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Abstract 

The current state as regards the spread of the coronavirus disease 2019 indicates that the major preventive 

measure is minimizing individual contact with the virus. Consequently, this paper derived a mathematical model 

using saturated incidence rate with the disease incubating period as a delay parameter along other parameters 

measuring the inhibitory effects of awareness dissemination from the media, general campaign and individual 

interactions. The analytical evaluation of the model indicates that the stability of the disease-free and the 

endemic steady states of the model are determined by the basic reproduction number. In addition, the disease-

free steady state is independent of the incubating period, whereas the endemic steady state is initially stable but 

undergoes Hopf bifurcation as the incubating period exceeds the critical value by exhibiting periodic oscillation 

and become unstable. The outcome of the numerical simulation of the model via MATLAB application affirmed 

the results obtained analytically. 
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1. Introduction 

The advent of the coronavirus disease 2019 (COVID-19) has sprung a lot of scientific and clinical researches in 

search for means of treating, controlling and/or preventing the spread of the disease. Though there is no specific 

treatment for the cure of COVID-19 (that is, currently there is no effective vaccine or specific drug for 

preventing or treating the virus), a number of pharmacologic treatments have been suggested as potential 

therapies for COVID-19. These treatments are virtually supportive based on the severity of the individual illness. 

The following are some suggested drugs that have been found to be helpful in controlling the infection: 

Chloroquine Phosphate (Devaux et al., 2020; Colson et al., 2020), Hydroxychloroquine Solphate (Gautret et al., 

2020; Yao et al., 2020), Lopinavir/Ritonavir (Cao et al., 2020; Costanzo et al., 2020), Umifenovir (Costanzo et 

al., 2020), Remdesivir (Al-Tawfiq et al., 2020; Dong et al., 2020; Sheahan et al., 2020), Favipiravir (Dong et al., 

2020), Tocilizumab (Xu et al., 2020).  

The most common transmission mode of COVID-19 is by inhalation of infected droplets as a result of the 

susceptible having direct contact with the infected droplets (Singhal, 2020). Consequently, as preventive and 

control measures, several researchers recommended the used of face masks (Cheng et al., 2020; Einkenberry et 

al., 2020; Greenhalgh et al., 2020), social distancing (Courtemanche et al., 2020; Kissler et al., 2020; Singh & 

Adhikari, 2020), hand washing with soap and water or alcohol based hand sanitizers (Adhikari et al., 2020; 

Malhotra et al., 2020; WHO 2020), along with awareness creation and information dissemination (Agaba, 2020; 

Agaba & Soomiyol, 2020). 

Cheng et al. (2020) considered masking to be as important as other preventive measures noting that it has large 

population benefit. They also opined that if worn by most people, it is capable of reducing the reproduction 

number. Furthermore, Einkenberry et al. (2020) states that face masks are able to decrease the effective 

transmission rate and cause a decrease in epidemic mortality and healthcare system burden when combined with 

other non-pharmaceutical control measures. While Greenhalgh et al. (2020) are of the view that the use of face 

mask is a good precautionary measure that is simple, cheap and can have a sizeable impact on the transmission 

of the virus with little impact on social and economic life. They suggested that people be educated consistently 

on the proper usage of face masks without disregarding other anti-contagion measures. 

Kissler et al (2020) from their research on the effect of social distancing on the transmission rate of COVID-19 

opined that a one-time intervention will not be sufficient enough to maintain the disease; it will only postpone the 

epidemic peak to a later time. A better way will be by periodic distancing measures which may be maintained 

into 2022 along with other interventions. The impact of imposed social distancing measures, such as closure of 

schools and other crowding areas, on COVID-19 growth rate was evaluated by Courtemanche et al. (2020) and 

they discovered daily reduction in the growth rate of confirmed cases. In addition, the Indian society of 

anesthesiologists recommends frequent hand washing with soap and water or an alcohol based sanitizer 

(Malhotra, 2020). Similarly, in a technical brief by the World Health Organisation (WHO), frequent hand 
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hygiene is proposed as one of the most important measures for preventing infection and transmission of COVID-

19 (WHO, 2020). 

Consequently, wearing of face masks, social distancing and washing of hands with soap and water or sanitizers 

are measures that inhibit individual contact with the virus. The susceptible uses these measures for protection 

whereas the infected uses same for preventing or controlling the spread of the disease. In both scenarios, the 

adherence to these measures is geared by their level of awareness. Hence, the dynamical model for the spread of 

the disease can be evaluated using the saturated incidence rate similar to other epidemic models. Incidence rate 

that are either linear or non-linear have been used to reflect the dynamical behaviour of epidemic models.  

Li & Liu (2014) gave details of the following types: the bilinear incidence rate SI  with   as the transmission 

rate, the standard incidence rate NSI  with RISN ++= , the Holling incidence rate of the form 

)1( 1SSI  +  where 1  is a positive constant, the saturated incidence rate of the form )1( 2ISI  + , where 

2  is a positive constant, and the saturated incidence rate of the form )1( 21 ISSI  ++ , where 21,  are 

positive constants. Abta et al. (2014) also used )1( 2ISI  +  with delay while Xiao & Ruan proposed the non-

linear incidence rate )1( 2
2IKSI +  that accounts for the effect of mass media coverage (see Sun et al., 2011), 

whereas Zhao et al. (2014) proposed SIImI ])([ 21 +−  with 1  denoting the maximum contact rate, 

)(2 ImI +  the maximum reduced contact rate due to mass media alert and m  represents the impact of media 

coverage. This paper proposes a model using the saturated incidence rate )( ISSI  ++  where ,  , ,  

are positive parameters that measure the inhibitory effect of awareness springing from global sources, the 

susceptible and number of infected cases respectively. 

2. Model derivation 

An SIR (Susceptible-Infective-Recovered) epidemic model for the spread of infectious diseases is proposed 

using saturated incidence rate with delay, denoting the incubating period of the disease, and awareness 

dissemination from both global and local sources of information. The model is derived as follows: 
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with the initial conditions 

0)0( 0 = SS , 0)0( 0 = II , 0)0( 0 = RR , 0)()( = vvS  , 0)()( = vvI  ,  0− v , 

defined within the region 3),,( += RIS . The parameter β represents the transmission rate of the infectious 

disease from the infective to the susceptible individuals, τ is the incubating period of the disease, while ε is the 

recovery rate and d  is the disease-related death rate. The population is considered to be growing logistically 

with r as the growth rate and K as the carrying capacity while λ is the natural death rate. The parameter ω 

denotes the rate at which disease related awareness circulates from global sources such as the media, awareness 

campaigns and so on whereas α and ϕ are the respective rate at which awareness stems from reported number of 

infections and the increasing number of aware susceptible also known as local sources of awareness. 

3. Model analysis 

3.1 Analysis of the steady states 
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where 10  nh  is true for all values of 0  but for 0= , it is satisfied if  rd +++ )( . At the 

endemic steady state, it is also obtained that 
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The disease-free and endemic steady states of the system (1) are determined by the basic reproduction number, 

0R  obtained as 
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This implies that the system has a disease-free steady state when it is less than one but if greater than one there 

exists an endemic steady state. 

3.2 Stability and Hopf bifurcation analyses of the model 

The linearization of the model (1) near any steady state ),,( RISEa


=  gives the system of equations 
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where SSy


−=1 , IIy


−=2  and RRy


−=3 . 

Theorem 1: The trivial steady state of the model equation (1) is unstable and independent of  . 

Proof: Considering the model (1), the linearization near the trivial steady state )0,0,0(=tE  reduces the system 

(6) to 
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which indicates that the system is independent of   and gives the Jacobian matrix 
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whose diagonal entries represent the eigenvalues of the characteristic equation. Hence, r=1 , 

)(2  ++−= d  and  −=3  which implies that the trivial steady state is unstable since 01  . □ 

Theorem 2: The model equation (1) has a disease-free steady state that is linearly asymptotically stable if 

10 R  for all 0  and unstable for 10 R , where 0R  is as defined in (5). 

Proof: For the disease-free steady state )0,0,(KEd =  of the model (1), the linearized system (6) reduces to 
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 Consequently, from the Jacobian matrix the characteristic equation is generated as 
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from which the first two eigenvalues are obtained as r−=1 and  −=2 . Indicating that the stability of the 

disease-free steady state is determined by the equation 
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For 0= , the third eigenvalue is obtained from (7) as 

)( 



 ++−

+
= dK

K
 

which shows that the disease-free steady state is stable for 0=  provided 

1
))((0 

+++
=

K

K
R

d 


 

whereas for 10 R , the disease-free steady state is unstable for 0=  and remains unstable for 0 . Hence, it 

is unstable for all 0 . 
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Therefore, with 10 R  there exists no positive real root x  for which ix=  and this indicates that the disease-

free steady state is stable for all values of   greater than zero. □ 

The linearization of the model (1) around the endemic steady state ),,( = RISEn  reduces (6) to 
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and  is the eigenvalue. The characteristic equation is obtained as 

0)()( 31211
2 =−+−+++ − eaaamama    (10) 

For 0= , the transcendental equation (10) become 
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0)()( 213221
2 =−++−++ amaaaama   

with negative real roots if and only if 021 −+ ama  and 0)( 2132 −+ amaaa . Using (4) and (9) indicate 
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Let 0:)( 211 −+ amaH  and 0:)( 212 −+ amaH  then if the condition )( 1H  is satisfied the endemic steady 

state is linearly asymptotically stable for 0=  but unstable when )( 2H  is satisfied. Therefore, when the 

condition )( 2H  is satisfied, it will remain unstable for all 0  (see Figures 1(b) and 3).  

Analysing the stability of the endemic steady state to check if it will lose its stability for 0  when the 

condition )( 1H  is satisfied implies setting ix=  since for 0=  it is clear that 0=  is not a solution of the 

characteristic equation (10). This generates the equation 
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become 
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and from (4) and (9) it is obvious that 02 −am . Hence, 01 z which implies that 0)(  xf . Next, considering 

  as the Hopf parameter, without any loss of generality, it is assumed that there are four distinct positive real 

roots, 4,,1  , =ixi , which implies that for each x  
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Investigating if the endemic steady state actually undergoes Hopf bifurcation at 0 = , the transcendental 

equation (10) is differentiated with respect to   in order to obtain the sign of  dd /)][Re( . This gives 
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Therefore, evaluating at 0 =  and 0ix=  gives 
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Collecting the real part and substituting (12) gives the following result after simplification: 
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Hence, the result can be summarized as the following theorem: 

Theorem 3: For 10 R , let 0 , 0x  be as defined in (13) and  the condition )( 1H  satisfied, then the endemic 

steady state of the model (1) is linearly asymptotically stable for 0  , undergoes Hopf bifurcation at 0 =  by 

oscillating periodically and is unstable for 0  . Whereas for the condition )( 2H , the endemic steady state is 

unstable for all 0 . 

4. Numerical simulation 

The numerical study for the stability region of the model (1) using some varied parameter values with respect to 

the incubating period of the disease was carried out via MATLAB application. The extracted results were then 

applied on GNUPLOT software for smoother output. The outcome generated is captured in Figure 1 while a 

magnified replicates of Figure 1(a) and (d) for smaller range of the parameter values are represented in Figure 

2(a) and (b) respectively. The results show the different stability regions of the model (1) which are distinguished 

by colours displayed using the colour bar denoting the values of the eigenvalues generated from solving the 

model around the endemic steady state. The dark blue and blue colours indicate stable region for the endemic 

steady state with 10 R , while the unstable region is captured by the range of colours, green to dark red as 

shown on the colour bar. The portions with white colour signify region of non-existence of the endemic steady 

state, that is 10 R , whereas the disease-free steady state exists and is stable. 
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Figure 1 indicates that with very small values of  ,   and d  (that is, the inhibitory parameters measuring the 

impact of awareness stemming from global sources such as the media, awareness campaigns, and the awareness 

springing from the susceptible respectively, and the disease-related death rate), the endemic steady state is stable 

for small incubating period   and become unstable as the incubating period increases. But as these parameter 

values increases respectively the system remains stable for all values of   and eventually the disease is gradually 

eradicated. In the contrast, with little value of the inhibitory parameter  , measuring the influence of awareness 

emerging from the number of infected cases, and   denoting the recovery rate, the endemic steady state is 

unstable for all values of   but become stable as the values of   and   increases. Eventually the disease is 

eradicated as the recovery rate becomes large enough which is in contrast to  . As regards the gradual 

increment in the transmission rate of the disease,   the system has an initial stable disease-free steady state 

which eventually transit to an endemic steady state that is stable for all values of  . But as   increases the 

system become unstable signifying increase in the spread of the disease. 

 

Figure 1: Stability region for the endemic steady state of the model (1) using some parameters against the period of incubation,  . 

Parameter values used are 084.0=r , 052.0= , 6.0= , 48.0= , 25.0= , 07.0= , 003.0=d , 0056.0= , 100=K . Whereas 

varied parameters are captured respectively in (a)-(f). The dark blue and blue colours indicate stable region, while unstable region is captured 

by the range of colours; green to dark red as shown on the colour bar representing the eigenvalues. The portions with white colour signify 

region of non-existence. 

In Figure 3, the results obtained from the dynamics of the model (1) using different values of   for some 

specific values of   confirmed the statement in Theorem 2 and Theorem 3 and also the result in Figure 1(b). For 

1.0= , 0203.021 =−+ ama  and 2413.60 =R  which implies that the condition )( 1H  is satisfied and the stable 

endemic steady state exhibits Hopf bifurcation at a certain time within the incubating period (the critical value) 

and thus become unstable. Similarly, for the value of 5.0=  the condition )( 1H  is also satisfied with 

0198.021 =−+ ama  and 3075.10 =R  but the endemic steady state remains stable for all 0 . Whereas for 
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35.0= , 0042.021 −=−+ ama  and 8584.10 =R  therefore the condition )( 2H  is satisfied while 7.0=  gave a 

disease-free steady state with 9371.00 =R  and is stable for all 0  hence the outcome in Figure 3 which 

confirms the result in Figure 1(b). The dynamic of the model (1) for the endemic steady state with 10 R  is 

captured by Figure 4 for different values of the parameter   while the result in Figure 5 represents the outcome 

for the disease-free steady state with 10 R . 

 

Figure 2: Magnified replicates of Figure 1(a) and 1(d) are represented in (a) and (b) respectively for smaller range of values. The other 

parameter values used are as defined in Figure 1. 

 

Figure 3: Showing the dynamics of the model (1) for the infective individuals with respect to different values of   using (a) 1=  (b) 6=  

(c) 12=  (d) 18= . The values for other parameters used are as defined in Figure 1. 

 

Figure 4: Dynamics of the model (1) for the endemic steady state with 3613.10 =R  using (a) 1=  (b) 6=  (c) 12=  (d) 18= . The 

parameter values are same as those defined in Figure 1. 
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Figure 5: Dynamics of the model (1) showing the disease-free steady state when 8377.00 =R . The parameter values used are same as the 

ones defined in Figure 1 except that 032.0= . 

5. Conclusion 

The study has derived a mathematical model for analysing the spread of infectious disease using saturated 

incidence rate to evaluate the impact of awareness dissemination alongside the incubating period of the disease. 

Based on the outcome of the study, the impact of awareness generally on the incidence rate indicates that 

increasing influence from awareness dissemination, especially the susceptible individuals adhering to available 

information, tends to minimize the spread of the disease with a likelihood of disease eradication. Consequently, it 

is pertinent to intensify the creation of awareness and to ensure that the populace adhere to the preventive 

measures such as wearing of face masks, social distancing and regular hand washing in order to curtail the spread 

and possibly eradicate the infectious disease.  

References 

Abta, A., Laarabi, H. and Alaoui, H. T. (2014), “The Hopf bifurcation analysis and optimal control of a delayed 

SIR epidemic model”, International Journal of Analysis 2014. doi:10.1155/2014/940819. 

Adhikari, S. P., Meng, S., Wu, Y. J., Mao, Y. P., Ye, R. X., Wang, Q. Z., Sun, C., Sylvia, S., Rozelle, S., Raat, 

H. and Zhou, H. (2020), “Epidemiology, causes, clinical manifestation and diagnosis, prevention and 

control of coronavirus disease (COVID-19) during the early outbreak period: a scoping review”, 

Infectious diseases of poverty 9(1),1-2. 

Agaba, G. O. (2020), “Modelling the spread of COVID-19 with impact of awareness and medical assistance”, 

Mathematical Theory and Modeling 10(4), 21-28. 

Agaba, G. O. and Soomiyol, M. C. (2020), “Analysing the spread of COVID-19 using delay epidemic model 

with awareness”, IOSR Journal of Mathematics (IOSR-JM) 16(3), Ser. IV, 52-59. doi: 10.9790/5728-

1603045259. 

Al-Tawfiq, J. A., Al-Homoud, A. H., and Memish, Z. A. (2020), “Remdesivir as a possible therapeutic option for 

the COVID-19”, Travel Medicine and Infectious Disease. doi:10.1016/j.tmaid.2020.101615.  

Cao, B., Wang, Y., Wen, D., Liu, W., Wang, J., Fan, G., Ruan, L., Song, B., Cai, Y., Wei, M. and Li, X. (2020), 

“A trial of lopinavir-ritonavir in adults hospitalized with severe COVID-19”, New England Journal of 

Medicine. doi:10.1056/NEJMoa2001282. 

Cheng, K. K., Lam, T. H. and Leung, C. C. (2020), “Wearing face masks in the community during the COVID-

19 pandemic: altruism and solidarity”, The Lancet. doi: 10.1016/S0140-6736(20)30918-1. 

Colson, P., Rolain, J. M., Lagier, J. C., Brouqui, P., and Raoult, D. (2020), “Chloroquine and hydroxychloroquine 

as available weapons to fight COVID-19”, International Journal of Antimicrobial Agents. 

doi:10.1016/j.ijantimicag.2020.105932. 

Costanzo, M., De Giglio, M. A. R., and Roviello, G. N. (2020), “SARS-CoV-2: recent reports on antiviral 

therapies based on lopinavir/ritonavir, darunavir/umifenovir, hydroxychloroquine, remdesivir, 

favipiravir and other drugs for the treatment of the new coronavirus”, Current Medical Chemistry. 

doi:10.2174/0929867327666200416131117. 

Courtemanche, C., Garuccio, J., Le, A., Pinkston, J. and Yelowitz, A. (2020), “Strong Social Distancing 

Measures in the United States reduced the COVID-19 Growth rate: Study evaluates the impact of social 

distancing measures on the growth rate of confirmed COVID-19 cases across the United States”, 

Health Affairs, 10-1377. doi: 10.1377/hlthaff.2020.00608. 

Devaux, C. A, Rolain, J. M, Colson, P, Raoult, D. (2020), “New insights on the antiviral effects of chloroquine 

against coronavirus: what to expect for COVID-19?”, International Journal of Antimicrobial Agents. 

doi:10.1016/j.ijantimicag.2020.105938. 

Dong, L., Hu, S. and Gao, J. (2020), “Discovering drugs to treat coronavirus disease 2019 (COVID-19)”, Drug 

http://www.iiste.org/


Mathematical Theory and Modeling                                                                                                                                                  www.iiste.org 

ISSN 2224-5804 (Paper)    ISSN 2225-0522 (Online)  

Vol.10, No.5, 2020 

 

35 

Discoveries & Therapeutics 14(1), 58-60. doi: 10.5582/ddt.2020.01012. 

Einkenberry, S. E., Mancuso, M., Phan, T., Eikenberry, K., Kuang, Y., et al. (2020), “To mask or not to mask: 

Modelling the potential for face mask use by the general public to curtail the COVID-19 pandemic”, 

Infectious Disease Modelling 5, 293-308. 

Gautret, P., Lagier, J. C., Parola, P., Hoang, V. T., Meddeb, L., Mailhe, M., Doudier, B., Courjon, J., 

Giordanengo, V., Vieira, V. E., Dupont, T. S., Honore, S., Colson, P., Chabriere, E., Scola, B. L., Rolain, 

J. M., Brouqui, P., Raoult, D. (2020), “Hydroxychloroquine and azithromycin as a treatment of 

COVID-19: results of an open-label non-randomized clinical trial”, International Journal of 

Antimicrobial Agents. doi:10.1016/j. ijantimicag.2020.105949. 

Greenhalgh, T., Schmid, M. B., Czypionka, T., Bassler, D., and Gruer, L. (2020), “Face masks for the public 

during the COVID-19 crisis”, BMJ 369. doi:10.1136/bmj.m1435. 

Kissler, S. M., Tedijanto, C., Lipsitch, M. and Grad, Y. (2020), “Social distancing strategies for curbing the 

COVID-19 epidemic”, medRxiv. doi: 10.1101/2020.03.22.20041079. 

Li, M. and Liu, X. (2014), “An SIR epidemic model with time delay and general nonlinear incidence rate”, 

Abstract and Applied Analysis, 131257. doi: http://dx.doi.org/10.1155/2014/131257. 

Malhotra, N., Joshi, M., Datta, R., Bajwa, S. T. S., and Mehdiratta, L. (2020), “Indian Society of 

anesthesiologists (ISA national) advisory and position statement regarding COVID-19”, Indian Journal 

of Anesthesia 64(4), 259. 

Sheahan, T. P., Sims, A. C., Leist, S. R., Schafer,A. J., Won, J., Brown, A.J., Montgomery, S. A., Hogg, A., … 

and Spahn, J. E. (2020), “Comparative therapeutic efficacy of remdesivir and combination lopinavir, 

ritonavir, and interferon beta against MERS-CoV”, Nature Communications 11(1), 222. 

doi:10.1038/s41467-019-13940-6 

Singh, R. and Adhikari, R. (2020), “Age-structured impact of social distancing on the COVID-19 epidemic in 

India”, arXiv:2003.12055. 

Singhal, T. (2020), “A Review of Coronavirus disease-2019 (COVID-19)”, The Indian Journal of Pediatrics 87, 

281-286. 

Sun, C., Yang, W., Arino, J., and Khan, K. (2011), “Effect of media-induced social distancing on disease 

transmission in a two patch setting”, Mathematical Biosciences 230(2011), 87-95. 

World Health Organisation (2020), “Water, Sanitation, Hygiene and Waste management for COVID-19: technical 

brief”, 03 March 2020 (No. WHO/2019-VcOV/IPC_WASH/2020.1). 

Xu, X., Han, M., Li, T., Sun, W., Wang, D., Fu, B., Zhou, Y., … and Wei, H. (2020), “Effective treatment of 

severe COVID-19 patients with tocilizumab”, China Xiv. Proceedings of the National Academy of 

Sciences 117(20), 10970-10975. doi:10. 12074/202003.00026. 

Yao, X., Ye, F., Zhang, M., Cui, C., Huang, B., Niu, P., Liu, X., Zhao, L., Dong, E., Song, C., Lu, R., li, H., Tan, 

W., Liu, D., and Zhan, S. (2020), “In vitro antiviral activity and projection of optimized dosing design 

of hydroxychloroquine for the treatment of severe acute respiratory syndrome coronavirus 2 (SARS-

CoV-2)”, Clinical infectious diseases. doi:10.1093/cid/ciaa237. 

Zhao, H., Lin, Y., and Dai, Y. (2014), “An SIRS epidemic model incorporating media coverage with time 

delay”, Computational Mathematical Methods in Medicine, 680743. 

http://www.iiste.org/

