning sets by Lemma 1.7; in
particular, we are in this situation if all roots of X are stabilized), then as W acts
linearly the pointwise stabilizer in Wx must be trivial, and we may conclude that
Wx = G as desired.

This method may be modified in certain cases. For example, if there are sets
which are visibly Wx-stable on which G acts as a direct product of symmetric
groups, we may shorten the argument by taking the simultaneous stabilizer of all
roots concerned.

In the final chapter of this work we shall provide tables detailing the results
obtained for each of the exceptional root systems. In particular we shall give what
we call the signature of each maximal abelian set X; this consists of the sequence
of orthogonality counts of the roots in X, grouped into Wix-orbits. It will turn
out that there are relatively few cases of two sets in the tables having the same
signature; since the action of W clearly preserves signatures, in most cases this will
provide an immediate proof that the set X is not in the same W-orbit as any other
set in the table. For those instances of sets having the same signature, the orders of
the stabilizers will sometimes suffice to show that the W-orbits are distinct; in other
cases it will be necessary to consider the geometry more carefully (in addition, in
Fg there are three pairs of sets interchanged by the diagram automorphism, where
separate arguments will be needed to obtain the desired conclusion).

Our final result in this section gives a particular feature possessed by maximal
radical abelian sets in those exceptional root systems in which all roots have the
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same length. Recall that § is the unique simple root not orthogonal to p, and ¢’ is
the unique simple root having negative inner product with 4.

LEMMA 3.3. Let ® be of type Eg, Fr or Eg, and X be a mazximal radical abelian
set; then o(B) has the same parity for oll 8 € X \ {p}.

PROOF. First consider the maximal radical abelian set X = X2 UX®) where
we write XU = {3 ymaa € ® : my = j} (so that X&) = {p,p — 6}). The
stabilizer of this set clearly contains (w, : @ € IT\ {¢§’}), which acts transitively on
X @): thus all roots in X(?) have the same orthogonality count. Now > pex o(B) is
clearly even (as orthogonality is a symmetric relation), and o(p) = 0; by inspection
we see that Tht p — 1 = | X U {p — 6}| is also even. It follows that o(p — §) must
have the same parity as o(3) for 8 € X®); thus the claim holds for this particular
maximal radical abelian set.

Now consider the effect of taking a maximal radical abelian set X in which the
equal parity condition holds and replacing one root Sy by p—fy. For all 5 € X\{fo}
we have (8,p) = (8, 5o) + (B,p — Bo); thus S is orthogonal to precisely one of
and p — By. Replacing By by p — 8o will therefore change the orthogonality count
of 8 by 1; so in the new set all roots apart from p and p — By have the same parity
of orthogonality count, and as above the final root p — By must then also have
the same parity for its orthogonality count. Since any maximal radical abelian set
may be obtained from the set X U X®) treated above by a succession of such
replacements, the result holds. O

We conclude this section with some comments on notation. We write II =
{a1,...,as}, where ¢ is the rank of ® and the simple roots are numbered as in
[1]. For convenience, we shall often write w; for the simple root reflection w,,; in
addition, we shall write wq for the long word in the Weyl group, the unique element
of W which maps each positive root to a negative root.

We shall write roots as linear combinations of simple roots, and represent them
as (-tuples of coefficients arranged as in a Dynkin diagram; thus for example ac-
cording as ® is of type Go, Fy, Fg, E7 or Eg the high root p is denoted 32, 2342,
12%21, 23%321 or 2425432. Moreover, we shall often use dots to denote undetermined
coefficients, our convention being that they may be replaced by any integers which
yield a root; thus for example if ® is of type F, the statement “012. € X” means
that the set X contains all three roots 0120, 0121 and 0122, while “12.1 ¢ X” means
that X contains neither 1221 nor 1231.

For the convenience of the reader, in an appendix at the end of this work we
provide what we call the ‘root tree’ of each root system of exceptional type; this
contains all the positive roots, appropriately arranged, and indicates the effect upon
them of each of the elements w;.

Finally, our notation for maximal abelian sets in root systems of exceptional
type will be such that the size of a set is given by its subscript, while sets of the
same size are distinguished by superscripts.






CHAPTER 4

The root system of type G5

Let @ be of type Ga; thus ® has simple roots aq, ap numbered as in [1], so that
a1 is short and ao is long.

4.1. Radical maximal abelian sets

We have p = 32, and the roots in = are -1; there are 2 pairs of roots in =
summing to p, namely {o1,31} and {11,21}. Using staby (p) = (w1) we may assume
31 € X, 01 ¢ X; thus up to the action of W there are 2 maximal radical abelian
sets, each of which is easily seen to be maximal abelian:

Xl% :{3'721}a
X2 ={3,11}.

4.2. Determination of maximal abelian sets
We set

As in section 3.2, we let X be any maximal abelian set consisting of positive roots
and containing a simple root «; we seek to show that X is known, i.e., a W-translate
of a set in S(Gs).

We work through the possibilities for the simple root a contained in X.

LEMMA 4.1. Ifo1 € X then X is known.

PrOOF. Take o1 € X; this excludes 10, 31, so X is radical and hence known. O

LEMMA 4.2. If10 € X then X is known.
ProoOF. Take 10 € X; this excludes o1, 11, 21, giving 31 € X by default; so
X = {3-,10} = wa(X3).

This proves the lemma. ([l

Combining Lemmas 4.1 and 4.2 we have proved the following.

THEOREM 4.3. If X is a mazimal abelian set in a root system of type G, then
a W-translate of X lies in S(Gs).

17
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4.3. Stabilizers and structure of maximal abelian sets

For each set X € S(G2) we shall determine its stabilizer Wx in W, and find the
Wx-orbits in X. For § € X the orthogonality count o(f) is the ordered pair (i, j),
where 7 and j are the numbers of long and short roots in X which are orthogonal to
B, respectively; for convenience we shall write the pair (¢, 7) simply as 7j. We shall
follow the basic approach explained in section 3.3. We shall take each possibility
for X in turn.

If X = X1 we must fix {3.} (being the set of roots 3 with 3 long and o(8) = 00)
and 21 (8 short, o(8) = 00). We set

G = (w2);
then G acts as Sz on {3-}, so we may fix both of these roots, and thus Wx = G.

If X = X2 we must fix 32,31 (3 long, o(8) = 00,01 respectively) and 11 (3

short, o(3) = 10). We set
G=1;
since all roots are fixed, we have Wx = G.

The results found here are presented in tabular form in the final chapter of this
work. Since the sets in S(G32) have distinct signatures, we have thus shown the
following.

THEOREM 4.4. The 2 sets in S(G2) represent different W -orbits.



CHAPTER 5

The root system of type F}

Let @ be of type Fy; thus ® has simple roots ai, as, ag, oy numbered as in [1],
so that aq, as are long and a3, oy are short, and s is not orthogonal to as.

5.1. Radical maximal abelian sets

We have p = 2342, and the roots in = are 1...; there are 3 pairs of short roots
and 4 pairs of long roots in = summing to p. The pairs of short roots in = are

{1110, 1232}, {1111, 1231}, {1121, 1221}.

Using staby (p) = (wa,ws,ws) we may assume 1232 € X, 1110 ¢ X; then using
(wq,ws) we may assume 1231 € X, 1111 ¢ X; finally using (ws) we may assume
1221 € X, 1121 ¢ X. Having thus determined the short roots in X, and noting that
(w3, wy4) is the setwise stabilizer in staby (p) of the roots chosen so far, we turn to
the long roots. The pairs of long roots in = are

{1000, 1342}, {1100, 1242}, {1120, 1222}, {1122, 1220}.

Using (w3, ws4), we see that the set X is determined by (a) whether it contains 1342
or 1000, and (b) the number of long roots 12.. it contains; so up to the action of W
there are 2.4 = 8 maximal radical abelian sets.

We now consider which of these sets are maximal abelian. As —2342 and the
roots —1... are excluded by 2342, it suffices to consider roots § of the form o-- ..
Each short root o-- - is excluded by four of the six short roots in =, so certainly it is
excluded by at least one short root in X. However, each long root o--. is excluded
by four long roots and one short root in =, with the long roots concerned lying
one in each pair (for example the roots in = which exclude o100 are 1000, 112-, 1242).
Thus up to the action of W there is a single maximal radical abelian set which is
not maximal abelian, namely that containing 1342 and exactly two long roots 12 -
(for example if X = {..42,123.,1221,1-22} then X is not maximal abelian as it lies
in X U {o122}). We therefore have the radical maximal abelian sets

Xg ={ 342,12 .},

X§ ={--42,123.,1221, 1122, 1120},

Xg’ = {.342, 123., 1221, 1122, 1120, 1100},

X§ = {2342, 12- -, 1000},

X§ = {2342,12.2,12.1, 1122, 1000},

X8 = {2342, 1242, 123, 1221, 1122, 1120, 1000},

X& = {2342,123., 1221, 1122, 1120,1-00}.

19
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5.2. Determination of maximal abelian sets

We begin by giving one further maximal abelian set which is not radical (indeed,
it is the set found above showing that one of the maximal radical abelian sets was
not maximal abelian): we set

Xo ={ 2,121}

We then set
S(Fy) = {X§,.... XI, X, }.
As in section 3.2, we let X be any maximal abelian set consisting of positive roots
and containing a simple root «; we seek to show that X is known, i.e., a W-translate
of a set in S(Fy).
We work through the possibilities for the simple root a contained in X.

LEMMA 5.1. If 1000 € X then X is known.

PRrROOF. Take 1000 € X; this excludes o1--,1342. Unless X contains some root
00-- the set will be radical. Using Lemma 3.1 (with Y = {1000}) we may assume
that one of the following holds: (i) o010 € X; (ii) oo10 ¢ X, 00-1 € X.

First assume (i) holds; this excludes the roots ooo1, 1100, 111-, 1221, 1222, 1232, giv-
ing 1120, 1121,1242 € X by default. To exclude —o100 we must have 1220 € X, which
then excludes o011, 1122, giving 1231 € X by default; so

_ _ 2
X = {2342, 1242,1231, 120, 1121, 1000, 0010} = Wowsw3zwow W2 (Xg).

Now assume (ii) holds; this excludes 0010, 11.0,1220,1--1, giving 1122,12.2 € X
by default, so

X = {2342,12-2,1122,00-1, 1000} = wawszwawwawswa(Xg).
This proves the lemma. (I
LEMMA 5.2. Ifoio0 € X then X is known.

ProoOF. By Lemma 5.1 we may assume 1000 ¢ X. Take o100 € X; then by
Lemma 3.1 we may assume -100 € X (otherwise we revert to the case covered in
Lemma 5.1), which excludes oo1-, -12., 1242, giving 1222,1342 € X by default. First
assume 0001 € X; this excludes 110, 1220,12-1, giving 1232 € X by default, and up
to the action of (w;) we have

— f _ 6
X = {342, 1232, 1222, 1111, -100, 0001 } = wawawiwswz(Xg).

Thus assume 0001 ¢ X, which gives 1220,1221 € X by default. If X contains no root
-11- then by default we have 123. € X, so

X = {-342,123-,122-, -100} = wawy(Xy).

So assume X contains some root -11.; using {w;,ws4) we may assume 1111 € X,
which excludes o11-,1231. If 1110 € X this excludes 1232, so

X ={ 342,122,111, - 100} = wawawowszwsy(Xo).
If on the other hand 1110 ¢ X this gives 1232 € X by default, so
X = {-342,1232,122., 1111, - 100} = wywawz(Xy).
This proves the lemma. (I

LEMMA 5.3. Ifooo1 € X then X is known.
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PROOF. By Lemmas 5.1, 5.2 we may assume -.00 ¢ X. Take ooo1 € X; this
excludes - 10, - .20, - -21, 1231, giving 0122, 1- .2 € X by default. Using (w1, ws) we may
assume 0011 € X; this excludes -111, so

X = { . ~2,00‘1} = wgwgwlwgwgwlwg(Xg).
This proves the lemma. O

LEMMA 5.4. Ifooio € X then X is known.

PRrROOF. By Lemmas 5.1, 5.2, 5.3 we may assume --00,0001 ¢ X. Take o010 € X;
by Lemma 3.1 we may in fact assume oo1- € X. This excludes -11-, 122,123, giving
1-42 € X by default, so

X C {42, -12-,001- } C wowy().
This proves the lemma. O

Combining Lemmas 5.1, 5.2, 5.3 and 5.4 we have proved the following.

THEOREM 5.5. If X is a maximal abelian set in a root system of type Fy, then
a W-translate of X lies in S(Fy).

5.3. Stabilizers and structure of maximal abelian sets

For each set X € S(F,) we shall determine its stabilizer Wx in W, and find the
Wx-orbits in X. For 8 € X the orthogonality count o(f) is the ordered pair (i, j),
where ¢ and j are the numbers of long and short roots in X which are orthogonal to
B, respectively; for convenience we shall write the pair (¢, 7) simply as ij. We shall
follow the basic approach explained in section 3.3; in fact in each case we shall end
up stabilizing the roots 2342, 1232, 1231, 1221, which span R®. We shall work through
the possibilities for X in turn.

If X = X} we must fix { 342}, {1242, 1222, 1220} (being the sets of roots 8 with
B long and o(83) = 00, 21 respectively) and {123-,1221} (8 short, o(8) = 10). We set

G = (w1, ws, wy);

then G acts as S35 on {123-,1221} and independently as Sy on {-342}, so we may fix
all of these roots, and thus Wx = G.
If X = X2 we must fix 2342, 1342, 1242, {1122, 1120} (3 long, o(3) = 00, 20, 01,22
respectively) and {123-},1221 (8 short, o(3) = 10, 30 respectively). We set
G = (wy);

then G acts as Sy on {123.}, so we may fix both of these roots, and thus Wx = G.
If X = X2 we must fix 2342, 1342, {1122, 1120, 1100} (3 long, o(3) = 00,30, 32
respectively) and {123.,1221} (8 short, o(8) = 20). We set

G = (w3, wy);

then G acts as S5 on {123-,1221}, so we may fix all of these roots, and thus Wx = G.
If X = X¢ we must fix 2342, {1242, 1222, 1220}, 1000 (3 long, o(3) = 00, 31,33
respectively) and {123.,1221} (8 short, o(8) = 20). We set

G = (w3, wy);

then G acts as S5 on {123-,1221}, so we may fix all of these roots, and thus Wx = G.
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If X = X we must fix 2342, {1242, 1222}, 1122, 1000 (3 long, o(83) = 00,21, 02,23
respectively) and 1232, {12-1} (8 short, o(5) = 10, 30 respectively). We set
G = (ws);

then G acts as Se on {121}, so we may fix both of these roots, and thus Wx = G.
If X = X§ we must fix 2342, 1242, {1122, 1120}, 1000 (3 long, o(83) = 00,11,12,13
respectively) and {123-},1221 (8 short, o() = 20,40 respectively). We set

G = (wy);
then G acts as Ss on {123.}, so we may fix both of these roots, and thus Wx = G.
If X = XJ we must fix 2342, {1122, 1120, 1100}, 1000 (8 long, o(3) = 00,22,03
respectively) and {123-,1221} (8 short, o(58) = 30). We set
G = (w3, wa);
then G acts as S3 on {123., 1221}, so we may fix all of these roots, and thus Wx = G.
If X = Xy we must fix { 342}, {1242, 1222}, {-122} (8 long, o(8) = 10,11,12
respectively) and 1232, {121} (8 short, o(8) = 00, 30 respectively). We set
G = (w1, ws);

then G acts as Sy on each of { 342} and {12-1} independently, so we may fix all of
these roots, and thus Wx = G.

The results found here are presented in tabular form in the final chapter of this
work. In each case we may observe that each set {8 € X : o(8) = ij} is in fact a
single Wx-orbit. Since all the sets in S(F}) have distinct signatures, we have thus
shown the following.

THEOREM 5.6. The 8 sets in S(Fy) represent different W -orbits.



CHAPTER 6

The root system of type Fj

Let @ be of type Fg; thus ® has simple roots ay,...,as numbered as in [1].
We write 6 for the diagram automorphism which fixes o and a4, and interchanges
a1 and ag with ag and as respectively.

6.1. Radical maximal abelian sets

We have p = 12321 “and the roots in Z are """ ; there are 10 pairs of roots in
= summing to p, namely {°°9% 23211 and 9 of the form { 1", "} '}. We may

arrange these as follows.

{11%11’ 01%10}

{11%10 01%11} {01%11 11%10}

) )

{11%00 01%21} {01%10 11%11} {00%11 12%10}

) ) )

{01%00 11%21} {00%10 12%11}

) )

{00%00 12%21 }

)

{00(1)00 12:%21 }

We shall regard the pair at the bottom of this array as isolated. We shall call a
root in = odd or even according to the parity of its a4-coefficient; thus each pair
consists of an odd root and an even root. We may then specify a maximal radical
abelian set X by simply giving the parity of the root selected in each of the 10
pairs; for convenience we shall represent the set X graphically.

To begin with, we note that wow, preserves p and maps each root 5 of Z to
—0w,(B) = p — 0(B); in particular it interchanges the two roots in the isolated
pair. It therefore suffices to consider maximal radical abelian sets containing *%32!.
We may then identify the 9 non-isolated pairs with unordered pairs {i,j} with
i€{1,2,3} and j € {4,5,6}; we shall write the unordered pair {4, j} simply as ij,
and we give the correspondence by the following array.

34
24 35
14 25 36
15 26
16

We may then represent a maximal radical abelian set X containing '*3?! by a
bipartite graph I'x with vertex set {1,2,3} U{4,5,6}, where the choice in X of the

23
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odd or even root in the pair identified with ij is denoted by the presence or absence
in 'y of the edge ij. (Alternatively, we may regard this as the choice of a black

edge or a white edge.) We shall arrange the vertices as follows:

3 4
2 5
1 6 -

For example, if X = {122 1 11%11, 0121 , 0'%11, '1%00} then I'x is

X

We now consider the action of staby (p) = (w1, ws, ws, ws,ws) on the roots
in 2. Within this group the (pointwise) stabilizer W’ of the isolated pair is
(w1, ws, ws, wg), which does not affect ay-coefficients and therefore permutes edges
without changing colours; in fact the notation chosen for the pairs means that the
generating elements of W’ =2 S3 x S3 act as permutations of the vertices as follows:

wy = (45), ws =(56), ws = (12), we = (2 3).

Thus two maximal radical abelian sets containing '?$2! lie in the same W’-orbit if
and only if their graphs are isomorphic (where we require an isomorphism to pre-
serve rather than interchange the vertex sets {1,2,3} and {4,5,6}). The bipartite
graphs up to isomorphism are as follows.

LN 7N T AR KA
RE2Z2IXXEXRXRXXA
RXEAXXZIX X XX X X

The remaining generator of staby (p) is wy. In determining its effect, we shall
assume that in the graph I'x being considered the edge 16 is absent (or white), so
that the corresponding set X contains 12221 and hence wy (X)) still contains 12321
(Since W' acts transitively on edges, this assumption excludes only the last of the
36 graphs above.) If we set {i,k} = {2,3} and {j,¢} = {4,5}, each edge ij in 'y
gives rise to the edge k¢ in I';,,(x) of the opposite colour (alternatively, the presence
or absence of ij gives rise to the absence or presence of kf respectively). Thus for
example with the set X as above, in the graph I'x the edge 35 is present (or black),
and so in I',,(x) the edge 24 is absent (or white); on the other hand in I'x the edge
34 is absent (or white), and so in T',,,(x) the edge 25 is present (or black). Treating
all four edges between {2,3} and {4, 5} thus, we see that the graph I'y, (x) is

X

corresponding to wy(X) = {12;°1, 01311 111 01110 '1%00}.

Thus if one of the graphs above contains a white edge such that among the
remaining four vertices there are at least three black edges, we may use the group
(w1, w3, ws,we) to move the white edge to 16 and then apply wy to reduce the
number of black edges; thus the set is a W-translate of one appearing earlier on the
list, and so need be considered no further. This disposes of the eighth and twelfth
in the top row, all but the fifth, sixth and seventh in the middle row and all but
the second and twelfth in the bottom row. Moreover, the fifth and sixth in the
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middle row are in fact interchanged by wy; also the seventh in the middle row may
be transformed to the twelfth in the bottom row by applying first wy and then the
element wyw, mentioned above. We thus have the following 13 graphs representing
maximal radical abelian sets up to the action of W.

X XK X E

We now need to decide which of these sets are maximal abelian. The roots

—12321 - are excluded by %32, while — {7 are excluded by '#?!. To
exclude %" we must have some root °'{"" in X; using (w,ws) we see that to

exclude the roots ~"§% there cannot be two vertices in {4,5,6} such that all edges

from one are black and all from the other are white, which disposes of the sixth set.

Likewise to exclude the roots “%) " there cannot be two such vertices in {1,2,3},
which disposes of the seventh set. Finally, to exclude 00490 e must have 299%9,

or some root '1%1' in X; using (wq, ws, ws,ws) we see that to exclude the

roots ~'§"" the graph must not contain a black edge such that the four non-adjacent
edges are all white, which disposes of the second, third and fourth sets. We are
thus left with the following 8 graphs representing radical maximal abelian sets.

AR X R XX

We therefore set

1 _ 12321 --2--

Xll_{ R | }7

X2 _ r12.21 1221- -1221 11211 01210 11110 01111
11—{ . 1 1 1 1 }7

) ) ) > 1, 1

12221
1

3 _ g12... 112-1 01210 111-0 01111
Xll _{ S 1 1 1 1 }7
4 -++21 1-211 01210 0-111 11110
X = { oy 1 1 1 1 }7

) ) )

X5 _ p12.21 12211 11221 11210 01211 01-10 11100 00111
11 _{ . ’ 1 9 1 1 ) 1 1 ) 1 ) 1 }a
6 __ p12321 1-2-1 01210 111-0 0-111
Xy ={"77 0 0T, T T
X7 _ ¢12.21 11211 01210 111-0 O-111 01100 00110
11— { - 15 1 5 1 5, 1 5, 1 » 1 }7

Xt= (771,
6.2. Determination of maximal abelian sets
We begin by giving some maximal abelian sets which are not radical; we set
Xy, = {11, 1310 0121y
X113 :{12:“’ -1:41}7
X123 :{“:217 1.:1‘ }7
X116:{1':”}7
Xe={""}
so that X%, and X% are the images under 6 of X{; and X{, respectively. We set
S(Ee) = {Xlllv s inglvX127X1137X1237X1167X%6}~

)
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As in section 3.2, we let X be any maximal abelian set consisting of positive roots
and containing a simple root «; we seek to show that X is known, i.e., a W-translate
of a set in S(Fs). Here we shall be able to make use of the automorphism 6 to
shorten the argument in places (noting that the set S(Eg) is stable under 6).

We work through the possibilities for the simple root a contained in X.

LEMMA 6.1. If 9% € X then X is known.

-1-- 12321

00(1)00 € X this excludes 5", 1. Unless X contains

PROOF. Assume

some root % or %% " the set will be radical; using 6 and Lemma 3.1 (with

Y = {99%91) we may assume that one of the following holds: (i) 8% € X; (ii)
01000 00010 ¢4 x 1-000 ¢

First assume (i) holds; this excludes *°§%°, %1 M3 giving O}t 1221 ¢
X by default. Using Lemma 3.1 again (with Y = {%°9° 013°01) we have three
possibilities to consider: (a) “%0'° € X; (b) 0% ¢ X, 9! € X; () %0 ¢ X.
If (a) holds, this excludes 00g01 ~-1100 01211/ 12211, giving 1%10 € X by default To

exclude — 4% we must have %30 ¢ X, which excludes 1300, 00911 1111 “oiving

12210 01221 ¢ X by default; so

X = 12321 12221 12210 01221 01-10 01111 11110 00000 01000 00010
*{ 2 5 1 1 1 1 1 1 1 0 0

) i ) ) Y ) ) Y

2
= wawwewswswaws (X717 ).

If instead (b) holds, this excludes 1400 01210 12210 oiying MM 121 ¢ X by

default. To exclude — 4% we must have °*31! e X which excludes 1000 “oiving
01221 ¢ X by default; so
12321 122-1 012-1 -1111 000-1 00000 01000y _ 4
2, 1, 1 , 1 5, 0 s 1 5 0 = wiwawzwswaws (X7 ).

Finally if (c) holds, then 1'% 23" € X by default. To exclude — %% we must

have some root °*3'" present; using (wg) we may assume 01210 E X, Wthh excludes

11800, L Ty exclude — %8 we must have some root © I present; using (ws)
01211 11110 10000
we may assume 7 € X, which excludes ~"17°. To exclude — 70" we must have
11%00 € X, which excludes 01%21; SO
12321 122-- 01-1- -1100 00000 01000
X={57,77, 70, 10, T, 0 = wawswawiwewswswy (X o).
Thus we now assume instead that (ii) holds; this excludes O‘f °, 01% ", giving

HL 121 o x by default. Using Lemma 3.1 again (with Y = {00(1)00, 1'800}) we

have two possibilities to consider: (a) 8" € X; (b) 0t ¢ X. If (a) holds, this

1-.-
excludes “'1 0, SO

(12321 1-2-1 11111 1-000 000-1 00000y _ 6
X={"%", "7, "1, 70,0, 1} =wwswswgws(X7,).

If instead (b) holds, then ;"% € X by default, so

_ 12321 1-2-1 11111 1---0 1-000 00000 __ 2
X—{ 2 5, 1 5 1 5 1 5 0 5, 1 }_w4w3w5w6w4w5(X13)'

This proves the lemma. O

LEMMA 6.2. If "% € X then X is known.
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00000 00100 1000 0001-
1 ¢X, 0

PROOF. As before we assume € X; this excludes
L 12221 Coiving Y3 12321 ¢ X by default. Using 0 we may divide mto three
p0851b1ht1es. (i) 196%°, %% € X; (i) '8 e X, Y% ¢ X; (iii) 99, 00 ¢ X.
First assume (i) holds; this excludes the roots °'100, 00110 012~ "1- 210 , giving

12211 "11221 o by default, so

12321 1-211 11221 11100 00111 00100 10000 00001
X C{ ) 1 1 ’ ) 0o }C w3w5w4w2(Q)

Now assume (ii) holds; this excludes 01?00, 012-- " giving 11310 1321 ¢ X by

default. To exclude — % we must have some root '?'" present; using (wg) we

may assume 12%10 eX, Which excludes “°M11 . 1f 12%11 ¢ X we have

12321 112-- 12210 11100 001-0 10000 )
Xc{™=7, 71,77, T 0T C wewswswaws (Q);

so we may assume 2111 € X which excludes ' giving 1% € X by default,

SO

12321 112-- 1221- 11100 00100 10000
X:{ R A T S (] :w3w5w6w4w5w2w4(xl2)'

Finally assume (iii) holds; then “'#'" M#!9 ¢ X by default. If 1100 01 ¢ x|
then 231 1221 ¢ x by default, so
X = {12821 1221 .21 00100}

) )

= W3W5W1We (X12).

. 11 11- .
So we may assume X contains some root 1% or M. using 6 and (wy) we may

assume it contains some root °%°. However, unless we actually have %% ¢ X
we could apply w3 to produce a positive set meeting {OOZOO} in a proper non-empty

subset of {°*1%}, and then by Lemmas 3.1 and 6.1 X would be known. Thus we

may assume "% € X which excludes °°M'", 1321 giving 1221 ¢ X by default;
to exclude —°8'" we must have °'3?! € X, which excludes %, so
_ 12321 01221 --21- 0-100y _ 1
X = { R T . } = ’UJ1?J.)3U/5’UJ6(X13).
This proves the lemma. O

LEMMA 6.3. If 01000 = X o 99810 ¢ X then X is known.

PRrOOF. Using 6, as before we assume 00-00 ¢ X, 01:00 ¢ X this excludes

10900 00- 1 P T2 Coiving 1211 € X by default. Unless we have 10 ¢ X
we could apply ws to produce a pOblthe set meeting {O 00} in a proper non-empty
subset of {°:°°} and then by Lemmas 3.1, 6.1 and 6.2 X would be known. Thus

we may assume "0 € X which excludes *9Q°t, 1100 giving O1H 12210 ¢ x
y b ) b y

default. To exclude — 10000 we must have 11000 € X, which excludes 01% "5 so
_ g12.-. 011-- -1000y _ 2
X={"",""",70"} = wawawswewswswy (X73).
This proves the lemma. (I

LEMMA 6.4. If %% € X or "% € X then X is known.

PROOF Using 9 as before we assume °:°° ¢ X, 10 ¢ X this excludes
01 giving MM, {1 € X by default, so
X={"1"}=X.

This proves the lemma. ([l
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Combining Lemmas 6.1, 6.2, 6.3 and 6.4 we have proved the following.

THEOREM 6.5. If X is a mazimal abelian set in a root system of type Fg, then
a W-translate of X lies in S(Eg).

6.3. Stabilizers and structure of maximal abelian sets

For each set X € S(Fs) we shall determine its stabilizer Wx in W, and find
the Wx-orbits on X. Recall that for 5 € X the orthogonality count o(3) is simply
the number of roots in X which are orthogonal to 8. If in fact X is radical,
we may read off the orthogonality counts from the graph I'x. Here two roots
represented by (black or white) edges in I'x are orthogonal if and only if the edges
either meet at a vertex and are of different colours, or do not meet and are of the
same colour. Suppose I'y has e (black) edges. We then have o( '?3?') = 0 and
o('?$21) = ¢; for any § € X represented by a (black) edge in 'y which meets ¢
others, we have o(f) = 1+ (4 —t)+(e—t—1) = 4+e—2¢; for any f € X
represented by an absent (white) edge in I'x which meets ¢ (black) edges, we have
o(f) =(4—(e—t)+t=4—e+2t. (We observe that, as given by Lemma 3.3,
o(3) therefore has the same parity for all 8 € X \ {p}.)

We shall again follow the basic approach explained in section 3.3; however,
there are modifications which may apply in certain cases. It is sometimes helpful
to make use of #, by considering the stabilizer of X in W.2 = (W, 0) and then
taking the intersection with W. Also, we note that in many cases we must fix the
root 232! so we need only work within its stabilizer, which is (w1, w3, Wy, Wy, We).
Finally, in any given situation there may be a convenient argument of another kind.
We shall work through the possibilities for X in turn; note that for the pairs of
sets interchanged by 6 we need only consider one set, as the stabilizers will also be
interchanged by 6.

If X = X}, we must fix {'***'},{ "1} (being the roots 8 with o(3) = 0,4
respectively). We set

G = <wlaw27w37w57w6>;

then G is transitive on {'?**!}  so we may fix both roots. Since the stabilizer of
12321 4 Stabw(lzgm) is (w1, w3, ws, we), we have Wx = G.
2 12321 12.21y 1221 -1221y 11211 01210 11110
IfX:Xll we must ﬁX 2 a{ 1 }a{ 1 1 }a{ 1 ) 1 1

(o(B) = 0,2,4,6 respectively). We set

01%11 }

3

G= <'lU1U)4, w4w6>a

and G.2 = (G, 0); then G.2 is transitive on {'§1, 01310 1310 0L Foh we may

fix B, = "2 We must then fix 12%21,{12%10, 01%21} (by orthogonality to 1)

and hence "' {1 M$21Y we must then fix {110, %M} (

12321 01210
1) 1.

by orthogonality
Inside stabg 2(51) we have () giving transitivity on
so we may fix o = 12%11. We must then fix 01%21, 11%10 (by or-
thogonality to B2), by which point all roots are fixed. Thus the stabilizer in W.2
is G.2 = (G, 0); as G is f-stable we have Wx = G. (In this case we note also that
the set of roots with o(3) = 4 is in fact a union of the two Wx-orbits { %" } and

{1

to and hence
12211 11221
{ 1 1 }a
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If X = X3, we must fix 12320 {12}, {112'1 1110} 01210 0l1ly 3y _
0,3,5,7 respectively). We set

G = (ws, wawe);

then G is transitive on {'?;""}, so we may fix 8, = "*#*'. We must then fix

111-0 01111 112»1 01210
{17} ( L s

by orthogonality to 81) and hence ; we must then fix
12210
1

(by orthogonahty to Y1) and hence {'*% 1}. Inside stabg(81) we have
(ws) giving transitivity on { }, so we may fix By = %', We must then fix

Hall 100 (hy orthogonality to f2), by which point all roots are fixed; so Wx = G.
If X — X5, we must fix 12§21 12321 [122-1 11221 11210 0121} r01110 11100

0011 (0(B) = 0,3, 5, 7 respectively). We set

122 1

G = <w1w5, w3w6>

and G.2 = (G, 0); then G.2 is transitive on {1251 1§21 M0 0121 66 we may
fix ;= "', We must then fix {150 01311, {11100 00111} (by orthogonality
to A1) and hence {23!, M2 0410 we must then fix {1310, 1211 (by orthogo-
nality to °'1'%) and hence *'7'°. In51de stabg.2(81) we have (0) giving transitivity
n {1 U221 50 we may fix By = 3. We must then fix 30, 904 (by
orthogonality to 32), by which point all roots are fixed. Thus the stabilizer in W.2
is G.2 = (G, 0); as G is f-stable we have Wx = G.
If X = X0 we must fix 232! {11}0 03111 01210 (5(8) — 0,6, 8 respectively),
12321 (o(B) = 4, orthogonal to all of {1100 111}) {121} (o(B) = 4, orthogonal

to two of {1’ 0, 0311, We set
G= <U)3,'w5>,

and G.2 = (G, 6); then G.2 is transitive on {*'1''}, so we may fix §; = *7*'. We
must then fix 11311 {1100 091 (hy orthogonality to 1) and hence { 12211 11%21 },
(o oy Inbide stabg.2(81) we have (#) giving transitivity on {12211 Hg2ly
so we may fix B = %', We must then fix 110, 1 (by orthogonality to £),
by which point all roots are fixed. Thus the stablhzer in W2is G.2 = (G,0); as G
is #-stable we have Wx = G. (In this case we note also that the set of roots with
o(B) = 6 is in fact a union of the two Wx-orbits { '} and {®'{''}.)
If X = X7, we must fix 12321 and {12j2!, 11211 01210 111-0 0-111 01100 00110
(o(B) = 0,6 respectively). We set
G = (wi1wg, w3ws, wawe),

and G.2 = (G, 0); then G.2 is transitive on 12i21, 11%11, 01210 11%'0, 0-111 01%00,

) )

00%10}, SO we may fix 51 = 12%21. We must then fix {11]%-0, 0.%11, 01%00, 00%10}

(by orthogonality to 1) and hence 12221 11211 01210}. Inside stabg.2(81) we

have (w;wg, waws, 0) giving transitivity on { . 10, 0L 01300 J003101 56 we may fix

62 _ 11%10. We must then fix {11%11, 01210}, {O 1117 01100} (by orthogonality to 62)

and hence 232! {11190 003101 e must then fix { 1M1, 1% (by orthogonality to

12%21) and hence 111! In51de stabg.2(81, B2) we have (wjwgh) giving transitivity

on {190 00101 "6 we may fix B3 = . We must then fix 10 001 (by
orthogonality to 83), by which point all roots are fixed. Thus the stabilizer in W.2
is G.2 = (G, 0); as G is f-stable we have Wx = G.
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If X = X3, we must fix 2321 {11, 2821 (o(8) = 0,5,9 respectively). We
set
G = (w1, w3, ws, wg);
since the stabilizer of 232! in stabw(mgm) is (w1, w3, ws, we), we have Wx = G.

If X = X,, we must fix { 12321}, {121}, (11111} (1210 0121y (;3) _ 1 3 5 6
respectively). We set
G = <’LU2,U}3,’LU5>,

and G.2 = (G, 6); then G.2 is transitive on {*'''}, so we may fix §; = *7*'. We

must then fix M3 {10 O3 (by orthogonality to 51) and hence { 12311, 11321}

{120 012l Inside stabg 2(81) we have (wq, 6) giving transitivity on {12321} SO

we may fix B2 = %3*!. We must then fix ! (by orthogonality to 33) and hence

HHL - Inside stabG 2(B1, B2) we have (0) giving transitivity on {122117 11221} o)

we may fix A3 = *$''. We must then fix 3!, 91221 (by orthogonality to 3s), b
which point all roots are fixed. Thus the stablhzer in W2is G2 = (G,0); a G
is #-stable we have Wx = G. (In this case we note also that the set of roots With
o(B) = 6 is in fact a union of the two WX orbits {1 1%} and {*'§1}))
If X = X]y we must fix {271}, {11 12210 (o(B) = 2,5, 8 respectively). We
set
G = (w1, wa, Wy, Ws);

then G is transitive on { ':"'}, so we may fix f; = '§*'. We must then fix

12%11’{01:11} (by orthogonality to 8:) and hence {12:21} {01221 11- 11} we must

then fix “'#?! (by orthogonality to **3'') and hence {'*:*'}. Inside stabg(8;) we

have (ws, w4> acting as 5’3 on {21} so we may fix all three roots; we then have

fixed all of the roots *2: ", 122! which span R®, so Wx = G.
If X = X{; all roots 3 have o(3) = 5. We set

G - <w27w37w4vw5aw6>;

since any element of W outside G has a reduced expression ending with wq, it
makes the root %% negative and so cannot stabilize X, so Wx = G.

The results found here are presented in tabular form in the final chapter of this
work. In most instances we may immediately see that the set is not a W-translate of
any of the others, since the signature uniquely identifies it; the only cases requiring
further consideration are the three pairs X7, and Xi;, X{; and X%, and X{4 and
X2, where the two sets of each pair are interchanged by 6. We shall show that in
each case X and 6(X) lie in different W-orbits.

If X = X{, the result is clear from the identification of Wx. Thus let X = X3,
or X1, and suppose we had w € W with w(X) = 6(X). The element w would

then have to take { 2. } to { ":2'}; by adjusting w by an element of Wx we could
ensure that it fixed firstly '*3*! (which is automatic anyway in the case of X3,),
then 121{’21, and then 12%21 (note that in the case of Xf’l it would have to fix 01%10

by non-orthogonality to '*$2', and thus take {'*3''} to {!'?*} by orthogonality

01%10)

to . Thus w would have to lie in the pointwise stabilizer in W of the three

roots *%:%* which is (w;,ws); but no element in this group sends X to (X).

We have thus shown the following.
THEOREM 6.6. The 13 sets in S(Fg) represent different W -orbits.



CHAPTER 7

The root system of type E;

Let ® be of type Fr; thus ® has simple roots aq, ..., ay numbered as in [1].

7.1. Radical maximal abelian sets

We have p = 234321 and the roots in Z are 1 ; there are 16 pairs of roots in
= summing to p, namely {'°0°%, 1333311 and 15 of the form {21} We

may arrange these as follows.

{ 11%221 ) 12%100 }

{11%211’ 12%110}

{11%210 122111} {11%111

122210
, 1)

)

{11%110’ 12%211} {11%111, 12?210}

{11%100 122221} {11%110

123211 111111 123210
s 1 1 } { 0 2

) )

{11%100’ 12?221} {11(1)110’ 12%211}
{11%000’ 12?321} {11(1)100’ 123221}
{ 11(1)000’ 12%321 }
{ 118000 12%321 }
)

{ 108000 13421321 }

)

As with the case of Fg, we shall regard the pair at the bottom of this array as
isolated (at least for now; the full picture will not in fact emerge until we consider
Eg). We shall again call a root in 2 odd or even, this time according to the parity
of its aiz-coeflicient, so that each pair consists of an odd root and an even root; as
before, a maximal radical abelian set may then be specified by simply giving the
parity of the root selected in each pair, and we shall represent these sets graphically.

To begin with, we note that wow, preserves p and maps each root 3 of =
to —w,(B) = p — 8, and thus interchanges the two roots in each pair; it therefore
suffices to consider maximal radical abelian sets containing '*33*!. We may identify
the 15 non-isolated pairs with unordered pairs from the set {1,2, 3,4, 5,6}; we shall
write the unordered pair {7, j} simply as ij, and we give the correspondence by the
following array.

31
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12
13
23 14
24 15
34 25 16
35 26
45 36
46
56

We may then represent a maximal radical abelian set X containing 134321 by a
graph I'x with vertex set {1,2,3,4,5,6}, where the choice in X of the odd or even
root in the pair identified with ¢j is denoted by the presence or absence in I'x of
the edge ij. (Alternatively, we may regard this as the choice of a black edge or a
white edge.) We shall arrange the vertices in a regular hexagon as follows:

3 4
2 5
1 6

. ....21 112221 1121.0 122111 122.10 11111- 111.00 .
For example, if X = { "o ==t T e E P R 2 Y then Ty is

=

We now consider the action of staby (p) = (ws,ws, ws, w5, we, w7) on the
roots in =. Within this group the (pointwise) stabilizer W’ of the isolated pair
is {ws, wy, ws, wg, wr), which does not affect az-coeflicients and therefore permutes
edges without changing colours; in fact the notation chosen for the pairs means that
the generating elements of W’ = Sg act as permutations of the vertices as follows:

Wo = (5 6), Wy = (4 5), Wy = (3 4), We = (2 3), wy = (1 2).

Thus two maximal radical abelian sets containing *3*%! lie in the same W’-orbit
if and only if their graphs are isomorphic. By [12], up to isomorphism there are
156 graphs on 6 vertices, which we list in Figure 7.1; since there are 216 = 65536
maximal radical abelian sets, this already gives a significant reduction.

The remaining generator of staby (p) is ws. In determining its effect, we shall
assume that in the graph I'x being considered the edge 56 is absent (or white), so
that the corresponding set X contains 123321 and hence w3 (X) still contains 133321.
(Since W' acts transitively on edges, this assumption excludes only the last of the
156 graphs in Figure 7.1.) If we set {4, j, k, £} = {1,2,3,4}, each edge ij in I'x gives
rise to the edge k¢ in I',, (x) of the opposite colour (alternatively, the presence or
absence of ij gives rise to the absence or presence of k¢ respectively). Thus for
example with the set X as above, in the graph I'x the edge 12 is present (or black),
and so in I',,, (x) the edge 34 is absent (or white); on the other hand in I'x the edge
13 is absent (or white), and so in I',,,(x) the edge 24 is present (or black). Treating
all six edges among the vertices 1,2, 3,4 thus, we see that the graph I',,,(x) is

e

-21 122221 1221-0 11-111 11--10

corresponding to ws(X) = { 57, 7, Y, 7 , 111-00y
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FI1GURE 7.1. Graphs on 6 vertices up to isomorphism

Now if in the graph I'x at least four of the six edges among the vertices 1, 2, 3,4
are present (and 56 is absent), then the graph I',,x) will have fewer edges than
I'x, which therefore need be considered no further. (Likewise, if I'x is the com-
plete graph then applying wzwjwswswsws to X produces a set still containing
132321 Whose graph has just seven edges; so the complete graph requires no further
consideration.) This immediately disposes of 115 of the 156 graphs in Figure 7.1;
moreover if we temporarily indicate the graph in row x and column y of Figure 7.1
by (z,y), then applying ws to (3,4), (5,3), (7,2) and (7,3) produces graphs iso-
morphic to (3,5), (4,11), (7,6) and (7,5) respectively, so that we are left with
just 37 graphs to consider. For convenience we list these graphs separately in Fig-
ure 7.2, where we call two graphs equivalent if they correspond to sets which are
W -translates of each other.
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FIGURE 7.2. Graphs on 6 vertices up to equivalence

(Note that at this stage we have not yet shown that the graphs in Figure 7.2
are all inequivalent; for those which correspond to maximal abelian sets, the fact
that the sets concerned all lie in different W-orbits will be shown in section 7.4.)

We must now consider which of the graphs in Figure 7.2 represent maximal

abelian sets. The roots — 233321 — 1" are excluded by 2*33?!, while —°*." " are
excluded by 133321. To exclude 009000 we must have some root 115' " or 12‘;" " in

X; using W’ we see that to exclude the roots °°:""" the graph must not have two
vertices of which one is joined to all of the other four and the other is joined to none
of the other four, which disposes of the seventh graph in the second row. Finally,
to exclude 018000 we must have 12%321 or some root 1% ; using W' we see that
to exclude the roots ®':" " the graph must not have an edge present such that all
edges which are not incident with it are absent, which disposes of the second, third,
fifth, sixth, seventh and tenth graphs in the first row and the first, eighth and tenth
in the second row. We are therefore left with the following 27 graphs representing
radical maximal abelian sets.

PRARV/ AV A D PGl
L AN R = 2
I e ¥, & =0 &%

In fact in three of the 27 cases we shall choose to take not the set given by
the graph above, but instead its image under ws; the graphs concerned are the
seventh in the second row and the fourth and seventh in the third row. Note that
in these graphs the edges present comprise 56, at least five of the six edges among
the vertices 1,2, 3,4, and in the third of these cases two other edges. Thus in each
case the original set X contains the root 118000, so its image ws(X) contains 100000
rather than '33%%! from the isolated pair; in addition, in the first two of these
three cases ws(X) contains at most one root "*:""", while in the third case ws(X)
contains three such roots. In each case we make this choice because it will in due
course lead to a more convenient form for the stabilizer. We therefore set



7.2. NEAR-RADICAL MAXIMAL ABELIAN SETS 35

1 _ y-34321 12....
Xl? - 2 P }v
X2 _ <+4321 123--- 1222-1 1221-0 112210 112111
17 — { 2 3 . s 1 s 1 s 1 y 1 }a
3 e 123321 12-2-1 1221-0 112210 11-111
X17 - { 2 s 1 s 1 s 1 s 1 y 1 }a
X4 N SR 1 123-21 122-11 12---0 112100 111110 111111
17 — { 2 s 1 s 1 s 1 s 1 y 1 y 0 }a
X5 _ f---321 12.2-1 1221-0 112210 11-111
17 — { . ) . 9 1 9 1 3 .
6 _ feee- 1-.2-- 111000
X17 - { 2 s 1 s 1 }’
X7 I SR 123--1 122221 122210 11221- 122100 112110 111111
17 — { 2 ) 1 ) 1 ) 1 ) 1 3 1 ’ 1 s 1
X8 e 1 123-21 123210 122-1- 112221 112100 111110 111111
17 — { 2 s 1 s 1 s 1 s 1 y 1 y 1 y 0 }a
X9 I G 1 12--21 12-210 122111 112211 122100 11-110 111111
17 — { 2 s 1 s 1 s 1 y 1 y 1 y 1 y 0 }a
10 _ g----- 1 1--2-- 111111 111000
Xie={"2","17", 0, 1}

X1t ...321 1232-1 122211 112221 1-2210 122110 112100 111111
{ 1 1 1 1 1 S h

9 N ) ) ) ) ? )

X12 = {482 1-:2- 111000}

17 — ’ : ’

X13 __ r-34321 123--- 122210 122111 1122-1 1121-0 110000
17 — { 2 ) . s 1 s 1 s 1 y 1 y 0 }7

X14 N R 12321- 122221 122111 122210 1122-1 112110 111-00
17 — { 2 ) 1 ) 1 ) 1 ) 1 ) 1 ) 1 ) 1

) ) N ) ) Y ) ) )

X15_ ---321 1--221 12321- 122211 122110 112210 112111 111000 111100
—{ 2 1 1 1 1 1 1 0

X16_{234321 12.-21 12..1. 112221 100000
2 1 sy 0 }7

17 — ) . ) . )
17 _ g 1 123-21 1-2.--0 11111- 111111
X17 == { 2 ) 1 ) 1 ) 1 ) 0 }7

X18_ ~~~~~ 1 123-21 122211 11-111 112210 122110 1-2100 111110
{ 2 s 1 s 1 P s 1 y 1 y 1 y 1 }a

19 _ 534321 1--2.. 11-000
X17 - 2 P P }7
X20 __£-34321 123321 1232-- 122221 123211 12-210 122111 1122-1 112110 111100
17 — 2 s 1 s 2 s 1 s 1 y 1 y 1 y 1 y 1 y 1 )
11-000}
X21 _ 4321 123 21 1- 2 11 1- 2100 11111-}
17 — ’ ) ) . )

22
X17 -
23 _
X17 -

}234321 12 . 108000}
{
X24_{ 4321 123 21 12%210 12%111 11%211 11%110 11111- 1-%100}
{Z
{
{

9 )

4321 123321 123221 123211 1-%221 1-%10 111111 11%100 11(1)000}
9

9 9 ) 3 3 ‘ ) )

9 9 ) ) ? ' ) 9

25 _
X17 -
26 __
X17 -

27 _
X17 -

34321 12 321 12--1- 1--221 11%000 11(1)100 1()8000}
)

) . ) 1 ) ) )

o

21 123221 12%211 12%1{) 11-111 11%210 11%100 111110 11(1)100 11%000

) ) ) M ) ) ) M ) )

7.2. Near-radical maximal abelian sets

As explained in section 3.1, here it will also be useful to consider subsets X
of T satisfying |X \ Q| = 1; we call these near-radical sets. Suppose that the
maximal abelian set X consists of 2°3%?1 | one root of the form and various

roots of the form Using the group (wg, w3, Wy, w5, We, Wy) We may assume

012221 ; this excludes ' "% giving ' "?! € X by default. We

the second root is
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therefore have " "2! € X, and the remaining roots of X are to be chosen one from
each of 8 pairs summing to p, of the form {111 LAzl 1.

In terms of the identification with unordered pairs in section 7.1, the pairs in
which a choice must be made are ij where ¢ € {1,2} and j € {3,4,5,6}. We may
thus represent the set X by a bipartite graph I'y, with edges between {1,2} and
{3,4,5,6}, where as before the presence or absence of an edge corresponds to the

choice of an odd or even root respectively. We shall arrange the vertices as follows:

=N
S ULk W

The subgroup of W stabilizing both 232! and “'%22! is (wy, ws, wy, ws, wr),
whose generators act as before: (wa,wy, ws, wr) acts as Sy x Sy on the vertices of
"v, while if we set {¢,k} = {1,2} and {j,¢} = {3,4}, then the presence or absence
of the edge ij in Iy gives rise to the absence or presence of the edge k¢ in I" 5(X)"
Thus if a graph has more than 2 edges between {1,2} and some subset {a b} of
{3,4,5,6}, we may use the group (ws,ws,ws) to move {a,b} to {3,4} and then
apply w3 to produce a graph with fewer edges than the original, which therefore
need be considered no further. As a result we may obtain the following list of 10
graphs which do require consideration.

RO R AR R R

We must now consider which of these graphs correspond to maximal abelian

sets. The roots %! between them exclude all negative roots apart from 008001,
and all positive roots °": "%, To exclude *°)°°’ we must have some root ;1% or

12--10 11--11 or 12 <11,

in X, while to exclude — we must have some root
thus the graph must not have one of the vertices {1,2} joined to all of the other
four and the other joined to none of them, which disposes of the eighth graph.

000001
0

To exclude “°9°*° we must have 32! or some root 12:211 i) X; using the group
(wa, ws, wy, ws, wr) we see that to exclude the roots %1 the graph must not have

an edge of one colour such that the 3 non-adjacent edges are all of the other colour,
which disposes of the second, third, fifth and sixth graphs. We are thus left with
the following 5 graphs representing near-radical maximal abelian sets.

SRS

.
.
.
. .

‘We therefore set

1 _ 5----21 12--1-
X18 _{ : ’ : }7
X2 _f----21 12321- 122211 112111 112210 122110
18 _{ : ) . s 1 s 1 s 1 s 1 5
X3 _ oy ----21 12321- 12-211 11-111 112210 122110
18 _{ : s 2 s 1 s 1 s 1 s 1 5
X4 _ oy ----21 12-211 11-111 112210 122110
18 _{ : ) . ) . ) 1 ) 1 B

X5 _ <..-21 123211 12-210 112211 122111 11-110 111111
=1 1 1 i 1 ot

s 2 ; ; ; ) )
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7.3. Determination of maximal abelian sets

We begin by giving some maximal abelian sets which are neither radical nor
near-radical; we set

X 7{ ------ 123321 122111 112110 012100 111100 011110 001111
14 — 2 bl 1 bl 1 bl 1 bl 1 bl 1 9 1 I 1 }7
X28 __f--4321 123--. 122221 112211 122100 112110 012210 012111
17 —{ 2 ) . ) 1 ) 1 ) 1 ) 1 ) 1 ) 1 }a
2-+321 12-2-- -122-1 122111
X19 :{ . ) . ) 1 ) 1 }a
1 --4321 123--- --2--1
Xoo= { 2 5 - y 1 },
2 __f---321 ---2--
X2O _{ : ’ : }’
........... 1
X22 _{ 2 s 1 }a
R 1
Xor =A{ }
We then set

S(E7) = {X147X1177 s 7X12;aX12$aX118a s aXir)SaX19vX210aX220’X22’X27}'

As in section 3.2, we let X be any maximal abelian set consisting of positive roots
and containing a simple root «;; we seek to show that X is known, i.e., a W-translate
of a set in S(F7). Here we note that if at some point the union of the sets of chosen
and available roots is a W-translate of a set with at most one root outside €2, there
will be no need to continue the line of investigation since we have determined the
radical and near-radical maximal abelian sets.

We work through the possibilities for the simple root «a contained in X. In
the first of these we take o = %8°°° " Since the radical sets have been treated we

..... 1....
: as a excludes the roots %77

we may assume that X contains some root of the form %", and hence some

simple root o’ of this form. For convenience we shall subdivide this first step of the
analysis according to the possibilities for a’.

LEMMA 7.1. If 104000 000000 ¢ X then X is known.

PrROOF. We assume which excludes ;- -, 004 - L

128 134321 oiving MM 123321 ¢ X by default. Using Lemma 3.1 (with Y =
{05000 0000001) we may assume that one of the following holds: (i) "°3'%° e X;
-\ 000100 000-10 . (:::\ 000--0 000- -1 . (:oy 000---

(i) o ¢ X, Po T e X; (i) Yo ¢ X, T eX; (iv) o ¢ X.

First assume (i) holds; this excludes 00001- 001000 111000 1-211- 123321 giving
11%1007 11%211 € X by default. To exclude —016000 we must have 12%100 € X, which
excludes 00911 00111 112221 giving 122211 128211 ¢ by default. If 110000 oy
this excludes 00%100, 123321; to exclude —00(1)000 we must have 11%100 € X, which
excludes 3?2!: to exclude —%%0°1° we must have 1119 ¢ X which excludes

008001, giving 1'%210, 123210 € X by default; so

100000 000000
o, 1 €X,

123321 12321- 1-221-
2 2 1

X = {23%321

2
= WaW3WeW5WaWaW7rWeWsWaw3wy (Xi7).

11111- 1--100 1-0000 000000 000100
1 0 0 }

) ) ) ’ ) 1 ) ) 1 )

We may therefore assume 1500 ¢ X, giving 124321 ¢ X by default. If 299! € X
this excludes {10 13210 128210, 44 oxclude — %Y we must have '%?' ¢ X,
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which excludes 00%100, 11%100; SO

X = 234321 12-321 123211 122221 1-2211 122100 111111 111100 100000 000000
—{ 2 2 1 1 1 1 1 0 1

y 2 ) ) ) ) ) ) ’ ’ ’

000100 000001
0 0 }

)

= W4W3WeW5W4W2Ws (X14)-

We may therefore assume “°9°0! ¢ X, giving HI110 71-2210 128210 ¢ X Yyy default.

If %3221 ¢ X this excludes 1% 13190 5o

) ) ) ) ) ) ) ) )

X = 234321 12-321 12321 1222.-- 11221- 1111-- 122100 100000 000000 000100
—{ 2 2 2 1 1 1 1 0 1 0 }

28
= W4W3WeW5W4WoWTWeW5W4W3 (X17).

Finally we may therefore assume 12322 ¢ X, giving 004100 "112100 & X by default;
S0
X — (234321 12;321 12321- 1.221- 1111-- 1-2100 001100 100000 000000 000100
={""", % 2 1 1 1 1 0 1 0

) ) ) ) ) ) ) )

2
= W4W3WeW5W4Wo2W5W7WeW5W4W3 W1 (X18)'

Next assume (ii) holds; this excludes 00gooL 00100 “1-0-00 1-2-11 12321 oiyin g
11110 12221 1123221 ¢ X by default. To exclude — %1% we must have 122110 e X,
which excludes "9ttt 01 oiving 13110 ¢ X by default; to exclude — 011100 we
must have '%32!° ¢ X which excludes 008011, giving 11%210, 1238210 ¢ X by default;
SO

X C {234371 12,-21 123210 1.2221 1-2-10 11111- 001110 10000 000000 00010

b) b) b) b) b) b) b) )
012211
C wywzwswawowrwgwswawzwy (LU {71777 }).

Next assume (iii) holds; this excludes %01 0 110 130 123210 "gigipng 121

1232-1 ¢ X by default; so

234321 12---1 1.2..1 111111 001111 1-0000 000000 000- -1
X {7, % 1 1 1 0 i o}

) ) ) ) ) )

)

C wawswswawewgwswawswy (Q U {01%211 b.

Finally assume (iv) holds; this gives 1'%, 122" ¢ X by default. If X is not
to be a subset of QU{ °°9°%°} it must contain some root *1 """ ; using (ws, we, wr) we
may assume 1% € X which excludes 9%, 1222-- giving Hgl- 122821 ¢ X py
default. To exclude 011000 1221 present; using (we, wr)
we may assume 237" € X which excludes . Now to exclude the two
001100 11221-

_ 01411 12211+ ¢ X, which excludes 1, 17 7;80

we must have some root
00%11 112221
b

roots we must have

234321 12---- 1.-.1-- 111000 100000 00-000
X ={"3 2 1 1 0 i}

) ) ) ) )

= Ws5W4W3WeW5W4W2W7WeWrW4W3We W7 (X19)~
This proves the lemma. O
LEMMA 7.2. If 104000 003900 ¢ X then X is known.

PROOF. As before we assume 99900 ¢ X 104000 001000 = ¥ " which excludes

)

1~~~< 1- 11 1111 1222- 12 21 1 4 21 112111 124 21
0 008 8000 2 33 343 , glVlIlg 23 cX by de-

) ) ) )

fault. Using Lemma 3.1 (with Y {108000, 0010001y we may assume that one of

the following holds: (i) “%0%% € X; (ii) 2°0°*° ¢ X, 2°0°! € X; (iii) 20" ¢ X.
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First assume (i) holds; this excludes 205001, 001100 1-2100 "113211 123211 “oiyip g

112110 112221 1123221 o ¥ by default. To exclude — 008100 e must have 13219 ¢ X,

008011 122111 - to exclude — 018000 we must have 12%110 € X, which

, giving 123210 € X by default; so
X 234321 124321 123221 123210 112221 122110 112-10 112111 111000 001110
{7, %2 1 1 1 1

) M ) M ) ) ) ) ) N ) N )

which excludes

excludes 201111

001000 100000 000010
. 0 0 }

) )

C wawswawawrwewswawszwi (€2).

Next assume (ii) holds; this excludes 0011-0 "1-21-0 "112210 1123210 " oiyipg 122111
H22-1 1232-1 ¢ by default; so

X 234321 124321 1232-1 112--1 122111 001111 111000 001000 0000-1 100000
C{ 2 2 1 1 0 0

b) b) . b b b N b N ) N ) )
C w3wswawawewswawzwi ().

Finally assume (iii) holds; this gives *'$*" € X by default. To exclude — 1§°%°

we must have some root 1221 " present; using (wg, wy) we may assume 12%100 e X,
which excludes %0111 11%221, giving 232" ¢ X by default. To exclude the two

roots — we must have 11%21' € X, which excludes

001100 35 present then 11000 123221 ¢ X by default, so

X = 234321 124321 1232-- 112-1- 1-2100 111000 001000 100000
—{ 2 s 2 1 1 0

) . ) ) ) . ) . )

00811~ 12211

If neither root

= W3W5WeW7rW4Wo2W5WeW4W2W5W4W3 (X19) .

. 11
So we may assume X contains some root "°M9: however, unless we actually have

001100 ¢ ¥ we could apply ws to produce a positive set meeting {OO 000} in a

proper non-empty subset of {00}000}, and then by Lemmas 3.1 and 7.1 X would

001100 111000 123221

be known. Thus we may assume € X, which excludes 72777, ““7°%"; so

) . ) ) ) . )

X = 234321 124321 12321- 112-1- 1-2100 001-00 100000
- { 2 y 2 1 1 0
_ X2
= w3w6w5w4w2w7w6w5w4w3w1w3w6w5( 17).
This proves the lemma. O

LEMMA 7.3. If 10000 000100 ¢ X then X is known.

PROOF. As before we assume 0000 ¢ x 10000 00-100 o ¥ " which excludes

01:~~ 00801‘ , 11- OOO 1--11- 12 221 134321’ glVlIlg 112211’ 12 321 c be default. We

000001 S X which excludes 00‘110, L ‘210, giving 12:210 = x by

000010 11%221 S X, which excludes 12%100; SO

begin by supposing
default. To exclude —

X 234321 12-321 12-211 1122-1 11-100 00-111 00-100 100000 000001
{2 0 o}

) . ) . ) 1 ) . ) . ) . ) )

we must have

C wawawawewswawswi ().

We may therefore assume °)°%! ¢ X, giving 12210 ¢ X by default. To exclude
—008010 we must have 11%221 or some root ;10 present; thus X cannot contain
12%100, so that 113221 ¢ X by default. To exclude — 011000 we must have some root

12321‘ present; using (w7) we may assume 12%211 € X, which excludes 006110. If

we had %°1'1% ¢ X we could apply wg to produce a positive set meeting {OO OO}

in a proper non-empty subset of {00.100}, and then by Lemmas 3.1, 7.1 and 7.2 X
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would be known; so we may assume °°}110 ¢ X, giving 12211 ¢ X by default. If
no root "% is present then ;100 12:210 ¢ X by default, so

X = 234321 12-321 12-21- 1122-.- 11-100 00-100
= {3 12 . . .

) s 1 ) ) )

100000
0}
= X5
—w3w4w2w6w5w4w3w7w6w5w4( 20).

. 111
So we may assume X contains some root °°:''!: however, unless we actually have

00:11 ¢ X we could apply wgwr to produce a positive set meeting { %} in

a proper non-empty subset of {001100}7 and then by Lemmas 3.1, 7.1 and 7.2 X

would be known. Thus we may assume 00-111 ¢ X which excludes !;100 12:210.
SO
X — 234321 12-321 12-211 1122-- 00-111 00-100 100000
- { 2 ) . B . ) 1 B . ) . ) 0 }
6
= W3W4W2WeW5W4W3W1W3W4 W5 (X17).
This proves the lemma. U

LEMMA 7.4. If 100000 000010 = X then X is known.
100000

PROOF. As before we assume 297 9 ¢ X, o, 00--10 ¢ X which excludes
O1:--+ 000001 11--00 122100 1---11 134321 giiipo 112221 1221 o x 1o qefault. To

) ) ) 1 ) . ) 2
exclude — 008001 we must have some roo

00- -

t 90 M present; however, unless we actually

have e X we could apply wr to produce a positive set meeting {OOI ' 'O} in a
proper non-empty subset of {00: '10}, and then by Lemmas 3.1, 7.1, 7.2 and 7.3 X

would be known. Thus we may assume 00--11 ¢ ¥ which excludes 1% so
234321 12--21 112221 00--1- 100000
X = { 2 ) . ) 1 ) . ) 0 }
16
= W3W4W5WoW4W3W1W3W4W2W5W4W3 (X17 )
This proves the lemma. (I

LEMMA 7.5. If 100000 000001 = X then X is known.

PROOF. As before we assume ;"0 ¢ X, 109000 00---1 ¢ ¥ which excludes

0r.--. 11:--0 112---0 134321 giving 111"1, 121 e x by default; so
234321 12---1 11---1 00---1 100000
X = {7977, 700, U T T = wawaws wewawswzws waws (Xo ).
This proves the lemma. O

This completes the treatment of the sets containing *°3°°°. We therefore move
on to consider the other possibilities in turn for the simple root «a lying in X. In
the analysis to follow, at some points we shall write X = X, U X, where X, is the
set of roots which have been chosen by then (including those known to be in X by
default), and X, is a subset (to be determined) of the available roots; if we can find
w € W which sends one element of X, to '°§°°° while preserving the positivity of
both X, and the set of all available roots, there will be no need to pursue the line

of reasoning further.

LEMMA 7.6. If °1°° € X then X is known.
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PROOF. As before we assume 1°9°%° ¢ X, 18000 ¢ X this excludes the roots
00L-- 12w 122321 oiying 123221 13‘21321 € X by default. Using Lemma 3.1 we

may assume that one of the following holds: (i) %°9'° e X; (i) “%8'° ¢ X,
09019 € X; (i) 00 ¢ X, %% e X5 (iv) M0 ¢ X

First assume (i) holds; this excludes 00001' , '11000, 12%11' , 123221 , giving 122211
123321 ¢ X by default. Suppose %! € X; this excludes 008110, S0 12.210,
giving '?3%!* € X by default. To exclude — 001000 we must have %32 ¢ X which
excludes 00?000, giving 1?3321 ¢ X by default. Thus X = X, U X, Where

X = -34321 123321 123211 1222-1 -10000 000100 000001
c—{ 2 1 0 0 0 }a

) N ) N ) ) 9 9

X, C {12%100’ (1111111100 008111};
set

W = W3W4aW5WeW7W1W3W4W5WeW2W4,
then we have w(X) C ®*, and 109000 w(008001) € w(X,). So suppose instead
000001 ¢ X, giving 122210 ¢ X by default. To exclude —%°° we must have
some root 12321 present; using (w7) we may assume 123211 ¢ X which excludes
009000 008110, 11O giving %3321 ¢ X by default. Thus X = X, U X, where

-34321 123321 123211 1222-- -10000 000100
2 1 1 0 0

) - ) ) ) )

X 12321- 123210 122100 -11111 -11110 -11100 000111
SC{ T, 1 0 0

) ) ‘ ) ) . )

set
W = W3W4W5WeW2 W1 W3W4W5WeW2W4,
then we have w(X) C &+, and 90" = (%019 € w(X.).
Next assume (ii) holds; this excludes the roots 000t ~1-00 122100 12--11

giving 1?3 ?! € X by default. Thus X = X, U X, where

-34321 123-21 122221 -10000 000-10
Xc:{ 2 2 1 0 0 }7

) ) ) )

123-21 12--10 -1111- 000-11 000000y,
XoC{ 07,7 0 i

o, )
set
W = W3W4W5WEW1W3W4W5WW4,
then we have w(X) C ®*, and 1950 = w(2°4°'0) ¢ w(X ).
Next assume (iii) holds; this excludes the roots *!0 270 giying 1M1
12211 1281 ¢ X by default. To exclude — 6" we must have some root 232
present, so 9% ¢ X giving 1§, 1231 ¢ X by default; so

-34321 123--1 122--1 -11111 000--1 -10000
2 1 0 0 }

) N ) ) N ) )

1
= WaW2 W5 WA W3W1 WeWsWawswaws(X5g).

Finally assume (iv) holds; this gives %5 "'*, 123"0 ¢ X by default. To exclude

—00(1)000 we must have some root 12?2" or some root ‘1(1)000 present, so 00?000 ¢

X. By Corollary 3.2 and the previous lemmas in this section, we may assume
X N { " Vis stable under (w;). If no root """ is present then *3°" € X by
default; so

_f-34321 123--- 122... -.10000y __ 1
X = { 2 s . s 1 s 0 } = w4w5w6w7w2w4w5w6(X18).
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So we may assume X contains some root e

; using <’LU2,U)5,’LU6,’LU7> we may
assume '§"%° € X, which excludes e 123321 g1v1ng 1282 ¢ X by default. If

-11000 o X this excludes 1§, 123321, giving %% € X by default; so

43421321 1232-- 122--- 41-000}

) . ) 1 )

— 2
= WsWeW7W4AW5WeW2W4 W5 (XZO) .

So we may assume '11000 ¢ X, giving 12:1;321 € X by default. To exclude —00(1)000

1232 present; using (wg, wr) we may assume 25210 ¢ X
001111 1232 ;

we must have some root
which excludes 1§, To exclude — we must have some root present;
using (wg) we may assume 128211 ¢ X' which excludes 1§10 If 123221 € X this
excludes 1§19 so

.34321 1232.- 123--. 122.-- -1.000
X ={"7, "% 1 1 o}

3 ) )

= w5w6w7w4w5w6w2w4w5w6w7(Xlg).

So we may assume 322! ¢ X giving 1'% € X by default; so

_ y-34321 12321 123--- 122--- -1--00y _ 1
X o= {777,707, T, 0 = wewrwswewawswawawswewr (Xag).
This proves the lemma. ([l
. 100000 . S
As was the case with , to show that a set is known it will now suffice to

show that it is a W- translate of a subset of &1 containing “'g°%°.

LemMA 7.7. If %% € X then X is known.

PROOF. As before we assume ~0°% ¢ X, "4°°° € X; this excludes the roots

000000 0001-- --11-- --22.. 123321 123221 1 4321
i, 0 o, 1, T, e, giving € X by default.
008100 we must have 12‘;’321 or some root - 1100

is absent; if we also had some root ~1°%° present, we could apply ws to produce

1000}
)

To ex-

1000

clude — present, so some root

a positive set meeting { "¢°°°} in a proper non-empty subset of {" whence
by Lemma 3.1 and the previous lemmas in this section X would be known. Thus
we must have = %% ¢ X, giving 128321 ¢ X by default. Using Lemma 3.1 we may
assume that one of the following holds: (i) “°9°° e X; (i) %9°1° ¢ X, “%%! ¢ X
(111) 0000 ¢ X.

Flrst assume (i) holds; this excludes the roots 000001 -~ 1100 ©--2100 123211 © oy
ing '?3?2! € X by default. Thus X = X.U X, where

--4321 123-21 123221 --1000 000010
2 1 2 0 0 }7

) ) ) )

123210 --211- --111. 000011,
XoC{ ™77, 1 0 o}

) ) )

set
W = WaW5WEW3WaWo W,
then we have w(X) C ®*, and °1§%°° = w (20" € w(X.,).

Next assume (ii) holds; this excludes ~ g0, 310 123210 giying gttt - -3tL

123211 12821 ¢ X by default; so

X = --4321 123321 1232-1 --2111 --1111 --1000 0000-1
—{ 2 sy 1 1 0 0 0 }

) . ) ) ) )
= W5WeW2W4AW5W3W4W2W1W3W4W5 (Xlg)'

Finally assume (iii) holds; this gives *$*!" € X by default. By Corollary 3.2
and the previous lemmas in this section, we may assume X N { '§'""} is stable
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under (w1, ws). If no root ~"§'" is present then "$' ", 232" € X by default; so
..4321 1232-- 123... -.21.. --1000
X={"7277, %7, 0, T, 0 = wawswewr (X))
So using (wg, w7) we may assume §'°" € X, which excludes T %% If no

root ' is present then 3100, 12321 € X by default; so

_y--4321 123... 12321. --2100 --1-00% _ 1
X={72"7,707,%7 7, 7T, 0} = wewswrwewawawzwswawiwz(Xig)-
So using (wy) we may assume 019 € X, which excludes 3190 123211 T exclude

700(1)000 we must have 123210 € X which excludes 1111 SO
_ (4321 123 123210 - 1e00
X —{ 2 s 1 ) }
6
= W W7TWeW5W4W3W1W5W4W3WeWsW4W7TWeW5 (X17).
This proves the lemma. O
LEMMA 7.8. If %99 ¢ X then X is known.
PROOF. As before we assume "% ¢ X, %% € X; this excludes %9,
et e 2 oiving To e X by default. If some root ~"1'% were absent

we could apply ws to produce a positive set meeting { ":°°°} in a proper non-

empty subset of { 000} whence as before X would be known; so we must have
1199 ¢ X, which excludes %0, 311" giving 1%3%'! € X by default. Similarly

if some root 3109 or 123190 were absent, we could apply wsws or wswsws and

argue in the same fashion to deduce that X would be known; so we must have

2100 ¢ X which excludes ~111": so
------ 100 000001
X C { 2 s s } - ’LU61U5’U)4’LU3IU1(Q)
This proves the lemma. O

LEMMA 7.9. If %019 ¢ X then X is known.

PROOF. As before we assume % ¢ X, 100 ¢ X this excludes the roots

0001 oAl o221 Dgying 2 1821 ¢ X by default. However, now — %0010

cannot be excluded, so no sets require consideration, and the lemma is proved. O
LEMMA 7.10. If "9 € X then X is known.

PROOF. As before we assume " %0 ¢ X, . 10 ¢ X this excludes the roots

oogoel .- -11 giving 012221 '1---21 ¢ ¥ by default. However, now — 008001 cannot

be excluded; so no sets require consideration, and the lemma is proved. (I
LEMMA 7.11. [ 008001 € X then X is known.

PROOF. As before we assume " "° ¢ X, e X;so

This proves the lemma. ([
Combining the various lemmas in this section we have proved the following.

THEOREM 7.12. If X is a mazximal abelian set in a root system of type Fr, then
a W-translate of X lies in S(E7).
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7.4. Stabilizers and structure of maximal abelian sets

For each set X € S(E7) we shall determine its stabilizer Wx in W, and find
the Wx-orbits on X. Recall that for 5 € X the orthogonality count o(3) is simply
the number of roots in X which are orthogonal to 8. If in fact X is radical,
we may read off the orthogonality counts from the graph I'yx. Here two roots
represented by (black or white) edges in I'x are orthogonal if and only if the edges
either meet at a vertex and are of different colours, or do not meet and are of the
same colour. Suppose I'y has e (black) edges. We then have o(**3**!') = 0 and
0(133321) = ¢; for any B € X represented by a (black) edge in I'y which meets
t others, we have o(8) = 14+ (8 —t)+(e—t—1) =8+ e —2t; forany 8 € X
represented by an absent (white) edge in I'x which meets ¢ (black) edges, we have
o(f) = (6—(e—t))+t =6—e+2t. (Again we observe that, as given by Lemma 3.3,
o(3) therefore has the same parity for all 8 € X \ {p}.)

Here we have also the near-radical sets to consider. For such a set X represented
by the bipartite graph T"y with e (black) edges, we have o( *%3%2!) = 1, o(1?3%%!)

1+e oM7) = 9 — e and o "'#?*') = 9. This is because 2*3*?! is orthogonal
to 91%221 which is also orthogonal to the eight roots represented by the (black or

112221
1

white) edges of IT'y; and 133321 s orthogonal to and the roots represented

by the (black) edges of Iy, while 112221 45 also orthogonal to those represented by
the absent (white) edges. For the remaining roots the orthogonality count is most
simply obtained by adding the (black) edge 12 to I’y to represent the presence of
12221 and treating the resulting graph as above, except that for roots 5 represented
by (black or white) edges ij with ¢ € {1,2} and j € {3,4,5,6} the value of o(5)
must be increased by one because of the presence of 132!,

We use the same method as employed in the Fg analysis; there will however
be many more cases in which a set {8 € X : o(8) = i} breaks into a union of W-
orbits. In most of the sets we shall see that Wx must fix 233321, and thus must lie
in (wq,ws, wy, ws, wg, wr). Once more we shall work through the possibilities for
X in turn.

If X = X,, we must fix {--é-~-}’{12:;,3217 122111 112110 012100
00HHY (o(B) = 3,9 respectively). Here we first note that each of the roots in the
first set is orthogonal to three in the second, in such a way that we may identify the
two sets with the points and lines of the Fano plane; consequently W is isomorphic
to a subgroup of L3(2). We set

111100 011110
1 1

) )

G = (wiwy, w3wy, wawe™®);

then G is 2-transitive on { '3 "'} and the stabilizer of both 234321 and 134321
contains (wiwe, wawe™s) (note that wiwe = [wiwyg, wawe™s] € G), so that |G| >
7.6.4 = 168 = |L3(2)|. Thus Wx = G.

If X = X1, we must fix { ®3**'}, {*%"""} (0o(B) = 0, 6 respectively). We set

G = (w1, w2, wy, w5, We, Wr);

then G is transitive on {'3121321}7 so we may fix 81 = 23?1 and thus 8, = %3321,
In staby (51) = (w2, w3, w4, ws, we, wr) the stabilizer of By is (wa, wy, ws, wg, wr)
(since this subgroup has index 32, which equals the number of roots * " to which
B2 may be taken under staby (81)); so Wx = G.
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Tf X = X2, we must fix 23921, 134321 124321 (12803 g12221
U2 (5(8) = 0,2,4, 6,8, 10 respectively). We set

12%1 -0}’ { 11%210

) )

G = (w2, ws, wswr);

then G is transitive on {'** "'}, so we may fix £ = '*3°*'. We must then

fix {12:;’2"},{1221'0} 112111 (by orthogonality to 1) and hence 123321 12§2"},

{12321 M0 e must then fix 23210 and {1%321 123210} (by orthogonality to

11%111) and hence {1221’2 1 I3 {1232 ! }, we must then fix 123321 (by orthogonality to
both of { ?31°°}) and hence '232*°. Inside stabg (/1) we have (wg) giving transitiv-
ity on {'%19}, so we may fix By = %Y. We must then fix 123211 12211 122211
(by orthogonality to S2), by which point all roots are fixed; so Wx = G.

If X = XJ, we must fix 233321 133321 113210 53y — (3,11 respectively),
{2320 {21 (o(B) = 5,7 respectlvely, orthogonal to 112210) {12521 (0(B) =
5, not orthogonal to 112210), {1y (o(B) = 9, orthogonal to '33321) {12310
(o(8) = 9, not orthogonal to **3°21), 123210 (5() = 7, orthogonal to all of { 13;*'*}),
123321 (5(B) = 7, orthogonal to none of {%i*'}). We set

G = <U)4, w6>;

then G acts as Sy on each of {'%?'} and {?3?''} independently, so we may fix

all of these roots. We then have fixed all of the roots "'5"" ", which span R®; so
Wx =G.
If X = X we must fix 234321 13%321,{125'1 123:21 122:11 12 -0}’{11%100

3 ) )

B0 I (5(8) = 0, 3,7, 11 respectively). We set

)

G= <w57w4w67w2w7>§

. o 12...1 123-21 12211
then G is transitive on { 12321 12 17, so we may fix f; =

We must then fix {'%1", 122100} {1o, 11(1)111} (by orthogonality to 81) and
hence {123°21 123211 1232104 112100, o 1uot then fix {12321}, {1221} (by or-

thogonality to '§1%°) and hence {1%3*! 129210} 122100 Tngide stabg(61) we have
_ 123321

124321
2 .

. We must
123321

(ws, wowy) giving transitivity on {32}, so we may fix £s

then fix 127221 123210 p123il I (hy orthogonality to ﬁg) and hence {

123221} 123211 (12221 111110, o et then fix 123221122210 122110 (3, orthog—
onality to 111111) by which point all roots are fixed; so Wx = G.

If X = X5, we must fix 234321 134321 r11-111y {1221 0y, 112210 () —
10, 12 respectively), {'*:2"1} (o(B) = 6 orthogonal to '13210), {12 3211 (o(B

not orthogonal to "72!°). We set

0,4,8,
) =6,

G = (wa, wy, we);

then G acts as Sz on {'?:%%1} and independently as S, on {**1''%}, so we may fix
all of these roots. We then have fixed all of the roots %2, 12210 \hich span
R®; so Wx =G.

IF X = XB we must fix 234320 (15321} (1232 (1201 111000 gy
0,4,6,8,12 respectively). We set

G - <U}3,"U.)4, w63w7>;
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then G acts as S on each of {'5%*'} and {'%3? "} independently, so we may fix

all of these roots. We then have fixed all of the roots "'5" ", which span R®; so
Wx =G.
If X = X7, we must fix 23%321,{1'é321},{12?2'1, 122221 122210 11221 }’{12%100’

)

MO0 S (5(8) = 0,4, 8, 10 respectively), %1321 (o(B) = 6, orthogonal to all
of {123100 112110 111111}y 128241 (53} — 6 orthogonal to one of { 122100 112110,
P We set

G = (wswg, wawr);

. o 12321 122221 122210 11221-
then G is transitive on {2321 123221 122210 }, so we may fix 1 =

We must then fix 12%321,{12521- }7 {12%210 11%21 }7{12%100 111111} (by orthogonal—

)

ity to 61) and hence {1-4321} 123221 {12?211’ 12%221}7 1121107 we must then fix

1232117 122100 (by orthogonahty to 123321) 12%221 11%111

1343217 123211 , { 1222107 112211} (by Orthogonality to
112210

g2l (by orthogonality to

_ 123221

we must then fix
124321 123210
27T, T2

and hence

11%110) and hence

)
; we must then fix 13421321)
are fixed; so Wx = G.

IF X = X5, we must fix 224321 134321 (111110 111111} 112100 (o 0y _ 0 4 10,12
respectively), 124321,{123211, 123210} (o(B) = 6,8 respectively, orthogonal to both

of {1HMO gty 123-211 112210 (5(3) = 6,8 respectively, orthogonal to one
of {11110 1111y 1112221 (h08) — 8 rthogonal to neither of { 111110, 113111 e

set

, by which point all roots

G = <w5, w2w7>;

122211. We must then fix

123321 123211
- }7 2 )

then G is transitive on {**3'1"}, so we may fix 8 =

123221 12:1)’210, 12%110 114110 (by orthogonality to 81) and hence {

{122210 122111} 11(1)111 123321 123221 122111
) )

, we must then fix
, by which point all roots are fixed; so Wx = G.

If X = X0, we must fix 23§32 134321 (123211 12:210 122111y (,08) — () 4,8
respectively), {11%211, 11410 11(1)111} (o(8) = 10, orthogonal to three of {123211
12,210 1221111y 122100 (53} — 10, orthogonal to none of { 12211 12;210 122111}y
{12321 1212210 (5(B) = 6, orthogonal to two roots in { 12 1O HEY which

are orthogonal to each other), {1#321 1232211 (4(p)

in { M MO U which are not orthogonal to each other). We set

(by orthogonality to
111110

= 6, orthogonal to two roots

G = (wg, wawswr);

122321 12 221 _ 12421321

then G is transitive on { We must
then fix 122221 7122210 1221113 {111110

) ?

{12%321 123221} {123211 123210} nd {112211

}, so we may fix £
HEHIY (by orthogonality to 8;) and hence
H2110Y  Inside stabg(B1) we have

(wowswy) giving transitivity on {'#321 1232211 "s0 we may fix By = H*. We

must then fix 123211 122111 112110 111110 (b0 141 600nality to Bs) and hence 123210

122210 “112211 (HIHL. e must then ﬁx 123321 (by orthogonality to 111111) by Wthh
point all roots are fixed; so Wx = G.

If X = X19 we must fix 233321 {15321} 11000 (5(8) = 0,5, 13 respectively),
{12 {0129 (0(B) = 7,9 respectlvely, orthogonal to one of { L 232y, {1
(o(B) = 7, orthogonal to none of {*'5**'}), 5 (o(B) = 9, orthogonal to all of

{15321, We set

)

G = <w37w47w6>;
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then G acts as S5 on {''3%*'} and independently as S, on { %32}, so we may fix
all of these roots. We then have fixed all of the roots ~5 ', 11990 which span
R®; so Wx = G.

If X = X} we must fix 233321 (123110 121004 (5(8) — (11 respectively),

(ressaiy praall jugia UMY (6(8) = 57,9 respectively, orthogonal to both

of {12110 MO0y " el-gs2ly pl2s2-dh e 122100 (5(B8) = 5, 7,9 respectively, orthog-
onal to one of {12%110, 11%100}). We set

G = (w2, w3we);
then G is transitive on {'?*2"1} so we may fix f; = '**'. We must then

fix 12213321’ 12213211’ 12%211’ 11(1)111’ 112100 (by orthogonahty to ﬁl) and hence 12%3217

1232114 112221 111111 12911 134321 125211 12221
getty g2l 1l 2110 we must then fix 1333 3 0

112221 )

{ 123221 (by or-

)

thogonahty to by which pomt all roots are fixed; so WX = G.
If X = X12 we must fix 234321 {14321} (12327 r1-22.1 (1110001 (400y —
0,5,7,9,11 respectively). We set

G = (w2, w3, ws, wr);

then G is transitive on {'***""1 so we may fix f; = '%*'. We must then

fix {12:;’21' },{1'221' 1, 111000 (by orthogonality to 1) and hence {12321' 12?221},

12321 111000 )

7

and hence
1-4321
2"}

{ 1?221} 11%000
)

; we must then fix { } (by orthogonality to

123221 Tngide stabg (1) we have <U)3,U)7>, which acts as Sy on each of {
and {12321' } independently, so we may fix all of these roots. We then have fixed
all of the roots 3321 1232+ 11000 "which span R®; so Wy = G.

If X = X{3 we must fix 233321 183321 (123---1 118000 ((3) — (0,5, 7,13 respec-
tively), {11221, 11210} (5(8) = g, orthogonal to 110000)7 (122210 122111} (,03) — g

not orthogonal to 110OOO) We set

G == <’LU2, We, 11.)5’(1)7>;

123 We must then fix

123321 1232~} 122210
)

123321
}, so we may fix B = 7.

by orthogonality to 81) and hence { ,
{1122 1} we must then fix {12“;’3217 123210 123210 (by orthogonahty to 122111) and

then G is transitive on {
1232 122111 (11210
{ b A 3

hence {2321}, {2321}, Inside stabg(B1) we have (wg) giving transitivity on
{12821} 50 we may fix o = 12322'. We must then fix 123321 123211 112211 112100
(by orthogonality to 82), by Wthh point all roots are fixed; so Wx = G.

oyl oo 234321 p1.... 1 (122221 122111 1
If X = X3¢ we must fix 24321 {1 y, {12321 2222 22111 122210 11221
- 17 ) ’ ) ) ’ )
112110 111- .
3110 13001 (5(8) = 0,5,9 respectlvely). We set

G = (wsws, waws, Wsw7);

12321 122221 122111 122210 1122-1 112110 111-

then G is transitive on {'% 3221 122111 123210 (1122-1 LIRH0 CHE-00y Dol we
111 1321 (12321 122221 122210 1122:1

may fix f; = 1. We must then fix { 53 o g2l 122 2210 } (by

orthogonality to 8;) and hence {23% "}, {1#3111 112110, 111100} Ins1de stabg(ﬁl)

12321 122221 122210 11221
we have (wswr, wywe) giving transitivity on { $21- 122 2210 1}, so we

_ 123210. We must then fix 123321’{1232 1 7{122221, 11%2 1 12%111’

1 4321 123210 123211
12 A

may fix By

111100 122210 112110
1 } ( }7

by orthogonality to 82) and hence {

we must then fix 33321 123211 (hy orthogonahty to and hence 124321, 123221.

We then have ﬁxed all of the roots 5", which span R®; so Wx = G.

) 7

112110)
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If X = X|2 we must fix 223321 {13321} (11]000 151000 (5(3) = 0,5, 11 respec-
tively), {123°21 1292211 (132211 (5(B) = 7,9 respectively, orthogonal to both of

{11%000, 116100}), {12?21- }’{12%2117 12%1107 11%210’ 11%111} (O(ﬁ) — 779 respectively,

orthogonal to one of { *{°%°, M§1%01)  We set

G = (wswr, wawswr);

then G is transitive on {12?’21' }, so we may fix 51 = 123211 We must then fix

12'{;2217 12'{;2107{12%110, 11%210}’ 111100 (by orthogonality to ﬂl) and hence 12%321
{123210 123211} {122211 11%111} 111000 : we must then fix 12%210, 11%1117 122110 (by

12?211 12%211 112210 124321
)

L3100y , 177 we must then ﬁx Eaa

and hence
122211 ),

orthogonality to
112221 (by orthogonality to by which point all roots are fixed; so Wx = G.

If X = X{% we must fix 23%321,{123 '21}, 109000 (o(B) = 0, 6,14 respectively),
{211 (o(B) = 8, orthogonal to '%0°%), 13221 (5(8) = 8, not orthogonal to

100000) We set
G - <U/2,'LU4, 'lU5,'LU7>;

then G is transitive on {'%"1"}, so we may fix 8, = "3?''. We must then fix
{12721, {19 (by orthogonality to 3;) and hence {25721}, {25210 12711 e
must then fix *?3%'% (by orthogonality to all of {*%{"?*}) and hence { *?{ *'}. Inside

stabg(B1) we have (wy, ws), which acts as Ss on {12 21} so we may fix all of these
roots. We then have fixed all of the roots 233321 125+ 108000 " which span R®:; so
Wx =G.

If X = X7 we must fix 2321 H§H (o(8) = 0,12 respectively), {131}
(o(B) = 10, orthogonal to "§'), {23211 1L (5(8) = 8,10 respectively, not
orthogonal to "§'), {1321} (o(B) = 6, orthogonal to 111111), {23211 (o(B) = 6,
not orthogonal to ''{*1), 23211 (o(3) = 8, orthogonal to neither of {*'$'%°}),
PO (5(8) = 8, orthogonal to both of {*° 4321}), {11%} (o(B) = 8, orthogonal
to one of {?721}). We set

G = (w3, ws);

then G acts as Sy on each of {*'3**'} and {?3°2'} independently, so we may fix all
of these roots. We then have fixed all of the roots ~ 5 "1, 11§11, which span R®:;
so Wx =G.

I X = X5 we must fix 2472, {151} (1220 12210 1L (o) — 0,6,8

respectively) {13210 123110 11100 O (5(8) = 10 orthogonal to three of

{(ty ), MEM (o(B) = 10, orthogonal to all of {"'5""'}). We set

G = (w3ws, w4w6>;

123-21 122211 11-111 111111
then G is transitive on { 3 7,1 so wemay fix 8 = 1. We

{1 4321} {123 21} {1122107 122110 1 2100} (

and hence { Mgty 0L e must then fix

orthogonality to 11%110) and hence {123'21},{11%210, 12%110}. Inblde stabg(81) we

have (wsws) giving transitivity on {3210 22101 5o we may fix B = 3210,

We must then fix 135321 123221 123221 122100 (by orthogonality to 33) and hence

12%3217 12%3217 12%3217 11%100; we must then fix 11%111 134321)

by which point all roots are fixed; so Wx = G.

must then fix by orthogonality to f1)

123 } {122211 123211 {1%100} (by
)

(by orthogonality to

)
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If X = X19 we must fix 234321, 134321 (12:2.-1 11122 11000y (5(8) — 0 6,8,
10 respectively). We set

w4’w6w5>.

G = (wa, wy, wawswy ;

12 2- 123221

"}, so we may fix /1 = 577", We must then

by orthogonality to ;) and hence {32!, 12221}

{22 000 Ingide stabg (61) we have (wy, wowsw;®+%6s) giving transitivity

on {12321 12- 221} S0 we may fix B _ 123211 . We must then fix {12 221} {12 210}

1122217{112210, 11- OOO} (by orthogonahty to 62) and hence 123210’{121211}’ 11%000

130901 (hy orthogonality to '321)

then G is transitive on {
fix {12 21- } {11221 11 000} (

)

)

112211 112210
1 1 .

; we must then fix { and hence
Inside stabg(fB1, B2) we then have (wy) giving transitivity on {*°°°}, so we may
fix B3 = 1%, We must then fix 125221 123211 128210 (o orthogonality to f3), b

which pomt all roots are fixed; so WX =dG.
If X — X12 we must ﬁx 2343217 1343217{123321 1232 12%2217 12%2117 12,210

12%111},{11%21, 11%110, 11%100, 11- OOO ( ( ) _ 0,6,8, 10 respectively). We set

)

G = (wywg, wowswr);

then G is transitive on {1122 1 112110 "111100 110000}, so we may fix 31 =

We must then fix {23321 1232~ 12321 1221 L3O 40 orthogonality to ;)

and hence {12%2217 12%210, 12%111} nd {1111007 111000}7 we must then ﬁX {12%321’
123221 122221 112221 111100 111000
2 }7 1 and 1 ( { 1 5 0 })

_ 110000
O .

by orthogonality to both of and hence
[12821-) (122210 1221114 112211 112110} [yide stabg(f;) we have (wawswr) giv-

ing transitivity on { {1, 1§%91 5o we may fix S = "§°°. We must then fix
12321 y, 12211 112110,
K

{12321y 123210 122 by orthogonality to (2) and hence { e

we must then fix 123321 , 123711 12321l (by orthogonality to 112110) by which point

all roots are fixed; so WX =G. (In this case we note also that the set of roots with

o(3) = 8 is in fact a union of the two Wx-orbits { 12§321 1232-1 127210 1231111 5
(122221 123211 123210}

1 ’

If X = X2} we must fix 23321 {1°4321 12321 1.2:11 111111y (12100 111110}
(o(8) = 0,7,11 respectively). We set

)

G = <w2, Ws, w2w3w6w4>§

then G is transitive on {1'§*2! 123:21 1211 MY N we may fix g = P3%2.

)

We must then fix {111}, (M0 111110} (by orthogonality to £1) and hence

124321 12321 122-113 122100 124321 123.21y ;111110
{7, e T ; we must then fix {*53°°°, "=} {77} (by or-

thogonality to 12%100) and hence {12%11}, 12100 we must then fix {12‘?"21} and
{MHIY (hy orthogonality to 31%°) and hence 23321 {1311 Inside stabg(531)

we have (wy,ws), which acts as So on each of {71!} and {*'**''} independently,

so we may fix all of these roots. We then have fixed all of the roots "~ '3%2*, .11

which span R®; so Wx =G.
If X = X22 we must fix 233321 {121 100000 (5(3) = 0,7, 15 respectively).
We set

G - <w27w47w57w67w7>;

(23%321) of 108000

since G is the stabilizer in staby, we must have Wx = G.
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— 23 234321 1-4321 123321 123221 1-2221 123211 1-2-10
IfX = X17 we must ﬁX 2 ,{ 2 y 1 y 2 y 1 },{ . 1

PHLLY 100 113000y (5(3) = 0, 7,9, 11 respectively). We set

w. .
G = (w3, wows, wawswr*);
then G is transitive on {123211 1-2-10 11}111}, so we may fix 5, = = 123211 we

must then fix {123321 L 2221} {1 210 111111}, 111000 (by orthogonality to ;) and

hence {14321 1232213 (123211 11%111}’ 100, o must then fix {12210}, 1111
(by orthogonality to *'{°%°) and hence {' 319, Mgt} 1232 we must then fix

by orthogonality to 12‘;’211) and hence

1-2210
1

{1-%221}’ 12%221,{1-%110} ( 12113321,{1-421321}7

HUEHY Tnside stabg(B1) we have (w3) giving transitivity on { }, so we may

fix By = 2721 We must then fix 123321 113221 120 (e orthogonality to £2), by
which point all roots are fixed; so Wx = G. (In this case we note also that the set
of roots with o(3) = 7 is in fact a union of the two Wx-orbits {1'3321, 1'%221} and
(12321 123221})

If X = X2 we must fix 223321 {13100 (5(8) = 0,11 respectively), {2321},
{1 (o(8 ) = 7,9 respectively, orthogonal to both of{1 1000y 13321y (123210
122111 "11g211 112110 (o(B) = 7,9 respectively, orthogonal to one of {*'$*°°}). We
set

G = (we, w3wr, Wsw7);
then G is transitive on {'23210 123111 12211 HI3LOY "o we may fix 8 =

We must then fix 123321 (1232211 p1HI1Y (12100 (ho orthogonality to 3;) and
134321 (1233211 (1111103 122100, 122111

122210
1 .

hence ; we must then fix (by orthogonality to
112100y and hence { 11§21, 13110y In81de stabg (B1) we have (ws) giving transitivity
LY oo we may fix 52 — WL W must then fix 123321 123221 112110
(by orthogonality to S2), by which point all roots are fixed; so Wx = G.

If X = X2 we must fix 234321 (12,321 12,221 12--1.y (112221 111000 111100}

109990 (5(B) = 0,8, 10, 12 respectively). We set

on {
111110

)

’LU5UJ5U)6>,
Y

G = (wr, w2w5,w4w7
then G is transitive on {122321 12,221 12 } so we may fix 8, = 2331 We

(122221 122-1-} (111000 111100} (by orthogonality to 51) and hence
12321-4 r122-1.

must then fix ,
[12g521 123221 128211 112221

)

1 ’

11%221 )

; we must then fix {
123321 123221y g 122221
, :

12321-

} (by orthogonal-
Inside stabg(f1) we have

}, so we may fix o = %3*'. We must then

(by orthogonality to 82) and hence 123321 (123210

: we must then fix 123210 122111 122110 (by orthogonality to
by Wthh point all roots are fixed; so Wx = G.
If X = X2 we must fix 23332 {1 ‘321, 1Y (0(B) = 0,9 respectively). We

set

ity to and hence {

(w7, wows) giving transitivity on {
fix 123221 123210 (122-10} 111100

b

123211 122 11 111000
$i A }

)

111100)

G= <w2,w37w4,w2w5w7w4w6w5>;

then G is transitive on { 321 L "}, so we may fix 8 = 13%321. We must then
fix {*:*""} (by orthogonality to [31) and hence { 232! 12211 Inside stabg(61)
we have (ws, wy, wowsw7We*w4+%s) giving transitivity on {11 L "}, so we may fix
By = M§%°  We must then fix {2321 %M1 (1LY (hy orthogonality to

B2) and hence {12%321, 1221000 and {111100, 11(1)11' }. Inside stabg(fB1, 82) we have
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(wyg, wowsw7¥sW4™s) giving transitivity on {70, MM} so we may fix 83 =

L0 - W must then fix {12320, 122111} 122100 (111114 115100} (1o o1thogo-
nality to f3) and hence '#110 129321 (110 JHEL wo must then fix {12532}
(by orthogonality to *'§*'*) and hence '*3'''. Inside stabg(f1, B2, 33) we have

(wy) giving transitivity on {231}, so we may fix B4 = '23%?'. We must then fix

T 0 SO0 (v orthogonality to (4), by which point all roots are fixed; so

Wx =G.
_ 27 234321 321 123221 122211 1221-0 11 111 112210
If X X17 we must fix 7{ ) s 1 y 1 ) s 1 )

113100 VIO FLIGI00 FH000% (5(8) = 0,9 respectlvely). We set
G = (wawr, wywe, Wawswr);

then G is transitive on X \ {?*3**'}, so we may fix 8, = '¥3%?'. We must

then fix {11 1117 1122107 11%100 1111107 11(1)1007 111000 (by orthogonality to /31) and

hence {12 821 1232271 122211 1221-0 Inside stabg(ﬁl) we have (wqwg, wawsws)

giving transitivity on {12 321 12‘f221, 12%211, 12%1'0}, so we may fix B = 124321

We must then fix { 122211, 1221 03 11111 111100 111000} (o othosonality to B2)

and hence {123321 123221} {1121117 11%210 112100} we must then fix 122100 11%1007

{11(1)100, 111000 (by orthogonality to both of {125’321, 12§221}) and hence {12%211,

122110 112111 112210 11111‘
3o 1o }-

, Inside stabg (61, 82) we have (wowswr) giving

transitivity on {123321, 123221} so we may fix B3 = 23°*'. We must then fix

122110 112111 {11111 } (by orthogonahty to BS) and hence 122211 11%210,{11%11-};

we must then fix 111110 116110, 111100 (by orthogonality to 112111)

all roots are fixed; so WX =G.
_ y28 . 4321 (123 122221 112211 122100 112110 012210
If X = X2 wemust fix { 272 {7 1L {1 i i 1 1

01%111} (o(B) = 2,6, 10 respectively). We set

, by which point

G = (wa, w1 ws, W3We, WsW7);

122221 112211 122100 112110 012210 012111
then G is transitive on { , 112211 1122100 '112110 012210 0 }, so we may

fix 8 = 72!, We must then fix 123321 (12321 (by orthogonahty to B1) and

{ 34321} {123'21}' we must then fix 122100 (by orthogonality to 123321) and
hence {13211 113110 1012210 ‘012114 1hgide stabg(B1) we have (ws, wyws, wswy)
giving transitivity on {112211 11%110, 01%210, 012111} so we may fix 3y = H22 We
234321

133321 12322y (1232101 by orthogonality to 32) and hence 23332
112110 134321

hence

must then fix
{ressiy {123211} we must then fix (by orthogonality to and hence

014210 10121 - we must then fix 01%111 (by orthogonality to both of {'#3*2'}) and
hence %$2*°. Inside stabg (81, B2) we have (ws) giving transitivity on { '2¥3'}, so
we may fix f3 = 123321 We must then fix 123221 123211 1123210 (by orthogonality
to B3), by which point all roots are fixed; so Wx = G.

If X = X} we must fix { 33321} {1221y (1201 0132200 (5(08) = 1,5,8,9
respectively). We set

G = (wy, wa, Wy, ws, Wr);

then G is transitive on {'33321}, so we may fix 31 = 2°3%?'. We must then fix
012221 (by orthogonality to (1) and hence 12221 Gince the stabilizer in W of
233321 131321 012221 44 (we, wq,ws,wr) we must have Wx = G.
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If X = X2 we must fix 234320 {14321} (12321} (1.2221} (12321} 012221
(1ot Ul LR2d0 12810y 53y = 1,3,5,7,8,9, 10 respectively). We set

)

G = (wq, wawy, wswr);

123-21 12%‘321. We must then fix

{ 121{)321 , 12%221 },

then G is transitive on { }, so we may fix 51 =
123221 12321y 112111
1 }ﬂ {

’ ’ 12%110} (by orthogonality to 31) and hence
{1232y 122 U200 we must then fix '%%%! (by orthogonality to both of

{12321» }) and hence 12%221
1- 4321

. Inside stabg(81) we have (wsw7) giving transitivity
1, s0 we may fix 2 = 138321 We must then fix 112221 112210 112111
orthogonality to B2) and hence 122221 122211 1122110 o must then fix 123210 123210
(by orthogonality to *'#!'!), by which point all roots are fixed; so Wx = G.

If X = X3, we must fix 23§21 {1521} {121} 128211 ,pq (112210 122110}
(o(B) = 1,4,6,7,11 reepectlvely) 123210 (o(B) = 9 orthogonal to all of {¥'1°%'}),
{22 Y 0(8) = 9 orthogonal to two of {1172}, %22 (o(B) = 9, or-
thogonal to none of {1 %'}). We set

on {

G = (wg, wsws);

then G is transitive on {''{"2'}, so we may fix f; = "*$*'. We must then fix
123221 (11,1113 122110 5321y (12,211 112210,
{7} ( 1A }

s 1 )

134321
2 ’

by orthogonality to 31) and hence {
{12 321} 112221 ¢ 122110)

)

and hence
12,321

we must then fix by orthogonality to
{12 221} Inside stabg(f1) we have (wy) giving transitivity on { }, so we may
fix By = 128321 We must then fix 123221 122211 111111 (by orthogonahty to B2), b

which pomt all roots are fixed; so WX =G.

If X = X% we must fix 234321’{1 21y (12:211 111114 012221 (112210 1221103
(o(B) =1,5,8,9, 12 respectively). We set
G = (w2, ws, w3ws);
then G is transitive on {'":"2'}, so we may fix f; = *3**'. We must then fix

11%2217{11:111}’ 11%210 ( {12:~21}7{12:211}’ 12%110;

by orthogonality to 81) and hence

we must then fix {1%:*?'} (by orthogonality to **$''%) and hence {'?:?*'}. Inside

stabg(B1) we have (w2, wy), which acts as S5 on {12 321} so we may fix all of these

roots. We then have fixed all of the roots ;321 113210 122110 " which span R®; so
Wx =G.
_ v5 234321 (121 012221 (123211 12210 112211 122111
If X = X7 we must fix R i Nt P (e S Tt s
1,10 11(1)111} (o(8) =1,5,9,10 respectively). We set
G = (wy, w3ws, Wawswr);

then G is transitive on {!''7'?'}, so we may fix f; = '3°*'. We must then

fix 112221 {11%211 11,110 111111} (by orthogonality to 1) and hence {12 21} and

{ragetn 120210 122 ngide stabg(81) we have (wy, wowswy) giving transitivity

on {11%2117 1111107 111111} SO we may fix ﬁ — 111111 . We must then fix {12 21}7

{12%2117 121210}7 {11 110} (by orthogonahty to 62) and hence{12 21} 122111’ 11%211;

b
123221 12- 221 12. 210 112211
2 ; { }7 { } ( )

we must then fix by orthogonality to and hence
{12y32hy tegsal 1232ll Inside stabg(ﬁl,ﬁg) we have (wy) giving transitivity on
{11101 0 we may fix 83 = 111110, We must then fix 124321 123221 123210 (p,
orthogonality to f3), by which point all roots are fixed; so Wx = G.
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If X = X,q we must fix { 33321} {12321} (12:2-1h 013200 (5(8) =2 4,79
respectively), T (o(8) = 10, orthogonal to all of {*2:321}), {12:219} (o(3) = 10,
orthogonal to one of {1%:%211). We set

G = (w1, w2, wa, we);

12211 50 we may fix f; = '%3%?'. We must then fix
12,321y,

then G is transitive on {
123321 (120201 (01202100 0 12211} (by orthogonality to (1) and hence {

{12i221’ 123211}, 123210 and {-1%221}; we must then fix 123211 (by orthogonahty

to 1332 12 i#11. Inside stabg(f1) we have (wl, wy), which acts as Sy

on each of { 33%} and {'%,*?'} independently, so we may fix all of these roots.
We then have fixed all of the roots "5, which span R®; so Wx = G.

If X = X1, we must fix { 5321} {1231y (31 (12201 (5(8) = 3,6,9,12
respectively). We set

and hence {

G = (w1, wa, w3, Ws, We);
then G is transitive on {%1}, so we may fix f; = 122221 We must then fix
120321 (123211} (12111 (o orthogonality to £1) and hence { 34321}, {12321}
{1231 1220 we must then fix {231} (by orthogonality to '23°%') and hence
{221}, Inside stabg(B1) we have (wi,ws,ws), which acts as Sy on each of
{33320}, {1#%210) and {'* "'} independently, so we may fix all of these roots. We
then have fixed all of the roots 33321, 122--1 123210 "which span R®; so Wy = G.

If X = X3, we must fix { **'}, {1271 (o(B) = 3,9 respectively). We set

G = <w17w27w3aw4aw67w7>;

123221. We must then fix

321 12321 . ‘221
I b

then G is tranbltlve on {
123321
A0

}, so we may fix 51 =
1Y (by orthogonahty to 1) and hence {
must then fix {1%3%'"} (by orthogonality to '%$*?!) and hence { 221}. Inside

stabg (1) we have (w1, ws, wy, wr), which acts as S; on { *"5**'} and independently
12321

bl

}, so we may fix all of these roots. We then have fixed all of the
roots o' wh1ch span R®; so WX =G.
If X = X22 we must fix { 2" DL, 128210 (0(B) = 5,9, 15 respectively).
We set
G = (w1, w3, w4, ws, We);
then G acts as Sg on { '3 11, so we may fix all of these roots. We then have fixed
all of the roots "'5" ", Wthh span R®; so Wx = G.

If X = X, all roots 8 have o(3) = 10. We set
G= <w17w27w37w47w57w6>;

since any element of W outside G has a reduced expression ending with wr, it
makes the root 008001 negative and so cannot stabilize X, so Wx = G.

The results found here are presented in tabular form in the final chapter of this
work. As with the maximal abelian sets in the Eg root system, in most instances
we may immediately see that the set is not a W-translate of any of the others, since
the signature uniquely identifies it; the only cases for which this is not true are X%
and X%, whose stabilizers have orders 1152 and 192 respectively. We have thus
shown the following.

THEOREM 7.13. The 39 sets in S(E7) represent different W -orbits.






CHAPTER 8

The root system of type Fjy

Let ® be of type Fg; thus ® has simple roots aq, ..., as numbered as in [1].

8.1. Radical maximal abelian sets
2465432

We have p = “73 , and the roots in = are "~ "’ ! there are 28 pairs of roots
in 2 summing to p, namely {0080001, 2425431} and 27 of the form { " AL 2l }.
We may arrange these as follows.

1233321 1232111
{ 1 s 2 }
1233221 1232211
{ 1 s 2 }
1233211 1232221 1232221 1233211
{ 1 s 2 } { 1 y 2 }
1232211 1233221 1222221 1243211
{ 1 s 2 } { 1 y 2 }
1232111 1233321 1222211 1243221 1122221 1343211
{ 1 s 2 } { 1 s 2 } { 1 y 2 }
1222111 1243321 1122211 1343221, 0122221 2343211
{ 1 s 2 } { 1 s 2 } { 1 y 2 }
1221111 1244321 1122111 1343321 0122211 2343221 2465431 0000001
{ 1 s 2 } { 1 s 2 } { 1 s 2 } { 3 sy 0 }

{11%1111 13%4321} {01%2111

, 234213321 } {2425421

0000011
) s 0 }

{11%11117 1334321} {01%1111 234214321} {2425321 0080111}

) )

{01%1111 2334321} {2424321 0081111}

i )

{00%1111 24%4321} {24:5))4321 0061111}

i )

{ 23:534321 01[1)1111 }

i

{ 13%4321 11[1)1111 }

)

Once more, we shall call a root in = odd or even, this time according to the parity
of its as-coefficient, so that each pair consists of an odd root and an even root;
again a maximal radical abelian set may be specified by simply giving the parity of
the root selected in each pair.

We may identify the 28 pairs with unordered pairs from the set {1,2,3,4,5,
6,7,8} (where again we write the unordered pair {i,j} simply as ij); we give the
correspondence by the following array.

55
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12
13
23 14
24 15
34 25 16
35 26 17
45 36 27 18
46 37 28
56 47 38
57 48
67 58
68
78

In similar fashion to before, we may then represent a maximal radical abelian set
X by a graph I'x with vertex set {1,2,3,4,5,6,7,8}, where the choice in X of the
odd or even root in the pair identified with ¢j is denoted by the presence or absence
in I'x of the edge ij (again, alternatively we may regard this as the choice of a
black edge or a white edge). We shall arrange the vertices in a regular octagon as
follows:

4 5
7
1 8
For example, if X — {24g~-<- ) 2-;4321’ -~421-~217 12§3~1, --%2221’ 11%11117 ~-(1)1111} then
FX is

&

We now consider the action of staby (p) = (wy,ws, ws, wa, ws, we, w7) on the
roots in Z. This group is W (Er); we shall write o for the high root 2*3*2!0 of
the E7 subsystem, and set W' = (w,, w;,ws, wy, ws, wg, wy). BEach generator of
W' preserves the parity of asg-coefficients, and therefore permutes edges without
changing colours; in fact the notation chosen for the pairs means that the generating
elements of W’ = Sg act as permutations of the vertices as follows:

Wy = (78), w; =(67), ws =(56), wy =(45), ws =(34), wg =(23), wy = (12).

Thus two maximal radical abelian sets lie in the same W/-orbit if and only if their
graphs are isomorphic. By [12], up to isomorphism there are 12346 graphs on 8
vertices; since there are 228 = 268435456 maximal radical abelian sets, this already
gives a significant reduction. Nevertheless it is somewhat impractical to list all
graphs as we did in the F; case.

The remaining generator of staby (p) is we. If we set {i, 4, k,¢} = {1,2,3,4} or
{5,6,7,8}, each edge ij in I'x gives rise to the edge k¢ in I,,,(x) of the opposite
colour (alternatively, the presence or absence of ij gives rise to the absence or
presence of k¢ respectively). Thus for example with the set X as above, in the
graph I'x the edge 12 is present (or black), so in I'y,(x) the edge 34 is absent (or
white); on the other hand in I'x the edge 14 is absent (or white), so in I',,,(x) the
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edge 23 is present (or black). Treating all twelve edges among the vertices 1,2, 3,4
and among the vertices 5,6, 7,8 thus, we see that the graph I',,,(x) is

N

corresponding to wo(X) = {%'3 7, 5 2, 1281

Note that if in the graph I'x at least seven of the twelve edges among the
vertices 1,2, 3,4 and among the vertices 5,6, 7,8 are present, then Iy, (x) will have
fewer edges than I'x, which therefore need be considered no further.

Following [3, p.46], we shall call ws and its conjugates under W’ bifid maps,
and we see that the 72 cosets of W’ in W(Er) are represented by 1, the 35 bifid
maps, and the products of these with wow,, which is the longest element of W (E7).
Since wow, maps each root 3 of Z to —w,(3) = p— f, it interchanges the two roots
in each pair, and thus the graph I',, ., (x) is the complement of I'x.

We introduce some further terminology and notation. As in the FEr case, we
call two graphs equivalent if they correspond to sets which are W-translates of each
other. Let e = e(T") be the number of edges of the graph I'. A partition of a graph
I is a pair of complementary subsets of four vertices each, and will be written e.g.
1234|5678; the partitions thus naturally correspond to the bifid maps, which as in
[3, p-46] will be written e.g. (1234|5678) (and a bar over such a symbol will denote
the product of the bifid map with complementation). A partition contains an edge
of T' if the two endpoints of the edge lie in the same subset; it is heavy, full or
light if the number of edges it contains is more than 6, exactly 6 or less than e — 8
respectively. A graph is reducible if it is equivalent to one with a smaller value
of e, and irreducible otherwise. The statement above about coset representatives
shows that if two graphs are equivalent then one can be obtained from the other
by applying at most one bifid map, possibly followed by complementation.

--22221 --11111 1111111
1 y 1 s 0 }

LEMMA 8.1. A graph T is irreducible if and only if e(I') < 14 and I' contains
no partition which is either heavy or light.

PrOOF. Complementation gives a graph with 28 — e edges; if a partition con-
tains n edges, the corresponding bifid map gives a graph with 12 + e — 2n edges,
and then complementation produces one with 16 — e + 2n edges. The conditions
for these to be less than e are e > 14, n > 6 and n < e — 8 respectively. O

We also need to consider when a graph represents a maximal abelian set; we

shall call such a graph relevant. The roots —24§°432 — " ~"1 are excluded by

2485432 56 the only roots which need to be excluded by the other roots of X are

2343210 - oy 0 1
2

those of the form . To exclude we must have some root * in

X; using W’ we see that to exclude the roots + 5% and "¢~ '° the graph must
not have two vertices of which one is joined to all the other six and the other is

joined to none of the other six. Similarly, to exclude °°9°°%° we must have some

-11111 123---1 ~~E’2)4321

root g , some root 7 or some root in X; using W’ we see that to

exclude the roots + "1 'Y the graph must not have a partition in which all vertices
in one set and none in the other are joined. Thus a graph is relevant if and only if
no two of its vertices are joined to all and none of the other vertices respectively,

and it has no partition with K, in one half and the empty graph in the other.
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FIGURE 8.1. Graphs on 8 vertices with e <5

Observe that no graph with a K, subgraph need be considered: if there are
no edges among the other four vertices the graph is irrelevant, while otherwise the
corresponding partition is heavy and the graph is reducible.

Our task is then to determine up to equivalence all relevant irreducible graphs
(rigs for short). As seen above, it suffices to consider graphs with e < 14. From
[12] we obtain the numbers of graphs for each value of e; we list these values below,
together with the numbers of rigs up to equivalence (denoted ~) which we claim.

e 01234 5 6 7 & 9 10 11 12 13 14
#graphs 1 1 2 5 11 24 56 115 221 402 663 980 1312 1557 1646
#rigs/~ 1 1 2 5 11 24 53 96 115 84 30 5 2 1 0

For values of e up to 9 we shall simply produce the list of all such graphs, eliminate
any which are irrelevant or reducible, and determine any equivalences among the
remainder. For larger values of e we shall instead produce a list of relevant irre-
ducible graphs and argue that any such is equivalent to one of those listed. It may
or may not be clear that there are no further equivalences among the final list of
rigs; as before, the determination of stabilizers and orbit structure will settle this
eventually. For each value of e, we shall give the numbering used for the rigs found.

We list in Figure 8.1 the graphs with e < 5; the above shows that all of these
are relevant and irreducible, and clearly there can be no equivalences between them.
We number them in accordance with the following scheme.

1 2 3 4 5 6 7 8 9
10 11 12 13 14 15 16 17 18
19 20 21 22 23 24 25 26 27
28 29 30 31 32 33 34 35 36

37 38 39 40 41 42 43 44
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FIGURE 8.2. Graphs on 8 vertices with e = 6

In Figure 8.2 we list the graphs with e = 6. Here we see that the first in the
first row is not relevant because of the vertices 8 and 7, which are joined to all
and none of the other vertices respectively; neither is the seventh in the second
row, because the partition 1238|4567 has K, in the first half and the empty graph
in the second; and the bifid map (1238]4567) sends the fifth in the sixth row to
the last in the third row. (In this case it is straightforward to see that there are
no other equivalences in the list, since the only way to form an equivalent graph
without increasing the number of edges is to apply a bifid map corresponding to
a full partition, which must therefore contain all 6 edges of the graph.) Again the
following scheme gives the numbering we use for these graphs, as well as recording

the points above which enable us to disregard three of them.

e 45 46 47 48 49 50 51 52
53 54 55 56 57 58 1258 4567 59 60
61 62 63 64 65 66 67 68 69
70 71 72 73 74 75 76 7 78
79 80 81 82 83 84 85 86 87
88 89 90 91 (238057 92 93 94 95

96 97

59
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In Figure 8.3 we list the graphs with e = 7. Here 3 graphs are not relevant;
this time 9 are reducible, which we indicate in the following scheme by giving
the appropriate bifid map with an arrow pointing downwards; and there are 7
equivalences among the remainder.

98 99 100 101 102 103 104
105 106 107 108 109 110 111 e¥ier 112
113 114 115 116 117 118 119 120 121
122 123 124 125 126 127 128 129 130
131 132 133 134 135 136 137 138 139
140 141 142 143 (2856 qqq (2481356T) 145 146

(1238)4567) (1238)4567) 147 148 149 150 151 (2483560 159
153 154 155 156 157 158 159  (1288]4567) (123814567)
160 161 (1234[567%) (1234]5678) (1284]5678) ] G9 163 164 165
166 167 168 169 (2813560 170 171 172 173
174 (2884561 175 176 (2sasen 77 178 179 180
181 182 183 184 185 186 187 (2345678 g8
189 190 191 192 (284/5678) (1234)5678) 193
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In Figure 8.4 we list the graphs with e = 8. Here 6 graphs are not relevant, 42
are reducible, and equivalences allow us to ignore a further 58 among the remainder.
Again we indicate this information in the following scheme; the horizontal line

denotes the break between pages.

194 195 196 197 198 1o39iser
199 200 201 202 203 204 205 206 207
208 209 210 211 212 213 214 215 216
(ze7jsiss) 917 218 219 220 221 iolfiser (BS23T 222
ometlier 223 224 225 226 227  (1867]2348)  9og  (15672848)
229 230 (123415678) 231 (123814567) (123814567) 232 (1258}3;%267) 233
234 235 (123?5;267) 236 (162%1245) 237 (123814567) (123814567) (123814567)
(123814567) (12f£2é67) 238 (123?%:;%67) (123&35{11178) 239 240 241 242
(1256]3178) 943 244 245 246 247 248 249 250
251 252  (1258]3467) (1257)3468) 953 254 255 256 257
258 259 (123%1%56) (12324;5767) 260 261 (124813567) (124813567) 262
263 (124813567) (124813567) (123814567) (123%3;4;78) 264 265 266 (123?2\3;;78)
(125613478) 967 268  (1456]2379)  9GQ  (1567[2345)  97() 271 272
273 274 275 276 277 278 279  (1967[2848) (1567[2348)
280 281 <13fé§5{67) 282 (156712348) (123814567) (123814567) (12»?:1&50378) <12,3f2‘2%78)
(1248]3567) (1248]3567) (1248|3567) (1248|3567) (1248|3567) (1258|3467) (1238|4567) (1238|4567) (1238]4567)
4 —227 —237 J d —274 A 1 1
(123814567) 283 (12fé35§78) (12:8%267) (12f£3;§78) (12»4:%25;37) 284 285 286
287 288 <12:8é35267) (12:8%3;267) 289 (12i§£267) (12»4:{%1(55267) (124813567) (1248‘\L3567)
(123:;;267) 200 <1zi§é§5567) 201 (123814567) (123814567) (123814567) 209 (161%@345)
(1234]5678) (1678|2345) (1678|2345) (1234|5678) (1678]2345) (1678|2345) (1678|2345) (1678|2345) (1234|5678)
1 289 289 1 1 1 1 1 1
(123415678) (122}6%43?78) <12f§16778) (12fé%i78) (12:5%:;([3)78) 293 (13»6;7;)4;58) 294 295
(13(1)8%%4;57) 296 (155%%%48) (12?%%%56) (15»6_}7&29248) (123%5(’))(‘3)78) 297 (123?%5;378) 298
209 (123415678) 300 (13f£26?)78) 301 (123?%2;6278) 302 (143%273;78) (143%29267)
(122%%%68) (123415678) (123415678) (123415678) 303 (123?%5[3)278) 304 (1234;1;’5(3)%78) 305
Gl 306 307 308 (R
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FIGURE 8.5. Graphs on 8 vertices with e = 9 (continued)

In Figure 8.5 we list the graphs with e = 9. This time 12 graphs are not
relevant, 209 are reducible, and equivalences allow us to ignore a further 97 among
the remainder. Again we indicate this information in the following scheme, where

the horizontal lines denote the breaks between pages.

irrel. irrel. irrel. 309 irrel. irrel. 310 irrel. 311
i 1.
312 313 314 Yer 315 316 317 318 319
i 1. 3 5 k 5 irrel. 5
oo 320 (ospmen Campsen 391 g9yl 393 Oasan
324 325 326 327 328 (123814567) (123814567} (123814567) 329
(1367|2458 (1348|2567) (1236]4578) 1238|4567)
330 st 331 332 Saas 815 333 334 (IS
(1238]4567) 335 (1238]4567) (1238|4567) (1238]4567) (1238|4567) (1238|4567) (1238]|4567) (1267|3458)
363 4 4+ + + + + +
(1267|3458) (1367|2458) (1267|3458) (1267|3458) (1236/4578) (1268|3457) (1267|3458) (1267|3458) 336
4 —328 4 4 316 362 4 4
(126713458) 337 338 339 340 (126713458) (133?%234;58) (12’5_>8:|33(;4’L767) 341
(1267|3458 (1267|3458 1258|3467) (1258]3467) (1238]|4567)
CTIM 342 OTpwS 343 344 (ssfen) (Esspaen ozsslasen 345
(125813467) (125813467) (126713458) 346 347 (126713458) 348 349 350
i 1. i 1. 7 7 7 7 7
351 352 12;‘;&567 12;8184567 (12381456 ) (12381456 ) (13481256 ) (123;}225 ) (1231\3335 )
irrel.

(134Bl2567) (134812567) (123814567) 12;;&567 (123814567) (123814567) (123814567) 353 354
(1567|2348) 355 (1248|3567) (1238|4567) 356 (1567|2348) (1567|2348) (1358|2467) (1678]2345)
—311 331 326 338 —342 334 333

357 358 (1358|2467) (1256|3478) (1238]4567) (1238|4567) (1238|4567) (1238|4567) (1238|4567)
363 359 365 4 4 4 4
(1238]4567) (1238|4567) (1567|2348) (1567|2348) (1567|2348) (1567|2348) (1567|2348) (1567|2348) (1567|2348)
1 4 4 —337 339 338 340 4 4
(1567|2348) 359 (1456|2378) (1267|3458) (1256|3478) (1256|3478) (1567|2348) (1356|2478) (1268|3457)
343 340 335 4 4 4 332 =371
(1256|3478) (1256(|3478) (1567(2348) (1567|2348) (1567|2348) (1567|2348) (1234|5678)
360 2 ohe1 | 361 | | | | i
(1234]5678) (1238|4567) (1238]4567) (1238|4567) (1238|4567) (1238(4567) (1248(3567)
v ! ! ! . 362 aat 363 v
(1248|3567) (1238|4567) (1238]4567) (1235|4678) (1238|4567) (1235|4678) (1568|2347) 364 365
1 1 —328 340 —335 345 359



(1348|2567)
373
(1238|4567)
+
(1258|3467)
+

(1256|3478)
342

(1234[5678)

—360

(1256]3478)
+
(1567|2348)
+

(1258|3467)
369

(1678]2345)
345

(1238]4567)
+
(1238]4567)
+
(1258|3467)
332
(1257|3468)
+
(1268]3457)
—373
(1248]3567)
—383
(1278]3456)
—371
(1248]3567)
—370

(1257|3468)
i

8.1. RADICAL MAXIMAL

(1238|4567)
+
(1238|4567)
+

366

(1258]3467)
1

(1346]2578)

342
(1256]3478)
345
(1278|3456)
373

(1258|3467)
1

(1238|4567)
1
(1238|4567)
1
(1235/4678)
342
368

(1358|2467)
364

(1238]4567)
384

(1234[5678)
387

376

(1238]4567)
386

(1238]4567)
1
(1238]4567)
1
367
(1256|3478)
345

(1268]3457)
383

371

(1248]3567)
1
(1248]3567)
1

(1258|3467)
1

ABELIAN

(1238(4567)
1
(1238(4567)
1
(1235/4678)
—351
(1268|3457)
365

(1256|3478)
341

372

(1248]3567)
3
(1248]3567)
3

(1248]3567)
3

SETS

(1238]4567)
N
(1258|3467)
321

(1258|3467)
N

(1256(3478)
A

370
373

(1248]3567)
3
(1258|3467)
3

(1248]3567)
3

(1238]4567)
1
(1258(3467)
1
(1257|3468)
A
(1256|3478)
A
(12483567)

—387

(1257|3468)
i

(1346[2578)
346

(1248]3567)
3

(1248]3567)
3

69

(1238]4567)
1
(1256(3478)
1
(1258(3467)
1
369
(1256(3478)
1
(1567(2348)
1
374
(1248]3567)
1

(1248]3567)
1

(1238]4567)
1
(1248|3567)
1
(1256]3478)
344
(1467|2358)
372
(1567|2348)
i
(1567|2348)
+
(1238]4567)
+
(1238]4567)
+
(1257|3468)
386
(1258|3467)
+
(1278|3456)
+

(1248(3567)
+

(1278|3456)
1

(1248|3567)
1

(1278|3456)
369

(1248|3567)
1

(1234[5678)
1

(1234[5678)
3

(1234[5678)
1

(1234[5678)
+

(1234[5678)
351

(1567|2348)
+
(1238]4567)
+
(1238]4567)
+
(1258|3467)
+
(1238]4567)
—380

(1248(3567)
+

(1248(3567)
+

(1237[4568)
+

(1237[4568)
+

(1234[5678)
347
(1456]2378)
+
(1257|3468)
+
(1238]4567)
+
(1238]4567)
+
(1238]4567)
+
(1348|2567)
+
(1278|3456)
+
(1248|3567)
+
(1278|3456)
+

(1245|3678)
4

(1278]3456)
1
(1238]4567)
1
(1256|3478)
—344
(1368]2457)
—375
(1456(|2378)
—372
(1258(3467)
—382
(1238(4567)
+
(1238]4567)
+
(1348]2567)
+
(1248|3567)
376
(1248|3567)
+

(1238]4567)
+

(1245|3678)
369

(1248]3567)
1

(1238]4567)
3

(1248]3567)
3

(1248]3567)
3

(1248]3567)
3

(1234[5678)
3

(1238]4567)
1

(1256(3478)
1

(1234[5678)
385
(1256(3478)
1
(1567|2348)
1
(1258|3467)
1
(1238]4567)
4
(1238]4567)
4
(1258|3467)
361
(1258|3467)
+
(1248]3567)
+
(1248]3567)
+

(1278|3456)
+

(1237[4568)
1

(1234[5678)
1
(1256|3478)
1
(1567|2348)
4
(1248]3567)
379
(1238]4567)
1
(1238]4567)
1
382
(1258|3467)
+
(1248]3567)
{1
(1248]3567)
1
(1238]4567)
1

(1245|3678)
1

(1234[5678)
1
(1256|3478)
375
378
(1258|3467)
374
(1238]4567)
1
(1238]4567)
1
(1258(3467)
1
384
(1238]4567)
1
(1248]3567)
1

(1238]4567)
1

385

(1234[5678)
1

(1234[5678)
386

(1234[5678)

349
(1258]3467)
382
(1238]4567)
1
(1238]4567)
1

(1258(3467)
1

(1568[2347)
390

(1278|3456)
1
(1248|3567)
1

(1238]4567)
1

(1237[4568)
1

(1248]3567)
1

(1256(3478)
1

377

(1567|2348)
1

379

(1678(2345)
382

(1238]4567)
1
(1238]4567)
1
383
(1258|3467)
1
(1238]4567)

376

(1248|3567)
1

(1237]4568)
1

386

(1358|2467)
+
(12483567)
4

(1234|5678)
4

387

(1248|3567)
+

(1234|5678)
4

(1237[4568)
4

(12483567)
4

(1234|5678)
4

(1358|2467)
+

390

(1234|5678)
+

388

(1234|5678)
1

392

389

(1234|5678)
1

(1357[2468)
1

(1457|2368)
390

(1458|2367)
389

(1248|3567)
376

391

(1237[4568)
1

(1234|5678)
1

This completes the lists of all graphs for given values of e. In Figure 8.6 we list
the remaining graphs with which we shall be concerned; those with e = 10 occur
in the first four rows, while those with e > 11 occupy the last. We number these
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graphs according to the following scheme.
393 394 395 396 397 398 399 400
401 402 403 404 405 406 407 408
409 410 411 412 413 414 415 416
417 418 419 420 421 422
423 424 425 426 427 428 429 430

Our proof that the graphs in Figure 8.6 complete the list of equivalence classes
of relevant graphs will take some time. In what follows the graph numbered ¢ in
the scheme above will be denoted I';; we describe graphs equivalent to those in
Figure 8.6 as known.

Thus let I" be a rig with at least 10 edges. Recall that I" can contain no heavy
or light partition, and can have no K, subgraph. We shall call a set of edges parallel
if no two of them have an endpoint in common; note that I must contain a pair of
parallel edges, because otherwise any two edges would meet, and so if 12,13 were
edges then any other edge would have to be either 23 or 17 for some ¢ > 4, contrary
to e > 10.

LEMMA 8.2. Ife > 10 and I" does not have three parallel edges, then T' is known.

PROOF. Suppose e > 10 and I' does not have three parallel edges; assume I’
has edges 12,34, so that it can have no edge among {5,6,7,8}. Of the e — 2 other
edges there can be at most three among {1,2,3,4} (to avoid a Kj), so there must
be at least five from {1,2,3,4} to {5,6,7,8}.

Suppose if possible both 1 and 2 were joined to {5,6,7,8}; since we cannot
have edges 14,25 with 4,5 > 5 and i # j (else they and 34 would be parallel), we
would have say 15,25 and no edge 17 or 2¢ for ¢ > 6. Thus there must be at least
three edges from {3,4} to {5,6,7,8}, so by the same argument we cannot have
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both 3 and 4 joined to {5, 6, 7,8}; say there is no edge 4i with 7 > 5 and we have at
least three edges from 3 to {5,6,7,8}. We cannot have the edge 14 as it would be
parallel to both 25 and some edge 35 with j # 5; similarly 24 cannot be an edge.
Thus we must have e = 10 and the remaining edges are 13,23, 35, 36, 37, 38; but
then 3 and 4 are joined to all and none respectively of the other six vertices.

So we cannot have both 1 and 2 joined to {5,6,7,8}, and likewise we cannot
have both 3 and 4 joined to {5,6,7,8}; say 1 and 4 are not joined to {5,6,7,8}.
Thus we must have at least five edges from {2, 3} to {5, 6, 7, 8}, of which two will be
parallel, so we cannot have 14. Consequently all edges are either 23 or from {2, 3}
to {1,4,5,6,7,8}; let z be the number of the latter which are missing. First assume
23 is an edge; then z < 3. If z = 0 we have I'430, so assume 2 is missing. Since then
i is joined to no vertex with the possible exception of 3, for I' to be relevant some
edge 3j with j # ¢ must be missing; thus if e = 11 we have I'yo4, while if e = 10 the
other missing edge cannot be 2j or 3i so we may assume it is 2k for some k ¢ {3, j},
giving I'sg3. Thus we may assume 23 is not an edge, so that z < 2. If z = 0 we
have I'4og, so assume 2i is missing; if z = 1 we have I'423, so assume z = 2; if the
other missing edge is 3¢ we have I'sgy, if it is 35 for j # ¢ we have ['3g5, while if it
is 2j for j # i then applying (1klm|23ij) (where {3, j, k,I,m} = {4,5,6,7,8}) gives
I'394. O

We may therefore assume for the rest of the analysis that I' has three parallel
edges, which we may take to be 12,34,56. As we proceed we shall frequently
find that the presence of one particular edge or set of edges means that we may
assume that another is absent, for example because it would make a particular
partition heavy, or because if it were present we could reduce to a case already
considered; we shall say that the first ezcludes the second. We shall use the symbol
0|2 for a full partition abed|e fgh which contains edges ab, ac, bd, ¢d and two among
{e, f, g, h}; note that applying the corresponding bifid map (abed|efgh) produces
a graph containing four edges among {e, f,g,h}, of which two must be parallel,
together with ad and be, and so any graph with a 0|2 partition is equivalent to one
with four parallel edges (and the same value of e).

We divide into two cases: e = 10 and e > 11. We begin with the case e > 11.
Recall that we assume 12,34, 56 are edges. Consider the three partitions 1234|5678,
1256|3478 and 1278|3456, which between them contain each of the other edges
exactly once, with the possible exception of 78. If 78 were an edge we would have
e —4 > 7 other edges, so that one of the partitions would have to contain at least
three of the other edges and thus be heavy. Consequently

I" cannot have four parallel edges;

therefore it can also contain no 0|2 partition. There are thus e — 3 other edges;
as each of the partitions can contain at most three more edges, we have e — 3 < 9
and e = 11 or 12. We may therefore assume that 1256/3478 and 1278|3456 contain
three more edges each, and 1234|5678 contains the remaining e — 9. Note that
there cannot be a pair of parallel edges among {1,2,7,8}, {3,4,7,8} or {5,6,7,8};
in particular, each can contain at most two of the other edges. Let n be the number
of edges from {5,6} to {7,8}, so that 0 <n < 2.

For 5 < i <8 let z; and y; be the numbers of edges from 4 to {1,2} and {3,4}
respectively; thus 2?25(131- +y;) = 6. Let {a,b,c,d} = {5,6,7,8}. If ab is an edge
then each of 12ab|34cd and 12¢d|34ab must contain three of the six edges between
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{1,2,3,4} and {5,6,7,8}, so that x4 + xp + yc + Ya = 3 = Yo + yp + 2 + 24. I ac
is also an edge, we also have z, + . + y» + Yo = 3 = Yo + Ye + Tp + T4, SO that
Tp—Yp = Te — Ye and Ty — Yo = Tq — Yq. We shall call x; — y; the bias of the vertex
1; thus if ab and ac are edges then a and d have the same bias, as do b and c.

We now work through the possible values of n.

LEMMA 8.3. With the notation above, if n =2 then I is known.

PROOF. The two edges from {5,6} to {7,8}, together with 56, ensure that all
four of these vertices have the same bias, which cannot then be +2; interchanging
{1,2} and {3, 4} if necessary we may assume the common bias is 0 or 1. Moreover,
as there are three edges among {5, 6, 7,8}, no two of which are parallel, there must
be one from each parallel pair.

First assume the bias is 1. This requires a total of five edges from {5,6,7, 8}
to {1,2} and just one to {3,4}; we may assume the latter is 3a, and then as a has
bias 1 we must have both edges 1la and 2a. Deleting the vertices 3 and 4 removes
the edges 34 and 3a, together with e — 11 edges from {1,2} to {3,4}; this gives
a graph I' on six vertices with nine edges, no three of which are parallel. In I"
write d'(z) for the degree of a vertex z, and let « be a vertex of minimal degree;
then we cannot have d’'(z) = 0, as nine edges on five vertices would force a Ky. If
y is a vertex adjacent to z, then among the remaining four vertices there can be
at most one edge present from each parallel pair; thus d'(z) + d'(y) > 7, and as
d'(y) < 5 this forces d'(z) > 2. If we had d'(z) > 3 the degree sum in I would
be at least 7+ 4.3 = 19, contrary to assumption; so we must have d’'(z) = 2, and
d'(y1) = d'(y2) = 5 where y; and yo are the two vertices adjacent to . Thus if
T1 = T, T3, T3, T4 are the four vertices other than y; and ys, the edges are y;y» and
x;y; for all < 4 and j < 2. Since in this graph no triangle is disjoint from an edge,
after interchanging 5 and 6 if necessary the three edges among {5,6,7,8} (which
are disjoint from 12) must be 56,57, 58; so after interchanging 1 and 2 if necessary
we have {21,292, 23,24} = {2,6,7,8}, {y1,y2} = {1,5}. Now replace the deleted
vertices and edges to recover I'; since a was joined to both 1 and 2 as well as 3, we
must have a = 5. Thus if e = 11 we have I'4o5, while if e = 12 there is also an edge
from {1,2} to {3,4}, which cannot be 13 or 24 (else 1458|2367 would be light) or
23 (else 1245|3678 would be light), so must be 14, giving I'429.

Now assume the bias is 0. First suppose some vertex, say a, is adjacent to all of
{1,2,3,4}; then some other vertex, say b, must be adjacent to one each of {1,2} and
{3,4}, say to 2 and 3. Since 12, 3b,4a are parallel they exclude cd, so we must have
ab. However, the pair of remaining edges among {5, 6, 7,8} cannot then be be, bd (as
then 124a|3bed would be heavy), so we may assume we have ac, and the remaining
edge is ad or bc; but then a and d are joined to all and none respectively of the other
six vertices. Thus instead there must be three vertices, say a, b, ¢, each joined to one
of {1,2} and one of {3,4}. Next suppose some vertex of {1,2, 3,4}, say 1, is joined
to all three of a, b, ¢; interchanging 3 and 4 if necessary we must have edges 3a, 3b
and either 3c or 4c. However, if 4c were an edge then 12, 3b,4c would be parallel,
excluding ad and forcing bc to be an edge; but then 34bc|12ad would be 0O]2. Thus
we must have 3c. Now the three edges among {5, 6,7,8} cannot be ab, ac, be (else
we would have a K, among {1, a,b,c}), ad, bd, cd (else 123d|4abc would be light),
or be,bd, cd (else 124a|3bed would be heavy), so they must be ab, ac, ad. Since we
cannot add the edge 13 (else we would have a K, among {1,3,a,b}), 23,24 (else
lacd|234b would be heavy) or 14 (else 124b|3acd would be heavy), we must have
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e = 11, which gives I'4o7. Thus finally we may assume (after interchanging 1 and
2, and 3 and 4, if necessary), that 1,2,3,4 are joined to two, one, two and one
respectively of {5,6,7,8}; suppose the edges are la, 1b,2¢,3a and either 3b, 4c or
3¢, 4b. We cannot have 3b,4c (else 13ab|24cd would be heavy, since ab or c¢d must
be present), so we must have 3¢, 4b; but then 1b, 2¢, 34 are parallel and so exclude
ad, so we must have be, and now 12bc|34ad is 0|2, a contradiction. O

LEMMA 8.4. With the notation above, if n =1 then I' is known.

PROOF. We may assume that the edges in 1234|5678 are 12,23, 34, 56, 67, to-
gether with an extra edge if e = 12, which cannot be 14 (else 1234|5678 would be
0|2) and so must be 13 or 24. Thus 5 and 7 have the same bias, as do 6 and 8. We
know that among each of {1,2,7,8} and {3,4, 7,8} we cannot have a pair of parallel
edges, so that an edge i8 excludes j7, where {7,j} = {1,2} or {3,4}; interchanging
5 and 7 we see that 8 also excludes j5. The partitions 1357|2468 and 1368|2457
each contain e — 11 of the edges in 1234|5678, while the other six edges each lie in
precisely one of them; thus for neither to be light, each must contain three of the
edges between {1,2,3,4} and {5,6,7,8}. Thus of the six edges ij with ¢ < 5 < j,
three have i+ j even and three have ¢+ j odd; we shall call this the parity condition.

First suppose 8 has positive degree; interchanging 1,2 and 4, 3 if necessary, we
may assume one of the following holds: (i) 28,38 are edges; (ii) 28 is not an edge
but 38 is; (iii) 28,38 are not edges but 18,48 are; (iv) 18,28,38 are not edges but
48 is.

Suppose (i) holds; then this excludes 15,17,45,47 (by parallels), 16,48 (else
1567|2348 would be heavy), and 46, 18 (else 1238|4567 would be heavy), so that 8
has bias 0 and hence zg = yg < 1. We must have 26 or 36 (else 1578|2346 would
be light), so both 26 and 36 must be edges and we have two of 25,27,35,37, so we
may assume 25 is an edge; but this excludes 27 (else 1348|2567 would be heavy),
35 (else we would have a K4 among {2,3,5,6}) and 37 (else 1256|3478 would be
heavy), a contradiction.

Suppose (ii) holds; this excludes 45,47 (by parallels) and 18 (else 1238|4567
would be O2). If 48 were also an edge this would exclude 35,37 (by parallels)
and 15,16, 17 (else 1567|2348 would be heavy); so by parity we must have 26, 46,
and hence not 25 (else 1256|3478 would be heavy) but 27,36. However, this would
mean that 5 and 7 do not have the same bias. Thus 48 cannot be an edge, and so
Y6 — T = Ys — g = 1; so we must have either xg =1, yg =2 or x4 =0, yg = 1.

First suppose zg = 1, yg = 2, so that we have 36,46 and either 16 or 26. If
we have 26 this excludes 15 (else 1256|3478 would be O|2); by parity we must have
either 25 or 27, so we may assume 25 is an edge, but this excludes 17 (by parallels),
35 (else we would have a K, among {2,3,5,6}) and 37 (else 1256|3478 would be
heavy). So we must have 16 instead, which excludes 15,17 (else 1567|2348 would
be heavy) and 25,27 (by parity), and thus we must have 35,37. Here we must
have e = 11, because adding 24 would make 1567|2348 heavy and adding 13 would
give 3 and 8 joined to all and none respectively of the other six vertices; applying
(1238]4567) gives ['4o5.

Now suppose x¢ = 0, yg = 1, so that 16,26 are not edges and we have one of
36,46. We thus have four of 15,17, 25, 27, 35, 37; since we cannot have both of 15,17
(else 1567|2348 would be heavy) or both of 25,27 (else 2567|1348 would be 0O|2),
we must have 35,37, together with one of 15,17 and one of 25,27. This excludes
46 by parity, so we must have 36. We may assume 15 is an edge; this excludes 25
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(else 1245|3678 would be heavy), so we must have 27. Again we must have e = 11,
because adding 24 would make 1567|2348 heavy and adding 13 would give 3 and 8
joined to all and none respectively of the other six vertices; applying (1248|3567)
gives T'yo7.

Suppose (iii) holds; this excludes 15,17,25,27,35,37,45,47 (by parallels), so
we must have 16,26, 36,46. Again we must have e = 11, because adding 13 or 24
would give a K4 among {1,2,3,6} or {2,3,4,6}; applying (1236|4578) gives I'4a7.

Suppose (iv) holds; this excludes 15,17,35,37 (by parallels), so by parity we
must have 26,46. Since yg — T = ys — vs = 1 we must have 36 and not 16; thus
we must have two of 25,27,45,47. We cannot have both of 25,27 (else 1348|2567
would be heavy) or both of 45,47 (else 1238|4567 would be heavy), so we must
have one of 25,27 and one of 45,47. We may assume 25 is an edge; this excludes
47 (else 1256|3478 would be heavy), so we must have 45. Once more we must have
e = 11, because adding 13 would make 1236|4578 heavy and adding 24 would give
a K, among {2,3,4,6}; so we have T'yo7.

Thus we may assume 8 has degree 0; so x6—1yg = xg—ys = 0. Also 6 cannot now
be joined to all vertices except 8, so as 56,67 are edges we must have zg = yg < 1.
Again interchanging 1,2 and 4, 3 if necessary, we may assume one of the following
holds: (a) 26,36 are edges and 16,46 are not; (b) 16,36 are edges and 26,46 are
not; (¢) 16,46 are edges and 26, 36 are not; (d) 16,26, 36,46 are not edges.

Suppose (a) holds. We cannot have all of 15,17,45, 47 (else 1457|2368 would be
heavy), so there is some edge from {2,3} to {5, 7}, which we may assume to be 25;
this excludes 35 (else we would have a K4 among {2,3,5,6}). By parity we must
have two of 15,17,37, so as we cannot have both of 15,37 (else 1256|3478 would be
heavy) we must have 17, which excludes 15 (else 1567|2348 would be 0]2), 45 (else
1267|3458 would be 0]2) and 47 (else 1478|2356 would be heavy), so we must have
27,37; but now we have a K, among {2,3,6,7}.

Suppose (b) holds. By parity we need three of 15,17, 35, 37, and since we cannot
have both of 15,17 (else 1567|2348 would be heavy) we must have 35,37 and one
of 15,17, which we may assume to be 15; this excludes 27 (else 1267|3458 would be
0[2), 25,47 (else 1256|3478 would be heavy), so we must have 45. Once more we
must have e = 11, because adding 24 would make 1678|2345 heavy and adding 13
would give a K, among {1,3,5,6}; applying (1258|3467) gives I'yo7.

Suppose (c) holds. We cannot have both of 15,17 (else 1567|2348 would be
heavy) or both of 45,47 (else 1238|4567 would be heavy), so we must have at
least two of 25,27,35,37. We may assume 25 is an edge; this excludes 37,47 (else
1256|3478 would be 0]2). By parity we need two of 15,17, 35, so we must have 35,
which excludes 17,27 (else 3456|1278 would be 0O|2), so we must have 15, 45; but
now 1235|4678 is heavy.

Finally suppose (d) holds; so we must have six of 15,17, 25,27, 35,37,45,47. If
each of 5 and 7 is joined to three of {1,2, 3,4}, we may assume they each have bias
1, so we have edges 15,17,25,27 and one each of 35,45 and 37,47. By parity we
must have 35 or 37, and 45 or 47, so we may assume the other two edges are 35, 47;
but now 1235|4678 is heavy. Thus one of 5 and 7 is joined to all of {1,2,3,4}; we
may assume 15,25, 35,45 are edges, which excludes 17 (else 1678]2345 would be
heavy) and 47 (else 1235|4678 would be heavy), so we must have 27,37. Yet again
we must have e = 11, because adding 13 or 24 would give a K, among {1, 2, 3,5}
or {2,3,4,5}; applying (1345|2678) gives T'yo7. O
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LEMMA 8.5. With the notation above, if n =0 then I' is known.

PROOF. Observe that if e = 12 and there is some edge from {7, 8} to {1, 2, 3,4},
we may reduce to an earlier case by interchanging {5,6} and either {1,2} or {3,4}.
Thus we need only treat the possibility that e = 12 if both 7 and 8 have degree 0.

First consider the case where the edges in 1234|5678 are 12,14, 23, 34,56, to-
gether with an extra edge 13 or 24 if e = 12. The partitions 1357|2468 and 1368|2457
again each contain e — 11 of the edges in 1234|5678, while the other six edges each
lie in precisely one of them; thus for neither to be light, each must contain three
of the edges between {1,2,3,4} and {5,6,7,8}. For 5 < i < 8 let o; and e; be
the numbers of edges from ¢ to {1,3} and {2,4} respectively; then we must have
05 +es + 07 +es =3 = e5 + 06 + ey + 0g. Since we may interchange 7 and 8
here we also have o5 + eg + e7 + 03 = 3 = e5 + 06 + 07 + €g; SO 05 — €5 = 0g — €4
and o7 — ey = 0g — eg. Similarly for 1 < i < 4 let x; and y; be the numbers of
edges from i to {5,6} and {7,8} respectively; then as 1256|3478 and 1278|3456
each contain three of the edges between {1,2,3,4} and {5,6,7,8} we must have
1+ X2+ Y3 +ys =3 =1y +y2 + 3 + x4. Since we may interchange 2 and 4 here
we also have x1 4+ yo +ys + T4 =3 =y1 + X2 + X3 + y4; S0 x1 —y1 = x3 — y3 and
T2 — Y2 = T4 — Y4

First suppose both 7 and 8 have degree 0. We then need six edges from {5,6}
to {1,2,3,4}, so at least two vertices in {1,2,3,4}, say 7 and j, are joined to both 5
and 6; then 7 and j cannot be adjacent (else we would have a K4 among {3, j,5,6}),
so we may assume 15,16, 35, 36 are edges. We may also assume one of the remaining
edges is 25, which excludes 26 (else we would have a K4 among {1,2,5,6}) and 45
(else 05 — e5 # 05 — €g), so we must have 46. Adding 13 would give a K4 among
{1,2,3,5}, so if e = 12 the extra edge must be 24; applying (1235[4678) gives I"425
if e = 11 and T'4g9 if e = 12. Thus we may assume there is an edge between {7, 8}
and {1,2,3,4}, which we may take to be 48, which excludes 17,37 (by parallels),
giving o7 = 0; by the above we need only consider e = 11 from now on.

Next suppose og > 0; we may assume we have the edge 38, which excludes
27,47 (by parallels), so e; = 0 and thus og = eg. If o5 = es = 2 we would have
18,28 and two edges from {5,6} to {1,2,3,4}; we could assume 15 was an edge,
but then 1567|2348 would be heavy. Thus we must have og = eg = 1, so 18,28
are not edges and we have four edges from {5,6} to {1,2,3,4}; thus y; = y2 = 0,
ys =ys = 1,80 3 = 21+ 1, 4 = z2 + 1. By interchanging 1,4 and 2, 3 if necessary
we may assume r3 = 2, x1 = x4 = 1, 5 = 0; so we have 35,36, one of 15,16
and one of 45,46. We may assume 15 is an edge, which gives 05 = 2, 05 = 1, so
es = e + 1 and we must have 45; applying (1567|2348) gives I'4o7. Thus we may
assume og = 0, so we do not have 18 or 38; thus e; = eg, and y; = y3 = 0, so that
Ir1 = X3.

Suppose 28 is an edge, so that eg = 2; thus e; = 2 and we must have 27,47 to-
gether with two edges from {5,6} to {1,2,3,4}. This excludes 15, 16 (else 2348|1567
would be 0]2) and 35, 36 (else 1248|3567 would be 0|2); we may assume we have the
edge 25, which excludes 26 (else x2 — y2 # x4 — y4) and 45 (else o5 — e5 # 0 — €5),
so we must have 46, giving I'yo6. Thus we may assume 28 is not an edge; so ey = 1,
and we must have either 27 or 47 together with four edges from {5, 6} to {1, 2, 3,4}.

We cannot have x1 = x3 = 2, since this would require the edges 15, 16, 35, 36
and then 1356|2478 would be heavy. Suppose 21 = z3 = 0, so that we have none
of 15,16, 35,36; then we must have 25,26,45,46, and so zo = x4 = 2, whence
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Y2 = y4 = 1 and we must have 27, making 1348|2567 heavy. Thus we must have
x1 = x3 = 1; we may assume 15 is an edge, together with one of 35,36. This
excludes 26 (else 1256|3478 would be O|2).

Suppose 47 is an edge, so that 27 is not; then yo = 0, y4 = 2, so we must have
xo =0, x4 = 2, giving the edges 45,46. As e5 = eg = 1 we must have 36 to ensure
05 = 0g; applying (1456|2378) gives I'yo7. Thus we may assume instead 27 is an
edge, which excludes 46 (else 1456|2378 would be 0|2), so we must have 25, 45; this
excludes 36 (else 2356|1478 would be 0|2), so we must have 35, giving T'yo7.

This completes the case where the edges in 1234|5678 are 12,14,23, 34,56,
together with an extra edge if e = 12. From now on we may therefore assume
instead that they are 12,13,23,34,56 (and note that we may also assume that
e = 11, since an extra edge would give the configuration just handled).

First suppose there are two parallel edges from {1,2} to {5,6}, say 15, 26; then
the remaining edge in 1256|3478 cannot go between {3,4} and {7, 8} (else 1256|3478
would be 0]2), so we may assume it is 25 (and 16 is not an edge). This excludes
35 (else we would have a K4 among {1,2,3,5}), and then we must have 46 (else
1246|3578 would be light), which excludes 17,18 (else 2346|1578 would be O|2). If
there is no edge from 2 to {7,8} we must have 36,45; applying (1235]|4678) gives
I'425. So we may assume we have 28, which excludes 36 (else 1258|3467 would
be heavy) and 45 (else 1238|4567 would be heavy), so we must have 27; applying
(1256|3478) gives I'ya7. Thus we may assume there are not two parallel edges from
{1,2} to {5,6}; in particular, there must be some edge from {3,4} to {7,8}.

Next suppose there are two parallel edges from {3,4} to {5,6}, say 35, 46; then
the remaining edge in 1278|3456 cannot go between {1, 2} and {7, 8} (else 3456|1278
would be 0]2), so we must have one of 36,45. However, if 45 is an edge this excludes
38,47 (else 1238|4567 would be heavy) and 37,48 (else 1237|4568 would be heavy),
and so there is no edge from {3,4} to {7,8}, contrary to the above; so we must
instead have 36. If there is an edge from 3 to {7,8}, say 37, this excludes 48 (by
parallels); but then 3 and 8 are joined to all and none respectively of the other six
vertices. So 37,38 are not edges and we must have an edge from 4 to {7, 8}, say 48;
this excludes 15,25 (else 1235|4678 would be heavy), so we need two of 16, 26,47;
but now 1236|4578 is heavy. Thus we may assume there are not two parallel edges
from {3,4} to {5,6}; in particular, there must be some edge from {1,2} to {7,8},
say 28, which excludes 17,47 (by parallels).

Suppose 38 is an edge; this excludes 18, 45,46 (else 1238|4567 would be heavy),
so for 1278|3456 to contain six edges we must have two of 27, 35,36, and thus we
may assume 35 is an edge. If we had 36 and not 27, then 3 and 7 would be joined to
all and none respectively of the other six vertices; so instead we must have 27 and
not 36. If 37 is an edge this excludes 48 (by parallels), 15,16 (else 1456|2378 would
be heavy) and 25 (else 1578|2346 would be light), so we must have 26; applying
(1278]3456) gives I'yo5. So we may assume 37 is not an edge. We cannot have 48 as
this would exclude 15, 16 (else 1567|2348 would be heavy) and 25, 26 (else 1348|2567
would be heavy); likewise we cannot have 15 as this would exclude 26 (by parallels
from {1,2} to {5,6}), 16 (else 1567|2348 would be heavy) and 25 (else we would
have a K, among {1,2,3,5}); since we cannot have both 16,25 by parallels from
{1,2} to {5,6} we must have 26, but this excludes 16 (else 1245|3678 would be
light) and 25 (else 1348|2567 would be heavy). Thus we may assume 38 is not an
edge.
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Suppose 48 is an edge; this excludes 37 (by parallels) and 15, 16 (else 2348|1567
would be 0|2), so for 1256|3478 to contain six edges we must have 25,26, which ex-
cludes 18,27 (else 1348|2567 would be heavy). So we must have two of 35, 36, 45, 46.
We cannot have both of 35,36 (else we would have a K4 among {2,3,5,6}), so we
may assume 45 is an edge, which excludes 36 (by parallels from {3,4} to {5,6})
and 46 (else 1238|4567 would be heavy), so we must have 35; applying (1238|4567)
gives I'ya7. Thus we may assume 48 is not an edge; so the edge from {3,4} to {7, 8}
must be 37. Note that if 27 were an edge we could interchange 7 and 8 to obtain a
graph with edges 28, 38 as considered in the previous paragraph; so we may assume
27 is not an edge.

Suppose 18 is an edge; this excludes 45,46 (else 1238|4567 would be heavy), so
for 1278|3456 to contain six edges we must have exactly one of 35, 36, say 35. We
must then have two edges from {1,2} to {5,6}. We cannot have 15 as this would
exclude 26 (by parallels from {1,2} to {5,6}), 16 (else 1568|2347 would be heavy)
and 25 (else we would have a K, among {1,2,3,5}); since we cannot have both
of 16,25 (by parallels from {1,2} to {5,6}) we must have 26, but this excludes 16
(else 1245|3678 would be light) and 25 (else 1347|2568 would be heavy). Thus we
may assume 18 is not an edge.

Therefore we must have one of 15,26, one of 16,25, one of 35,46 and one of
36,45. We cannot have both of 45,46 (else 1238|4567 would be heavy), so we may
assume 35 is an edge. However, we cannot have both of 15,25 (else we would have a
K, among {1,2,3,5}) or both of 16,26 (else 1268|3457 would be heavy); if we have
both of 15,16 this excludes 36 (else we would have a K, among {1,3,5,6}) and 45
(else 1456|2378 would be heavy); likewise if we have both of 25,26 this excludes
36 (else we would have a K, among {2,3,5,6}) and 45 (else 1268|3457 would be
heavy). This proves the lemma. O

This completes the treatment of the case e > 11; we therefore assume from
now on that e = 10. Here it is possible for I' to have four parallel edges; we
begin with this situation. Thus suppose 12, 34, 56, 78 are edges; as before the three
partitions 1234|5678, 1256|3478 and 1278|3456 contain each of the other six edges
exactly once, so for none to be heavy they must each contain two further edges.
We shall call one of these three partitions balanced if the two further edges are in
different halves of the partition, and unbalanced otherwise. Let u be the number
of unbalanced partitions among the three, so that v € {0,1,2,3}. Moreover, let p
be the number of these unbalanced partitions in which the two further edges are
parallel, so that p < u.

LEMMA 8.6. With the notation above, if u =0 then I' is known.

PROOF. First suppose some vertex is incident with three of the further edges;
we may assume we have 13,15,17, so that the remaining edges go one each from
{3,4} to {5,6}, from {3,4} to {7,8} and from {5,6} to {7,8}. For 1468|2357 not
to be light it must contain at least two of the remaining edges, so we may assume
we have 37 or 48, and 57 or 68 (and if 7 is incident with just one of these two edges
it is 37); for 1467|2358 not to be light it must then contain at least one more edge,
so the final edge must be 35 or 46. We cannot then have 48,68 as 1235[4678 would
be heavy; if we have 37,68 this excludes 46 (else 1237|4568 would be heavy), so we
must have 35, and applying (1235|4678) gives I'419; if we have 37,57 this excludes
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35 (else we would have a K4 among {1, 3,5,7}), so we must have 46, and applying
(1578|2346) again gives ['41g.

Thus we may assume in each pair {1, 2}, {3,4}, {5,6} and {7,8} one vertex is
incident with two of the further edges while the other is incident with one; we may
assume we have 13,15, 27. This time for 1467|2358 not to be light it must contain at
least two of the remaining edges, so interchanging 3,4 and 5, 6 if necessary we may
assume we have 58 or 67, and at least one of 38,47,35,46. Thus if we had neither
35 nor 46 then 1468|2357 would be light; so we must have 35 or 46 together with an
edge from {3,4} to {7,8}. Suppose we have 58; this excludes 37,48 (else 1457|2368
would be light). If we also have 35 this excludes 47 (else 1356|2478 would be heavy),
so we must have 38, and applying (1247|2358) gives I'419; if instead we also have 46
then the presence of 38 gives I'490, while that of 47 means that applying (1234|5678)
gives I'422. So we may assume we have 67, which excludes 35 (else 1345|2678 would
be heavy), so we must have 46, which excludes 37, 48 (else 1457|2368 would be light)
and 47 (else 1235|4678 would be heavy), so we must have 38; applying (1256|3478)
giVGS F422. U

LEMMA 8.7. With the notation above, if u =1 then I' is known.

PROOF. We may assume the unbalanced partition is 1278|3456. First suppose
p =1, so that the two further edges it contains are parallel; we may assume they
are 17,28. Each of the remaining four edges is from {1,2,7,8} to {3,4,5,6}. If one
of {1,2,7,8} is incident with two of these edges, we may assume we have 13, 15; for
1468|2357 not to be light it must then contain the other two edges, so we must have
37 or 48, and 57 or 68. If we have 37,57 then applying (1358|2467) gives I'419; we
cannot have 37,68 as then 1347|2568 would be heavy, or 57,48 as then 1567|2348
would be heavy; and if we have 48,68 this gives I'yo9. Thus we may assume each
of {1,2,7,8} is incident with one edge to {3,4,5,6}; so we may assume we have
15,23, which excludes 38,57 (else 1567|2348 would be heavy). For 1368|2457 not
to be light it must contain the other two edges, which must then be 47,68, giving
Ty20.

So now suppose p = 0, so that the two further edges in 1278|3456 are not
parallel; we may assume they are 18,28. If one of {1,2} is incident with both the
edges to {3,4,5,6} we may assume we have 13, 15. For 1467|2358 not to be light
it must contain at least one of the other edges; after interchanging 3,4 and 5,6
if necessary we may assume we have 38 or 47, which excludes 57 (else 1238|4567
would be heavy). For 1468|2357 not to be light it must contain the final edge, which
must then be 68; choosing 38 gives I'y19 while 47 gives I'yo;. Thus we may assume
each of {1,2} is incident with one edge to {3,4,5,6}; so we may assume we have
15,23. For each of 1367|2458 and 1368|2457 not to be light we must have one of
37,48,58,67 and one of 38,47,57,68. If we have 37,57 then applying (1368|2457)
gives T'yo1; if we had 37,68 then 1568|2347 would be heavy; if we had 48,57 then
1567|2348 would be heavy; if we have 48,68 this gives I'411; if we have 38,58 this
gives T'419; if we had 38,67 then 1567|2348 would be heavy; if we had 47,58 then
1568|2347 would be heavy; and if we had 47,67 then 1238|4567 would be heavy. O

LEMMA 8.8. With the notation above, if u = 2 then I' is known.

PROOF. We may assume the balanced partition is 1278|3456, and the four fur-
ther edges in 1234|5678 and 1256|3478 are from {1,2} to {3,4,5,6}. First suppose
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p > 1; we may assume we have 13,24. If in fact p = 2, we may assume we also
have 15,26, and may take one of the remaining edges to be 17; but now 1468|2357
will be light. Thus we must have p = 1, so that the two edges from {1,2} to
{5,6} must share a vertex v. We may assume the edges are 15,16 if v € {1, 2}, or
15,25 if v € {5,6}; but in either case, for each of 1457|2368, 1458|2367, 1467|2358
and 1468|2357 not to be light, among the other two edges we must have one of
17,28, 36,45, one of 18,27, 36,45, one of 17, 28, 35,46 and one of 18,27, 35, 46, which
is impossible with 1278|3456 balanced.

Thus we may assume p = 0, so that in each of 1234|5678 and 1256|3478 the
two further edges are not parallel. Let v; and vy be the vertices common to the
two further edges in 1234|5678 and 1256|3478 respectively. If vi,v2 € {3,4,5,6},
we may assume we have 13,23, 15,25; this excludes 35,46 (else 1235|4678 would
be heavy), so we may assume the other two edges are 36,17, and then applying
(1358|2467) gives I'411. If instead [{v1,v2} N {3,4,5,6}| = 1, we may assume we
have 13,14,15,25; by interchanging 7 and 8, and 3 and 4, we may assume the
other two edges are 17 or 27, and 35 or 36. We cannot have 27 as this excludes
both 35 (else 1345|2678 would be heavy) and 36 (else 1346|2578 would be heavy),
so we must have 17; according as we have 35 or 36 applying (1278|3456) gives
L4190 or I'y1;. Thus we may assume vy,ve € {1,2}. If v; # vy we may assume
we have 13,14, 25, 26, together with 17,35; but now 1478|2356 is heavy. Thus we
may assume we have 13,14, 15,16, together with 35, which excludes 27,28 (else
1345|2678 would be heavy), so we may take the final edge to be 17, giving I'sgs. [

LEMMA 8.9. With the notation above, if u =3 then I' is known.

PROOF. First suppose p > 2; we may assume we have 13,24,15, 26, with the
other two edges in 1278|3456. For each of 1467|2358 and 1468|2357 not to be light
we must have two of 17,28,35,46 and two of 18,27, 35,46, so the other two edges
must be 35,46, and then applying (1467|2358) gives T'420.

Next suppose p = 1; we may assume we have 13,24. Note that 13,24, 56,78
are also four parallel edges, so that each of 1356|2478 and 1378|2456 must contain
two further edges; by the cases already considered we may assume each of these
partitions is unbalanced with its two further edges not parallel. We may assume
one of the other four edges is 25; thus the other edge in 1256|3478 must be 15 or
26, while that in 1378|2456 must be 45 or 26. If we have 15 we must therefore
also have 45; now the remaining edge in 1278/3456 must be 35 or 46 while that in
1356|2478 must be 16 or 35, so we must have 35, giving T'4o7. If instead we have
26, the two remaining edges must lie in 1356]|2478; thus if they go from {1,2} to
{7,8} they must be 27,28, and then applying (1234|5678) gives I'y97, while if they
go from {3,4} to {5,6} they must be 35,36, and applying (1278|3456) gives T'4;7.

Finally assume p = 0. Thus in each of our three partitions the two further edges
meet at a vertex; let these vertices (which need not be distinct) be v1, v, v3. We may
assume we have pairs of edges from {1,2} to {3,4} and from {1,2} to {5,6}. First
suppose the third pair is from {3, 4} to {5,6}. If say {v1,ve,v3}N{1,2} = (), we may
assume we have 13,23, 15, 25, which excludes 35, 46 (else 1235|4678 would be heavy);
but now the edges of the third pair must be parallel. So {vy,v2,v3} must meet each
of {1,2}, {3,4} and {5,6}, and we may assume we have 13,23, 35,45, 15, 16, giving
I413. Now suppose the third pair is from {1,2} to {7,8}. If v; € {1,2} for at most
one i, we may again assume we have 13,23,15,25. By interchanging 1 and 2, and 7
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and 8, we may assume we have 17; if the other edge is 27 this gives I'415, while if it
is 18 then applying (1235]4678) gives I'y16. Thus we may assume v; € {1,2} for at
least two values of 4, and so may assume we have 13, 14; if we then had 25,26 the
third pair of edges would make 1347|2568 heavy, so we may assume we have 15, 16;
if we had 27,28 then 1345|2678 would be heavy, while if we had 17,18 then 1 and
2 would be joined to all and none respectively of the other six vertices, so we may
assume we have 17,27, giving I'3g6. ([

Thus from now on we assume I' does not have four parallel edges; so 78 is not
an edge, and as in the case e > 11 there can be no 0|2 partition. Of the seven
edges other than 12,34,56 we may assume 1234|5678 contains three, and thus is
full. We observe that if a partition abed|efgh is full, has three parallel edges but
not four, and is not 0|2, then there are four possible configurations for the edges it
contains: (I) ab,be,cd, ef,eq, fg; (I1) ab,be, cd, ef,eq, eh; (IIT) ab, ac, be, cd, ef, fg;
(IV) ab, ac, be, bd, cd, e f. We shall work through these four possibilities for 1234|5678
in turn; note that, as we select edges in tackling the later ones, if we ever see a
partition of an earlier type we need proceed no further with the line of investigation,
since no further edges may be added within the partition (else it would become
heavy), and therefore we would be in a case already considered.

LEMMA 8.10. With the notation above, if 1234|5678 is of type (I) then T is
known.

PrROOF. We may assume the three further edges in 1234|5678 are 23,57, 67.
First suppose 48 is present; this excludes 15,16,17,35,36,37 (by parallels) and
28,38 (else 1567|2348 would be heavy). We cannot also have 18 as this would
exclude the remaining possible edges (by parallels), so we must have three edges
from {2,4} to {5,6,7}. By interchanging 1,2 and 8,4, we may assume we have at
least two edges from 2 to {5, 6, 7}; but now 1348|2567 will be heavy. Thus 48 must
be absent; similarly so must 18.

Suppose 38 is present; this excludes 15,16,17,28 (else 1567|2348 would be
heavy) and 45, 46, 47 (else 1238|4567 would be heavy), so we must have three edges
from {2,3} to {5,6,7}. We cannot have at least two from 2 (else 1348|2567 would
be heavy) or all three from 3 (else we would have a K, among {3,5,6,7}), so we
may assume we have 35,36 and an edge from 2; if it is 25 or 26 then applying
(1348|2567) gives I'sgs, while if it is 27 then applying (1248|3567) gives T'497. Thus
we may assume 38 is absent; similarly we may assume 28 is absent.

Thus the remaining four edges are from {1,2, 3,4} to {5,6,7}. We can have at
most one from each of 1 and 4 (else 1567|2348 or 1238|4567 would be heavy), and
at most two from each of 2 and 3 (else we would have a K, among {2,5,6,7} or
{3,5,6,7}). Up to interchanging 1,2 and 4,3 there are four possibilities: (i) two
each from 2 and 3; (ii) two from 2, one from 3, one from {1,4}; (iii) two from 2,
one each from 1 and 4; (iv) one each from 1, 2, 3 and 4.

If (i) holds we may assume we have 25,26, 35; this excludes 36 (else we would
have a K, among {2,3,5,6}) so we must have 37, and then applying (1248|3567)
giVGS 1—‘398'

If (ii) holds we may assume we have 25, 26. If we have 37 this excludes 15, 16, 47
(else 1256|3478 would be heavy); but now 1356|2478 will be light. Thus we may
assume we have 35, which excludes 17,47 (else 1267|3458 or 3457|1268 would be
0]2). If we have 15 then applying (1567|2348) gives I'406; if we have 16 this gives
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[414; if we have 45 then applying (1268|3457) gives I'406; if we have 46 then applying
(1234]5678) gives ['414.

If (iii) holds we may assume we have 25,26. If we have 17 this excludes 45, 46
(else 2345|1678 or 2346|1578 would be 0]2), so we must have 47, and then applying
(1348|2567) gives I'y15. Thus we may assume we have 15, which excludes 46 (else
2346|1578 would be O|2) and 47 (else 1256|3478 would be heavy), so we must have
45, and then applying (1348|2567) gives I'414.

Finally if (iv) holds we may assume we have 25. If we also have 35 we cannot
have both 15 and 45 (else 5 and 8 would be joined to all and none respectively of the
other six vertices), so we may assume we have 46; this excludes 15 (else 1235|4678
would be heavy) and 17 (else 3456|1278 would be 0O]2), so we must have 16, and
then applying (1678]2345) gives I'y15. Thus we may assume we have 36. If we have
15 this excludes 46,47 (else 1258|3467 would be heavy), so we must have 45, giving
T'409; if we have 16 this excludes 45,47 (else 1236]4578 would be 0]2), so we must
have 46, giving T'409; if we have 17 this excludes 45, 47 (else 2345|1678 or 2356|1478
would be 0]2) and 46 (else 1257|3468 would be heavy). O

LEMMA 8.11. With the notation above, if 1234|5678 is of type (II) then T is
known.

PROOF. We may assume the three further edges in 1234|5678 are 23,57, 58.
First suppose there is some edge from {1, 4} to {6, 7, 8}; we may assume we have 16,
which excludes 27,28, 47,48 (by parallels) and 17,18, 36 (else 1567|2348, 1568|2347
or 1236/4578 would be 0OJ2).

If we also have 46, this excludes 37,38 (by parallels) and 26 (else 2346|1578
would be 0|2), so we must have two edges from 5 to {1,2,3,4}; note that we may
interchange 1,2 and 4, 3. If we have 15,25 or 15,45 this gives 415, while if we have
15,35 or 25,35 then applying (1234|5678) or (1246|3578) gives I'y15. So we may
assume 46 is absent.

If we also have 45, this excludes 26 (else 1236|4578 would be heavy) and 37, 38
(else 3457|1268 or 3458|1267 would be 0O|2), so we must have two edges from 5 to
{1,2,3}. Since we may interchange 1,6 and 3,4, we may assume we have 15; if we
also have 25 this gives I'403, while if instead we have 35 then applying (1234]|5678)
gives I'g93. So we may assume 45 is absent.

If we also have 25, this excludes 37,38 (else 1256|3478 would be 0O|2), so we
must have two of 15,26,35. We cannot have both of 15,26 (else we would have a
K, among {1,2,5,6}), so we must have 35; this excludes 26 (else 3457|1268 would
be of type (I)), so we must have 15, giving T'402. So we may assume 25 is absent. If
we had 37, 38 then 3578]1246 would be 0|2, so we may assume 38 is absent; thus we
must have three of 15,26, 35,37. If we had 15,37 then 1568|2347 would be heavy,
so we must have 26, 35; but then 3457|1268 is of type (I).

Thus we may assume there is no edge from {1,4} to {6,7,8}. If we had
15,25, 35,45 then 5 and 6 would be joined to all and none respectively of the other
six vertices; so we must have some edge from {2, 3} to {6, 7,8}, which we may take
to be 26.

Suppose we have 15; this excludes 37,38 (else 1256|3478 would be O0]2) and 36
(else 1578|2346 would be heavy), so we must have two of 25,27,28,35,45. If we
have 27,28 this gives ['4p4, S0 we may assume 28 is absent. If we have 25 then
according as the other edge is 27, 35 or 45 we have ['495, I'401 or I'490, SO we may
assume 25 is absent; we cannot have 27,35 (else 1367|2458 would be light), so we
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must have 45; if the other edge is 35 this gives I'sgg, while if it is 27 then applying
(1267|3458) gives I'404. Thus we may assume 15 is absent.

Suppose we have 45; this excludes 36 (else 1236|4578 would be heavy) and 37, 38
(else 3457|1268 or 3458|1267 would be 0O]2), so we must have two of 25,27, 28, 35.
If we have 27,28 then applying (1234]5678) gives I'yp4, S0 we may assume 28 is
absent. We cannot have 27,35 (else 1267|3458 would be heavy), so we must have
25; according as the other edge is 27 or 35 applying (1234]5678) gives I'4g5 or I'4o;.
Thus we may assume 45 is absent.

If we have 25, 35 this excludes 36 (else we would have a K, among {2,3,5,6}),
so we may assume the other edge is from 7 to {2,3}; if it is 37 this gives I'40s,
while if it is 27 then applying (1348|2567) gives I'40s. Thus we may assume at least
one of 25,35 is absent; so we must have at least three edges in total from {2, 3} to
{6,7,8}, and thus may assume we have 27 in addition to 26. This excludes 38 (else
2567|1348 would be 0]2); note that we may now interchange 6 and 7.

If we have 25 we cannot have 35 (as above); if the other edge is 28 this gives
T's97, while if it is 36 then applying (1346|2578) gives I'414. So we may assume 25
is absent. If we have 35 this excludes 28 (else 1245|3678 would be light), so we may
assume the other edge is 36, and then applying (1236]4578) gives I'4p9. So we may
assume 35 is absent. Thus we must have two of 28,36, 37, so we may assume we
have 36; if the other edge is 28 then applying (1346|2578) gives T'y13, while if it is
37 then applying (1458|2367) gives I'415. O

LEMMA 8.12. With the notation above, if 1234|5678 is of type (III) then T is
known.

PROOF. We may assume the three further edges in 1234|5678 are 13, 23, 67; this
excludes 45, 47 (else 1238|4567 would be of type (I)). Note that we may interchange
5and 7.

First suppose we have 38; this excludes 18,28,46 (else 1238]|4567 would be
heavy) and 15, 17, 25, 27 (else 1567|2348 or 2567|1348 would be of type (II)). We can-
not then have 48, since this excludes 35, 37 (by parallels) and 16, 26 (else 1256|3478
would be of type (I)), leaving 36 as the only available edge; so we must have three
of 16, 26, 35, 36, 37. If we had 16,26, 36 then we would have a K4 among {1,2,3,6};
thus we may assume we have 37, which excludes 16,26 (else 1256|3478 would be
of type (II)), so we must have 35,36; but now 3 and 4 are joined to all and none
respectively of the other six vertices. Thus we may assume 38 is absent.

Next suppose we have 48; this excludes 15,17, 25,27 (by parallels), 16,26 (else
2348|1567 or 1348|2567 would be of type (II)), 18,28 (else 1348|2567 or 2348|1567
would be 0O]2) and 46 (else 4568|1237 would be of type (I)). Thus we must have
35,36, 37, but now 1248|3567 is heavy. So we may assume 48 is absent.

Next suppose we have 46; this excludes 18, 28 (else 1238|4567 would be heavy).
If we also have at least one of 35,37 we may assume 37 is present, which excludes
15,25 (else 3467|1258 would be O|2) and 17,27 (else 1237|4568 would be heavy), so
we must have two of 16,26, 35,36. If we had 35,36 then 3 and 8 would be joined
to all and none respectively of the other six vertices, so we may assume we have
16, which excludes 35 (else 1457|2368 would be light); if the other edge is 26 then
applying (1237|4568) gives I'sgg, while if it is 36 then applying (1457|2368) gives
T'401. So we may assume 35, 37 are absent. If we had 16, 26,36 then 6 and 8 would
be joined to all and none respectively of the other six vertices, so we must have
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some edge from {1,2} to {5, 7}, which we may take to be 15; this excludes 17 (else
1567|2348 would be O|2) and 25 (else 1235[4678 would be heavy). We cannot have
27 as this would exclude 16, 26,36 (else 2347|1568, 1345|2678 or 1257|3468 would
be of type (I)), so we must have two of 16, 26, 36; after interchanging 1,5 and 3,4
if necessary we may assume we have 16, and if the other edge is 26 then applying
(1368|2457) gives I'y03, while if it is 36 then applying (1234|5678) gives I'492. Thus
we may assume 46 is absent.

Next suppose we have at least one of 18,28, which we may take to be 18; this
excludes 25,27 (by parallels), 26 (else 1348|2567 would be of type (II)) and 28 (else
1238|4567 would be heavy), so we must have three edges from {1,3} to {5,6,7},
and thus at least one from {1, 3} to {5,7}. Since we may interchange 1,8 and 3,4,
and 5 and 7, we may assume we have 15; this excludes 17 (else 1567|2348 would be
0|2) and 36, 37 (else 3467|1258 would be of type (II)), so we must have 16, 35, but
now 1678|2345 is of type (II). Thus we may assume 18,28 are absent.

Next suppose there is no edge from {1,2} to {5, 7}; then we must have four of
16, 26, 35, 36, 37, and as we may interchange 1 and 2, and 5 and 7, we may assume
we have 16,37. We cannot then have 36 as it would exclude 26 (else we would
have a K4 among {1,2,3,6}) and 35 (else 3 and 8 would be joined to all and none
respectively of the other six vertices), so we must have 26,35, and then applying
(1256|3478) gives I'sg9. Thus we may assume there is some edge from {1,2} to
{5, 7}, which we may take to be 15; this excludes 17 (else 1567|2348 would be 0O|2).

Suppose we have 16; this excludes 27 (else 2347|1568 would be of type (I)).
Also, we may assume 37 is absent, since otherwise interchanging 2,3,4 and 5,6,7
would give a graph containing the six edges assumed at the start of this proof
together with 46, which we have already handled. Thus we must have two edges
from {2,3} to {5,6}; we cannot have a pair of the form ik, jk (else we would have
a K, among {1,4,7,k}), so they must be parallel; if we had 25,36 then 3467|1258
would be of type (I), so we must have 26,35, and then applying (1256|3478) gives
T'403. Thus we may assume 16 is absent.

Suppose we have 25; this excludes 27 (else 2567|1348 would be 0O|2), 35 (else
we would have a K, among {1,2,3,5}) and 36 (else 3467|1258 would be of type
(I)), so we must have 26, 37, but now 1256|3478 is heavy. Thus we may assume 25
is absent.

Suppose we have 26; this excludes 27 (else 1345|2678 would be of type (I))
and 37 (else 1256|3478 would be 0O]2), so we must have 35,36, and then applying
(1235|4678) gives I'402. Thus we may assume 26 is absent.

Finally then we must have three of 27, 35, 36, 37; if we had 35, 36, 37 then 3 and
8 would be joined to all and none respectively of the other six vertices, so we must
have 27. According as the missing edge from 3 to {5,6, 7} is 35, 36 or 37, applying
(1568|2347), (1234]5678) or (1345|2678) gives I'414. O

LEMMA 8.13. With the notation above, if 1234|5678 is of type (IV) then T is
known.

PROOF. We may assume the three further edges in 1234|5678 are 13,23, 24.
First suppose some edge from {1,4} to {5,6} is present, which we may take to
be 15; this excludes 17,18 (else 1567|2348 or 1568|2347 would be of type (I)) and
27,28,37,38,47,48 (else 2347|1568 or 2348|1567 would be of type (IIT)). If 16 is also
present, we must have two from {2, 3,4} to {5,6}. If we have 45,46 this gives I'41g,
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so we may assume we have some edge from {2,3} to {5,6}, which we may take to
be 25; this excludes 26, 35 (else we have a K4 among {1,2,5,6} or {1,2,3,5}); if we
have 36 then applying (1256|3478) gives I'3g7, while if instead we have 45 or 46 then
applying (1234]5678) gives I'sg7 or T'405. So we may assume 16 is absent. If 46 is
present, we may assume 45 is not, since otherwise interchanging 1,5 and 4,6 would
give a graph containing the six edges assumed at the start of this proof, together
with 15 and 16, which we have just handled. Thus we must have two edges from
{2,3} to {5,6}, so we may assume we have 25, which excludes 35 (else we would
have a K4 among {1,2,3,5}); if the other edge is 26 this gives I"408, while if it is 36
then applying (1235|4678) gives I'yp5. So we may assume 46 is absent. If we had
25,35 then we would have a K, among {1,2,3,5}; so we may assume 35 is missing.
Thus we must have three of 25,26, 36,45; we must have 25 (else 1467|2358 would
be light). If the other two are 26,36 then applying (1256|3478) gives I'401; if they
are 26,45 then applying (1234|5678) gives I'401; if they are 36,45 then applying
(1234|5678) gives I'400. Thus we may assume 15, 16,45, 46 are absent.

Next suppose some edge from {1,4} to {7,8} is present, which we may take
to be 17; this excludes 28, 38,48 (by parallels). If we also have 18 this excludes
27,37,47 (by parallels), so we must have two from {2,3} to {5,6}, and thus may
assume we have 25; but now 2456|1378 is of type (II). Thus we may assume 18 is
absent. If we have at least one of 27,37 we may assume we have 27, which excludes
35,36 (else 3456|1278 would be of type (I)) and 37 (else we would have a K, among
{1,2,3,7}), so we must have two of 25,26,47; we may assume we have 25, but
this excludes 26,47 (else 1347|2568 would be of type (I) or 0J2). Thus we may
assume 27,37 are absent. We cannot have 47 as this would exclude 25, 26, 35, 36
(else 1347|2568 or 1247|3568 would be 0|2); so we must have three from {2,3} to
{5,6}, which we may take to be 25,26, 35, but now 1347|2568 is of type (I). Thus
we may assume 17, 18,47, 48 are absent.

Thus we must have four edges from {2, 3} to {5, 6, 7,8}; we may assume we have
at least two from 2. If we had 25,26, 27,28 then 2 and 7 would be joined to all and
none respectively of the other six vertices; so we must have at least one edge from
3. If there are three edges from 2, we may suppose the missing edge from 2 is 26 or
28; but if we have 25,27, 28, this excludes 35, 36,37, 38 (else 3456|1278, 2568|1347
or 2567|1348 would be of type (II)), while if we have 25,26, 27, this excludes 38 (else
1348|2567 would be heavy), and then 2 and 8 are joined to all and none respectively
of the other six vertices. Thus we must have two edges from each of 2 and 3; we
may assume 2 has at least as many edges to {5,6} as 3 does. If we have 27,28
we must then have 37,38, and then applying (1234]|5678) gives I'415; so we may
assume we have 25. If we also have 26, this excludes 37,38 (else 1256|3478 would
be of type (III)), so we must have 35,36; but now we have a K4 among {2,3,5,6}.
Thus we may assume we also have 27, which excludes 38 (else 2567|1348 would be
of type (II)), so we must have 37; for 1457|2368 not to be light we must have 36
rather than 35, and then applying (1467|2358) gives I'so7. O

This concludes the argument showing that the graphs in Figure 8.6 complete
the list of relevant irreducible graphs. As with the E; root system earlier, in a few
cases we take not the set corresponding to the graph given above but a W-translate
thereof, as this leads to a more convenient form for the stabilizer. In each case this
gives a reducible graph equivalent to the original; we call it a replacement. In
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FIGURE 8.7. Replacement graphs

Figure 8.7 we list these replacements, and in the following scheme indicate in each
case the original and an element of W sending it to its replacement.

60 68 114 125 146 154 161 175 225
(1347|2568) (1458|2367) (1467|2358) (1458|2367) (1458|2367) (1467|2358) (1457|2368) (1457|2368) (1568|2347)

236 248 251 261 284 291 299 302 320
(1458|2367) (1458|2367) (1457|2368) (1458|2367) (1567|2348) (1458|2367) (1458|2367) (1568|2347) (1458|2367)

323 356 358 364 374 375 389 405 409
(1458|2367) (1458|2367) (1348|2567) (1567|2348) (1458|2367) (1458|2367) (1567|2348) (1678|2345) (1346]2578)

We write X3y for the maximal abelian set corresponding to the graph I'; or its
replacement, and therefore set

1 2465432 .- -- 1 e 1
X29:{ 3 y 2 ;0

}
X2, = [2Ag548: ol g1y
}

3 [ 24654-. ... 1 ...-111
X29 - { 3 y 2 s 0 )
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29 — { 3 ) 2 9 2 I 2 ) 1 9 0 }7
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29 — { 3 s 2 y 2 s 2 ) 1 ) 1 s 0 }?
X15 __ f24654-- ---4321 ---3--1 12332-1 1232111 ----111
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-34-321 2343221 1243--1 1343211 1233211 1232221 1233221
29 — 3 s 2 s 2 2 2 2 1

s 2 ) y ) ) )

1232111 12(152211

) 9’

1122211 0122221 1221111 -111111 0000--1
1 5 1 ) 1 . 5 0 }

) )

X422 _ {24%5432 24-4321

23--321 1354321 1-44321 -343211 1--3221 1243321 1233321
29 ) s 2 y 3 y 2 2 2 2

) ) ) ) 1 )

122221 1232211

1232111 1122111 0122211 1111111 0111111 0000--1
) 2 ) 1 ) 1 1 1 0 0 }7

; ’ ) )
X423 _ 12465432 2...-21 1----21 2343211 0000001
29 — { 3 . 2 sy 0 }

) ) . ) i

X424 __ 246543 ----321 23432-1 1---221 0000011
29 — { 3 ) . s 2 5 - s 0 }7
425 [ 2 +3-+-+1 12.-..21 1111111 0011111
X29 - { 3 ) 2 ) . 5 0 ) 1 }7
X426 _ 2465432 ----321 2343211 1---221 0122211 00000-1
29 — { 3 ; . s 2 5 . s 1 s 0 }7
X427 _ f246---- 2---321 1354321 1343321 1244321 --432-1 1233321 123-2-1 1232111
29 — { 3 ) 2 ) . ) 2 ) 2 ) 2 ) 2 ) 1 5 2 5
1222111 1121111 0-11111
1 5 1 > 0 )
428 _ ;2465432 .- .- 21 0000001
X29 - { 3 PR ;0 )
X429 _ 246543- ----321 2343211 1---221 0122211 0000011
29 — { 3 s s 2 - s 1 > 0 }7
430 __ ;246543 - ---- 21
X29 = { 3 » }

8.2. Near-radical maximal abelian sets

As explained in section 3.1, here it will also be useful to consider subsets X of
& satisfying | X \ Q| = 1 or 2; we call these near-radical sets.

We begin with the case of maximal abelian sets X satisfying | X \ Q| = 1.
Suppose X consists of 248°432 one root of the form and various roots of

the form 177 . Using the group (wy,ws,ws, wy, ws, we, wy) we may assume the
second root is 2*3%%1%: this excludes *"1" !, giving 27t € X by default. We

therefore have € X, and the remaining roots of X are to be chosen one

from each of 16 pairs summing to p, of the form {* "1t 121y
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In terms of the identification with unordered pairs introduced in section 8.1, the
pairs in which a choice must be made are ¢j where i, € {1,2,3,4,5,6}, together
with 78. Indeed, using the group (ws,ws, wy, ws, wg, wW7) We May assume 1334321 S
X, which excludes "' leaving just the 15 pairs of the form {1'1' SR !
corresponding to ¢j with ¢, 7 < 6. As in section 8.1 we may represent such a set by a
graph, this time on vertices 1,2, 3,4, 5,6, where the presence or absence of an edge
means that the as-coefficient of the corresponding root is odd or even respectively.
We know that (ws, wy, ws,ws, wy) acts as Sg permuting the vertices; provided the
set contains 1334321 so that the edge 56 is absent, wy acts in such a way that the
presence or absence of the edge ij gives rise to the absence or presence of the edge
kl, where {i,j, k,1} = {1,2,3,4}.

We are therefore in the same position as that which we faced when determin-
ing the radical sets in the E7 root system in section 7.1; accordingly, we obtain
the same list of 37 graphs requiring consideration as in Figure 7.2. Before going

further it is worth considering the reason for the similarity. Set 7, = %'§'*'*!,

11111 . . . . .
vo = P and write w* = Wy, Wy,. Then w* is an involution which sends

2343210 2465432 2343210
2 to 773 2

, and therefore sends pairs of roots summing to to pairs
2465432

of roots summing to “°3 . Indeed, given any root g of the form *": , we
may write 5 = Z;g:l n;a; with ny = 1, ng = 0, and n3 € {ng,ny + 1}; the inner
products with v; and 2 are ng — ng — 1 and ny — ng3 respectively, so that w*(f)
is B+ 71 or B+ 7 according as n3 = ng or ng = ny + 1, and in either case we
have w*(8) = Zle mio; with my = 1, mg = 1, ma = n3 and m3 = ny + 1.
Therefore w* sends each pair {'*:""°% 12" %% to a pair {111, 51 indeed,
given 4,7 < 6, if {8,0'} is the pair corresponding to ij in the notation of sec-
tion 7.1, then {w*(8),w*(8’)} is the pair corresponding to j in the notation of
section 8.1 (while {w*(10§0000) ¥ (1333210)) — (HIFHIL 113343210y N oreover, con-
jugation by w* interchanges wo and ws while fixing wy, ws, wg and wy, which
explains the correspondence between the actions of these elements in the F7 and
Es situations. (We can now see that in section 7.1 we should really have identified
the pair {108000, 133321} with the unordered pair 78, and represented radical sets
by pairs of graphs, with vertex sets {1,2,3,4,5,6} and {7, 8}; then the effect of w;
there would have been as stated on edges 7j with ¢, j < 4, but also the presence or
absence of 56 would have led to the absence or presence of 78, and vice versa.)
We digress briefly to observe that the notations used for radical sets in Fjg
and F; are linked in a similar way. Write wl = wawaw wawswawswWewrWeWsWe.

Then wt (although not an involution) sends 123210 4, 233321, and therefore sends
123210
2

pairs of roots summing to to pairs of roots summing to 233321, indeed,

given i € {1,2,3} and j € {4,5,6}, if {3,8'} is the pair corresponding to ij in
the notation of section 6.1, then {wf(B),w(3')} is the pair corresponding to ij
in the notation of section 7.1 (while {w!(%°9%0%) T (1%210)} = {105000 1333211y
Moreover, conjugation by w’ (on the left) sends wy,ws,ws, ws to wy,ws, wr, we
respectively and wy to wrwgwswswzwswswgws, which explains the correspondence
between the actions of these elements in the Eg and E; situations.

Returning to the matter in hand, we must now consider which of the graphs in
Figure 7.2 give rise to maximal abelian sets here; we shall see that the condition
for maximality is actually different from that found in section 7.1. The presence of

2 , while 13%4321

in X excludes all negative roots along with all roots °:
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; so the roots outside 2 which remain to be excluded are

those of the form 1'1' 0 or 1'§' 0 To exclude 11%0000 we must have some root

1233--1 1--4321
1 2

or some root present; using the group <w3,w4,w5,w6,w7) we see

that to exclude the roots ;"% the graph cannot contain a triangle such that
there are no edges between the other three vertices, which disposes of the sixth

graph in the first row. To exclude *?3*'%° we must have some root ' 2! present;

using the group (ws,ws, ws, wg,ws) we see that to exclude the roots '3 " the
graph cannot contain a vertex joined to none of the others, which disposes of all
remaining graphs in the first row except for the ninth therein, the first, third and
fourth in the second row and the fourth in the third row. We are therefore left with

— LTl L v
AN V= E )
TV, deRE®

We take the vertices 1,2,3,4,5,6 to be arranged as in section 7.1. In fact in
three of the 24 cases we shall choose to take not the set given by the graph above,
but instead its image under ws; the graphs concerned are the fifth in the second
row and the third and sixth in the third row. As in section 7.1 we make this choice
because it will in due course lead to a more convenient form for the stabilizer. We
therefore set

Xl 2 13---.21 124-321 123-221 12-.-11 1232111 1222211 1122221

30 — { . ) . ) 2 ) 2 } 2 ) 1 ) 1 ) 1 }7

X2 2 1--4321 1--3-21 1.-2221 1232-11 1233211
30 — { . ) . ) 2 ) 1 ) 2 ) 1 }7

X3 2 13---21 124-321 1243211 1233321 123-2-1 1232111 1222211 1122221
30 — { . ) . ) 2 ) 2 ) 1 ) 2 ) 1 ) 1 ) 1 }7

X4 2 13---21 12--321 12-3211 1232221 1233221 1232111 12-2211 1122221
30 — { . ) . 9 2 9 2 ) 2 9 1 9 2 ) 1 9 1 }7
5 (2e-een- 1....21

XSO - { : ) : }’

X6 2 1---321 1--3221 1--2221 1232211 1233211
30 { : ’ : s 2 s 1 y 2 sy 1 }7
7 2 13---21 12-3--1 1122221 1221111

X30 - { : ) . ) . ) 1 ) 1 }a

XS [ 2 1---321 1343211 12-3221 1232211 1233211 12-.2221 1122211
30 — { . ) . ) 2 ) 2 ) 2 ) 1 ) 1 ) 1 }7

X9 [ 2 1--4321 1-43-21 1233221 1233321 1233211 1232211 1-22221 1232111
30 — { . ) . ) 2 ) 2 ) 1 ) . ) 2 ) 1 ) 1 }7
10 2 1354321 1--3--1 1-21111

XSO - { . 5 . 3 . 9 1 }a

Xll [ 2 1354321 1-4---1 1233-21 1233211 1232221 1232-11 1111111
30 { . 5 3 3 2 9 1 5 2 3 2 9 1 5 1 }7

X12 20 13-4321 1-432-1 12-3321 1233221 1232211 1233211 1232221 1221111
30 — { . ) . ) 2 9 . 5 2 ) 2 9 1 5 1 ) 1 9

1122111
h

X13 2 1.--321 1---2-1 1233321 1111111
s0 =170 T T T g

X14 2 13---21 124-321 123--11 12222-1 1122221
30 — . ) . ) 2 9 . } 1 ) 1 },
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X15 2 13---21 124-321 1233221 1232-11 1233211 1.-2221 1232111 1222211
30 — { . ) . ) 2 ) 2 5 2 ) 1 9 1 5 1 ) 1 }7
16 _ 2. 1354321 1--3--1 1--1111
XSO - { . ) 3 ) . ) 1 }
X17 2 1354321 1343.-1 1244321 1243221 1233321 12-3211 1233-21 1232221
30 — { . s 3 y 2 y 2 s 2 y 2 y 2 ’ 1 y 2 )
1232211 1222111 11-1111
1 ) 1 ) 1 }7
X18 [ 2 1354321 1-4-321 123-221 1232111 1-222-1
30 — { . ) . y 2 ) . 5 . s 1
19 _ f2----- 1----- 1 1111111
X30 - { : y 2 sy 0
X20 [ 2 1354321 1343321 1244321 1- 43221 1233321 123 211 1. 22221 1222111
30 — { ) ) ’ ) ) ’ ) ) )
1121111}
X21 [ 2 1354321 1-4-321 1233211 1232221 1233221 1232111 1232211 1-222-1
30 — { . ) . ) 2 ) 2 ) 2 ) 1 ) . ) 1 ) 1 }7
X22 2 13-4321 1---2-1 12-3321 1221111 1122111 1111111
30 — { . 5 2 3 2 B . 5 1 3 1 B 0 }a
23 _ 2. 1--4321 1--2--1
X30 - { ' ) : ’ : }7
X24 20 13-4321 1243321 1233221 1232-11 1233211 1--2221 1232111 1222211
30 — { . ’ . 9 2 9 2 ) 2 9 1 9 1 ) 1 9 1 9

112211 12211114
Now consider maximal abelian sets X with |X \ Q| = 2. Here we divide into
two cases according as the two roots of X \ Q are mutually orthogonal or not.
First suppose the two roots of X \ £ are mutually orthogonal; using the
group (wy, wy, w3, wy, ws, We, w7) we may assume one is 235210 which forces the
other (which may now be negative) to be of the form ° ;" ° , S0 using the group
(we, ws, wy, ws, Wg, W7) We May assume it is 0122210 This excludes 1, 1 1L

233321 giving 32 24§54 1 ¢ X by default. Note that in the two pairs of

{orgzet 23432 11 both roots are excluded, so that X will consist of only

the form
26 of the roots together with 2445432 2343210, 0122210 giving |X| =

The remaining roots of X are to be chosen one from each of 8 pairs of the form
{1 ¥t } summing to 2*§°*32; the pairs concerned are those identified with
unordered palrs ij with ¢ € {1,2} and Jj € {3,4,5,6}. As in section 7.2 we may
represent these sets by bipartite graphs, this time with (ws, w4, ws, wy) acting as
So x Sy on the vertices.
The roots so far chosen exclude all roots outside 2 except those of the form
210 o exclude 233219 we must have some root 122! present, while to exclude

112221 13432-1
1 Y we must have some root 323
1---210

present; using the group (ws, Wy, ws) we see
that to exclude the roots the graph must have precisely one edge 1j or 2j
for each j € {3,4,5,6}. Accordingly there are just the following 3 possible graphs.

4% %
Again, we number the vertices as in section 7.2. In the first of these, applying wg

gives a set lying in €2, so only the other two require consideration. We choose to
apply wswawsw; to both; we therefore set

b

X431 24654-- ----321 --43221 1233211 1232210 1233210 1232211 -.22221
_{ 3 2 2 2 1 1 1 }

) N ) ) ) ) ) )

X432 __ [£24654-- ----321 2343221 1-43211 1233221 1232221 1232210 1233210 1-22211
29 _{ 3 2 2 2 1 2 1 1

) . ) ) ) ) ) ) ) )

01%2221 }
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Now suppose the two roots of X \  are not mutually orthogonal; using the
group (w1, ws, W3, We, Ws, We, W7) We May assume one is 2333210 " hich forces the

other to be of the form ':
1343210

, 80 using the group (wa, w3, wy, ws, we, wr) we may
assume it is . This excludes % "1, 11 giving 2771 131 ¢ X by
default. The remaining roots of X are to be chosen one from each of 10 pairs of the
form { 12i' ' '17 125 ‘ '1} summing to 2435432; the pairs concerned are those identified
with unordered pairs ij with 4,5 < 5. We may therefore represent these sets by
graphs with vertex set {1,2,3,4,5}, where we arrange the vertices in a regular

pentagon as follows:

3

2 4

1 5
As before (w4, ws,ws, w7) = S5 acts by permuting vertices, so that it suffices to
consider graphs up to isomorphism; we may obtain the list of 34 graphs from
Figure 7.1 by simply deleting one isolated vertex from those which contain one.
Again, wy acts as the bifid map on edges among the vertices {1,2,3,4}, so as
before we have equivalence classes of graphs. This reduces the number of graphs to
be considered to 13; we may obtain the following list of graphs by again deleting
an isolated vertex from those in Figure 7.2 which contain one.

AR AR WAL S G O
oo e ¥ Wy

We must now consider which of these graphs give maximal abelian sets. The
roots so far chosen exclude all roots outside Q except those of the form *2;" "%, To
exclude 12?3210 12%1111 1232' 1 present; using the group
(wy, ws, wg, wr) we see that to exclude the roots 121' 0 the graph cannot contain
a triangle with the remaining two vertices not joined, which disposes of the sixth
graph in the first row above. To exclude 12%3210 122---1

we must have or some root

we must have some root ~°{

present; using the group (wy,ws,ws, w7) we see that to exclude the roots 12,---0
the graph cannot contain a vertex joined to none of the others, which disposes of
the remaining graphs in the first row above. We are thus left with the following 6

graphs representing maximal abelian sets.

o v ¥ W

We therefore set

Xl 24 BRI 1244321 12-3-21 1232-11 1233211 12-2221
31 — { . ) . ) 2 ) 2 ) 2 ) 1 ) 1 }a
2 (24 P PUP 12...21
X31 - { : ) : : }7
X3 24 B R 12--321 12-3221 1232211 1233211 12.2221
n={"" e I S Tl
4 24-- .- B R 12-3--1 1221111
Xy ={""""," A R
X5 24 B R 12--321 1243221 1233211 1233221 1232111 1232211 1222221
31 — { ) . 2 ) 2 ) . ) 1 ) 2 ) 1 ) 1 }a

1243221 1233321
2 2

)

)

)

12-3211 1233-21
2 1

b

1232221
2

)

1232211 122-111
1 1 }

)
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8.3. Determination of maximal abelian sets

We begin by giving some maximal abelian sets which are neither radical nor
near-radical; we set

X.., = 20 1343321 1243221 1233211 1233210 1221000 1121100 1111110 1111111
22 — { . 9 2 ) 2 ) 2 ) 1 } 1 ) 1 ) 1 ) 0 }7
X0 = 24 .- BRI 1244321 1232221 1232211 1232100 1232110 1222210 1222111

28 — { - ) . y 2 y 2 y 1 y 2 s 1 y 1 y 1 }7
X25 2 1---321 1343211 123-221 1243210 1222210 1122211
30 — { . ) . ) 2 9 . 9 2 ) 1 9 1 }7
X7 24 [ T 12--321 1243221 1233211 1232210 1233210 1232211 1222221
31 — { . ) : ) . s 2 s 2 y 2 s 1 s 1 s 1 }7
Xl 246 - 54321 --4-- 1233-21 1232-11 1233211 1232221
32 — { 3 9 . ) 2 9 2 I 2 ) 1 9 1 }7
X2 _[246- - 54321 --4-- 1233321 1233221 1232211 1233211 1232221
32 — { 3 ) . ) 2 I . ) 2 ) 2 ) 1 5 1 }a
3 __ 246 54321 --4-- 123--21
X32 = { e y 2 - }7
2465--- ---4321 ---3--- 1233-21 1232221
Nag = {73777, T, T T,
1 24654 ----321 ----2--
Xgy = { 3 y - y 2 },
2 2465- -+ ---4321 -3 ..
Xsys={"3 ’ ’ )
Xag={""3 2 e
We then set

_ 1 430 431 432 1 24 25
S(ES) - {X227X287X297"'7X29 ’X29 aX29 ’XSO""vXBO’XSOv
1 6 7 1 2 3 1 2
X317'~-7X317X317X327X327X327X337X347X347X36}'

As in section 3.2, we let X be any maximal abelian set consisting of positive roots
and containing a simple root a; we seek to show that X is known, i.e., a W-translate
of a set in S(Fg). Here we note that if at some point the union of the sets of chosen
and available roots is a W-translate of a set with at most two roots outside 2, there
will be no need to continue the line of investigation since we have determined the
radical and near-radical maximal abelian sets. As with the analysis for E7, at some
points we shall write X = X. U X,, where X, is the set of roots which have been
chosen by then (including those known to be in X by default), and X, is a subset
(to be determined) of the available roots.

We work through the possibilities for the simple root « contained in X. In the

first of these we take o = 9%9°%°1. Much as in the E; analysis, since the radical
sets have been treated we may also assume that X contains some root . 'Y as
..... 10

« excludes the roots
..... 0

, we may assume that X contains some root of the
form 0 and hence some simple root o’ of this form. For convenience we shall
subdivide this first step of the analysis according to the possibilities for /. Indeed,
we shall subdivide still further the first of these possibilities, where o/ = 205109

LEMMA 8.14. [f 0990001 (0080100 « X and X meets {9} then X is known.

0000001 0080100 ----- 10 0080011 -+ +-1000
) N ) '

PROOF. Assume € X; this excludes , ,
S2ULL 3221 2465821 2465431 gjuine 1232211 24683420 o x o dofault. T in addi-
tion X meets { "’} by Lemma 3.1 (with Y = {%09°%01 098°1091) " we may as-
sume that one of the following holds: (a) °90%°% e X (b) 9090000 & x 0010000 ¢ ¥
(c) 00:0000 o 5 01-0000 ¢ y.(g) 0-:0000 o y 1--0000 ¢ y

We show that we need only treat (a). If (b) holds, this excludes 190009 0091100

0001111 -111100 -111111 1222100 12222-1 1233211 1233321 -344321 2454321,
0 ) . ; . s 1 ’ 1 y - ; . y 2 ) . ) but now
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—1222110 cannot be excluded. Likewise if (c¢) holds, this excludes °§0000 00:1100

1111 1100 111111 11222:1 12:3211 12--321 2 4321, 112211
0o 0o, , 1 128211 123 3:4321. but now 22110 cannot

be excluded Slmﬂarly if (d) holds, this excludes 1100, 0 HUHL 0132100 1013221

L3232 byt now — 132110 cannot be excluded. Thus (b), (c) and (d) give

rise to no sets requiring consideration.
10000 +-11100 .- 11111 1232100

Thus we may assume (a) holds; this excludes 0 , 0 ;1 )
123221 1233211 1233321 34321 gip e 123211 1233521’ 2434321 € X by default. Us-

3 ) )

ing Lemma 3.1 (with Y = { 204000t /0050100 100900001y e may assume that one of the

fOHOWiIlg holds: (1) 0100000 c X () 0100000 ¢X 1-00000 c X (111) -400000 %X

Assume ( ) hOldS thlS excludes 1000000 0010000, 0011100’ 00111117 112 1007 1121111

11222.1 1243211 124.321 2354321 0111100 0111111 1222211 1343211 1343321
1 y 2 s 2 s 3 ) glVlng ;1 s 1 s 2 ’ € X
by default. To exclude the negative root —°5*%%° we must then have 01%2100 €

. 1100000 1110000 0000111 1111111 1221111 1222221 1232221 2343321
X, which excludes " , ;0 , 1 , 1 ;01 , o , 7o ,

0122211 1344321 1354321 0011110

giving , 3 € X by default; likewise to exclude — we
must have 01%2221 c X, which excludes 1111100 122100 1232100 2343211, ¢ oy de
— 1000000 o st have 2344321 ¢ X wh1ch excludes 0110000 01%11007 0121111, ¢

2464321 0001100 0001111 . Thus

we must have € X, which excludes

exclude — 0030000

X = 2465432 2465421 24-4321 1354321 -344321 1343321 1343211 1233321 123-211
—{ 3 3 3 3 2 2 2 2 2

) ) b ) ) ) ) ) )

) ) b ) ) ) ) )

1222211 01222-1 0122100 0111111 0111100 0100000 0000000 0000100 0000001
1 1 1 1 1 0 1 0 0 }

= W7W4W5WeW1W3W4W5W2W4W3W1 WeWs (X22).

Assume instead (ii) holds; this excludes 0'10000 0-i~100’ 0'111117 01%22'1, 1'332117

1-4-321 1354321 1111100 1111111 1 22211 2343211 234 321 2354321
5 , 3 , giving , , , 3 € X by de-
0000111

0011000 1122100
0 1

fault. To exclude — we must have

€ X, Wthh excludes
1221111 1222221 1232221 1 1122221
i , 1 , 123 : to exclude —%§%1% we must have ''% € X, Wthh

excludes 12% 100 , 12%2100 ) _ 01(1)1000

require consideration.
Thus we may assume for the remainder of this proof that (iii) holds; this gives

8pA32l ¢ x by default. To exclude — 1232110 wo must have 2484321 ¢ X , which
0001100 0001111 22100,
)

However, now cannot be excluded; so no sets

excludes Suppose X contains some root ; using (w, ws) we

may assume 01%2100 € X. This excludes 0080111 11%00007 1 i11117 1- %22217 12%22217

2333321, glVlIlg O-%IIOO’ 01222117 1-33211 c X by default to exclude — 0000010 we

must then have °*3???! ¢ X which excludes ' 1 %2100, 1232100, 2333211, giving
0'%1111, 1'%3321 € X by default; to exclude —11(1)1000 we must have 2334321 € X,

which excludes 0'%0000, 01%1100 01%1111, giving 1'%2211, 1'%4321 € X by default; so

X (2465432 2465421 --.4321 --44321 1-.3321 1..-211 1.22211 01222-1 0122100
={"3 3 2 1 1 1

) s 3 s 2 y 2 ) ) ) ’ )

)

0-11111 0-11100 0000000 0000100 0000001
1 1 1 0 0 }

) ) ) )

= W7rW4W5WeW3W4W5W1W3W4W5Wo2W4W3W1 WeW5W4W3W4WE (XZS) .

Thus we may assume 3210 ¢ X, giving 1232221 43321 ¢ X by default.

Suppose X contains some root ~32%?!: using (w1, ws) we may assume 0122221 ¢ X
This excludes 1110000 1-:1100 12:32100’ 2843211 iying 0000111 0-11111 01%2211 c X

11 11000 2344321

by default; to exclude — we must then have € X, which excludes

0- %0000’ 01%11007 01%1111, glvmg 11111117 1- 22211 cX by default to exclude — 0011000
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1243211 1244321 0111000
2 2 0

we must have or present, and similarly to exclude — we must

have 13‘213211 or 13‘214321 present. Thus X = X, U X, where

X, = 2465432 2465421 ---4321 2344321 ---3321 1232221 123-211 1-22211 01222-1
c—{ 3 3 3 2 2 2 2 1 1

) ) ) ) ) ) b ) )

) ) ) )

11111 0000111 0000000 0000100 0000001
1 0 1 0 ok

1-44321 1-43211 1-22221 1-21111 0-11100
Xo C{77, 2, = v T

f 124213211 and 12%4321 f 134213211

and X, must contain at least one o , and at least one o

and 1334321 ; set

W = WeW5W4W3W2W1 W4 W7 WeW5W4W3W2W1W4W3WeW5W4WT,

then we have
w(Xc) — {24%54- - , o »321,
’LU(Xa) c {12232- - , 12i22~1 }’

and w(X,) must contain both some root
lw(X)\ Q| = 2 we must have some root *233*'% present in w(X); using (w,) we may
assume 233210 ¢ w(X), which excludes 122221 " oiving 12432-1 w(X) by default.

If also 233219 € (X)) this excludes 23221 giving '23%%'! € w(X) by default, so

2343211 1343221 1232210 1233210 1122221 0122211
2 2 2 1 1 1 }

) ) 9 ) ) )

. To avoid

12332'1 and some root

12332-1
2

w(X) = {454 321 2343211 1343221 12.32.. 1232210 1233210 1122221 0122211}
= w3w; w4w3w4(Xg1).
So assume 23°210 ¢ 4)(X); to exclude this we must have some root "?$22"! present.
Using (wywr) (which preserves w(X,) and {?3*?""}) we may assume '*§2?2! ¢
w(X), which excludes *?3*2'; since w(X,) must contain some root '?3°*! we
must have 233221 ¢ w(X), which excludes 1232211 g6
w(X) = {24g34+ -+0-321 2343211 103021 124321 1232221 1232210 1233210 1122221
0122211}
= UJ3’LU1U)5U)4(X§8).

Thus we may assume ;2221 ¢ X, giving 3321 ¢ X by default. Thus

X = X.U X, where
X — (2465432 2465421 .- .4321 --.3321 -...211 1232221 0000000 0000100 0000001
c=1{"3 3 3 2 2 2 1 0 0 },

) ) ) ) ) ) ) )

)

..44321 ..22211 1232100 --.1111 ---1100 --10000 0000111
Xo C{ 2™, 1770, % 1 1 1 ot

) ) ) i

set
W = WaW3W5W4W W2 W3 W4W5Wg W7 We W5 W4 W3 W2 W] WAW3 W5 W4 WeW5WT

then we have

....... ..4.321 1233-21 1232221 1233211 1232111
w(Xe)={""g"""", T, R, T e s

1232211 --222-1
2 1

U)(Xa) C{~-g4321, --%32--, 12ZI)32217

To avoid |w(X) \ Q| < 2 we must have ~5**'" € w(X), which excludes ~{'''!,
SR uing 4321 B2 X by default, T 128221 € w(X) this excludes

, SO

-»%1111}.

) i

_ [246---- -:54321 --4-.-- 1233-21 1232-11 1233211 1232221y __ 1.
wX)={"3""", T, 5 5 T, T = X

) ) i
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if instead %322 ¢ w(X) we have '%322! ¢ (X) by default, so

w(X) —_ {242----’ -~§4321 121 12%321

) Y

12332.1 1232221 1232111, _ 2
ST, AT, T = we (X ).

This proves the lemma. (I

LEMMA 8.15. [f 0090001 10000100 « ¥ then X is known.

PROOF. As before, assume 990001 9000190 ¢ X this excludes ~ 10, 0090011
--.1000

K
©.2111 ---3221 2465321 2465431 . . 1232211 2465421
, , o322l 2405821 2405431 oiving 123 , 2495421 ¢ X Dby default. By

Lemma 8.14 we may assume %% ¢ X this gives ~1?*'' € X by default. To

__ 0000010 202221

exclude 0 we must have some root present; using (wi, wa, w3, Wy)

we may assume 132221 ¢ X, which excludes 190, Z343211 giving 13321 ¢ X by
default.
First suppose 0122100 o X; this excludes 0080111, L 11111, L 12221, 23%3321, giving

L3211 114321 ¢ X by default. Thus X = X, U X, where
2465432 2465421 1---321 1---211
Xe={"3 3 ‘ :

) ) ) )

01222-1 0122100 0000100 0000001
1 1 0 0 }7

b ) )

2.:4321 0--1111 0--1100~.
Xac{ . ) . ’ . }7

set
W = WgW7TWeW5W4W3Wo W1 W4W3W5W4W2WeWsW4W3W1 W7,
then we have
24654 ----321 2343221 1343211 1122211 0122221
w(Xe)={"3 ;o 2 2 1 1 I

w(Xa) C {1221,

To avoid |w(X)\ Q| < 2 we must have at least three of the six roots 2! present
in w(X); on the other hand to avoid |wsw(X) \ Q] < 2 or |wswrw(X) \ Q] < 2 we
must have some root 22! and some root '2:722! present, which will exclude one
of the roots 2.2 Thus [w(X) N {29} = 3, 4 or 5; using (wa, wy, ws) we
may assume w(X) N {*?"#%} is one of the following: (i) {2 21°}; (ii) {'%:**1°};

b )

(111) {12é32107 12%2210}; (IV) {122-210, 1221%3210}; (V) {123‘210}; (VI) {124213210, 12?»210}.

If (i) holds this excludes '%; 2!, giving '%5"2"! € w(X) by default; so

24654-- ----321 2343221 1343211 12--2-- 1122211 0122221
'LU(X) = { 3 ) . ) 2 ) 2 9 2 ) 1 ) 1 }
2
= W3W1W4W3WsW4 (X32).
If (i) holds this excludes '2:?2"1 | giving '2:3%'1 € w(X) by default; so
24654 ----321 2343221 1343211 12-32.. 1122211 0122221
’LU(X) = { 3 ) . y 2 y 2 ) . y 1 s 1 }
2
= wawrwawswaws (X3,).
If (iii) holds this excludes 222!, 123321 "giving 123321 € (X)) by default; to ex-
1232210 12332-1 : :
clude "3 we must have some root ““1°“"*, and using (wjwy) (which preserves

w(X,) and {23210 1232210 1233210y o may assume '%33%2! ¢ w(X), which ex-

cludes %221 to exclude '%%?1% we must have 232221 ¢ w(X), which excludes
1233211 o
X)) — [24654- ---.321 2343221 1343211 12432.. 1232221 1233221 1233210 1232210
w( ) - { 3 9’ . i 2 b 2 ) 2 ) 2 b 1 ) 2 ) 1 9’
1122211 0122221
1 ) 1 }

= w3w1w3w4(X32§).



112 8. THE ROOT SYSTEM OF TYPE Eg

If (iv) holds this excludes *2:22°1 123321 "oiying 12,321 ¢ 4(X) by default; so

U}(X) _ {24254 -’ -~:-321 23%3221

= w3w1w4w3(X371).

1343211 12-32-- 1232210 1233210 1122211 0122221
2 2 2 1 1 1 }

) ) ) ) ) ) )

If (v) holds this excludes 123-2-1. 5 exclude 12332 we must have some root 123221

and using (wywr) (which preserves w(X.) and {'**21°}) we may assume '%7??! ¢

w(X), which also excludes '?3*?!!; since we must have some root %2 we must
have '%$22! ¢ w(X), which excludes '?3*?'; but now there is no root to exclude

1222210 " 56 no set arises from this possibility. Finally if (vi) holds this excludes

123-2:1 1122221 Coiving 123321 ¢ w(X) by default; so
24654 ..-.321 2343221 1343211 12432.. 123.210 1122211 0122221
’UJ(X) = { 3 L s 2 y 2 y 2 ; . s 1 y 1 }
25
= w3w1w8w7(X30).
Thus we may assume 132100 ¢ X, giving 0000111 "2393321 = X by default. To

-1100

avoid |X \ Q] = 1 we must have some root present; using {(wsq, w3, wy) we

may assume V0BL100 = X which excludes 3t 1232221 24?,43217 giving 1233211
14432l ¢ x by default. Suppose 0121100 ¢ ¥ this excludes 00gt111 1111111 1122221
232 giving 1§32 1354321 ¢ X by default. Thus X = X, U X, where
X — (2465432 2465421 1--4321 ---3321 1---211 012221 0121100 0000111 000-100
c = { 3 s 3 y - ’ . y . y 1 s 1 y 0 sy 0 )
0000001
o b
2.54321 0-11111 0-111001,
Xa - { . 9 . 9 . }7

set
W = W4W2 W5 WAWIWWTWEW5 W4 W3 W2 W1 WAWI W5 W4W2WeWsWAWIWL WY,
then we have
w(Xc) — {24254- . , o -321
w(Xa) C {27,

which is covered by the situation which arose two paragraphs above.

Thus we may assume 31100 ¢ X, giving 00111l "2334321 ¢ x by default. To
0-11100

2343221 1343211 1122211 0122221 12432--
2 2 1 1 2 }

) ) ) ) 9 )

avoid | X'\ Q| = 2 we must have some root present; using (ws, ws) we may as-
sume 041100 ¢ X Ghich excludes 111111 1222221 2484321 gqop, 1243211 1334321
X by default. We may assume “1{1190 ¢ X (else we could apply w4 to reduce to the

case just considered), giving 001111 "2354321 o X by default. To exclude — 1221000

we must have 33321 or 245321 present; likewise to exclude — #3211

some root 334321 present. Thus X = X.U X, where

we must have

X, = 2465432 2465421 -354321 --44321 ---3321 12--211 -122211 0122221 00--111
c — { 3 ) 3 2 2 ) . ’ . 9 1 1 0

) ) ) ) )

00--100 0000001
0 0 }7

)

) s 2 ) ) ) ) )

X 2454321 -354321 1343211 1122221 -111111 0011111 0111100 0011100
a C{™ 3 1 0 1 0 1 }

and 2484321

and X, must contain at least one of 333211 , and some root “33%32L: get

W = W5 W4 W2 W5W4We W3 W4 W5 WeW2 W4 W5 W3 W1 W3W4W2W5 W4 W3 W WeW5W4AW3W2WT,
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then we have
2 13- 124 ... 1233211 1232111
w(Xc) = { . . ) 2 ) 2 5 1 }7

123321
1

i )

’LU(Xa) C {12%-2217 12%3-21, 12;’)2211 12%211- },

and w(X,) must contain both some root 12%'221 and some root 12%3'21.

Let n = |w(X) 0{123'221, 1211’3'21}|; then 2 < n < 4. First suppose n = 4; then

12%~221’ 12:{;3‘21 c 'lU(X), which excludes 12{32211’ 12?321~ , 12%211~ ;S0
2 13- 124---- 1233211 123-221 1233-21 1232111y __ 2
’LU(X) - { . 9 . ) 2 ) 2 9 2 ) 1 ) 1 } == 'LUG’LU7(X32).

Next suppose n = 3; then using (wawewswe) (which preserves w(X.)) we may as-
sume 23320 ¢ (X)), which excludes 125211, 122110 " qp 1233221 o (xy 1232221 o
w(X) this excludes *$**'! and gives '*1**'" € w(X) by default; so

w(X):{2 13-+ .. 12% 12%32.1 12?3

) N ) 3

121{2111} — ’LU61U7’U)2(X33).

) )

On the other hand if 3?22 ¢ w(X), '%%2! ¢ w(X) this excludes **$*?'" and
gives 232211 ¢ (X)) by default; so
w(X) = {2 1B 124 1233211

) N ) 3

1233-21 1233221 1232-11y __ 1
1 2777, T ) = wa( X))

Thus we may assume n = 2. If 1252221 1233321 ¢ ) (x) 1233221 ¢ 4, X) this

) )

excludes 1233210 123211 Coiving 1232211 ¢ 4y X)) by default; so
g2 13- 124 1233211 1232221 1233321 1232211 1232111
w(X) - { : e s 2 y 2 y 2 s 1 y - y 1 }
2
= wowswrwe(X35).

If 1233221 12?3321 c ’U)(X), 12%22217 12133221 ¢ ’U}(X) this excludes 12%22117 12%211-’

giving 2321 ¢ (X)) by default; to exclude **$3??! we must have %% ¢ w(X),
1233210, ¢
)

9

which excludes o)
20 13- 124---- 12332-1 1233321 1232211 1233211 1232111
U)(X) = { . ’ . s 2 s 2 ’ 1 s 2 ’ 1 ) 1 }
2
= wrwews (X35).

1232221 1233221 1233221 1233321
If ~557=7, € w(X), 77, ¢ w(X) we may apply wowswswg to

reduce to the previous case. Thus we may assume 1233221 ¢ w(X), 1232221 , 1233321 ¢

w(X), which excludes 23221 Tf 1232111 € 4(X) this excludes '*3%%'; to exclude

1232221 1233211 1232110,
2 1 2 ;S

we must have , which excludes 0

’UJ(X)_{2 13-+ 12421-»-~ 12?32-1

) ‘ 7 )

12?2111} = ’LU6’LU7(X§2)-

)

If instead 232 ¢ w(X) this gives %3210 ¢ w(X) by default; to exclude %332
we must have 1252110 ¢ w(X), which excludes 1233211 54

w(X)= {2 1800 1240 123521 1233221 1233210 1282110 12321114

= wewrws(X35)
This proves the lemma. (]
This completes the treatment of the sets with o = °°5%%°! for which o/ =

0000100 " WWe therefore move on to consider the other possibilities for o.

LEMMA 8.16. [f 0090001 0001000 X then X is known.
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PROOF. By Lemma 3.1 and the previous results we may assume 050190 ¢ X,

0080001’ 0001 00 c X this excludes " ~107 10000 0080 11’ %1 OO7 %11117 121.32- '17
. -4213-21, 2424321’ 24%54317 glVlIlg 12332117 2344321 2435 21 € X b default.

First suppose X meets { §°°%}; then by Lemma 3.1 we may assume one

of the following holds: (a) "% e X; (b) %§°%0 ¢ x, 189 ¢ X. If (a)
holds this excludes 1090000 0011:00 0011111 1122100 1122--1 1243211 1244321 2354321,
however, now —11?110 cannot be excluded. Similarly if (b) holds this excludes

11 11111 1221 122 -1 1-43211 1--4321, 12111
0- OO 0 0 OO 0 ; 23 , 3 hOWGVGI' now _ 0 2 0

excluded Thus 80000 ¢ X , which gives 1"214321 € X by default.

Next suppose 00(1)0000 € X; this then excludes "(1)1'00, ' (1)1111 12%21007 12?3' '1,

54321 giving 123321 134321 ¢ X by default. To exclude — $°°°° we must have

4 211 22221,
3211 ¢ X, which excludes ; SO

cannot be

e 2465432 2465-21 --54321 --44321 --43211 1233--1 -.22-11 1232100 --22100
c {73 , 73 3 2 2 2 1 2 1

i ) Y i Y ) ) )

-11111  --11-00 0001111 0001-00 0000000 0000001
1 1 0 0 1 s 0

) ) ) 3

C W4W3W1 W7rWeWsW4W3Wo w4 wswewrws (£2).

Thus we may assume 0000000 ¢ X, which gives 1233211 o x by default. By Corol-
lary 3.2 (with ¥ = {°%§%°°11) and the previous lemmas in this section, we may
assume X N { "M% is stable under (wg).

Suppose 3% € X this excludes 11700 <-IIIIL -:2201 1233.21 54521
giving ~ 3311 5132 ¢ ¥ by default. To exclude — 008010 (e must have %332 ¢

X, which excludes 1232100+ 50

X 2465432 2465-21 ---4321 -..3211 1233.21 ...2100 ---1111 ---1-00 0000001
c{™3 , 3 2 1 1 0 0 0 }

) ) N ) ) ) ) )

C WaW4W3W1 W7 WeW5W4W3W2W4W5WeWTWS (Q) .

Thus we may assume some root ' "% is absent; using (wy,ws) we may assume
1111-00
0 ¢ X.
Suppose *§1'% ¢ X: this excludes ~11°00, 11111 12201 123321 254321

giving 013211 193211 34820 ¢ X by default. To exclude —*1%°% we must have

1232100 o 233321 bresent, either of which excludes “'$222! | giving B2 o x by

default. To exclude 0000 10" we must have 12?‘0’ ex , which excludes 1232100; SO
X 2465432 2465-21 ---4321 1354321 ---3211 1233-21 0122-11 ---2100 ---1111
c {3 y 3 y 2 y 3 y - , 1 y 1 , 1 y 0 )

0--1-00 0000001
0 0 }

)

1233210
- w2w4w3w1w7w6w5w4w3w2w4w5w6w7wg(§2 U { 1 })

us we may assume some root g is absent; using (wsg) we may assume
Th v ¢ 0-11-00 bsent; v
0111-00
B0 ¢ X
Suppose 0011-00 X this excludes -1%1.00’ -1%1111’12%2.171233.21’2{;343217

giving 1321 1223211 -384321 ¢ x by default. To exclude — 3% we must

have 243%321 ¢ X which excludes 901100 00 ¢4 ovclude —2%8%°10 we must
have %3221 or some root 132221 present, any of which excludes '232'%° giving

123321 ¢ X by default. To exclude —1%% we must have 333211 or 1334321

1110000 2343211 2354321
1 2 or

present; likewise to exclude — we must have present. Thus
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X = X.U X, where
X — [2465432 2465-21 -..4321 12-3211 1233-21 -122-11 00.1-00 0000001
c=1{7"3 3 2 1 1 0 o

) ) ) N ) ) Y i

XoC{ 334321 343211 122221 -+ 2100, "61111},
and X, must contain at least one of 13%3211 and 1334321, and at least one of 23%3211
and 2334321, go
W = WrWe W5 W4W3W2W4WW7We W5 W4W3W2W] W4AW3 W5 W4W2WeWT,

then we have

w(X)=1{"5" .’ ©pA321 43321 2343211 123221 01%2211}’

w(X,) C {1 4320+ 1233321 1232111 12221 1
and w(X,) must contain both some root *33*'" and some root '%3*?'*. To avoid

lw(X)\ Q| < 2 we must have at least three of ''5%10 122210 pregent in w(X);

either of the latter pair excludes '***''! giving 233321 ¢ (X) by default. If

122210 ¢ 4y(X) this excludes ''3%%! 133210 ¢ w(X), which

excludes ''$**'!; but now |wsw(X) \ Q| = 2. Thus using (ws) we may assume

143210 1222210 ¢ 3y 1122210 g8 which excludes 124321 122210 giin,
133321 ¢ (X) by default; so

24654 - ----321 2343211 13432-1 123-221 1-43210 1222210 0122211
w(X)Z{ 3 2 2 2 1 1 }

, so we must have

y ) ) y ) ) )
= w1 (X3p).

Thus we may assume 04! ¢ X. If we had some root 1100 hresent we could
apply wsy to reduce to the case just considered in the preceding three paragraphs;
so we may assume 1% ¢ X, which gives ~ 2! € X by default.

Suppose X contains some root '2¥21%°: using (w,) we may assume €
X, which excludes 0091111 --11111 22221 128321 giip, 43211 84321 ¢y g

9 )

121132100

default. To exclude 70080'10 we must have 12‘;’3'21 € X, which excludes 125’2100.
Thus X = X, U X, where
X — [2465432 2465-21 -..4321 ---3211 1233-21 --22-11 1232100 0001-00 0000001
c— { 3 B 3 3 2 ) . B 1 5 1 ) 1 5 0 3 0 }7

54321 ©-22100 - -111114,
;K. C:{ 1 ) 0 }

b
set

W = WgW7TWeW5W4W3 W2 W1 W4W3W5W4W2WeWT,
then we have

~~~~~~ <+-4321 2343-21 12-3-21 1343211 1122-11 0122221
( ) { 3 y 2 y 2 5 . s 2 y 1 s 1 },

( )C{12:321"12:2221}.

To avoid |w(X) \ Q| < 2 we must have 2:321° ¢ X which excludes ?:???!  giving
12:3211 ¢ (X)) by default; so

------- -..4321 2343-21 12-3--- 1343211 1122-11 0122221
'LU(X) = { 3 ) 2 ) 2 ) . ) 2 ) 1 ) 1 }
1
= w3w1w4w3w2w4(X32).
Thus we may assume 1232100 ¢ X, which gives 00gHLLL 1233-21 ¢ X Yy default.

To avoid | X\ Q| < 2 we must have some root " $2'% present; using (w;, ws) we may

1221 . 1111111 1-22221 1:43211 1354321
assume "1$21% ¢ X which excludes ! , 1 , giving 1133211 1354321 o x



116 8. THE ROOT SYSTEM OF TYPE Eg

by default. To exclude _1221110’ _1121110 1110000 and — 1110000
2354321

2454321

we must have

2-54321 2343211
53 or 323

respectively some root , some root , some root , and

some root 23%21 or 2333211 present. Thus X = Xc U X, where

X = 2465432 2465-21 1354321 --44321 1--3211 1233-21 --22-11 0122100 0001111
c — 3 s 3 ) . s 2 ) . ) . s 1 s 1 5 0 )
0001-00 0000001
0 sy 0

2-54321 2343211 0122221 1-22100 0-11111
Xa C { . 2 1 1 . }a

) ) ) )

2454321 2354321

and some root
2. 54321

and X, must contain some root

s 2343211
contain 323 it must also contain some root

, and if it does not

and some root 2’ 54321 . Set

W = WeWs5W7W6W4WS5 W6 W7 W3 W4 W5 WeWWAWWsWAW] WIWAW2 WS W4W3W] WeWT;

then we have

W(Xp) = (24§ 582 g 1283321
w(X,) C {1233321 123:2:1 123:210 1232111y

12332~1 and if it does

123 211

and some root 12322'1
123-221

and w(X,) must contain some root
1233321

)

not contain it must also contain some root and some root

First suppose 232111 ¢ w(X); this excludes 1233321, 123-210 " pp 123-2-1 w(X)
this excludes 2321 so
_ y246---- --54321 --4..-. 1233321 123-2.1 1232111, _ 1
w(X) = {757, T T T T T = wewr (X))

12321 "using (ws, wr) (which preserves

€ w(X), 3?1 ¢ w(X), which

If w(X) contains exactly three of the roots
w(X,) and 1%211) we may assume 123521, 12:2),2221

excludes 23221 1233211 5 gives 1233221 ¢ w(X) by default; so
_ [246---- --54321 -.4.... 1233.21 12332.1 1232221 1232111y _ 2
w(X) = {773, U, T AT T T T = wews (X By).

If on the other hand w(X) contains just two of the roots 32! using (ws,wr)

we may assume 1233221 1232211 w(X), 1233211 1232221 ¢ w(X), which excludes
1232211 1283221 4 gives 1233211 1232221 w(X) by default; so

246- ... -.54321 --4.... 1233321 1233221 1232211 1233211 1232221 1232111
w(X)={""3 2 1 3 5 1 1 i

b N b b ) b) b ) b)
= w2w5(X§2).
1232111 g

€ w(X) this excludes %21 giving

w(X) = {242‘;54--7 ..:.321’ "é'z"}ZXgh.
123-210

w(X), which gives %331 € w(X) by default. If
12321 ¢ p(X) by default; so

So we may assume
123:210

If w(X) contains just one of the roots , using (ws) (which preserves w(X,)
and 1239921) 1233210

we may assume 5 € w(X), 1232210 ¢ (X)), which excludes

123221 " oiving 123321 ¢ w(X) by default; using (w;) we may assume ‘3%22! ¢
1233221

w(X), which excludes 12?3211, and then to exclude 12‘32210 we must have “°y S
w(X), which excludes '?52*!!: so

w(X) == {2435 o b) . :43217 ’ 23 o ) 12?34217 1232221} = X33'
123-210 ¢ w(X). Using (wr) we may assume 123922 ¢ w(X),

1233210 we must have '*12??! ¢ w(X), which

Thus we may assume

which excludes 12?2211 to exclude
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excludes '233%' Finally if '252??! ¢ w(X) this excludes '*$*?'' | and then to

1232210 1233221 c ’IU(X), which excludes 12%2211; S0

we must have
w(X) = {2, U g ey = XE

If on the other hand ?32*?' ¢ w(X), giving '**'! € w(X) by default, then we

exclude

must have '*3**'! € w(X), which excludes '****!'; so

_ [246---- --54321 -.4.... 1233321 1233221 1232211 1233211 1232221 _ 2
w(X) - { 3 ) . y 2 5 . s 2 y 2 s 1 s 1 } = X32
This proves the lemma. ([l

LEMMA 8.17. If 0080001, 0060000 € X then X is known.

PROOF. By Lemma 3.1 and the previous results we may assume °°§ "% ¢ X

0000001 001- -00 T PR 10 +100000 0000000 000--11 +11--00 111111
0 , 0 € X; this excludes " , 0 , 1 , 00 , 1 ,
122::00 1221 1231 -34.-21 2454321 2465431 1243211 2334321 246- 21

) ) ) 2 9 3 ) 3 7g1V1ng ) ) GX

by default To exclude OO we must have 2132221 or 1334321 present, either

of which excludes '°3°009 11(1)"00, giving *3%%1 ¢ X by default. By Corol-
lary 3.2 (with Y = {°%0°°°'1) and the previous lemmas in this section, we may

assume X N {1 %} is stable under (ws,wg). Suppose “1"% € X; this excludes

015»-00 -1(1)1111 12?”-1 2454321 glVlIlg 124 21’ -354321 cX by default; to exclude

) ) )
343211 122221

— 180000 e must have € X, Wthh excludes ; SO

X 2465432 246--21 -354321 124--21 ..43211 1232100 -12.--11 -12..00 0011111
- { 3 ) 3 ) . ) 2 ) 2 ) . ) 1 ) 1 ) . )
001--00 0000001
. y 0 }

C W3wW1 W7 WeWsWaw3Wo w4 wswewrws ().

So we may assume 01 %0 ¢ X, which gives 1281 ¢ X by default. To
1111110 1122221 ) 2334321

exclude — we must have ~°7 or present, either of which excludes
011--00 124--21 -12--00
0 , giving € X by default. If some root "7 were absent, by using

(w1, ws, wg) we could assume 121000 ¢ X, and then applying wswswswszwy would

produce a positive set meeting {°%""°’} in a proper non-empty subset of {°%°°}.

12 111111 12---1 123--21 . .
Thus we may assume "7 00 ¢ X, which excludes 1 , ‘I’ , giving

343211 354321 ¢ X by default; so

X 2465432 246--21 354321 2454321 124--21 --43211 123--11 1232100 -12--00
c {3 y 3 2 2 2 1 1

) N ) 3 ) ) 9 ‘ ) )

0011111 001--00 0000001
. 0 0 }

) )
1243210
C w7w6w5w3w4w1w2w3w4w5w6w7wg(Q U { 2 })

This proves the lemma. O

LEMMA 8.18. [f 0090001 10000000 ¥ 4pen X s known.

PROOF. By Lemma 3.1 and the previous results we may assume %% "% ¢ X,

1 00 -- N T S, 10 +1---00 ----- 11 12...00 12.--.1 -3...21
008000,001 00GX; this excludes " O, 0 OO, 0 , 1 007 1 ,32

)
2454321 2465431 . . 0011111 12..-11 2. 011--00
2 , 3 t )

, giving "1 ;5 , 23721 € X by default. If some roo
were absent, applying ws would produce a positive set meeting {OOI ' '00} in a proper
non-empty subset of {Ooi' ‘00}7 whence by Lemma 3.1 and the previous lemmas in
this section X would be known; so we may assume 011--00 ¢ X which excludes
1000000 11200 112--+1 124--21 o, OLLLILL 1343211 1334321 ¢ x 0 Gefault: but
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now — M0 cannot be excluded, so no sets require consideration. This proves the

lemma. O

LEMMA 8.19. [f 0090001 10180000 & X then X is known.

PROOF. By Lemma 3.1 and the previous results we may assume °0; "% ¢ X
0000001 01---00 ¢ ¥ thig excludes "0, 1090000 11---00 00:--11 11----1 12: 7
23,021 2405431 giying 13001 2421 ¢ X by default. To exclude — 1080000 we
must have 2*3%%'* € X, which excludes “'#2?%!; 5o

2465432 24---21 13----1 2343211 12.---00 O01---11 01---00 0000001
X c{™; 2 o}

) N ) . 9 ) N ) M 9 N )

C WrwewsWawi WeW3wawswewrws (§2).
This proves the lemma. U

LEMMA 8.20. If 0090001 1000000 ¢ ¥ then X is known.

PROOF. By Lemma 3.1 and the previous results we may assume ° ;"% ¢ X,
0000001 1--::00 ¢ . thig excludes 10, 00reell 0122221 1ol 2465431 piin o
233211 2021 ¢ x by default; so

2465432 2-.-.21 2343211 1----00 0000001
X = { 3 . y 0 }

) . y 2 ’

C WrWeWs W4 Waw3wW4wswewrws (£2).
This proves the lemma. O

This completes the treatment of the sets with a = °°§°°°! . We therefore move

on to consider the other possibilities for a. As in the E7 analysis, if at some stage
we are able to find w € W which sends one of the chosen roots to °°9°%°! while
preserving the positivity of the union of the sets of chosen and available roots, there
will be no need to pursue the line of reasoning further.

LEMMA 8.21. If %°0%910 ¢ X' then X is known.

Proor. We assume “%0%°%" ¢ x| 9909 ¢ X this excludes 10 2
2485421 oiving 2333721 2485431 ¢ ¥ 1y default Using Lemma 3.1 we may assume

one of the following holds: (i) 29" € X; (ii) %' ¢ X, 9%%° ¢ X; (i)
005-000 g x 00,-000 & . (j) 00--000 g 3 " 01--000 oy (y) 0::-000 g x
1000 ¢ X (vi) 900 ¢ X

Assume (i) holds; this excludes 009011+ --10000 --2111. 1232221 ..43321 2464321
giving 1233221 2485321 ¢ X py default. To exclude — 0121100 we must have 131000

t 1354321 hresent, any of which excludes 1 80000, giving 1333221 ¢ x by

11211 1121 2354321
-1 9 we must have 1 000 41 some root 23943

Or some roo
default. Likewise to exclude

present, any of which excludes 0100000, giving '?3?2! ¢ X by default. Suppose
0000000 ¢ X t1ig excludes ~§1000, --4111- 123211 ’12:133 21 B2L i, 34321 ¢

X by default; to exclude — 0000100 we must have 1233321 ¢ x , which excludes
000 giving 332 € X by default; SO

X 246543 2465321 --54321 --44321 ---3221 1233321 123211. --22221 --2211-
c {3 y 3 3 2 2 2 2 1 1

) ) ) ) b ) ) b

--1111- --11000 000111- 000001- 0000000 0001000
1 1 0 0 1 0

) ) b ) )

C W4W3W1 WeWsWaWawWswawswewrws(§2).
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Thus we may assume 00?0000 ¢ X, which gives 12{’3221 € X by default. To exclude

—0080100 we must have some root 233321 present, so using (ws) we may assume

1233321 o X, which excludes "11000, 123211', giving "%4321 € X by default. Thus
X = X.U X, where
246543 2465321 --44321 -.-3221
Xe={""3 3 2 :

c ) ) )

1233321 000001- 0001000
1 0 0 }7

) ) )

.. 54321 1233321 --22221 -..211- --1111- 000111-
XoC{ 3 1 1 . 0

) ) ) K )

. ~(1)1000};

set
W = WrWeW5W4WaW3W4W5WW7WeW5W4W3W2W1W4W3W5W4WoW4W5We

then we have w(X) C ®*, and °%0%° = w ("% € w(X,).
Assume (ii) holds; this then excludes 0090000 ~-190000 009-11- =-11-000 "~ 11111~

122-11- 1222221 123--21 -34.321 2454321 . . 1243221 2354321 246-321

1 ) 1 y 2 y 2 s 3 , ZIVINg 2 s 2 y 3 €X by de-
fault. To exclude —01%1100 we must have 1354321 € X, which excludes 1080000,
HE-000 M- 4 oxclude — 11119 we must have 233%32! € X, which excludes

013000 "OLELL " oiying 1333221 1334321 X v default; to exclude — %0 we must

have 1233321 or 1233321 present, either of which excludes 12%1000, giving 123'321 cX

by default. Thus X = X, U X, where

¥ L [246543- 246321 354321 43221 124.321 001.000 000001-
c={73"", 7 - 2 2 0

9 ) ) s 0 )

X 2454321 123--21 123211. -122221 -12-11- -121000 001111 0010007,
o C{™2 ; 1 : 1 1 1 . 1 b

7 ) ) 7 ) )

set
W = WrWeW5W4W2 W3 W4 WgW7WeW5W4W3W2W W4W3W4LW5We,

then we have w(X) C ®*, and *%0%° = w (%) € w(X,).

Assume (iii) holds; this then excludes 1000 oAl 120 -1 120021 03,0821

2434321 giving 123211 12,-221 2. 00321 o x by default; but now — 013100 cannot

) )
be excluded, so no sets require consideration.

Assume (iv) holds; this then excludes 00000, 11000 100--11- "1l -1l 11122221

12:--21 23--321 giving 13,021 24321 ¢ ¥ by default; so

X 246543- 24--321 13.-.21 2343221 12--11. 0122221 01--11. 1221000 01--000
c{™3 y - . 2 . 1 . 1 .

) ) ) ) ) ) ) )

008001 . }

C Wews w4 w1 wewzwawswewrws ().

Assume (v) holds; this excludes 0-.-11- 0122221 '1..--21 giving 2ol e x by
default; so

2-.-321 1---11- 1---000
‘ ) N ) ‘ 7

XcC {24g543»

C WewWsWaWow3zw4wswewrws ().

2343221 000001 -
> o}

) 7

Thus we may assume (vi) holds; this gives *'$222! 1"1"221 ¢ X by default. By

Corollary 3.2 and the previous lemmas in this section, we may assume X N{ " '}

is stable under (ws). To avoid | X \ | < 2 we must have at least two roots "~ *°
present; using (ws, we, w3, Wy, W) we may first assume V080 = X which excludes

o2 2485321 oiving 3321 € X by default; using (wy, ws, w3, wy) we may then
assume "9 € X which excludes 11, 2481321 oiving 134321 € X by default.
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To exclude — 1232190 we must have some root ~ 3*3?! and some root ~3*3?! present.
Thus X = X, U X, where
246543- --44321 ---3321 -...221 000--1-
Xc = { 3 ) 2 3 . 3 . ) 0 }7
54321 .- 1111
Xoc{' S
and X, must be stable under (wsg), and must contain some root ~"3***! and some
root "84321; set
3
w = (WaWsWeW3W4WE W1 WWAW3)",
then we have
246---- --54321 --4.. .-
w(XC) = { 3 ’ . ) 2 };
123..21 123.-1-
w(Xo) {77, T,
and w(X,) must be stable under (ws), and must contain some root %7 %' and
some root %3 2.
If 123 ar € w(X), this excludes "% "' so
_ {246~ --54321 ..4.... 123..21y _ 3
U}(X) - { 3 ’ . s 2 y } - X32'
Thus we may assume some root ‘2% 2! is absent; using (wy, ws, we) we may assume
1232221 ) ; 123321 : 1232-1-
¢ w(X); to exclude it we must have € w(X), which excludes ~“1°" ",
giving %332 ¢ w(X) by default. Since some root 128321 1ust be present, using
(wg) we may assume 233321 ¢ (X)), which excludes 123211 Quppose %322 ¢
w(X); to exclude it we must have '?3?*'" € w(X), which excludes '*$**!" | giving
1232221 ¢ (X)) by default; so
_ [24654-- ----321 -.-.2..4 _ vyl
w(X)_{ 3 e ) 2 }_X34'
So we may assume ‘23321 € (X)), which excludes %3721, If 252221 ¢ (X)) this
excludes 1?3321 and
_ [2465--- ---4321 ---3... 1233.21 12322214 _ .
’U.)(X)—{ 3 ) . ) 2 ) 1 ) 2 }*XSS.?

if on the other hand '%3*??! ¢ w(X) this gives *$*?!" € w(X) by default, and
w(X):{24g5 ~-:4321 3}:X§4
This proves the lemma. ([l

LEMMA 8.22. ] 0080100 € X then X is known.

ProoF. We assume “%9°0 " ¢ X 99091 ¢ X this excludes ~ ;1090 -2l
32 2485321 oiyipg 2333321 24854 ! € X by default. Using Lemma 3.1 we may

assume one of the following holds: (i) %% ¢ X; (ii) 0090000 ¢ x 0010000 ¢ ¥

(111) 00:0000 ¢X 01~0000 c X (IV) O.-OOOO ¢ X, 1.-0000 c )(7 (V) 4.:0000 ¢ X

Assume (i) holds; this excludes 0000, ~-gtl- 12§22 1233321 84321 oiying

1233321, 24?,4321 € X by default. To exclude 00(1)1000 we must have 1234321 e X,

which excludes '180000, '1%0000, 12%11” giving 1243321, 2324‘321 € X by default; to

01(1)1000 1344321 1000000 0010000 11211-

exclude — we must have € X, which excludes 1 , T ,
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giving 1333321 1334321 ¢ X by default; to exclude — 1§19 we must have 2334321 ¢
X, Wthh excludes 01211+ 9o
X 24654-- ---4321 --44321 ---3321 12322.- .-222.. --111-- 000-1-- 0000000
C { 3 5 3 ) 2 3 2 3 2 ) 1 5 1 ) 0 ) 1 }a
1343210
C w4w3w5w4w1w2w3w4w5w6w7wg(Q U { 2 })
Assume (ii) holds; this then excludes 10000 00f11-- ~-1111-- 112322 "1233321

BUB2L 2454321 oo 1203321 2464321 ¢y o qefault. To exclude 0081000 we
must have 234321 ¢ X which excludes 110000 12211-- " oiying 2394321 o X py

default; to exclude — 199 we must have '*°32! ¢ X which excludes '9°%0
giving *3%3?! € X by default; so
X 24654- - 2464321 -354321 --43321 1244321 12322.- -1222-- -1211-- 00111--
C { 3 y 3 ) . s 2 y 2 ) . ) 1 ) 1 ) . ’

00001-- 0010000
0 )

b
C wsw3wa w1 Wewswawswewrws (£2).

Assume (iii) holds; this then excludes 090000 00;11-- "11-11-- "11222-- 112321

234321 - ojying 1333321 2474321 o k¢ by default To exclude 00 1000 we must have
134321 ¢ x| Wthh excludes 11-0000. o,

X 24654-- 24-4321 13-4321 -343321 12-22-- 01222.- 12211-- 01-11-- 01-0000
c {3 2 1 1

) M ) N ) 3 ‘ ) ) 9 N ) N )

00801~ . }

C WsW4W1WaW3W4W5WeWT7W8 (Q) .

Assume (iv) holds; this excludes -1l 101322-- 11---321 oiying 2714321 ¢ X by

default; so

24654-- 2--4321 2343321 1--22.. 1.-11.- 1.-0000 00001- -
XC{ 3 5 . s 2 y - ; . s . y 0 }

C wswawewzwawswewrws (€2).
Thus we may assume (v) holds; this gives ' 3! € X by default. By Corol-
lary 3.2 and the previous lemmas in this section, we may assume X N{ " A }

is stable under (w7, ws). Suppose ~ ' ¢ X; this gives 22, 2 € X by
default, so

24654 ---4321 ---3321 ...22.. 00001 -
X:{ 3 y - y . y - y 0 }:w5w4w3w1w2w4w3w5w4w2(X36).
So we may assume some root A g present; using (wl,wg,wg,w4> we may
assume %91 € X, which excludes ~"311c 12322- 2404321 oiuing 24321 ¢ X by
default. Suppose 1 ¢ X; this gives "%22", 54321 € X by default, so

24654-- --54321 --44321 --.3321 --222.. 000-1--
X o= {700, omm e e e )

3
= w4w3w5w4w1w2w3w4w5w3w1w4w3w2w4w6w7wgw5w6w7(X32).

So we may assume some root S g present; using (wj, we, ws) we may assume
00(1)11” € X, which excludes 1111 , 12%22' . 2434321, giving '334321 € X by default.

5 .
To exclude — 12%1000 2434321 00111

we must have € X, which excludes ""17" " "; so

24654 - 354321 ---4321 ---3321 -1222.. -.--1..
Dk b N T S Y R
1233210
C WoW4 W5 W3Wawi Wowswawswewrwg(Q U {7 .

This proves the lemma. O
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LEMMA 8.23. If %9019 ¢ X then X is known.

0080~ .- X 0001~ .- 10000 21

PrROOF. We assume € X; this excludes " ,
12820 A3 204321 g, 2344321’ 2425 € X by default. To exclude — 0010000

we must have some root """ or some root 3332 present, any of which excludes
0100000

0090000 " {Jsing Lemma 3.1 we may assume one of the following holds: (i) 9 €
X; (if) 0190000 ¢ x 190000 ¢ . (j55y -+Q0000 g X.
Assume (i) holds; thls excludes 1090000 0011--- "1122--- 11234321 2354321 " oiying

1334321 /2454321 ¢ x by default. To exclude — 0010000 we must have 394321 ¢ x|

which excludes 1180000, L ; SO

X 2465- - - 2454321 1354321 -344321 1233-.- 1222-.. 0122--- 0111--- 0001---
- { 3 ) . ) . s 2 3 . s 1 s 1 ) . > 0 )

0180000 }

C waw wowzwawswewrws ().

Assume (ii) holds; this excludes 0117+ 0132+ 14321 "oiying 2:54321 ¢ x 1y
default; so
2465- -+ 2-54321 2344321 1233-.. 1.22... 1111--- 0001--- 1-00000
X C{ 3 ) . ) 2 ) . B 1 5 . ) 0 ) 0 }

C wawawzwawswgwrwsg(§)).

Thus we may assume (iii) holds; this gives ''5***! € X by default. By Corol-

lary 3.2 and the previous lemmas in this section, we may assume X N { """} is

stable under (wg,wr, wg). To exclude — 7" we must have some root ~'{'" ",
some root %% " or some root 3% present any of which excludes some root
8 using (w1, ws) we may assume L ¢ X, which gives 13;34321 € X by

11%0000 1111

we must have some root " or some root

tOll

default. Likewise to exclude —

2-34321 present any of which excludes some roo ° usmg (w3) we may as-

sume 1§t " ¢ X, which gives 2334321 ¢ X by default. If °%§' " € X this excludes
AL 12%2 -71233 C 2382 gioine 334321 ¢ x gy default .

2465 - - 2454321 -354321 --44321 1233--- -122.--- 00-1---
X C { 3 ) 2 ) . ) 2 ) 1 ) 1 1) . }
1243210
C w3w4w1w2w3w4w5w6w7wg(9 U { 2 })

So we may assume %3 © ¢ X, which gives 1233- 2434321 ¢ X Yy default. If
11

we had some root "1 present we could apply wo to reduce to the case just
. .. e . . . ..5
considered; so we may assume %1 ¢ X, which gives 12‘%3 , ‘2’4321 € X by
default. We cannot have "1 € X, so using (wy, w3, w )
. 1 ) g 1, W3, We, W7, W) We Mmay assuine
0122100 ¢ X' Thus X = X, U X, where
_ [2465.-- --54321 -.44321 1233... 0001 - -
- { 3 ) . s 2 5 . s 0 }7

1.22... 0122..1 0122-10
XoC{ 177,71 i

b
set
W = WsW4W2W3W4WeW5W4W3W2W4,

then we have w(X) c ®*, and %' = w(%9'%%) € w(X.). This proves the
lemma. ]

LEMMA 8.24. ] 0050000 € X then X is known.
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PrOOF. We assume %) " ¢ X, 001---- ¢ X this excludes 2090000 100000
A1-vo+ 122---. 123----  34.... 2454321 . . 2354321 246-- -1
LT T, T TR giving TR0, € X by default.
Suppose 1080000 € X; this excludes 015"",01%'”,13?’4321, giving 2354321 c X
by default; to exclude — 0180000 we must have 243%32! € X which excludes 001----.
SO
246---- 2454321 2354321 124.--- 123---. 112.-.. 111---- 001---- 1000000
X - { 3 5 2 B . ) 2 5 1 ) 1 ) 0 ) 0 ) 0 }

C wowswawswgwrws ().

So we may assume '%0°% ¢ X which gives 33*3?! € X by default. By

Corollary 3.2 and the previous lemmas in this section, we may assume X N{ A }

_ 00?0000

is stable under (ws,wg, w7, ws). To exclude we must have some root

004 or some root “33*32! present, any of which excludes some root A
using (w;) we may assume 5 ¢ X, which gives 3" € X by default. To
exclude — 1180000 we must have 24‘34321 € X, which excludes 00%' “. If some root
12 were absent, by using (ws, we, wr, wg) we could assume 1121000 ¢ X, and
then applying wiwowswswswew, would produce a positive set meeting {00 """ } in
a proper non-empty subset of {°%" """ }. Thus we may assume '3 € X, which
excludes 01§ 0120 123 , giving 12300 2384321 ¢ x by default; so
X — {24?.-47 2454321 354321 124 112e--. 00(1)-4--}

13
= WaW3W4W5WeW7rWgW1 W2 W4W3W5W4AW2WeW5W4W3W7WeW5W4W (X30 )
This proves the lemma. O

LEMMA 8.25. [ 00(1)0000 € X then X is known.

PrOOF. We assume 00()““ ¢ X, %" € X; this excludes 5 T
By 2484321 oquing 20400 ! e X by default. Suppose 93" ¢ X thls excludes
01:---- 1354321

R 3 , SO
...... 12.4... 11----- 00----- 1000000
Xc{? 2 LT T, e )

C w3w4w5w6w7w8(9).

So we may assume )"0 ¢ X, which gives 1334321 ¢ X by default. We cannot

have ' € X; using (wy, wyq, ws, We, Wy, Ws) We may assume 0110000 ¢ X. Thus
X = X.U X, where

set

W = Waw4wWs,
then we have w(X) c ®*, and %% = 4(°9°%%) € w(X,). This proves the
lemma. (]

LEMMA 8.26. I 0180000 € X then X is known.

Proor. We assume OOI"" ¢ X, Ol ¢ X this excludes 1090000 11----

120 ,231"” gwmg """ ,242"'1 € X by default. However, now 71080000

cannot be excluded; so no sets require consideration. This proves the lemma. [J
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LEMMA 8.27. If 190090 ¢ X' then X is known.

PROOF. We cannot have *: € X, so no sets require consideration. This
proves the lemma. (I

Combining the various lemmas in this section we have proved the following.

THEOREM 8.28. If X is a maximal abelian set in a root system of type Eg, then
a W-translate of X lies in S(Es).

8.4. Stabilizers and structure of maximal abelian sets

For each set X € S(Es) we shall determine its stabilizer Wx in W, and find
the Wx-orbits on X. Recall that for 5 € X the orthogonality count o(3) is simply
the number of roots in X which are orthogonal to 5. If in fact X is radical, we
may read off the orthogonality counts from the graph I'y. Here, just as we saw in
the E; case, two roots represented by (black or white) edges in I'x are orthogonal
if and only if the edges either meet at a vertex and are of different colours, or do
not meet and are of the same colour. Suppose I'x has e (black) edges. We have
0(?4§°432) = 0; for any 3 € X represented by a (black) edge in I'x which meets
t others, we have o(8) = (12 —¢t)+(e—t—1) = 11 + e — 2t; for any 8 € X
represented by an absent (white) edge in I'x which meets ¢ (black) edges, we have
o(f) = (15— (e—1t) +t = 15 — e+ 2t. (Again we observe that, as given by
Lemma 3.3, o(8) therefore has the same parity for all 5 € X \ {p}.)

As in the E7 case we also have the near-radical sets to consider. The seven
sets X with |[X \ 2] = 2 may be handled by inspection. If X is a set with
X\ Q = {28210} o have o(2465432) = 1 and o(43210) = 17, since 2343210
is orthogonal to 2485432 4nd the 16 roots of the form ' ''in X. For the other
roots the orthogonality count is most simply obtained by taking the graph on ver-
tices {1,2,3,4,5,6} representing X, adding vertices 7 and 8 and edges 8 for i < 8,
and treating the resulting graph as above, except that for roots represented by
(black or white) edges ij with 4,j < 7 the orthogonality count must be increased
by one because of the presence of 2333210,

Again we use the method employed in the Eg and E; analyses. In the vast ma-

jority of cases Wy must fix 2*§7*32 and thus must lie in (w1, wa, ws, wy, ws, we, Wy ).
We begin with the sets other than the radical sets Xig,..., X55°; here we work

through the possibilities for X in turn. In a few cases we shall use the notation 7
for the high root 23219 of the Eg subsystem.

2. 1343321 1243221 1233211 1233210 1221000
If X = Xy, we must fix {77777}, {7577, 5575, ogret eyt Y

1121100 U0 SHGHY (6 8) — 5,14 respectively). Here we first note that each of

the roots in the first set is orthogonal to four in the second, in such a way that we
may identify the two sets with the affine hyperplanes and vectors of a 3-dimensional
space over the field of two elements; consequently, W is isomorphic to a subgroup
of AGL3(2). We set

3

G = (waws, W3we, wawr, waws )

then G is 3-transitive on the set of roots with o(3) = 14, and the stabilizer of #5%32!

1243221 1233211
2 and 2

contains (wyw7W3%Ws wyw;W5*6Ws) (note that wyw,3*s¥s =

(wawyWsWsws ) wsws ¢ ) so that |G| > 8.7.6.4 = 1344 = |[AGL3(2)|. Thus Wy =
G.
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2 3o 1244321 1232221 1232211 1232100
If X = X,g we must fix { 2% SR O e h it S G S

1232110 "1232210 "1232H14 (5(8) = 5,11, 17 respectively). Here we first note that each
of the roots in the first set is orthogonal to three in the third, in such a way that
we may identify the two sets with the points and lines of the Fano plane; moreover,
each root in the first set is orthogonal to just two in the second, the two being
interchanged by wi, which fixes each root in the first and third sets. Consequently
Wx is the direct product of (w;) and a subgroup of L3(2). We set

ws\ .
G = (w1, wawr, wews, Waws");

this is 2-transitive on {47 } and the stabilizer of 2*§°*3? and 2§°*3! contains
(w1, wawe, wawe™s) (note that wawg = [wews, wawe™?] € G), so that |G| > 7.6.8 =
336 = 2|L3(2)|. Thus Wx = G.

If X = X231 we must fix each of { 24743}, 2465421 r----3213 r--43221 ..22221
[12ge21 12322107 1233210 1232211} (03} — 9 6, 10, 14, 18 respectively). We set

w. .
G = (wi, w3, waws, waws"*);

321 _ 2465321
e 3

. We must then fix
4321 }
b

then G is transitive on { , SO we may fix f; =
[o003321) p--222214 11282210 1232211 (b orhogonality to B;) and hence {
{ g2ty (1233211 12332100 e must then fix { 3**2'} (by orthogonality to both

f{1232210’ 1232211})7 { §4321}’{12$3321} (by orthogonality to one of {12%2210’

1232211 }) 2434321 , { . -4213321 }

and hence Inside stabg(51) we have (wi,ws, wowsg)

giving transitivity on {12?’3321}, so we may fix By = '?3%2' We must then fix
[--§is21) 1238210 1232211 ‘54321 1233211
)

1232210,
2

by orthogonality to f2) and hence {°
2465432 1232210

i

and hence 2435431 .

-54321

; we must then fix (by orthogonality to

Inside stabg (81, B2) we have (wl, ws), which acts as S3 on { 37"}, so we may fix
all of these roots. We then have fixed all of the roots "'3°" ", which span R®; so
Wx =G.
If X = X232 we must fix 2465432 {24654 1} (- 321} {2343221 143211 1233221
)

1232221’ 1- %2211’ 0122221} {12322107 1233210} (o(ﬂ —2.4,10,16, 18 respectlvely) We
set

G = (w3, waws, W1 WawW7, Waws"*);

-..321 2465321
el ER

then G is transitive on {° , SO we may fix 5, = We must then
fixg {7;3321) (1232221 1.22211 0122221} 1282210 (1,0 orthogonality to §;) and hence

) 1 ) 1 5

(o432 2303221 13211 12332210 1233210, ot then fix {5021 ), {5320}
(by orthogonality to '23321%) and hence { 5**?'}, '%%21  Inside stabg(B;) we

have (ws,wywywy) giving transitivity on { 3**?'}, so we may fix By = 24§*321,

We must then fix { 44321}7 1233321’ 1233221,{1-%2211’ 01%2221} (by orthogonality

to 52) and hence {»-24321} {--43321} {2343221 1-43211} 12?2221; we must then fix

2435421 {1443211} {1~22211} (by orthogonahty to 1233221) and hence 2425431’ 2342132217

0122221 : we must then fix 1354321, 1354321 {1 4214321}’{1 43321} (by orthogonality to

23%3221) and hence {2 54321} {2 54321}’ 2344321 23%3321. Inside Stabc(ﬂl,BQ) we

have (w3), which acts as Sy on {?'3***'}, so we may fix both of these roots. We

then have fixed all of the roots ""3°" ", which span R®; so Wx = G.
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2465432 (2000 1y 1354321 (200 1y g13--.21 124-321
If X = X3, we must fix A I3 A A0,
123.221 12---117 2343210 1232111 1222211 1122221
2 3 2 }7 2 5 9 1 5 1 } ( (5) - ]-777 107117147177 18 re-
spectively). We set
G = (ws, wyws, w3wr);

then G is transitive on { 21 123-321 123 21 12, 11}, so we may fix 8, =

1304321 . We must then fix {2 04321} {234 } {123 2. 1, 1232111 1222211’ 1122221

(by orthogonahty to ﬁl) and hence {246 } {2 54321} {1 -4- 321 134213221 1243211}7

1232111 : we must then fix {24654 1}7{234 321}7{1 4. 321}’ {123 2- 1} (by OI‘thOgOnal-

1232111 246-3217 234321y ;1343221 1243211y 1232111
ity to “*9"") and hence {*%37°°"}, {09 1}, {7097, T, S
14321

Inside

stabg(B1) we have (ws, wzwr) giving transitivity on { }, so we may fix 82 =

13%4321. We must then fix each of 24?43217 23%4321, 2334321’ 2342133217 12333217 124213211’

12%221} and 11%2221 (by orthogonality to ﬁZ) and hence 24253217 24%4321’ 24&2'543217

234214321 , { 1342133217 124214321 }7 134213221 , { 12%32 1} and 12%2211 we must then fix 2465431

2313221 1244321 1233221 1299221 (1,0 1thogonality to
roots are fixed; so Wx = G.

If X = X2, we must fix 24g3432 245431 1354321 2343211 1022214 ,pq 1233211
(o(B) = 1,4,11,14,15,19 respectlvely) (%3182 (B 21},{1'53‘21} (o(B) = 8,

10, 13 respectively, orthogonal to 1233211) {2465-21} p2-,4321% f1- 4321y ((3) — 8,
1233211) 2343210 (,g)

12%2211), by which point all

10, 13 respectively, not orthogonal to = 17, orthogonal to
24g5432) (123211 (5(8) = 17, not orthogonal to 24§°*3%). We set

G = (w3, wy, we);

2. 432 1 2465 21

then G acts as S3 on { } and independently as Sy on { }, so we may
fix all of these roots. We then have fixed all of the roots """ ", which span R®;
so Wx =G.

IF X = X3, we must fix 240432 {24651:1) 1354321 (28432.1) 1232111 3y _
1,6,11,12,19 respectively), {23321}, {22321} {13321 (o(B) = 8,10, 13 respec-
tively, orthogonal to %2111y [24§-321 1r2-843214 1384321, 3) — 8 10,13 respec-
tively, not orthogonal to 2§2!11) (1833221 12832114 (5(3) — 15, orthogonal to
both of {%%5%21}), {12321} (o(B) = 15, orthogonal to one of {234 321y 129832l
(o(8) = 15, orthogonal to neither of {235321}), 2333210 (5(B) = 17, orthogonal to
1233321) (1222211 1122221} (5(8) — 17, ot orthogonal fo 1233321y W set

G = (ws, wzwr);

123-2-1 1233221
{ 2 .

then G is transitive on }, so we may fix 51 = We must then

2465421 2464321 2343321 2343211 1-43321 1243211 1232211 1222211
fix 3 B 3 ) 2 5 2 a{ 2 }7 2 ) 2 3 1 (by OrthOgO-

nality to ﬂl) and hence 24%5431 24%53217 23443217 2343221 , { 1 -44321 }’ 1343221 , { 12%3211

1232221} 11222217 we must then fix 2454321’ 2454:3217 1344321’ 1343321’ 1233211 (by or-

1122221
);

)

by which point all roots are fixed; so Wx = G
f 2465432 [24654-1) r2-.-321} r2...321) 1394321
) 3

thogonality to

If X = X30 we must fix each o )
(234321 1050321y (1343221 12,3211 1232221} (0(8) = 1,6,8,10,11,12,13, 15 re-
spectively), 12;’2111 (o(B8) = 17, orthogonal to both of {24474 1}), (1233221 12;2211
11222211 (9(B) = 17, orthogonal to one of { 24§74 11), 2333210 (5(B8) = 17, orthogonal
to neither of {?§°*"1}). We set

G = (wy, w3wswr);
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then G is transitive on {13‘213221, 12;3211 1232221}, so we may fix 81 = 1232221

2465421 2465321 2--43214 2343211 ;1--4321y 12:3211y j1233221
We must then fix “73°%" “*3 A [ REC AR P e 5 } 7 ,

) )
12i2211} ( f 24254317{2~é4321} 234213321

by orthogonality to (1) and hence each o , ,

2343221 13321y 1343221 1122221, 24.4321 2454321 [13-4321
5 5 5 , ; we must then fix {*%3 1 A 1

1122221 )

by orthogonahty to

’
13%3321 , { 12i2211} ( and hence 5 ,

2334321 1234321 1244321
{12,382 1283221 Ingide stabg (B1) we have (wy) giving transitivity on { 243*3*'}, so
we may fix B = 26321 We must then fix 2341521 1344521 1233321 1233211 1222211
(by orthogonality to 82), by which point all roots are fixed; so Wx = G. (In this
case we note also that the set of roots with o(/3) = 13 is in fact a union of the two

WX orbits {13-4321 12-3321} and {1343321 1244321})
If X = X30 we must fix {246543 } { 21} { 21} {234321 } (O(ﬁ) _ 1797
12,17 respectively). We set
G= <w27w37w45w53w67w8>;

then G is transitive on {*7""2'}, so we may fix 3 = 1324321. We must then

fix {2752}, {"1"?'} (by orthogonality to £;) and hence {* 21} { 2,
Inside stabg(B1) we have (w3, wyg, ws, we, wg), which acts as Sy on { 21} and

independently as S on {246543' }, so we may fix all of these roots. We then have

fixed all of the roots "3 , which span R®, so Wx = G.
If X = X%, we must ﬁx 24¢5432 245431 2465421 (2.--321) 2343221 r1.--3213

s 3 ; )
(133221 102221y 2343211 2343210 (1282211 1821y 8y — 1 37,9, 11,12, 14, 15,
17,18 respectively). We set

G = (w3, wy, waws);

then G is transitive on {1731} so we may fix 8, = 3" We must then fix
-321 1233321,{1 12221}’ 1233211 (b orthogonality to ;) and hence{ 5321y
= 321} (1053221 1282211, oyt then fix 2465821 (27,4321 (1. 4821y (by or-

thogonality to '2322!!') and hence {? 3**?'}, 23‘213321 {15321 Inside stabg(B1) we

have (ws,w,), which acts as S3 on {?'3***'}, so we may fix all of these roots. We

then have fixed all of the roots "'3° " , which span R®, so Wx = G.
If X = X7 we must fix 24g5432 2435431 {2465 21} {2343 21} {13 4321} 2343211
- 30 ) B
2333210 1221111 (o(B) = 1,5,7,11,12,13,17,20 respectively), {2‘3 4321} {12 3-21
(o(B8) = 9,14 respectively, orthogonal to 12%1111), {2424321},{1343 21} (o(B)
9,14 respectively, not orthogonal to 12%1111) {12'3211} (o(B) = 16, orthogonal
to 2435431), 1122221 (o(8) = 16, not orthogonal to 246‘)431) We set

G = (w2, wa, we);

e

then G acts as Sz on {**:*3?1} and independently as Sy on {**§° ?'}, so we may fix

all of these roots. We then have fixed all of the roots 2*: , 122221 - which span
RP, so Wx =G.

If X = X??O we must fix all of 2435432,{24%54-1}7{2-:-321}7{1-:-321}7{23421321}’
{13%3211 12-3221 1232211 12:133211 1212221 11%2211}’ 234213210 (O(ﬁ) =1.5.9.12.13.16

y 2 s 2 y ) )

17 respectively). We set

G = (wy, wows, wswswr);

then G is transitive on { 134213211 , 1223221 , 12%2211 , 12?3211 , 12i2221 ; 11%2211 }7 S0 we may

fix ﬂl — 134213211. We must then fix each of 24g5431,{23:~321}7 234213221,{12:‘321}
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{12,322 1202221 1222 (e orthogonality to 3) and hence

1122211

2465421 24--321
and 3 ’ { . }’

2333211 (18,821 {1232211, 12832111 we must then fix (by orthogonality to

2425431) and hence {12 3221 12, 2221}. Inside stabg(81) we have (w4, wows) giving
transitivity on {1%5%?1 12122211 5o we may fix By = '23%?2'. We must then fix
{2454321} {234 521y, {134 821y (1233321} 1222221 (1,0 hoeonality to Bs) and hence

{246 321} {2304321} {1304321} {124 321} {12332217 1232221} Inside StabG(,Bl,,Bg) we

have (wows) giving transitivity on { 1233221 12322211 56 we may fix B3 = 1253221,

We must then fix 2434321’ 24343217 2354321, 2343321’ 13543217 1343321’ 1243321’ 1233321

(by orthogonality to 53) and hence 2435321 24%4321, 23:534321 23443217 1324321 1344321’

1234321 11233321 e must then fix 232211 (by orthogonality to 2465321) by which

point all roots are fixed; so Wx = G
2465432 2465431 [2465-21) r2343-21) 2343211 2343210
If X = X30 we must fix 3 { 3 },{ 2 } 2 s 2

9

and {1232211 1232111} (,(8) 1,5,77117137177 18 respectively), 2344321 f1-44321)
{1233221, 12?3321},{1 %2221} (o(B) = 9,12,14,16 respectively, orthogonal to both
of {1232211 1232011}y 251321} (1354321} ¢ 1-43-21) (1233211Y ((3) 9 12 14,16
respectively, orthogonal to one of { 1232211 1232111 - 2484321 (5(8) — 9 orthogonal
to neither of {1232211, 1232111 1). We set

G = (w3, wawg);

1-43-21 1343321
2 2 .

then G is transitive on { }, so we may fix f; We must then
2465521 (2354321 2343221 1244321 1243221 1233221 1122221 1232111
fix T2 {7V TR ; ! and 7 (by or-
24g5421 {2454321 2343321 1344321 (1343221 1243321
)

s 2 ) 2 s 2 )

thogonality to 1) and hence

1283321 1222221 1282211 o pnnat then fix 2454321 2334321 1334321 1243321 1233211
(by orthogonality to 232111 by which point all roots are fixed; so WX =G.
2465432 (2:54321 (1354321 (143 1233-

If X = X1 we must fix all of A Ao o A 1,

2333210 (121 (5(8) = 1,9, 12, 14 16,17, 18 respectively), {2465 "1 and 2344321
(o(8) = 7,11 respectively, orthogonal to both of {'F'!1), 24§4321,{23§3 }
(o(B) = 7,11 respectively, orthogonal to neither of {* $'}). We set

G = (w2, w3, ws, wr);

then G acts as Sz on {?*$> "'} and independently as Sy on each of { #9321} and

{11 so we may fix all of these roots. We then have fixed all of the roots

24g5- -+ 1354321 "1 ghich span R®; so WX =G.

3 )

If X = X1 we must fix 2465432 [246-- 1y (234 1y 1354321 r1.4.--1} 2343210
- <30 ’ ) )
T (o(8) = 1,7,11,12, 14, 17 20 respectively), {23321} and {1%321 1221
LIy - 2:54821 1233211 1232221
= 3 :
(o(B) = 9,16 respectively, orthogonal to ), {7737} and {2 57}

(o(B) = 9, 16 respectively, not orthogonal to HHHEDY  We set

) )

G = (w3, we, wswr);
then G is transitive on {13 "'}, so we may fix 1334321 We must then

2464321 2354321 2354321 [2343--14 1243--1y 1232221 [1232-11 :
fix 7557, 73 2 TR R ), T {77 ) (by orthogonality

)

to Bl) and hence {2465-»1} 24%4321 2454321’ 23%43217 121214321’ 1343~-1 1233211 and

)
1233 21 2465-21 2343211 1244321 1343211 1243211
{ { 3 }a 2 { 2 2 }

) ) ) (by Orthog_

2465431 [2343-217 s 1343-21 1243-21
and hence “*3 A2 A3 {5
1343211

233321y and hence '35%2''. Inside stabg () we

}; we must then fix

onahty to 1252221

1244321
fix 2 3

}; we must then
(by orthogonality to
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have (wg), which acts as Sy on {?*$*2!'}, so we may fix both of these roots. We

then have fixed all of the roots "'3°" ", which span R®; so Wx = G.
If X = X12 we must fix 2465432 {2 54321) [1354321) 2343210 (1221111 1122111

)

(0(8) = 1,9,12,17, 18 respectlvely) (1Y {13443217 124213321}’{1233321} (0(8) =
7,14, 16 respectively, orthogonal to both of { 121111 1122111 " (2483211 112323211
{1 432 Ly (1233221 1232211 1283211 1282221y (,8) — 7 11,14, 16 respectively, or-
thogonal to one of { 1% 11%2111}), {#32"1} (0(B) = 11, orthogonal to neither

of {1221111, 1122111}). We set

G = (wowr, w3wswr);
1-432.1
2

) )

}, so we may fix 81 = 3°**'. We must then
1243211 1232211 1233211 1122111
{ 2 1 } and 1 (

then G is transitive on {
2465421 (23543211 2343211 1243321
fix 3 ’ { : }? 2 ) ) by or-

24%5431 {2454321 2343221 1344321 1343211 1243221
’

thogonality to 1) and hence R T et R ,
(1233221 1232221} 1221111, o st then fix 2465321 2344321 1243221 1233221 1233211
(by orthogonality to 122!} and hence 24g4321 2343321’ 1343211 1232221 1232211,

2454321 2354321 1354321 1233321 1232211 b
2 2 ) y

we must then fix (by orthogonality to

which pomt all roots are ﬁxed7 so Wx = G
If X = X213 we must fix all of 24g5432,{24654 1, { 321} { 321} {23421321}’
{1320y 2343210 ML (508) — 1.6,8,10,12,13,17,21 respectlvely) {2y
(o(B) = 15, orthogonal to Moty 132 (o(B) = 15, not orthogonal to M'gM).
We set
G = (w3, wg, w5, wr);

24654 1 }

then G acts as Sy on {?'3"*?'} and independently as S, on { so we may fix

all of these roots. We then have fixed all of the roots 23" , 11(1)1111, which span
R®: so Wx = G.
If X = X1& we must fix 2445432 2485421 2343221 1122221 (508) — 1 6 12,19
) ) ) b b b
respectively), 2333210 (o(B) = 177 orthogonal to 24§7432) (123211 (5(3) = 17,
122221 Bt not 24§7432)) 1232221 (4(8) = 17, orthogonal to nei-
2465431 [234-321 ;134-321
3 AT R (0(B)

orthogonal to
ther 1192221 por 24?,5432), = 8, 10, 13 respectively,
orthogonal to both of {23211} (24543211 128543211 (13543210 (5 3) — 8 10,13
respectively, orthogonal to one of {!23211}) (248-3211 12393211 ((3) — 8 10 re-
spectively, orthogonal to neither of {1#32!1}) 1232211 (5(8) = 15, orthogonal to
both Of{1354321 }) {123~211} ( ( ) _ 15, orthogonal to one 0f{1354321 }) {124-321}
(o(B) = 15, not orthogonal to 132221) 1333221 (5(3) = 15, orthogonal to 2§>42!).
We set
G = (wq, ws);

248-321% and {94321} independently, so we may fix

then G acts as Sz on each of {
all of these roots. We then have fixed all of the roots 24 ", 1122221 ' which span
R®; so Wx = G.

If X = X12 we must fix 2465432 2465431 (24.--21) (23---21y 2343211 [13:--21)

B R e N (,6’) —1,6,8,10, 12,13, 15 respectively), 132! (o(3) =
17, orthogonal to all of {24 *21}), {1232 1 12:;3211’ 1232111 1222211 (, ( ) = 17, or-
thogonal to two of {**.""?'}), 233219 (o(B) = 17, orthogonal to none of {**.""*'}).
We set

G = (waws, waws);
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then G is transitive on {123'321, 1233221 1212221}, so we may fix 31

We must then fix {24~4321} {2343~21} {1343-21} {12-2221} and {1232~11 12.‘:152111
12%2211} ( 2465 21} {23 4321} {13 4321} ’{12433217

1244321
2 .

by orthogonality to 1) and hence {
1233221 128321 o et then fix { 24399211, 2354321  L3gean 12211y

12:153211) and hence 2434321 {23 4321} {13 4321} {1232111
12 2221

)

by orthog-

12%2211 }

onality to In-

b

side stabg(1) we have (wswg) giving transitivity on { }, so we may fix

By = 1232221 W must then fix 241321 2344321 1344521 1233221’ 1222211 (1,0 orthog-
onality to B2) and hence 2464321 2334321 1334321 1243321 1282111, oo oo then fix
2465321 2343221 1343221 1282111 (1,0 hoeonality to 12%2211)’ by which point all
roots are fixed; so Wx = G.

If X = X16 we must fix 245432 (2 1y f2p0e 1y 1354321 r1-:3:1) (5(8) —

1,8, 10,13, 15 respectively), 2343210 (0(8) = 17, orthogonal to 249432y qpq (12931
LI (o(B) = 17, not orthogonal to 2465432) We set

w4w6w5>.
i

1343321
2 .

G = (w3, wy, wswswy

then G is transitive on {''5* "'}, so we may fix 8, = We must then fix
2465321 23343211 (23,4321 234321y (12:32-1 12332-1 111111
each of {5™, hA 1A }and { i (

24654 1 24 4321} {2454321

, by or-

thogonality to 1) and hence each of { , 2333821 p13g32-1

12,3821 (1233521 (12811 Tngide stabg(ﬂl) we have (wy, wawsw,*1*6%s) giving

transitivity on {33321, 1233211 "0 we may fix By = ¥3%?%'. We must then fix
2465421 2334321 2343321 "r23.4321 23432111 [12:8321 (12,3211} 1238521
each of “737777, #737050 =70 {7970 A A b and

(e ALY (hy orthogonality to Bg) and hence {

2454321 2343221 1343211 (12,3221) 1221111 1233221,
I R L (e el M 33221 e must thenﬁxeacho

23~4321 1233211 1221111 24 43214 2343211
{ } and ( ) { e

2465431 24 - 4321} 2465321
) ;

£ 2465431
3 )

by orthogonality to and hence

)
11 1111

{11 U Inside stabg(ﬁl, B2) we have (w,) giving transitivity on { }, so we

may fix 3 = 111 We must then fix 2164321 2334321 1243321 1243221’ 1243211 (1,
orthogonality to 83), by which point all roots are ﬁxed so Wx =G.
If X = X17 we must fix 2445432 [2:5--1y (25 1y 1334321 (1343--1 1244821

1243221 1288821 12.3211 1232221y 3) — 1§, 10, 13 and 15 respectively), 2343210
(o(8) = 17 orthogonal fo 2465432) (123321 1232211 1222111 1L1111Y (4(8) — 17,
not orthogonal to **§°*3%). We set

G = (wawe, w3wswr);
then G is transitive on {1233'21, 1232211, 12%2111, 1 1111} so we may fix f; =
1233321 \We must then ﬁx{ 321} {23432 1} {1 4321 12%3211 1232221 1222111
1111111} (by orthogonality to 51) and hence {24654 1}7{2 5 321} 1343321, 1244321’
1233321 1233221 12322114, 2.543217 1233321 1233211 1232221
2 }a{ 1 1 }, { 3 }, 2 a{ 2 2 }7

)

, we must then fix ,

MM (by orthogonality to both of { 233221, 12§22 1) 2:343211 (b orthogonality
to neither of {24322 12322110) o1 hence {246°321), (234321 (1843321 12448211
{332ty (e I ngide stabg (81) we have (wswswy) giving transitivity

on {121133221’ 12?2211 }7 S0 we may fix 62 _ 121;;3221 We must then fix 246o421 2434321’

23%3321’ 2342132117 134213321 1~4213211} and 11%1111 (by orthogonahty to 52) and hence

b)
2465431 2465321 2344321 2343221 1244321 [1-432214 1222111, 2354321
3 3 2 2 2 A2 J

) ) ) )

2334321 1243221 11243211 1282221 by orthogonality to , by which pomt all

roots are fixed; so Wx = G. (In this case we note also that the set of roots with

) )

; we must then fix
1222111
1)
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1343-21 1244321 12-3211 1232221
{ 2 s 2 2 2

) 9

o(B) = 15 is in fact a union of the two Wix-orbits
1343211 1243221 1233321
and {%°7 7, % 2

, .
_ yl8 2465432 2465431 y2----214 2343211 1354321 1-4.-321
If X = X35 we must fix “°3 RGNS (el Tt it Skt

) )

123221 1.22221) 2343210 (1232111 1-22211y ((3) — 1,5 9 13,14, 17 and 18 respec-
tively). We set

G = (w3, ws, wawswe");

. oL 1354321 1-4-321 123-221 122221
then G is transitive on {93 §-821 123-221 }, so we may fix 51 =

1324321. We must then fix { 2 21} {1 221} {1232111’ 1- %2211} (by OI‘thOgOnal-

ity to f1) and hence {23 21}, (1354321 1-4-321 123.221y 1282111 oo e then

)
fix 2435421 {2---321}7{1334321 1- 421 321}’ {1 %2211} ( 1232111)

, by orthogonality to and

hence { 321}, 231213221’{12%221}’ 12%2111; we must then fix {2 §4321 7 234.321

(4 321}7{1.%2221} (by orthogonality to 12311} and hence {24321}, {2 54321}~7
1354321 { 12?'221}. Inside stabg (1) we have (w3, ws), which acts as Sz on each of
{45321} and {?'3%?'} independently, so we may fix all of these roots. We then

have fixed all of the roots "3 , which span R®; so Wx = G. (In this case we

note also that the set of roots with o(3) = 9 is in fact a union of the two Wx-orbits
(24821 23421}y g (254321
)

If X = X19 we must fix 240432 {251} 250 1y [1-5-+1) 2343210 11fii11
(o(B) =1,7,11,14,17,22 respectlvely). We set

G = (w3, wy, w5, We, Wr);

then G acts as Sg on { }, so we may fix all of these roots. We then have fixed
all of the roots 273" 11(1)1111, which span R®; so Wx = G.

If X = X§8 we muSt ﬁX each Of 2435432’ {24654 1} { 321} {23432 1} { 1354321
1343321 1244321 1233321 1-43221 123-211 1-22221
2 y 2 . }7 { 2 ) . y 1 }

)

=1,7,9,11,14,16, 17, 18 respectively). We set

)
234213210,{12%2111 11%1111} (O(ﬂ)

) )

w. .
G = (w2, waws, wswswr*);

1- 43221 123 211 1- 22221 , SO we may fix ,61 — 134213221. We

must then fix each of 2465421 , {23 321 }’ 2343211 {12%4321’ 1233321} {12{%211, 11%2221}

and 1121111 (by orthogonahty to 61) and hence 24%54317{24 321}’ 2342132217{13§4321’
1343321} {1243221 1222221} and 1222111 {2435321 2454321} 2344321
s .

) )
12%2221 1233211
s .

then G is transitive on {

; we must then fix
1121111)

)

and hence 2434321 ) { 23?4321 , 23%3321 }7

2465321 2354321 1354321
f =3 ) { : }7 { : }’
2454321 } 2343321 1343321

s 2 s 2 )

1232211 }
. SO
’

} (by orthogonahty to
123221 (1232211 1122221}, o st then fix each o
1244321 ;1232211 1222221

2 T )

{ 121‘33321 }’ 11%2221

by orthogonality to and hence {

. Inside stabg (S1) we have (ws) giving transitivity on {
we may fix 8 = 1232211 We must then fix 2431321 2334321 1354321 1233321 1233211

y orthogonality to 82), by which point all roots are fixed; so Wx = G. (In this
by orth lity t by which point all root fixed; so W. G. (In thi
case we note also that the set of roots with o(8) = 14 is in fact a union of the two
Wx-orbits { 1354321 12333211 ., 1343321 12423214

_ y2l 2465432 [24654-17 ;23432-17 2343210 (1232111
If X = X355 we must fix each of “%3”™ {=5% "}, {7257 "}, =°° 7, {7}

(o(B) = 1,7,11,17,18 respectively), {233 3211 {13321} {13221 (0(B) = 9,14, 16

respectively, orthogonal to both of { 12%’;2111 }) {2~§4321 }, {13?4321 }, { 1233211 1232221

) 2 )
1233221 1232211 1232111
77 T} (o(B) )

)

9,14,16 respectively, orthogonal to one of {

i



132 8. THE ROOT SYSTEM OF TYPE Eg

{45321} (o(B) = 9, orthogonal to neither of {1#32!11) We set

G = (w3, wowr, wswr);

1-4-321 1344321
2 2 .

then G is transitive on { }, so we may fix 1

We must then
2464321 2354321 2343321 1243321 1232221 1232211 11222-1
fix 3 ’ { : }, 2 s 2 ) { 2 s 1 }7 { 1 } (by orthogonal—

2465321 2454321 2344321 1343321 1244321 1233211 1233221
3 7{ . { } { 2 1

ity to 81) and hence , , ,
1244321

{ 12222-1 }; we must then fix 2464321) and hence 1333321

1233211 1233221

(by orthogonahty to

In81de stabg(B1) we have <w2w7> giving transitivity on { }, so we may
fix By = 1233221 Weo must then fix 247421 2434821 2334321 2343211 1334321 1222211

) ) 9 ) ) )

11%2211’ 1232111 (by orthogonahty to 52) and hence 2435431’ 24‘2'543217 23%4321’ 234213221’

1354321 1222221 1122221 and 1232111 1232221
2 y 1 s 1 2

1324321 )

; we must then fix (by orthogonality to
, by which point all roots are fixed; so Wx = G.
If X = X22 we must fix 247452 2571} (25 1y, {18;4821 1...2:1 12,3821}
b ) b )
HEHIL (o(B) = 1,8,10,15, 19 respectively), 2333210 (o(B) = 17, orthogonal to
24¢5432) © [1233321 1221111 1122111} (5(8) — 17, not orthogonal to 24§5432). We
set

WeWs5We > .
Y

G = (w7, w3ws, wiwy
then G is transitive on {13 43217 Lryr2e 1 12533210 10 we may fix B = 25497 We

must then fix {2 54321} {234 } {1233321 123 2. 1} {1221111 1122111} (

onality to 1) and hence { , ; we

must then fix { 24§ 321}, {23‘2132 Ly, (14321y 1128201 (o oithogonality to 1233321
and hence {24941}, (24321} (1844521 1243821y 1233521

14321

, by orthog-
1-432.1 12433217 1233321
A A N

)

246 }7 {2 34321}7{13%4321

. Inside stabg(51) we have

(w7, wsws) giving transitivity on { }, so we may fix 8y 1343221 We

2465421 2334321 2334321 2343211 1243321 1243211 [123-211 1122111
must then fix , 73 , , 79 , 2 , 9 ) 2 , 1 (by
orthogonality to B5) and hence 2435431’ 24g43217 2434321’ 2342132217 134214321,{134213211

124213221 {123 221}’ 12%1111 we must then fix all of 24643217 23433217 1343211) 1232221’
12%2211

(by orthogonality to '$2*1), by which pomt all roots are fixed; so Wx = G.
If X = X323 we must fix 240432 {2701} (14321 1--2.1} 2343210 3y _
1,9,16, 17 respectively). We set

G = (w2, w3, wy, wgwswy 465 );

then G is transitive on (a2 b2y e we may fix f = We must

then ﬁx {%5 1, { %1} (by orthogonality to 1) and hence {2731}, {1 5%
1232,

1354321
3 .

)

"1}, Inside stabg(f1) we have (ws, wy, wawsw;“4¥s™s) giving transitivity on
{1'j2' 11, so we may fix By = 32", We must then fix each of {?4§>* 1 24343211

{2454321’ 2343321} {13»43217 12322‘1} and {12~22‘1} (by orthogonality to ) and

hence{2465321, 2354321} {23 4321 23432 1} {1244321 1232111} d{12 2111 11%22 1}

) b b

Inside stabg(S1,82) we have <w4,w3w5w7“’4w6w5> giving transitivity on {'2;2''!,

122210 0 e may fix 85 = 122210 We must then fix {24431 24;4321) 24g5521
2454321 2343221 [13-4321 12322214 1232111 [12.22214 512.2111 .
5 e ) , ] A {4 } (by orthogonality to

245421 2334321 2343321 (23,4321 23432117 1232211 1244321 (12,2211
f3) and hence “73°777, #2g705h  29pRent f20Test 4o, ) A ;

122221, o st then fix { 241921}, 2343211 (13,4321 (1,0 orthogonahty to 1122221)
and hence 24§%431 {2324321}, 1232221 Tnside stabg(f1, B2, 83) we have (wy) giv-

12,2111 1222111
1, 1 . We must then fix

ing transitivity on { so we may fix 84 =
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2434321’ 2334321’ 13343217 12:{2221’ 1232211 (by orthogonality to 84), by which point
all roots are fixed; so Wx = G.
If X = X24 we must fix 2465432 {2 ..... 1}7{13:4321’ 1243321 1233221 125,2-117

1235211 12271 9232111 1222211 113211 12211111 2543310
1 1 1 1 1 T (o(B8) = 1,9,16,17 respec-

b b b b b
tively). We set
G = (wawr, wawe, W3WsWr);

. L 13:4321 1243321 1233221 1232-11 1233211 1..2221 1232111
then G is transitive on { 3:4321 11243321 1233221 123 , 123 1 23 ,

1222211, 1122~11, 1221111} S0 we may fix ﬂ _ 1324321 We must then fix {2 ----- 1}

and {12332117 1- 122217 121132111 12%2211 11%2 11 12%1111} (by orthogonahty to ﬁl) and

hence { ----- } and {13 4321’ 12433217 1233221, 1232 11} Inside btabg(ﬁl) we have

(wawg, w3w5w7> giving transitivity on { ®3*3%! 1233321, 1233221 1232111 50 we may

fix 62 _ 1334321. We must then fix {2 24321}7{23421 }7{12%3221 12%2 11} {1-%22-1

) ) )
12%1111, 11%2111} (by orthogonahty to 52) and hence {24g- - -1}, {2-34321}7{134214321’
124213321 1233211 1232221 1232111

}7{ 3 , 129 , } we must then fix {23%32& 1232111 121%2111 and

y 2 )

I R e S (1% orthogonahty to both of {1#3*321 12333211y and hence each
234-3217 1233221 12322114 ;1233211 1232221 1.222:14,
of {™ {7, T LT, YT and {177 we must then fix

{45411 (by orthogonality to %' and hence { 2§ 321 }. Inside stabg (81, B2) we

have (wswswr) giving transitivity on { 1231111 132111 o6 we may fix B3 = 13211

2464321 2434321 2434321 2343321 1232211 1232221 12222-1
We must then fix R S S Nt Sl and { } (by

orthogonahty to ﬁ3) and hence 24g53217 2334321 23343217 2344321, 1233221’ 1233211 and

{11222 1}, we must then fix 2465421, 2343211’ 12433217 12%2211, 11%2211 (by orthogonal—

ity to 1233221), by which point all roots are fixed; so Wx = G.

If X = X325 we must fix each of { 240343+ ) 245421 (2.-.3213 (1...3213 2343221
(234321} (123:221) (1343211 1243210 1222210 1122211} (48) — 3 5 9 12, 13,15, 16,
18 respectively). We set
G = (wa, waws, waws"*);

<321 2465321
}a 3

We must then fix
by orthogonahty to B1) and hence
(200432Ly (1--4321y (12832214 o0 (1343211 12432100 o et then fix 2348320 and
{148321) by orthogonality to both of { 1232221} [2:54321 1354321y {1233321}
(by orthogonality to one of {*2**2211) and hence 24§*3! {13321} (by orthogonal-
ity to neither of { #3?2211)  Inside stabg(f1) we have (ws, wsws) giving transitivity
on {254321 }, so we may fix Oy = 2424321 " We must then fix each of 2334321 1334321

124214321’ 1243321’ 12333217 12%3221’ 12%22217 124213210 and 11%2211 (by orthogonality to

2454321 2334321} 1334321 1344321 1343321 1233321 1233221
B2) and hence each of { El ! ;2 y 2 ;2 ;2 )

1232221, 1343211’ 1222210 : we must then fix 2465431’ 23243217 2343210 (by orthogonality

to 1333211) 1 Wthh pomt all roots are fixed; so Wx = G.
y
If X = X1, we must fix 245432 2465431 2434321 13343214 ¢ 343211} 1233211
1 ) ’ ’

(o(B) = 2,5,9,10,14,19 rebpectlvely) (48820 o333 12321y (5(8) = 7,12,
15 respectively, orthogonal to 233211 (246521 1f-3,4321y 1234321 (5(8) — 712 15
respectively, not orthogonal to 2$%2') {12;22211 (o(B) = 17 respectively, orthog-
onal to both of { 3*32}) { 3332101 (o(B) = 17, orthogonal to one of { 33**2!}),
{23211 (0(B) = 17, orthogonal to neither of { 3***'}). We set

G = <’lU1,U)4,U)6>;

then G 1s transitive on { so we may fix 1 =
2343321 r1--3321} 1232221} [1232210 1122211y (

)
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then G acts as Sy on each of { *3¥321}, {243%3211 and {24§°°21} independently, so
we may fix all of these roots. We then have fixed all of the roots "3, which
span R®; so Wx = G.

If X = X??l we must fix {242543- }7{24:»-21}’{-3:~-21}’{12:~-21}7{-3421321~}
(o(B) = 2,8,11,14, 17 respectively). We set

G = (w1, wa, wy, w5, We, Ws);

then G is transitive on {'3‘21321' }, so we may fix 51 = 2333211 We must then

fix 24§5431 13- '21}, 1323210 (by orthogonality to 81) and hence 2465432 (23 '21},

b
(2333210 1333210 e must then fix 23210 (by orthogonality to 2§43) and hence
1383211 Tngide stabg(B1) we have (wq, wy, ws, we), which acts as S on { 2
----- 2343210

so we may fix all of these roots. We then have fixed all of the roots 2*: ,
which span R®; so Wx = G.

If X = X31 we must fix 2465432 24354317 24g5421,{24: ~321}7 { 3 ~321}7 { ~3%3221}’
{12‘ 321}7{ 34213211}’ {12232217 1212221}7{ 3%3210}’{12%2211, 1251%3211} (0(6) =246

8,11,13,14, 15,16, 17, 18 respectively). We set

G = <U)1,U/4,U)2U/5>;

-3--321 23§4321. We must then

then G is transitive on { }, so we may fix

2454321 [13--321 1343221 1343211 1343210 1233321 512.2221 1233211
5 S e e N RN Mt Mt A (et il 99316 | (by or-
thogonality to 81) and hence {24 321}, {1334821 232 821y 2348221 2343211, 2313210

{12 321} {12 3221} 1232211 24- 4321} {1354321 2343321} 1343321
) )

; we must then fix { ,

{1223321} (by orthogonahty to 1233211) and hence 24253217{2324321}7{1324321} and

12%4321 1354321 2454321 ) and hence 234213321 )

12 2221

; we must then fix (by orthogonality to

Inside stabg(f1) we have <w4) giving transitivity on { }, so we may fix

62 _ 12%2221. We must then fix 2464321’ 23343217 1334321, 1243321’ 124213221 (by or-

thogonality to 82), by which point all roots are ﬁxed so Wx = G.
If X = X2 we must fix all of 2447432 [2465--11 {24 4321} ¢-3-43213 y-343-1y
{23y '3%3210}, 122 (6(8) = 2,6,8,11,13, 16, 17, 20 respectively). We set

G = (w1, wa, Wy, We, Wr);

then G acts as Sy on { ®3*2'°1 and independently as S on each of {?*§> "'} and

{24:43211 50 we may fix all of these roots, which span R®, so Wx =G.

If X = X31 we must fix all of 24%5432,{2465 } {24 4321}7{ 3.4321}7 { ~34213- ~1}’
1244321 12-3321 1243221 1233211 1233221 343210 1232111 1232211 1222221
SRS i H {7 ) and {7, 1}

y 2 ) - ’

(o(B) =2,6,8,11,13,14,16, 17, 18 respectively). We set

)

G = (w1, waws, Wawr);

then G is transitive on { *:**'} so we may fix 8; = #*3***!. We must then fix

24%4321 {13-4321} {1343~-1} 1343210 {12332-1} {1232211 12%2221} (by orthogonahty

24,4321 1354321 23,4321 2343 2343210 [12:3321 1243221

to B1) and hence { Ho{ , T2 A A B R R
24654.17 23 43211 2348321 1343321 12,9321

3 }a { 2 }a 2 ) 2 ) { 2 }

2403321 1334321 (23432-1} (1343211 g
{123z 1agsally In51de stabg (1) we have (wywr) giving transitivity on { 2322

12%2221}’ SO we may fix B 1222221. We must then fix 24654217 24%4321 2354321’

1352)4321’ 234213211’ 134213211, 12%3321’ 1233211 (by orthogonahty to 52) and hence 2435431’

1233211}, 1232111; we must then ﬁx {

1232111 )

(by orthogonality to and hence
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2424321 2344321’ 13443217 2343221’ 134213221’ 12%33217 122{3221; we must then fix

2465431 )

1233211
2

(by orthogonality to , by which point all roots are fixed; so Wx = G.

If X = X§; we must fix 2425432,{24 LAY (o(B) = 2,7,12 respec-
tively), { 383210} (o(8) = 17, orthogonal to 2435432), [1243221 1233321 12,3211
123321 1232221 1232211 122111} (45(8) — 17, not orthogonal to 24§%432). We set

G = (w1, waws, WaWe, WsW7);

then G is transitive on { " "'}, so we may fix £; = #*3**2!. We must then fix each

2454321 13----17 1343210 1233-21 1232211 122. 111
of %35 A% J G and {* it , T } (by orthogonality to /1)

1} {1304321 23~ .- ~1} 2343210 an d{12432217 12%3321 1223211

) ) )
1354321 2454321) and hence {235 . ~1}

Inside stabg(f1) we have (w4w6, wswy) giving transitivity on {**3 '}, so we may
fix By = 233%321 We must then fix 2434321 {134~-1}7{1233321 1233211 1232221

s 2 ) )
{122°1113 (hy orthogonality to ) and hence {246 1y 1334321 (12432:1) (123321
1232211% Tnside stabg (61, B2) we have (wswr) glvmg transitivity on { 3 11}, so we
may fix B3 = 22" We must then fix {24511, 2344321 1342143217{1233321 1233211}

and {1%7%21} (by orthogonality to 83) and hence all of 24§*321 (23331} (1333--1y

1232221, 1232211 : we must then fix {243521 }7 2343211’ 134213211’ 1242132117 12%3211 (by or-

1232221) 2465431 {234213'21 } { 134213~21 } 124213221 12%3321
) ) )

and hence each of { **3

1232221
5 Tk

we must then fix (by orthogonahty to

thogonahty to and hence ““3 , ; we

2465321 2343221 1343221 1233221 12%2211) b
)

must then fix “°3 , 75 , 79 , (by orthogonality to
which point all roots are fixed; so Wx = G.

If X = )(71 we must fix {24654 },{24: ‘321}’{~3:-321}’{12:~321}7{-342132”}’
{12%32217 12%3211 12%2210 121133210 12%2211 12%2221} (O(ﬁ) =4.8.11.14.15. 18 respec-

) ) ) )

tively). We set
G = (w1, waws, wawr, Wsws);
then G is transitive on {?*>*""}, so we may fix f; = 2*§>**. We must then fix
‘343210 (1232210 1233210y (1,0 o rthogonality to f1) and hence { 343271}, [ 1243221

1233211 1232211 1222221}. Inside stabg(f1) we have (wy, waws, wawyr) giving tran-
sitivity on {24321}, so we may fix By = 2*§°%?'. We must then fix { 33321},

12-3321 1232210 1232211 1222221
{ 2 1 ) 3 (

12%4321’ 12{133210 12432217 1233211} we must then fix

(by orthogonality to %3%2%) and hence {*3*%2'}, { 334321} and {'2%*2!}. Inside
stabg (1, B2) we have (wy,wswy) giving transitivity on { %***!'}, so we may fix

2354321 2454321 1354321 1344321 1343321 (1343217 1343210
53 = 2 We must then ﬁX 3 N 3 2 2 { 2 }, 2

) ) )
1233321 1233211’ 1222221 (by orthogonality to B?)) and hence 2424321’ 23%4321 , {234214321

1354321 2343321 23432 1y 2343210 1243321 1243221 4 1232211
}7 ) { 2 }7 2 ) 2 ) 2 an 1
2435431, 2344321’ 23452217 1343221 (by orthogonality to
roots are fixed; so Wx = G

If X = X1, we must fix 2445132 (249-1y (- 34821) (- 34321y 41y g
{regsatl 12g222ly(h(5) = 376,9,11,147 19 respectively), { 33%1°} (o(B) = 17, or-

2
thogonal to 24§7432) (123321 1232111 (5(3) — 17, not orthogonal to 2*§°432). We
set

by orthogonality to ;) and hence { 34321},

2454321 { -3 4321} and 12%3321

)

)

; we must then fix

1232211y by which point all

G= <w17w3,w6,w5w7>;

2344321. We must then fix

by orthogonality to

then @ is transitive on {% : '1}, so we may fix f; =

24g4321’ 13?))4321’ 1354321,{1‘4213‘ ~1}7{1~%3210}’{12%2~11} 1232221 (
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Bl) and hence {24%5-&}’{2»%4321}’ {234321}7{13143217 234213- -1}’ 2342132107{12%3-21}’

121{)3211; we must then fix {2435-21}7{144321’ 234213211}’{1%213211} (

2425431){23421321}7{1-4213421}; W

by orthogonality

to 1232221) 234213211 (by

and hence e must then fix
orthogonality to 2*5°*3!) and hence {''3**?'}. Inside stabg (1) we have (ws, wg),

which acts as Sy on each of {'3*%1} and {2465 211 independently, so we may fix
all of these roots. We then have fixed all of ""'3" " , which span R®; so Wx = G.

If X = X32 we must fix all of 24%54327{24354 1}7{243-321}7{~-§4321}7{--%-321}7
{» -%32»1}’{12{33321}’ { . -4213210}’{1233221 12%2211 12?3211 12?2221} (O(,B) =3.5.7.10

) 9 )

13,15,16, 17, 18 respectively). We set

G = (w1, w3, waws, wawr);
then G is transitive on { '3°*''}, so we may fix f; = *3°**'. We must then

fix 2425421’ {13?4321},{1~421-321},{1 43211}7{1 43210}7{12322117 122%3211} (by orthogo-

. 2465431 254321\ (234-321) 2343211 1.43221y 2343210
nality to 1) and hence “*3 A {7 {3 , o }, %5 and

{ 12%3221 1232221
2343211

1-43221 2343210
27} ( 27)

and
1-4-321
277}

}; we must then fix { by orthogonality to

hence . Inside stabg(51) we have (w3, wows) giving transitivity on { ,

so we may fix By = 1334321 We must then fix each of 2434321,{2354321}, 23%3321,

124213321, 124213221’ 12421.32117 124213210’ 122%2221’ 12%2211 (by orthogonality to ﬂ2) and hence

f2465321 {2454321} 2344321 {1343321 1244321 1343221 1343211 1343210 1233221
) ) ) )

: we must then ﬁX 2454321 23343217 13%4321’ 1242143217 1233321 (by OI‘thOgO—

1232211
5 )

each o
and 1233211,
nality to , by which point all roots are fixed; so Wx = G.
IfX _ ng we must ﬁX {24%543‘ }, {24g~ '21}7 { . ~§4321}7 { . % ‘21}’{12?» ~21} and
{ g3l } (o(B) =3,7,10,13,16, 17 respectively). We set

G = (wy, ws, w3, ws, We, Ws);

54321 2424321

then G is transitive on {° }, so we may fix 51 = We must then
fix {334321y (12321 12982l 128210 by orthogonality to 1) and hence
(2451321 3943214 3021y (343211 (1280210 o et then fix 243992 (by or-

thogonality to both of {2331 }) and hence { *3**?'}. Inside stabg(8;) we have

246 -21

(wy, ws, wg, ws), which acts as S3 on { } and independently as Sy on each of

{243543' } and { *3*¥2'} so we may fix all of these roots. We then have fixed all of

"""" , which span R®; so Wx = G.

IfX X33 we must fix {246543 } {2465 21} { 4321} { 4321} { 3 21} and
{531} (0(B) = 4,6,9,12,15, 17 respectively), 23222 (0(3) = 18, orthogonal to
both of {?4§°21}), {1#3:21 (0(B) = 18, orthogonal to one of {?*§°2'}). We set

G = (w1, w3, wy, we, Ws);

then G acts as S; on { "3***'} and independently as Sy on each of {?*$>"?'} and
{45431 so we may fix all of these roots, which span R®, so Wx =G.

If X = X34 we must fix {24654 } { 321} { 321} {22} and 12?3321
(o(B) = 5,8,14, 17,20 respectively). We set

G = (wyi,ws, wy, ws, Wy, ws);

then G acts as S5 on { "3} and independently as Sz on {?*§°*""}, so we may
fix all of these roots, Wthh span R®, so Wx = G.
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If X = X2, we must fix {#*§° "}, {2 {3} (o(B) = 5,11, 17 respec-
tively). We set

G = (w1, ws, w3, Wa, We, W7, W);

then G is transitive on { "*3*'}, so we may fix f; = 2*§*3?!. We must then fix
{34321 {12331 (by orthogonality to 81) and hence { 54321} {33 "}, Inside
stabg(B1) we have (wy,ws, w3, wg, wy, ws) giving transitivity on {- 54321 , SO we
may fix B2 = 2159321 We must then fix { 231321}, 1244321 (1243 1233y (0
orthogonality to Bg) and hence { 2451321 3348211 f-8343210 f833-- -0 £1235 1 we
must then fix 2#3*3%! (by orthogonality to 1234321y and hence { *3*%2'}. Inside
stabg (81, B2) we have (wy,wg, w7, ws), which acts as Sy on {246" '
dently as Sy on { 1334321 }, so we may fix all of these roots. We then have fixed all
of the roots ""3° """ Which span R®; so WX =G.

IfX = X36 we must fix {773 {2 } (o(B) = 7,17 respectively). We set

"} and indepen-

G = (w1, w3, wy, w5, We, W7, Ws);

then G acts as Sg on {
Wx =G.

This completes the treatment of the sets which are not radical. We therefore
now turn to the radical sets X3, ..., X33%. In 414 of these 430 cases we find that
arguments entirely similar to those above suffice to determine the stabilizer and
its orbits; moreover, in all cases except that of X33° the stabilizer Wx must lie in
(wl,wg,wg, wy, ws, we, wr), and thus can be read off from the graph representing
the set. In the remaining 16 cases it is necessary to argue a little more carefully
to produce sufficient sets which must be fixed by Wx on which the group G acts
transitively. In the interests of space we shall restrict ourselves to the consideration
of these 16 cases; in addition, as 24$°432 is the only root with orthogonality count
0 in each of these cases, we shall not bother to list it.

If X = X329 all roots (other than 2*§>*3?) have o(8) = 15. We set

}, so we may fix all of these roots, which span R®, so

G = (wy, w3ws, Wi We, W7y ).

Here we shall temporarily call a set of six mutually non-orthogonal roots a clique;

note that “°°*'! lies in the clique { ¢ t However there is no clique contain-

ing 2465431, the roots not orthogonal to it are { 321 , 13,4821 1221 1223321}

and {(wy, wsws, wiwe) is transitive on this set Whlle ﬁxmg 2485431 " 56 if such a

2454321

)

clique existed there would be one also containing ; since this root is or-

12 3321 122 221 , the four remaining would have to be chosen from the

{ 234213321 and 134213221

thogonal to

six roots { %5’ 321, 1324321, 13%3221}; however, of these each o

is orthogonal to three of the others, which would leave too few roots, while the

four remaining roots 3,432 are not mutually non-orthogonal. Thus we must

fix {25-3217 13é4321, »-é--ll’ 1~é-2217 1223321, ----- 11} (contamed in a chque) and

2465431 1221111 1122111 0122211 :
{24g5431 (123LLLL HLL2LLL FO12220LLY (o contamed in a clique). Now G is transitive

on each of these sets and we may argue as before to see that Wx = G.
1233-.1 -.-11117 2-54321 1.44321 0000- -1 .30
If X = ng we must fix { 1 s 0 },{ 2 2 0 },{ 2

) 9

LI S012LHI (5 8) = 12,14, 16 respectively). We set

G = <U)3, We, W7, w1w4>'



138 8. THE ROOT SYSTEM OF TYPE Eg

Here we note that among the roots with o(3) = 14, each is non-orthogonal to just

two of the others; however, 2*3%3%! is non-orthogonal to {?*3*32! 1334321} " which

0089901 45 non-orthogonal to { 5% ™'}
2.54321 1.44321
{77, T (

are themselves orthogonal, while , which are

themselves non-orthogonal. Thus we must fix by orthogonality

among the two non—orthogonal roots with o(8) = 14) and hence {0080“1}; we

must then fix {%* 1}, {5% "'} (by orthogonality to two of {°%0° "'}) and hence

ULy (111111 0121111
{" o 0 }. Now G is transitive on each of these sets and we may

argue as before to see that Wx =G@G.
If X = X33 we must fix all of 245431 [2465421 254321 1.44321 --.3-21 1232221

) ) ) ) )

1233221} (- 32117 1232111’ 11111117 01211117 --6-111} (0(8) = 12,14, 16 respectively).
We set

G = (w3, wywy, Wewy,).

Here we note that among the roots with o() = 16, each is orthogonal to just five of

the others; however, “°§°"*! is orthogonal to { p321L 1232111 }, which are mutually

23%3211 0121111 0~(~)‘111} of which 01%1111

is orthogonal to 1 ,
{1232 000 (hy non-orthogonality

non-orthogonal, while
0001111

)

is orthogonal to . Thus we must fix

among the five orthogonal roots with o(3) = 16) and hence { *"5*?!1 11}1111 0121111
Y we must then fix { 240421 231921 144321 1233221} (by orthogonality to

both of { 1232111 00Q0LLLYY F e o320 fpee- o321 e (B (e orthogonality to one of

)
(1232111 00801 and hence 252221 {11 0121 NGy G is transitive on the
sets of roots with o(8) = 16, and we may argue as before to see that Wx = Gj

finally we note that the set of roots with o(3) = 14 which are orthogonal to both

of {1232111, 0000111} is in fact a union of the two Wx-orbits {2'34‘321, 1'34321} and

{2425421 , 12%3221 }

— 44 2465421 2454321 -3---21 12---21 123-221 --43211
IfX =X Wemustﬁx{ 3 , 3 s 2 , 2 , 1 }7{ 2

12%2111 -1(1)1111 00%1111 008»111}’ 0080001 (O(B) _ 147 16, 18 respectively). We set

3 ) )

)

G = (w1, ws, WawWgWy ).

Here we note that among the roots with o(8) = 16, each is orthogonal to just four

of the others; however, *?3*2'! is orthogonal to { '§***', %% 1*} which are also

1232111 0011111 .343211 -111111
3 o1 { 3gs211 -1l }, and none of

{ 12%3211

orthogonal to , while is orthogonal to
the other roots is orthogonal to this set. Thus we must fix
(by non-uniqueness of the set of orthogonal roots with o(5) = 16) and hence

{~343211 (1L 0011111} we must then fix {125'21} {~343211’ '1(1)1111} (by or-

thogonahty to two 0f{1243211, 1232111’ 000 111 )and hence {2425421 24%4321 -32 21

1232201 J003HIL Next we note that each root in {
2354321

1232111 000-111
2 ) 0 }

)

)
2465421 2454321 -3---21 123-221
3 2 1 }

is orthogonal to {123 2,
12221
K

is orthogonal to just three in {*%3""?*}; however,

1334321 while 2465421

which are also orthogonal to is orthogonal to { and

none of the other roots is orthogonal to thls set. Thus we must fix { 5 %'}
(by non-uniqueness of the set of orthogonal roots among {'?""?'}) and hence
{2agpazt 244321 11282210 ' Now @ is transitive on { 5" "2}, and we may argue as
before to see that Wx = G; finally we note that the set of roots with o(3) = 14 or-

thogonal to two of { 1243211 , 1232111 000 111} is in fact a union of the two Wx-orbits

{12% 321’ 123- 221} and {1243221’ 12%3321}
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TF X = X5 we must fix {24471, 32y (4 1220
t2g2-1t g (6(8) = 9,13, 17 respectively). We set

12?2221 }7 { 12%321

9 )

G = (w1, w3, ws, wswr).

Here we note that among the roots with o(f) = 17, each is orthogonal to just four

others; however, 9§ is orthogonal to {1233'21, 1232-11 }, which are also orthog-

h 1161111 and 01(1)1111 while 1233321 {12%2111 --11111

sy 0 )

onal to bot is orthogonal to

and none of the other roots is orthogonal to this set. Thus we must fix { '}
(by non-uniqueness of the set of orthogonal roots with o(5) = 17) and hence
(123321 123210 we must then fix { 2§ !} (by orthogonality to all of { "§***}),

{5 } (by orthogonality to two of { "§'*''1) and hence {° 54321},{1233211,
12322211 Now G is transitive on each of these sets and we may argue as before to
see that Wx = G.

If X = X2 we must fix 24¢5431 (2465421 2454321 -3...21 12,..21 123221} g

s 43211 1232111 13111 00%1111’ 008 111} (0(B) = 9,13, 17 respectively). Replacing
the fixed root 217431 by 0990001 would give the sets seen in treating X34 conse-

quently the argument here is identical to that two paragraphs earlier
If X = XI7 we must fix {2435.-1 2'54321} ! ;4321 2343 SN 43321 1343221

) ) ) )

1243211 12332-1 1232111 1222211 1122221 1111111 [1232--1 0 G
2 5 2 ) 1 ) 1 ) 1 ) 0 }?{ 2 ) } ( ( ) - 11 13
15,17 respectively). We set

G = <w3w7, w4w6>.

Here we note that each root with o(8) = 15 is orthogonal to just three roots
with o(8) = 17; however, '§''*! is orthogonal to {1232"1}, which are mutu-

ally non-orthogonal, while *3*3%! is orthogonal to {'232*'* 90,111 of which

1232111 45 orthogonal to the other two roots. Thus we must fix M1 (by mu-

tual non-orthogonality among the three orthogonal roots with o(ﬁ) = 17) and

143321 1343221 1243217 123821 1232111 1222211 1122221
hence{ 8321 1335221 1205211 123521 12g21HL ageall }We must then fix

2465 - 1--4321 1-43321 1343221 1243211 123321 1232
3 },{ 2 FA 2 ) y 2 A }(by orthogonality

11(1)1111) {2-24321}’ {234213- -1}’{12%21117 12%2211’ 11%2221} and {0-61111}.

to and hence
Now G is transitive on each of these sets and we may argue as before to see that

Wx =G.
If X = X we must fix all of 2454321 {24%54 1 32 -1 12%32217 12{{’22117 12%-1117

SPRREE! 12432 1 1233321 1233211 1232221 1232111 00--111
o ; , , , , %% }(o(ﬂ) =9,13, 17 respec-
tlvely). We set
G = (w1, Wswr7, WaWeWs ).

Here we note that among the roots with o(f) = 17, each is orthogonal to just

four others; however, 233321 ig orthogonal to {12432'1, 1252111 0011111} of which

both 1233221 and 12‘213211 are non-orthogonal to each of the others, while 0011111 is

orthogonal to {1233321, 1233211 1232221 1232111 }, each of which is orthogonal to one

of the others. Thus we must fix {12%32&, 12%3321’ 12%2111’ 008~111 }7 { 12%3211’ 12%2221’

00(1)1111} (by the degree of orthogonality among the four orthogonal roots with

o(B) = 17). Now G is transitive on these sets, and we may argue as before to see
that Wx = G; finally we note that the set of roots with o(8) = 13 is in fact a union
of the two W-orbits { 33 "1, 151111} anq {46541 1233231 1232211 122111y
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If X = ng we must fix {245?4321 ’ -3421-321 7 12;’)3321 }’ {23%4321 7 13%4321 7 -342132- 1 ,
124-321 1233221 1232211 1233211 1232221 1111111 0111111 000-111 12432-1 00000-1
2 3 2 9 2 5 1 ) 1 ) 1 5 0 ) 0 }7 { 2 ) 0 }

(o(B) = 13,15, 17 respectively). We set

G = (wswr, wiwaws, wiwawew, 3 >),

Here we note that each root with o(8) = 15 is orthogonal to just two roots with
o(B) = 17, these two being non-orthogonal; however, the roots with o(8) = 15

orthogonal to {0001} are {2334321 1334321 1233211 " 4nd the only orthogonality

among these four roots is that between 2334321 and 1354321.

2354321 1354321 1233221 1232211 1233211
each Of{ 2 y 3 y 2 2 1

12121»321, 008~111} (

Thus we must fix
1232221 1111111 0111111 -3432-1
1 0 }7{ 2

) ) ) ’ 1 ) )

by the degree of orthogonality among the roots with o(8) = 15
orthogonal to the same pair of roots with o(3) = 17). Now G is transitive on these
sets and we may argue as before to see that Wx = G; finally we note that the set
of roots with o(3) = 13 is in fact a union of the two Wx-orbits { 2494321 12333211

and { 33321},
— 169 2465431 1.-.-321 2454321 23--321 1--.3221 1232221
If X = X29 we must fix 3 7{ . }7{ 3 y 2 y 2 y 1 }7

(2333211 00000LY (5(8) = 10,12, 14, 18 respectively), 233322 (o(B) = 16, not or-
2465431 1-43211 1232211 1233211 0111111 0011111 000-111 _
3, T, 1 0 1, 0} (o(B) =16,

) ) )

thogonal to ,
orthogonal to 2*$>*31). We set

G = (Wawsws, W wWawew, P3HSLAWIWLY

Here we note that each of the roots with o(8) = 14 is orthogonal to just one

root with o(8) = 18; however, the roots with o(3) = 14 orthogonal to °°9°0!

are {2424321, 235321}, and the only orthogonality among these four roots is that
between 2434321 and 2338321 Thus we must fix {2424321, 2334321 1233221 1232221

{23121-321’ 163221 }

(by the degree of orthogonality among the roots with o(8) = 14
orthogonal to the same root with o(5) = 18). Now G is transitive on these sets
and we may argue as before to see that Wx = G finally we note that the set of
roots with o(8) = 12 is in fact a union of the three Wy-orbits { 1354321 12333211
134821 12333210 anq {1833321 12243211 © while the set of roots with o(8) = 16

orthogonal to 2*§°**! is in fact a union of the two Wx-orbits { *'3*2!*, 990111 and
1232211 1233211 0111111 0011111
{ 2 s 1 s 0 y 1 }
Y188 o pnat fa L 11 123.211 1222111 1121111 0-11111 -« - 11
If X = X50° we must fix {75777, 07, T T T T

2344321 1354321 -343.21 1244321 1243221 1233321, 2465431
{77275, 7 2 2 2 5704} 75 (o(B) = 14,16, 18 respec-

) ) ) )

tively). We set
G = <U)7-, w3 Wws, w1w4w6>.

Here we note that each root with o(8) = 14 is non-orthogonal to just three roots
with o(8) = 16; however, "°0°°'! is non-orthogonal to { "3°*'}, which are mutu-

ally non-orthogonal, while '*3??!! is non-orthogonal to {1334321, +333321 }, of which

1334321 45 orthogonal to 2*3**2'. Thus we must fix { "5 "'*, o™} (by mutual

non-orthogonality among the three non-orthogonal roots with o(8) = 16) and hence

123.211 1222111 1121111 0-11111 : s
e e O Now G s transitive on these sets and we may

argue as before to see that Wx = G, finally we note that the set of roots with
o(B) = 16 is in fact a union of the two W-orbits { 23 321 1334321 '1-23221 112335211

2343221 1343321 1244321
and { 2 s 2 y 2 }
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If X = X191 we must fix all of 121213221 , {24%54317 2334321’ 13:“);43217 ~342L3221, 12421-321’
1243211 1233221 1232221 1232111 0011111 0000011 -34-321 343211 1232211 1233211
2 ) 2 ) 1 5 . ) - ) 0 }a { 2 ) 2 9 2 5 1 )

LI 0111 008‘111} (o(B) = 12,14, 16 respectively). We set

G = (wjwaws, wwawew, 35 0).

Here we note that among the roots with o(3) = 14, each is orthogonal to just six

of the others; however, 2425431 is orthogonal to {1233211, 12?’2111, 00?1111, 0080011},
{1334321

each of which is orthogonal to one of the others, *33*3?! is orthogonal to

134 11 11 11111 11 . 1 111
323221 12%322 2%21 0011 00800 }7 of which two (1212%322 and 12%2 1 )

Y i ) )

)

are or-

is OI‘thOgOH&l to { 13?))4321 , 121214321 , 12%3211 ,

1334321 and

thogonal to none of the others, and 2343221

0011“1} among which the only instance of orthogonality is between

0011111 2465431 (2334321 1394321 1243211 1283221 1252221 1232111
)

) ) ) ) ) i

Thus we must fix

O0LLLLL "0080011Y "¢ -373221 123 3211 (by the degree of non—orthogonahty among the

six orthogonal roots with o(8) = 16); we must then fix {23311 1232111 0011111

0000011 ~343211 1232211 1233211 1111111 0111111 000-111 :
0 }and { ) 2 ) 1 y 1 5y 0 0 } (by orthogonality to

2465431) and hence {2354321’ 1334321 1233221 1232221} - -34. 321} Now ( is transi-
tive on the set { 333221 124 321} and we may argue as before to see that Wx = G,

finally we note that the set of roots with o(8) = 14 orthogonal to 2*§°*3! is in

{1232111 0011111} and {12%3211 0080011} the
- ) 7
2465431

fact a union of the two Wx-orbits

set of roots with o(8) = 16 orthogonal to is in fact a union of the two
Wx-orbits { ‘343211 000-111} ,,q r1232211 121{>3211 1111111 OLLI11Y  while the set

) ) 9 )

2465431

of roots with o(8) = 16 not orthogonal to is in fact a union of the two

WX orbits {2342143217 1343321} and {23433217 13%4321
If X = X192 we must fix 1232111 { -2-1 12-2111 1121111 0- 11111} {24654 1

) 1 ) )

23%4321’ 13‘2'343217 34213321’ 12%4321’ . O 111} (O(ﬁ) _ 12’14’ 16 respectlvely). We set

G= <’LU77 wi1Wyg, ’LU3U)5>.

)

Here we note that among the roots with o(8) = 16 each is orthogonal to just five

of the others; however, 2*§°*3! is orthogonal to { "¢ **'}, which are mutually non-

0011111 is orthogonal to {24354 17 234214321’ 343321} among which

234214321 and 134213321

orthogonal, while

the single instance of orthogonality is between , and indeed

1384321 {23%'321 , 111111 00g-111 }, of which the only root orthogonal

24654 1} { 111} {2344321

is orthogonal to

to none of the others is "§'***. Thus we must fix {

1354321 1333321 12343211 (hy the degree of orthogonality among the five orthogonal

roots with o(8) = 16); we must then fix { 2211 13t 01U (1o orthogonality
to both of {?*$°*"1}) and hence { "53°2"'}. Now G is transitive on each of these

sets and we may argue as before to see that Wx = G.
If X = X193 we must fix 1244321 [ 334321 2344321 1354521 12:3-1 00,1111} o g

7 ) N )

o454351 34301 1121111 0111111 S .
{pagaeet 8 g , OHHLE 000013 (5(8) = 12, 14, 16 respectively). We set
G= <w65 W7, W1Wy4, w2w17>-

Here we note that among the roots with o(8) = 16, each is orthogonal to just five

of the others; however, 2434321 ig orthogonal to {11%1111 0111111 0080”1}, among

) 1 )
which the single instance of orthogonality is between 31! and ©1{t!

2343321 4 orthogonal to {1‘3332' 1 011111l 100000-1 }, of which only is orthogo-

nal to none of the others. Thus we must fix {2434321, 113111 01%1111},{'333”1,

, while
0111111
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008911 (by the degree of orthogonality among the five orthogonal roots with

o(B) = 16). Now G is transitive on these sets and we may argue as before to
see that Wx = G; finally we note that the set of roots with o(5) = 14 is in fact a
union of the two W-orbits {1231} and { ‘334321 2344321 1334321 001111y

) )

If X = X397 all roots (other than 2*§°*3%) have o(3) = 15. We set

G = (w1wawe, WaW3Ws, WaW7We ).

3211 1232211

0080001 are { ,

Here we note that the 12 roots not orthogonal to
1222111 1121111 0111111 00,

3 ) )

set while ﬁxmg 0000001
of the five roots orthogonal to

1333211 " and four which are also orthogonal to
0000011 43221 1232221 1233221 1222111 1121111 0111111 00 -111
are { ) 2 ) 1 ) 1 9 1 ) 1 3 0 )
0080001}, again each of these 12 roots is orthogonal to just five of the others; but

this time, of the five roots orthogonal to 23322 there are four which are also

MY and (wiwaws, wowsws) acts trans1t1vely on this
each of these 12 roots is orthogonal to just five of the others;

2333211 there are four which are also orthogonal to

1233211 © Qimilarly, the 12 roots not

orthogonal to

orthogonal to 2333221 but no other root among the 12 is orthogonal to four of the
five. Thus we must fix {23%3221, 1343321 1204321 0080001} and its complement in

X\ {#9°%32}) (by this configuration among the non-orthogonal roots). Now G is
transitive on each of these sets and we may argue as before to see that Wx = G.
If X = X398 all roots (other than 2*§°*3%) have o(3) = 15. We set

G = (w1, Wo, WaWs, WaWe, WsWT).

As with the treatment of the set X2, we shall call a set of six mutually non-

orthogonal roots a clique; note that “°9°%°! lies in the clique {001 a '1}. However,

there is no clique containing '%3332!: the roots not orthogonal to it are {'354321

34-321 1293321 123211 1232221 001111 000-111
2 1 2 2 1 }, and (

)

, w1, We, wswy) breaks this set
into the orb1ts{ 354321 0011111} (3% 321 000 0-111y (1233211 1232221} . g (1233321}
1233321 . If there were a chque meeting the first of these orbits we could

d 23243217 which is orthogonal to 13%'321, 12‘;’3321, 000'111, so the

1354321 234-321
{ 3 5 2 )

while fixing
assume it containe

remaining four roots would have to be chosen from the six roots
1233211 1282221 00111111, 4 of these each of 2344321 apq 2343321

y 2 )

is orthogonal to
three of the others, which would leave too few roots, while the four remaining roots
are not mutually non-orthogonal. Thus the clique could not meet the first orbit, and
so would have to meet the second; thus we could assume it contained 2333%! | which

is orthogonal to 1333321 1232221 0080111 so the remaining four roots would have to
be chosen from the ﬁve roots { 2333321 1334321 1233521 11235211 "000LLLLY . bt of these
2343321

1344321 while 1233321

1233211. Thus we must

is orthogonal to

is orthogonal to
ﬁx 31 00- contamed in a ch une) and {12432°1 1233321 1233211 1232221
) ) ) )

1233221 1232211 122-111Y (not contained in a clique). Now G is transitive on each
of these sets and we may argue as before to see that Wx = G.

This completes the treatment of the 16 cases which required careful considera-
tion.

The results found here are presented in tabular form in the final chapter of this
work. Again, in most instances we may immediately see that the sets represent
different W-orbits, because they are uniquely identified by their signatures. Here
there are 25 cases of pairs of sets sharing the same signature; one such pair is X235
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and X324, which may be distinguished by the orders of the stabilizers. In each of
the remainder the two sets are radical, and the sets concerned are X& and X34
where the pair {i,j} is one of the following.

{9,391} {20,307} {31,158} {40,159} {60,419} {63,243}
(65,70} {66,247} {78,258} {82,278}  {83,84} {90,291}
{93,422} {153,383} {154,387} {180,185} {183,184} {200,223}
{216,219} {237,246} {255,256} {279,298} {338,363} {376,336}

Of these the first, second, fourth and fifth in the first row and the first in each of the
second and third rows may again be distinguished by the orders of the stabilizers. In
the remaining eighteen cases it is necessary to consider the geometry of the two sets
a little more closely; to do so we introduce a little more notation. Given a set X, if
there is a unique Wx-orbit of size [ consisting of roots 8 with o(f) = k, we denote it
by O} (X); if there are m such Wx-orbits, we write them as Oﬁc’l(X), ce Oé’m(X).

We begin with three cases where orthogonality within a single Wx-orbit suffices
to distinguish the two sets: if (i,7) = (153,383), (363,338) or (376,386), the two
roots in O%g(X) are orthogonal to each other if X = X4g but not if X = XJ,. In the
remaining fifteen cases we consider orthogonality between Wx-orbits. In fourteen
of the cases the following table gives one way of distinguishing between the two
sets.

(4,7) first orbit(s) second orbit(s) orthogonality
(31,158) Oks(X) 04,(X) 0:4
(63,243) Olo(X) 011 (X),...,01(X) 2:1
(66, 247) O17(X) 0% (X), 07(X) 4:2
(78,258) 01.(X) 02.(X) 0:2
(82,278) | 017'(X),012(X) |03 (X),...,0?2(X) 2,6:4,4
(83,84) 01 (X) 011(X),0,2(X) 2:0
(90,291) | O33'(X),015(X) | 017 (X),017(X) 2,2:1,1
(180, 185) O3e(X) 03:H(X), 035 (X) 2:4
(183,184) | 0% (X),..., 033 (X) |  075(X), 01 (X) 0,2,4:2,2,2
(200,223) Oy(X) 017 (X),015(X) 1:2
(216,219) 03, (X) 01:(X) 1:0
(237, 246) Oly(X) 011(X), 017 (X) 0:1
(255,256) | 013" (X),...,012(X) | 012 (X),...,015(X) | 1,3,3,5,5: 3,3,3,3,5
(279, 298) 0%,(X) 0%,(X) 0:2

In this table the final column counts the instances of orthogonality between
roots in the orbits listed in the second and third columns, with a colon separating
the values for the sets X4y and X3,. For example, the first row indicates that if
(i,4) = (31, 158), the number of roots in OF,(X) orthogonal to the root in Oig(X)
is 0 if X = X4y and 4 if X = XJ,. If the column headed ‘second orbit(s)’ contains
more than just a single orbit, the orthogonality numbers are aggregated: thus for
example the second row indicates that if (i,5) = (63,243), the number of roots
in O} (X) U --- U O}#(X) orthogonal to the root in Oly(X) is 2 if X = X,
and 1 if X = XJ,. If however the column headed ‘first orbit(s)’ contains more
than just a single orbit, the final column gives the orthogonality numbers for each
separately: thus for example the fifth row indicates that if (i,j) = (82,278), there
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are 8 instances of orthogonality between the roots in O}z (X)U O (X) and those
in 03 (X)U--- U0 (X), but if X = X, one of the former roots is orthogonal
to 2 of the latter and the other to all 6, whereas if X = X7, each of the former is
orthogonal to 4 of the latter.

The remaining case is that where (7, j) = (154, 387). Here the two sets X cannot
be distinguished in this fashion, as the patterns of orthogonality numbers between
Wx-orbits are in fact identical; it is therefore necessary to descend to the level of in-
dividual roots within Wx-orbits. For X = X3, or XJ, we have unique sets Ol,(X),
0%5(X), Olg(X) and O34(X). We also have three sets 075 (X), 07 (X), 075 (X),
which we may distinguish as follows: firstly Ofél (X)) consists of roots orthogonal
to those in both Ol,(X) and Olg(X); next O%(X) consists of roots orthogonal to
that in O},(X) but not that in Olg(X); finally OF;* (X) consists of roots orthogonal
to that in O}g(X) but not that in O},(X). We shall consider orthogonality among
the sets 0%,(X), 0%(X), O3 (X) and O (X); each root in 0%, (X)UO%(X) is or-
thogonal to one root in each of 07 (X) and O%;*(X). Choose a root 8 € 0%(X),
and let the roots orthogonal to 8 in 0% (X) and O (X) be v and 7, respec-
tively. If X = X4, the roots 71 and 7 are orthogonal to different roots in O%g(X);
if however X = X}, they are orthogonal to the same root in O3g(X).

We have thus shown the following.

THEOREM 8.29. The 473 sets in S(Fg) represent different W-orbits.



CHAPTER 9

Tables of maximal abelian sets

In this final chapter we provide tables listing maximal abelian sets for each
of the root systems of exceptional type. As we have proved in the previous five
chapters, in each case the sets listed form a complete set of representatives for the
W-orbits of maximal abelian sets.

Each table has four columns. The first simply contains the notation used for
the set X. The second gives the stabilizer Wx in terms of a generating set of
involutions; almost always the isomorphism type of Wx is given, although in a
small number of cases where Wx is a fairly large soluble group we use the notation
‘In]’ for a group of order n. We denote the dihedral group of order 2n by Diha,,
and the alternating group of degree n by Alt,; we also denote e.g. the Weyl group
of type By by W(By). In the table for the Eg root system, when dealing with
radical sets we sometimes use additional notation for convenience. Thus we write
ws and w, for the reflections in the roots o = 23%3210 and 7 = 1232100; in terms of
the action on vertices of the corresponding graph we have w, = (7 8) (as given in
section 8.1) and w, = (1 8). Also, we occasionally write w® for wow,, where wy is
the longest element of W (Eg) and p = 2*§°*32; recall from section 8.1 that wow,, is
the longest element of the subgroup W (E?7), and acts on the corresponding graph
as complementation.

The third column contains the signature Sig(X): this gives the sequence of
orthogonality counts of roots in X, grouped into Wx-orbits. Each component of
Sig(X) is an orthogonality count, with a superscript if it applies to more than one
root; the superscript consists of the sizes of the Wx-orbits, separated by plus signs,
with multiple orbits of the same size indicated by a multiplier. Thus for example
if the roots with o(3) = 5 comprised four Wx-orbits of sizes 2, 2, 2 and 1, this
would be denoted 5321, If there are two root lengths, as explained in sections 4.3
and 5.3 each orthogonality count distinguishes between long and short roots; in the
signature a separating semi-colon is used, with orthogonality counts of long roots
preceding it and those of short roots following it.

Finally the fourth column lists the Wx-orbits on X, taken in the order given
by the signature.

145



146 9. TABLES OF MAXIMAL ABELIAN SETS
Table 1: Maximal abelian sets in the G5 root system
X |[Wx Sig(X) | Wx-orbits on X
X3 [ (wa) 22 S5 00% 00 | {3-},{21}
X2|1 00 01; 10 | {32}, {31}, {11}
Table 2: Maximal abelian sets in the Fj root system
X |Wx Sig(X) Wx-orbits on X
X3 [ (wy, w3, wy) = S5 x Sy | 00% 213; 103 {342}, {1242, 1222, 1220},
{123., 1221}
X2 | (wy) =2 Sy 00 20 01 22%; 10% 30 | {2342}, {1342}, {1242}, {1122,
1120}, {123-}, {1221}
X3 | (w3, wy) =S5 00 30 323; 203 {2342}, {1342}, {1122, 1120,
1100}, {123-, 1221}
Xg | {(ws,wy) =2 S3 00 313 33; 203 {2342}, {1242, 1222, 1220},
{1000}, {123, 1221}
X3 | (ws) =2 Sy 00 212 02 23; 10 302 | {2342}, {1242, 1222}, {1122},
{1000}, {1232}, {121}
X8 | (wy) = S5 00 11 122 13; 202 40 | {2342}, {1242}, {1122, 1120},
{1000}, {123-}, {1221}
X7 | (w3, wy) = S5 00 223 03; 30° {2342}, {1122, 1120, 1100},
{1000}, {123, 1221}
X, | (wr,ws) = S5? 10% 112 122; 00 30% | {342}, {1242, 1222}, { - 122},
{1232}, {12-1}
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Table 3: Maximal abelian sets in the Fg root system

X _Wx Sig(X) Wx-orbits on X

X1 | (w1, wa, w3, ws, we) = 5532 x Sy |02 49 {12321}7{..% 3!

X121 <w1w4,w4w6> = 522 0 22 42.2 64 {12:321}7{12i21}7{12%1. }7
{-1%21} {11%11 01%10
11110 01111}

X?l <w57w4w6> = Dlhg 0 34 54 72 {12321} {12 }7{11%1’
111- 0} {01210 01%11

Xfl (ws, wiwy) = Dihg 034 54 72 {12321} (- 21} {1 2117
0- 111} {01210 11110}

X7y | (wiws, wawe) 2= S 035573 [ {1 LR {1
11221 11%10 01%1.}
{01116 11%0(7) 00%117}

X?l <’UJ3,’LU5> = 522 0 44+1 62.2 8 {12321} {1 2. 1} {12321}
{111 0} {o 111} {01210}

X171 (wrwy, waws, wywg) = Alts 0 610 {12%21}7{121217 11%11,
01%10 11%-0 0.%11
01%00’ 00%10,} ’

X?l <w17w37w5,w6> %5'32 0529 12321} { % }7{12321

X12 <'UJ2,U)3,U)5> &~ 523 12 34 52 622 {12321} {1 % 1}7{11¥11}’
{1-%10} {01%1}

Xig | (w1, wo, wa, w5) = Sy x S 24 58 8 {12;'1}7{~1:~1}7{12%10}

Xo | (we, w3, wy, we) = Sy x S, 24 58 8 {1-;21}7{1-:1-}7{01%21}

Xio | {(wa, w3, wy, w5, we) = W(Ds) |5 (o

X126 <w1,w2,w3,w4,w5> %W(D5) 516 {1}
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Table 4: Maximal abelian sets

X |Wx Sig(X)

X1y | (wiwg, wawr, wawe"®) = L3(2) 37 97

X117 <U)1,U)2,’UJ4,’U}57U]6,’IU7> %Sﬁ X 52 02 615

X% | (wa, we, wswr) = S x Dihg 024 6% 8* 10

X3 | (wa, we) = S5 03 522 74+21 922 11
X | (ws, wawg, wawr) =2 W (Cs) 0372113

XP7 | (w2, ws, we) = S5 X Sy 04 66+3 83 102 12
X6, | (w3, wy, we, wr) = S3° 043 62 8% 12

X7 | (wswe, wawr) = Sg 0 43 63+1 86 103

X8 | (ws, wowr) = S5* 0 4 64+1 g4+2+1 102 12
X7 | (wa, wowswr) = Dihg 0 4 6*t2 84 104+!
X192 | (ws, ws, we) = S5 x So 0 53 76+2 g3+1 13
X3 | (w2, wawe) = S5° 0 522 7442 922 112
X%? <w27w3,w6,w7> = SS X S22 0 52 76 96 ].12

X2 | (wa, wg, wswr) = Sy x Dihg 0578 94+2 13

X {7 [ {wsws, wawg, wywr) = Alts 0 5% 910

X12 | (wawr, wowswr) =2 Sy 0 52 7412 g4+2 172
Xll'? <w27w47w55 ’UJ7> = S4 X SQ 0 66 88+1 14

X7 | (ws, ws) 22 557 0 622 §4+2+2.1 1(2+1 19
X8 | (wsws, wawe) = Dihyg 0 65 85 10°*1

X12 | (w2, ws, wowsws4s"5) = S31.8, |0 6 87 10°

X | {(wawg, wowswr) = Dihyo 0 6 86+3 106

X | (wa, w5, wowswe®™t) = [243] 072114

X12$ <w27w47w5aw6aw7> gSG 0 715 15

X2 | (w3, wows, wawswr™) = Sy x Dihg |0 7472 98 112

X2 | (w2, wawr, wswr) =2 S5 0 7412 924 112

X372 | (wr, waws, wawr v o) = [243] 0812103 12

X798 | (w, w3, wg, wowswy“+e ) = [273%] | 0 916

X2 | (wzwr, wywe, wowswr) = [253] 0 916

X | (wa, wiws, wwe, wswr) = Sy x S |23 68 10°
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in the E7 root system

W x-orbits on X

{ ------ } {123321 122111 112110 012100 111100 011110 001111
) ) ) ) ) )
{ 34321} {12

{234321},{134321 }’ { 12421321}’{12;%- - }7 { 12%2‘1, 12%1‘0}’{11%210’ 11%111}
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4
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{ 1 }7{ 0 }
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)
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Table 4: Maximal abelian sets

X |Wx Sig(X)
X118 <w17w23w4aw57w7> = S4 X 522 ]-2 56 88 92
X2 | (wa, wawr, wswr) =2 S5° 13%25*728%910%
X35 | (wa, w3ws) = Dihg 144 6% 7 94121 112
Xig | (we, wy, wyws) = W (Bs) 158 86 9 122
X7 | (wa, waws, wowswr) = [2°] 15%9108
X19 <U]1,U}2,’UJ4,IU6> = S3 X 522 22 43 76 94 103+1
X3 | (w1, w2, w3, w5, we) = S3% x Ss 33 66 99 122
X220 <w17w27w3aw47w67w7> = 55 X S3 35 915
Xoo | (w1, w3, ws, ws, we) = Sg 56 915 15
Xy7 | (w1, ws, w3, wy, ws, we) = W (Eg) | 10*7
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in the E7 root system (continued)

W x-orbits on X

{ -3421321}’{12;21}7{12: -1- }’ { -1%221}
{23421321}’ {1-2321}7{123-21}7 {1%221}7{12{321- }’ {01%221}7{12%211 11%111 11%210

b b b
122110
1)

{23421321}’ {1-é~21}7{1-i-21}’ {12%211}7{121211, 11i111}; {12%210}7{01%221},{11%210’
122110
1

12-211 11-111 012221 11%210 12%110
) )

23421321 1---21
) . ) . )

234321 012221 123211 12-210 112211 122111 11-110 111111

{ 2 } 1 }7{ 2 s 1 1 1 1 0 }

S
7{1'::21}7{ ) ) ) )
{-3421321}’{12:321}7{12:21}’{-1%2-1}7{12:210}’ {12%111}
{'~421321}7{12:'3-~1} {'~%~1}7{121.3210}

{..:321}’{..:2..}
{..é..1}7{4-i~-1}7{12§>210}

b
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Table 5: Maximal abelian sets

X |[Wx Sig(X)

Xoo | (waws, wawe, wawy, wywsw3vsws) =2 AGLz(2) | 514 148

X28 <w1,w2w77w6w87w4w6“’5> ~ S5 x L3(2) 57 1114 177

X219 <w1,w3aw4aw5vw6>w77wa> = S8 0 1528

X229 <wl?w3)w4aw57w67w7> = SG X 52 0 12 1415 1612

ng (wl,wg,w4,w5,w7> = 55 X SQ 0 ].].2 1310 1510 175+1

Xslg <w1,w3,w4,w6,w6w7“’7> = 54 X Dihg 0 136+2 1516 174

X3 | (w1, w3, ws, we, wr) = Sy x 3 0 103 126 1412 163 184

X269 <w17w37w4aw57w77w7> = S5 X 53 0 103 1210 1615

Xo | (w1, w3, ws, wgws) = Sy X Sy 010 126+2 148 168+ 182

X3o | (wi, w3, ws,wr) = Sz x So? 0 12342 142.6+1 164+3+1 182

X3 | (w1, w6, wawe™s, wew, V7Y = Sy x (S2183) | 012 141243 1612

X33 | (w1, w3, ws, we, wr) =2 Sy x S5 094113 132 15% 193

X3g | (w1, w3, wy, wr) = Sy x So 092 116+21 134 158 17442

X33 | (w1, w3, we) = S5 x Sy 09 113+2 136+3+1 153+2+1
173+2 19

X3 | (wy, wy, we, wr) = S3 x S5° 0 113+1 136+4 156+3+1 172
192

XZIg <w17w37w57w77w7'> = 832 X SQ 0 112'3 136 159+1 176

X35 | (wy, ws, wy, wy, wew;) = Sy x Dihg 0 116+4 1516 192

X358 | (w1, ws, wswr) =2 S3 X Sy 0 113+2 136+2 156+3+1 1722
19

X3¢ | (wy, wy, wew,) =2 S5° 01121 132442 1524421
174+2

X38 | (w1, ws, wywgw,*?) = Sy X Dihg 0 11 138+4 152442 174 19

X33 | (wa, wr, wzws) = Sy x Dihg 0 134422 158+4+2+2.1 174

X389 | (wa, waws, wywe, wrwe) = W(Cy) 0 1524+4

X35 | (w1, wa, ws, we, wr) = S5 x Sy 0 85 10 1210 1410 202

X322 | (w1, w3, ws, w7) =2 S5 x S? 0 82 10312 126+1 146+1 164
183

X3 | (w1, w5, we) = S5 X S5 0 8 1031 120+2 142.3+2+1
163 182 20
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in the Eg root system

W x-orbits on X
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Table 5: Maximal abelian sets

X |Wx Sig(X)

X35 | (w3, ws, we, wr) = Sy X Sy 0 10% 124+2 145+6 16 18 202

X2 | (w1, w3, wa, we, wr) = Sy x S5 0 8 10+4 148 16® 18

X328 | (w1, w3, wswr) =2 S5 X S 0 8 10312 126+2 143+1 166+2 182

X327 | (wi, wa, wawew,"s) 2 Sy x Dihg |08 10 128+ 1442 16* 18*

X2298 (wy, w3, wr) = S3 X Sy 0 103+2+1 193+1 146+3+1 163+2 1g2+1

X3 | (wy, wq, wr) = S5° 0 10%+1 1242421 14442 164+2.241
182

X359 | (w1, w3, wr) = S5 x Sy 0 103+2 123+2+1 14643 163+2+1 18 20

X33 | (w1, wawr) = S5 0 102+1 124+2+1 4442241 1632
182+1

X2392 <w17,w6> ~ 522 0 102.1 124+2.2+1 143.2+2.1 163.2+1 18
20

XQSS <’UJ3,’UJ6> o~ 522 010 123.2+1 144+2.2+3.1 162.2+2.1
182-‘,-1

X33 | (w3, we, wr) =2 S3 x S 0 122342 1464342421 163+1 182 90

X35 | (w3, we, wr, wiwy) = Sz x Dihg 0 123 1412+4+3 162 184

X38 | (w1, wa, ws, wr) =2 S3 x So 0 10 124+3 146+2:2+1 166 183

X35 | (w3, we, wr, wiwy) =2 Sz x Dihg 0 124+3 14443 161242

X38 | (wy, wy, wr, wew,) = 552 x Dihg |0 10 1224 148 16811 182

XQBS <’LU1,’LU3,’LU5’LU7,’LU6’LU.,—> = Sg X Dihlo 0 103 125 1415 185

X359 | (w1, wywgw,) = S5° 0 10 124+2F1 14244241 1632 18241
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in the Fg root system (continued)

W x-orbits on X

{24\:35432}7{248---1}7{23121--»1}7{2-34321}’{1-%”-1}’{123--1},{11%1111}7

{11(1)1111} {0461111}
)

{24%5432},{2425431}7{»~é4321}7{24g5‘21, 12?3‘21}7{~é3‘21}7{-~é3211 ~(~)1111}

) )

{12%2221}
{2425432 }, { 12:1’»3321 }7 { . ~g4321 }7 {24g54~ 1 }’ { . ~421~321 }’ { 12?3211
1233321 --432-1 000-111 1233221

2 2 { 0 }7 { 2

, 121;;2221}’ { . ~(1)1111}’
12%2211
)

{2435432}’ 7{2435431}7 ,{2434321}7 { 32 ~21}7 {24g5~21 12i2221}7{12é3~21}7{124214321

b b

12%2221}7 { -34213211’ -1(1)1111},{123211 0061111}

)

{2435432}’{'34321}7{24354»1}7{2435321}7{~'1214321}’ {12%3321}7{~332~1}’
{-»4213321}7{1&;;2111}7{--(1)1111}7{12%32»1}7{12%221}’{0081111}

{24%5432}7 {24354-1}7 {24%4321}’ { 4324321}7 { -34213321}’ {24%5321}7{12%3321}

b

{4-3421;’)2-1}, {12;3321}7{i2252-1}7{142§)22»1}7{»1(1)1111}7{i2%1111}’{0061111}
{2 gE) 32}7{--3 321}7{2 g5 ~1}’{4-23321}7{12%22-1}’{2 g5321}7{-442132-1}7

{ ‘»4214321}, { . ~(1)1111 }’{12322&}7 { 12%3321}7 { 12%2111}7 {0081111}
{2435432}7 {24254-1}7 {2434321}’ { ~3é4321}’ { -3%3321}7 {24g5321}) { -342132-1}

{1223321 ’{12?2211 12%2221}’{124214321}’ {124213221

)

12%3211 }’ { 12%22‘1 }’ { ~1(1)1111}

? ) )

0061111 12%2111
{2425432 }’ 7{24g5431 }7 {24%4321 }7 { ~34213~21 }7 {2435 -21 }’ { ~3g4321 }7 { 12{152221}

b

{-34214321},{-34213211},{12421321}7{12%2221}7{12%1111}’{12%3-21}’{12%2-11}

{~111111} {1243211} {0011111} {0001111}
246g432 : 24652431 . 24650-21 ' 2-52321 2343-21 2344321 1-43-21
[ Sl O T Sl 0 (s Sl VS e Sl T (i Al (s T PO Tl M

3

1-4214321 , 12%&21}7{234213211}7{12%2221}7{12(152221}7{1-%3211}7 {12%2-11}

{11%1111}, {11(1)1111}7{0-61111}7{0081111}

{24%5432}7{24354-1}7{23%3--1}’ {2-34321}7 {1-4213- -1}’ {12%2- -1}7{1%1111}7
{234214321},{1334321}’{1212%3~~1}7{11(1)1111}7{0~(1)1111}’{0081111}

)

{2435432}7{24354-1}7{~-é3-~1}’{2-g4321, 1-4214321}7{12%2--1}’{11%1111 01%1111}

) )

cee1111
0
24%5432}7{2434321}7{~34é132~1}’{12i~111}’{-35321}7 {24%54-1},{-1(1)1111}7
{12%2111}’{1252&},{OO(~)~111}
{24?)0432}7{--61111}7{12{)3“1}’{2-54321’ 1-4214321}7{0080-»1}’{~-é3-~1}’{11%1111
01%1111}

)

{2425432}7{2424321}7{24254»1 12?32-1}7{-324321}7{»31213-»1 -1(1)1111}7{1223”1

)
00-1111 1221111 1232111 0000111
0 ) 1 ) 2 s 0
2465432 - - 54321 24654-1 1233221 1232-11 -e4.--1 0 211111 1233211
{ 3 }7{ 2 }7{ 3 ) 1 9 1 }a{ 2 ) 0 }a{ 2

7 )

12%2221 1232111 008-111} ,
) b
{24%5432}7 {2434321}7 { »3é4321}7 {2435421, 12?3221}7 {2425431}7 { -34213‘21}, { -34213211

12%2111 }) { 124214321 }7 { 124213221

)

-1%1111}7{1251’)2211 12%3321},{124213211 0081111}

)

{12%3211 00(1)1111 }7 { 12%2111

b

) ) 9

, 0080111 }7 { 12%2221 }
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Table 5: Maximal abelian sets
X |[Wy Sig(X)
X3¢ | (ws, wswr) = S5° 0 1232 144422421 164+3.241 18
Xélg <w7,w3w5> [ 522 0 122.2+1 144+3.2+3.1 164+2.2 182
X33 | (w3, wiwy, wew,) = Sy x Dihg |0 12 148T4+2+1 168+2.2
X33 | (wy, ws, wywew,) = Sy x Dihg |0 1432442 162441 18
X35 | (w1, ws, ws, wr) =2 S5 x S5° 072 931 116 134+3+1 156 192
X358 | (wy, ws, we) = Sy 07 9% 114+ 136+4+1 15441 19 21
X33 | (wi, wa, ws, we, wr) = S5 x S | 095 13210 17 212
X381 (wy, w3, we) = S3 x Sy 07 9312 113+2+1 136 153+2 173421
X%Lg <w1’w5> o~ 522 07 92.1 114+2.2+1 132.2+2.1 152.2+1 172.2
19
X359 | (w3, ws, we) = S3 x Sy 07 112:3+2 136+3+2+1 15 17341 192
X35& | (wy, w3, we, wswr) =2 S3 x Dihg |0 94+3 131242 17443
X25§ <w1,w7> o~ 522 0 92+2.1 112‘2+1 134+2+2.1 152‘2+2.1 172.2
19
X355 | (ws, w5, wr) =2 S5° 092 1132 13442421 1524 1721 192
X534 | (wy, ws, wr) = S 0 92+1 11442 13442241 15442 17241 91
X25§5 <w5,w3w7> [a] 522 0 92 113.2 134+2+2.1 154+2.2 172.1 192
X358 | (ws, we) = S3 09 1123+1 1323431 1523421 17 19 21
X3 (wy, ws, we) = S3 x Sy 09 113 136+2:3+2 153+2+1 17 192+1
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in the Fg root system (continued)

W x-orbits on X

{2435432}7{24854-1}7{2-84321}7{23121»321}’{1-%321}’{2342132-1}, {12?3221 12?2211}

) )
12%2221},{0-61111}7{008-111}7{11%1111}

) )

{1222??1}7{11%1111},{1-42132-1}7{121233211
{7}

{2435432}7{2-34321}7{23%32&}’{12'{)2111} {1-%32-1}7 {24%54-1}’{23421-321}7{12%1111

9 )

11%2111},{13%4321}7{12%2111}7{11(1)1111} {12%2‘1}’{134214321 12%3321}7 {O~(1)1111}

) ) )

000-111
0
{2465432} {2465431} { 3 21} {2 54321’ 1 44321} {2465421 1233221} {1232221}

0000111}7{1111111

{ 3211 . 1111} {1232111 ’ ’
)

) )

{249’5432}’ { 32 -21 }7 {2435421’ 24%4321

0121111}
)
, 12%-221}’ {12421321’ 1213'221}’{12%32217

12%3321 }7 { -34213211 -1(1)1111 }, { 1243211

) )

249}5432} {24354-1}7{24:;)-321}’{2434321}7 { -32-321}’ { -342132-1}7{122-321}

12%21117 008-111}7 {00%1111}’ {0080001}
{12?33217},{12é-2-1}7{-1%)1111} 7
{24%5432}7{2435431}7{243- -21}’ {232”21}, {24%4321}’ {1224-21}7{13521}7
{234213211},{122‘ »11}’{11%2221}7{11(1)1111}7 {01(1)1111}
{2435432}7 {243- . -1}7 { 32 . ~1}’{12é~ . ~1}’ {00%1111}7 { -1(1)1111}
{2465432} {2425431}7 { . 34321}7 {2465~21} { ~44321} {12?321}’ {2424321},
43 21 4213211 12%3 21 { 11111} {1233211 1232221
{2465432} {2465431} {2465421} {2454321} { -34- 321} {246 321} { 354321}
{1233321}7{ 343221},{124 321}7{1233321}7{1222221}’{ 343211}’{123 221}’
{124213221}7{12%211}, { '161111}7 {0051111}
{2425432}7{2425431}7{242- -21}’{23421»-21}’{2-%4321}’{1~421~-21},{12%-»21}7
1-%2221}7{1334321}7{234213211}7{12%- -11}7{1151111}7{0-61111
{24:35432}7 {248- - -1}7 { - -84321}’ { - 121 . ~1}’ {12?3211

{ -~(1)1111}

{2435432}7 {24354&}7 {2425321}7 {2434321}’ { ‘334321}’ { ‘34214321}, {24%4321}

122{)2221 }7 { 12%3-21 12%2~ 11 }7

) 7

)
{-342132-1}7{-34213321},{124214321}7{1221’)3321}7{12%32&}’ {12%3241}7 {12%3321},

12%2111 ,{12322&} {~111111}7 0011111
2465432 24654 246-321 2 4321 234 321 4-32
CHE T G i % G Sl % Gt e AR A

) )

{1233321} {1233321} {1 -432- 1} {123 2. 1} {1111111} {1111111} {O~(1)1111}

2342132 -1 }

2465432 24654 -1 2454321 34 321 246-321 -3432-1 -35432
{ 12;22 1}7 { 12‘;332%7 { 1;3 2 %’ { 124 32%’ { 11111%’ { 123211%, { 0%11111%7
24651432. }7 246524 1 }, 2462?;2]: }7 {2 54??;21 }7 {2?;40321 }7 {1 42321 }’ {234:(’32 1 }
[ Sl O G Sl 8 (s Sl VS e Sl P (i Tl P (R T P S M

) )

1334321 7{12%3321},{12%-2-1}7{134213211 124213221},{12%2221 11%2211}’ {12%2111}7
{11[1)1111}, {0-(1)1111}

{24%5432}7{2435431}7{243- -21}’ {23421~-21}7 {2434321}’ {134214-21}7{123-21}7
{2334321}’ {234213211}’{12%2221}7{12% ‘21}7{12%- ‘11}’{134213211}’{11%1111},
{11(1)1111}) {01(1)1111}, {00(1)1111}

{24%5432},{2435431}7{24g~ ‘21}7{'3%~~21}’{12421~~21}’{12§~21},{~3g4321}

b

{12%4-11}7{-34213211},{12%2221}7{00%1111}7{~1(1)1111}’{00(1)1111}
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Table 5: Maximal abelian sets
X |Wx Sig(X)
X35 | (w1, ws, we, wr) 2 Sy X Sy 0 114 138+6+1 154+2 192 21
Xg)g <'LU1,U)3,’LU7> = Sg X SQ 0 93+2+1 113+2 133+1 156+3+1 172 19
X$9 | (wsz, ws, wowswy ™) = S5% 1Sy |0 92 118 134 158 17442
Xgé <’LU17U)4’ZU7,1U5’UJ7—> = Sg X SQ 0 93+1 116 132'3 156 176
X8§3 | (w1, ws, wswr) = S X Sy 0 93+1 1122 136+3+1 156 172 192
Xzﬁg) <’LU1> o~ SZ 0 92.1 11242—&-3.1 132.2-‘,—2.1 152.2-‘,—441 174.1 19
X84 | (ws, wywr) = S5* 09 1132 13442421 1532 1744241
X85 | (wr, wy, wr) = 85 0 921 11442 134+242.1 15442.2 172 192
Xzﬁg <U}17’LU7> ~ 522 09 112.2+1 134+2.2+2.1 152.2+2.1 172‘2-&-1
19

ng <’LU3,U)7> o 522 0 112.2+2.1 132.2+2.1 154+2.2+2.1 172.2+2.1
X881 (wy, wawswr) = Dihg 0 114+1 134422 152442 174 19
X89 | (w3, wr, wiwy) = Sy x Dihg |0 112 1324421 15842 17442
ng (w1, wawew, ) = 522 0 921 11442 134+2+2.1 154422 172 192
ng} <’LU4> o S2 09 112+8.1 133.2+4,1 152+4.1 172+3.1 19
X212 | (wy, ws, wywew,) = Sy x Dihg |09 1382442 172441
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in the Fg root system (continued)

W x-orbits on X

{24\:35432}7{248---1}7{»3121:--»1}7{12%»-~1}’{24%4321}’{12421”-1},{-1%1111}7
-111111 0011111

246;)432 }7{ 52321 } 24654 -1 1233321 43321 12322-1 44321

L S0 75 -l 5 Tt SN O B Sl 5 T M 0 B Gl ¥ T R

bl

{2465321} {-4432-1} {--11111} {1233321} {12322~1} {0001111}
{2465432} {24654 1} { 321} {2 54321} {1 43211 123 221 1- %2211} {01%111

y ; )
000-111 234321
0 s 2
2465432 24654-1 1233321 2454321 -3--321 2465321 1232221 1222211
{ 3 }7 { 3 1 }7 { 2 }7 { 2 }7 { 3 ) 1 9 1 };
-111111 1243211 1233221 12322-1 00-1111
o hie 5 o}

) ) 9 )

{249’5432}’ { . 34321}7{121133321}7 {24%54‘1}7{12%3211

{12é~321} { -342132-71
)

121132221}7 { . '421'321}’ { . '(1)1111}

b )

{12?2111}, { . ~42132-1}7 {008-111}7{1233221’ 12%2211}

24%5432 } { 2435431 } {24%4321 } { 43%4321 }7 { -34214321 }’ { 249)5421 } { 2435321 }

b

{12?113321 7}, { -3%3321 7}7 { -34213221 7}7 { 121214321 }7 { 12i2221 }’ { ~3%3211 7}’ { -1%1111 },
{ 1223221 }7 { 12%3321 }7 { 12%3221 }7 { 12%2111 }’ { 1223211 }’ { 12%2221 }7 {00(1)1111 }

)

{0081111} {1232211 }
)

{2435432}7{122%3321}7{24254&}’{2-34321}’ {23%&321}7 {1314321}){122%3211 12%2221}

)

{12%3321}’{11(1)1111},{2342132&}’{O~(1)1111}7{008~111}7{13132-1}’{12%3221

I
1232211
y 2 }7

1111111
1
{2425432}’ {24g5321}7 {24%4321}7 { ~3é4321}7 {24354&}’ { ~342132~1}7{12i2111}

b

ety e B ek il B
(I VS Sl U5 S e P8 (e T P (i Sl O (e Sl U8 B e

b

{-34213321},{12?3321}7{121{)2111}7{12%32»1}7 { ~1(1)1111}’{124213321}’{12%1111}’
12332-1 123221 0011111 0001111
3 {2 h {0 R

) )

{24%5;432}7{24854-1}7%2-52)4321}’{2421321}’{23%4321}’{1»4214321}, {23%32-1}7
(e e
{270 { o b FA }

2465432 321 1111111 1233211 12.2221 1122211 24654 1 23432 1
{ F A%, {70 1o N HA 1A }

1122111 1343211 12. 3221 1232211
}7{ y 2 s 2 }7

)
13 4321 12- 3321 O 111 1221111
2 }7{ }a{

b b

1232111
{2465432} {24654 1} {2 54321 1- 44321} { 3321} {2465321} {1233321} { 32 1}’

0121111}

{12322 1} { 1111} {111111’1
)
{2465432}’ {2465431}7 {2454321}7{ -3 4321}7 {24%5421, 121133221}7 { -3%321}’ {24%4321’

1222221 1244321 1233211 ~343211 -111111 1243321 1233221 124322
1 1A J J H{ % iRty {1

3

1233321 1233211 0011111 1232111 0000111
2 2 } { 0

)

b
2465432 2465431 23 4321 2465421 2454321 2343321 13 4321
{ 1A } { 34 34 3o 2 I3

7 )

12 3321 12 2221 2465321 2343221 1343321 1244321 12 3221
{2343211 }7 { 1232221 }7 { 1122211 }7 { 1111111 }’ {00 1111 }’ { 1343211 }7 { 1232211 },
{ 2 }7{ 2 }’{ 1 }7{ 0 }7{ 0 }7{ 2 }a{ 2 }ﬂ
0111111 1232111
24650432 }) 24652431 } 3 21 2465421 2454321 123-221 124-321 123-221
{ 3 }{ 3 }{ }7{ g 3 s }a{ 2 ;T }a

-1(1)1111}7{12%3211 12%2111 008~111}7{00%1111}

9 9

{124213221 ’ 12%3321} 7{ 434213211
9

) )
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Table 5: Maximal abelian sets

X |Wx Sig(X)

X33 | (w1, wg, ws, we, wy) =2 537 x Sy 093 116 139 156 173 21

X3 | (wr,wr) = S5 09 1122+ 134+32
152.2+2.1 172+3.1 19

X2795 <w1,w6,w4w7> = 523 09 1124 134+2+1 1524
172+1 21

XI§ | (ws, wr) = S5 0 1122+1 133-2+2.1
154+2.2+2.1 172+241 19

X27g <’LU3U)77U)4U)6> ~ Sy 01123 1323 156+3+1 1723

X3§ | (w1, wawr) = 091122 132-4+2+2.1 153.2
172+1 192

X391 0 1151 1381 15101 1741
19

ng <w1aw4w7> = 522 0 112 134+22+2.1 154+3.2
172.2+2.1

X35 | (wa, wywswr) = Dihg 0 114+2 132-4+2+1 154+2
174 21

X33 | (we) = Sy 0 112+21 1322461
153-2+4.1 1721 1921

X355 | (w1, we) = Sy 0 11 134+3:2+2.1 154.242.1
172+2.1 19

X853 | (w1, we) = S5° 0 11 134+3:2+2.1 {54.2+2.1
172421 19

X85 | (wy, wa, w3, wiwswew,U3WsW) 2 Sy x (S51.8,) |0 13129 176 21

X858 | (wr, wa, w3, we, wr) = S5° x Sy 0 113 1326 159+1 193

87
X29

2
(w1, w3, waws, wswy) = S3 X Sy

0 132:6+2 150+4 172 192
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in the Fg root system (continued)

W x-orbits on X

{24\:35432}7 { . -24321 }7 {242- 21

7 )

12?-»21}7{--%-~21}7{»-1213211 -%1111}7{12%-21}7

{0080001}
{2425432}, {2434321 }’ {24254»1 }’ { -334321 }’ {24?5321 }’ { ‘3%32‘1 }, { ~34214321}

b

{ -34213321} {12?22-1} {1242132-1} { -161111} {12%4321} {12%2111} {12%22-1}
1233321 ' 1232111 ’ 0011111 ’ 0001111 ’ ’ ’ ’
2 } { 2 }v{ 0 }7{ 0

2465432 ’ 2454321 2465-21 1233-21 -3-4321 -343-21 2454321 1232221
3 5 2 ) { 3 3 1 }7 { 2 5 2 ) 3 5
(g, gt ey (s g i (i) g
{ 2'?4);()35321}7 { 2?;14:32%7 { .1L2)432 %’ { 124432%’ { 12232'2 %’ { .1223332%, { 11111111%7
{ 3 }7{ 2 }v{ 27 }7{ 2 }7{ 2 }7{ 2 }7{ 0 },

{0~(1)1111} {1232111} {1111111} {0001111}
2465432 2465 2. 4321 4321 2343 1-43321 1343221 1243211
3 o AT T 2 2

b ) )

12332-1 }7 { 1232111’ 12222117 1122221}’{1111111}’{1232- -1}, {0~(~)1111}
{24%5432}7 \{2434321}7 {24354&}’ { 434213321}7 { -3é4321}’ { -3421.32-1}7{12?22117 12%2221}7
{24%5321}’{12%1111}’{12é3321}7{12§>22»1}7 { -1(1)1111}7{124213221, 12%3211}7{12%2111}7

{0061111}
2465432 2465431 2465421 2454321 2354321 2343321 2465321
[Tl O G Sl PR (i Sl PF Tl Sl P (it Sl P (Mt P Sl

b

) ) ) ) ) )
2344321 1354321 2343221 1343321 2343211 1243321 1232221
2 2 2 2 2 2 ; 1

R 0 R o e o e e
{ 1 }7{ 11 1}7{ 10 1}7{ 2 }7{ 2 }a{ (lJ ! }a{ 0 1}7

{0081111}
{2425432}7 {24254-1}7 { »3é4321}’ { ~34213321}’{1223321}’ {24?5321},{124214321}7
-3432-1 1243221 1233211 12322-1 1232211

2 2 2 }a { 2 }7 { 1

)

, 12%2221}7 { -1(1)1111}’ {00(-)1111}
{1232111} {0011111}

) )

{2465432} { 321} {24654 1} {13 4321 12- 3321} {1233211 1212221 11%2211}7

) ) )
{13433217 1244321},{1111111}’ {O 111}, {23432 1},{13432117 12 3221’ 1232211}7

{12%2111}
2465432 2343-21 2465431 2454321 2465-21 1343-21 2354321
0 Sl 75 e M O - Sl 5 - Sl PO (- SNl 05 A P8 e Ty

2344321, 23432117 12322217 1232221 1221111 1243-21 1233-21,
2 5 2 5 2 5 1 }7 1 }a 2 ) 2 )
{12%2'11}7{134214321}’{134213211}7{11%1111}7{1151111}7{12%3211}’ {01(1)1111}’
0011111 0001111
{ 0 }7{ 0 }

{2425432}’ {2435431}7 { ~3%3~21}7 {24g5~21}7 { ~3§4321}’ {124213'21}’{1232221}’

{12?2221}7 { -34214321}7 { -34213211}7{12;)3-21}7{12%2-11}’{124213211}’{12%1111}’
-111111 0011111 0011111 0001111
0 {1 R R

)

{24\:35432}7 %2485431 }7 ;: »31213-21 }’ {24(35’5-21 }’ { -3%4321 }’ { 12%?;-21 }, {2434321 }7
{12%2221}) { -34213211}7{124213421}7{12(232-11}’ { ~1%1111}’ {1224321}7 {12?2221}

)

{‘1(1)1111},{124213211}’ {0081111}7 {00(1)1111}

B Yy Ly
3 I A A hA
2435432 , 54321 4 321} {1233321} { 432 1} {1233221 1232211 1233211

) 9 )

) M )
1232221 000-111 OOOOO 1
i h{0 Ao }




162 9. TABLES OF MAXIMAL ABELIAN SETS
Table 5: Maximal abelian sets

X | Wx Sig(X)

X358 | (w1, wswr, wawsw,) = Sy x Dihyo 09 131246 176+3

X283 <w17w2>w3,w‘r; w1w4w6w3w5w4> = S3 X (53 i SQ) 09 1318 179

X39 | (wswswr) = Sy 0112 1342421 1552
172A2+2‘1

X3§ | (w1, wawg, wswr) = Sy x Dihyg 0 112 1325 1510 175+1

X33 | (wy,ws, wawr, wswr) = G5 x Sy 0 112 136+2-2 156+4 176

X353 | (we, wywr, wywew, VWS WAW2wswswaws ) 0138 156 174

=~ Dihgl Ss

X9 | (w1, wa, ws, wr) =2 S3 x S5° 0 134+3+1 1526422
173+1

X9 | (wi, wiwgw,) = S5 0 134+2+2.1 1524+4.2
172+2.1

X398 | (w1, wswr) = S5 0 13442421 154+6.2
172+2.1

X35 | (wswr, wiwaws, wiwswew, > *31) = Sy x Dihg | 0 1374 1578 174

X398 | (ws, wy, ws, we) = S5 06 85 121045 145 16 22

X3 | (w1, wy, we) = So? 0 6 82+1 104+2 124+2+1
144+2 162+1 182

X390 | (wy, ws) = S 068 1023+1 122:3+2.1
143+3-1 163 18 20

X33 | (w1, we, wswr) =2 So X Dihg 0 841 102+ 128 14412
164 182

X2182 (wy, we) = 522 0 82+1 102-2+1 192-242.1
14442241 162+1 18 20

X393 | (wy, wa, ws, wr) = S x S5* 0 82 103 12643 146+4+1
18 202

X384 | (w1, wy, ws, we) = Sy X So 0 6 10% 128+6+1 142 164
202

X33 | (wq, ws, wr) = S5 x Sy 0 82 1023 123+2+1
146+342 16 18 22
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in the Fg root system (continued)

W x-orbits on X

2465432 2454321 3~ sl 111111 24654 1 1233221 1232211 122 111
{ FA L 1A ;T ;
{ 12432 1 1233321 1232111 OOO 111 } { 1233211 1232221 00(1)1111 }
b ) ) b b
2465432 0000001 43211 123--11 11111 000 <11 4 <21
{ 43 . }, { 4 }7 { tos4 ) . . ) . i }7 { }
{2 gS 32}7{2-3 321}7{2 g5 ~1}’{232~321}’{23232-1}7{12332217

124213221 }7 { 12%2111

12'{)2211 }’ { 1334321 }7

{ 1111111 } { 1343321 1244321 } { 1343221 1243211 } { 1343211
112{)111 ’ 0-112111 ’ 12233211’ 12322221 ’ 03)0-1117 123332’1 1232111
0 { 1 1A {2

) 9

{2465432} { 111111}7{1233 21

)

, 12?2211 122- 111} {00 }’ { ~3é~~~1},{1242132~1
1233321 1233211 1232221} {0011111}
) ) )
{249’5432}’ {008~111}7 { . ?1111}7{121'33321}7 {00800&}’ { . -421~321}7{12332217 12%2211’
1233211 1232221 24321
1 s 1 }a{ 2 }
2465432 2-54321 1233-21 1232-11 0-11111 4.1 OOO 1354321 1233211
3 5 2 ) 1 5 1 3 0 }7{ 2 } { 9 2 5
1232221 1111111}
{24615:131211} { 24(1)321111} {12001111111% {1232111} { -3 321} {12 -2 1} {24654 1}
{4 04 },{ 4 }’{4 4 } 4654 44 4 4
{2 gS 32}7{-32 321}7{2 65 217 12?3221},{2 25 31}7{122 321}’{&323-21}’{4323211
~1(1)1111 124213321 1233221} {1243211

) ) )
12%2211 1232111 0000111} {1232221 00%1111

)

{2425432}7{ -34- 321} {24654 1} {2454321} {1233321} {~342132~1} {12421321} {121253221
) )

)

0001111}’{1233211 00(1)1111}’{12%2111

i )

)

12%2211}7{1233211 1232221},{ 111111}7{ 111111}7{008-111}’{12%321}’{12%2111}

) 9

{00(1)1111}

{2465432} {2454321 1233321} {-34-321} {2354321 1354321 1233221 1232211 12%3211

) s 3 s 2 ) ) )
1232221 1111111 0111111} { 3432 1 124-321 000- 111} {12432 1 00000 1
1 2 0

) )

{2465432} {2465431} {2 21} {1 21} {2 21} {1 11} {0122221}

{11(1)1111}
{24%5432}7 {2425431}7 {2425‘21}7 {2434321}’ { ‘324321}’ {24534321}, { -34213»21}

b

{122%3-21}){124214321},{1223421}7{-31213211}7{1223211}’ {12%2221}7 { -1(1]1111}
{24%5432} {2435431} {2435421} {24é~321} {23é~321} {2454321} {132‘321}

) ) ) ) ) ) )
122~321 234213221 1211%3321}7{122-221}7 {23%3211}’{134213221}’ {11%2221},

{122-211}:{11(1)1111}: {01(1)1111}
{2425432}7 {243- - -1}7 {2434321}’ { ~3§4321}’ {2424321}’ { 3421 - -1}7{12421- . -1}7 { 12{)3211’
1232221 1233-21 1232-11 -111111
1 }7{ 2 )y 2 }»{ 0 }
{24%5432}7 {24254-1}7 {2425321}7 {2434321}’ {2324321}’ {2434321},{13;&’)21}7
2342132-1 7{234213321},{124214321 7{12é32-1}7{13%32-1}7{1223321}7 {12%3321},
{12%22-1}, {11%2111 }7 { 11(1)1111 }7 {01(1)1111}
{24%5432}7{24354-1}7{243-321}’ { 435321}7 {12é<321}’ {12242-1}7{-.342132-1}7
{12?3321}, {00%1111 }’ { ~1%)1111}
{24%5432}7{2435431}7{243- -21}’{~32~-21}’ {12 21} {2454321} { 122221}7

{122~11 {~111111
)
{2465432} {24654 1} {24 321} {232 321 12- 321} {23432 1} {2454321}

)

12 -2-1 13 -321 11222 1 1232111 1111111 0111111
{ $i 4 14 }: 4 } { $i 4 }
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Table 5: Maximal abelian sets

X | Wx Sig(X)

X36° | (wa, ws, wiwy) = S x Sy 0 82 103 126+3+1 146+2
162+1 202

X2187 <w47w5;w6> >~ Sy 0 8 104 126+4 142-4+21
16 20 22

X398 | (w1, w3, ws, we, wr) 22 G5° x Gy 06 8% 106 12° 165+3

X38° | (w1, we, waw,) = S5° 06 8 1024 124+2+1 144
164+1 182

X21£%0 <w4,w3w5w7> =~ Dihg 0 6 10412 122:4+2+1 144
162 184

X2151 (w1, W, W3, W WaWEW,U3V) = G x (S30.55) |0 6 1912+9 186

X21£%2 <w1,w3,w5w7> = 53 X 52 0 8312 102+1 196+2 146
163+1 182

X33 () = S, 0 831 102:2+2.1 192+3.1
142.2+3.1 162+3‘1 182,1

X2154 <UJ6,U)3’LU51U7> = Dihg 0 82 104+1 1924 144
]_64+2+1 182

X33 | (w3, we) =2 S5? 0 8 10%2+1 123241
144+2+1 162+3.1 182+1

X36° | (wr, ws, wy) = So* 0 82+1 1p4+1 193.2+1
144+2 164+2 20

X2157 (ws, wzwr) = 522 0 82 102-2+1 194+2+2.1
142.2 164+2+1 182

X2158 <w17w5> = 522 0 821 102-2+1 194+2+1
142-2+3.1 162.2 182+1

X3” | (w1) = S 0 821 102+21 193.2+3.1
142+4.1 162+3.1 18 20
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in the Fg root system (continued)

W x-orbits on X

{2435432}7{24854-1}7{243-321} {~3é»321} {12é~321}’{24%4321},{12é-2-1}7{23%32217

) )
134213211}7 { 11%2211’ 01%2221}7 { 12%2111}’7 { -1(1)1111}

{2425432},{2435431}’{24é~ ‘21}’{122~‘21}’{232-~21},{13é~21},{122~11}’

{234213211}7{11%2221}, {00%1111}7{1161111}7 {0151111}

{2435432},{2425431}7{~~g4321}7{24g~~21 12%~21}7{~~%~ ‘21}7{~~%3211 ~(1)1111}

) ) )

123--21
2
T R T e T
1 -3 . 1 1
3A 3o hA A 1A

00(1)1111} ’
)
{2465432} {1233321} { 321} {24654 1} {13 4321 12- 3321} {1233221’ 12122117

1244321}7{1111111}7{0 111}7{23432 1}7{1343221 12 3211

9 )

1122221 } { 1343321
)

)

12%2221
{2465432} {2465431}{ 54321 123 21}{ 4 21}{ -43211 008 11}

7

{2465432} { 54321} {24654 1} {246 321} {1233321} { 4. 321} {1233221 1232211}

)

{ 432 1},{ 11111}’{1233321}7 1233211’ 1232221}

{2435432}7 {2435431}7 {2425421}’ {24%4321}’ { -334321}7 { -34214321}) {24%5321},
12%3321}’ { ~34213’;321}, {2484321}7 { 1242,14321}7{12%3221}7 { ~3f213221}’ { ‘333211}’
124213321 1233321},{12%2211}7 { -1(1)1111}7{12%3211}’{1233221}’ {12%3211}

{12%2221},{00(1)1111} ’
)
{2425432}7{2-34321}7{23%--~1}’{11(1]1111}’{24%--1}’{12{%3-217 121{2-11}’{12%2221

11%2~11 12%1111}’ {134214321 124213~21 134213211}7{0(1)1111}7{11%1111}’{12%3211

)

) b 9

1232221
2

)

{2435432} {2435431} {2425-21} {2-34321}7{23%4321}’{234213-21} {144214321}7

) ) ) )
{12?3-21}7{24g4321}7{1-4213~21}7{12%3-21}7{231213211}’{1-%3211}’{1233211},
{12%2221}){11%1111}7 {0-61111}7{11%1111}

{24%5432}7 {24854&}’ {24%4321}’ { ~3Z21»321}’{12i{>3321}’ {24%321}’ { -334321}

b

N L A L LI W
{ 1A 3o 2 3o 1A A

1354321 1233321} {23432 1} {1222221 1122211} {123 2 1} {1343211 1243221}

) ) )

{11(1)1111}: {0 11111}
{24:6))5432}7 {2435431}7 {2434321}’ {243»321}’ { -3%4321}’ {24%5421}, { -3421-321}7
{~34213221}7{12{153321},{12421321}7 { '3%3211}7{12%3221}7{12%2221}’{12%2111}’
{12%221}7 { -1(1)1111 }7 { 12%-211}7 {00(1)1111}

{249)5432}7 {2435431}7 {24%4321}’ { 43%4321}7 {24%5421}’ {24%5321}7 { -334321}7
{ -34213321 }7 { -3%3221 }7 {2434321 }7 { 122113321 }7 { 12%2221 }7 { ~3%3211 }’ { 12421:4321 },
{12%3321}){12%3221}7{12%2111}7 { -161111}’{12%3221}’ {12%3211}7 {12%2221},

{12%2211} {00(1)1111 }
)
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Table 5: Maximal abelian sets
X | Wy Sig(X)
Xng() 1 08 105.1 127.1 147.1 165.1 183.1
X21921 <’LU5> o~ S2 0 8 102+2.1 122.2-‘,—5.1 142.2+2.1 162+4.1 18 20
X21922 <’LU1,7JJ5> o~ 522 O 8 10 124+3.2+2.1 142.2+2.1 162.2 182+2.1
X123 | (w3, wg, wswr) = So X Dihg [0 10472 124 1482 164+1 182+1
X334 | (wr, ws, wr) = Sy° 0 8 10%2 122442 142F1 16142241 20
X125 | (wy, wywswr) = Dihg 0 8 104+ 124+2 142442 162 184
X2136 <w7,w3w5> ~ 522 0 103.2 192:2+1 144+2+1 164+2+2.1 182
Xng? <’LU7> o 52 O 102+3.1 122+4.1 142.2+5.1 162.2+2.1 18 20
X21928 <U}1,”U.)7> o~ 522 0 102+1 122.2+2.1 144+3.2+2‘1 162+1 182+2.1
X33° | (wy, ws, wr) = Sy° 0 102 124+2+21 14244241 1622 182 20
XQlSO <’LU5> o~ 52 O 8 102+2.1 122.2+4.1 142.2+5.1 162+1 182.1 20
legl <U)3,w5> ~ S22 0810 124+3.242.1 1432 162+2‘1 182+2.1
X132 | (wy, wg, wr) = S3 X Sy 0 8 103+2 126+3+1 143+2 163+2+1 22
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in the Fg root system (continued)

W x-orbits on X

{24\:35432}7 {2485431}7 {2425421}’ {2425321}’ {24%4321}’ {23%4321}, {23%4321}7
{24%4321}7{1334321}7 {234213321}7{134214321}’ {23%3221}’ {124214321}7 {12%3321},
{234213211},{134213221 }’{124213321}’ { 124213221}’ { 12%3321}’{1233221}’{12%2221}’
{134213211},{12%3211},{12%2221}7{11%2111}7{1151111}’{12%2211}’ {01(1]1111}

00(1)1111

)

2465432 246543 234-321 2465421 2454321 246 32 134 32
2%24321} { 2313212% { 123332%> { 1221‘)32%> { 122222%> { 124 312% { 123 2121}
{ 34 34 1A 1A 1A 34

7}’
)

3

{2343211},{1343221},{123 211}7{1343211}7{1243221}’{1111111}’{1111111

{01(1)1111}7 {0061111}

{2425432}7 {2425431}7 {2425421}7 { ~3421»321}’ {24%321}’ { -334321},{12421-321}7
12%3321}7 { 121%3321} {-34213221 {12%-221}7{12%3221}7{12%2221}7 { -3%3211}

) ) )
{i2§4~211}, {4-1(1)1111}7{00%1111}7{0;)(1)1111} ,
{2 gE) 32}7{2 g-<-1}7{2-g4321}’{232~-<1}7{1-2”-1}’{12%3211 12.’%2221}’{12%3-21

b )

1232-11 1111111 0-11111 1111111
A A I S
{2435432}7{2434321}7{24254&}’{242821}’ { -342L~321}7 { -342132-1}){-334321}7
122-111 1233321 123~2~1 12432~1 ~111111 1233321 0011111
S 20 S S o5 (o B o FA 1A I b
2465432 1233321 2. 321 1111111 1233211 12- 2221 1122211 24654 -1
{7 R A B0 h T AT

{1324321 12- 3321} {O 111} {23432 1} {1221111 1122111} {1343211 1223221

’ )

)
b

1232211 }

b

11%2111 }’ {12%3321 },

{249’5432}’{24354'1}7{243'321}7{2'24321}7{23121-321}’ {2342132&}7{1334321}

{1~42132-1}7{134214321 124213321}’{12?3321}’ {12%-2-1},{12%1111

) )

11(1)1111 0461111
b
{2435432}7 {24854-1}7 {2425321}’ {2434321}’ {23%4321}’ {2342132-1}, {24%4321}7
{2334321}7 {234213321}7{134214321}7{1342132~1}’{12%32~1}’ {134213321}7 {124214321},
{12%3321},{12%3321}’{12%2111}7{1212132v1}7{12%22-1}7{11%1111}’{1161111},
0111111 0011111
24650432 }92462)4 1 } 2465321 354321 344321 2464321 1244321
[ Sl O S Sl R (i Sl VS S Sl P (R Sl P (il S P S Sl
-3432-1 -343321 12432-1 12332-1 1233321 1233321 12322-1
2 2 ; 2 2 }7{ 2 }’{ 1 }’{ 2 }

{12%2111}: { ~1(1)1111}, {00%1111}: {00(1)1111} ,
{2425432}7{24254-1}7{~3%-321}’{243»321}’{2434321}’ {12%3321},{-342132-1}7
{12§~2~1}7{12421~321}, { 12{153321}7 { 1242132'1}7 { -1%1111}7 { ‘1(1)1111}’ {00(1)1111}
{2425432}7 {2425431}7 {23121-321}’ {24%5421}’ {24%4321}’ {24?321},{13421-321}7
)

) ) ) ) )
{234213211}, {13%3221}7{12%2211}7{11%2221}7{12%-211}’{11(1]1111}’{1232111},
{01(1)1111}7 {00%1111}

2334321 {234213221} {12%3321} {12?2221} {12%-321} {12%221 7{1334321

{24%5432}7{2435431}’{2425421}7{1~Z21»321}’{24?-321}’{2-34321},{23421‘321}’
{1334321}){12%3321},{1-4213221}7{12%-221}7{1-%2221}’ {12%~211}7 {234213211},

0122211 0-11111 1232111 1111111
246;432 ’2454(1)321 },2465? 1 }’{344(1)321 343 1222 2464321
L N TR U 0 7 G SR % e St PR U N % B S TR G g

) )
{12%3- ~1}’{~3g4321},{121252~~1}7{-1(1)1111}7{1244321}7{0011111}
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Table 5: Maximal abelian sets
X | Wx Sig(X)
X21933 <w7> o S2 O 102+3.1 122+4.1 143.2+3.1 162+4.1 18
20
X334 | (wiwr, wawe) = S3 0 103 122:3+1 146+3 1623 183
X33 | (w1, w2, w3, we) 2 Sz x S5° 0 8 103 1264 14642 163+1 202
X338 [ (w1, w3, wows) = S5 x Sy 0 8 122:6+2 143+2 163+2 182 20
X2137 <1,U5,U)7> o~ 5122 0 10242—&-1 124.2+1 144+2+2.1 162-‘,-2.1 18
22
X388 | (wy, ws, wr) = 857 0 102 1244241 1424432 16 182+1 9
X21939 <w5,w3w7> ~ 522 0 102.2 123.2+1 142.4+2+1 162+2‘1 202
X21§10 <w5> o S2 0 102.1 123.2+2.1 143.2+5.1 164.1 182.1
20
X3 | (wr, wa, w3, ws) =2 S5 x So? 0 10 122:6+2 14443 163 182 22
X352 | (w1, w3, wawe) = S5 x S 0 10 126+3 146+3+22 162 18 202
X21§13 <w1,w2,w3,w4,w6,w7> = S5 X 53 0 1210 1415 203
X334 | (wr, ws, ws, wr) = S x S5? 0 83 104+1 123+2 1426 182 20
X335 | (wi, wr, wawg) = So° 0 8 1024+1 12 142442 16442 20
X34° | {we, wawswr) = Dihg 0 10412 124+1 1444241 1524 182
X21§17 <w1’w4w7> ~ 522 08 102.2+1 124+2 144+2‘2+2.1 162 182.2
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in the Fg root system (continued)

W x-orbits on X

{24\:35)11;3)2}7 {24814-1}7 {2425121}’ {2431321}’ {23%4321}’ {2342132-1}, {24%4?;21}
{233 321}){2323321}7{13421 321}7{13232~1}’{12332~1}’ {12%22*1}7 {133 321},
{124214321},{12%3321}’{12%22~1}’{124213321}’{12%2111}’{11%2111}’{1161111}’
0111111 0011111
24650432 }, 246.2 1 } 54321 44321 2464321 343321 2343221 1343211
1A “}{"2 B2 HA BT, TR
12452 1 7 1233 7 12%2 1}’ 1222111 11%2211’ 0122221} { 11111
{246{14:?;211} {24;(;243111} { 04(1)4;?)211} { 54321} {1233 21} { 43 21} {1233211}
1111 1
{2465432 }72465431 }7{ 54321 } 4.321 1233321 43221 1233221
{ 3 }7{ 3 }7{ }7{”2b }7{ . }’{"2 }7{ 2

{ -»4213211},{12322117 12%3211}’ {008~111}’ {0080011}

12%2221 }

) )

{249}5432}7{24354-1}7{23%-321}’{2434321}7 {24%-321}’ {13421-321} {2342132-1}7

)
{12%22-1}7{12%3321}7{12%-2-1}7{1312132»1}7{2352)4321}’{11%1111}’{12421321},
{12%2111}){11%1111}7 {01(1)1111}7 {00(1)1111}

{24%5432}7{24354&}7{»3Z2l~321}7{24?»321}’{12%3321}’{‘342132‘1},{123‘2&}

bl

{-354321} {124-321} {12222-1} {1232111} {~111111} {0011111} {0011111}
{2465432} {24654 1} {234 321} {246 321} {2 54321} {23432 1} {1233321}

1 4 321 123 2. 1} {1222211 1122221} {1111111} {1343221 1243211} {1232111}

) ) )

{11[1)1111}: {O r11111} r ‘ »
{2420432}7 {2430431}7 {2420421}’ {243»321}’ {2342L~321}’{13421~321}7 {2434321}7

b

{134213211},{12%2221}7{124213221}7{12%2111}7{11%2211}’ {01%1111}’{1161111}’
01(1)1111 0061111

{12%3321}7{12421~321},{12%221}7{12(23'211}7{1334321}7 {23%3221}’ {234213211}

)
2465432 2465431 --54321 <-4-321 1233321 123-211 --43211
{ 3 }7{ 3 }7{ . }7{ 2 }a{ : }a{ : }7{ 2 }
{ -~4213221} {008-111} {0080011}
) b
2465432 2465431 --54321 --44321 --43-21 --43211 1233221
{ 3 }7{ 3 }7{ : }7{ 2 }a{ 2 }v{ 2 }7{ 2
{ 122'33211 }) { 12%2211

12?3321}
) )
, 12{;2111}7 {0081111}, {0080-11}

24%5432 <4321 .. ‘3‘ -1 0080

) )
{2465;1221} { 02232111% 121?;322111%> {1232111}’ { - -(1)1111}7 {24%54-1}7 { E 31-321}7
{246 2432 } 24 54321 } 246 21 i233 2 3-432 2465431 1244321 343-21
{ 3 }7{ 3 }7{ o ) 1.1}7{.2 1}7{ 3 }7{ 2 }a{.Q. }

12%2211 }7 { 12é3211

9

{ ~34213211’ ~1(1Jllll}’{121%2111 0061111}7 { 124213321 12%3221}

) ) ) )

{12%2221}
2435432}7{243-4-1} {2-%4321} {23%~-<1}7 {1334321} {1344321 1243-21 134213211}7

) ; ) s 2 )
1233211 1232221 1354321 1233-21 1232-11 1222221 1122-11 1221111
1S ST Gt P B I 0% AR O T S S

{0~(1)1111}

)

{2435432 }7 {2434321 }7 {24254»1 }7 { ~3Z213321 }’ { 12?3321 }’ { ‘324321 }, { 12?2221 , 12%2211 }’

{(-)24211;?;1}){12é3321}, { -1(1)1111}7 {2435321}7{12%1111}’ {12%2241}7 {124213211
{0}

12%3221 }

) )
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Table 5: Maximal abelian sets
X | Wx Sig(X)
X21§18 <’LU4’LU7> o~ S2 O 102.2+2.1 122+3.1 143.2+1 163.2+2.1 182
XA | (w, wywr, wsw, ) =2 Sz x Sy 0 103 126+3 143 166 18
X21950 <U}1> o~ SQ 08 102-‘,—2.1 122.2-‘,—4.1 143.2+3.1 163.1

1821 20
X35 | (ws, wswr) = So? 0 102+ 12321 144+2241 16442 18241
X352 | (w1, wswr) & S5 0 8 10 124+42 14442 16221 1822
X21§')3 <w3w5w7> ~ 52 0 102+1 123.2+2‘1 143.2 164.2+1 182
X215’4 <w3w5w7> ~ S 0 10%F1 123:2+1 144.2+1 1632 182+
X21955 <U}1> o~ SZ 010 122.2+4.1 142.2-‘,—4.1 162.2-‘,-5.1 182.1
X335 | (wy, wswy) = So? 0 10 124+2+2:1 1442 164+2241 182
X2187 <w1,w2,w4,w1w6w7w3w4w5w4w3> 0810 122 146 164 184
= 53 X Dihg

X215)8 <’U}17’LU2U)5> o 522 0 102+1 124+2+1 144+2.2+1 163.2 182+1
X330 | (w1, wy, wr) = S5° 0 10 124F2+1 14245241 1632 182+
X2180 <U}1,U)7> ~ 322 0 122.2+1 144+3‘2+3.1 163‘2+2'1 182.1
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in the Fg root system (continued)

W x-orbits on X

{24\:35432}7 {24854-1}7 {23é4321}, {2434321}’{12?3321}’{13;\:321}, {24%5321}7
{234213321}7{124214321}7 {2342132-1}7{12é3321}’{121132221’ 12%2211}7{11(1)1111}7{13%32-1}

)

{124213211, 12%3221}’ {0001111}’{11%2111}’ {01(1)1111},{12%22&}

1233321 -3--321 12--321 2465321 1232221 1222211
y 1 }3{ 2 }7{ 2 }7{ yo 1 » 1 }7
-3432-1 -111111 1243211 123-221 1232211 00-1111 0011111

2 ;0 ) 2 s 2 s 2 s 0 ) 1

2465432 245432 354321 246 431 246 321 34432 34322
5 LY (RS (Y (R {0y {9 1%

2465432 24654 -1
S O

{2465421} {1233321} {1232221} {1232111} { 343321} { 343211} { 11111 7};
}

3

1244321 124322 122211 1243211 1233221 0011111 232221
{ FoA{ T [ R P {0 (0
{0081111}7{1232211}

{2425432}7 {2-24321}7{12%3321}7 {24354&}’ {23421~321}’{1233211 12%2221}’{1161111}

)

)
1-421-321}7{2342132-1}7{0-61111}7{121132111}7{1-42132-1}7{008~111}7 {12%32217 12%2211}’
{11%1111}
{24%5432}7 {2434321}7{122133321}’ { 43421~321}7 {24%54-1}’ { -334321}?{12?32217 12{%2211}7

{‘1[1)1111}’{~342132~1}’{12%111}7{008~111}’{12%3321}7{0061111}’{12%32‘1},
{12%3211 12%2221}
)

2465432 2-54321 1233321 24654-1 234~321 1233221 1232211 1354321
{ 31 1 },{ 134432} {243321 } {23432 } g 111 } {134322 ,2432 1 } {3432 }’
1111111 11 1 1111 11 1 1 11
124??221 {1221111 71122111 EOO 111 } {1233321 } ‘g233211 71232221 } {

1A b 1A o )

{24&)432} {2 04321 } { 1233321 } {24604 1 } {234 321 } { 1233221
) ) ) ) 9

)

1232211 }’ { 13%4321 }

)

11%2211}7 {0'61111}’{12%2111}’ {134213211

)
{ 134214321 , 124213321 }, {2312132 -1 }’ { 12%2221 ,

124213221 }7 { 12%1111’ 11%2111 }, {008-111 }7 { 1233211

1232221 1354321 ’

AT}

2465432 2465431 -354321 -344321 2465421 2465321 1244321
§UU) (PGP gty ety [RAgaly [y ey

{12?113321}, { -3%3321 7}7 { -34213221 7}7 { 121213221}7 { 12%3321}7{12%3221}’{12?2221},
{-323211}7 { -1%1111}7{124213211}7{12(232221}’{12%2111}’ {00(1)1111}7 {0081111}

)

{12%2211} {00%1111}
)
{24%5432}\7{12{{)3321}7 { ~3%-321}’ {2425441}’ {2434321}7 {12%3321}){12421-321},{122%3211

12?2221},{~1(1)1111}7{008~111}7{‘3%32‘1}’{12%3221 12%2211}7{~1%1111}’{00(1)1111} ’

) )

12432-1
2

{2425432}’{124214321}7{2435431}7{~3:4321 12:3-21}7{12:3211 00:1111},{~34213~21}

) ) )
{ -34213211 0080- 11}

)

{2435432 }’ { 12421~321 }7 {2435431 }7 { ~3§4321 }7 { 12{33321 }’ { 124213221 }7 { ~3421~321 }’ { 12%3221
1233211 000-111 -343211
1 }7{ 0 }a{ 2 }a

)

12%2221}7 {00}1111}7{121213211}7 { ~3%3221}’{12%2211,
0080011

{24\:35432}7 {2485321}7 { »3é4321}’ {24254&}’{12%4321}’ { -342132-1}, {12é32-1}7

{12i2111}7{121133321}7 { -34213321}7 { -161111}’ {0001111}’ {12(252241}7 {00%1111}

bl

{1242132-1}7{124213321},{122%3321}7{1221’)2111}7{12%32&}’ {12%2241}7 { -1(1]1111},

{24%5432}7 {24254&}7 { »3%4321}’ {24%5321}’ { ‘3%32‘1}’ { ‘34214321 }, { -34213321}

{12%1111}’ {00(1)1111}, {00%1111}7 {0081111}
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Table 5: Maximal abelian sets

X |[Wx Sig(X)

X%gl <’LU4,’LU3’[U5U/7> = DZhs 0 124+2 142'4+2 162'4+2+1 ].8

X382 | (wy, ws, wr) = S5° 0 8 10%2 1224 144221 162+1
182 20

X2183 <’LU3U)7> o~ 52 0 102.2+1 122.2+2.1 143.2+3.1
1632 18 20

X354 | (wa, wiwg, wywgw, WHUavswaws) o2 6,3 0810 12844 1442 1622 18*

X21§35 1 0 103.1 127.1 149.1 166.1 183.1

X385 | (wy, wawew,) = So? 0 10 124+2+1 14443241 16442
182+1

X21§7 (ws, wywawr) = Dihg 0 102 122:4+2 144+1 1624+2 20

X2138 (wswswr) = Sy 0 10%F1 1222421 1462 162+1
18>2

legg (wgwgws,w1w4w6w7w3“’4“’5“’4“’3w1> = 522 0 10 124122 1424 162441 182

ngo (w1, wywg) = S5 0 10 12412421 144422 154.2+1
182

X21971 <w6> o~ 52 0 10 122.2+3.1 143.2+5.1 162+4.1
1831

X332 | (wy, wy, ws, wr) 22 S5 x 557 0 102 126+3 146+2 164+3 18 20

X333 | (wy, we, waw,) = S5 0 8 1234+2 144+1 164+1 182 20
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in the Fg root system (continued)

W x-orbits on X

{2465432} {2 321} {23432 1} {1233221 12122117

{24654 1} {1343221 12- 3211 1232221} {O 111} {1343321
)

) )

)

1244321 } { 1232111 }
’

1122221 12 2111 11 1111
3 A 2

) )

{13g4321}

{2435432}7{2434321}7{24254&}’{~334321}’ { -342L~321}7 {12!%42-1},{-342132-1}7
Lt b P A P U )
5 54-1 5 1 1 1 5 1

5 1A 3o hA SR I S N R

) )

{2343321} {23432 1} {1 43321} {1222211 1122221} {2464321} {1233321} {1111111}7
{1343221 1243211}’{12332 1}’{0 11111}7 {0000111},{1232111}

)
{2425432}’{124214321}7 {2435431}7 ~3é4321 125"}‘21}7 { '334321

9

12%2221 }’ { 234213221

1233-21 12-3211
s 1 }7{ 2
1343321 -343211

2 }a{ 2

)

0061111}7{11%2211 01%2111}, {2434321

) ) ) )

0000-11
{24‘:%5432}7 {2485421}7 {24%4321}’ {2334321}’ {24%5431}’ {24?5321}, {23%4321}7
{1334321}) {234213321}7 {234213211}7{12(132211}’{13%4321}’ {234213221}7 {13%3321},
{124214321},{134213211}’{124213211}7{12%2221}’{11%2211}’{1161111}’{12%3221},
{12%3321}){12%2211},{12%2111}7 {0161111}7 {0051111}’ {12%2221}7 {12%2111}
0081111

?

2435432 2425431 324321} {2465321 1233321} {1244321} { 343 21} {2454321

)

1233321} {1233211} { 343211

)

1232221 }7 { 1243321 1233221 } { 1243221 1(1)1111 }

{ 1243211 0001111 }7 { 1232211

) )

{2465432} {24654 1} {2 54321 1 44321} { 3321} {2344321

)

0000011 0011111
y A

i )

1354321} {1232221
)
1- 222117 0122221} {2465321} {23432217 1 43211, 1233221} { 1111} {12322 1}

1232111
2

)

{24:35432}7 {2-34321}7{12?2111}7 {2312132~1}’{1233221 12{)2211}7{1384321}’{11(1]1111}’

)

{24%54- 1 }) {23421-321 }7 { 134213221 , 124213211 }, { 134213211 124213221 }7 { 12%1111 , 11%2111 }

) )

0-11111 1344321 1243321 1232111 1233211 1232221 000-111
{ 0 }7{ 2 y 2 }v{ 2 }ﬂ{ 2 s 2 }a{ 0 }

2465432 2465431 1354321 12 21 1344321 1243321 1343321 1244321
{ gs 3 }7{ 35 3 }7{ 3? 3 ’ ?33 }7{ 32 3 ) 233 }a{ 3233 2 8 }
2454321 2354321 1233221 1232221 234-321 1~43221 1-43211

3 5 2 B 2 ) B 2 ) } { 2
1233211 0111111 0011111 2343221 2343211 0000011
5 A 1A 0

) )

{2465432} {2465431} { -3 4321}7 {2465 21}’ {2454321}’{124214321}7 { ~34213~21}’{124213321

b b
000-111 1232211
R P T

’ )

)

1233221}7{ 122221}7{12é3211}’{12§>2111 12%2211}7 { »1(1)1111}7 {0061111}’{1232221}

3 9

{12%2'11}
{24%5432}7 {2425431}7 {231213-21}7{12%3-21}’ {234214321}’{12%2221}7{12%2221}7
2465-21 1343-21 1243-21 2354321 1344321 1244321 1232221
3 {00l U8 S Ml U8 Sttt T8 (et Sl B8 o il O (s

)

) ) ) ) )
{11%1111},{12%2»11}7{234213211}7{11(1)1111}7{00%1111}’{0081111}’{134213211},
{01(1)1111}){0061111}

{2435432}7{~1(1)1111}’{12i~2»1}’{006»111}’{‘32-321}’{00800‘1},{-342132~1}

bl
2:6252433221}) 25504%;21111}, 2:62;;)22151%233 21 3-4321 343-21 2464321 1222221

{ 3 }’{ 2 }7{ 37, 1: }’{2 }7{.2‘ }7{ 3 s 1 }7

~1(1)1111}’{12%1111}’ {12é3-21},{1232221},{1233211 0061111}’ {0080001}

9

{ -34213211

)
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Table 5: Maximal abelian sets

X | Wx Sig(X)

X21g4 <w7> o~ SQ 0 102.1 123.2+3.1 142.2+4.1
162751 18 20

X175 | (we, wywswr) 2 Dihg 0 124+1 143:4+1 164+22 182

X330 | (w1, we, waw,) = Sp° 0 122441 142442 1644241
18 20

X337 | (wawr) 2 S, 010 123-2+21 1432421
163.2+3.1 182

legS <’lU41,U7> o~ 52 0 122.2-‘,—241 144.2+2.1
164231 18

X21g9 <w3w5w7> o~ 52 0 102 123.2+2.1 145.2+1 1622
182 20

X%go <’U)1,U)4U}7> ~ 522 0 122.2 142.4+3.2+2.1 162.2+1
182+1

X21§1 <’lU1,’lU2’lU5> o~ 522 0 124+2.2+1 144+3.2 163.2-‘,-1
18 20

X352 | (wawr) = S 010 123241 1442431
162.2+2.1 182+1

X21983 <U)1U}4w6> o 52 0 122.2+1 146.2+1 163.2+2.1
182

X35 | (wiwawe) = Sy 0 1222+1 146241 1632421
182

X2135 <w1,w2w6> o~ 522 0 122.2 142.4+3.2+2.1 162.2+1
18>+t

X21§6 <w2)w37w1w4w6w_rw3w5w4w3w1> o SQ X Dihg 0 122.4 148+4+1 164 182 20

187
X29

<'LU2,UJ6, w7aw2w3w4> = 53 X Dlh/s

0 12% 1412+4 16312 183
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in the Fg root system (continued)

W x-orbits on X

{24\:35432}7 {2434321}7 {2384321}7 {24(35)54&}’ {23%32-1}’{12?22-1}, {2435321}7
{1334321}7 {234213321}7{1342132-1}7{1242132&}’ {23%4321}’ {124213321}7 {12%1111},
{11[1)1111}’{12%22&}’{134214321},{12%2111}’{11%2111}’ {0161111}’ {0061111}

1233321 0001111
{7 hA }

Y

2465432 234 1111111 246 1233~21 1232‘11 1222221 1122-11
37 1A FAME A I LT

1232221} {0 11111}

b

A
1221111} {1111111} {1344321 1243 2171343211} {1233211
{0 11111}

) 9

{2435432}7 {243521’ 12?3-21}, { -354321}7{124214321}7 { »3%3-21}7{1223-21}’ {2434321

12%2221}’ { '34213211’ ~1(1)1111}’ { 1243211

)
0081111}’ {12%2221}’ {00%1111}, {0080001}

)

{ 2425432 }7 { 2434321 }7 {24254' 1 }7 { 2324321 }’ { 2342132 -1 }’ { 24g5321 }, { 234213321 }7
13-4321 13432-1 1232211
3 {2 A

) )

1222221 1221111 1111111 12-3321 1243221
5 1 };{ 1 }7{ 0 }7{ 2 }7{ 2
1233211 123221 1232111 1122111 0111111 00-1111

LA P e R O S R S (S P G R P VR

)

) ) ’ ) )
{24%5432}7 \{24354-1}7 {23é4321}, {2425321}7 {124214321}’ {13;1321}7 {2342132-1}7

{1223321},{124213221’ 12%3211}’ {23%3321}, {11%2111},{1342132&}7{12%22-1}’{12%2211’
12%2221}7{0061111}7{12%2111}’{1151111}’ {00%1111}7 {01(1)1111}
2465432 2‘54321 24654~1 234~321 1233221 1232211 1354321 1111111
{ 3o $iA 1A I : 34 14 ¥
1344321 1243321 , 23432 1 {1343321 1244321} 1222211 1122221} {O 11111}

{ 1232111 } { 1343221

)

)

12%3211}’ {OOO 111} {1233211 1232221} {1232111}

b) b)
246 432 246 4 1 343321 -3 4321 3432 1 12- 3321 12322- 123221
{7 L I8 I A FA B
1222221 2465321 1221111 1243221
1 }7 { 3 }7 { 1 }7 { 2

0011111
{ }

12%3211}7{'1(1)1111}7{12%2111},{0061111} ’

) )

{2465432} { 34 321 7{2454321 {1233321} {1222221} { 354321} { 343221

124 321 1233221 1232221 343211 1232211 1233211 000 111 1243221
{ I 5 A A A b

)

{ 0000011 }7 { 0000001 }

)

2465432 2343321 24654-1 23-4321 23432-1 2454321 12-3321

L0 St 75 e Mt U U S O G It P e i 05 Tl I P8 B M

{12%22-1} {1232221
)

b

12%2211}7 {11i1111}; {24%35321},{134213321}7{11(1)1111}7{13%32&}

)

1243211 1233221 1244321 1232111 00~1111 0111111
2, A 2 12 |3

)

2435432} {2465 21 } { 343211 } {2454521 {2354321 1344321 2343321 1343221
{234213221 7 1343321 } { 12- 3211 } { 1232 11 } { 1232111 ,1222211 } {2465431 }7 { 1243321

b

1233221}7{1111111’ 0121111},{ 111111}7{1244321}7{1232221}’ {OO 1111}

b

{ 2435432 }’ { 245?4321 }7 { . 3%4321 }7 { 24%5431 }7 { 23%4321
2343221 1343321 -343211 1233221
{777, e T

1334321 }7 {23%3321 134213221 }

b ) b

1233321 1233211 1244321 1243-21
) 1 }a { . }a { 2 }a { 2 }7
12%2211 12%2111}7{1111111 0161111}7{12%3211}7{0081111}7 {0080-11

) )
{24\:35432}7 {2454?;21}7 { »31214321}’ { -35-')1321}’ { -3%3-21}’ { -34213211}, {12%32217 12?3321}’
{12?3211}7{12421 321}7{12%2221}7{1223-21}’{12%2211 12?2111}7 \{0081111}7 {0080-11}’

{ 0080001 }

)

{2465432} {1354321 1233321} {144-321} {123-211 O~11111} {144213211 008~111}

)

2465431 234 321 1- 43221 2343211
2 { } {

)

0000011 2343221
}, { }

) I

b

{2465432} { 4321} { }’{2 ?4321}’{2343 }7 {01211117 0081111}’{0080-41}
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Table 5: Maximal abelian sets

X |[Wx Sig(X)

X358 | (wr, waws, wywswg) = Sy X Dihyy 0 1412+6 166+3 18

X%gg <w1,w27’u}37wﬂwlw4w6w3w5w4> = S3 X (Sg ?SQ) 0 1418 169 18

X390 | (wywawe, wawswr) = Dihiy 0127 147 1627

X | (wrwaws, wywawgw, WIUsH) 22 Gy? 0 12 143-4+2+1 1624422

X39% | (wr, wiwy, wsws) = Sy x Dihyg 0 12 1410+5 162-5+2

X193 | (we, wr, wiwg, wow,) = S5° 0 12 149+6 169+3

X394 | (w3, wa, w5) = Sy 0579%116+4 134+2.1
1541 21

X335 | (w3, wa, wr) = S5 x So 0 72t1 93 1123 136+3+2
1521 17 21

X395 | (w3, wa, w5, wr) = Sy x Sy 0 72 9% 116 138+4 1521
23

X3 | (w1, w5, we) = S5 x So 057 93+2 116+3+1 133
153+2 172+1

X358 | (wa, we) = S5° 05 922+1 1142+1
134+2+1 152.1 172+1 19

X397 | (wr, wswr) 22 Sy* 0 72+1 922 114+21
134+2.2 152+1 172.2

X22€())0 <w4> ~ 52 0 72.1 92+2‘1 112.2+3.1
132+4.1 152.2+2.1 172.1
19

X2281 <w17w47w6> = 523 0 72'1 92'2 ].].2'4 132'2
154+2.1 172.2

X367 | (wg) = S, 07 92+3-1 112+3.1
133.2+2.1 152+3.1 173.1
19

X293 | (wy,wa, we) = So® 0792 114+2+1 132442
152.2+1 192+1

X29% | (wy, wo, w3, wr) = S5 x S” 059 1126+2 13443 173
192
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in the Fg root system (continued)

W x-orbits on X

2465432 - 11 - 11 123 211 1222111 1121111 0- 11111 234 321 1354321
{ 3 }7 { 2 ) } { y 1 ) ) } { ) 5
1-43221 1233321 2343221 1343321 1244321 2465431
2 y 2 }a { ) ) } { }
2465432 - 11 123‘ <11 - ~11111 ~~~~~ 11 4 .21 2465431
{ 3 }’ { 2 s 1 s 1 3 } { } { }
2465432\ - 1 1233-21 1232211 1222111 1121111 0- 11111 234-321 1354321
{ 3 }7 { 0 }7 { s 1 s 1 y 1 ; }7 { 2 s 2 )
1343221 12-3211 1232221 23432-1 1343321 1244321 1343211 1243221 1233321
2 s 2 s 2 ) 2 s 2 s 2 s 2 s 2 y 2
2465432 1243221 2354321 1354321 1233221 1232221 -343221 124 321
3 P 2 2 s 3 ) y ; 2 ) }

{1232111 0011111} {1243211 0000011} {2465431} { 343211 000- 111} {1232211
1233211 1111111 0111111} {’2344321 1343321} {2343321 13414321}

{2465432} {12321711} { 22 1} {12 2111’ 11%11117 0- 111’11}’ {23443217 13343217
343321 1244321} { 111} {24654 1}

)

2465432 1244321 12 3- -354321 2344321 1354321 00-1111 -343- -1
3 ) { } { 3 y 2 s 2 sy 0 }7 { 2
0000- -1 2454321 1121111 0111111
o h{ 1

) 1 )

{2465432} {2465431} {2465421} { 321} { 321} { 321} { 221}

2343221 1233321 <211 0122221 1111111
{ A b $iA }

)

)

{2465432} {24654 1} {2465321} {2 4321} {2 4321} { 4321} { 32 1}
3321} {23432 1} {12322 1} {1233321} {0122111} {1111111
2435432} 24654 1} { 321} { 321} { 2 1} { 321} {01222 1}

)

{1232111} {1111111}
{2460432}7 {246‘)431}7 {2434321}’ {243» -21}’ { -3%4321}’ { 3421 -21}7{12?- ~21}

)

SNPSR3R0 3 5 S5 A S
{ 3 }7{ 3 }7{ 3 }7{ 2 }’{ 2 }v{ 3 }7{ 2 }7
234213-21 {121133~21} {124214321 {12é3-21}7{13%3-21}’{11%2221}7 {23%3211}

{i2§j221}: {i2é5211}: {il(l)llll}: {01(1)1111} ) ) . ’
{2 gS 32}7{2 g5 -1}7{2 34321}’{24%321}7{-38 321}’{-324321}){2 g 321}7

{12?3321}, { -342132~1}’{12421‘321}7{12?3221’ 12?2211},{1242132&}7{12%3321}’{12%3211’
1232221 -111111
2 }7{ 0 }

2465432 2465431 2465421 23-4321 2465321 2454321 24-4321
{ 3 },{ 3 }7{ 3 }7{ 2 }a{ 3 }a{ 2 }7{ 3 },
13-4321 2343321 1244321 1233321 12-3321 2343221 1343321
2 b 2 b 2 b 1 9 2 9 2 b 2 )
2343211 1233221 12-3221 12-3211 1343211 1122211 1232221
{ 2 }7{ 1 }7{ 2 }7{ 2 }7{ 2 }7{ 1 }7{ 2 }a
1111111 0111111
{ 0 }7{ 0 }

{2425432}’ {2435431}7 {24%4321}7 {24g5~21}7 {2434321}’ { ~3é4321}7 { ~34213~21}’

{-34213211} {1233»21} {12»3~21} {1232221} {1221111} {12-3211} {-111111}
2435432 {2465431} {2465 21} {2464321} {2454321} {2354321} {2343 21}7
{2454321} {2344321} {1354321} {1343 21} {1243 21} {1233 21} {1244321}
{2343211}){1233 21}7{1343211}7{1243211}’{1232221}’ {1233211}7 {1121111},
{11(1)1111}’ {01(1)1111}

{24%‘3432}7 {2435431}7 {2435-21}’ { ~324321}’ {2434321}7 {124214321}) { -34213~21}7

{1223~21},{12?3~21}, { ~34213211}’ { 12;‘}211}7 { 12%2221}’ { ‘1(1)1111}’ {00%1111}
2465432 2465321 2464321 --54321 -+432-1 1232111 12332-1
{ 3 } { 3 } { 3 }a { : }a { 2 }7 { : }7 { : }

)

) )
{ ~~4214321}’ { . ~4213321}, {00800~1}
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Table 5: Maximal abelian sets

X | Wx Sig(X)

X2235 <’LU1,’LUQ,U)3,U)5> = Sg X S22 0 72 93 1].6+2 134+3 156 17 21

X396 | (wy, ws, wows, wswr) = Sz x So? | 0 72 112642 156+4 192

X2287 <’UJ5> ~ SQ 07 92+3.1 112+3.1 132‘2+4.1 152+3.1
172+ 19

X2288 <’IU4> ~ 512 07 92+2.1 112+4.1 133.2+3.1 1524—341
1721 21

X2239 <w4> o~ 52 07 92.1 113.2-‘,—2.1 132.2-‘,—441 152+3.1 172.1
1921

X280 1wy, ws) =2 S5 0791133 132:3+31 153+2.1 17 19 21

X35" | (we, wswr) = Dihg 0 9421 1141 134 152442 1721 19

X%&Q <w1,w67w5w7> = SQ X Dlhg 0 94 112+1 138+4 154+2 192+1

X243 | (w1, wy, wr) = S° 0792 1142421 1324 152241 172 192

X2254 <’U}5,’U}7> o~ S22 0 92.2+1 112.2+2.1 13242—&-1 154+2.2+2.1 17
21

X385 | (we, wyws) = S5* 0 922 112+2:1 134432 154421 172 192

X2256 <1U4,’LU7> o~ 522 0 92+1 112.2+1 134+3.2+1 152.2+2.1 17 19
21

X271 (wy, wa, w3, wy, wr) =2 S5 x S |07 1110 1310 155 212

X238 | (wy, we, wr) =2 S3 x S 0 93+2 113+2+1 136+3+1 15342 17 23

X22919 <'UJ4,’U)7> v 522 0 92+1 112A2+1 134+3.2+1 152.2+2‘1 17 19
21
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in the Fg root system (continued)

W x-orbits on X

{2435432}7{242-321}7{»-1213221}’{~-?4321}’{12{’)2111}’{12{%221}, {-~%3211}7
{-~421<321}7 {0080011}7 {0080001}

{2425432}, {24%321}’ { . 54321}7 { . 632‘1}’{1232111}, { . -%‘321},{1233221’ 12%2211,
1233211 1232221 00000-1
1 ) 1 }’{ 0 }

2465432 2465431 246-321 2465421 2454321 2354321 234-321
{ 3 },{ 3 }7{ 3 }7{ 3 }v{ 2 }a{ 2 }7{ 2 },
2454321 1354321 2343221 134-321 124-321 2343211 1343221
3 ) 2 ’ 2 ) 2 ) 2 ) 2 ) 2 ’
1243221 1233321 123-221 1243211 1232111 1122221 123-211
{ 2 }7{ 1 }7{ 2 }7{ 2 }7{ 1 }7{ 1 }7{ 2 }a
1111111 0111111
{ 0 }7{ 0 }

{ 249’5432 }’ { 2435431 }7 { 23é4321 }7 { 2435421 }7 { 24%5321 }’ { 2434321 }7 { 2434321 }’

{234213321}, {234213221}7{124214321}7{13é4321}7{12é3321}’{12é3221}’ {234213211}’
12%3321 11%2221},{12é3211}7{1333221},{12%2221},{11%2111}7 {12%2211}

)

{11%1111}7{0161111}

B e e e e, (e
{ 2 }7{ 2 }’{ i }7{ 2 }7{ 2 }7{ 2 }a{ 2 }ﬂ
{12?3321},{12é3211}, {2323211}7{12%2221}7{11%2221}’ {12%2211}7 {01%2111},

1111111 0111111
0 y 0

{ 2435432 } 2425431 } 24%5421 } 24 -321 } { 23 -321 } 122 321 132 321 }

) ) )

{(1)(2)1 iii} {j?éll?)?il} {(1)215???1} {1122221} {12 211} {2343211} {1343221}’
{0 (T (M

{2435432}){24?~'1}7{2434321}7{2424321}7{23421-'~1}’ {2334321}7{135»1}’

{12421”-1}7{12%3»21 12%2-11}’{1233211 122132221}’{11%1111}’{11(1]1111}’ {01(1)1111}

) )
249}5432 , 243-4-1} {-3%4321} {2424321}7{-3421---1}’{12421---1}7{1233-21

, , 12%2-11}
{12ZI)§’>2117 12%2221}’ { ~1(1Jllll}’ {00%1111}

) )

{24%5432}7 {24%5321}7 {24354&}’ { 4324321}7 {2434321}’ {2434321}7{124214321}7

{‘342132‘1},{12é32~1}’{12é3321}7 { -1%2111}’{12§3321}’{12%22&}’ { ‘151111}

{2435432}7{24354-1}7{24%321}’{2334321}’ {23%321}7 {2342132-1}){2424321},
2454321} {12421‘321},{1242132&}’{1334321}7{12%2&}’{1342132‘1}’{11%111}’
1233321 122%3321 {11(1)1111 , 01(1)1111

{2465432} {24654 1} {246 321} {~334321}7 {2424321}’ {24%4321}’ { ~342132~1}’ {234213321

)
1344321}7{124 321}7{12432 1}’{123»21}’{12%5321}’ {12{%3321},{11%2111

{ ~1[1)1111}

{2425432}7 {24254-1}7 {2425321}’ {2434321}’ {2324321}’{124214321},{12é32-1}

0121111
1 }a

)

1324321 2342132-1} {12é3321} {234213321} {13%32-1} {12%2241} {12%3321}
) ) b ) ) ) )

{il2jlll} {2011111} {1111111} {0111111}

{2 65 32} {2 65321}{ 4321} { -32- 1} { 3321} {00800-1}

{2465432} {24i54 } {23 4321} {23434 }’{24 4321}’{124214321}’{12é3»~1}’

{1122 } {2 5 321} {1232 }{132 321} {11(1)1111} {01(1)1111}

2465432 24654 1 2465321 7 24-4321 7 23-4321 ’ 1244321 12-32-1

{ FA HA AT LT LR T

) ) )
1324321 2342132 -1 1223321 24;4321 }7 { 12322 1 }’ { 11%22 1 }’ { 13%3321 }

)

{12%2111}: {01%2111}:{11(1)1111}: {01(1)1111}
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Table 5: Maximal abelian sets

X |[Wx Sig(X)

X220 | (w1, w2, w3, ws) 22 Sz x Sp” 092 116+3 136+4 15342 19
23

X33 | (w1, ws, wows, wswr) = S5 x S5 092 116 1326 154+2 212

X332 | (w1, wa, ws, wr) = S5 x Sp° 0792 116+3 136 153+2 174
19

X22§3 <w1> o 52 0 72.1 92+2.1 112.2+3.1
132+4.1 152.2+2.1 172.1 19

X22§4 <w3w7> ~ G, 07 92-2+1 1122421
132.2+2.1 152.2+1 172.2+1

X335 | (w2, waws, wawswry**) =2 Sy x Dihg 0 72 118+4+2 158+2 192

X22926 <w6> o~ 52 07 92.1 113.2+3.1 132.2+2.1
15%H3-1 1741 19

XET| (w1, we, waw,) = S5° 07 112441 132442 15
1742 19

X328 | (ws, wywywr) = Dihg 0792112442 134 154+1
174+2

X33° | (wswswr) = Sy 0792 113:2+21 1342
152.2+1 172 192

X230 | (wy, wows) = So? 07 114+22+1 134432 15
1732 19

X33V | (w1, wa, wywywew, YIVIWSWaws) 2 Gy 5 Dihg |07 1124 138+4 15 174 192

X232 | (wy, w3, we, wswy) = S3 x Dihg 0 7% 9* 11* 132 15° 192

X253 | (wg, wswr) = S? 0922 112241 134422
154+2.1 172‘2 19

X22,5’4 <w1’w6> ~ 522 07 92.2+1 112.2 134+2‘2+2.1
152.2+1 17 192.1
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in the Fg root system (continued)

W x-orbits on X

2465432 246-321 -+54321 -+43221 --4.321 123-221 --43211
{ 3 }7{ 3 }7{ . }7{ 2 }’{ 2 }v{ : }7{ 2 }7
{ 121.33321 }) { 0080011 }7 { 0080001 }

{2425432 }, {24g~321 }7 { . ~Ej)4321 }7 { . ~%~321 }’ { . ~%32‘1 }’ { 12%3221 , 12%2211’ 12?3211’
1232221 1233321 00000-1
1 }7{ . }7{ 0 }

{2425432},{1221’;3321}7{~1(1)1111}7{12i-2~1}’{00(~)~111}’{~3é‘321}’{122‘321}
00800-1 {-342132-1 00%1111

b

{24?5432 }’ 7{2435431 }7 ,{2434321 }7 { ~324‘1321 }’ {24%5421 }’ { 12?3321 }7 { ~34214321 }’
{ -34213321 }, {2420321 }7 {2424321 }7 { 12%3221 }’ { ~3%3221 }’ { 124214321 }’ { 124213321 }7
{ 12%2211 }7 { 12%2221 }, { '34213211 }7 { '161111 }7 { 12%3221 }7 { 12%3321 }’ { 12%2221 }

9

{0011111} {1233211}
2465432 } { 1233321 } {24654 1 } { 2. 54321 } { 2343321 } { 1 43321 } { 12322 1

2344321 1354321 1- 44321 1222211 1122221 1233321 1111111 23432 1
{ I $i A $i o $i A $i A b { 2

{O 11111}) {2465321}7{1343221 1243211},{12322 1}, {0001111}

)
{2435432}7{2342132&}’{2-:~321}7{12§2111

11}1111}’{12%2111 11%1111}’{1‘4213221

123-211 1%2221} {00000-1} {1343321 1;44321}

) )

2465432 2465431 2454321 2354321 2465 21 2343 21 1233 21
{ $i A 2 A 28 A 2 }
1

) i

24g4321 234214321 1334321 131213 21 12%3 21 124214321 122222

)
}
{12%3'21}: {234213211}:{12%2221}:{11(1)1111}:{13%3211}:{11%1111} {0111111}’
{00(1)1111}’{1233211}
{2425432}’{2435431}7{243521’ 12%3-21}’{'3é4321}7{124214321}7{~34213~21}’{12é3'21}

{2464321 1222221} {1232221} {-343211

)
~111111 1233211 0011111 0011111
34 o R{T1i}

)

{2465432} { 1233321 } {24654 1 } {2 54321

, 1 44321} { 332’1} 2344321’ 1334321}
1232211 1 22221 0122211 1111 2465321 2343211 1- 43221 1233211
{ ; : S G 1A : ,

{ 12322 1 }

)

{2425432}7{12?3321}7 {2-84321}’ {24354&}’ {23%-321}’{12?3221 12%2211},{1324321}’

)
11%2221 }7 {0-61111}

{11(1)1111}){1.342143217 124213321}7 {13%3321 12%4321}’ {1222211

)

23432-1 000‘111 1232111 1343221
2 hA 1A B

1243211 } { 12332,11 12%2221
{ 2465432 } { 2465431 } { 34 321 ’ 2454521 ’ 1233321 } { 12222271 354321
)

)

{ 343221} {124 321} {1233221

)

1232221} {1243221} { 343211} {1232211 12%}3211}

) ) )

000 111 000001
{ S

{2435432}’ {2435431}7 {24?4321 12?2221}’ { '34213‘21}7 { '354321 125.53~21}, { '34214321

) ) )

124213~21}7{12%1111}7 { »31213211 0080~11}7{1243211 0081111}

9 )

2435432}7{--34321}7{24g--~1}7{12%’3-21, 12\1’)2411}7{~-§l--~1}7{--61111}7{12%3211
1232221}

)

{24%5432}7{24354-1}7{2-34321}’ {242321}7 {234214321}’ {12‘5133321}){14421-321}7
12%2221},

{2342132‘1},{12%3221 12?2211}’{1»42132‘1}, {12%3321},{1161111}7{1233211

{O~(1)1111} { 11%11117}
)

i

{24%5432 }, {24%4321 }7 {2435‘21 }’ { '3%4321 }’ {24?5431 }, { ‘354321 }’ { 12?3~21 },
-343-21 -343211 1222-11 2464321 1244321 1233-21 -111111
2 2 1 3 }7 { 2 }a { 2 }? { 0 }

)

) ) )
{12%3211}’{124213211},{1232221}7 {00(1)1111}




182
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Table 5: Maximal abelian sets

Wx

Sig(X)

235
X29

236
X29

237
X29

238
X29

239
X29

240
X29

241
X29

242
X29

243
X29

244
X29

245
X29

246
X29

(wawe) = Sy

(w1, wr) =2 So?

(wr,ws, wr) = S5°

(w1, waws, wswr) = Sy*

(wswr, wawzws) = Sy

O 92.2+2.1 112.2+1 132+2.1 154.2+2.1 172 19

0 92.2 112.2+2.1 133.2 152.2+2.1 173.2

0 92‘1 112.2+3.1 132+4.1 152.2+4.1 172+2.1 19

07 92.2 11242—&-2.1 134+2+3.1 152.2+1 172 21

0 92 114+2‘1 134.2 152.4 172 192‘1

0 92.2 114+2 134+2 154+2 174+2

0 9%t 115 1381 1561 1741 19

O 92 114+2.2 132.2 152.4 1732

0 92.1 112.2+3.1 132.2+2.1 152.2+4.1 174.1 19

0 7 92 114+2.2 134+2.2 152.2+1 172 192.1

0 9242 112.2+1 134.2 152.2+2.1 17242 19

0 92‘1 112.2+3.1 132+4‘1 152.2+4‘1 172+2.1 19
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in the Fg root system (continued)

W x-orbits on X

{24\:35432}7 {248521}7 {2-84321}’ {24(33’5431}’ {23%4321}’{1»421:4321},{12?3»21}7
{1334321}) {234213~21}7 {24?4321}7 {23%3211}’{13%3221’ 124213321}7{1-4213211}7{12%3-21}’
{12%2211, 11%2111},{12%3211}’{1161111}’ {0-(1)1111},{12%2221}

{2435432}7{24354-1}7{2-34321}’{24g~321}’ {23421~321}7 {1334321},{12?3321}

1344321 1243321 23432-1 1233211
{ 2 ) 2 } { 2 } {

1232221 1343211 1243221 12227221
) ) ) }7{ y 2 }v{ )
1122211 1354321 1233321 1233221 1232211 1221111 1122111 0-11111

1 5 3 ) 2 ) 2 5 2 }7 3 1 }7{ 0 }
L L O SR S U S A A
{ 1 }7{.2 1}7{ 3 1}7{ 2 }7{ 2 }v{ll }v{.Q }7

{~34213211}7{124213211},{12%3221}7{12%3211}7{12%2211}7 { ‘1(1)1111}’{1232221}
0011111 0011111
{ 0 }7{ 1 }

9

24%5432}’ {24\34321}7 {24254~1} {43%4321}7 { -34213321}’ {12%22-1} {24?}5’)321}7

) )
{12?3321}, { -3%32-1}7 { -3%4321}7 {2424321}7{12%3321}7{12%2111}’{12332-1},
{ -1(1)1111}) { 124214321}7 { 12%22-1}7 {00(1)1111}

{24%5432}7 {24854&}’ { »3Z2l~321}’{12%3321}’{12?3321}’ {24%321}’ { -334321}

bl

{124214321}){12%22-1},{-342132-1}7{12;)-2&}7{~1(1Jllll}’ {00%1111}7 {00(1]1111}

2465432 24654~ 1 124 -321 . 354321 1233321 ~34 -321 12432-1 1233221
1o I 14 I 14 BRTRATS
1232211 1233211 1232221} {0011111} { 3432 1} {OOO 111 ’ ’ ’

)

{ 2465432 } { 2465431 } {2465421 } { 2454321 } { 2344321 } { 2465321 } { 2354321 }

b

{2343321},{1344321}7{1233321}7 {2464321}’{1304321}’ {2343221}’{1343321}7

b

{12%2111},{11%2211}7{11(1)1111}7{121213221}7{12%2221}’{12%2211}’ {01(1]1111}’
00(1)1111

{124214321}7 {234213211},{12%3321}7{12%2221}7{13%3211}7{12%3221}’{1233211}

2465432 24654 -1 1-4-321 1354321 1233321 2454321 2354321 234-321
0 St 7% s SRS PR T I OF Bty O Gt SR S S R ¥

) ) ) )
1-432-1 1233221 1232211 1233211 1232221 23432-1 0111111 0011111
{ 2 }7{ 2 ) 2 ) 1 ) 1 }7{ 2 }7 1 ) 0 }7

{008-111}

{24%‘3432}7 {2435431}7 {2435421}’ {23421821}’ {13421~321}7 {2434321}){12%3321}7
12?3321}, 24%321},{12%321}’{1334321}7{12%2221}7{12%221}’{12%‘211}’
234213221 , 234213211},{134213211}7{11%2211}7{12%3221}’{11(1)1111}’ {01%1111},

{01(1)1111}7 {00(1)1111}

{2425432}7{2484321}7{24254~1}’{~3%»321}’{24g~321}’{-3%4321}7{-342132-1}

)

{ 12%3211 , 12%2221 }, { 12%22& }’ { 12421‘321 }’ { ~1(1)1111 }, { 12%3321 }7 { 12:233221 12%2211}

{12%2111} {00(1)1111 }
)

) )

)

12%3211 }7 { 12%2211

)

{2435432} {24354-1}7 {2-%4321} {24g~321}7 {23%-321}’ {1384321}7{1344321

1243321
) 2 }
{ 2342132 -1 }, { 13%3321

12%4321}”{1233211 12%2221}’{1343221

) ) 3

11%2221}7{12(233321}7{1161111}’ {12%3221, 12(2%2211}7 {0-61111}’{12%2111}

7

{24%5432}7 {2485431}’ {24%4321}’ {24?»321}’ {23%-321}’ {24g5421}’ {2334321}’
{234213221}){13421-321}, {234213211}7{134213221}7{12.'%3321}’ {12%2221}7 {124214321},

{123‘221},{134213211},{124213221}7{1221’)2111}7{11(1)1111}7{12%211}’{11%1111}’

0111111 0011111
{ 0 }7{ 0 }
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Table 5: Maximal abelian sets

X [wy Sig(X)

X22§L7 <’LU1,’LU5> o~ 522 0 9 112.2+1 134+2.2+2.1 152.2+2.1 172.2+1 19
X22518 <’U}3’LU5’LU7> o~ 52 0 92+241 112.2 134.2+2.1 153.2 172 192
X22§L9 <w17w5> o 522 079 114+2.2+2.1 133.2+1 152.2+1 172+1 21
X351 0 9%t 1171 1361 1581 1741 19

X35 | (wswswr) = Sy | 0 92+ 1132 134241 1532 17241 21

X22$2 <’IU1> o 52 0 9 112+2.1 133.2+6.1 152+4.1 172+1 192.1
X225)3 <w1w5> o~ S2 09 112.2+2.1 133.2+2.1 15242—&-2.1 173.2+1
X351 0 9% 1161 1381 1581 1721 1921
X201 09 1151 13101 1561 1751 19

X350 (1 09 1151 13101 1561 1751 19
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in the Fg root system (continued)

W x-orbits on X

{24\:35432}7 {2485431}7 {242-321}’ { -334321}’ {24%5421}’ { -3421~321}, { -3%3221}7
{124214321}7{124213221}7{12%3321}7 { -34213211}’{12%-221}’ {12%2221}7 {12%2111},

{123‘211} {~1(1Jllll} {00(1)1111} {00%1111}
) ) )

{2435432}7 {2-34321}7{12%3321}’{1151111}’ {23%&321}7 {12?3211 12'{)2221}’ {2425441}

)

11%2211}’ {O~(1)1111}’ {1334321},{12?2111},{134214321

{2342132&}’ {12%22217 124213321}, ’

1122111 000-111 1343211
1 0 }a{ 2

)

1221111 1243221 1233221 1232211
1 2 {7 2

) ) ?

{2435432}’ {24%4321’}7 {2435431}7 { ~3421~321}7 {24?321}’ { ~34213221}7 {2425421}’
{12%2221}7 { -334321}, { -34213211}7{12%111}7{122{3321}’{12%221}’ { -1%1111}’
{12%3321}7{12%211},{124213221}7 {0051111}

{2425432}7 {2425431}7 {2424321}’ {2435421}’ {24%5321}’ {24?4321}, {23%4321}7

234214321 7{234213321}7 {234213221}7{1334321}7{13%3321}7 {23%3211 , 134213221 ,
{12?3321}, {12%2221}7{124214321}7{131213211}7{121213221}7{12%3321}’{1233221},
{12%2221}7{12%2111}7{11(1)1111}7{12(233211}’{12%2211}’ {11%1111}7 {01(1)1111}

)

{00[1)1111}

) )

1122211 }’ {0~(1)1111 }, { 1334321 }, { 134214321

)

1243321
27 ),

{2435432}7 {2-34321}7{1151111}’ {23421821}’ {12!%3221 12%’)2211}’{121;)3211 122%2221}

24654 -1 234321 1222221
{ 3 }7 { 2 }v { 1 ) - )
, , 008~111}’ {13432117 12%3221}’{1233321}’{1232111}

{24?5432}’ {24354%1 }7 { ~3%4321 }7 {2431‘5421 }7 {2435321 }’ { ~3g4321 }7 { ~34213321}’
{ -34213221 }, {2424321 }, { 124214321 }7 { 12;3321 }’ { 12%3221

)

1221111 1122111
1 1

121;;3321 }’ { 12%2221 }’

1A
{ ~34213211}7{12§3221}, { 12%3211}7 { 12%2221}7{12%2111}7 { ‘1(1)1111}’{12%2211}’

{00%1111} {00(1)1111 }
)

{ 24%5432 }’ { 2435431 }7 {24?-321 }’ { 43%4321 }7 { 24%5421 }’ { 2434321 }7 { 234213321 13%4321 }

)

{ -34213221 }, { 12%-321 }7 { 124213221 }7 { 1221)3321 }7 { »31213211 }’ { 12%»221 }’ { 12%3321 },

)

{12%2221}7{12%-211}7{11%2111 01%1111}, { -161111}, {0061111}

)

{ 2435432 }7 { 2435431 }7 { 231214321 }7 { 2425421 }’ { 24g5321 }’ { 2434321 }, { 2334321 }

{234213321}) {234213221}, {2434321}7{134214321}7{12%4321}’ {234213211}7 {12%3321’},
12%3221}, 12?3321},{12%2221}’{134213221}7{12%3321}7{124213221}’{1233211}’
12%2221}7{11%2111},{11%1111}7{11(1)1111}7{13%3211}’{12%2211}’ {0161111},

{00[1)1111}

{2425432}7 {2425431}7 {2425421}’ {24%5321}’ {24%4321}’ {234214321}7{134214321}7
{24%4321}7{1334321}’ {234213321}7 {234213221}7{12%4321}7{13%3221}’{1233321}’
{12%3221},{12?3321}7{12%2221}7 {231213211}7{12%3321}’{134213211}’{12%3221}’

12%3211}7{12%2221}7{12%2211}7{11%2111}7{1151111}7 {01%1111}7 {01(1)1111},
{00(1)1111}

{24%5432}7 \{2435431}7 {2435421}’ {2425321}7 {2334321}’ {234214321}7{124214321}7
{24g4321},{1334321}, {234213321}7{131214321}7{231213221}7{124213321}’{12%3221},
{12%3321}){12133221},{122%3321}7 {23%3211}7{13%3221}’ {12%3211}7 {12%2221}

?

{12%2221}’{11%2111},{134213211}7{1222’)2211}7{11(1)1111}7 {00%1111}’ {00(1)1111},

{01%)1111}
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Table 5: Maximal abelian sets

X | Wx Sig(X)

X257 | (wy, wo, ws) =2 Sy° 09 11422 1344241 154422
172+ 21

X358 | (w1, wowg) = So* 09 1122 132442421 1532
17%+1 192

X%gg (wl,w6,w5w7> = Sg X Dihg 0 114+1 138 152'4+2 172'2 19

X22§30 <1U1,’LU5,’UJ7> o~ 523 0 112.2 132.4+2 154+2.2+2.1 172
1921

X328 | (wy, wswswy) = Dihg 09 114+2 1324 15442 1744241

XQQSQ (wl,wgws,w5w7> = 523 0 114+3'2 153'4+2‘2 192

X22963 <’LU7> o~ 52 0 112+3.1 132.2+4.1 153.2+4.1
1741 19

X384 | (ws, wiwr) 22 S5 092 11421 1342 154422 172
1921

X2285 (w5,w°w2w3w7w0—> o~ 522 0 92-‘1—1 114-‘1—2 134+242+1 153.2
1721 21

X286 | (waws, wewowzwrw,) = S5 0 92 114+2 134+2:2 154+2.2 172
192

X357 | (w1, wawg) = S 09 114+2:2 134+2+1 542 172+
21

X22§8 <,w5> ~ SQ 09 112+2.1 134.2+4.1 152+4.1
173.1 192.1

X%gg (wl,w47w2w5> = SQ X Dihg 09 114 138+4 154+2 172+1 192

X22970 <w1,w5,w6,w7,wow2w3w0> = 54 X Dihg 07 1116 156+4 23

X22971 (ws,w7,w°w2w3wg> = Sg X SQ 09 116+2 136+1 156+2 172+1
21
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in the Fg root system (continued)

W x-orbits on X

{24\:35432}7 {2485431}7 { .3121.321}’ {24?1321}’{12{’)3321}’ { -3?1321}, {12%-321}7
1222221 123-211 -343221 -343211 000-111 1243221 0000011
{ 1 }7{ : }7{ 2 }7{ 2 }a{ 0 }a{ 2 }7{ 0 }

{2425432}, {2425431}’ {24&4’)4321}7 { -3%4321}’ { ‘354321}’ { ‘3%321}’{12%3221’ 12?3321}’
{124214321}7{12%2221}, { -34213211}7{121213-21}7{12%’)3211}’{12%2211 122%2111}7 {0081111}

0000-11
0

) )

2465432 246---1 2454321 124 1233-21 1232-11 1233211
3 3 2 {1 2 h{A

) )

) )
12(152221}’ '1%1111}7
} }

el
111111} {0011111}
}

{ {
{2435432 7{24?54-1 7{246 321}’{ -34-321 ’{ 3452 1}’{-334321},{123-2-1}7

{1242132&}7{12%111},{12%3321}7{12(133321}7 { -1(1)1111}7 {00%1111}’ {00(1)1111}

{2425432}7{1211)3321}7 {2-é-321}7 {24354&}’{13-4321 12é3321},{1233211 12.2221

bl 1 I

11%2111}

)
11%2211}’ {0-(~)-111}7 {23%32&}’{13%3211, 12é3221, 12%2211},{12%1111

) )

{13?4321}
{24%5432}7{-3?4321}7{24354-1}’ {12421-321}7 {1242132-1}’ { -34214321}7{-342132-1}7{1233221
1232211 1233211 1232221 1232111 0011111 000-111
2 1 1 }7 { . }a { : }v { 0 }

) )
{2435432}7 {24254-1}7 {2425321}’ {2424321}’ {24%4321}7 {2342132-1}){1342132-1}7

)

234214321}’{133%321}, {23421?)321}’{13%4321}7{12%32&}7{12%32-1}’{12322‘1}’
124213321 1233321},{1211’)3321}7{12%1111}7{11%2111}’{11(1)1111}’ {01%1111}

)

)
gfééi;;1}7 gzzgl)illll} 34-321 2454321 233321 246-321 35432
(PP (P Ty, {0y, MRy Ry (g ()

)
01%2211 }’ { ~1(1)1111}

)

{12421~321}7{12%22&},{12%2'1}7 {234213211 134213221},{11%2221

{1232111} {0011111} ’ ’
{2465432} {2465431

2343221} {2454321} {246 321 234- 321} {1343221 12%2221

) )

2343211 123 221 2354321 1354321
$i A I 34

)

134 321 122 111 2465421 1111111
{ 34 |2

)

{ 1243221 1122221 } { 1233321
)

b

{ 2435432 } { 2425431
)

) )
1232111 123 211 0111111 0011111
: 34 AT A }
2343221 246 -321 1-22221
s 2 }7{ 3 ) s 1 }a
2465421 2343211 123-221 1344321 1243321 1221111 1122111 1354321
{ 3 ) 2 }a{ 2 }7{ 2 ) 2 9 1 ) 1 };{ 2
1111111 1233321 1232111 123‘211 0-11111

0 AT I {70
24:655432} {2465431} { 343 21} {2454321 1232221 354321 124213 21

)

{12%1111} { 344321} { 343211} {1233221
)

23421-321}’ {2-34321}, {1~4213221

)

1233321} {1232211 12%2111} {0680-11}

) ) )

{124213211} {0081111}
{2435432}’ 7{2435431}7 {23%'321}7 {24%5421}7{1283321}’ {24g~321}7{13421~321}

b

{12421~321},{12§-221}7 {2334321}7 {231213221}7{12%2221}’{11%2221}’{12§~211}’
13%4321 , 234213211}7{134213221}7{12%2211}7{12%2111}7{1161111}7 {00%1111},
0111111 0011111

{To {0

{24%5432}7{2435431}7{12:-321}’ { 43:~321}7 {12é3221 12i2221}’{002-111}’ { 434213221}

) )

{ 12%2211 , 12%3211 }, {0080011 } { ‘343211 }

2465432 2454321 246---1 34 1 122 123 -354321 -111111
3 2 3 2 2 0
{ 006”1%7{ 3o ; TR ; 2
2465432 2454321 2465- -1 2543 2464321 2344321 1343--1 1222--1
3 }7 } { 3 3 ) }; 5 1

)
{2324321}’{123 } {1354321 1111111} {1244321 11%1111} {01(1)1111}’{00[1)1111}

Y i
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Table 5: Maximal abelian sets

X | Wx Sig(X)

X350 | (wa, ws, wywr) = S5 x S 0 92 116+3+1 136+2 153+2
172 23

X357 | (w1, we,wr) = S3 % S 0 113+2 136+2.3+1 153+2+1
172 19 21

X354 | (we, wawswr, wwawswy) = Sy x Dihg 0 118+2 158+4+2.2 192

X22g5 <w7,w1w5> = 522 0 112241 134+2.2
154+2.2+2.1 172,2 19

X350 | (wr) = S, 09 1122+3.1 132.2+5.1
152241 17 19 21

X22g7 (w5, wiws) = Sy 0 1132 1324+2+1 1532
172+2.1 21

XZQgS <w7> =5 0 112+2-1 132.2+6.1
153.2+4.1 172.1 192.1

X22g9 <w5w77w1w2w5> = S22 0 1122 132.4+2 154+3.2 172
192

XQZSO <w1,,w27w4’w1w6w7_w3w4w5w4w3> ~ 53 X Dihg 0 116+4 1312 15 174 23

X22§1 <w5,w7> = 522 0 112-2+1 134+4.2+1
152221 1721 19 21

X382 | (w1, wowr, wywe) = Sz X Sy 0 113 1326 156+3+1 193

X35° | (wi, wawr) = So? 07 114+2+21 134442 15
1722 192

X354 | (wsws, wgwswe+) = Gy” 09 114+2 134422 154+2
174+2+1

X355° | (wiwawr) = Sy 0 112-2+2-1 1332 1542+2.1
1732
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in the Fg root system (continued)

W x-orbits on X

)

{2435432}7{-1(1)1111}7{121-2»1}’{006»111}’{2434321}’{-3é~321},{11%2221 01%2211}’

{125321}) {00800-1}7 {234213211 13%3221}){12%2111}

)

{2425432},{2435~1}’{»3%4321}7{-3%3“1}’{1233 ‘1},{12%2 ‘1},{24g4321}’
1232--1 -354321 1244321 -111111 0011111 11111
(0L VR S0 T 75 S o O Bt 5 S S 25 BB

2465432 246- - -1 234 2. 54321 1344321 1243-21 1343211 1222221 1122-11
3 5 3 ) } { } { ) 2 5 2 ) 1 ) 1 5

1221111 1233 21 1232 11} 1334321 1111111} {1233211 1232221 0- (1)1111
) ) )

{2465432}7 {24654 1} {246 321} {2454321} { 3432 1} { 354321} {2343321

)

{123 2. 1},{124 321}7{12222 1}7{123’3321}7{12%2111}’{1122111 0121111}7{ 111111}’

)

1344321 }
)

{00(1)1111}
{24%5432}7 {234214321}7 {24254’1}’ {2342132~1}’ {24%5321}’ {2434321}7 {234213321}7
12332-1 12222-1 2464321 2354321 1344321 1233321 1111111
2 (R S S Sl U5 St Sl P (e Tl O B Sl O s |

)

) ) b ) )
{1342132-1},{12322-1}7{124214321}7{12%2111}7{11%2111}’{11(1)1111}’{124213321},
{01(1)1111}) {0061111}

{24%5432}7 {24%321}’ {24?4321}’ { -31213221}’ { ‘3%-321}’{123-221}’ {23243217 1324321}’
{124213221}){12421-321}, { -34213211}7{122.33321}7{11(%1111 01%1111}\7{124213211}7 {0080011}

0000001
0

) )

2465432 24654 1 2465321 2344321 23432 1 12332-1 2464321
3 1A BT 1A R A }
{ 2354321 } { 2343321 } { 1344321 } { 1244321 } { 1233321 } { 13432 1 } { 12322 1

)
2
{12222 1},{1304321}7{1243321}7{1252111}7{1122111}’{1111111}’{0011111}7
{01(1)1111}>7 {0061111}
{24%5432}7 {24254-1}7 {24?)4321}’ { ~3421»321}’ { -342132-1}’ {23543217 13%4321}’{12%3211
1232221 1233221 1232211 124-321 12432-1 1232111 1111111
2 9 1 9 1 }7 { 2 }7 { 2 }’ { . }7 { 1

{008~111}

)

Ol(l)llll}

) )

{24%5432}7{24:4321’ 12:2221}7{-3421321}7{-3:4321 12:3-21},{124214321}7{-34213211

) )

0080-11} {0080001}
)
{24%5432}7{24354-1}7{23%-321}’{12%3321}’ {12%2-1}7 {24%321}){13421-321}

)

{2342132‘1}’{12%22&},{11%1111}’{12421~321}7{13%32~1}’ {2334321}’{1232111}’
1111111 0011111 0111111 0011111
0 ) 1 a{ 0 }7 0
{2435432}’ {24:4321}7 { ~3:4321}7 { ~3%3~ ~1}’{1242132~1 1233321 12%3211 12{)3221}’

) . 9 )
{ 12%2221 , 12%2211 ; 12%2111 }7 { 121214321 }7 {0080- -1 }

{2425432}’ {24%4321 }7 { ~3§4321 }7 {24354‘1 }7 {24%5321 }’ {12%3321 }7 { ~342132~1}’

12%3221 },

{-34213321}7{12?2221 12%2211}’{12i2111}’ { -1(1)1111},{124214321}7{124213211

) )

00(-)1111 12%22-1
{2435432}77{1221)3321} {2-é-321} {24254&}’{123221 1-%2211}7{1354321 12%3321}7

)

12%221 }7 {12%1111

) ’ )
{1342143217 124213321}’ {O-dlll}7 {23%32-1},{144213211 11%2111}

) b )

{ 13g4321 }
{ 2435432 }7 { 24354- 1 }7 { ~3%3321 }’ { 2434321 }’ { 12%3321 }7 { 2334321 , 134214321 }’ { 12é3321 }

)
{ 12?2221 , 1222211 }’ {2343221 ,

{24%5321 }, { 124214321 }, { 124213211

1343211}7 {2343211’ 134213221},{12%221}7 { ~1(1)1111}

12%3221 }, { 11%1111

i

01%1111 }’ {0061111}

9 9
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Table 5: Maximal abelian sets
X |[Wx Sig(X)
X255 | (wswr, wiwaws) 2 Sy” 0 113-2 134+2 154+3.2
17442
X287 | (wa, Wy, waws, wywaweWsWswawsw) o2 G s G021 ()7 11642 1312 15 174
192
X288 | (wowr, wiwswr) =2 Sy? 092 1132 134422 1524
172 192
X289 | (wy, wswr) = S° 0 1121 134+3:2
154+2.2+2.1 173.2
X2° | (w1, wswr) 2 Sy° 0 11 13442 154+2.242.1
1722 19
X33" [ (wswswr) = Sy 0 112 1342+21 1552
172:2+2.1
X292 | (w1, wa, wy, wy wew, WIVIWSWAws) 2 G§o s Dihg [0 11 13'2 1554 174 19
X293 | (w1 wawe, w3ws Y3 wzwswrw,Y1Yswewr) = [25] | 0 1182 1516 192
X35 | (wawr) = S 0 112:2+1 133.2+2.1
154.2+2‘1 172+2.1 19
X35 | (wswr) = Sy 09 1122+ 1342421
152.2-‘,—2.1 172.2—',—1 19
X356 | (wa, wywe, wywew, s waws) o 653 011 138+4 154+32 174
19
XZ7 | (wiwawe) = Sy 0 1122+1 1312 1542421
1722 19
X298 | (wawr, wywswr) =2 S5* 0 1122 132442 154+3.2
172 192
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in the Fg root system (continued)

W x-orbits on X

)
12%2211’ 12?3211 122132221}’{12313’»2&}7 {00%1111}’ {0084111}, { -342132-1}7{11%1111

b

)

{24:35432}7 {24854-1}7{12121-321}7{121-*}3321}’ { -3%~321}’ {2354321 1324321}’{12%3221

)

01%)1111 }

b N b . b
1-43211 123-211 0-11111 000-111 2343221 234-321
2 0 }a { 2 }v{ 2

) . ) N )

9

1~4213221 }’ { 134214321

)

{2435432}7{0080001}7{23%3211 1232111 1111111 0080011}7{12%1111 11%2111}

) i

1243321
2

2465432 12432-1 1232111 1121111
{ 3 }’ { 2 }v { . }v { 1 )
{00800-1}7 { -342132-1}7 {12%3221 12%2211 122{3211 122%2221}7 {008-111}7 {23%4321

) ) 9

01%2111}7 {00?1111}7 { ~3§4321}7{12%~321}’

9

134213321 }

{2425432}7 {2424321}7{12?3321}’ { ~342L»321}’ {24%54-1}’{1233211 12%2221}’ { ~161111}

) )
-342132-1}7{12421-321}7{00(0)-111}7{121132111}7{0051111}7{12%3241}7 {12%3221 12%2211}

b )

{ -1%1111}
{24%5432}7{12(1%3321}7 { ~3%-321}’ {2425441}7 { -384321}’ {121%32217 12.‘%2211}’ { 41})1111}7
{‘342132‘1}’{12%111}’ {008‘111}7{1233321}7 {00(1)1111}7{1242132~1}’{12§3211’ 12%2221}7
{00%1111}
2465432 2‘54321 24654~1 234~321 23432‘1 1233211 1232221 1354321
{75 1A $i A 1A I I : I 2
12:{2111 1344321 1243321 1343211 1243221} {1222221 1122211} {1221111

) 9 )

11%2111} {O 11111} {1233221

3

12%2211} {OOO 111}7{1354321}7{1232111}

9

)

{2425432}7{2460431}7{ 3‘4321 12'3 21}7{12:3211 00:1111}, { -34213~21}7{-34213211

9 ) )

0080~ 11 }’ { 12%1111}

2465432 24-4321 2343321 1343221 12-2221 2343221 1343321 2354321 1354321
{ 3 }7 { . s 2 s 2 3 . }7 { s 2 }7 { s 3 )
-344321 -343211 1243-21 1233221 1233321 1232211 1232111 1111111 0111111
2 ) s 2 y 2 s 1 y 2 s 1 s 1 ;0 )
0000-11 1244321 0000001
o h{% o}

(AP PEE) CI R, gy, (g ey,
T Sl O B Tl O e Rl OO (s Rt Ml A (s Sl Rl PO (Rl Rl
{1233321} {1111111} {12322-1} {0122111} {0001111} {1232111}

2465432 2343321 24654 1 2. 54321 2344321 23432 1 1- 43321
{ 1A 3o 1A 1A 1A A
12322 1 1222211 1122221 1233321 11(1)1111 1- 44321} {12322 1} {2465321}

) ) 2 )

12%3211}’ {O~(1)1111}’ {0081111}:{1232111}

) )
{11%1111}’{1342132217

5 5 .. . . .25
{2420432}7 {2430431}7{ 324321 1223 21}7{ 3§4321

12?3-21 }, {12é3211 0061111 }’

9

13%3221 }7 { 11%2111

)

01%2211 }’ { '34213211

)
{2434321 , 12%2221 }, {234213321 0080' 11 }

) ) ) )

{12%1111}

{ 249}5432 } { 2435-21 }7 { ~3%3211 } { 2434321 } { 2354321 13%4321 } { 2344321 1354321

y 2 y

0122211
1

)

{12é32117} {12?2211 12%2111}”{2343321 1;’)1213221}’{12%2-11}”{1122111

) )

{ -1(1)1111}: {24%5431}7 { 12%1111}7 { 124213221

12%3321} {0061111} {12(2322721}

b b b

{24%5432}7 {2342132~1}’{12§’>2111}’ {2~E.')4?>21}’{1-%32‘1}’{12%11117 11%2111}’{12%3221

1232211 1233211 1232221 1354321 234-321 00000-1 1344321
2 1 }7 { . }a { 2 }7 { 0 }a { 2

I 1 I

{008‘111}

b
1243321
2”77}

) I
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Table 5: Maximal abelian sets
X | Wx Sig(X)
X225)9 <w3w5w7> o~ SQ O 112.1 135.2 154.2+2.1 173.2
X300 | (w1 wowg, wawswrw,UrPawewt)y o2 §2 | 112 134432 152442 17442
X3 | (w3, wows, wswr) = So® 0 112 132442 152442 1732
X392 | (wy, waws, wawswy™*) =2 Sy x Dihg 0 138+4+2 158+2 172 192
X393 | (wawswr, waws®t) =2 So 0 114+1 134+22 154432 174 19
X39* | (wswr, wiwaws) = So? 0 13%2 153-4+2.2 1722
X36° | (wiwswr) = Sy 011 1352 1542421 1722 19
X395 | (wowr, wawswr) =2 Sy* 0 134+2:2 1524442 1722
X307 | (wiwawe, wawzws, wawrwy) = [2°3] 0 15%4+4
X308 | (w1, we, wows, wiwg, wswr) = Sy x Alts | 0 151810
X399 | (w1, wa, w3, we) = Sz x Sy 0 4 82 106+3 126+4 142 163 20
X330 | (wy, w3, wawr) = S5 x Sy 0 62 8 10613 12342 146+2 162 20
X331 | (w3, we) =2 S5 0 6 82+1 102241 194+22
143-2+2:1 16 18 20
X342 | (w3, ws) = Sy? 06 8211 102241 194+2.241
142‘2+1 162+2.1 20
X367 | (w1, wa, ws, wa, wr) = S5 x S 062 1010 125 1410 22
X344 | (wy, w3, wawe) = Sz x So 0 6 82 106 126+3 143+2:2 162 22
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in the Fg root system (continued)

W x-orbits on X

{2435432} {1324321}7{12?3321}’ {24254&}’ {2-%4321}’{13443217

11%2211}, {01%111}7 {008-111}

)

124213321 }’ { 12?3211

)
12?2221}7 {0-61111}7{13%3211 124213221}7{12%2221

)

{ 13g4321 }’ { 12%3321 }’ {2342132~ 1 }’ { 1233221

)

1232211 } { 1221111
)

b
1122111
1}

) )

2465432 2454321 -344321 343211 2465431 1221111 2343321 1343221
{ 3 }7 { : }7 { 2 y 2 }7 { y 1 }a { 2 2 }7
2343221 1343321 2354321 1354321 1111111 0111111 1233221 1233321 1232211
{ 2 s 2 }7 ;3 ) 1 ) } { 2 5 1 y 2 )

1232111 1233211 1243 21 0080 11} 1243211 0081111
{2465432}7{1354321}7{1 -4- 321} {1 432- 71} {24654’ 1} {1233221 12%2211 121153211
) ) ’
1232221 0- 11111 1232111 234 321 23432 1 000 111
1A 1A 1A 3o I }
{2465432} { 321} {1232111

1111111} {1221111 1122111} {1 43221 123 211

) ) ) )

1- 22221} {00000 1} {1344321 1243321} {01222 1}
{2465432}{ 321} {1111111 1233221 1232211 1222221 1122211 24654-1

) 1 y 1 s 1 y 1 ) 3 )
{23432 1}, {0 111}7{1344321 12421:3321},{1333321

121214321 }’ { 12?2111 11%1111 }7

)

1343211 1243221 1233211 1232221 1232111
{3 2 2 2 {7 }

) ) )

{24%5432}7{24354&}7{2384321’ 1324321}’{12421-321}7{1212132»1}7{-3121»321},{-342132-1}’

) )

{12%32217 12%2211’ 122%3211’ 12%2221},{12{32111}, {00}1111}7{11%1111

000-111
0

01(1)1111}

) )

24%5432 2454321 } {24654 1 } { 3%4321 { 2344321 1343321 234213321 1344321
) ) ) )
{12?3221’ 1232211} { 111111} {2343221’ 1343211} {122 111} {1122211

{000 111} {1233321} {0011111} {12432 1} {1233211
) ) ) )

01%2221 }

b

1232221 }7 { 1232111 }

)

)
{2435432}’ {2~§4l}21}7 {23%'321}7 {23%32‘1}7{1'12132&}’ {12332117 12%2221’ 12\1’)32217

12?2211 }7 { 13?)4321 }7 { 13%3321 11%1111 }7 {008-111}

00000-1
0

124214321 }7 { 12{’)3321 }7 { 12%2111

9 7

{2465432} {2454321 2324321 1354321 23421 321 - 23211 1 43221 1233321 1233 21
) . ) ) )

1232221 1232211 12%2111 11%1111 0111111 OO -11 } {2343221 1343321 1244321
’ ) ) ’ ) ) ’ )

0080001 }
2465432 -3---+-1 00----1 12432-1 1233321 1233211 1232221 1233221 1232211
{ 3 }7 { . . }) { 2 2 2 1 1

) ) N ) 9 ) ) )

122-111
1
2435432} {2465431} {2465 21} { 54321}’{--%4321}7 {-~4213-21},{122'33~21}

gi62342§221} 246452111} gzsi’;llll} 4321 44321 43321 123332 |
..5 .. .. 321
(g2 (1Y gy (s (g gy ey

) )

{~-42132~1}7{12§3211 12%3221}’ {1232221 121132211}7 {0081111}

) )
{2425432}7 {2425431}7 {2425-21}’ {24%4321}’ {2-%4321}’ {234321},{13%4321}7
1-4213-21 , 234213~21}7{1-4214321 7{1-4213211}7{12133-21}7{12{{‘3-21}7 {234213211},
{i2§j221 }, {i2§j211 }7 {21%1111 }7 { 11(1);111} ) ) )
{2 gE) 32}7{2 g5 31}7{2 3-321}’{2425 21}7{2-2 321}’{23 321}7{138 321}7
{1-421-321},{23421‘321}’{1‘4213221}7{231213221}’{1613211}7{12%»221}’{12%3321},
123-211 1232111 0122221 1111111
U h{ ) {0 } { }
2465432 24654 -1 4321 3321 -32-1 0000111
3 3 BT

)

2435432 : 2435431 7 2425 21 ?)4321 43 21 } { 44321 }’ { . ~4213211 }7 { 12%3221
1233321 1232221 1232211 1232111 0001111
1 }v { - }7 { 2 ;1 } { }

)




194 9. TABLES OF MAXIMAL ABELIAN SETS
Table 5: Maximal abelian sets

X | Wx Sig(X)

X335 | {(we, wswr) = Dihg 0 84+1 1021 1224+1 1424
162 18 20

X336 | (w3, ws, wr7) = S5° 0 822 102+1 192:4+2
144+2+1 16241 29

X337 | (w1, w2, w3, we, wr) = S3% x S 0 83 106 129 146+3 24

X388 | (wy, ws, we, wr, wOwywsw,) = Sy x Dihg 04610 14° 16

X339 | (wa, ws, wiwr) =2 S5 x Sy 04 82 106+3+1 126+2 143
162 182

X330 | (wa, wwswr) = Dihg 0 62 8 102412 124 144+2
164 18

X331 | (wy, w5, we) = S5 x So 0 6 10312 126+2:3+1 143
1621 182 20

X%Q <w1,w2,w4’w1w6wTw3w4w5w4w3> o~ 5'3 X Dihg 04 106+4 1212 14 184

X523 | (wswswr) = Ss 06 82+1 1032 123.2+1
1432 16211 182

X524 | (wy, wows) = S5 06 8 10422 124+2+1 1422
162.2+1 182

X352 | (wa, w3, we) = S5° 068 10%+22 12442
144+2+1 162 182+1

X33 | (we) = S, 068 1022+31 1922441
142.2+2.1 163.1 18 20

X327 | (w3, wows) = So? 0 6 1032 1224+2+1 1422
162 182+2.1

X328 | (wa, we) = S5° 0 6 1022+ 124+4.2+1
142+1 162+1 182.1 20

X339 | (w1, we, wswr) = Sy X Dihg 0 6 8412 128+4+1 144 162
182

X330 | (wy, wywg) = Sy* 06 82F1 10412 124+2:2

14241 1632 18
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in the Fg root system (continued)

W x-orbits on X

{2435432}7{248-~-1}7{2424321}7{2484321}’{23%4321}’{23421”-1},{13%-»-1}

) )

{2425432},{24354&}’{24?321}7{2%4321}’{1334321},{1-%‘321},{1‘42132&}

)
{1334321}){12421- . -1}7{1233421 1232-11},{121133211 12%2221}7 {01%1111}’ {11(1)1111}

b

I e e T e
Al 5 i A SR O A ”}{" B0 )
2435432}

)

b) N )

{2434321}7{2434321}’{24g~-~1, -3421 1 122 } {123 },{-334321’

111111

o}

{2425432}7{12%3321}7{~1(1)1111}’{12iv2~1}’{006~111}’{24g4321},{-32-321}7{11%2221’

01%2211}’{12é~321}7 {00800~1}7 {23%3211’ 134213221}
{2425432}7 {24254-1}7{1324321}’ {2-:-;'321}’{13-4321, 12é3321},{1343321, ].24214321}7
2-.-321 1343211 12-3221 1232211 01222-1 1233211 12-2221 1122211

2 5 { 2 2 2 }7 { 1 }7 { 1 1 1 }7

) ) ) )

{12%2111}
{24%5432}7{2435431}7{243- -21}’ { 4334321}7 { -34214-21}’ {124214-21}){12?--21}

b

{24g4321},{12§‘ <21 }’ { ~34213211}7 { 121213211}’ { -1(1)1111}’ {00%1111}
2465432 2465431 24-4321
{ 3 }7 { 3 }7 { .

) 9

12:2221}\,{-34213421}7 ~3:4321 12:3~21},{124214321}7
‘34213211, 0080~11

2465432 1233321 2- 54321 1111111 234 321 1233221 1232211 1233211
3 i { B{ o hi A i

)

1232221}7{24654 1} {1222221

’1122211} {0 11111} {1354321} {1344321 124213321} ,

{23432 1} {OOO 111} {1221111

) i

1221 1 1233321 134321 243221
RS F {1

) )

{2465432} {2465431 } {2465421 } { 34 321 } {2454321 } { 1233321 } { 354321}

124 321 1222221 34322 1233221 1232221 343211 1232211 1233211
{ I F AR A IS8 1A 2

) )

124213221 008 111
{2431432}7 7{2485431}7 {231214121}7{12?3-21}’{1-%4321}’{1'%2221}, {2~§i321}7
2343-21 1-43-21 1354321 0001111 1233211 0000-11 2343211
g4652432 }) 24652431 }7 2354321 }7 g4ﬁg 21 }’ {234?; 21 }’ 2462321 }7 2455321 }
Sl P S il R e Sl P Tl Sl P (i Al P (il S P Sl S
{234214321}){124213~21},{12%’)3421}7 {2434321}7{1334321}’ {124214321}7 {11%2221},
134213~21 ,{12%3~21}, {234213211}’{12%2221}7{12%3211}’{11%1111}’{11(1)1111}’
1233211 01(1)1111
{2465432} {2465431} {234 321} {1233321} {1 22221} {2 54321} {1 -4 321} {1233221

)

123222 2343221 1354321 1 43221 000 111 1232211 1233211 23432 1
BN B I St N1 FATTE [

) 9

{0080011}
{24L§E>432}7 {2425431}7 {2425-21}’ {23;1321}’{12%4321}’{1223-21}7 {2434321}7
1324321 , 2351{)“21}7{12?3421}7{11%2221}7{13%3-21}7{12{5‘2221}7 {1223211},
{2342!:3211},{11%1111}7 {00%1111}7 {01(1)1111}
{2465432} {2454321} {246- . -1} { 4354321} { -3421< . -1}’ {12%3-21
{124 } { 111111} {1233211

12.’%2 -11 }’ { 24%4321 }

b )

1232221
}
)
{2465432}7 {2454321}7 {2465 21}’ {2465431}’ { -3;1321}7 {2434321}) { -34213~21}7
1233321 12-3211
2 }a { 2 }’

{ ‘34213211 } { 12?&21 }, { 12?2211 12%2111 }’ { 124214321 }, { 124213221

i )

{ -1{1)1111 }, { 1232221}
)
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Table 5: Maximal abelian sets

X Wy Sig(X)

ngl <w5w7> o~ SQ 0 82+1 102.2+2.1 122.2+1 143,2+1 162.2+1 182.1
X332 | (wy, wswy) So2 |0 82 1022 12442421 14442241 162 182 90
X333 | (wy, wywe) = So? | 0 821 104+21 1222 144432 162 182+!

X§S4 (wl,w2w7> ~ 522 0 82+1 104+2.1 1932 1422 164+22 18

X§g5 <’LU4> [ 52 0 82.1 102—}-241 123.2+2.1 142.2+5.1 162‘1 182.1 20
X335 | (wy, wows) = Sp? | 0 82 10%2 12442241 14442 162241 18 20
X337 | (wswr) = Sy 0 821 102241 1222421 1442+1 162+1 18 20
X338 | (wywswy) = Sy |0 82 1022+1 123241 43241 1622 18241
X339 | (w3, wowg) = Sp? | 0 8 1042241 12 144+3-2 1632 20

X23§.LO <w5> o~ 52 08 102+3.1 122.2+3.1 142.2+3.1 162+3.1 183.1
X3 | (wywowg) = Sy |0 8 1022 1242 144241 162+1 182 20

342
X29

08 102+2‘1 122.2+5.1 142+4‘1 162'2+2‘1 18 20
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in the Fg root system (continued)

W x-orbits on X
{2435432}7 {24854-1}7 {2434321}’ {242»321}’ {23421-321}’ {24g4321}, {2334321}

{134214321}7{2342132-1}7{12%3321}7{12421-321}’{13%32&}’ {12%3221

)

12?2211}77{12%3321}’
{1242132‘1}’{1233211’ 12%2221}’{1161111}’{11%1111}, {0161111}
{2435432}7{24254-1}7{242-321}’{~334321}’ { -342L~321}7 {124214321},{2434321}
{12?3321}’ { ~342132~1},{1242132~1}’ { 1221’»3221
-1(1)1111 00%1111

12?2211 }’ { 12%3321 }, { 12%3211 1;%2221 }

) ) )

b

0122111
1 }7

{2435432 }’ 7{2435-21 }7 {2435431 }7 {;324321 }7 {2434321 }’ { 124214321 }7 {2434321}
{ 12?3-21 }, { 122321 }, {234213221 , 13%3321 }’ { -34213211 }, { 1223211 }7 { 11%2211 ,

{ ~1(1)1111} {12%2221}
)
{24%5432}7 {24254-1}7{1212&4321}7 { ~3§4321}’ {24%5321}’{124213321}7 { -34214321}7

1242132-1 1233321}7 { -34213321}7{12%3211 12%3221}, { -3%32-1}7{1232221 12%2211}

) ) )

{0011111}7{0081111}
oy () g (2 ) g
{ i }7{ i }’{ 2 }7{ 1 }7{ i }7{ 2 }a{ 2 },
{1323321}) {2323211},{12?3221}7{11%2211}7{1323211}’ {12%2221}7 {11(1]1111},

0011111 0111111
1 y 0

2465432} {246 321} {2454321 , 343221 { 354321} { 343211 1232111

{1243221} { -34- 321} {1233221 1232221} {124 321} {1232211 1233211} {1222221}

) ) )

0000011 000000
{ S

b

1211)2221 }7 { 11%22»1 }7

{249’5432}’ {24354'1}7 {23%4321}7 {24%»321}7 {23421-321}’ {2434321}7 {2342132&}
{12421~321}, {2424321}7{13%4321}7{13121-321}7{12%321}’{12%3211

)

12%3321}7{1233221 12%2211}’{11(1)1111} {12%2111} {0161111

)

{2435432} {24854-1} {242-321}7 { ~334321,}’ {24%4321i’ {2344321

1343321 2343321
) ) 2 }a{ 2
134214321}7\{12421-321}7 {2434321}’ {234213211

)

134213221}7{12%32&}’{12%3211

b
1232221
i}

)

01%2211}7 { ~151111}’{12§2111}

) )

1233321 1233221 1232211 1122221
{ 2 }7{ 2 s 2 }a{ 1 )
{24%5432}7 {2435431}7 {2-?}4321}’ {2425-21}’ {234213-21}7 {234214321}) {234213211}7
12?2111}

{1~43~21} {1‘4214321},{12%3221 12?3321}’ {12{32221},{1‘4213211},{12%2211

i i )

1111111 0081111

T L AL L 0 O o
1 1 1 1

{ AR 1A A 1A 1A 12
{124213221}7{12%3321},{12%211}7{12%3211}7{121132111}7{11%2221}’{11(1)1111}

0111111 0111111
{71 HA }

)

2465432 2465431 2465-21 2454321 2354321 1354321 344321 2343321
37 1A BT 3o b 5™

1343221 }7 {2343221 1343321 } { 343211 } { 1243 21 } { 1233221 7

{ 1244321 } { 1232211

1233321} {1232221} ’
it mm”ﬁﬁ“ﬁﬁ“ﬁgwﬁgmﬁ@
{ 44 }7{ 44 }7{ 4 }7{ A }a{ 4 }v{ }7{ 2; }7
{2 g 321}){2 g 321},{233 321}7{1323221}7{1223221}’ {12%~221}7 {2323221},

{12%3321},{124213211},{12%3321}7{12%211}7 {01%111}’ {234213211}’{11%2221},

0111111 1111111
{ 0 }7{ 0 }
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Table 5: Maximal abelian sets

X |[Wx Sig(X)

X333 | (w1, we, wswr) = So x Dihg 08 104+ 128 144 164+22 182

X334 | (wg, wswr) = Dihg 0 1041 12441 1434 162+1
1821 20

Xé’)élf) <w5’,w7> o~ 522 0 102.2+1 122.2+1 144+3.2+2‘1
162+1 1821 20

Xgélfi <’U)4,IU6> o~ S22 08 102.2+1 124+2.2+1 143.2+2.1
162+1 18 22

X347 | (wy, wiwe) = So? 0 8 102+1 122:4+2 1432421
1622 202

X348 | (ws, we, wr, wwawsw,) = Sy X Sy 08 108 128+1 146+1 162 24

X352 | (ws, we, wiwa) = S x S 0 103+2 12642 146+3+2 16 182
29

X350 | (w1, wa, wa, ws) 2 Sy x S 0 10%+2 12546 144 162 18 24

X35 | (we, wiwswr) = Dihg 0 10% 124241 14244241 164
202

X352 | (w1, wy, waws) = Sy x Dihg 0 10% 128+2 1424+2 162 20 22

X353 | (wy, wswr, wyw;) = S3 X So 06 83108 126 146+3 183

XSS4 <w3w5w7> o~ 52 0 82‘2+1 102+1 124.2 142.2+2.1
162 182

X3955 <w2,w4,w1w6w7w3“’4“’5w4w3w1> ~SG3xS0068 10642 126 146+1 162
182+1

X386 | (wywswr) = Sy 0 82+1 102241 123241 1432
1632 20

X337 | (wywawe, w3ws™4™3) = Dihyg 08 1052 148 16% 18




9. TABLES OF MAXIMAL ABELIAN SETS 199

in the Fg root system (continued)

W x-orbits on X

)

{2435432}7{2424321}7{242--»1}’{2434321}’{-3%”-1}’{12%3-21 12%2-11}’{12%»”1}’
{121%32117 12%2221}’ { 41%1111}7 { -1(1)1111}
{2425432},{24g~‘~1}’{2454321}’{234~~1}’{2334321}’{13§~‘1},{12421‘“1}’{12%3‘21’
12%211}7{1251’)3211’ 12!%2221}){11%1111}7{11(1)1111}7 {00%1111}’ {0151111}

{2425432}, {24254~1 }7 {24g~321 }7 {24%4321 }’ {23421~321 }’ {2342132~1 }’ {2434321 },
123-2-1 124-321 13432-1 12432-1 1354321 1233321 112-111
2 2 2 2 }7 { 2 }a { 2 }a { 1 })

b b b
(SRR S SR 5 O S 5 O R S
(P02, (AP [P {1y, {1 {12, (2,
{234213'21}7{11%2221},{13;1321}7{12;‘3211}7{11%2&1}7 {2434321}’{1232221}

9

{12%2-11}7 {01%2221}7{11(1)1111}7 {01(1)1111}

2465432 2465431 2465-21 1244321 -3-4321 12-3-21 24-4321 2343221
3 5 3 }7 3 }7{ 2 ) 2 }a 2 7{ 3 }7 2 )
134213321 }7 { 1223211 }7 { .1%2221 }’ {2434321 }’ { 12%2221 }’ { 12%2- 11 }, { 11%2211 7 01%2111 }’

{-1(1)1111}

{2425432}7{2334321}’{24g~Hl’ 23421~~1}’{12421-~~1’ 11%-~1}, {2424321}’{12%~~1}7
2454321 1354321 1111111 0111111

{ 2 }7{ 2 0 }7{ 0 }

)

{2465432} {24g~21} {2454321} {~34~~21} {2354321 1384321}7{12§~~21}7{12421~~21}

) ) )
343211 1243211 1111111 0111111 0000001
G P 3o

)

{2465432} {24 321} { 343221} { 3. 321}’{12. 221}’{12:-321}’{~34213211}’
{0000011} {0000001}

)
{2425432}’ {24g~ . '1}7 { 12%' . ~1}7 { ~324321}7 {24%4321}’ {234214321 134213~21 234213211}7

b b
1232221 2454321 1122221 0122-11 1121111
S VS e T P B 1 1

3 )

{12%3-21 12%2-11 }’ { 12%3211

) )

-111111
0
2465432 24..321 -3..321 -343221 12.-321 12-3221 12.2221 -343211
{ 3 }7{ . }7{ . }7{ 2 }’{ : }v{ 2 y 1 }a{ 2 }a
{ 12%2211 12.'{)3211 } {0080011 } {0080001 }
b ) b
{2425432} {2434321} {24254& 12?3321} {~32-321} {24g~321 12%3221 12i2211
b)
12%2221}7{-342132-1 ’-1(1)1111} ’{122-321} {12%3211 ’12%2221 0651111} ’ ’
b ) b b ) b
2465432 24654~ 1 2. 54321 1233321 234 <321 1354321 246-321 1344321
3 B A FA I F A AT LA
1243321 , 1343321 1244321 122%3221 1232211} {23432 1 {122,2221 11%22,11} 7
{1233321} {111111’1} {13432)11 1242132271} {O 11111} {12332’11 12%22271} ’
) b )
{2460432} {1244321} {2460431} {13 4321 12~3321} {2465421 0122221} {23.4321
12- 3221} {12 3211 00- 1111} {1343321} {2343321 ’

1343221 } { 1343211 0080111 }

) ) ) )

{ 2343221

2465432 24654 1 1354321 1344321 1243321 1343321 1244321 1354321
{ 246 321} { 2. 54321} { 01222 } { 123332,1 234 }32£ 134372112 1243}221 ¥ 1233211
{ 3o I I } { }:{ 3o

)

11%2211}’ {O 11111},{1232111}

b
1232221 1233221 1232211 1222221
3A ; 5 A ;
2465432 2465431 24~4321 2343321 1343221 12-2221 2343221 1343321
{ 3 }7{ 3 }7 . y 2 s 2 ) . }7 2 y 2 }7
2354321 1354321 -344321 1243-21 1233221 1233321 -343211 1232211 1232111
{ 2 2 2 2 1 }7{ 2 2 1

y 3 3 ; y 3 ) ) )
1111111 0111111 0000-11 1244321
1 ;0 0 }7{ 2 }

b
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Table 5: Maximal abelian sets

X |[Wx Sig(X)

X359% | (waws, wawswy ) = S,y? 0 82 1041 124+22 144
164+2+1 182

X359 | (wiwawr) 22 So 08 102241 1942 1422
163.2+2.1 182

X380 | (waws, wgwsw ™) 22 557 0 8 104+ 194+2 144+3.2
162 184

X35 [ (wrwswr) = Sy 08 10 1262 142:2+2.1 1622
1822

X%SQ <IU3,1U6,lU5w7> >S9 x Dihg 082 104 1224 148+ 162
182 20

ngg (w3w5w7> =5, 0 82 102-2+1 193-2+1
143-2+1 1622 182+1

X§g4 (w3ws, w3wswr™) = 522 0 104+2 124+1 144+2+1
164+2.2 182

X38° | (wawe) = Sp 0 8 102-2+1 193:2+1
142.2-‘,—3.1 162.2+1 182-‘,-1

Xg’gﬁ (wl,ws,w0w2w3w5w7wo_w6> o~ 5’22 2 52 06 108 128-‘,—1 144-‘,—1 164
22

X387 | (ws, wawr) = Sy 0 82 104+21 193.2+1
144+2.2 162‘2 29

X388 | (w1, w2, wa, wywgw, U3 wiws) & Sy x Dihg | 0 10074 12 1412 164 22

X397 | (w3, wowr) = Sy? 0 102+1 194+22 1432
164+2-2+1 1821

Xé”go (wiwg) = Sy 0 102-2+1 192-2+2.1 144.2+1
1622421 18 20

X55" | (wswr) = Sy 0 8 1022 124241 142-2+2.1
1622721 18 20
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in the Fg root system (continued)

W x-orbits on X

{2435432}7{2342132-1}7{2-3-321}7{12%2111} {2-é~321}’{12i’)21117

) )
1-%2211}’ {00800-1},{13%4321}7{134214321

1111111 1221111
1 }a{ 1
11%2111}7{1-4213211 12%-221}7{12?-221

) ) )

124213321 }

)

{ 2435432 }7 { 122%3321 }7 { 24254~ 1 }’ { ~34213321 }’ { 24%4321 }7 { 2334321 , 134214321 }’ { 234214321

1354321 12-3321 1232211 1222221 1122211

2 5 2 ) 1 ) 1 }, { 9

1343211 123221 00-1111 2465321 1221111 1243221 1233211
2 ) 0 9 3 }a 1 }

2465432 ’ 1233321 321 1111111 123 211
{ 1A AT e

0122221 ~111111 2343221
$i 4 BT,

,1 22221} {24654 1} {0 111}’
{1304321 1233321} {1344321 1243321} {23432 1} {1221111
) ) )

)

1122111 }7 { 1 43221

) 3 9

12%211}

{ 2425432 } { 1233321 } {2454321 } { 24654~ 1 } { -354321 } { 2344321 1343321 } { 2343321
)

)

01%2221} {OOO 111} {1233321}

)
1344321 1233221 1232211} { 111111} { 1122211
2 ) )

{0011111} {2343221 1343211} {122 111} {12432 1} {1233211

)

1232221 }

)

{2465432}7{2 54321}7{246 }’ {234 }7 {1233 21 1232 11}’{1 4. }’ {11(1)1111}7

{0-[1)1111},{1233211’ 12%2221}’{11%1111} ,
{2435432}7{2-34321}7{24254&}’{242821}’ {13%4321}7 {234214321}){2342132-1},{122%3221

1232211 1233321 1343321
1 }, { } {

)

; 1244321 } { 1343221 , 1243211 } { 1343211 1243221 }’

11(1)1111 {1222111 1121111} {0 11111} {1233211

)
1232221 1233321
IR G

)

{2465432} { 321} {23432 1} { 321} {1111111} {123 221
1122111} {1233321} {1 43211
) )

1- 22211} {1221111

b

1233321 }, { 1344321

b

123 221 }7 { 1304321 1243321 }’

9 ) )

{00800~1}
{24%5432}7 {234214321}7 {2425-21}7 {2-%4321}’ {24%5431}’ {234213-21},{1~4214321}7

121]3?3-21}7 {234213211}7{12%3421}7{12222117 11%2111}7 {24?4321}7{1233211}7{1161111}7
{1342]:32217 124213321}’{1-%3211}’{11%1111},{0~61111},{12§2221}

2465432 2454321 24654-1 -34-321 12222-1 246-321 -3432-1 122-111
(S O Sl P s S T e O (i S Py

{12?3321}, { -334321’ ~161111}’{12§3321}, {123‘2‘1}, {0061111}

b

{24%5432}7{2-%4321}7{12.’{)-2&}’{1334321}’ {11(1)1111}7 {24%54-1}){23421-321}7
124213211},

0~(1)1111} {12?2111},{1‘421321}’ {2342132&}7{12%2211 11%2221},{134213221

) i

)
000-111 1232111
{0 5

)
{2425432}’{24~43217 12:2221}’{~34213~21}’{12%1111}7 -3:4321 12:3~21},{~34213211

) )

0080 -11 } { 0080001 }

{2435432}: {24354'1}7 {23%4321}7 {2'§4321}7{1'1214321}’ {12{’)3321}7 {2342132&}

1-43321 1233221
{2 {2

b

12?3211}’{1»%32-1}’ {12%2211 12{;2221}’{1111111}’ {0081111}

) )

01%2111 00(0)0111
{24:35432}7 7{2454?;21 }7 { »3;213221}’ {2;125321}’ { -3%4321}’{12{’)3221}, {24%4321 }7
{12%2111}7 {233 3217 13% 321}7 { -323321}, { -34213211},{12?2221}7{124213221}7{12?3321}’
{11%11117 01(1)1111},{124214321}’ {0080011}, {124213211}, {0080001}
{24%5432}7{2434321}7{24354&}’{23421821}’ {24%321}7 {134214321}){2342132-1}

)

12%22‘1}, {2334321},{13432~1},{1233211’ 12?2221},{12%3321},{11(1)1111}7{12%321}7

)

{12%3221 12%2211}’{11%1111}’ {0161111},{1232111}, {00(1)1111}
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Table 5: Maximal abelian sets

X | Wx Sig(X)

X352 | (w1, wswr) = S5 0 10% 124+22 1443241 1622
1821 20

X23973 <U}3U}5U}7> o~ 52 0 103.2 122.2 144.2+2.1 162.2+1
1821

X334 | (wy, wawswy) = Dihg 0 10 122:4+2 142442 16411 902

X357 | (wswswr) = Sy 0 102 1242+1 1442 163211 18
20

X350 | (wawswe) = Sy 010 123241 1452+ 1632 182+1

X§g7 <’LU7,’(U1’U}2,’U)3U}5w4w3> = SQ X Dihlo 0 105 1210 145 165+2 22

X338 | (wy, ws, we, wr, wwawzw,) = Sy x Dihg |0 1216 146 164 20 22

X339 | (we, wr, wwawswy) = Sz X So 0 10 122642 146+1 162+1 182
22

X389 | (we, wr, waws, wwawswe ) =2 Sy x Sy? | 012612 141241 164 182 20

ngl (wg,wlwg,w1w4w6w3“’5“’4> = 532 X So 06 1218+3 186

X23§2 <U}1,’LU4’LU7> o~ 522 0 124+2+2.1 144+442+1 162.2 182
20

X383 | (wawsws) = Sy 0 10%F1 123:2+2.1 1432 164241
182

X35 | (wa, wiwe, wawr) = Sz x Sy 0 108 126+1 146+3 166 183

X357 | (wr, wiws, waws) = Sz x S 0 103 126 1426 163 183+!

386
X29

(wiwawe) = Sy

010 123.2+1 145.2+1 1632 182+1
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in the Fg root system (continued)

W x-orbits on X

)

{2435432} {24854-1} {»3121-321}7{242»321}’{-3%4321}’{-342132-1}7{12%-321}7{121{)3211

) )
12?2221}7{12%22-1}7{12%3321}’ {12%3221, 12%2211}7 { ~161111}’{12%2111}’ {00(1)1111}7

{00%1111}
{2435432}7{24354-1}7{2-34321}’{23421-321}’ {24%321}7 {2842132-1},{1342143217 124218321}7
134213321 12%4321 {12%3211

)

) ) )

13432217 1243211}’{12%3221, 1232211}7{1111111} {0-11111} {1232111

{2465432} {1233321} { 321} {13 4321

12:%2221} {12%2211 11%2221},{12%3321}7{11(1)1111}

i

12 3321} {1343321 1244321} { 321}
) )
{12332117 12 2221 1122211}7{01222 1}7{1343211 12 3221 1232211}’{1111111},

9 9 )

b

{ 00800~ 1 }

{2425432}7 {24254-1}7 {2-24321}7 {23421»321}’{1344321 121213321}’{134213321 124214321}7

) )
11%2211 }7 {01%22-1 }’ {134213211

{12%3321} {24%-321}7{1233211 12%2221} {12%2221

124213221 }7 7{ 12%3221 , 12%2211 }, {’0~(1)1111 }7 ,{ 11(1)1111 }: { 11%1111} {12%2111}

)

)
2465432 2465431 2465-21 2454321 2354321 2343-21 2344321 1-44321
L= VS T Al P S A P (i T Sl O (e Rl O Bt Tl PR (R Tl ¥
1343321 1243221 1343221 1243321 1233221 1233321 1232221 2343211

{ 2 y 2 }a{ 2 y 2 }7 2 ) 1 }7{ - }7{ 2 }7
1232111} {1111111} 0111111 00%1111} {0001111}

; )

2465432 24~4321 343321 3432 1 12.22. 1 1232111 1111111 0111111 0000111
{7 LA I8 : 1 0 h

) ) )

1-43211 1232211
{2 R

2334321 ’ 13%4321 344321 1243321 } {OOOOO 1 } { 1244321
) 7 )
{ 2435432 }’ { 24§~ . 3421 1 122 } { 123 } { 354321

, ~1(1)1111}7{00%1111}

i )

{00(1)1111 }
{2465432} {2454321 } {2465 -1 2343 } { 1343 -1 1222 } {2464321

) )

{123 1} {0111111} {1354321 1111111} {0111111} {1244321
)

234214321 }

) )

1121111} {0011111}
9

)

249}5432 2465- -1 2343 }{2454321

) 3 )

1111111 0111111
A

2354321} {1 43--1 12(;2 }7 {23%4321}’

) b

1-44321 0011111 0001111
{ 2 }7{ }

) ) )
{24%5432}7 \{0080001}7 { . -%32117 12?- ~117 . -11111, 008- -11}’{12%1111’ 11%2111’ 01%2211},
‘34214321 234213321, 134213221’ 12%&21}
)
{2435432}7 { -324321}7 {24354&}’ {2425321}’ {12%3321}7 { -342132-1}) { -34213321}7{12?2211’
12%2221},{12i2111}7 { ~1(1)1111}7{12%4321}’{124213221, 12%3211}7 {00(‘)1111}’{12%22‘1},
00%1111
{2425432}’ {23421~321}7 {23%3221}7 {24%4321

2334321}7 {24%4321 23%4321}’{11}1111}

)
{24%5431 }, {234213211 }7 { 12?3321 }7 { 12%2221

)
1233221 1221111
LT

)
1122111 1344321
) ) 1 }a { 2

124213321}’{163221}7{12%3211’ 12%2211}’ {008~111}7 {0080011}7{163211}

)

{24L§f)4?)2}7 { . -1214321 }7 { 12{33- -1 }7 {0081111 }’ { . .?4321 }’ { 12%22217 11%2211’ 01%2111
234213221 1-4213321 -34213211 12%3221 0080~-l
b b 9 b
{24\:35432}7 { . -34321 }7 {246- -21’ 12113- <21 }7 {234-3217 13%43217 134213221’ 12%3-21
, . -(%1111 }’ {12%1111 , 11%21117 01%2211 }, { 12%- .21 }7 {0080001}
{24%5432 }7 {2434321 }7 {2425‘21 }7 2334321, 134214321 }’ 231214321’ 1334321 }’ {2425431 }7
{234213321 , 134213221 }’ { 434213211 }7 {12i2221 }, { 1232111 12%2211 }7 { -1(1]1111 }’ {124214321}
1243321 1233221 1122111
{5 T

b

{ . ~4213211

)

01%2211}7 {0061111}7{12%2&1}’{12%2221}

)

)
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Table 5: Maximal abelian sets

X | Wx Sig(X)

X337 | (wswswr) = Sy 0 102+1 193-2+1 144241 1432
18%*1

X23§8 <w4w7,w2w3w5> = Dih16 010 128 148 168+1 182

X23989 <w3w57w3w5w7w4> ~ 522 0 124+1 142-4+2.24+1 {g4+2.2 12

X399 (wywy, wiwgws ) =2 So? 0 124F2 144+32 16244241 18

X391 | (wiwawe, wewsws) = Dihay 012 141243 1612

X§32 <w2w3w6’w3w5w7w2w4w3w5w7> o Dihls 0 142.9 169 18

X3P | (w1, wa, wa, ws) =2 Sy X So 03 94+2 118+6 134 172 19

X394 | (wy, w3, wy, ws, wr) = S5 x Sy 0 9% 1119 1310 152 25

X395 | (wa, wy, ws, waw, U2UsW1we) = W (B,) |09 116 138 172 25

X395 | (wq, wsws) = Dihsg 07 941 114+1 1324 154+1 17241
19

X397 | (ws, we, wiwa) = Sz x Sy 05 93+2 11642 136+3 152 17 192

X398 | (wswr, wiwows) =2 S5 072 922 11442 134422 15442 192

X387 | (w1, wa, wows™*) = Sy x Dihg 0794 118 134122 15412 93

X490 | (w1, wa, waws™*) = Sy x Dihg 05 9% 118+2 1324 152 172 21

Xélgl <U/3,U)5> o~ S22 057 92.2+1 114+2.2+1 132.2+1
152241 17 19

X362 | (w1, wawg) = S5* 0 7241 922 114+1 134432 15241
172 19
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in the Fg root system (continued)

W x-orbits on X

)

11%2111}’ {0-51111}7 {1334321}’ {134214321

{24:35432}7 {2-34321}7{11(1)1111}7 {23121»321}’ {23%32-1}’{1233211 12%2221}’{12?2111}’

{24%54-1}){12%2211 11%2221}7 {12%1111

) b

124213321 }, { 134213221 , 12%3211 }, {008‘ 111 }, { 1233221

’

1232211 1232111

y 2 }a{ 2 }

2465432 2343221 2343211 12-2111 11-1111 0000011 2454321 23--321 1--3221

{ 3 }7{ 2 }7{ 2 3 . B . 5 0 }7{ 3 3 2 ) 2 5

1232221 1-43211 1232211 1233211 0111111 0011111 000-111 2465431 1343321
1 5 2 9 2 5 1 ) 0 ) 1 5 0 }7{ 3 }a{ 2 5

1244321

{2465432} { 321} {1233321} { 321} {123 221

1 22211} {1354321 121253321}

b

123- 221}’{01222 1}’{1221111

)
1122111
1

b

{1344321 1243321} {1111111} {1 43211
) ) 9

) )

{ 00000~ 1 }
{2465432} { 3321 } {24654 1 } { 12 2221 -122211 } {2454321 1244321 } {2344321

3

12- 3221} { 1111} {1121111

) )

1354321} {12322 1} { 343211 0111111} {2465321}
)

) ) )

{12%2111}
{24%5432} {2465431} {2454321 23%4321 1354321 234-321 1443221 12%3321 12(133421

) ) ) ) ) )
1244321}{ - 3211 1232211 1222111 11%1111 01%1111

1232221 2343221 1343321
2 } { ’ ; ) ) 3

)

006“11
2425432 2465431 1-44321 1343321 1243221 0111111 0011111 0080~11 1343221

) 3 y 2 s 2 s 2 y 1 ;0 ) ) 2 )
1243321 1233221 1233321 1232221 01%2 11 0001111 } {2454321 2334321 2344321
) b b b b ) b
1- 43211 1232211 1232111 1111111 2343211
2 2 ;1 ; } { }
246o432 2460431 24 - 321 343221 -3--321 12--221 12--321
{ }7{ AT AT RO R,

{ ~343211 } {0000011 }

{2465432}{ 111} {12 1}{ 321} {00000 1} {1232111}

24?}5432 234213221 2---321 1- 221 321} {2343211 0000011} {0000001

)

{2465432}7{2465431}7{2 321} {2465421} {2 321} {2343221} {13 4321 12- 3321}’

) ) )
{ 221} { 211} {1233321} {1221111 11%2111} {01%2221}7{11(1)1111}

)

{2465432}7 {2465431}’ {246 21}’ {245.')4321}’{ -34- 21}’ {23§43217 1334321}’{123- ~21}’
{12421< -21}) { -34213211}, { 124213211}7 { 11%1111 01%1111}

b
2465432 24654 -1 246-321 2454321 -34-321 2354321 1354321 -3432-1

{ 3 }’{ 3 }7{ 3 }7{ . }a{ }a{ : ) }7{ }a

124-321 1233321 1233221 1232211 1233211 1232221 12432-1 1111111
2 }7 { . }7 { 2 2 1 1 }7 { 2 }7 { 0

) ) 9 )

01%1111}
{2425432}7{2425421}7{24:-321}’{~3:»321}’{12:~321}’{-34213221},{-34213211}

)
{ 12{’>~221 }7 { 124213211 12%2211 }’ {0080001 }

)

2465432 2465431 24..321 -3.-321 -343221 12.-321 123-221
{ 3 }7{ 3 }7{ . }7{ : }a{ 2 }a{ : }7{ : }
-343211 1243211 1222211 0000011
2 7{ 2 1 }a 0

)

{24‘:35432}7 {2485431}7 {2425421}7 {242»321}’ {2-%4321}’{13%4321},{1~%-£’)21}7
{2%4321}){23421-321}7{12?3321}7{1-4213221}’{12113-221}’ {12%3321}7 {1%213211},
{12%-221}, {234213211}’ {01%2211}7{11(1)1111}

{24%‘3432}7 {2435421}7 {2435431}’ {24?)4321}’ { -3%4321}7 { -354321}){124214321}

{ ‘34213~21 }, { ~34213211 }, { 12%3221 12?3321 }’ {12{33211 }, { 124213'21 }, { 12%2221 }7 ,{ 12%2211

i )

12?2111 }7 {0081111}
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Table 5: Maximal abelian sets
X |[Wx Sig(X)
X493 | (wy, wowr) =2 Sy* 0 72 921 114+2.2 134+2+1
1532 17 21
X§184 <w4’w5’w67w4w6w3w5w4w2w4w3> o~ 5'4 X 52 0 118-‘,—1 138+6 15 172 19 23
X§85 <w2,UJ4,’LU2w3’lU5w4w3w5> ~ S35 x Sy 0509 1126+2 136+1 17241 192
X380 | (wowr, wawswr) = S? 0 72 922 1124 1322 15412
1722
X387 | (w1, we, wswr) = Sy X Dihsg 0 94+2 138+2.4+1 172.2 91
X398 | (w1, waws, wswr) =2 Sy x Dihyg 0595 1110 135 152 175
X397 | (wawe, wswr) = Dihyg 095 115+! 135 1525 17 21
X380 | (wiwawe) = Sy 07 9% 1142+1 1332 152241
1722 19
X331 | (wowr, wywswr) = Sy° 092 114+2 1342 1524 172 192
X532 | (wrwawg, wawswr ™) 2 Dihay 097 1327 177
X333 | (wy, wswr, waw;) = Sz x So 093 116 135+3 156 173 21
X§é4 <w5w7> o~ S2 0 7 92.2+1 112.2—',—1 133.2-‘,—2.1
15221 1721+ 19
X43% | (wr, wows, wswr) = So® 0922 114 132442 154+2 172
192
X33° | (wr, wiwe, w3ws) = S3 x Sy 0 93+1 116 136 156 1723
X337 | (wa, wows, wywswr) = [29] 0 118 138+2 158 212
X§é8 (wl,wg,w4,w1w6“’3“’4“’5w4“’3> — [263} 05 1116 136 174 21
Xslég <w2w5,w3w5w7,w3w5w7“’4> = SQ X Dihg 092 118 134 158 1742
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in the Fg root system (continued)

W x-orbits on X

2465432 24654 -1 2454321 2465321 -354321 -344321 -343321
{8 (0 L O L T L U R R L {0 )

) ) )

{-342132-1}){12?33217}7{1242133217}7{1242132&’}’{12%3221 12?3211}7{1252{.2211 1é%2221}

{12%1111} {0081111}
{2435432}7,{243-421 2324-21}){23%4321}7{135421 12i<-21},{12 21} {2343211}

) )

1343211 1111111 0011111 0000001
2 o H{0

)

{2465432} {2465431} {2465421 24321 13- 4321 12-3321 1343321 1244321}

’ 1122211} {2343211} 0122111’ 0080111 }7 7

’ ’

{2460432}7{246 321}7{23432 1}’{121.’)2111}’{2 ?4321}’{1 432- 1}’{13?4321}7{12%1111

{12 221} {2343221} {1343211

)
1122111 1233221 1232211 1233211 1232221 234-321 1344321
1 }7 { 2 2 1 1 }7 { 2 }7 { 2

) ) )

1243321
3 2 }7

{00800-1}
2435432 243-4-1} {~3%4321} {43%“41}7{124 } {1233 21

b

1232 11} {2454321}
) )
{12%32117 12%2221}’ { ~1(1Jllll}’ {00%1111}

b )

{2465432} {2454321} {244-“1} {43“-41}7{12?3-21, 1221322117 12%-111}7{-1(1)1111}7
{ 1243221 , 1233321 , 1223211 1232221
{2465432 }_7 {24 } {23 }’ {2354321 }’ {13é~ --1 }7 {124213221 , 12%3321’ 1223211’
1232221 1233-21 1232211 122-111 1111111 0011111
2 ’ 1 s 1 ) } { } {
2435432 , 2425431 , 2454321 {2465 21} { 344321} {23433217 1343221 , 2343221,
1343321 } { 1222221 } {2354321 , 1354321 } { 1233221 1233321 } { 1232221} { 343211 }

{1243 21} {1244321} {1232211
) )

1232111 }7 {11111171

b

0111111} {0001111}
) ) )
{2425432}’ {24354'1}7 {2~E.'>4321}7 {23%»321}7{13{34321}’ {1342143217

{12{’)3321},{1~42132-1}7{12§3221 12%2211 122133211 12?2221}7{12%1111

) ) 9

124213321 }, {2312132~1 }’
1122111
b

)

008 <111
{2435432} {2485 -1 2454321 344321} {2354321 1354321 2343321 1343221 1233211
s .

) P s 3 ) 3
1222221 2343221 1343321 1244321 343211 1233221 1233321 1243 21 1232211
1 }7 { 2 s 2 ) ) ) ) } { ) )
1232111 1111111 0111111 0001111
1 ) 1 5 0 ) 0 }
2465432 24654-1 1233321 -3--321 246-321 1233221 1232211 12222-1
{ 3 }7 { 3 1 }) { 2 }7 { 3 ) 1 ) 1 ) 1 }7
‘111111 1233211 1232221 0011111 0011111
) }a ) 2 ) 0 } { }

2465432 245432 246 4-1 234 321
S TR Gt 18 G e

)

{122‘321} {~3432~1
1233321 134 321 122221
A 1

{2354321} {246 321} {23432 1} {1233211’ 1232221} {1233321} {1111111} {124 321}7
{13432 1}7 {0111111}7{1233221’ 1232211}7 {1111111}, {0011111}

{2425432}’ {24354'1}7 {245.34321}7 { ~3421~321}7 { ~3§4321}’ { ~342132~1}7{12%22&}’{12%32217
12322117 12%32117 122{)2221}’{12%»321}’{1232111}’ {008~111}

24?}5432 ’{ --34321}7 {2435431}7 {246~ -21, , 3 , 13 , 13 ,
1243~21} { . -43211 . »11111} {123- »21} {1221111’ 11%21117 0122211}
{2465432} { 321} { 321} {23432 1} {1343211 12- 3221 1232211 1233211

) ) ) )

12&’)-421} 234-321 1344321 1343221

12 2221 1122211} {00000 1}
) )
{2435432}7{124214321}7{2435-21 -3-4321 12-3-21 ~1%2221}7{12:3211

9 N ) . )

; 00:1111}\7

+343-21 0000001
2 { 0

)
2465432 234321 2.--321 1232111 1111111 1343211 12-3221 1232211
3 5 2 } }7{ 2 ) 2 B} 2 )

12?32117 1212221 11%72211.}7{1~42;-321.}7 {06800.-1}

b
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Table 5: Maximal abelian sets

X | Wx Sig(X)

X320 | (wa, wywe, wawsws AW ws) = [2332] 0 1318+3 176 21

X321 | (wiwawr, wiwywe U3 WiWsWaws) = Dihyg 091329 179

X337 | (wywowg, waws ™4™, 0 138 1516 174

w2w5waw4w3w1w3w4w2w6w5w4w2w3w4w5w5> — [26]

X§923 <w27w3vw47w57w6> = W(DS) 0 1010 1216 16 26

X334 | (wa, w3, wa, waw, W31V 2 VW (By) 028106 128 182

X335 | (wa, ws, wg, wywg W3 WsWIWWaws) o Gy 5 Gy 04 10%+! 128+6 16 182
20

X350 | (w3, wq, waws™+ >0 wyws 43 ) = W (Fy) 0 1224 183 24

X337 | (wr, wgws, wiwy™*) = Sy x Dihyg 0 8% 102 1210 145 165 20

X§1928 <w17w27w3;w43w57w6> = W(EG) 0 1].27 27

Xéng <w37w4,w2w3w4w5ws,w2w5w4w3wl> o W(F4) 031124193

X%SO <w17w27w3aw47w57w67w8> = S2 X W(EG) 02 1027

X33V | (w1, w3, wows, wows™+) = [2°3] 22 6 1016 146 184

X332 | (ws, waws, wywawy, wows"+) = [27] 2 42 10'6 168 182

X3y | (ws, wawg, wywr) = W (Cs) 17610 116 14'2 17 183

X3y | (ws, wa,we) = S5 x S 14 83+2 103+2 11 136+3
14 153 172+1 19

X3y | (ws, wswr) = S5* 162 822 1022 11 122
134+1 154+2+1 172+1
19

X§O <1U4,UJ3IU5U)7> = Dihg 1 62 84 104 11 122 134+2
154 174421

X:?o <w27w37w47w57w67w8> = W(D5) X SQ 12 910 1216 172

X8 | (ws, wa, wows) = W(Bs) 13709811128 146 15
17 182

Xy | (w2, ws,we) = S3 xSy 1572923112123 13

8
XSO

(wa, wows, wawswr) = [2]

146+2 163+1 17 20
15208 128 132 168 17
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in the Fg root system (continued)

W x-orbits on X

) ) )

{2465432} {2 4321 13 4321 12- 3321 12- 221} {2343221 1343321 1244321} { 343211
1122211 0122111 0000 11 0000001
1 1 y 0 } { }
2465432 1221111 24-4321 1232221 1232211 1111111 0111111 00000-1 -343321
{ 3 }’ { }7 { s 2 y 1 y 0 y 1 ;0 }a { 2
2343221 1343211 1232111 1111111 0111111 0000111 -344321 1243--1 1233211
2 s 2 ) . ) 1 > 0 0 }7 2 y 2 s 2 )
12?3221 11%2211 01%2221
; ’
2435432 24-4321 2343321 134213221 12-2221 2324321 1324321 134214321 343211
’ ; y ;
1243321 12 3221 1233321 1232211 1232111 1111111 0111111 0000 11 1244321
2 ) 2 5 1 ) 2 9 1 5 1 0 9 } {

1122111 0122211 0080001 }

bl

b

{2465432} { 21} { 21} {2343211} {0000001}
{2;165432}7 {2;165;&31}7 {2z43221} {2 321 1- 4221} {1 321} {2343211 0000011}
2465432 2465431 2 21 23 <21 235 321 13 <21 12

3 R AT }{ 1A A

b )
2343211 1343211 1111111 0011111
{ 3o 1A }

)

{2465432} { 321’1 221} {2343211 0122211,

{2465432} {246 321 54321} {24654 1} { 432 1
) bl

0000011 } {0000001 }

123 2.1 1354321 234-321
}ﬂ { 2

i ) )

1343321 1244321 1232111 1222111 1121111 0-11111 1233321
2 ) 2 } { 9 1 ) 1 ) 0 }) { 2 }
2435432 ~~~~~ 21 } 0000001
) )
2465432} {2465431 } { -321 \ 1---221 }7 {234213211 , 01%2211 , 0080011 }
{246543 } { ~~~~~ 21 }
s .

{246043 }7 {2435421}7{ 321} { -%3221
12%2211}

--22221 1233211 1232210 1233210
1 }7{ 2 2 1

3 9 ) )

2465432 24654 1 -321 2343221 1- 43211 1233221 1232221 1- 22211 0122221
{ 14 LT : : ; : ,
12%2210 121;)3210

)

2465432 2 ----- 1 1354321 2. 1 13---21 124-.321 123-221 12---11

{ 14 $i A 34 AT T T
2343210 1232111 1222211 1122221

{ }7{ ’ 1 ) 1 }

{2465432} {2465431} {2-~4321} {2465‘21} {2-‘4321} {2343-21} {1354321}’

L I S N S L O A
{ 1A 3o 34 2 A A

23432 1 1 421 321 1354321} {123 2. 1} {1343221 1243211} {1233321} {1222211

9 9

1122221 } { 2343210 } { 1232111 }

246 432 246 4-1 -321 321 354321 23432 1 13 432 2- 3321
{0y (gL {2y {2y, {1 F {1 R,

{ 134213321 1244321 } { 1343221 1223211 1232221} { 1233221 1212211 11%2221 ;J’
{234213210’} {12%211,1} ’ 7 , ’ ’ ’
249}543- 72-~-<21 1----21 23%321-
) . ’ . )
{2435432 }7 {2485431 }7 {2425421 } {2- -321 }’ {23%3221 }’ { 1 =321 }, { 1~é3221 , 1 i2221 }’

)
{234213211}) {234213210}7{125252211’ 12?3211}
{2425432}7{2495431}’{2425‘21}7{24:4321}’{23:4321}’{234213-21},{13:4321}’

{2343211} {12-3~21} {1343421} {12~3211} {1122221} {2343210} {1221111}
2465432} {24654 1} { 321} { 321} {23432 1} {1343211 12-3221 1232211

s 2 s 2 )
1233211 12 2221 1122211}’{2343210}

9 )
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Table 5: Maximal abelian sets

X |Wx Sig(X)

X9 | (w3, wowg) = 5> 1572 9421 112 1922 13 14442 1622
17 182

X349 | (wa, w3, we, wr) =2 S5 x So 1 73+1 9% 113+1 122 146 166 17 182

X3 (w3, we, wswr) =2 Sy x Dihg 174922 114 12 148 16*t2 17 20

X132 | (wawr, wawswy) = Sy 1722 9% 1122 122 144+2 16442 17
182

X3t | (ws, wa, w5, wr) 22 Sy x Sy 162 8% 10* 122 136 15%+1 17 21

X33 | (wa, ws) =2 557 16 8%2+1 10221 12 1322 1542421
172+2.1 19

X35 | (waws, wywg) = Dihig 1685 10° 12 135 155 175+21

X236 | (ws, wy, wswswyPawews) = §o1 8, | 185 106 13 159 176+!

XA (wawg, wawswy) =2 Dihyy 1 86 106 13 15643 176+1

X35 | (w3, ws, wowzwe®t) = [243)] 1596+4 13 1412 17 18%

X139 | (w3, wa, ws, we, wr) = Sg 176 116 1415 17 22

X20 | (ws, wyws, wywswr¥s) = Sy x Dihg | 172 9% 112 144+2 168 17 182

X2H | (w3, wowr, wywr) =2 S5 172 9422 112 14442 1624 17 182

X22 | (wr, waws, wywyWeWs W) = [243] 18610 1512 173+1 19

X23 | (wo, w3, wy, wawsw;¥Hews) = [2732] | 1 912 166 17

X23 | (wowr, wywes, wawswr) = [263] 1912 1616 17

X35 | (wa, waws, wows ™) = [2°] 32 5 9% 128 13 152 16* 18*

X3, | (wy, wg, we) = Sy 25 722 9 102 1224 142 1541 1732
19

X;%l (w1, wa, wa, ws, We, W) = S5 X 522 22 85 1110 1410 174

3
X31

(w1, wy, wows) = Sy x Dihg

2468* 118 132 14* 152 16* 172 182
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in the Fg root system (continued)

W x-orbits on X

2465432 2465431 2465-21 2-54321 2464321 2344321 2343-21
{ 3 | 5 25 s i R ) LA R AT
{13‘.5 321}){142 321}7{234213211}7{1-23-21}’{12%3221

)

)
12?3321 }7 { 125'{.3211 }7 { 1-%2221 }’

{234213210} {12%2211 12?2111}
) )
{2465432} {2465< -1} {2424321}’ {2-?4321}’ {23%3- -1}7 {234214321}7 {13?4321}

)

1 43 } {1233 } {2343210} {1~21111
24%5432 24g {2 54321} {2 54321 {234 1}7 {13%4321},{151- - -1}7{12?321

)

1232 11}7{1233211 1232221} {2343210} {1111111}

)

246 432 24654 -1 246 321 2-54321 234 321 23432-1 135432
{ 1 132 1}7{ 131432%7{ }’{ 0 }’{ }’{ 2 },{ Q 1}
{27 h {2

b
1243321 1233221 1232211 1233211 1232221 1233321
2 }a { 2 2 1 1 }, { : }7

) b ) )

2343210 1221111 1122111
{ 3 A }

)

{2465432} {24654 1} { 321} { 321} {23432 1} { 321} { }

{ 1233321 } {2343210} { 1111111 }
D ) ey )
{ 2 }7{ 2 }’{ 4 }7{ 2. }7{ . }7{ 2v }a{ 2 }ﬂ
1222211 1232111 2343210 1222221 1122221
{ 1 }7 { : }’ { 2 }7 { 1 }7 { 1 }

2465432 2465431 24~ <21 23‘ <21 2343211 13~ <21 124-321 1233221
37 1A $i o 1 I ) { 50T TR
12-2221 1232 11 1233211 1232111 1222211} {2343210} {1122221

)

{2465432} { ~~~~~ } { ~~~~ } {1354321}{ }’{1233 ’1 1111}7{23%3210}

{2460432} { ----- } { ----- }’{1304321}’{1343 21, 12%4321’ 12-32117 12%2221}’
{1343211 1243221 1233321 1233-21 1232211 1222111 11-1111 2343210
2 3 2 3 }7{ 1 ) 1 9 1 3 1 }7{ 2 }
{2465432} {2465431} {246- 21 234- ~21} {2-54321}7 {231213211}’{135?4321’ 1-421-321’

123 221 1- 22221} {2343210} {1232111 1- %2211

{2465432} {2 ----- 1} {2 ----- 1} {1 ----- 1} {2343210} {1111111}

{2465432} {24654 1 } { -321 } {23432 1 } { 1354321 1233321 } { 1343321 1244321 }

)

1121111 }

) )

{1 43221 123-211 1- 22221} {2343210} {1222111

) . ’ ) ) )

{2465432} {24654-1} {2-54321} {246~321} {234~321} {23432-1} {144-321},

1354321 ’{12332117 12%2221, 12:%3221’ 1232211} {1 -222- 1} {2343210} {1232111}
2465432 2. 1 2 1 13-4321 1---2-1 12 3321 1233321 1221111
3 3 2 } 2 3 ) }a { ’ ’

RS0 R NP
..... L1

60 e St R BT

2465432 ~~~~~ 13- 4321 1243321 1233221 1232-11 1233211 1--2221 1232111
{ } { }7{ . 2 2 2 1 1

) ) 3 ) ) y 1 )
1222211 1122 11 1221111} {2343210}

I 1 ’

243543- 7{2465421} { 321} { 321} {2343221} {234321 } {123 221} {1343211
124213210 1222210 1122211}

I 1 ’

{24%5432}7 \{2425431}7 {2425-21}’ {24:;"4321}7 {2434321}’ { -3%4321}) { -.324321}7

)

{‘3421321}, { -34213211}’{12é3~21}7{121214321}7 { -31213210}7{1212221}’{1232&1},
{122%3211}

24%543‘ 24-..21 21} {12 21 ‘3421321~
) . ) )
{2435432} {2435431} {2465421 {24 -321 -3--321 343221} {12: -321}
~3432117 12~32217 12-2221 ’ 343210 1232211 1233211 , ’
SN 75 G A S 75 O 2 { }

b
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Table 5: Maximal abelian sets

X |[Wx Sig(X)

X3, | (w1, wa,wa, we, wr) = S5* x Sy 2 63 8% 116 135 16° 172 20
X??l <w1,w2w6,w4w7> = Sg X 52 2 63 83 116 136 14 166 172 ].83
X??l <w1,w2w5,w4w6,w5w7> = SQ X Alt5 2 76 1212 1710+2

X3, | (w1, wows, wywr, wsws) = Sy x So |47 81 118 144 156 185

X35 | (w1, w3, we, wswy) = Sz x Dihg 364 03 113 1412 174+3 192
X?%Z (wl,wg,wgws,w2w7> = 53 X 522 3 52 72 106 136 156 162 173 184
X3, | (w1, wa, ws, w5, we, ws) =2 S3° x > |32 7% 109 139 16° 17°

Xag | (w1, ws, wy, we, ws) = Sy x 957 42 62 9* 126 158 178 1821
X34 | (w1, w3, wy, w5, wr, wg) = S5 x S3 53 85 1410 1715 20

X2, | (w1, wa, w3, wy, we, wy, wg) = Sy x Sz | 5* 1110 1720

<w1,w3,w47w5,w6, w77w8> = SS

7817
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in the Fg root system (continued)

W x-orbits on X

2465432 2465- -1 24-4321 -3-4321 -343- -1 12-3--1 -343210
{ 3 }7{ 3 }7{ . }7{ : }’{ 2 }v{ : }a{ 2 }7
{12%1111}

2465432 2465- -1 24.4321 -3-4321 2343 -1 1244321 12-3321 1243221
{ 3 }’{ 3 }7{ : }7{ : }a{ 2 }a{ 2 }7{ 2 y 2 )
1233211 1233221 -343210 1232111 1232211 1222221
. s 1 }a { 2 }){ 2 s 1 ;1 }
2465432 24...-1 ‘3001 1243221 1233321 12-3211 1233-21 1232221 1232211
{ 3 P - }7{ . }7{ 2 y 2 s 2 s 1 s 2 s 1 )
12%111 -34213210

)
{24354 . }’{24:~321}7{~3:'321}7{12:-321}7{~342132~-}’ {124213221’ 12%3211 122252210

3 )
1233210 1232211 1222221
1 ) 1 1 }

)

{2435432}’{24g~~1}7{~~g4321}7{~g4321}7{~'121-'~1}’ {12%3'217 12%2~11}’{~4213210}’
{12?3211 12%2221}

)

{24%5432}7 {24354-1 }7 {243-321 }’ { . -5?4321 }7 { . -421-321 }’ { . ~42132-1}7 { 12?3321}7
--43210 1233221 1232211 1233211 1232221
{72775 2 1 T}

) ) )

{24%543- }7{243-421}7{-\?4321}’ { <-§l~-21}7 {12$~-21}’ {--421321~}

{24%243‘ }7{2425-21}’{»-34321}7{”24321}’{‘-é3~21}’{~é321- }’{12?3»21}’
{1222221}

{21554' . },{Hi’;;lzzl}a{..é5321}7{“é.2“}3{12?3321}

{ 35}7{ 1}7{}

{7 h{ e}







APPENDIX A

Root trees for root systems of exceptional type

In this appendix we provide what we call the ‘root tree’ for each of the root
systems of exceptional type. This consists of the positive roots, arranged in levels
according to height, with a line labelled with the index ¢ drawn between each pair
of roots mapped to each other by the simple reflection w;; if there are two root
lengths, we give separate arrangements for the long and short roots, and for the
former we use the long height as explained in section 1.2. The information here is
certainly not new, but is presented for the convenience of the reader; for example,
in the sections proving the completeness of the sets S(®), it may make it easier to
follow some of the arguments which claim that one set of roots is obtained from
another by applying a certain sequence of simple reflections.

For the G5 root system we have the following.

32 21
5 b
31 11
X [
01 10

For the F} root system we have the following.

2342 1232
: A
1342 1231
[ [
1242 1221
s [
1222 1121
AN AN
1220 1122 1111 0121
2/4/ 1 ‘4 ‘3
1120 0122 1110 0111
N A
1100 0120 0110 0011
[ s [ [
1000 0100 0010 0001

Since the Fg and E7 root systems are subsystems of the Fg root system, we
provide just one root tree to cover all three cases. Considerations of space mean
that it is not really feasible both to position the roots on the page and to draw
and label lines between them. We therefore present the information in two parts
on the following pair of pages: the roots themselves are arranged on the left page
(and in the interests of clarity we include lines demarcating the boundaries of the
two smaller root systems here); on the right, we put nodes in place of the roots,
and draw the labelled lines between these.
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2465432
3
2465431
3
2465421
3
2465321
3
2464321
3
2454321
3
2454321 2354321
2 3
2354321 1354321
2 3
2344321 1354321
2 2
2343321 1344321
2 2
2343221 1343321 1244321
2 2 2
2343211
2

1343221 1243321
2 2

2343210 | 1343211 1243221 1233321
2 2 2 2

1343210 | 1243211 1233221 1233321
2 2 2 1

1243210 | 1233211 1232221 1233221
2 2 2 1

1233210 | 1232211 1233211 1232221
2 2 1 1

12%2210 12?3210 12%2111 12%2211 12%2221

12%2110 12?2210 12%2111 12%2211 11%2221

12%2100 12%2110 12%2210 12%2111 11%2211 01%2221

12%2100 12%2110 11%2210 12%1111 11%2111 01%2211

12%2100 12%1110

12%1100 11%2100

11%2110 01%2210

11%1110 01%2110

1121111 0122111
1 1

1111111 0121111
1 1

12%1000 11%1100 01%2100 11%1110 01%1110 1151111 01%1111

11%1000 11%1100 01%1100

1111100 0111100 | 0111110 0011110
0 1 0 1

0111000 0111100 0011100 | 0011110
1 0 1 0

1111110 0111110 | 0111111 0011111
0 1 0 1

1111000 0121000 0011111
1 1 0

1110000 1111000 0001111
1 0 0

1110000 0110000 0111000 0011000 0011100 | 0001110 | 0000111
0 1 0 1 0 0 0

1100000 0110000 0010000 0011000 0001100 | 0000110 | 0000011
0 0 1 0 0 0 0

1000000 0100000 0000000 0010000 0001000 0000100 | 0000010 | 0000001
0 0 1 0 0 0 0 0
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