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Chapter

Introduction

1.1 Context

Geometric flows have become, since their popularization by Hamilton in 1982 ([ D,
one of the main topic of interest in geometric analysis. The underlying idea, that analytical
features of a geometric object can be “enhanced” in a controlled way by mean of suitable
evolution equations, has enabled many important problems to be solved, among which it is of
particular fame the proof of the Poincaré conjecture (and indeed of the whole geometrization
conjecture) by Perelman in | , , 1.

In order to get a grasp of what advantage a geometric flow can introduce in a Rieman-
nian geometry problem, let us consider the following famous theorem (proved for example
in [ , Theorem 3.82]). In this work we will always assume that manifolds are connected.

1.1 Theorem (Killing-Hopf theorem). Let (M",g) be a complete Riemannian manifold of
constant sectional curvature. Then it is isometric to the quotient of the sphere S™, the Euclidean
spaceR" or the hyperbolic spaceH" (all considered with their standard metric up to a constant
multiple), respectively when the curvature is positive, zero or negative.

The applicability of the theorem is unfortunately severely limited by its hypotheses,
that appear extremely strong from the point of view of a generic Riemannian manifold.
Under most sensible topologies, the set of constant curvature manifolds is nowhere dense,
meaning that any metric of constant curvature can be modified with an arbitrarily small
perturbation to make it non constant curvature. In order to “fatten” the set on which the
Killing-Hopf theorem can be applied, one can imagine to develop a tool that “fixes” a metric by
smoothly transforming it to a metric of constant curvature, while at the same time preserving
the underlying differential structure. Inheriting the regularization properties of parabolic
equations, geometric flows theory often provide a valid candidate for this type of tool.

Many mathematicians have provided examples of this technique, beginning from the
seminal paper by Hamilton cited above, in which it is proved that if a three manifold (M?, g)
has positive Ricci curvature, then the normalized Ricci flow starting at g converges to a metric
of positive constant sectional curvature. Another famous result, by Brendle and Schoen
in 2009 ([ 1), states that the same happens when (M", g) has dimension n > 4 and the
maximum sectional curvature is less than 4 times the minimum sectional curvature.

In order to state other theorems that are relevant to this work, let us recall that the
Riemann tensor on a manifold admits the following orthogonal decomposition:

R

g o
_ s Ric, ® g+ W,
2nn-1) g8+ We

Riemg = Sg +Zg + Wg =

g@g"‘n_z

1



2 1.1. CONTEXT

where the Kulkarni-Nomizu product ® is defined, for any a, b € % (M), as
(@®Db)jjre = aixbje+ ajebix — aiebjr — ajrbig
and the Ricci, scalar and traceless Ricci curuvatures are

8 _ns 4 jl
Rlcl.k—Rleml.jk[g ,

. ik
Rg = RlC‘l.gk g'",
. , R
Rlc‘l.gk = Rlc‘l.gk - fg,— k-
We can thus state the following theorem by Margerin ([ 1), which is a refinement of
a previous theorem by Huisken ([ D).

1.2 Theorem. Let (M*, g) a closed Riemannian manifold with positive scalar curvature such
that the following pinching conditions holds pointwise on M:

| Zg|* + | Wgl* < |Sgl*.

Then the normalized Ricci flow starting at g exists for all times and converges to a metric of
positive sectional curvature in the €°° sense as the time goes to infinity.

Together with Theorem 1.1, this implies that M is diffeomorphic to a quotient of the
sphere S* (and it is known that only two such manifolds exist: $* itself and the real projective
space PRY).

Later a generalization of Margerin’s theorem was proved by Chang, Gursky and Yang
([ 1): the pointwise pinching is replaced by an integral one, and the positive scalar
curvature condition is replaced by one based on the Yamabe constant, which, on a closed
manifold M, is defined as:

Rz dv;
Y(M,[g]) = inf M (1.1)
g<lglvol(M, §)'~n
where [g] is the conformal class of the metric g. The Yamabe constant will be discussed in

more detail later in this introduction.

1.3 Theorem. Let (M*, g) be a closed Riemannian manifold with positive Yamabe constant
such that the following pinching condition holds:

| Z|? dv +f |We|*dv <f 1S¢|* dvg. (1.2)
fM gl avg gl dvgs | 1ogl dlg
Then M is diffeomorphic to either S* or PR*.

The proof by Chang, Gursky and Yang does not immediately rely on a flow argument: in-
stead they first build a metric, conformal to g, that satisfies the pointwise pinching condition,
and then invoke Margerin’s theorem on it. In his PhD thesis ([ 1), Bour proved a (slightly
weaker) fact using just one flow, tailored for this specific problem. Bour’s proof is based on
the observation that one can improve the pinching (1.2) by flowing down the gradient of
an energy that penalizes [|Z|* and [|W|?. Since it is known that a Riemannian metric has
constant sectional curvature if and only if Z = W =0, it is expected that the Bour flow will
converge to such a metric as soon as it can reduce to zero the energy

FM ):(1—/1)[ W, 12 dv +/1f Z. 12 dv,,
g M| gl g M| gl g
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defined for A € (0,1). The Bour flow is thus defined by the equations:

9,8(0)=-2-VF g(n) (1.3)
g(0) = go.

The gradient of an energy is defined (when it exists) to be the operator that satisfies, for every
variation # of the metric g, the identity

deF(h) = fM (VFMg)Ih) dvy. (1.4)

This definition mimics the definition of the gradient on Riemannianm manifolds, but it must
be noted that we are not defining an L? structure on the space of metrics here. In particular,
this “scalar product” depends on the point g itself (via the volume element dvyg). In [ ,
Chapter 2, Section 2] it is proved that the gradient VZ* actually exists. In the end, Bour
proves the following theorem.

1.4 Theorem ([ , Corollary H]). Let (M*,g) be a closed Riemannian manifold with
positive Yamabe constant such that the following pinching condition holds:

5 1
fMlZglzdvg+ Ean/ngdyg < ng|sg|2dyg.

Then the gradient flow associated to F* for A = 14—3 exists for all times and converges to a metric
of positive constant sectional curvature. In particular, M is diffeomorphic to either S* or PR*.

Bour’s result actually applies to all A € (0,1), but A = % is the value that gives the best
pinching.

1.2 Purpose

In this thesis we begin exploring the problem of extending Bour’s theorem to manifolds with
boundary. This is a first step for later further extension to complete noncompact manifolds:
a strategy for studying the behaviour of a flow on a noncompact manifold M is to first
decompose it in an exhaustion by compact sets K}, find a solution of the flow on each of the
sets K; and then glue all the solutions back to a solution of the flow on M. This was done
successfully, for example, to prove short time existence of the Ricci flow on noncompact

manifolds (with appropriate curvature bounds) in [ |. Short time existence results for the
Ricci flow on manifolds with boundary were also given in [ ]and | ] (also published
in | 1), with different sets of boundary conditions.

From the analytical point of view, the Bour flow (as many others, such as the Ricci flow)
can be described by a parabolic system of partial derivatives equations of the form:

0:8(1) = P(g(1),

where P is a differential operator depending on the space derivatives of the metric g. We will
detail later what structure we assume on the operator P. For the flow equation we want to
set an initial value (which corresponds to the initial metric in the discussion above); when
the underlying manifold has a boundary, then a certain number of boundary conditions
has to be set as well: they can specify an exact value that the unknown g must take at the
boundary, but they can also be expressed in terms of a generic operator B that involves the
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derivatives of the unknowns. The main feature that distinguishes the Bour flow from the
Ricci flow is that the operator P has order 4, instead of 2. Unfortunately, to the best of the
author’s knowledge, very little appears in literature about geometric flows of order higher
than 2, let alone about flows on manifolds with boundary. This thesis seeks therefore to give
a contribution to the field by presenting a short time existence theorem for parabolic systems
of PDEs on manifolds with boundary, that can be used for flows of arbitrary (even) order.

Beside regularity considerations, there are three main requirements that one has to check
when trying to find solutions for parabolic equations.

* The strong parabolicity condition essentially requires that the operator P behaves, at its
highest order, like an elliptic operator. It is known from the theory of parabolic equa-
tions that if P has elliptic highest order, then it naturally evolves and has regularization
effects towards positive times, while it might lose regularity (or even do not admit a
solution altogether) towards negative times. If P is antielliptic, the situation is reversed
and the flow naturally evolves towards negative times. If P is not definite, then one
usually cannot guarantee existence in neither direction.

* The complementary condition can be informally described as the request that boundary
conditions specified by the operator B are linearly independent. While the idea is easy
to grasp and accept (a dependency relation between different boundary conditions
would produce an overdetermined and thus impossible system, in mostly the same
way as it does in plain linear algebra), the actual formulation turns out to be rather
technical, because it needs to take into consideration the interactions between differ-
ential equations, which is more complicated than the interaction between vectors in a
vector space.

* The compatibility condition regulates the potential overdefinition that could result at
the edge M x {0}, where both initial and boundary conditions apply and one must be
sure they are not in conflict. The compatibility condition can actually be verified at
different levels: the higher regularity one seeks to prove at M x {0}, the higher level of
compatibility they must require to have it.

Taking into account the bigger picture in which this work is situated, selecting the best
boundary conditions turns out to be a delicate and critical issue. On one hand, choosing
geometrically significant boundary conditions is a key factor to the subsequent analysis of
the flow, especially of its long time behaviour. Flows of higher order do not have a maximum
principle like the Ricci flow; its absence must be compensated with the heavy use of integral
estimates, to control the evolution of geometric quantities during the flow: this translates
into a frequent usage of the integration by parts formula, with the incovenient potential
proliferation of boundary terms and the need of appropriate boundary conditions to handle
them (either by proving that they are zero, or that they have the right sign, or that they can be
estimated in some other way). Without claiming to be exhaustive, let us consider some of the
more prominent integral geometric quantities and relationships used in [ ], to review
what is their effect on the boundary 0 M.

* The entire point of using a gradient flow is that the flow energy #* should be decreasing
during the flow itself. On a closed manifold one can use (1.4) to prove

0:FMg() =2 fM (VI (g(1)10,:g(1)y = -4 fMNW(g(t))F <0.
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On a manifold with boundary, equation (1.4) is not true anymore, because in general
a boundary term appears. We do not show the whole computation, but by using the
Chern-Gauss-Bonnet formula (discussed below) one can prove that the boundary term
gives zero contribution if the following conditions are satisfied at the boundary:

g’1=1g{]
V= Vgo
I1=0
V,Ric$, =0.

In the formula, IT is the second fundamental form of the boundary 0 M with respect to
the metric g and g7 is the tangential metric at the boundary dM. The letter v indicates
the normal vector at the boundary, both when used as an object and as an index. As
before, [] indicates the conformal class of a metric.

e Jtisshownin [ , Chapter 3, Section 2.3] that the volume of the manifold during
the flow is constant when the manifold M is closed, because

1 A
d,Vol(M, g(1)) = 5fMtrP(g(r)) dvg = ngARgdvg = 0.

Using the divergence theorem, we readily see that the constancy of the volume is valid
on a manifold with boundary as soon as

VyRg = 0.

* The Chern-Gauss-Bonnet formularelates the Euler characteristic of a manifold with the
2 energy of the curvature tensor S, Z and W introduced above. On a closed manifold
the formula reads:

81? (M):fIS >dv —f|z >dv +f|z Pduv,.
X w8 g™ |, 78 gt |78 g

This fromula is useful in that it effectively reduces by 1 the “dimension” of the energy
that must be controlled during the flow, because the number y(M) is a topological
invariant and does not change; for example, an immediate consequence of the Chern-
Gauss-Bonnet formula is that if the energy #* is bounded during the flow, then the L?
energy of the Riemann tensor is bounded as well.

A complete expansion of all the boundary terms that appear when M is not empty
can be found in [ , Remark 3.3] orin | , p- 67] and is the following:

87‘[2)((M):fMISgIZdUg—fMlZglzdvg+fM|Zg|2dUg

1 1 . - .
+ 2faM ( — 5 VrRe+ S A - 2Riem? | Tl,p+RicS, T,y +Ric}, #

1 1 4
— S Rg A~ §J£3 + A" - 5trn?’) dog.

Here /¢ = trg ITis the mean curvature.
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From the above formulation one sees that an easy boundary conditions that restores
the original Chern-Gauss-Bonnet formula is

I1=0
e The Yamabe constantis usedin [ ] to control the evolution of the Sobolev constant;

this is important for the long time analysis of the flow, because the Sobolev constant
controls the volume of the balls of a manifold, and therefore the injectivity radius. When
considering the limit of a sequence of manifolds, such as those appearing in blow-up
arguments of flow theory, a lower bound on the injectivity radius guarantees that the
limit manifold will not “lose” a dimension, for example collapsing on a hypersurface.

The Yamabe constant appears in connection with the Yamabe problem, which asks
whether, given a metric g on a closed manifold of dimension n > 3, one can find another
metric g, conformal to g, which has constant scalar curvature. The answer, which

is affirmative, was first given by Yamabe in [ ]. Yamabe’s proof unfortunately
had a gap, which was later filled by a series of papers culminating with [ ]. See
also [ , Chapter 5] for complete proof.

The Yamabe problem can be reformulated into solving the following variational prob-
lem on M:

fM(%Idu|2+Rgu2) dvg

Y(M,[g])= inf
ue€ (M)

(1.5)

n-2
2n n
( Syunzd vg)
Such problem is equivalent to (1.1), meaning that if the minimum in (1.5) is attained at
the function u, then the function u is smooth and the minimum in (1.1) is attained at
the metric \
g=urz2-g, (1.6)

which has constant scalar curvature, equal to Y (M, [g]). This special metric is called
a Yamabe metric, and is the solution of the Yamabe problem. One can also prove
that the function u is strictly positive; as a corollary, if the metric g has Ry > 0, then
also Y (M, [g]) > 0, which implies that the positive Yamabe constant hypothesis in
Theorem 1.3 is effectively a generalization of the positive scalar curvature hypothesis in
Theorem 1.2.

The existence of Yamabe metrics on manifolds with boundary was proved by Escobar
in [ ]. The functional Y (M, [g]) can be emeneded as it follows:

f fM(4(,,7__21)|du|2+Rgu2) dvg+2(n—l)fanfu2d0-g
Y(M,[g)= in '

uee (M)

n-2

(fM un'z dvg) !

As in the closed case, equation (1.6) can be used to recover a Yamabe metric, which has
constant scalar curvature and zero mean curvature at the boundary. These consider-
ations show again that the control of the second fundamental form is important for
recovering Bour’s results on a manifold with boundary.

The choices for boundary conditions we mentioned hitherto is unfortunately limited by
the constraints we mentioned above, particularly by the complementary condition. Moreover,
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even in relatively simple situations, the verification of the complementary condition requires
rather long and tedious computations which, beside taking time, tend to conceal what “is
actually going on”. As a result, informal analysis trying to understand how to fix some bound-
ary conditions that are “nearly but not entirely” working (i.e., satisfying the complementary
condition) is in general difficult.

There is another difficulty that arises when imposing boundary conditions: an inter-
mediate step for proving short time existence of geometric flows is the so-called DeTurck
trick. The differential systems that describe geometric flows usually do not satisfy the strong
parabolicity condition as they are; it can actually be proved that if the operator P is geometric
(meaning that it is invariant by diffeomorphisms: ¢* P(g) = P(¢*g)), then it needs to have a
zero eigenvalue, thus contradicting the strong parabolicity condition (see for example [ ,
Chapter 3, Section 2.3]). However, one can produce a modified version of the equation

0:8(1) =Q(g(n):=P(§(N) + ZLvgn§(1),

where £ denotes the Lie derivative and V(&) is an appropriate operator, chosen so that this
modified equation is strongly parabolic. The original flow g can be reconstructed by taking
g(1) := ¢; g(1), where ¢, is a family of diffeomorphisms such that

0 (%) = V(§(1) (@ ().

The problem with this approach is that it does not guarantee that boundary conditions are
preserved when doing the pullback of g along ¢ ;. The problem can be partially mitigated
by adding V|55, = 0 among the boundary conditions, so that all the diffeomoprhisms ¢; are
the identity at the boundary. In this way the control is restored for all boundary conditions
that are invarient under this class of diffeomoprhisms. Some conditions though do not, most
notably the condition on the normal vector v. For those conditions we are not yet able to
propose an alternative method.

As we mentioned above, the results in this work are preliminary to the proof of a short
time existence for the Bour flow on noncompact manifolds, obtained by glueing the solutions
on the sequence of sets K;. For this to be possible, it is essential that such solutions have
existence time bounded below by a uniform constant, and that in such uniform time frame
the geometry of the flow (as measured, for example, by the Riemann tensor and its derivatives)
stay bounded as well. Pushed by these requirements, in this work the dependency on known
data of constants arising in estimates is tracked carefully.

In general, an effort has been made to keep the exposition as general and accessible as
reasonably possible, hoping that it can be useful both for those willing to study the theory
of short term existence for geometric flows and those who are not specifically interested in
learning the whole theory, but would just like to apply its results to their problem of study.

1.3 Overview of the work

Let (M", g) be a Riemannian manifold. The generic semilinear parabolic PDE system of order
2b which we will consider has the form: for (x, t) € M x [0, T]

Orur, (x, 1) = AP (1, uCe, 1), VPP, 1) V3P g (x, 1)
+ Fr, (x, t, u(x, ),..., V2 u(x, ).

The notation I is a shorthand notation for the indices iy, ..., iy, and the same happens with
all other capital letters when used as tensor indices. Here u is k-covariant a tensor and A
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and F are the coefficients of the system. For the moment let us delay the precise definition
of all the objects in play. Together with the main equation we impose initial and boundary
conditions: for x e M

ur, (x,0) = (uo) r, (x)
and for (x,f) e0M x[0,Tland g=1,...,v

Jmg K _
BN et ux, 1), V™ ulx, 1) -V ug (x,0)

= (BN, (6, 1, u(x, ),..., V™ ux, 1).

Here 0 < my < 2b is the order the g-th boundary condition and dj, is its number of indices.

As a further shorthand, we will omit altogether the tensor indices when this does not lead
to confusion and we will write A,,(x, t) instead of A(x, t, w(x, 1),..., Vv2b-11(x, 1)) (and the
same for symbols F, B? and E9). We can thus rewrite the problem as:

0ru(x,t)— Ay(x, t)-VZbu(x, 1 =F,(x,t) xeM,tel0,T] (1.7)
u(x,0) = up(x) XeM (1.8)
Bl .V™Mu(x,t) = E} (x, t). x€0M,te(0,T] (1.9)

We begin in Chapter 2 by giving some general definitions, mostly in order to establish the
notation that will be used. Compatibility conditions are also introduced.

In Chapter 3 we recall some properties of geometry on manifolds with boundary and
define what is a bounded atlas. It is known that many elementary theorems in Riemannian
geometry are not necessary true when the manifold has a boundary: this depends on the
fact that geometric geodesics (i.e., curves of locally minimal length) are not necessarily
analytical geodesics (i.e., curves that solve the geodesics equation). However, if the boundary
is convex (meaning that it has nonnegative definite second fundamental form), then identity
between geometric and analytical geodesics is restored, and with it most basic results, such
as the properties of the exponential map. It is then shown that on a manifold with bounded
geometry a bounded atlas, having geometric properties particularly well adapted to what will
be needed in the following, can be constructed.

In Chapter 4 appropriate function spaces will be defined on the manifolds M, M x [0, T]
and 0M x [0, T]. Both Hoélder-type and Sobolev-type spaces will be defined: as it is customary
with parabolic problems, different order of regularity must be imposed in the time and space
directions, in order to account for the fact that, roughly speaking, a time derivative is equi-
valent to 2b space derivatives. Also, we need such spaces to support fractional derivatives,
which are readily available for Holder spaces. For Sobolev spaces we turn to the theory of
Sobolev-Slobodeckij spaces, which are a special case of Besov spaces. Thanks to appropriate
localization arguments, we connect our theory with that presented in [ ] for Euclidean
spaces, so that we can access the theorems available there. In particular, we present the cal-
culus toolbox that is used in later chapters: it includes embedding theorems, differentiation
theorems, product theorems and trace theorems. The important case of spaces of functions
with zero initial value is also discussed, as well as the relevant Sobolev embeddings.

In Chapter 5 the case of a linear system of PDEs is studied. Equations (1.7), (1.8) and (1.9)
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take the following form:

2b-1
Oru(x,t)— Ag(x, 1) -VZbu(x, 1) = Z Azb_p(x, 1) -VPu(x,t)+ Fo(x,t) xeM,te[0,T] (1.10)
p=0
u(x,0) = ugp(x) xXeM (1I.1D)
mg—1
Bl -V™iu(x, 1) = ZO B —p-VPulx, )+ Ej(x,1).  x€0M,t€[0,T]
p:
(1.12)
The classical theory of linear parabolic equations, exposed in [ |, is adapted to the

realm of manifolds and presented, both for Hélder and Sobolev-Slobodeckij functions. The
coefficients and data of the system must satisfy the (strong) parabolicity, complementary and
compatibility conditions, mentioned above. Both parabolicity and complementary conditions
are introduced; compatibility conditions, already discussed in Chapter 2, are considered in
the special case of linear systems.

In Chapter 6 the generic problem (1.7), (1.8), (1.9) is finally taken into consideration.
As it often happens with nonlinear problems, a solution can only be constructed by iterat-
ive approximation; the semilinear system is converted into a linear one by “freezing” the
coefficients at uyg:

0ru(x, 1) — Ay, (x, 1) -VZbu(x, 1) = Fyy(x, 1) xeM,te[0,T]
u(x,0) = up(x) xXeM
B -V™iu(x, 1) = E} (x, 0). x€dM,te[0,T]

This system is now an instance of (1.10), (1.11) and (1.12), so we can find a solution u, which
of course will not in general solve the semilinear system. However, we can replace F,, and E ZO
with new data computed from , trying to correct the deviation of u from an actual solution
of the semilinear system. Solving again the frozen system, we obtain another candidate
solution, which gives a better approximation of the actual solution. We will show that u is a
solution of (1.7), (1.8), (1.9) if and only if it is a fixed point of the discrete dynamical system
we have just described, to be considered in a suitable Sobolev-Slobodeckij space. In order to
show the existence and uniqueness of such a fixed point, we show that, if T is small enough,
the iteration has Lipschitz constant smaller than 1, so that Banch’s fixed point theorem can
be used. Higher regularity is then proved using the linear theory for Holder spaces.

At last, in Chapter 7, the theory of existence for solutions of the semilinear problem
is applied to the Bour flow. In [ | a class of operators having the following form, of
which (1.3) is a special case, is considered:

0:8:j(1) = VEV Riem; ¢ (g(1) + a1 - AR(g (1) - gij (1) + az - V5, R(g (1)) (1.13)

+ (Riem(g (1)) * Riem(g(1))); ;,
where the operator * indicates any contraction between its operands and a; and a, are real
number. In the context of this thesis we restrict for simplicity to the case a; = a, (for the
problem (1.3) it holds a; = a, = %). Equation (1.13) is however not ready to be plugged
directly in (1.7), because covariant derivatives are expressed according to the metric g, which
is the unknown of the equation itself. Instead we have to distinguish between a background
(and time independent) metric g and the actual unknown g, playing respectively the roles
of g and u in Chapter 6. Moreover, the classical DeTurck trick must be put into action, in
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order to compensate for the geometric invariance of the operator in (1.13), which makes the
linearized equation not strongly parabolic, and therefore not solvable according to the theory
in Chapter 5.

Later on, a number of different possible boundary conditions that one might want to
impose are introduced and discussed. Here the most relevant difficulty is to check, for any
given choice of boundary conditions, whether or not it satisfies the complementary condition
described in Chapter 5. The problem is tackled in two stages: first, a reformulation of the
complementary condition is proposed, adapting the corresponding reformulation in [ ]
to the case of a fourth-order operator whose principal symbol is not necessarily the identity.
This still leaves the need to do rather time consuming and error prone computations: a
computer program was thus written, using the Python language and the SageMath free
software and open source framework, in order to take advantage of the higher speed and
reliability machines tend to have over human beings for this kind of jobs. The working of the
program is described in Appendix B. The culmination of this thesis is Theorem 7.13, that is
summarized here.

1.5 Theorem. Let (M*,g) be a smooth compact Riemannian manifold with boundary. Let
Y(t) be a time-depending Riemannian metric on OM and let y,(t) be a time-depending 2-
covariant tensor on 0M. Suppose that golan = y(0), Ilg, lapr = ¥1(0) and dRg,|an = 0. Then for
A sufficiently close to 1 the system (1.3) has a solution for a certain time T > 0, subject to the
boundary conditions

gllom () = y(1)
Hglan (1) =y1(2).

The solution g is smooth in M x (0, T] and converges to gy for t — 0 in the €° sense, up to a
diffeomorphism that fixes the boundary O0M, for ¢ < 4 (1 - %)



Chapter 2

First properties of a parabolic system of
PDEs

2.1 Notations

Let M" be an n-dimensional smooth manifold with boundary M. In this paper we will
always use the word “smooth” to indicate €°° objects. The product manifold M7 = M x [0, T
will be considered, with the axis [0, T'] playing the role of the time (and usually denoted by
t). We will use the notation 0 M7y = 0M x [0, T] (which is different from the actual manifold
boundary of M7, that also includes M x {0, T}). The manifold M will be identified with
M x {0} c M.

We denote with TM and T* M the usual tangent and cotangent bundles of M, and with
T}’l‘M the tensor product (TM)®"& (T*M)®*. In T M we call Sy M the subspace of the tensors
that are symmetric in all their indices; in So M we further call S; M the submanifold of
symmetric and positive definite matrices. The same goes of S*M and S2 M in T*M. Let
nm: Mt — M be the projection on M and t: 0 M7 — Mt the boundary embedding. Then, by
definition,

TMr=n"(TM) and TOMr =1*(TMr).

Geometrically, this means that tensors in M7 are restricted to their space components (they
cannot have time components) and tensors in 0 M7 are permitted to have normal compon-
ents (but, again, no time components). This is sensible for our problem, because tensors of
M and 0 M7 will often arise as traces of tensors in M7 (as initial or boundary conditions of a
flow). Occasionally we will also need the actual tangent bundle or symmetric tangent bundle
of M7, and we will denote it as TOMr or SOMy. From T My and TOM7 all the other bundles
T*, T,’f, S and S* can be constructed, also in the tilde variants for 0 M7.

We will denote with Map(V; W) and Lin(V; W) respectively the set of bundle maps and
the set of linear bundle homomorphism between bundles V and W, assumed to cover the
identity map of the base manifold M; in particular, Lin(V; W) = V* ® W. When V is the base
manifold M itself (seen as a trivial bundle over itself), then we have the the tensor field spaces,
that we will indicate with the symbols J and ., depending on whether W is a bundle of type
T or S. For example, 9, kh (M) is the usual space of k-covariant and h-contravariant tensor
fields on M, .#," (M) is the space of Riemannian metrics on M and .%," (M) is the space
of curves of Riemannian metrics between times 0 and 7. Both for symbols S and T and
for symbols . and 9, when more than one symbol appear in a row, we mean that we are

11
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working with their product tensor. For example, J;.#; is the space of (i + j)-covariant tensor
fields, which are symmetric in the last j on them.

The symbols 9 and .# only indicate the domain and the shape of the tensors, not
their regularity or integrability. We will indicate regularity and integrability with additional
symbols, that will be defined later; for instance, the space of smooth Riemannian metrics
will be denoted by Cg"oy; (M) and the space of L” integrable vector fields with LP 9~ Lv.
Sometimes no indication of regularity will be given, meaning that it is either irrelevant or
otherwise explicited.

On M we denote the space coordinate derivatives with d;, and on M7 we denote the time
derivative with 9;. If g € 5”2+ (M) is a Riemannian metric, then

1
T = Egkf(aigjk +0;8ik —0k8ij)

denotes its Christoffel symbols, V the associated Levi-Civita connection, defined so that for
Ae T (M)
k._ k k 2t ? Ak
V,-Aj = Gl-Aj + I"MA]. - l“ijA[.
The Laplacian A is defined by

AX:=g"V,V;X
and the Riemann tensor is

Riem?, ,:=ggp - (V;Vi0) —V;V;0]).

ij
Tracing the Riemann tensor we obtain the Ricci tensor and the scalar curvature:
: 8 _pin 8 ol
RlCl.k = Rleml.jkég ,
_Ric8 ok
Rg =Ric?, 8"

On a Riemannian metric we also consider the distance dist(x, y) between the points x and y
of M, the open and closed balls

B(X,l’):={y€M|dist(x,y)<r}
B(x,r):={yeM|dist(x,y) <},

the volume element dvg and the volume of a set X < M:

Vol(X,g)::f dvg.
X

Occasionally we will also use the “musical isomorphisms” for raising and lowering incides:
(nﬁ)l =g'In j
(Xb)i = ginj-

At the boundary M some additional quantities can be defined: v is the outward pointing
normal vector; the second fundamental form and mean curvature are defined:

Myp = (VovIdp)
SO = trg IT.
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Since we will deal with different metrics on the same manifold, called for example g, g, &, ...,
we distinguish between geometric objects computed from different metrics either specifying
the metric as subscript or superscript (like in Riemg, Riemg, ...) or by adding the same
diacritic to the object (likein V, V, ...).

In this work the letter C(...) will always denote a constant which is only determined
by its arguments, but can vary in different appearances of this notation, even in the same
formula. Also, the letter {(T) will denote a function (0,00) — (0,00) which is increasing and
infinitesimal at zero. Again, it can represents different functions at different appearances. The
set N of natural numbers is always assumed to contain the zero. The Einstein conventions of
summing over repeated indices is in force.

2.2 The evolution differential equation
We are concerned with studying the parabolic system
0:u(t) = P(u(r)),

where the derivation 9; is made in the time axis and P is a differential operator in u(t) and
its (space) derivatives. The tensor u is the unknown: it can either belong to 9% (Mr) or to
S (Mr). In the future we will use the letter %/ to indicate either 9 or .# (and similarly U for
T or S) when there is no need to specify one. The symbol u(t) indicates the evaluation of u at
time ¢ and belongs to % (M).

We will consider systems that are semilinear and of order 2b, i.e. described by the expres-
sion:

Oruy (x, 1) = P (u(0) (%)

= APt ux, 0, VPP e, 1) VD U (x, 1) @.1)
+ Fr (x, t,u(x, 1),..., vy (x, 1)

for

AeMap(Ui(My), ..., Top-1 U (M7); TP U (M)
F € Map(Uy(M7),..., Top—1Ux(M7); Up(M7)).

Thus (2.1) is system whose unknown is a k-covariant tensor; contravariant tensors can be
treated as well with the same theory, but we refrain from introducing them in this work to
avoid further complexity in the notation. Let us call r the dimension of the fibre space of
Ur(Mr) (e.g., if Ug = Tk then r = n¥; if Uy = S, then r = 2251) Then (2.1) is essentially a
system of r PDEs in r unknowns.

The shorthand notations presented in Section 1.3 are in force, so system (2.1) can be
rewritten as

Oru(x,t) =Pu()(x) = Ay(x, t)- VZbu(x, N+ F,(x,1).

This equation will be assumed to be true in the whole domain My. Together with (2.1) we
impose an initial condition on M x {0} of the type

u(xr 0) = uO(x)) (22)

with ug € % (M).
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We will also impose a number of boundary conditions on 0M7. For g = 1,..., v let, on
OMr,

]quk
qu

= (BN, G t,ux, )., V" ux, 1)),

(B, ey 1w, 0,0, V™ U, 1)V ug (3, 1) (2.3)
mq

for

B € Map(U(OMr), .., Tin,~1Up@M1); T" Uy, (0Mr)
E7 e Map(Uy(0M), .., Tm,-1Uk(0Mr); Ug, (OMT)).

Each boundary condition has order m,, which must satisty m € [0,2b) NN, and takes values
in a space Uy, 0Mr, which can be chosen between T, 0Mr, S20Mr, T;,0Mr and S,0My
(different conditions can use different spaces). We call s, the dimension of the fibre space of
Uy, (0Mr) for the g-th boundary condition (e.g., if Uy, = Ty, then s, = na;if Uy o = Ta, then
Sq=(n- 1)%:; if qu =S, then s, = w; if qu =S, then Sq = @). The total dimension
of all the boundary conditions is thus s:=}_, s4. We will see that the “natural” condition on s
is that it is equal to br.
As before we benefit from the more compact notation writing

Bl(x,t)-V™au(x, t) = El(x, 1).

2.3 Compatibility conditions

The two equations (2.2) and (2.3) overspecify the behaviour of the solution « in the region
O0M x{0}. For u to exist, it is necessary that such overspecification does not lead to any conflict.
In this section we study the relationship that express the absence of such conflict. For the
moment all the computations will be just formal, without caring about the actual regularity
of the employed maps, which will be discussed in Sections 5.3 and 5.4.

Let us consider

G € Map(Uk((O)M7), ..., Tn-1Ur((0)M7); T6((0) M7)),

where G is one of A, F, B9 and EY, the number m is the associated derivation order (2b for A
and F; and m, for B9 and E?) and T is the target tensor bundle. Then G can be differentiated
in the time direction:

0:G € Map(Ur((0)MT),..., Tin-1Ux((O)M7); TG((0) MT)).
or in the directions of u, Vu, ..., V" lu:

0uG € Map(Ur((0)M7), ..., Tin-1Uk((0) M1); Lin(Ux ((0) M7), T6((0) M1)))
OvuG € Map (U ((0)M7), ..., Tin—1Uk((0) M1); Lin(T1 Ur ((0) M), T ((0) M1)))

Oym-1,G € Map(Ur((0)M7),..., Tin—1 Ui ((0) MT); Lin(T -1 U ((0) M), T ((0) MT))).

Let u € % (Mr), not necessarily a solution of the system under study. We have already
agreed to call
Gu(x,0) = G(x, t,u(x, 1),..., V" tu(x, 1).
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We can write a chain rule of the form:
0:Gy(x,t) =(0:G),(x, 1)+ [(OuG)u(x, t)] Oru(x, ) +---+ [(avm-1uG)u(x, t)] (Vm_ldtu(x, 1).

Since g does not depend on the time, the derivatives d; and V commute, and we can re-
peatedly use the chain rule in order to prove a Faa di Bruno-like formula, which is for example
discussed in [ , Theorem 2.1] in the case of R". We do not really need to work out the
exact coefficients; the important point is that 6? Gy (x, t) can be expressed as:

3Gy (x, ) = HVPO" u(x, 1),0...0G) (x, 1)), (2.4)

where H is a polynomial evaluated in VPG?, u(x, t) (with p < mandn’ <n) and (4...0G) ,(x, 1)
(with no more than 7 partial derivatives, each of which can be in direction ¢, u, ..., vy,
At the initial boundary 0 M x {0} the behaviour of u is specified by both initial and boundary
conditions, therefore appropriate compatibility conditions must be satisfied between the
two constraints. The amount of conditions that one has to impose depends on the regularity
of the sought solution u; at the very basic level, if «, ..., v2b-1y are continuous up to the
boundary, we can evaluate (2.3) at time zero and, substituting with (2.2), we have:

B (x,0)- V™ ug(x) = Ej (x,0).

If we want some more regularity on u, for instance the continuity of d;u|;~¢ and its space
derivatives, then higher order conditions are necessary: from (2.1) we know that

0, u(x,0) = Au(x,0) - V2P o (x) + Fy (x,0),
so that, differentiating (2.3) with respect to time and commuting derivatives,
0:B,(x,0)- V"™ uy(x) + B} (x,0)- V™ ,u(x,0) = 8, E, (x,0).

The term 0, B (x,0) can be reworked with (2.4), so that it only depends on the partial derivat-
ives of B at time zero and on u(x,0) = uy(x) and d,u(x,0), which we have just derived. Thus
we have obtained another condition that must be satisfied by the objects uy, A, F, BY and EY
to hope to have a solution with sufficient regularity at 9 M x {0}.

The procedure above can be repeated as long as the solution u is regular enough at
0M x {0}. More precisely, given uy, A and F we define a sequence of functions wy defined on
0M given by the recursive formulae:

wo(x) = up(x)

k [k
Wit1(x) = Z (i

04 Ay (x)- VPP wi_i (x) + 0F Fyy (x), (2.5)
i=0

where 0’; G (x) is defined as the polynomial H in (2.4) with ¢ = 0 and VP w,y(x) instead of
vPa" u(x,0).

2.1 Definition ([ , §14, pag. 98]). For w € R, we say that the compatibility conditions of
order w are satisfied if, for all x € M x {0} and for all g and k € [0, w;—zl” + 11NN the following
equation is satisfied:

k .
Y (];) -OLBY (x) - VM wi_;(x) = 0FE] (). (2.6)
i=0
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2.2 Remark. Notice that, according to our definition, the order of compatibility can be
negative.

2.3 Remark. At this stage the definitions of the functions wy and of the compatibility condi-
tions are purely formal. In due time we will detail how many of them actually exist and which
is their regularity, depending on the space in which a solution of the equation is looked for.



Chapter

Geometry on manifolds with boundary

3.1 Manifolds with convex boundary

Let (M", g) be a complete Riemannian manifold with boundary. It is well known that many
classical results in Riemannian geometry fail when considered on manifolds with boundary.
Many of such failures are ultimately due to the behaviour discrepancy of geodesics close to
the boundary. Let us distinguish the two concepts of analytic geodesic (i.e., a curve satisfying
the geodesic equation) and of geometric geodesic (i.e., a curve which is locally a minimizer of
the energy functional). Although by Gauss’ lemma an analytic geodesic is always a geometric
geodesic, the converse is not true in general.

3.1 Example. Let M = R?\ B(0,1) and g the restriction of the standard Euclidean metric.
Then the curve y: [0,7] — M defined by y(t) = (cos t,sin t) is clearly not an analytic geodesic.
However, it can be seen (for instance integrating in polar coordinates) that it is a curve of
minimal length in M between its two endpoints.

Most results can however be retained if the boundary 0 M is convex, i.e., if the second fun-
damental form II, taken with respect to the outward normal vector, is positively semidefinite.
This, in particular, includes the case of a totally geodesic boundary.

3.2 Proposition. Let (M", g) be a Riemannian manifold with boundary satisfying 1 > 0 at all
points of the boundary. Then for every x € M and y € M there is a minimal geodesic joining x
and y and it is completely contained in M, except for x. Also, its tangent vector at x does not
belong to T OM.

Proof. This is a corollary of [ J; see also [ ]. Bishop’s theorem implies, in particular,
that any geodesic leaving from x tangentially to the boundary (which does not even need to
exist!) stays in the boundary: this fact is equivalent to the thesis. O

3.3 Corollary. Let (M", g) be a complete Riemannian manifold with boundary satisfying
I1 > 0 at all points of the boundary. Then all geometric geodesics are analytical geodesics.

Proof. Lety: [0,1] — M be a geometric geodesic in M. We need to show that it satisfies the
geodesics equation:
ko ek k Qi
Vit =75+ 157 =0.
We can use the first variation formula for fixed endpoints variations (see for instance

[ , Theorem 3.31]). Let V(s) be a variation field along y with V(0) =0 and V(1) =0 and

17
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let y(s) be a variation such that y((s) = y(s) and V(s) = 67;;8) . Then the energy E satisfies the

formula

d 1 ; .
0s 7B = _fo gij(y(£)-V'(s)-Vyy/(s) ds.

If at least one of the endpoints of y is in M, then the whole geodesic is in M by the previous
Proposition. Then the usual argument can be employed: if V;y # 0 at some point s, an absurd
can be obtained by crafting a variation field V(s) pointing in direction Vy;y(s) near y(s).

The only missing case is when the geodesic y belongs to 0M: with the method above
we can only infer that V;y points out of the manifold, because for V pointing out of the
manifold we cannot build a corresponding variation y;. However, since the manifold 0 M
has no boundary and y is also a geometric geodesic of 0 M, we deduce that y is an analytical
geodesic of M. Taking coordinates adapted to M, this implies that y solves the equation

Vi’ =70 +T0,7%7 =0

for 6 taking values on the tangential directions. Since y* = 0 and y¥ = 0, this is already the
geodesic equation in M, except that we need to check that V;y" =T7 ﬁj/“)'fﬁ = 0. The fact
that '} ; > 0 has already been shown before using the variational argument in M; the other
inequality follows from the hypothesis on the second fundamental form:

0<Iy4=ggT! :—16 S O
X Hap = 8gil av 2 v8ap af:

A corollary of this result is that most usual properties can be recovered for the exponential
map, which is defined as usual as the map Domexp, — M sending v € Domexp, € TxM
to the point y, (1), where y, is the geodesic such that y,(0) = x and y,(0) = v. The domain
Domexp, does not need to be the whole Ty M, even if M is complete, because the geodesic y,
can cease to exist because it has hit the boundary 0 M. However on its domain the exponential
map is well defined, because of the uniqueness of solutions of the ODE describing analytical
geodesics (and we have already ruled out the existence of geometric geodesics which are not
analytical). Another consequence is that the exponential map is a surjection

exp,: Domexp,nNB(0,r) = B(x,r1)

The injectivity radius inj4 (x) can also be defined as the supremum of all r for which the above
surjection is actually a diffeomorphism, and it is positive and lower semicontinuous as in the
boundaryless case. In particular, it is bounded below on compact manifolds.

With these tools in hand, most of the classical theory of Riemannian geometry can be
recovered. We will need, in particular, the Bishop-Gromov theorem for volume comparison.

3.4 Proposition. Let (M", g) be a complete Riemannian manifold with boundary satisfying
Ric > (n—1)K on M for some K e R and Il > 0 on OM. Let us call Vol(By, gx) the volume of
a ball of radius r in the space form of curvature K. Then for any x € M and r € (0,00) the
function

. Vol(B(x,1),8)

Vol(By, gx)
is nonincreasing. Its limit forr — 0 is1 ifxe M and% ifxedM.
Proof. The proof in [ , Chapter 9, Section 1] or [ , Section 3.H.5] are based on

integration of Jacobi fields along radial geodesics and can be repeated without modifications
thanks to Corollary 3.3 and the subsequent discussion. O
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3.5 Corollary. Let (M",g) be a complete Riemannian manifold with boundary satisfying
Ric > (n—1)K on M for some K e R and 11 > 0 on0M. Let us call

s(x,1, 8) :f dog
S(x,r)

the area of the sphere of radius r centered at x and s(r, gk) the area of the sphere of radius r in
the space form of curvature K. Then for any x € M and r € (0,00) it holds

s(x,r, g < s(r, 8gx).

P’ 00]‘: It iS easy to ShOW, USing the coarea fOI‘IIlula (See [ » ExerCise IIIlZ, (d)]), that
X, T, = — VO B X, r),

d
s(r,gx) = EVOI(Br;gK)-

Then Proposition 3.4 implies that

>1(V01(B(x,r),g))_ s(x,r,g)-Vol(By, gx) — s(r, gx) - Vol(B(x, 1), )
~dr\ Vol(B, gx) |~ (Vol(B;, gx))? ’

SO
Vol(B(x,71),8)

< y *
s(x,r, g) < s(r,gx) Vol(B,, 2)

< s(r, 8x). O

3.2 Bounded geometry

The uniformity of many estimates that we will use in this work depends on the regularity that
can be assumed on the base manifold and metric. In this section we define how to measure
such regularity and present a way to construct atlases with appropriate geometric and ana-
lytical properties. See [ ] for a general discussion on different equivalent definitions of
bounded geometry, which are however a bit different from the one we use here.

3.6 Definition. We say that a complete Riemannian manifold with boundary (M", g) has
geometry bounded by C € (0,00) up to order k € N if:

* it has totally geodesic boundary;

¢ it admits a collar of width at least %, i.e., the distance function

dap(x) :=dist(x,0M) = inf dist(x, y)
yeoM

has no critical points when it is smaller than %; this implies that d51\14([0, %)) is diffeo-
morphic to dM x [0, %);

* the injectivity radius satisfies inj, (x) > ¢ for every x € M;

1
C

e forall0<i< kandxe M itholds

|ViRiem(x)| < C.



20

3.2. BOUNDED GEOMETRY

We denote with || gl the minimum value of C for which the above properties hold.

Let us define:

R?:={(x},...,x™ eR" | x" > 0}.

We denote with 14 the indicator function of the set A.

3.7 Proposition. For any n e NN [2,00) and L € (0,00) there are constants A(n, L) and Ny(n, L)
such that every Riemannian manifold with boundary (M",g) having geometry bounded
by L up to order k € N admits, for any A € (0, 1), two atlases (Ui, Qi, i) and (ﬁi,Qi,(f)i) for
i € I =121 I° with the following properties.

The two systems of sets U; and U; are open coverings of M, such that U; c U; foranyi€ I
and no more than Ny sets U; intersect at any given point of M.

Any geodesic ball of radius A is entirely contained in at least one of the sets U; and any
set U; is contained in a ball of radius 20.

There are points x; € M such that U; = B(x;, R) and U; = B(x;,2R), where R =31 ifiel
and R =9M ifi € I°. All sets U; and U; are geodesically convex.

It holds Q; = B(0, R) and Q; = B(0,2R), where the balls are taken in R" (ifieI°) orRY
(ifie I9).
The maps @;: Q; — U; and ¢;: Q; — U; are the normal charts centered at x; of the

appropriate radius. In particular, ¢;lq, = ;.

Foreach i € I there is a smooth function ¥;: M — R such that Ty, < V¥; < ﬂU,- and such
that for each j < k it holds
C(n,k,L)

sup|V/¥;| <
upl VWil < =5

Foreachie€ I and j < k it holds

]‘ *
S 8m" SP; 8< 28rn 3.1
107 gl < C(n, k, L).

Equation (3.1) also implies that

Sz 4x < (; ), dvg <2"dx. (3.2)

For each i € I° the ball U; is compactly contained in M.

Foreach i € I° it holds x; € dM. Also, let U? :=U;N0M and Q‘? :=Q;Nn{x, =0}. Then @;
restricts to a diffeomorphism (p?: Q? - U?’ which is again the normal chart with respect

to the metric g restricted to OM. The same happens for (,b? : Q? - Uf . The sets U? and U?
are the balls of radius R and 2R centered at x;, according to the metric induced on 0M.
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Proof. For a fixed A, consider a maximal collection (x;);.;0 such that x; € M and all the
balls B(x;, A) are disjoint and another maximal collection (x;);¢ ;o such that dist(x;,0M) > 64
and, as before, all the balls B(x;, 1) are disjoint. We will now show that they satisfy all the
requirements of the theorem, as long as A is sufficiently small once n and L are given. As a
first requirement, we request that 20 is smaller than the convexity radius of M, so that all
the balls mentioned in this proof are embedded and convex. The convexity radius can be
estimated in terms of the injectivity radius and the curvature of the manifolds (thus in terms
of | gllp), as for example it is done in [ , Theorem 5.14].

Let x € M: if dist(x,0M) > 6], then x is distant at most 2A from an x; for i € I° (if not, then
the maximality of the collection above is contradicted). Therefore B(x, 1) < B(x;,31) = U;. If
dist(x,0M) < 6, then x is distant at most 81 from an x; for i € I° (because any point in M
is distant at most 21 from one x;, as before). Therefore B(x, A1) € B(x;,91) = U;.

Once the open charts U; and U; are established, there is no difficulty in defining the
diffeomorphisms ¢; and ¢;; even at the boundary, since we assumed the boundary itself
is totally geodesic, the exponential map is nicely defined on a half ball. Then the analysis
in [ , Section 4] can be carried out and, particularly by Theorem 4.9, for sufficiently
small A the metric g can be bounded above and below by the Euclidean metric in every
geodesic chart. Higher derivatives of the metric can be bound using | , Theorem A and
Proposition 2.3].

The uniform local finiteness can be proved along the same lines of [ , Lemma 1.2]:
take, for example, x; for i € I° and consider all the j € I° such that Ui N (7] # @, i.e., such
that dist(x;, x;) <12A. Now, all sets B(xj, A) are disjoint and wholly contained in B(x;,13A1),
so there can be at most % of them, where A is the maximum possible volume of a ball of
radius 131 and B is the minimum possible volume of a ball of radius A. Since we have already
proved that g is bounded between two multiples of the identity matrix, such ratio is itself
bounded. Analogous reasoning works for i or j (or both) in I°.

At last we have to provide the functions ¥;. The construction is very classical: let
¥: [0,00) — [0,1] be a “master” smooth bump function, such that 1][0, L <P« Ti0,17- Then
define

~ (d(x;,x)
Vi(x):=¥ .
2R
The required estimates are satisfied by virtue of | , Theorem A]. O

3.8 Definition. An atlas satisfying the thesis of Proposition 3.7 will be called a bounded atlas.

3.9 Example. If M = R", then the trivial atlas consisting of a single chart of infinite radius
around the origin together with its identity function is a bounded atlas. The same can be said
for M =R".

These atlases and bump functions can be extended on M7 by mean of its product struc-
ture. With a small abuse of notation, we will not use new symbols for the same objects defined
on the whole Mt. Thus we will use the symbol U; to indicate also U; x [0, T, the symbol Q; to
indicate also Q; x [0, T], the symbol ¢; to indicate also ¢; ® Id and the symbol ¥; to indicate
also ¥; ® 1. The same convention will be used for U;, Q; and ¢; and for the 0 variants. The
properties outlined above for M remain valid for Mt and the extended objects.

Let ue g, kh on any of M, Mt or 0Mr: we want to define u, to be its “localization” on the

chart Ul.(a). For a function this is easy: if u € €, then u,, € C50"(95.6)) is defined by

Ugp,; (X) 1= @; u(x) = u(p;(x)).
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By extending the differential D¢;: Q; x R” — TU; to tensors of all covariance and con-
travariance orders, we have pullback operator

o THM) — TRY
U— Uygp,.

The same construction works also on M7 and 0Mr, being careful again about the fact that
tensors have no time components.

3.3 Sobolev and interpolation inequalities

The usual Sobolev and Gagliardo-Nirenberg inequalities can be recovered on a manifold with
totally geodesic boundary; their constants can be controlled in terms of the boundedness of
the geometry. Let us give the formulation we will use, together with links to the proofs.

3.10 Proposition. Let (M", g) be a compact manifold with boundary and bounded geometry
and consider u € I43(M). Take p, q € [1,00) and m, k € [0,00) "N such that m < k and

1 1 k-m
p q n
Then
(f V™ P dvg) <C(n,d, k,m,p,q,lgl)- Z (f IV ul? dvg)
M
Proof. See the proof of [ , Theorem 3.5], where it can be assumed that the atlas in use is
a bounded atlas. The argument never depends on the manifold being closed. O

From the Sobolev embedding, the Gagliardo-Nirenberg interpolation inequality can be
proven.

3.11 Proposition. Let (M", g) be a compact manifold with boundary and bounded geometry
and consider u e 93(M). Take p, q,r € [1,00) and k, m € [0,00) NN such that m < k. Suppose
there exists a € [, 1] such that

1 m (1 k) l1-a
—=—4aq|l———]+ .
p n r
Then

T

U IVmulpdvg) < Cn,d, k,m,p,q,1,1glk) - ZU |vfu|‘fdvg) U lul” dvg)
M

Proof. The proof proceeds as in [ , Proposition 6.5], substituting inequality (6.4) there
with Proposition 3.10. O



Chapter

Parabolic function spaces

4.1 Tools for function spaces

Parabolic partial differential equations are characterized by the fact that, in a sense, a time
derivative is equivalent to 2b space derivatives. This peculiarity requires that we define
anisotropic function spaces, for which an order of regularity in the time direction counts
“as much” as 2b orders of regularity in the space directions. In this chapter we introduce
parabolic Holder and Sobolev-Slobodeckij spaces, borrowing most of the underlying theory
from | ]. However, Amann’s tratise only covers spaces on Euclidean spaces, so we
must undertake the burden of defining equivalent spaces on manifolds with boundary
and showing how the Euclidean theory can be brought to manifold by using appropriate
localization arguments. In this chapter we will sometimes call u a function, but the same
definitions can given for an arbitrary tensor field.

Let p € [0,00]. The usual LP (M) space is defined as the set of measurable functions with
finite norm

1
14
Il ppry = (ff Iu(x,t)l”dvgdt I1<p<oo
Mr
| lloo, My = €SSSUP| U.
My

The definitions of ||-|| p and |-l apply with obvious changes also to M and oM.

When working with local charts it will be useful to have, for each space we will use, many
(nearly) equivalent norms: one adapted to the intrinsic geometry of M and not depending on
any atlas. The others depend on the chosen atlas and essentially assume that the manifold
M locally has the flat metric induced by the charts: they constitute a bridge thanks to which
global results for Euclidean spaces R” contained in [ ] can be applied to functions
spaces on manifolds.

Suppose that we have defined a norm [-] , 7, on any manifold M, having the characteristic
exponent p € [1,00]. The chart-induced norms are defined in terms of ['] PRy in a way which
we now detail. In the first chart-induced norm we simply pull back the tensor on the model
Euclidean space, which is clearly considered with its standard flat metric:

p
[u]f,‘ﬂi = (Zl[u(,,l.]ggﬂ) . (4.1)

23
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1

When p = oo we assume that (Zi[uwi]g,MT)” := max; [Ugp, loo, My -

In order to use results from | ] we need to extend functions from Q; r to R” or a
corner of R” (where a corner is a subset of R” defined by constraints of the type x* > 0 for
some directions i, like in [ , Section 4.3]). This is easier in the space direction, because

we can use the bump functions ¥; and define:

P
Uvis (Z (¥ g1 g + X (¥ 0,1 : 4.2)

R
iel° iela p +T

The function (‘¥; - u), is naturally defined on Q; r, but thanks to the decay introduced by ¥;
it can be zero extended to R7. or RY ..

This definition is not yet satisfying, because R} and RY . are not corners of R". Fixing
these details is not a mere exercise in style, since in our arguments we will consider spaces
with T or A going to zero, conditions under which Sobolev spaces progressively degenerate
(the trivial example of a nonzero constant function is useful: its integral or Sobolev norm go
to zero while the domains shrinks, while its supremum or Hélder norm remains constant;
thus we would prove the false if we did not take into account the collapsing of the domain).

In order to write an extension from R’ to R" x [0,00) we cannot use a partition of the
unity trick, but we can define an extension operator & in this way: let u be defined on
R7 =R" x [0, T]. For a fixed smooth bump function Z: R — R such that y¢,c0) < E < ¥[1-¢,00)»
the function u=(x,t) := 2t + T)/T) - u(x, t + T) can be zero extended to R" x (—o0, 0], and

then we can use the extension operator e~ defined in [ , Sections 4.1 and 4.2] to obtain
a function defined over R" x R. Finally we consider the function & u with domain R/, defined
by:
u(x,t) t<T
(x, 1) —
e u=(x,t—-T) t>T-—¢.

The definition is well posed, because the two alternatives coincide on the slice R” x (T — ¢, T),
where it holds = takes the value 1. It will be evident, once Hélder and Sobolev-Slobodeckij
spaces are introduced, that the operator & preserves the regularity of the function u, except
that it might introduce a factor related to % into the norm due to the multiplication by =.
Considering the example above, this is expected. Also, in the same way we can also define an
extension operator, called again &, from R to RY =R x [0, 00).

We can finally define:

iy = | 2 (6% W pry, + L (Wi 0]

iel° ield

p
PRI | ' 4-3)
for which the norms appearing in the right hand side are finally computed on a corner of R”.

Unfortunately [-]ﬁuj\cﬁ is still not completely satisfying, because of the introduction of the

factor % mentioned above. We have already shown that this in general cannot be avoided, but
there are special cases for which the function u(x, £+ T) already extends to R" x (0, 00] without
the need of the mollifier Z: this will happen when u is taken from the spaces of functions with
zero initial values that will be introduced later. For these cases we define another extension
operator &, that maps a function u to &u defined by:

u(x, ) t<T
(x, 1) —
e uxt—T) t>T—¢.
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With that we can define:

[l e = | L 6(¥ w10 on + 3 (6T wp,1! w | 4.4)
iel° ield

This fourth norm is not well defined in general, because it requires the function u to have
zero initial value. When this does not happen, we can assume that the norm takes the value
00.

When the norm [-],  is defined on M, then we can define norms [- ]Eu]{}l and [- ,
simply removing the subscnpt T everywhere. When the norm [-], gpr, 18 deﬁned on (57 T»
then i only runs over I%, d¢; is used instead of ¢;, 4Q; is used instead of Q;, 6Q; is used

Euc 2

instead of Q; and R”! is used instead of R’. In this case we can define all the norm [-]E‘E&T
Euc,4
through [']p, oMy

Let us immediately apply these definitions to the norms ||| p,Mr and show that they
are equivalent. In general we will consider only covariant tensors for ease of notation, but
everything works in the same way for contravariant or mixed tensors.

4.1 Lemma. Let (M",g) be a complete manifold with bounded geometry and consider a
bounded atlas for g. Let u € I 4(Mr). Then

C( ,d) | (pllan\|u|g C(n d) |u(pl|g|Rn

Ifx=¢@i(X) and y = @;(j) are points of M belonging to the same chart U;, then

ok |X -yl < dist(x, y)g < C-[X -l
Proof. Both inequalities follow from (3.1), via inversion of the metric (in the first case) or

integration along paths (in the second case). O

4.2 Lemma. Let (M",g) be a complete manifold with bounded geometry and consider a
bounded atlas for g. If f: M — [0,00), then

sup f = maxsup fy, (4.5)
M el
ffdl’g\c(”) 2 ), fdx (4.6)
iel
Y|, fndx<Conlglo- f fdvg. @)
iel M

Proof. The first equality is obvious. By definition and using (3.2):

fodVg > deg > fwz(%l)#d”g\c(”)zgftpldx

iel iel iel

On the other hand:

> f(,, dx<Cn)-)_ f(pl((p Y, dve=C(n)- f (Zﬂy)fdvg C(n)- Noffdvg

iel iel iel

and Ny can be estimated with n and | glly by Proposition 3.7. O
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4.3 Proposition. Let (M", g) be a complete manifold with boundary and bounded geometry
and consider a bounded atlas for g. Let u€ 9;(Mr) and p € [1,00]. Then

Nl < Nl < Hull i < a5
lullp vty < Cr,d, p,lIgHo) - el
lullpyie < Cn,d, p,liglo) - ull -
Proof. The claim follows from Lemmata 4.1 and 4.2 and from [ , Lemma 4.1.2]. O

The analogous theorems for spaces over M and 0 Mt are immediate.

%
X 3k

Let us now introduce the derivatives. Appropriate generalizations of Holder and Sobolev
spaces will be defined, which are suitable for solutions of parabolic problems of order 2b. For
both Holder-type and Sobolev-type spaces three definitions will be given: one for Mr, one
for M and one for 0M7.

Let us define the set AY < M x M as

AV ={(x,y) e Mx M |dist(x,y) <A},

Most of the spaces we will define will depend on the parameter A € (0,00], which represents
the space scale of the fractional derivative. The case A = oo is perfectly legal: then Aﬁ’f =MxM.

Tensors computed at different points are compared by mean of the parallel transport
associated to the background metric: if Ty, is the parallel trasport isomorphism on (M, g)
along the unique minimal geodesic connecting x to y, then we define the transported norm
as

tnorm (u(x), u(y)) := [u(x) = Ty xu(Plgr) = | Tx,yu(x) — u(y)lg(y)-
This definition is always well posed when x and y are sufficiently close to each other (for ex-
ample, when their distance is smaller than the injectivity radius of the metric g); in particular,
it follows from the discussion in Section 3.1 that a unique geodesic always exists between two
sufficiently close points. This care will not be necessary when comparing tensors at point
which are different only in the time direction, because neither the manifold structure nor the
background metric depend on time.

4.4 Lemma. Let (M",g) be a complete manifold with bounded geometry. Let u,v € I, (M)
and w € J4,(M), and x, y, z € M sufficiently close to each other. The trasported norm has the
following properties:

tnorm(u(x), u(y)) =0
tnorm(u(x), u(y)) = tnorm(u(y), u(x))
tnorm(u(x), u(z)) < tnorm(u(x), u(y)) + tnorm(u(y), u(z))
tnorm(u(x), u(y)) < [u(x)|+|u(y)l
tnorm((u + v)(x), (u+ v)(y)) < tnorm(u(x), u(y)) + tnorm(v(x), v(y))
tnorm((u® w)(x), (ue w)(y)) < lux)|-tnorm(w(x), w(y)) + |w(y)| - tnorm(u(x), u(y)).

Also, it holds tnorm(u(x), u(y)) = 0 if and only if u(y) is the parallel tranport of u(x) along the
segmente between x and y.
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Proof. All results follow trivially from the definition. O

In order to use the transported norm in actual proof, we have to see how it can be handled
when working with local coordinates. Let v € 9, (M) and suppose x = ¢;(X) and y = ¢;(j) are
two points belonging to the same chart: thanks to Lemma 4.1,

tnorm(v(x), v(y)) = [v(x) = Ty, x V(Y g
< CA) - lg; (X)) = @; (Ty,x (1)l g
< C() - (19, (B) = Vg, (| ggn + 107 (1) = @] (Ty,x V(YD) g ) - (4.8)

The highest order term here is |vy, (X) — vy, ()] L which coincides with the transported
norm defined according to the flat metric of R”; to control the second addend we will use
this lemma.

4.5 Lemma. Let (M", g) be a complete manifold with bounded geometry and consider x,y € M
belonging to the same chart U; of a bounded atlas and v € I 43(M). Then

lp; () —@; (T)x v < Cn,d, liglh) - lv(y)] - dist(x, y).

Proof. For simplicity let us assume that d = 1, i.e. v is a covector field and fix D = dist(x, y).
For higher order tensors we just need to add a dependency of the constants on d. Let y be a
segment with unit speed such that y(0) = y and y(D) = x. Let ¥ be the field along y given by
the parallel transport equation:

00" (1) =T (y (1) -/ (1) - * (1) t€[0,D]
v(0) = v(y).

Then T),,v(y) = ¥(D) and we have to estimate I(p;‘ (9(0)) — (p;f‘ (D(D))].
First we show, using a Gronwall-styled inequality, that © remains controlled during the
parallel transport. Differentiating the logarithm of the norm of 7 we have that

0, 0(0)10(1))

0/loglv(n)| =
t1og|v(1)| TOE

< Ty ().
So, for every t € (0, D)
|7(D)| < [0(0)] - exp (D'mtaXIT(Y(t))I) <70)]-Cn, gl

where D < 201 and A is in turn controlled once | gll; and n are known.
We can now do the “linear” estimate:

D
|0(D) — 7(0)] <f0 ITCy(sNI-10(8)]-1y(9lds < Cn,ligl) - 19(0)] - D. O

As a corollary, we can quickly recover the definition of the covariant derivative as the limit
of the difference quotient, provided that the transported norm is used in the numerator (also,
we assume to already know that the covariant derivative is a tensor).

4.6 Corollary. Let (M", g) be a complete manifold with bounded geometry, u € 9,;(M) be a
smooth tensor andy: (—€,€) — M be a smooth curve. Then

T 1) — 0
Vi) u(y(0)) zat[Ty(f)yY(O)”‘(Y(t))]tzo=£g% Y(t),y(O)u(YEr )) — uly( )).
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Proof. Since we assume to already know that both sides of the thesis are tensors, we can
use normal coordinates around y(0). So the covariant derivative at y(0) coincides with the
coordinate derivative; we thus need to show that

u(y(1) — u(y(0)) N u(y(0) = Ty, yo uly (1))
t t )

030 u(y(0)) = 1[1_{%

Since the limit of the first addend is the coordinate derivative, we have reduced ourselves to
prove that the second addend is infinitesimal: following the proof of Lemma 4.5 we can see
that, for sufficiently small |¢|,

Uy (1) = T,y uy (0)]
t

<Cn,d)-(IT(y(0)|+6)=C(n,d)-6,

given that we are in normal coordinates. So we are done. O

4.7 Corollary. Let (M", g) be a complete manifold with bounded geometry, u € 9,;(M) be a
smooth tensor andy: [0, D] — M a minimal geodesic with endpoints x = y(0) and y = y(D)
(in particular, dist(x, y) = D). Then

D
tnorm(u(x),u(y))éf Vuly(®)ldt.
0

Proof. Let us call
u(t) := Ty, uly ().

Then Corollary 4.6 implies that
0:1(t) = Ty(p),x Vi uly(2)).
Thus

tnorm(u(x), u(y)) = [@(0) — (D) |g(x)

D
gfo |Ty(t),xVy(t)u(Y(l‘)”g(x)dt
D
=f0 Vi uly ()lgey ey dt
D
g[) |VU(Y(I))|g(y(I))dt' B

4.8 Lemma. Let (M", g) be a complete manifold with bounded geometry. Let u € I4(M), ¢ €N
and x € M belonging to the chart U;. Then V¢ u(x) can be expressed as a linear combination of
terms of the form

0/ 11y, (x) % /1T (x) # ++- % /T (x), (4.9)

where j + j1 +---+ jx + k= ¢. The intervening coefficients are determined by d and ¢.

Proof. The thesis is obvious when ¢ = 0, so we continue by induction. Computing Vv =
0v + T * v for v taking the form (4.9), we see that new terms of the same form are generated:

* if the derivative 0 is discharged on the u factor, then j is raised by one;

e if the derivative 0 is discharged on any of the I" factors, then the corrisponding j; is
raised by one;
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e if " is multiplied, then k is raised by one and a new j is introduced, with value 0.
In each of these cases the sum is kept invariant. O

4.9 Remark. In equation (4.9) I is never differentiated more than ¢ — 1 times, because the
mere fact that a factor with I" appears means that k > 1. In particular, the factors containing
" are bounded by | gll,.

Lemma 4.8 can also be formulated to represent coordinate derivatives in terms of covari-
ant derivatives.

4.10 Lemma. Let (M", g) be a complete manifold with bounded geometry. Let u € J4(M),
¢ € N and x € M belonging to the chart U;. Then 0° Uy, (x) can be expressed as a linear
combination of terms of the form

VI 11y (x) % 01T (x) % -+ % 04T (),
where j + j1 + -+ jx + k= ¢. The intervening coefficients are determined by d and ¢.

Proof. The proofis the same as Lemma 4.8, except that the identity 0v = Vv+T * v isiteratively
used. O

The following extension of Lemma 4.2 will be useful.

4.11 Lemma. Let (M", g) be a complete manifold with bounded geometry and consider a
bounded atlas for g. If f: M x M — [0,00), then

sup fi(x,y) < max sup  fo,(x,¥)
(x,y)eal I (x,1)€Q;xQ;

max sup fy,(x, )< sup f(x,y)
iel (x,)€Q; xQ; (x,y)EA{\g/1

ff f,y)dvg(x)dvg(y) < C(n)- fo fq,i(x,y)dxdy

iel

ff ooy dxdy < Cln gl ff £, ) dvg(x) dwg ().
l<—:I

Proof. The first two inequalities are obvious. Let us introduce the auxiliary open sets U; :=
U;\ B(0U;,1). Since, by the definition of bounded atlas, each ball of radius A is wholly
contained in at least one of the balls U;, the balls U; are a cover of M. Therefore we can
estimate:

f f(x,t)dvg(x)dvg(y):f (f f(x,y)dvg(y))dvg(x)
AM M \JB(x,A)
< , 0 d d
Z - fB(x,)L)f(x Y) Vg(y)) Vg (xX)

<YL fo(x,y)dvg(y))dvg(x)

<X 'ff(x,y)dvg(y))dvg(x)

< ZC(n) ffg Joix,y)dxdy.
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On the other side:

fogixgiftpi(x,y)dxdyéC(n).z " (fUif(x,y)dvg(y)) dvg(x)

iel iel

(n) ZI " B(x.ZO)I)f(x y)dvg(y)| dvg(x)
<C(n)-No'f (f f(x,y)dvg(y))dvg(x)
M \JB(x,201)

<C(n)-No-ffM fx, y)dvg(x) dvg(y). O
AZOA

4.2 Parabolic Holder spaces

Let us call [x] € N the integral part of x € [0,00), i.e., the greatest integer not larger than
x. For ¢ € [0,00) we will call Z = [¢] its integral part and /=0-V¢ [0,1) its fractional part,
so that £ = ¢ + /. While the definitions we are about to give are meaningful for ¢ € (0,00),
most properties we will prove require that ¢ is not an integer. The parabolic Hélder space

¢! 75 (Mr) is defined as the set of functions on Mt such that the following norm is finite:

tnorm (0 VP u(x, 1),07VP u(y, 1))

(@) -
Il pr = 2 sup . 5 (4.10)
2bn+p=0 (x,y)eA’ dist(x, y)
tel0,T]
10"VP u(x, t) — 0"VPu(x, t')|
+ Y sup —t g_ztbn_p (4.11)
_ — xeM — ¢!
0<¢-2bn p<2bt,t’€[0,T] |t —t|"2p
+ ) supld!vPful. (4.12)
2bn+p<é Mr

The Holder space € (M) is defined as the set of functions on M such that the following
norm is finite:

tnorm Viu X ,Vfu
D = sup ( _ (0, V Uy Y sup|Vful.
© (x,y)eAM dist(x, y)¢ gt M

lleell

The Holder space €’ 75 (0M7) is defined as the set of functions on 0 M such that the
following norm is finite:

tnorm(0" VP u(x, 1),07VP u(y, 1)

) —
”u”cg’&aMT-— Z i sup - 7
2bn+p=0 (x,y)eAM dist(x, y)
t€[0,T)
107VP u(x, 1) — 87VPu(x, )|
’ ¢ bz b 51(135\)4 e
0<fl-2bn—p<2b X€ _ >
e t,t'€[0,T] 2= 1l
+ Y. supld!VPful.
2bn+p<fOMr

In all the previous cases we mandated ¢ < oo; we can also define the spaces of smooth
functions €*°(Mr), €*°(M) and €*°(0Mr), in the usual way; it is known this in this case we
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expect a Fréchet space and not a Banach space, so we cannot put a norm on it. We still define

(o]

el g 0,017 2= D 2 )
=0 L+lulle i,

o gy

l
which is not a norm, but is able to control the norm of all spaces € 26 (M) up to a constant

depending on 4.
Norm || u”E%}l,?.%a)M(T) to || uIIE(g}J’;’fa)M(T) can be defined (for ¢ < oo) with equations (4.1), (4.2)

and (4.3), using p = oo, for spaces M, Mt and 0 M. Let us see that all Hélder norms defined
on M7 up to now are equivalent.

4.12 Proposition. Let (M", g) be a complete manifold with boundary and bounded geometry.
Let ¢ € (0,00)\N, A, L€ (0,00] with A < pand ue€ J43(M7). Then

A (1) (1) -7 A
Nl p, <NUlly or, lully pry, < A+2A7 - Nullig), )
Proof. Both claims follow trivially from the definition. O

When the ratio between u and A is bounded, we can actually avoid the dependency on A.

4.13 Proposition. Let (M", g) be a complete manifold with boundary and bounded geometry.
Let ¢ € (0,00)\N, A € (0,00] and u € T;(Mr). Then

@A) e
12y, <C-ul, .

Proof. Let x,y € M such that A < dist(x, y) < 2A. We can find z such that dist(x, z) < A and
dist(z, y) < A and observe that

tnorm(0 VP u(x),87VP u(y)) _ tnorm(0 VP u(x),87VP u(z)) .\ tnorm(9! VP u(z),07VP u(y))

dist(x, y)i h dist(x, y)? dist(x, y)é
tnorm(0 VP u(x),87VP u(z)) .\ tnorm(0 VP u(z),07VP u(y))
dist(x, z)° dist(z, y)i '
(4.13)
Taking the suprema we have the thesis. O

In light of this result it will be often convenient to avoid making A explicit. It will be usually
clear from the context or irrelevant. Before proving the equivalence of norms || ullfgu;”MT let
us introduce a couple of useful results: first, that parabolic Holder spaces grow when the

regularity ¢ decreases; second, that a Leibniz-like formula is valid.

4.14 Proposition. Let (M", g) be a complete manifold with boundary and bounded geometry.
Let¢,me (0,00) withm<¥¢. Ifue ‘gi'ﬁfj—d(MT), then ue C€m'2_”llr(MT) and

lullg,mmy < Cm, 0) - llullg,e,my-

Proof. Ttis obvious that terms in (4.12) decrease when ¢ decreases. We thus only consider
terms with fractional space derivatives (of the form (4.10)), since the reasoning for terms with
fractional time derivatives (of the form (4.11)) is analogous.

We also have to consider different cases depending on ¢ and m. The easiest case is when
m is integral, because in that case the fractional space derivative is simply disappearing.
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If me (0,¢), then m = ¢ and ¢ — 1 = ¢ —m. This implies that the terms appearing in (4.10)
are the same, except that they have 7 instead of ¢ at the denominator. If dist(x, y) < 1, then
simply

tnorm(a?vp u(x, 1), O?Vp u(y, 1) - tnorm(d?Vp u(x, 1), O?VP u(y, 1))

dist(x, y)™ N dist(x, y)?

while if dist(x, y) > 1, then the denominator can be dropped and the numerator is estimated
with the integer derivatives in the term (4.12):

)

tnorm(d"VPu(x, 1),0"VP u(y, t
dist(x, y)™ (x,HEMT

If ¢eNand me (¢ -1,¢), then, from Corollary 4.7,

tnorm(d’ VP u(x, 1),0" VP u(y, t)) g
A T PPN < sup 100V e, ) -dist(x, )
dist(x, y)™ (x,DEM7
< sup [07VP u(x, o).
(x,NEMT

Again, if dist(x, y) > 1 a direct comparison with (4.12) can be done.
All the other cases for ¢ and m can be obtained by composing the ones above. O

4.15 Proposition. Let (M", g) be a complete manifold with boundary and bounded geometry.
Letuce %g’ﬁffdl (M7) andve %é’ﬁﬂ‘dz (M7) with d = max{dy, d»}. Then the productu® v e
%35 (My) and

0
lue vig,em < Cln,d, f)- ZO [Ilullcg,j”z,MT Nl o jaae + Nt jvrr W0 eg 710 pty
]:

(4.14)

<Cn,d, 0) - ullg,e,mr - 1VNlg,0,07 -
Proof. The second inequality is a corollary of Proposition 4.14, so we turn to the first one,
which is an application of the standard idea of splitting the difference quotient of a product in

the difference quotients of the two factors. We show how to estimate terms of the form (4.10):
by Leibniz’ rule and Lemma 4.4 we have that

>

2bn+p=0 dist(x, y)é
tnorm (0! VP u(x, 1) ® 01° VP2 u(x, 1),01 VP u(y, 1) ® 1 VP2 u(y, 1))

dist(x, y)i
tnorm(07° VP2 v (x, 1),07° VP2 u(y, 1))

dist(x, y)i
tnorm(0!' VP u(x, 1),87' VP u(y, 1))

dist(x, ) ¢

tnorm (0 VP (u® v)(x,1),0! VP (u® v)(y, 1)

<Cn,d,0)-)

<Cn,d, 0)-Y 107 VP u(x, 1) -

+C(n,d, 0)-Y 187V, (x, )| -

’

where summations are made on all (1,72, p1, p2) such that 2b(n; +12) + p1 + p2 = £. Each of
the addends in the right hand side is represented in (4.14). We skip the discussion of terms of
the form (4.11) or (4.12), which is analogous. O
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We can finally prove the most important equivalence theorem.

4.16 Proposition. Let (M", g) be a complete manifold with boundary and bounded geometry
and u € 9;(Mr), and consider a bounded atlas of size A, for a fixed A. Then

Nl GG, < Nullg'Gh, <Nulgghy, (4.15)
lulleg, e, < Cnd, 1181700 - Nutllg gy, (4.16)
lulg'ghy, < Cnd, 0,18l - Nullsg, o (4.17)
lullg'sA,, < Cln,d, €, min{1, A}, gl z,) - el 0 (4.18)
lul'5S,, < Cln,d, ¢, min{l, A}, min{1, T}, g1l 7,) - el 0, (4.19)

Proof. Identity (4.15) is trivial. In order to prove (4.16) we need to consider independently
the three addends (4.10), (4.11) and (4.12) and provide an inequality with the corresponding
quantities computed according to the flat metric, using (4.5) from Lemma 4.2 and the corres-
ponding inequalities from Lemma 4.11; let us begin by taking n and p such that 2bn+p < ¢
and estimating (4.12). Thanks to Lemma 4.8, we have that, for x € U;,

107V u(x)| < C(n,d, 2, gl;)- Y. 10707 gy, ()]
p'<p

Euc,1

.0, SO We are done with

The quantity on the right hand side appears as an addend of || u||
this one.
Let us now take x and y not more than A far away and consider the addedend (4.10); by

the definition of bounded atlas there is a U; that contains both. Writing as for (4.8):

tnorm(Vgu(x), Viu(y))

IV u(x) - Vuy)| . WV u(y) - Ty, V uy)l
dist(x, y)’? '

dist(x, y)g dist(x, y)f

<Cd)- (4.20)

In the first addend of (4.20) we expa_lnd both terms in the absolute value with Lemma 4.8. Let
us separate the one term with j = ¢ from all the others:

v u(x) = Ve u(y) = 0 uy, (x) = 8’ 1y, (y) + 1015 (4.21)
where 1ot is the sum, for j < £ and j + jj +--- + ji + k = £ of terms having the form:

o/ U, (X) ajlr(x) Kook ajkr(x) —Ofu(pi(y) " ajlr(y) Koeee ajkr(y)

= (0 uyp, (x) — 8 1y, () * 01T (x) % -+ % BFT(x) (4.22)
+07 Uy, () * (@) T(x) =01 T () * -+ % 0K (x) (4.23)
+...

+07 Uy, (y) % 0T (y) % -+ % (37K (x) — 07T (1)),

Again we have to split the discussion in two cases, one for each possible form of the terms
in Lots. Recalling Remark 4.9, terms of the form (4.22) satisfy

|07 tg; (6) = 07 1y, (1) % O T(x) %+ AHT ()| < €L, m, 11 )-5uplo 1ty T ()= p7 (W,
Q;

while terms of the form (4.23) satisfy

071, (1) % (T () = 0M T (1) 5 -+ % AT ()| < Cld, 1, 1€ 1) -5UPIO |- 07 () = 07 D).
Q;
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It follows that

Iagu(pi (x) - Oiuwi 621

V(e — v
V14 =V YD o, d, gl - A
dist(x, y)¢ o7 () - I

.7 _
+C(n,d, 0,Nglz.) A7 Y supld? uy,l,
j=0 €

which accounts for the first addend in (4.20). For the second one we use Lemma 4.5:

IV u(y, 1) - Ty,xV’Z u(y, 0l
dist(x, y)?

<Cnd, 2, lgly A7 v u, ),

which can then be estimated as above. Up to now we have assumed that n = 0, but, since
time derivatives commute with space derivatives, all the proofs can be repeated with the
full formulae: we have thus shown that terms of the form (4.10) are bounded by a suitable
multiple of || Mll%;’}m- At last we need to estimate terms of the form (4.11): as before the
idea is to apply Lemma 4.8 to rewrite covariant derivatives in terms of coordinate derivatives,
retain the higher order term and control the others by mean of supla?Vp u|. There is nothing
new here (actually, it is easier, because the parallel transport term does not appear), so we
omit the details again. This concludes the proof of (4.16).

The proof of inequality (4.17) is similar, but Lemma 4.10 is used instead of Lemma 4.8.
Since no new ideas are introduced here, we skip the details.

We are finally on inequalities (4.18) and (4.19). Their proof is similar to (4.17), but the
presence of the decay and extension operators must be addressed and introduces the depend-
ence on A and T when they are small. Looking at operands in (4.2) and using Proposition 4.15
we obtain that

I(¥i- e, lg,ern < Cn,d, €)- 1Y) g, l6,emn - 1, ll¢,0mn

By definition of ¥;
C(n,lgllo)
1Y), ll6,emn < " (4.24)
SO
lullg'yy, < Cln,d, ¢, min{1, A}, lglo) -supliug, s ., -

iel
Euc,1
N €,0,Mr’
the sets 2; instead of 2;. However it can be estimated as for (4.17) and, using Proposition 4.13,
inequality (4.18) is established.

We can work in a similar fashion for (4.19): it is a consequence of the discussion in [ ,
Section 4.4] that the extension operator e~ is bounded by C(n, d, ¢) (the relationship between
norms defined in | ] and in this work will be detailed better later on); also, for the
function uz we use again Proposition 4.15 and obtain a factor depending on T from the norm
of Z. So we have proved that:

The right hand side has the same form as the norm || u|| except that it is computed on

Euc,3 Euc,2 . _ Euc,2 Euc,2 . . Euc,2
Ilull%_&MTéIIullcg,[yMT+C(n,d,€) IIMZII%,(,MT<I|uIIW,MT+C(n,d,€,m1n{1,T}) IIMII%,[,MT,

which together with (4.18) concludes the proof of the proposition. O
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These theorems are easy to port to the spaces &? 75 (OM7) and € ‘(M. They enable us to
access the theory developed in | 1, which is dedicated to Euclidean spaces. In general
spaces in Amann’s book are described by a number s, which corresponds to our ¢, and two
tuples v and d, which are the weight system (their properties are studied in [ , Section
1.3]). Also, by definition, if v = (vy,...,v¢) and d = (dy, ..., di), then

1_(1 1)
v vy v

d is the sum of the values of d (corresponding to the dimension of the underlying domain),
w is the tuple

®W=MV1,...,V1,V2, .0, V2, oo, Vi ooy Vi)
—_—— ——— —_——
d; times dy times dj times

and w is the least common divisor of the values of w (or of v, which is the same). The letter E
denotes the codomain space and will not be specified here.

The space 6*(R") corresponds to C§/¥(R%, E) = BSR4, E) = égg;o(nqed, E), defined in
[ , Section 3.9 and Section 3.3], with respect to the isotropic weight system:

v=(1) d=(n) w=(1,...,1).
~—

n times
The equivalence may be shown by mean of [ , Theorem 3.6.1] and | , Section 2.7.2,
Theorem 2 and Remark 1].
For the other spaces we turn to Amann’s theory on corners, contained in | , Chapter
4]. The space €’ (R?) corresponds to Cg’ V(K, E), defined in [ , Section 4.4], with the

same weight system and K = R”.

For the time-dependent spaces %* 25 R™), €° 25 R ) and € 03 (OR% ) (we take T = oo,
otherwise the functions are not defined on a corner of R"”) we need to use the reduced 2b-
parabolic weight system of dimension n + 1 (for R}, and R? ):

v=(1,2b) w=(1,...,1,2b) d=(n1)
——

n times

or the reduced 2b-parabolic weight system of dimension n (for dRY ):

v=(1,2b) w=(1,...,1,2b) d=mn-1,1).
N——r

n—1 times

Again, the three spaces correspond to Cg/ Y(K, E), with the appropriate choice of the corner K.

In all cases the same results cited for the space €*(R") can be used to prove the equival-
ences; Triebel’s book does not explicitly concerns itself with anisotropic spaces, but | ,
Theorem 3.6.3] can be used to describe an anisotropic space as intersection of many isotropic
ones. In [ , Example 3.9.2] the case with ¢ < 2 is exemplified.

4.17 Proposition. Let (M", g) be a complete manifold with boundary and bounded geometry.

Let ¢ € (0,00) \N. Then the spaces €' (M), %é’ﬁ (Mt) and %Z’ﬁ (OMT) are Banach spaces. In
each of them the set of smooth functions on the corresponding domain is dense.

Proof. In [ , Theorem 3.3.2] and in the discussion immediately after it is proved that

slv
p.q

A
Schwartz functions are dense in B

A
Besov spaces B)') and B;,{ g over Euclidean spaces are Banach spaces; also, by definition,

slv

py By localization, the thesis follows. O
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4.18 Proposition. Let (M", g) be a complete manifold with boundary and bounded geometry.
Let € € (0,00) \N and u € €°% I3(My). If€ > 1, then du,Vu e €°~"% (My); if ¢ > 2b, then
oiue ¢!-2b 5" (M7). The following estimates hold:

l0ulls,e—1,m; < C(n,d, b, ¢, min{1, A}, min{1, T}, lIgl 7,.,) - | ull%,¢,pm
||Vu||<€,[—1,MT < C(n,d) b)fymln{]-)//‘/})mln{l) T}) ||g||[7+1) ° ” u||<€,!,MT
<

10 ullg,0-2b,m7 < C(n,d, b, €, min{1, A}, min{l, T}, 118l 7, 1) - | tll¢,e,p17-

Proof. By the discussion above, | , Theorem 4.4.2] can be reformulated as

Euc,3 . Euc,3
10ulley ;= ar, < Cn,d, b, 0) - Nutlleg -

By Proposition 4.16, the thesis follows. All the other inequalities can be proved in the same
way. O

4.19 Proposition. Let (M", g) be a complete manifold with boundary and bounded geometry.
Let £ € (0,00) \N and u € €*% Ty(Mr). Then ul;—o € €°(M) and uloy, € €°% @Mr) and

” ull’:O”%,[,M < C(nrd) b)[)mln{l)ﬂ/}rmln{lr T}) ||g||(7+1) : ” u”‘g,(,MT
<

lulony 6,000, < C(n,d, b, €, min{l1, A}, min{1, T}, lIgll ;.. ) - I ull,e, 0y

Proof. Again by the discussion above, [ , Theorem 4.5.4] can be reformulated as

Euc,3 Euc,3
luli=olleg'yyy < C(n,d, b, 0) - llulleg'y -

Again, the thesis follows from Proposition 4.16. The second inequality can be proved in the
same way. O

4.20 Remark. Proposition 4.19 can be proved directly from the definitions, even with the be-
nefit of dropping the constant C. However, the same result in the case of Sobolev-Slobodeckij
spaces is not trivial, so we retain the reference [ , Theorem 4.5.4] in order to keep the
theory homogeneous between Holder and Sobolev-Slobodeckij spaces.

Propositions 4.18 and 4.19 imply that the map that takes a function u € €°* '35 (M7) and

associates to it the collections of time derivatives at time zero 6’; Uly=o for k=0,..., [ﬁ] is

continuous. The following lemma shows that such map admits a coretraction.

4.21 Proposition. Let (M", g) be a complete manifold with boundary and bounded geometry.
Let ¢ € (0,00) \N. Suppose that, for each k = 0,..., [%], we have wy € %%E’Td(M). Then

thereisu e %é'ﬁffd(MT) such that, for each k, it holds 6’; W|i=o = wy and

%
2b
lullg,ens, < Cn,d, b, 0,18l 7, min{l, AN - Y Nlwillg,r—260,m-
k=0
Proof. Use | , Theorem 4.6.3]. O

4.22 Remark. It might be tempting to define

However this naive solution cannot in general be expected to have the required regularity.
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The dependency on A and T of the constants in Proposition 4.16 is rather annoying,
because arguments in later chapters will require to shrink A and T to very small values. Such
dependency cannot in general be avoided, as one can simply see from simple examples.

o /4 ) l
However, if we restrict to the subspaces € 035 (M7) and €%25 (M) of functions with zero
initial value, the dependency can be removed. The two subspaces are defined as the closures

in ¢* (M7) and ©0% (0MT7) of the set of smooth functions whose support is compactly
contained in M x (0, T] or M x (0, T']. The following proposition justifies the title “zero initial
value”. As usual, a similar one can be written and proved for oM.

4.23 Proposition. Let (M", g) be a complete manifold with boundary and bounded geometry.
Letl € (0,00)\N. Thenu € ‘é['ﬁffd(MT) ifandonlyifue ‘gf'z_ghffd(MT) and, fork=0,..., [2_[17] ,
it holds 0¥ ul ;o = 0.

Proof. See [ , Theorem 4.7.1]. O

In spaces of functions with zero inital value Proposition 4.14 can be refined so that we
gain a power of A each time we discard some regularity.

4.24 Proposition. Let (M", g) be a complete manifold with boundary and bounded geom-
etry. Let ¢,m € (0,00) with m < ¢ and suppose that T = A*’x for A <1 and x < 1. If

o V4 o m
ue€"2.9,(My), then ue €2 (My) and
N2tllg,mnty < Cm, €) - AL Ntdllg, 0,01,

If, in addition, the condition m < ¢ is satisfied, then the thesis can be strengthened to

i -
A
I ttlleg, m,pry < Cm, €)= T25 - A" N ullg 0,01y

Proof. Letusassume that m € (¢,¢), which is not difficult to generalize to all the other possible
cases, perhaps by repeating the argument more than once. For terms of the form (4.10) it is
easy to estimate

tnorm(07 VP u(x, 1),87VP u(y, 1)

tnorm(07 VP u(x, 1),87VP u(y, 1) 16
dist(x, y)™

m

< _
dist(x, y)?

For terms of the form (4.11), similarly,

IO?VPu(x, t)—O?V"u(x, 9] . IO?Vpu(x, t)—@?vpu(x, ] T
. 2 .

m-2bn-p ~ 0-2bn-p

lt—t'|"2 |t—t'| " 2b

So far we have not used the hypothesis of being in a space of functions with zero initial
value. This becomes important for estimating (4.12), which has the form of an integer
derivative and not of a Hélder norm. Thanks to Proposition 4.23 we can write, for 2bn+p < m,

107VP u(x, )] = 107VP u(x, £) — 07 VP u(x,0)|.

If2bn+p > ¢ —2b, then

10TVPu(x, 1) —0"VPu(x,0)|  r-2bn-
107V u(x, 1) — 3"VP u(x,0)] < — ‘ T

¢-2bn—-p
||~ 2p
e _Alvpe
o 10, VPu(x, ) -0, VPu(x,0)| e
~ 0-2bn-p :

||~ 2p
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If not, then there is at least another integer derivative in the norm, with 1 incremented of 1.
So we can estimate:
—m

10"VP u(x, £) - 0"VP u(x,0) < sup 107 ' VPu(x, )| T< sup 1877 VPu(x,s)|-T%" .
s€(0,T] s€[0,T]

In every case, since by hypothesis T < 2P the proposition is proved. In particular, when
m < ¢, then we can do a ﬁrst step for which m = ¢: in such case there is no term of the

form (4.11), so a factor T 2p 5 = Tzh appears, and the second formula in the thesis is proved as
well. O

Proposition 4.24 allows a more optimized usage of Proposition 4.15, in a way expressed
by the following lemma, whose important point is the fact that C does not depend on A.

4.25 Lemma ([ , Lemma 4.4]). Let (M", g) be a complete manifold with boundary and
bounded geometry. Let T = APk withk <1and A <1, ¢ € (0,00) \N and u € ‘é['ﬁffd(MT).

Suppose that ¢ € ‘6[ 25 (M) (in this case ¢ is an actual function), with lolle,jmr < % forall
j €10,4]. Then the following estimates hold:

L
(n,d, ¢,C) - | K2 + |@lloo,my | - I Ullg,0,mp

(nr d,[, Cl) : ” u||<€,€,MT-

lpulle,enm, <C
C

NN

Proof. From Propositions 4.15 and 4.24:

||(Pu||<€,€,MT < C(l’l,d,[) : Z [||(,0||<gy]+[?yMT : “ u”cgj_j,MT + ||(P||<€,],MT ' ”u”%”j—j-ﬁ-lf,MT]
j=0

d 1
| Wb+ 5V |

< C(”)d)[)cl Z

1
+C(n,d,0,Cy)- [ﬂ Nulleg 7,01, + 1@lloo vty - | u||<g,e,MT]

G LG
<Cn,d,¢,Cy)-) —7 T2 - A ullg o1y
j=1
1 e )
5. A0~ =i+
—_ 2b . . u
/lJ lulls,e,pmyp

l, _
5.0
T2 A Nl o vy + 1Plloonty - Nttllg 0,01,

‘
+C(n,d, ¢,C)- )
j=

+C(I’l d f Cl)

1
<Cn,d,¢,Cy)- [ + |<p||oo,MT] Iullg, 07
The second inequality clearly descends from the first one. O

4.26 Proposition. Let (M", g) be a complete manifold with boundary and bounded geometry.

Suppose that T = A*’x withx <1 and A <1 and ¢ € (0,00) \N. Then, for u e &0 Ti(Mry),
inequalities (4.18) and (4.19) can be refined to

Euc,2
N5, < Cnd, 6,18l Nulle,eu,

Euc,4
||u||<g,£,M < C(n)dyé) ||g||[7+]_) : ”u”(g,[,MT'
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Proof. The proofis the same as the last part of Proposition 4.16; however, using Lemma 4.25

instead of (4.24) allows to avoid the dependency on A when estimating || uII%‘%MT.

If u has zero initial value, then by definition it can be approximated in €5 (M) with
functions u; supported on M x [g, T]; each of the u; can be extended by zero on R" x (—o0,0],

so by continuity u can too. It follows that the operator & is continuous and [ ullgﬁ"]}m is well

defined on €% (M7). Once good definition is established, the dependency on T is ruled out
by the definition itself. O

Finally, we can prove that we can eliminate the dependency on T and A of some pro-
positions above in this section if we are working on spaces of functions with zero initial
value.

4.27 Proposition. Let (M", g) be a complete manifold with boundary and bounded geometry.
Let ¢ € (0,00) \N and suppose that T = A2y withx <1 and A < 1. Then Propositions 4.18
and 4.19 remain true on €% (M7), and in addition the dependencies on A and T of the
intervening constants can be removed.

Proof. All proofs can be repeated using || ull%l,;'jh instead of || ullfg‘fz'LT and Proposition 4.26
instead of Proposition 4.16. O

4.3 Parabolic Sobolev-Slobodeckij spaces

For ¢ € 2bN and p € [1,00), the parabolic Sobolev space Ww’ﬁ)"’(MT) is defined as the space
of measurable functions on Mt for which the following norm is defined and finite:

P
lalwepoty = Y (ff VP utx, D1 dvg(v di)”
2bn+p<l \WIMr

Let us now pass to the trace spaces of wt 75 P (M7) on M and 0M7y. Differently from
the Holder case, the trace operation here introduces a loss of regularity, corresponding to
L orders of differentiability on the space boundary and 22 orders of differentiability on the
time boundary. A notion of Sobolev spaces with fractional derivatives is therefore necessary,
for which we turn to the theory of Sobolev-Slobodeckij spaces, which are a particular case of
Besov spaces.

As for the Holder spaces, we give the definition of Sobolev-Slobodeckij spaces for all
¢ € (0,00), although most properties fail when ¢ ¢ N.

The parabolic Sobolev-Slobodeckij space WP (M) is defined as the space of measurable
functions on M for which the following norm is defined and finite:

_ i 1
t V[ ,V[ p p 1
IIuII%)é M= (ff norm(. a ft(y)) dvg(x)dvg(y)) + (f IVPu(x)|” dvg(x) 7

As mentioned above, when ¢ € N this is not an actual Sobolev-Slobodeckij spaces, but we use
the same notation nevertheless. In that case, the first addend must be dropped.
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The Sobolev-Slobodeckij space wd 'ﬁ)’p(dMT) is defined as the space of measurable
funtions on 0 Mt for which the following norm is defined and finite:

1
tnorm(@"VPu(x, t),0"VP u(y, t))P P
||u||§,/},)[ oM fff O 0,0, A 0. D) dvg(x)dvg(y)dt
P,OMT AaMX[O T dist(x, y)n—1+p€

2b1]+p

(4.25)

0"VPu(x, 1) — a7 VPu(x, t')|P »

e (fff 10} VP u(x, 1) u(x, )| dvg(x)dtdt’)

0-2bn—p<2b M x[0,T1x[0,T] |t — t/|1+p ” £
(4.26)
1

+ (ff 107V u(x, t)Ideg(x)dt . (4.27)

2bn+p<€

Again, when ¢ € N terms of the form (4.25) are dropped, and when ¢ € 2bN terms of the
form (4.26) are dropped too.

Norm || u”I;\l’l,?ylpy(a)M(T) to] u”]al’l,?i?,(a)M(T)
for base manifolds M, Mt and 0M7.

In the rest of this section we want to develop a theory analogous to that given for Holder
spaces. Since most results and proofs are similar we do not repeat everything, but only
outline the differences between last section and this one. Most of the differences are due to
the integral nature of the Sobolev-Slobodeckij norms, which require a better control over
phenomena of diffusion and concentration than uniform Holder norms.

Here we will take 0 M7 instead of M7 as the prototypical space, because the latter does

not involve fractional derivatives and would thus present the theory in a too simplified form.

can be defined with equations (4.1) through (4.4),

4.28 Lemma. Let (M", g) be a complete Riemannian manifold with boundary and bounded
geometry. Let A, pu € (0,00) with A < u, a € R and x € M. Let us call A(x) :=0M n (B(x, )\
B(x,A)). Then

1
fA(x) dist(x, y)n-1+a dog(y) < C(n,min{1, A}, max{1, u}, a, | g llo)-

If the metric g has nonnegative Ricci curvature and a > 0, then p can be taken in (0,00] and

d C(min{1, A},
A dist(x, y)n-1+a 0¢(y) < C(min{l, A}, a).

Ifinstead a < 0, then A can be taken in [0,00) and

1
d C 1,
fA(x) dist(x, y)n-1+a 0g(y) < Clmax{l, u}, a).

Proof. Using the coarea formula (see | , Exercise I11.12, (d)]) we can rewrite:

1 IV |
da =| — do dt.
fA(x) distr, yyr e 47V fx gn-lra (L(x,t) 78y ))

Here S(x, 1) is the sphere of radius ¢ centered at x inside 0M, so it has dimension n—-2; ddg
is the (n — 2)-dimensional measure induced over it by g.

Since, by hypothesis, the sectional curvature is bounded in absolute value by || glly, we
can use Corollary 3.5 and infer that |, Seut) dog(y) < C(m,lIgllo), which implies the thesis. If,
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in addition, we know that g has nonnegative curvature, then, being the boundary totally
geodesic, glgp has nonnegative curvature too and we can use Corollary 3.5 with K = 0. In
such case, [y, dGg(y) < C(n)-t"~* and

f L do,()<C) f” o dt—fut_l_“dt—l(ﬂt_“ oy L
A dist(x,y)”‘”“ gV 1 (h-l+a - 1 - a K Sa-e”

The same idea, integrating near 0 instead of near oo, gives the third inequality. O

4.29 Proposition. Let (M", g) be a complete Riemannian manifold with boundary and bounded
geometry. Let £ € (0,00) \N, p € (1,00), A, u € (0,00) withA < pandu e J43(0Mr). Then

) @)
ey e poney S Wl o o0y
(W) . A
lulliy, por, < C0,d, €, p,minil, lambda}, max{L, w, lgllo) - Il o0y -

If the metric g has nonnegative Ricci curvature, then u can be taken in (0,00] and

(W) . A
Nl ongy < COnmn{L AL p, -l o0

Proof. The first inequality is obvious. For the second we only need to estimate the excess in
term (4.25), i.e.,

tnorm(0’ VP u(x, £),0VP u(y, )"
f f f A S dug () dug () dr < Colully o
(0,71 JoM J A(x) dist(x, y)n—ttp

where A(x) is defined as in Lemma 4.28.
First, let us split the trasported norm:

tnorm (07 VP u(x, 1),87VPu(y, )P < C(p)- (107VP u(x, HIP +107VF u(y, 1)|").

For each of the two terms, commuting integrals and applying Lemma 4.28, we have the
thesis. O

4.30 Proposition. Let (M", g) be a complete Riemannian manifold with boundary and bounded
geometry. Let ¢ € (0,00) \N, p € (1,00), L € (0,00) and u € T3(0Mr). Then

17 s, < COp, € 1IN0 - Il o
Proof. We would like to use the same idea of Proposition 4.13; however, while dealing with
uniform estimates the point z can be selected at will, now we need to do integral estimates,
so we have to check that the selection of z does not tend to accumulate too much in a small
region: first of all, we can assume that 21 is smaller than half of the injectivity radius of M,
since otherwise the proof of Proposition 4.29 can be repeated without loss of generality. So
the function z(x, y) mapping x and y to the midpoint of the segment joining x to y is well
defined on Agf‘f . In particular:

1 1
dist(x, z(x,y)) = 3 dist(x,y) <A dist(z(x, y),y) = 5 dist(x,y) < A.

The boundedness of the geometry implies that the differentials D, z(x, y) and Dyz(x, y) and
their inverses are all bounded by C(n, || gllo)-
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Let us now, for simiplicity, call

tnorm(0’ VP u(x, 1),87VP u(y, 1))?

dist(x, y)”‘“l’é

flx,y) =
Similarly as (4.13), we have that f(x, t) < f(x, z(z,y)) + f(z(x,¥),y). Then
fngyf(x,y) dog(x)dog(y) <fngyf(x,Z(x,y))d0g(x) dog(y)
+ (2(x, ), ) dog(x)dog(y).
f fA gyf y),y)dog gy
Using the boundedness of the differential of the function z:

f fA T30 o) o) < COm gl f fA 1502400 oy 2,

) O

which is controlled by || u|| W,0,p0M;"

4.31 Proposition. Let (M", g) be a complete Riemannian manifold with boundary and bounded
geometry. Let ¢,m € (0,00) with m < ¢ and p € (1,00). Ifu € W(Z'ﬁ)’pf’/_d(aMT), then u €
W™ 3)2P (9Mr) and

lellw,m,ponee < COm, €, ) - ttll o, oty

Proof. The proof mimcs that of Proposition 4.14: we consider independently the terms
appearing in the norm || u|lw,,, p,00, and show that each of them can be estimated with one
or more terms in [|ullw,¢,p, o, - Terms of the form (4.27) are trivial to estimate and terms of
the form (4.26) are similar to those of the form (4.25), so we focus only on the latter.

If m is integer, then there is nothing to prove, because the fractional space derivative
is just being dropped. Let us then suppose that m € 2, 0): if dist(x, y) < 1, then the simple
estimate

tnorm(07 VP u(x, 1),07VP u(y, 1)? o tnorm(d VP u(x, 1),07 VP u(y, )P
dist(x, yyr-1+pri h dist(x, y)»~1+7?

is enough. If instead dist(x, y) > 1, then we can proceed as in the proof of Proposition 4.29.
If ¢ is integer and m € (¢ — 1,¢), then Corollary 4.7 can be used analogously to (4.30). All
the other combinations of m and ¢ can be obtained by composing these. O

4.32 Proposition. Let(M", g) be a complete Riemannian manifold with boundary and bounded
geometry. Let ¢ € (0,00) and a € (0,1 - ¢) and suppose that u € <€£+“'[2+_ba9'd1 (OMrt) and
VE W(g’ﬁ)’p?/_dz (OM7) with d = max{d,, d»}. Then the product u® v € W(g’ﬁ)’p(dMT) and

7

lu® vliw,e,pomy < Cn,d, €, p,max{l, A}, a) - (Z Nl jsovaonty WV Nw,oj pony
Jj=0

7
+ Il jonr - 1Vl Wj—j+e?,p,aMT)
j=0

< C(n) d) [) p, maX{]., A‘}) a) : ” u||<€,£+a,aMT . ” U” w,¢,p,0Mr-
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Proof. Following the proof of Proposition 4.15,

tnorm(0! VP (u® v)(x, 1),0! VP (u® v)(y, )P

)3

2bnrp=i dist(x, )1+ P!
tnorm (0] VP u(x, 1) ®01° VP2 u(x, 1),0 VP u(y, 1) ® 87 VP2 u(y, )P
dist(x, y)n-1+p?
'[norm((?’t72 VP2y(x, 1), 6?2 VP2y(y, 1)P
dist(x, y)n-1+p¢
1072VP2y(x, )P tmorm(d]' VP u(x, 1),07 VP u(y, 1)
dist(x, y)r-1-pa dist(x, y)P+a)

<C(nyd)p)[)z

<Cn,d,p,0)-)Y 107 VP u(x, 0P

+C(nvd)p)[)'z

’

where summations are made on all (171,12, p1, p2) such that 2b(n; +1,) + p1 + p2 = £. Integ-
rating and using Lemma 4.28, one obtains the desired inequality for terms of the form (4.25).
The other cases follow in the same way. O

4.33 Proposition. Let(M", g) be a complete Riemannian manifold with boundary and bounded

geometry. Let ¢ € 2bN and suppose that u € cg&ﬁg-dl (M7) and v € W(&ﬁ),pg—dz (M7) with
d =max{d,, d,}. Then:

lu® viw,e,pmy < Cn,d, €,p)- Y Nulleg, j iy - 10l w,e—j,p vy
j=0

Proof. The proof follows the same schema of Proposition 4.32, except there are no fractional
derivatives in this case, so it is actually simpler. O

4.34 Proposition. Let (M", g) be a complete Riemannian manifold with boundary and bounded
geometry and consider a bounded atlas of size A, for a fixed A. Then

Euc,1 Euc,2 Euc,3

el w,epamy S Ul 2 an,

lluell

Euc,1

(n)d) [) p, maX{l,A}, ||g||[7+1) : ” u”W,[,p,aMT

[l zell W,¢,p,0Mr

<
<C

Nl on, < Ctdy €, pmaxtil, AL gl zy) - Nullw,e,pony
 <Cn,d, 0, p, MN8N ) - Nllw,e,pomty (4.28)
 <C

(nr d! gr p, /1) mln{l) T4, ”g”f_}_l) : ” u” W,¢,p,0Mt (4.29)

Proof. The proofis similar in the spirit to that of Proposition 4.16, so we do not repeat the
whole proof; in lemmata 4.2 and 4.11 the integral estimates are to be used instead of the
uniform ones.

Let us see how to handle terms of the form (4.22): by the Hélder inequality

_ p
x+1t- Y x)‘dt)
lx—yl




44 4.3. PARABOLIC SOBOLEV-SLOBODECKIJ SPACES

It follows that, commuting the integrals and since the diameter of Q; is smaller than 10A:

107 Uy (x) — 04ty ()P )
ff (7} ;Y dxdyg\[ f ﬂ@Qi—x(h)'IhI_n+p(l_€) (4.30)
GQ,-XGQ,- GQ,- Rn-1
; h
o/ u, (x+ t—)

|x_ yln—l+pé
Ihl
fo |l

gf |h|_n+1+p(1_€)dh'[ |aj+lu(pi(x)|p dx
By (0) 0Q;

p
dtdhdx

< C(n,p,0) APA=D f |6j+1u(pl. (x)|P dx.
6 .

l

Terms coming from the second addend in (4.20) can be handled again with Lemma 4.5:

0, (v) = Ty 0 g, 14
ff | ©; (J/) %X A(p,(_)/)l dxdy
8Q; x0Q; |x_y|ﬂ—l+ﬂ

<Cnd,p,lgl)- ff =y P00 160 () dxdy,
(9Qi><69i

which is analogous to the above.
Also when proving (4.28) and (4.29) the schema of Proposition 4.16 can be reused, letting
Propositions 4.31 and 4.32 play the role of Proposition 4.14 and 4.15. O

Like the Holder spaces (see there for the notations), the Sobolev-Slobodeckij spaces we
have defined have equivalents in [ l.
The space W%P(R") corresponds to W;/"(Rd, E) = B;,/"(Rd, E) = B;,/V([Rd, E), defined

in [ , Section 3.8 and Section 3.3], with respect to the isotropic wéipght system. The
equivalence may be shown by mean of | , Theorem 3.6.1] and [ , Section 2.5.1,
Theorem and Remarks 3 and 4].

The space WP (R") similarly corresponds to W;’ Y(K, E), defined in [ , Section 4.4],

with the same weight system and K = R”.

The spaces W(ﬁ’ﬁ)"’(ﬂ%’%) and W([’ﬁ)'p(ﬂ%ﬁ 7) correspond to W;/"([K,E) = H;,/"(K,E), de-
fined in [ , Section 3.7 and Section 4.4], with the reduced 2b-parabolic weight system of
dimension n + 1; compare with [ , Section 3.8] and see the example [ , Example
3.7.4].

Atlast, the space W(35)P (OR” ;) corresponds to W'¥ (K, E), with the reduced 2b-parabolic
weight system of dimension 7. An explicit norm is described in [ , Proposition 3.8.3].

4.35 Proposition. Let(M", g) be a complete Riemannian manifold with boundary and bounded
geometry. Let p € [1,00). Then the spaces W'“352P (My) for ¢ € 2bN and WP (M) and

WP (OM7) for ¢ € (0,00) \N are Banach spaces. In each of them the set of smooth functions
on the corresponding domain is dense.

Proof. As for Proposition 4.17, the result follows from [ , Theorem 3.3.2] and the dis-
cussion immediately after, together with [ , Theorem 3.7.1, (iii)] to extend the result to
spaces Hy)¥ (K, E). O

Since we defined Sobolev spaces on Mt only for ¢ € 2bN, we cannot give an equivalent of
Proposition 4.18, but we can fuse it together with 4.19, since they are always used together.
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4.36 Proposition. Let (M", g) be a complete Riemannian manifold with boundary and bounded
geometry. Let ¢ € 2bN, p € (1,00) and u € W("ﬁ)"’ﬂ'd(MT) and taken,p eN. If¢ >2bn+p +

o bn—p_L %
L1 then O?VpulaMT e w=2bn=p=p—=5 p(dMT), if ¢ > 2b17+p+ , then a"vpuh 0 €

é—an—p—z—b . .
w r (M). Also, the following equalities respectively hold:

”a?vpulaMT ”W,[—Zb?]—p—l,p,aM < C(n) dr br p) gr mln{]-; A/}) mln{l) T}) ”g”[) : ” u” W,f,p,MT

107VP ul =01y, oo 2, S Cnd, b, p, ¢, min{l, A}, min{L, T, glle) - lw,e,p, vy

Proof. See [ , Theorem 4.4.2 and Theorem 4.5.1]. O
4.37 Proposition. Let (M", g) be a complete Riemannian manifold with boundary and bounded
2 (—2bk—%
geometry. Let ¢ € 2DN. Suppose that, foreach k = 0,. ] we have wi € W™K~ =22 g (0.
Then thereis u € W([%)J’g‘d(MT) such that, for each k, it holds Glfwltzo = wy and
¢ _1
[#-5]

lullw,e,pm; < Cln,d, b, ¢, p,lgll,,min{l,A}) - ];) 10kl w22 ar

Proof. See [ , Theorem 4.6.3]. O

The spaces of functions with zero inital values W(Zbk’k)’p(MT) and W ’ﬁ)'p(aMT) are
defined, like for Holder spaces, as the closures of the set of smooth functions whose support
is compactly supported in M x (0, T] or M x (0, T'.

4.38 Proposition. Let (M", g) be a complete Riemannian manifold with boundary and bounded
geometry. Let¢ € 2bN and p € (1,00). Thenu € WP (M) Ty ifand only ifu € W 3P (M) Ty
and, fork =0,. [Zb + = ] itholdsd’lfultzo =0.

Proof. See [ , Theorem 4.7.1]. O

4.39 Proposition. Let (M", g) be a complete Riemannian manifold with boundary and bounded
geometry. Let ¢ € 2bN and p € (1,00) and suppose that T = A*’x with A <1 andx < 1. If

ue Vi/w'ﬁ)’p(MT), then for alln and p such that2bn + p < ¢ it holds

107V ull p a1, < Cln,d, €, p, N8N ) -

Proof. If p =0, the results follows trivially by integration in the time direction. In general

we can use Proposition 3.11 on O?u withp=qg=r,m=p, k=¢-2bnanda="7 = ﬁ,

followed by Young’s inequality:

{-2bn—p
7-2bn 2b {-2b
1079 ull p,rry < Cln, A, €, pulIgle) - Nty 1070l 0"

p-(0~2by-p) o an _ p(t=2bn-p) . ”;fg’;};ﬂ
=C(n,d,l,p,lglp)-|T 2 -|lu ”WprT T 2 '”atu”p,MT

<Cn,d, 0,p,lgly- (T“b"‘P Nwlw,eppry + TP ||a’;u||p,MT).

And then we conclude using the thesis for p = 0, which has already been proved. O
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4.40 Proposition. Let (M", g) be a complete Riemannian manifold with boundary and bounded
geometry. Let ¢ € 2bN and p € (1,00) and suppose that T = A*’x withA <1 andx <1.Ifue

Ww'ﬁ)’pffd (M7) and ¢ € ‘65'2_[17 (M) (in this case @ is an actual function), with ||@ll«, j v, < %
forall j €10, 7], then the following estimates hold:

loulw,e.pat; < C,d, 4, p, C) - [+ 1loo, vty | Nttllwe,po
< C(n,d, 0, p,C)- Iullw,e,p,my-

Proof. See the proof of Lemma 4.25, using Proposition 4.33 to expand the product. O

4.41 Proposition. Let (M", g) be a complete Riemannian manifold with boundary and bounded
geometry. Let ¢ € 2bN and p € (1,00) and suppose that T = A*’x with A <1 andx < 1. Then,
for ue WP g, (My), the equivalent of inequalities (4.28) and (4.29) on My can be refined
to

Euc,2
Nl v, < CO0,d €, g1 - Nt vty
Euc,4
Nl vy < Cnd, €,y g Il
Proof. See the proof of Proposition 4.26. O

4.42 Proposition. Let (M", g) be a complete Riemannian manifold with boundary and bounded
geometry. Let ¢ € 2bN and p € (1,00) and suppose that T = A’k with A <1 andx < 1. Then

° l
Proposition 4.36 remains true on W'250P (My), and in addition the dependencies on A and T
of the intervening constants can be removed.

Proof. See the proof of Proposition 4.27. O

4.4 Sobolevembeddings in parabolic spaces

At last we connect the Holder and the Sobolev-Slobodeckij spaces showing the form that
Sobolev embedding take for parabolic spaces.

4.43 Proposition (Sobolev embedding). Let (M", g) be a complete Riemannian manifold
with boundary and bounded geometry. Let ¢ € (0,2b) \N and p > 2221 Then for every

250"
l
u e WebDp g (M) we have that u € €%25 (My) and

” u”(g,[,MT < C(n! d} b) p;f,mln{l,/l};mln{l» T}’ ”g”Zb) . ” u” wW,2b,p,Mr-
Proof. See [ , Theorem 3.9.1]. O

When the function u has zero initial value, the dependency of the constant of A and T
can be dropped.

4.44 Proposition. Let (M", g) be a complete Riemannian manifold with boundary and bounded
geometry. Let ¢ € (0,2b)\N and p € (%Z—f?,oo) and suppose T = \*Px with A <1 and x < 1.

Then for every u € W(Zb'”'p(MT) we have that u e %Kﬁfj_d(MT) and

” u”(g,f,MT g C(n) d; br P, ér ”g”Zb) : ” u“W,Zb,p,MT'

Proof. Same as Proposition 4.43, but using Proposition 4.26 and Proposition 4.41 in order to
remove the dependency on A and T. O
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A trivial corollary of the Sobolev embedding is the following, and will become crucial in
the solution of semilinear systems.

4.45 Corollary. Let (M", g) be a complete Riemannian manifold with boundary and bounded

geometry. Let p € (2(2b+ n),00). If u € web), PT(M7), then u € <€2b 2 2b (M7). In partlc-
ular, for j € [0,2b) NN the function V/ u is Holder continuous with exponent at least 4 5 in the
space direction and at least ﬁ in the time direction.

Proof. Just use Proposition 4.43 with ¢ =2b— % O

4.46 Remark. Thanks to this corollary, we can meaningfully consider the restriction Viul—o,
which is pointwise defined and again Hélder continuous. Also, V/ u|, converges uniformly to
Viul,—oas t— 0.

At the same time, V/ u is not, in general, differentiable in the time direction.

4.47 Corollary. Let (M", g) be a complete Riemannian manifold with boundary and bounded
geometry. Let j € [0,2b)nN and p € (2@2b+n),00). Let u € W@PVP g (Mr) such that u| - = 0.
Then ue W@bVP (M) and

; 1
IV tllooniy < Crdd, b, P11 g lab) - T -l w2, po vty

Proof. By Proposition 4.38, we have u € W?bD'P(My). Then, by Proposition 4.44, u €
¢! 35 (M7),for ¢ =2b— % Writing the definition of the norm, one has the thesis. O
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Chapter

Linear parabolic systems

5.1 Linear parabolic systems

In this chapter we consider linear parabolic systems, which are special cases of (2.1), (2.2)
and (2.3). In particular, A and B will depend only of x and ¢ and F7 and E, will be linear

combinations of the lower derivatives of «, plus a forcing term:

AP (1), ) = (Ag) P (x, )

2b-1 I oK

Fr (6, t,u(x,1),...) = ) (Aap-p)y (6,8 V] ug,(x, 1) + (Fo) , (x, 1)
p=0

Im Kk Im Kk
qy" "4 _ qy’mq
(B )qu (x, t,u(x,t),...) = (BO)qu (x, 1)

mg—1

T (B p)
p:

qu

(x, 1)+ V] g (x, 1) + (Eg )y, 8D

Substituting in the general equations we have (as usual, g rangeson 1, ..., v):

2b
Ortur (6,0 = Y (Agp ) (6,00 i, (x,6) = (Fo) (%, 1)
p=0

]pKk

p _ (4
qu (xy t) * v]p uKk(x) t) - (EO )qu (x) t)

mg
p;o (Br,—p)
u(x,0) = up(x)

The coefficients are taken in the following spaces:

Asp-p € T PUL(Mr) p=0,...
Fo €U (Mr)

Bh,-p €T PU; (OMr) p=0,...
Ej € Uq,(0My).

The system can be formally rewritten as
g{ik(x) t’v’al') uKk(x) t) = FIk (x) t))

49

(x,0) € MT

(.X', He OMT

X € M.

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)
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where Z is the differential operator given by
K K 2 TpKi
&L x,t,9,0) =650, - ZO (Azp-p)y, (6, 1)-V] .
p:

We call the principal part £, of the operator £ the sum of the two addends of maximal order,
ie.

(Lo)*(x,1,9,0,) =670, — (Ap) [ ¥ (x, 1) - V2P

Taken p € C and ¢ € 9 }(M7), the principal symbol is obtained from the principal part by
formally replacing 0; with p and V with i¢:

Job

(Lo (6 1,8, p) =87 F - p— (=17 - (Ag) P (x, 1) - €520 (5.8

Although defined by means of coordinates, having replaced the covariant derivative with
a covariant tensor field, the definitions on different charts fit together to defined an actual
tensor. In particular, £ (i¢, p) € f/’kk(M 1) can be interpreted as a linear endomorphism of
Tx(Mr7). Its determinant is therefore well defined: we will indicate it with L(x, t, i¢, p). From
the definition we easily see that it satisfies the homogeneity formula:

L(x, t,iA&E, A% p) = AP L(x, £, i€, p). (5.9)

Also, L(x, t, i, p) is a polynomial with real coefficients in p by (5.8).

Similar definitions can be given for the boundary operator, with the small clarification
that each of the boundary conditions is considered individually for the sake of determining its
principal part (i.e., if there is a boundary condition of order 1 and another boundary condition
of order 2, then the principal part of the boundary operator contains the components with
1 derivative of the first condition and the components with 2 derivatives of the second
condition). In particular, for each g = 1,..., v, the g-th condition can be written

(%q)gkq (x, 6, VIug, (x,8) = (Eg)ldq (x, 1) (5.10)
with
K & q TpKg p
— p
(B, (6 1,V) = p;o Bing-p)y,, 1)V
The principal part is

a\Ke g Jmgke m
(A,), i (x,t,V) = (By) qu" (x,0)-V ]m"q
and the principal symbol

]quk ®Mq
I (xy t) : §]mq

q.K SN s q
(9B, )zd'i, (x, 1,16) = i™1(By)

As above we have that 9367 (i) eT d’; (OM7). In order to collect together all the boundary
conditions and express them as a single equality in a vector bundle, we need to define

v

U= Uy, 0OMy),
q=1
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where the symbol & denotes the Whitney sum of vector bundles (see for instance [ ,
Example 10.7]). Then all the boundary conditions are equivalent to an equality in the space
of sections of U:

v v
@1 (93‘7)2'; (x, £, V) g, (x, 1) - dx"4a = 691 (B, (6,0 -dx"a,
q= q=

The equivalent of £, above is therefore %8 (x, t, i), defined as

v

g, (x, 1) — EBI (%5’)22 (X, £, 88) - g, (x, 1) - dxda,
q:

which is a linear bundle homomorphism over 0 Mt from the space % (0Mr) to the space of
the sections of U, because it is clearly €°°-linear (see [ , Lemma 10.29]).

5.2 Parabolicity and complementary conditions

Let us formulate the parabolicity and complementary conditions that a linear system must
satisfy so that Solonnikov’s theory can work.

5.1 Definition ([ , p. 8, bottom]). A parabolic linear system of PDEs is uniformly strongly
parabolic if there is 6 > 0 such that the complex roots in p of L(x, t, i¢, p) satisfy the equation

Rep < —0¢*°
for every (x,t) € My and ¢ € T, M.

Since the strongly parabolicity condition is defined purely in terms of the determinant L,
it does not depend on the coordinates chosen on M.

When x € 0 M we call v the outward normal vector at x. Then we can decompose ¢ = Tv+(,
where T € Rand { € T, ,0M.

5.2 Lemma. For (x,t) € 0Mr take( € T,OM and p € C such that they are not both vanishing
andRep > —6|(|?P. Then the polynomial L(x,t,i(vv +{), p) has br roots in T with positive
imaginary part and br roots with negative imaginary part, counted according to multiplicity.
In particular, it has no real roots.

Proof. This follows from the parabolicity condition and the homogeneity formula (5.9) for L.
See the details in [ , Theorem 2.2, §7] and its corollary. O

Thanks to the lemma we can define the polynomial in 7

M+(x)t){)T)p):H(T_f)) (5-11)

where T iterates on the roots of L with positive imaginary part, counted with multiplicity, as
defined above. In particular, M* (7) has degree br.
Let us now consider, for (x, t) € dMr, the map

Bo(x,1,i(TV+0) 0 Lo(x, t,i(Tv+(), p): Ug(0M7) — U,

where A is the adjugate of the linear endomorphism A (which coincides with det A- A~! when
A is invertible). Following Solonnikov’s theory, we give this definition.
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5.3 Definition (| , p- 11, topl). The complementary condition between %, and % is
satisfied if for each point (x, f) € 9Mr, p € C and { € T,0M such that p and { are not both
vanishingand Rep > —6,|( 2P we have that the matrix %, - %, has br rows, and the rows are
linearly dependent as polynomials in T modulo M™* (x, t,{, 7, p), according to Definition A.8.

A slight extension of the complementary condition can be given: it will be helpful to deal
with boundary conditions involving the conformal class of the metric.

5.4 Definition. The extended complementary condition between 98 and % is satisfied if
the ordinary complementary condition is satisfied replacing %, with the new matrix %,
constructed from %, by taking a maximal set of rows whose corresponding rows in 98 and E|
as described by (5.10) are linearly independent (over the base field C).

The extended complementary condition implements the usual feature of linear systems,
according to which linearly dependent rows of a system can be removed and then recovered
from the others. However, in our case, it is important that the linear dependency relation is
satisfied on the whole 28, not only on %, and without the polynomial quotient.

5.5 Definition ([ , p- 97-98]). Assume that at some point (x, ) € 0 M normal coordinates
according to the metric g are considered. Then the uniform complementary condition is
satisfied if there is a §; € (0,6) such that for each (x, t) € 0Mr, p and ( as above, under the
additional normalization condition that | [4D 4| pl2 =1, the rows of the matrix %, - 520 are
uniformly independent modulo M* with constant §;, according to Definition A.9.

Because of Remark A.10, the constant §; in the uniform complementary condition does
not depend on the coordinates chosen on M, as long as they are normal at the point (x, 7).

5.3 Linear systems in Holder spaces

In this section we describe an existence and uniqueness theory for linear parabolic systems
in Holder spaces. Let us begin by restating compatibility conditions given in Section 2.3,
discussing the expected regularity of the functions w;. Substuting the definitions (5.1), (5.2),
(5.3) and (5.4) in (2.5) and (2.6) we have that:

wo(x) = up(x)

i(i\ 2b . .
wjr1(x) =) (5) - 01 Agp—p(x,0)- VP w;_;(x) + 8] Fo(x,0) (5.12)
i=0 p=0

and the compatibility conditions are verified when

i (:\ Mg | .
) (]) > 0:Bh, _p(x,0)-VPw;_;(x) = 0] E§ (x,0). (5.13)
i=0 p=0

Fulfilling a promise in Remark 2.3, we now need to ascertain the existence and regularity
of the function w;.

5.6 Lemma ([ , Lemma 4.5]). Let (M", g) be a compact Riemannian manifold with bound-
ary and bounded geometry. Let ¢ € (0,00) \N. Suppose that

A, Fye €% (My)
up € € (M.
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Then wj is well defined for j =0,..., [2%] +1, it belongs to €‘*?P1=D (M) and the following
estimate is valid:

lwillg,e+260-pm < C, k€, 0, A, T8 74 2p115 1 Allg,o,m7) - (1 olleg, 420,01 + I Folleg,e,ny) -

Proof. By definition, wy = up € €?+2b (M), so we can proceed by induction; suppose that
the thesis is true for 0 < j < [%]: then w;j_; € €“*2P0-J+D(pp) c €¢+201~)) by Proposi-

tion 4.14 and, since p < 2b, VP w;_; € €**?2J (M) by Proposition 4.18. Similarly, 0! App_p, €

. (—2bi . 0-2bj . :
€25 (M) € €020 3 (M), and 50 0% Agppli=o € €201 (M) by Proposition 4.19.

The same goes for Fy. From (5.12) it follows that w;,, € € ¢=2bj(ppy, so the inductive step is
done. O

5.7 Lemma. Let (M",g) be a compact Riemannian manifold with boundary and bounded
geometry. Let ¢ € (0,00) \N. Suppose that

/4
A, Foe €% (My)
[+2b*m¢7

B1,El e ¢+~ (9My)
Up € € (M.

l—my

Then the two sides of (5.13) are well defined for j = 0,..., [ 5 ] + 1 and they belong to the

space €‘?P0-D=ma(dM). In particular, it is meaningful to require compatibility conditions
according to Definition 2.1 for orders up to €.

Proof. The proof runs as for the previous lemma. O
We are ready to state the main theorem of this section.

5.8 Theorem ([ , Theorem 4.9]). Let (M", g) be a compact Riemannian manifold with
boundary and bounded geometry. Let ¢ € (0,00) \N. Suppose that

A, Fo € €%% (My)
[+2b—7}1q

B, El e €0~z (OMr)
uy € €10 (M.

Suppose furthermore that parabolicity and extended complementary conditions are uniformly
satisfied with constants 6 and 61 and compatibility conditions are satisfied up to order ¢.

Then there is a unique u € €°* +2b’%(MT) such that (5.5), (5.6) and (5.7) are satisfied.
Moreover the following estimate is valid:

l u”‘tg,[+2b,MT <Cn, k¢, b, ”A”%”,[,MT’ ||Bq||c€,[+2b—mq,6MT» T,6,64, ||g||[7+2b+1)

q
| Nuollg, 42,0 + 1 Follg,ep, + DI Eg l6,0+2b—mg,0Mm7 |-
q

5.9 Remark. In Solonnikov’s book compatibility conditions are required up to order ¢, but it
is easy to see that the two requirements are equivalent.
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The proof of this theorem can be divided in two main parts: in the first one a simpler
problem is considered, where the domain is the Euclidean space or the half space and the
coefficients are constant (Proposition 5.10 and Proposition 5.11). We will not go through
the proof of this part, which is of totally different nature than the material covered in this
work, because we can reuse Solonnikov’s result without any modification. We just mention
the fact that at the core of the proof there is a Laplace transform (in the time direction) and
a Fourier transform (in the space directions), after which the problem is rephrased to an
ordinary differential equation.

The second part of the proof has a more geometrical nature: it leverages the first part by
locally solving the differential equation on the charts of a sufficiently fine bounded atlas and
then seeks to glue all the local solutions. Solonnikov employs an argument of this kind to
solve systems on domains of R”. Here the same ideas are ported to the realm of manifold,
taking care of tracking the dependency of the resulting estimates on the underlying geometric
object (in particular, on their geometric bounds), a concern that does not make sense for
domains of R".

Let us begin by stating the two theorems that we directly recover from Solonnikov’s theory
and give essentially for granted.

5.10 Proposition. Let ¢ € (0,00) \N. Suppose that

Ae (RM)®CPH g (r1)*)®F

Fed! U (RE)
and consider the following system for x € R7. and t € [0, T]:

K
Oruar, (x, 1) = AP 930 g (x, 1) = F(x, 1),

Suppose also that the parabolicity condition is satisfied with a uniform constant .

° {+2b
Then there is a unique u € €° +2b’§_b%k(MT) that satisfies the system. Moreover the
following estimate is valid:

lullg,c+2prn < Cn,k, €,b,1A1,6) - I Fllg,eme-

Proof. Thisis proved in [ , § 15], as part of the proof of Proposition 5.11. See next proof
for more details. O

5.11 Proposition. Let ¢ € (0,00) \N. Suppose that
Ae ®R")EH g ()"
B7e R™M*M*H) g (R
Fe %fvzb%k(uqz )
4 e @k2b-mg = %q (OR")

and consider the following system:

Oruar, (x, 1) = AP 050 g (x, 0) = Fy (x, ) xeRL, te[0,T] (5.14)
]m
(BN ! K ’]"q i, (%, £) = (BN, (%, 1) x € 0RY, t€ [0, TI. (5.15)
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Suppose that parabolicity and extended complementary conditions are satisfied with uniform
constants d and .

Then there is a unique u € ¢! +2b’%%k(ﬂ%’%) that satisfies the system. Moreover the follow-
ing estimate is valid:

” u||<g)[+2b,[R’% < C(n) k; [) b) |A|) |B|!6161) : “F”(g,[,R?w + Z||Eq||<g,£+2b—mq,6[k'} .
q

Proof. This is proved in [ , §15] (see in particular the estimate (4.38)) and is essentialy
the culmination of the first half of the book. In order to ease the job for the reader who would
want to check the details, let us take the opportunity to explain the mismatch between our
and Solonnikov’s notation, which is largely given by the fact that PDE systems of much greater
generality than ours are treated by Solonnikov. There is no apparent fundamental issue that
prevents this higher generality to be ported to manifolds, but this is not done here in order to
avoid hindering the main target of this work, which is geometric flows.

Choosing the bases for %, and %, induced by the canonical metric of R”, one can write
the system (5.14) and (5.15) in terms of [ , (4.27)], where %, and 9%, are constructed
as earlier in this chapter and f and ® are respectively F and @, E. If there are rows of
9B which are redundant and for which the corresponding values of E9 are identical, then
they are removed, and the extended complementary condition is replaced by the ordinary
complementary condition. Thanks to the linearity of the system, this operation is fully
reversible and we are not introducing loss of generality.

In | , §1] a number of parameters is defined, for which we now give the value in
our case. The number m is the number of equations and unknowns and it is equal to our
r. The number r is the homogeneity of the system in 9;, and it is again equal to our r
(Solonnikov’s result allow for more general systems having more than one time derivative, or
having more intertwined time and space derivatives). Also the number 2b, the homogeneity
in the space derivatives, coincides with our 2b. For all k we set s = 0, thus complying with the
requirement maxy sy = 0. The numbers #; are then forced to 2b: it cannot be less because for
each column of % there is at least one entry which is an operator of order 2b, otherwise the
parabolicity condition is violated; there is also no need to set it bigger than 2b, since 2b is the
maximum order that can appear in the system. With these choices of s; and #;, Solonnikov’s
%y corresponds with our %) and the determinants L corresponds with our determinant L.
Therefore Solonnikov’s parabolicity condition is verified, since our is.

Concerning the boundary conditions, for each g the corresponding rows of %8, have
order mg, so the numbers o 4 are forced to m, — 2b. Again, this implies that the operator %
corresponds to our definition and, since the polynomial M™ is defined in the same way from
L, the complementary condition too is satisfied. We do not need to take into account the
initial conditions, since for this theorem they are all zero.

Finally, Solonnikov’s definitions of function spaces on the Euclidean space are at the
beginning of §11, and it is easy to see that they are aligned with ours if the standard atlases
described in Example 3.9 are in use. Once all this “notation glue” is set up, one easily sees that
the function spaces defined by Solonnikov coincide with ours and all the proving machinery
is ready to work.

The dependency of the constant C is unfortunately not tracked explicitly by Solonnikov,
so in order to ascertain it one would have to go through all the estimates, which we will not
do here. We just mention that the dependency on the most meaningful objects (namely,
|Al, |Bl, 6 and 6,) is factored by inequalities (2.4) and (2.88), whose proofs are contained
respectively in Appendix I and §8-9 of Solonnikov’s work. In particular, the bound on ¢ is
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used in (I.4) and (I.7), which are very similar; the bound on §, implies that the estimate (2.50)
for D is uniform, so that the symbols A and thus the inverse of % are controlled, which
ultimately leads to (2.64). All the other estimates derive from these, so they benefit of the
same uniformity. O

The propositions above have four missing features: they work only for Euclidean spaces
(and not for manifolds), they only allow constant coefficients, they allow only highest order
terms and they allow only zero initial conditions. We will now show how to overcome these
limitations.

The first three missing features are essentially solved by localization, since, when data
is regular enough, a small region of a manifold look like a Euclidean space and on such a
small region the coefficients of a problem are approximately constant and the lower terms
are negligible. We will show that for a sufficiently small atlas the perturbation introduced
by discarding geometry information, considering the coefficients constant and the lower
orders zero are small. Nonzero initial conditions require instead a global modification of the
problem and will be treated later.

Let us then fix a manifold with boundary (M", g) and the coefficients

A€l (My)
+2b mq

B¢ Cg£+2b Mg, ——p— (6MT)

on it. We can define the map « in the following way:

{+2b

(élﬂ'zb 25 %k(MT) _}(g 2b%k(MT) X@(g["'zl) mqy

%d (OMT)

Uu— Au=(Au,bu):=0,u— ZAZb p VP uEBZqu _p-VPul.
p=0 q p=0

Showing Theorem 5.8 for functions with zero initial values amounts to proving that «f is an
isomorphism of Banach spaces. Here we do not need to impose compatibility conditions,
because if data is in a space of functions with zero initial value, then compatibility conditions
are automatically satisfied.

5.12 Proposition. Let (M", g) be a compact Riemannian manifold with boundary and bounded
geometry. Suppose that T = A*Px with A <1 and x < 1. Then the map < is linear and

/| < C(n, k, b, €, 1181 7,041, 1 Allg 0,075 1B llg 0420 my o017)-

Proof. 1t follows from Propositions 4.14, 4.15, 4.18 and 4.19 together with Proposition 4.27,
similarly to Lemma 5.6. O

We begin by constructing an approximate inverse of <7, called the regularizer and indic-
ated with . Reasoning as in | , §16], we will show how to use it to find an actual inverse
for «/. The regularizer maps

o b
GOBUNMD) x @E T A g (M) — B B ()
q

Fo,@Eg)-—» v,
q
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where the function v will be constructed shortly. The regularizer samples in space the highest
order coefficients of the parabolic problem and locally solves the parabolic problem induced

b mq
in each chart. Let Fy € ‘54'217 (M7) and Eq € ¢lr2b- m‘? (OM7). Foreachielofa
bounded atlas, let

W;(x)

i) =0
Y e V@

so that W; (x) -y ;(x) are a partition of the unity. We define v; € € Gl2b 5 (M7) in the following

way (here i is an index in the set of local charts I, and does not indicate the coordinate of a
tensor):

« If i € I°, then U; does not intersect the boundary: the following problem can be solved
in R” thanks to Proposition 5.10:

¢ — ¢} (Ao (x1,00) - 0*P0; = (¥ - Fo) .-

« If i € I9, then U; intersects the boundary: the following problem can be solved in R”
thanks to Proposition 5.11:

0¢ i — ¢} (Ao(x1,00) - 02" 0; = (¥; - Fo)y,
@; (By (x;,0))-0™15; = (¥ Ej),, .

In either case the parabolicity and complementary conditions are satisfied as a result of A
and B satisfying them in the first hand.
We set at last v; = ((f)i—l)* 7; and

v=Ru

iel

F(),@Eg) = Zwivi.
q

5.13 Proposition. Let (M", g) be a compact Riemannian manifold with boundary and bounded
geometry. Suppose that T = A*Px, with A < 1 and x < 1. Then the map & is linear and

1221l < C(n, k, £, b, | Ao lloo, My | Bolloo, 76,01, 1811 7 2p41)-

Proof. The linearity is obvious and the estimates descend from Propositions 5.10 and 5.11
and Lemma 4.25. O

The fact that « and £ are approximate inverses is expressed by the following two propos-
itions.

5.14 Proposition. Let (M", g) be a compact Riemannian manifold with boundary and bounded

geometry. Let ¢ € (0,00) \N. Suppose that T = A2bx with A <1 and x < 1. Then it holds
AR =1d+T, whereT is a linear map and

14
IT1 < Ct K, €, 5,1 Allg .0ty 1B 56,2420 my 00110801, 1€ ) - (A +578 ). (5.16)
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Proof. Letus fix Fy and Eg ; we use the notations v = Z u(Fy, EBq Eg ), v; and 7; defined above.
Then:

%%(FO,@E‘?) =d,v- Z Ap—p- VP

p=0
zzwiat[(¢;l)*ﬁi]_ZWl Z Azb p’ p 'l)*lji]
iel iel
=D Wi0:0i=) i ZAzb p- VP,
i€l i€l

where for simplicity we avoid expliciting local coordinates ¢;. Substituting the definition of
7; and using Lemma 4.8 we have that:

2b
dlgz(Fo,EBE")—Zwl Ap(x;,0)-0%P5; +¥; - Fo— Y. Asppp- VP
iel p=0
=Fo+ Y yi-(Ao(x;,0) — Ag)-0* i;
iel
2b-1 2b-1
Y wi-[Ag- Y VPO« Tk %0*7 0+ Y Ay VP
iel p=0 p=0

o 4
We need to prove that the second addend is small in the €0 (M7) norm, and to do so we
estimate individually its components. We can use Lemma 4.25 and Proposition 5.10 to see
that

(Ao (xi, 0) = Ao) - 0* Billeg,e.01, < C(n K, 0, b, | Allg,0,11,)

A -
L (K25 + | Ag(x1,0) — Aolloonty) - 107 Dilleg, .0ty
< C(n) k} 2) b} ||A||<g,€,MT»5)
Y
- (k20 + || Ag(x7,0) — Aolloo, M) * | Follg, 042607 -

The only missing item to obtain (5.16) is showing the cancellation effect for Ap when x ranges
inside the chart U;: if ¢ < 1, then

| Ag(x;,0) — Ag(x, )| < |Ap(x;,0) — Ao (x;, )| + | Ap(x;, 1) — Ap(x, 1)
<|A0(xi,0)—A0(xi»t)|.T% | Ao (xi, t) = Ap(x, t)l
dist(x;, x)?

INEN

t
<C-A 1 Aollg,0. 0y

We have thus proved that

L ~
1(Ao(xi, 0) = Ao) - 0?2 Billeg e, hay < C(1, K, €, b, 1 Al 0,0a,) - (K25 + AY) - [ Follg, 0,0
The other therms and those in @, % (Fy, Eg ) are estimated similarly. O

5.15 Proposition. Let (M", g) be a compact Riemannian manifold with boundary and bounded
geometry. Let ¢ € (0,00) \N. Suppose that T = A2bx with A <1 and x < 1. Then it holds
R =1d+W, where W is a linear map and

i L
IWI< CO, i, £,b,1 Ak, 000 1B 156,242 mg vt 8,01, 1€ 71 3p) - (AL +577).
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Proof. The proof is analogous to that of Proposition 5.14. O
We are finally ready to prove that the operator & is invertible.

5.16 Theorem. Let ¢ € (0,00) \N. Suppose that

Ae €l (My)
Fo € €%% (M)

[+2b—m11
B9 e €/ (M)

° [+2b—Mq
El e€’*?P"me2 (OMr).

Suppose furthermore that parabolicity and complementary conditions are uniformly satisfied
with constants 6 and 6.
Then there are

/,l(n) k) g} b) IlA”(g,[,MT) ”Bq ||<€,€+2b—mq,0MT,6, 61) ”g”[7+2b+1)

K(n) k; Z; b) IlA”(g,[,MT) ||Bq||<€,[+2b—mq,0MT,6, 61) ||g||(7+2b+1)

such that, if T < T := A%Px, then thereis a unique u € Cé“%'[;_lzvb (M7) such that (5.5) and (5.6)
are satified. Moreover the following estimate is valid:

lttlleg,0.426,07 < C1, Kk, €, b, 1| Aolloo, iy 1By oo ontr» 8561, 11811 74p41)

q
VN Follg,e,mr + Y NEG l6,042b-mg,om7 | -
q

Proof. Let us take A and « such that || T|| and || W|| in Proposition 5.14 and 5.15 are smaller
than %; then suppose that T < T := 12k, It follows o/ % = Id+T and #<f = Id+W are
invertible, with inverses whose norm is not greater than 2. In particular:

SARAA+T) ' =1d
Id+W) %o =1d.

This means that o/ possesses both a left and a right bounded inverse map; then the two
inverses actually have to coincide and, thanks to Proposition 5.13, satisfy the estimate

et = 12Ad+T) 7 = |(ad+W) ' |
<2012 = C(n, k,€,b,1| Aolloos | Bollows 8,01, 11l 72 1)- 0

Thus we have proved that &/ is invertible, meaning that now we know how to solve linear
systems with zero initial data, on a time slice whose duration can be estimated knowing the
parameters of the system and the norms of the coefficients. We show now how to use these
results to finally prove Theorem 5.8.

Proof of Theorem 5.8. Let us fix T, A and x given by Theorem 5.16; if T < T, we take instead
T = T, without any loss of generality. We begin by constructing a solution on My; if T < T,
we then show how to repeat the construction many times, until a solution on the whole Mt
has been found.
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Let us consider the functions w; defined by (5.13). By Lemma 5.6 and Proposition 4.21
we can find w € € +20. 55" (M7) such that for j =0,..., [ﬁ] +1
0l wli—o = w; (5.17)
and
lwle,er2n,m: < C Kk, 0,018 5105415 1 All6,0,05) - (ll uoll,e+2p,m + | Fo ||<€,€,MT)- (5.18)

For u to satisfy (5.5), (5.6) and (5.7) it is sufficient that o = u — w satisfies

2b
0,0(x, 1) = ) Aspp(x,1)-VPo(x, 1) = F(x, 1)
p=0

Mq
> Bih—p(6,0-VPo(x, 1) = E(x, 1)
p=0

o(x,0)=0,
where
R 2b
F(x, 8):= Fo(x, ) = 0,w(x, 1) = ) Agpp(x, ) - VP w(x, 1)
p=0

Mg
E9(x, 1) := EJ (x,1) - ZOB,?iq_p(x, 0 -VPw(x, ).
p:
In the usual way we obtain the estimates

IIﬁllcg,z,MT SCn,k,0,b, 18l 510p41) 1All6,0,Mm5) - (II uoll,e42p,Mm + ||F0||<€,£,MT)
||Eq||<€,(+2b—mq,6MT SCn, k, 4,b, 18 71211 1 Allg, 0,015 ||Bq||<€,€+2b—mq,6MT)
(Nutollg, 2,00 + 1 Folle, 0,01, + I Eg N, 2 mg oz )-
RN 0, 0 RN ° 0+2b—mg
Also, we can verify that F € €t (M7)and E7 € @ l+2b—mqg—, (0M75) by iteratively differ-

entiating in the time direction, expanding with (5.17) and using (5.12), (5.13) and Proposi-
tion 4.23.

o {+2b
By Theorem 5.16 we can then find a unique solution o € €/*?>" %" (M), satisfying the
estimate

q
lo g, 420,01, < CC, K, €5, 1 Ao oo,y 1B oo anty 6,61, 18174 2p41)

I Flleg, 0,007 + Y_IE? ||<g,£+2b—m,,,aMT)
q
<C(n,k,¢,b, ”AOll(g,[,Mf’ ”Bg ||<€,€+2b—m,1,aMT!6r 61; ||g||[7+2b+1)
| luol + 1 Follg,e . + Y IE] :
oll,e+2b,M oll,e,m; 0 1¢6,6+2b-mg,0M; | -
q
The function u = o + w is then a solution of (5.5), (5.6) and (5.7) on M.

In order to extend the solution u to the whole interval [0, T'], we need to “restart” it at the
time T; actually, we restart it at %, to ensure uniformity of estimates. The coefficients and
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data A, BY, Fy and Eg’ can be translated back in time by %, so they are defined for t € [0, T — %]
and clearly retain the same estimates on the norms. Also the solution u already found can be
translated back in time, so that it is defined for ¢ € [0, %]; its trace at ¢ = 0 is then set as the
new i, using Proposition 4.19.

The first part of the proof can thus be repeated: the new solution u can be translated
forward in time by %, and by uniqueness it fits with the old one for times in [Z, T]. Since the
guaranteed existence time T does not depend on the initial data, we have obtained a solution
of the original system defined on [0, % T). Repeating the same argument for at most 2% times
allows to cover the whole interval [0, T] and prove the theorem. O

5.4 Linear systems in Sobolev-Slobodeckij spaces

Thanks to the theory developed in Chapter 4, all the theory constructed in Section 5.3 is not
difficult to adapt to the case of Sobolev-Slobodeckij spaces. First of all, let us check how much
regularity we need to have well defined compatibility conditions (5.12) and (5.13).

5.17 Lemma. Let (M", g) be a compact Riemannian manifold with boundary and bounded
0-mg a5+l
2b T p

geometry. Let ¢ € 2bN, p € (1,00) and « € (0,1) such that for all q the numbers
not integers. Suppose that

are

Ae €T (My)

l
Foe WP (Mp)

_2b
ug e WP (.

o 2b
(+2b(1-j)-2L

Then w; is well defined for j = 0,..., ﬁ, it belongs to W P (M) and the following

estimate is valid:
” w] ” W,[+2b(l—j)—%,p,M < C(n) k: b; g: P, /1; Ty ||g||[+2b) ”A”<€,€+a,MT)
: (” Ugp ” W,€+2b—%,p,M + ”FO ” W,[,p,MT)'
Proof. See the proof of Lemma 5.6. O
5.18 Lemma. Let (M", g) be a compact Riemannian manifold with boundary and bounded
0-mg a5+l

2b p

geometry. Let ¢ € 2bN, p € (1,00) and « € (0,1) such that for all q the numbers are

not integers. Suppose that
Ae g % (My)
Foe WP (My)

l+2b—mq—l +a

BY ¢ c€€+2b—mq—%+a,Tp OMy)
(0+2bm, -1 l+2b—mq—%)
Eg eW Ty T PoMr)
Ug € W[+2b_2_lf’p(M).
[_mq_ZbJrl
Then the two sides of (5.13) are well defined for j =0,..., 55— — | + 1 and they belong

0+2b(1- j)-mg—22- p . . . . . N
to the space W r "7(OM). In particular, it is meaningful to require compatibility

conditions for orders up to ¢ — 221



62 5.4. LINEAR SYSTEMS IN SOBOLEV-SLOBODECKIJ SPACES

Proof. See the proof of Lemma 5.7. O
In Sobolev-Slobodeckij spaces the equivalent of Theorem 5.8 is the following.

5.19 Theorem (cfr. | , Theorem 5.4]). Let (M", g) be a compact Riemannian manifold
with boundary and bounded geometry. Let ¢ € 2bN, p € (1,00) and a € (0,1) such that for all q

- 41 .
the numbers Tm‘] - % are not integers. Suppose that

Ae €5 (My)
Fy e WP (Mp)

Z+2b—mq—%+a

B €C€£+2b—mq—%+a,—2b (OMT)

(e+2b . [+2b—mq—%)
Elew Ma~p 2 "P(9My)
_2b
ug e Wi P (.

Suppose furthermore that parabolicity and extended complementary conditions are uniformly

satisfied with constants 8 and 5, and compatibility conditions are satisfied up to order ¢ — 221,

p
Then there is a unique u € W26 550P (M p) such that (5.5), (5.6) and (5.7) are satisfied.

Moreover the following estimate is valid:

ltliw,esa,pvr < C k0D Al gvanps 1B g 120y 3 s oty T8, 01, 18 2420)
q
: ||uo||W+2b_%,,,,M+||Fo||W,e,p,MT+;||EO lw,+26-mq1 p.ovir |

For spaces of functions with zero initial value, the equivalent of Theorem 5.16 is the
following.

5.20 Theorem. Let (M", g) be a compact Riemannian manifold with boundary and bounded

_ 1
geometry. Let ¢ € 2bN, p € (1,00) and « € (0, 1) such that for all q the numbers omg _ z5tt are

2b p
not integers. Suppose that

A5 (My)
o 4
Foe WP (M)

€+2b—mq—%+a

_ _1 _— 1 p -
Bq €(€Z+2b mg p+a, D (aMT)
0+2b-mg-1
o m, L T ATp
El e Wb mam 2P (9 My).

Suppose furthermore that parabolicity and extended complementary conditions are uniformly
satisfied with constants 6 and 6.
Then there are

/,l'(n) k} g! p) b) ||A||<€,2+(X,MT! ||Bq||<g,[+2b_mq_lp+a’aMT) 5) 61! ”g“l+2b)

K(ny k; [, py br ||A”(€,[+CK,MT7 ”Bq||<€,£+2b—mq—%+a,6MT’6’61’ ||g||[+2b)
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T l+
such that, if T < T := A2bx, then there is a unique u e W +2b. 55"

(5.6) are satisfied. Moreover the following estimate is valid:

q
lullw,e+2b,p,mp < C(1, K, 4, b, p, 1| Ao lloo, My 1By loo,an17 6501, 181l 2:421)
q
. ||F0||W’[’p’MT+Z”EO ||Wr[+2b_mq_%yp.aMT .
q

In order to prove the two theorems, we first need to discuss the extension of Proposi-
tions 5.10 and 5.11 and the definition of the two operators «f and Z.

5.21 Proposition. Let ¢ € 2bN, p € (1,00) and a € (0,1) such that for all q the numbers
- L
% - %jl are not integers. Suppose that in Propositions 5.10 and 5.11 the hypotheses are

strenghtened to

o l+a o l
Fe€! ™% (My) n W2 (My)

t+2b-mg+a (+2b-mg~

E9 e @t*2b-mar a5 My a WP P (M),

4+2b

2b "P(M7) and

f+2b+a

Then Uc <é€+2b+a (MT) N W([+2b

”u”W,[+2b,p,MT < C(n) kr [, p, b! |A|; |B|)6)61) : (”F“W,f,p,MT +Z”Eq”W,[+2b—mq—%,p,6MT .
q

Proof. Thisis proved in [ , §21], see in particular inequalities (5.27) and (5.29). O

The operators «f and %, defined as for Holder spaces, can be constructed between the
spaces:

(c€€+2b+a “2?“ W(€+2b [;lzlb) P) (M7)

| =
7 fia ° A ° _ 0+2b-mg+a . _ B (+2b— mq——
((bpﬁ+ay 21,“ A W([’Zb)’p) (M7) x @ (c€f+2b Mg+ ——p— A W(£+2b mg 2y p OMy).
q

From now on, all the proofs are just adaptation of the proofs in Section 5.3, and it would
be pointless to repeat all of them. We just mention the inequalities that can be verified on «/
and Z.

5.22 Proposition. Let (M", g) be a compact Riemannian manifold with boundary and bounded
geometry. Suppose that T = A*Px with A <1 andx < 1. Then 4 R =1d+T and R =1d+W
with

”<Q¢|| < C(n) k! g) p) b) ||A||<€,[+Q’,MTr ”Bq||<€,[+2b—mq+a,6MT’ ||g||(+2b+].)

”‘%” < C(nr k! (, py b) ”AO ”oo) ”B()”oor(sv(sly ”g”[+2b+l)

ITI < Cn, k, €, p,b, 1 Al6,04a,mp 1B, 0+20-mg+a,0mp0,01, 118l e12p41) - (la +Kﬁ)
IWI < COt K, £,p, b1 Al .17 1B £12my a0t 8,81, I8 s - (A0 4 55,
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Chapter

Semilinear parabolic systems

6.1 Semilinear parabolic systems

We can now move on to consider systems in the general form (2.1), (2.2) and (2.3), which we
recall here:

dcu(x, ) — Au(x, 1) - V2P u(x, ) = Fy (x, ) (x, 1) € My
u(x,0) = up(x) xXeM (6.1)
Bl(x,t)-V™u(x, t) = El (x, t) (x,H) €OMr,g=1,...,0.

We also recall that the unknown u is taken in the space J%(M7) and that the condition
0 < my < 2bis required for all boundary conditions.

First we will prove an existence and uniqueness theorem the Sobolev-Slobodeckij space
webl.ppr r), which is the less regular space we have available that is sufficiently regular to
express the problem. Minimal compatibility conditions are required here.

6.1 Theorem. Let (M", g) be a compact Riemannian manifold with boundary and bounded
geometry. Let p € (2(2b + n),00). Suppose that A, F, BY and F9 are smooth bundle maps of the
form defined in Section 2.2 and uy is smooth. Suppose that A, satisfies uniform parabolicity
conditions with constant b, that A,, and BZO satisfy uniform complementary conditions with
constant 61 and that BZO (x,0)-V"Mayy = EZO (x,0) forall g and x € OM.

Then for every K there is

T =T(n,k,b,K,p, | Alg,com | Fllg conp |BNg 0000y 1 E Mg 00,007
6) 61» ”g”Zb’VOl(M) g)yVOI(aM) g))

such that (6.1) has a unique solution ue W®bY'P(Mr) in Mt and

e — wollw,2p,p,mr < K.

Then we will try to gain more regularity. To have regularity on the whole manifold Mt we
need stronger compatibility conditions.

6.2 Theorem. Under the same h)fpotheses as Theorem 6.1, suppose that, for £ € (0,00) \ N,
compatibility conditions of order ¢ are satisfied.

Then the solution u belongs to the space €°* 25 (M7). In particular, if compatibility condi-
tions are satisfied for every order, then u € €°°(Mr).
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If we cannot guarantee stronger compatibility conditions, then we are unable to acheive
higher regularity on 0M x {0}, but we still have smoothness everywhere else thanks to the
regularizing behaviour of parabolic equations.

6.3 Theorem. Under the same hypotheses as Theorem 6.1, the solution u belongs to the space
€>°(Mrt) and to the space € (M x (0, T]).

Following [ ], we show that the solution u can be seen as the fixed point of a con-
tracting iteration arising from the linearization of system (6.1). Existence and uniqueness of
u then descend from Banach’s fixed point theorem. Once the existence is obtained, it is easy
to prove regularity by bootstrapping.

Let us extend uy on M7 by defining uy(x, t) = up(x). We take a function w and seek the
solution u to the problem:

0iu— Ay, VU= Fy—(Ayy — Aw) - VP w
Ulg=0 = U
Bl -V™u=E}+ B} Bl -V"iw g=1,...,v.

Furthermore we substitute 0 = u— ug and 7 = w — uyg:

010 — Ayy - Ve = (Froug+ Arsug - VZbuo) — (Ayy — Arsyy) v = ﬁr
O'|t=() =0 (62)

B V™o = (E],, Bl -V"™u)+ B, - Bl ) Vr=Eg=1,.,v

Solving system (6.2) gives a map ®: 7 — o such ®(r) =rifandonlyif u = up+7isa
solution of (6.1). So, for T, K € (0,00), we consider the space

Wf = {0 e WCPDPg (Mr) | 01— =0, lollw,2p,p,mr < K},

which is closed in the complete space W®#PD-P (M), so it is complete. We have to show
thatifr € Wf , then O(7) € Wf and the mapping has a Lipschitz constant strictly smaller
than 1. In order to estimate the Lipschitz constant, we break the mapping in two pieces:
T— (1:},3?) — .

6.4 Remark. Adding and subtracting A, is useful to completely separate u and w in the
fixed point problem. We want u to appear only on the left (as the solution of the linear
problem) and w to appear only on the right (so that it does not impact on the linear problem
coefficients). Moreover, it follows from Proposition 4.38 that Wf c WP (M), so we can
use 4.42, which is essential for the proofs in this chapter.

Let us now introduce some technical lemmata that will constitute the backbone of the
proofs in this chapter. We will use the letters G and m as in Section 2.3. If u € W@PDP (M),
then by Proposition 4.43 it has at least 2b — 1 continuous space derivatives. Let us define, for
me[l,2b] NN,

H" Y(x, 0 = (x, t,ulx, 0),..., V" Tulx, ).

If u =T+ up, with T € WX and ug € 6?71 (M), then H""! contains the space derivatives of ug
and 7 up to at most order 2b—1, which are continuous and bounded respectively by [ 1l z26-1
and C(n, k, b, p, K, | gllop, T) thanks to Corollary 4.47. This means that

-1 -1
Ry = | Rang,pnemy Hyp oy (X, 1),
TEW%(
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is compact (since M7 is compact) and contained in a ball of radius

C(ny k» b’ p, K; T) || Up ||<€,2b—1,M) ”g”Zb)

When G is B9 or E9, then the definition of R{Z)_l is modified in the following obvious way,
retaining the same properties:

_1 . _1
RL’Z) S U Ran(y, neamy HZ;H (x,0).
r(—:W]If

The definition that applies will be clear every time from the context.
Let us recall that we indicate with {(7T) any function {: (0,00) — (0,00) which is increasing
and infinitesimal at zero.

6.5 Lemma. Let (M", g) be a compact Riemannian manifold with boundary and bounded
geometry. Let T,K € (0,00), ug € €071 (M), T € WK and j e NN [0,2b— m]. ThenV/G,, and
V! Gyy+1 are continuous and bounded on Mt and the following inequalities hold:

IV? Gyyloo < C(11, k, b, 1ol g 21,0 Gl i+ (rm-1y, 18 1l25)

<
”V] Gu0+T||oo < C(n} k» b’ K; p; ” u0||<g,2b—1,M, ||G||<gj+1(RL’{V(l)*1)) ”g”Zb)

199 (Gugr = Gug)llow < (T Clr, K, b, K, py ol 261,00, 1 Glligyor gy 1812

Proof. Ttholds G, = Go H™ (x, r). We make use of the generalized Faa di Bruno'’s formula,
for which a statement can be found in | , Theorem 2.1]. Although the general form is
rather complicated, for our use it will be enough to note that

V/Gyu(x, 1) = P(G,H" ™)
= P(GH™ Y (x, 0)),..., VG H™ (x, 1), H" ' (x,1),..., VVH" 1 (x,1)), (6.3)

where P is polynomial whose structure can be very complicated, but is fixed once we know n,
k and the structure of G. In particular, P is uniformly continuous over compact sets.

In equation (6.3), instances of G through V/ G are evaluated over subsets of Rgé_l when u =
T + uy. Therefore they are Lipschitz with constant || G”cgk-H( RIL): Using again Corollary 4.47,
we see that the polynomial P is globally evaluated on a compact set, thus it is Lipschitz
continuous. The first two inequalities follow immediately.

The third inequality is proved in a similar way, using the additional fact that

Hu0+r - Hu(] = (0) O)T(x) t),...,VmT(x, t))

and that, again by Corollary 4.47, derivatives of T are bounded by {(T)-C(n, k, b, p, K, T, [ gll2p)-
Lipschitz continuity of P and G gives again the thesis. O

6.6 Lemma. Let (M", g) be a compact Riemannian manifold with boundary and bounded
geometry. Let T, K € (0,00), up € €2P"1(M), 71,7, € WK and j e NN [0,2b— m]. Then

”Vk(Gu0+T1 - Gu0+12) ”oo < C(n) k; br Kr P; ” u0||<g,2b—1,M, ||G||<g‘j+1(Rl%*1)) ”g”Zb)

C(D)-lIty = T2llw2n,p, vy
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Proof. The proof goes as for Lemma 6.5. With the same notations, we have to estimate
Go (Hyy+r, — Hyy+1,). Since:

H o —H = 0,0,(11 = 12) (%, 1),..., V™ (11 — T2) (x, 1)),
the magnitudes of its derivatives is bounded by
C(T)-Nlt1 — T2llw2b,p, My - C(1, K, by p, K, 11 8l 25)

As usual the Lipschitz continuity of P and G implies the conclusion. O

6.7 Lemma. Let (M", g) be a compact Riemannian manifold with boundary and bounded
geometry. Let T, K € (0,00) and 1 € WX. Then

”PA“[ ”p,MT g C(T) ° C(n, kr b! K! ]9; ” uO”‘g,Zb,M: ”A”cgl(Rﬁg—l)r ”F”cgl(Rﬁg—l)y ||g||2b;V01(M, g))
Proof. By Lemma 6.5:

I Az g loo,mr < C(n, k, b, K, py luoll<g 20-1,m> 1 ANl 21y, 18 120)
¢

<
”Aug - Ar+u0 ”oo,MT < (1) - C(nv k! b) K; p, ” uO”%,Zb—l,M; ”A”c(gl(Rﬁg*I)! ”g”Zb)
<

”Fr+u0 ”oo,MT C(n) k) by K; p, || uO”%,Zb—l,M: ”F”%”I(Rﬁg_l)’ ”g”Zb)
Also, by definition V2o || pMr < K. Sowe have that

1
1 Fr sy + Artug - V22Ul p sy < (T VUM, €))7 | Frsug + Avsurg - V22 to oo, b1y

1(Aug = Arsug) - V22Tl ity

NN

Il Ay = Arsuolloo, vty - 122l p
and the thesis follows. O

6.8 Lemma. Let (M", g) be a compact Riemannian manifold with boundary and bounded
geometry. Let T,K € (0,00) and 11,72 € W%(. Then

1B, = Byl aay < COv KB K, p, 10620, | Allg gy, 1F g gy 1€, Vo (M, )
(1) - Ity = T2llw,2m, p, My -
Proof. We have that
FA‘T] _FA'TZ = (FT1+L£() - F‘L'2+u0) + (A‘L'1+u(] - AT2+u0) . VZbuo
- (Au() - ATl—uo) : VZle + (Au() - ATz—uo) ' VZbTZ
= (FT1+L£0 - F‘[2+u0) + (AT1+LL0 - A12+u0) : VZbuO

+ (Aryuy — Aug) - VPP (T1 = T2) + (Ary iy — Aryiug) - V2 T2

So we just need to estimate the various terms using Lemma 6.5 and Lemma 6.6 as above
and then convert uniform estimates to L” estimates gaining the infinitesimal factor (7). In
particular:

||A11+u0 - A‘[2+u0 ”oo,MT g ”TI - TZ”W,Zb,p,MT : C(n) kr b» K; p, ” Up Il%,Zb—l,Mr ”Allcgl(Rig—l)) ”g”Zb)
”Auo - A‘[1+u0 ”oo,MT < ((T) ° C(n) kr br K} p) ” Ug ||<g,2b—1,M, ”A”cgl(Rigfl)) ”g”Zb)
<

||FT1+u0 - FT2+MO ”oo,MT ”Tl - T2||W,2b,p,MT : C(n, k! b) K) p, ” Up I|<€,2h—l,M! ”F”(gl(Rgg—l)) ”g”Zb)-D
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6.9 Lemma. Let (M", g) be a compact Riemannian manifold with boundary and bounded
geometry. Let T, K € (0,00) and 1 € WX. Then

VLN w2 mg- 3,00y < C-6(T)
where

C: C(n) k» b)K) p’ ”uO”ctoo,Zb—l,M) ”Bq” mqfl)) ”Eq” mqfl)) ”g”Zb)VOl(aM) g))

cgzb*Mq+l(Ru0 %Zb*Mq+l(Ruo

Proof. By Lemma 6.5, and for every j <2b—my:
197 By lowiantr < Crt ke b, K Pyl ollig 2140 1B g g o 181120)
197 Bl =7 Bl looanty <ET)- CO Kb, Koy 101,251,000 1B g o, 1€120)
IV EY g llooant < €Ok, b, Ko py ol 21,000 1N g vty 1120

By Propositions 4.36 and 4.42, it holds ”quﬂﬁMT”wzb_mq_l oMy S C(n,k,p,b, gl - K.
g 5
Also:
q q 1
1By = Brauy -V Uol w,2b-mg-3,pomy S (T -Vol(0M, g))»

2b—my

(4 q m
Z v/ (Er+u0 _Br+u0 "V qu())”oo,aMT
j=0

q q m i pd jnd
1By = B V" Tl g3 pnty < NV Bl =V By loonty

m
IV vty Ny -y vt
from which the thesis follows. O

6.10 Lemma. Let (M", g) be a compact Riemannian manifold with boundary and bounded
geometry. Let T,K € (0,00) and let 11,72 € W}C. Then

Y
IE7, — Ex, | W,2b-mg~1,poMy <UD -ty = T2llw2m, p, My

° C(ny k! b) K; ||Bq||<€2b—mq+1(RZ?q_1)y ”Eq”(gzb—mq+1(R;nq_1)) ” u0||<g,2b—1,M, ”g”Zb)VOl(aMy g))

0 0

Proof. We have that

rd rd — (4 q q q m
ET1 - ETz - (E‘[1+L£0 - ET2+MO) - (BT1+M() - BT2+L£()) -V Cluo
+ (BZO - B?1+u0) VT, - (BZO - szﬂto) VT,

_ (49 q q q
- (Er1+u0 - E12+u0) - (Brl+u0 - Brz+uo) -V Up
— (Bf, 14y = Bity) - V"™ (11— T2) = (B 1y — By,

m
. q
T1+Up T1+Up T2+u()) v T2.

So we just need to estimate the various terms using Lemma 6.5 and Lemma 6.6 as above
and then convert uniform estimates to L” estimates gaining the infinitesimal factor (7). In
particular:

IV/BY s = VIBY o looontr < Cr, kb, K, p ol 26-1,1m5 1B 2 gma-1,> 18 ll20)
up
N7y = T2llw2n,p, My
”V]BZ() - V].B.[ql+uo ”oo,aMT < C(T) : C(n) k; by K; p) ” Up ”‘g,Zb—l,M) ||Bq||<€2b7mq+1(qu*1)) ”g”Zb)
uo
||V]Egl+u0 - VJE?2+MO ”OO,aMT < C(nr k; by Ky b, ” Up ”<€,2b—1,M! ”Eq”(g2b—mq+l(qu71)’ ”glle)
up

NIty = T2llw,2b,p, M7 O
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We can finally proof the theorems stated at the beginning of the chapter.

Proof of Theorem 6.1. Let us consider the space Wf defined above, for T to be determined,
andTt € Wf . Let us define o (7) to be the solution the the system (6.2). Then, using Lemma 6.7,
Lemma 6.9 and Theorem 5.20 we have that

lo (@ llw,2p,0; < C-C(T),

where

C= C(n) k» b) K; p, ”A”(g,oo,MT) ||F||<€,oo,MT) ||Bq”(€,oo,6MT) ”Eq”(g,oo,aMT)
6,61, gll2p, Vol(M, g),Vol(0M, g)).

For T sufficiently small, o' (1) is contained in WX, so that o is a map WX — WX. Using also
Lemma 6.8 and Lemma 6.10 we have that

lo(@) —o@)llwepm, < C-C(T)-1IT1 = T2llw2p,Mp»

for a constant C having the same dependencies as above. Perhaps after reducing T, the map
o is therefore Lipschitz continuous with a constant that can be taken strictly smaller than 1.
Since W]If is a complete metric space, it follows from Banach'’s fixed point theorem that o has
a unique fixed point, which we call 7. Therefore u = u + T is a solution of problem (6.1) and
the theorem is proved. O

Proof of Theorem 6.2. From Theorem 6.1 we know that u is in W2b1 (M T). By Proposmon 4.43
2b-
it also belongs to €2b=3 =" (MT), Wthh in turn implies that A, and F,, are in €2 3% (M)
$+2b
and B; and E/ are in € 2 +2b=mg, F =g (M 7). By Theorem 5.8, and since sufficiently high

compatibility conditions are satisfied, u is then proved to be in <€2b+§’bz_b (Mr), and we have
gained half an order of regularity from the initial space.

The argument can be repeated ad libitum, as long as suitable compatibility conditions
are satisfied. O

Proof of Theorem 6.3. Let us choose € > 0 and prove u € €*°(M x [g, T]). We can select a
smooth function ¢: [0, T] — [0, 1] such that y, 1) < ¢ < X(&,T) and write the following equa-
tion for g u:

0¢(pu) —Au-VZb((pu) = <p(6tu—Au-V2bu) +0ip-u=@-F,+0:p-u
((Pu)|t=0:0
B .V™a(pu) =B -V™u)=¢-E].

Proceeding as in the proof of Theorem 6.2, we can show that ¢u is smooth: in particular,
compatibility conditions are satisfied at any order, because both initial data and boundary
data are zero at time zero. This implies that u is smooth in [g, T, and, since ¢ is arbitrary, in
(0, T1].

A similar argument can be produced for proving smoothness in M x [0, T], by using a
function ¢ that depends on space coordinates, is smooth and has support that does not
touch 0 M. O



Chapter 7

The Bour flow

7.1 A class of geometric flows on manifolds with boundary

We now show how to apply theorems proved in the previous chapters to an actual geometric

flow. In [ , Section 2.1] the following class of flows on a manifold without boundary is
discussed:
0:8(1) = P(g(1)) tel0,T] (7.1)
8(0) = go,
where
P;j(g) = VPV Riem}, .+aiARg-gij+ aV;;Rg + (Riemg  Riemyg), (7.2)

and a; and a; are two real parameters such that a; < m

Two adjustements must be performed on equation (7.1) before it can be plugged into
Theorem 6.1.

* The operator P, because of its geometrical nature, is invariant by diffeomorphisms
(i.e., P(p*g) = ¢*P(g) when ¢ is a diffeomorphism of M). This is known to cause
zero eigenvalues appear in the principal symbol, thus violating the strong parabolicity
condition.

This behaviour can be compensated by using the classical DeTurck trick: a new equa-
tion, whose unknown will be indicated by g, can be written by suitably modifying (7.1),
in a way that lets one recover g once the modified equation has been solved. The new
equation depends on the choice of a time dependent family of metrics g, which acts as
a gauge selection for breaking the diffeomorphism invariance.

e Theorem 6.1 requires us to write the equation for g so that covariant derivatives are
not computed according to the unknown g itself, but according to a time independent
background metric that we call g.

Since the proliferation of different metrics can be tricky to understand at the beginning,
let us recall again what is the role of each of them:

e g isthe time independent background metric, which is used to define function spaces
and express the parabolic equation; it plays the role of g in the previous chapters;
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e gis afamily of metrics depending on the time, which is used to break the geometric in-
variance of the equation by mean of the DeTurck trick; it can be chosen at will, although
its time derivatives at M x {0} must meet some requirements to satisfy compatibility
conditions and avoid losing regularity of the solution;

e gisafamily of metrics depending on the time obtained by solving the parabolic system
modified with the DeTurck trick; it depends on the choice of metrics g; it plays the role
of u in the previous chapters;

* gisafamily of metrics depending on the time and solving equation (7.1); it is recovered
from g by pulling it back along an appropriate family of diffeomoprhisms, reversing
the effects of the DeTruck trick.

Let us begin by seeing how to rewrite (7.1) in terms of the background metric &.

7.1 Lemma. Let ay, a; € R and let P be a smooth operator of the form (7.2). Then there are
A€ € Map(S»(Mr); T*S5(M7))
F € €°Map(S2(Mr), ..., Tap-1S2(Mr); S2(MT))
such that
P(g(0),(x) = AJ™ (x, 1, 8(x, 1) - V], g1, (x, 1) + Fy (%, £, g (x, 1), .., Vg (x, 1).
Moreover

1 . .
AR (g, 0) = - (BP0l 0 oh 6™

(7.3)

,(gjl 1g]2 35i125i24+a1_g 1 3g 2 4g]1]2gi1i2+a2,g

Proof. Let us define
k ._ 1k &~k
While Christoffel coefficients are not in general tensors, their difference, and therefore D, is. It

measures the error introduced when switching between computing the covariant derivative
in terms of ¢ and g. For example:

v Xk -V, x* = Dj?ij
& k
Vinj—Vinj=-Dink.

Similar formula can be written for tensors of any order, in the usual way. Then Df?j can be

written purely in terms of derivatives V with the following formula, which is [ , (2.48)]:
1 R A A
ij = Egkl'(Ving"‘ngié_vfgij)- (7.4)

There are also formulas for switching the metric underlying a Riemann tensor:

. ¢ . N .l _Y.n! P _ NP
(Rlemg)ijk—(Rlemg)l.jk —VJDik V,D].k+Dl.ijp Djle.p, (7.5)
which is derived in [ , (2.49)] (notice that we use the opposite sign convention for the

Riemann tensor). By applying repeatedly the formulae above, it is clear that P(g) can be
rewritten in term of derivatives V of the metric g.
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Let us focus now on the highest order terms: as usual, this enables us to commute
derivatives and distribute them by recursively selecting the highest orders in the differentiated
expression, because both operations require corrections only at lower orders. So it follows
from (7.4) and (7.5) that

Riemj;, , = g¢,(V;D}; —V;D%) + 10
= % [ﬁj(w+ vkgiz - ngk) —Vi(Vgkr + @kgjz - ngk) + LOTs
= _%(v@g),.jk[ +10Ts (7.6)
= —%vgqg,s (67T 8!8, g + 10T,

Looking again at (7.4), we see that when we differentate a tensor T of order higher than 1, the
rest given by D is of lower order, so that

VT =VT +10Ts.
If follows that:

. 1. o
V?ljz Rlemi{4 =— EV‘L gx, - (67364 @ ok 5-162)1{4 +LOTs.

The thesis then follows by expanding the definition of P(g):
P(g):V?ljZRlemfh-(g“ 1glE s v ar gt g gl gy, v ap g M g™ 45{115{22)+L0T5

7.2 The DeTurck trick

Let us now discuss the application of the DeTurck trick to (7.1). The material covered here,

at least before the boundary is introduced, is essentially that in | , Section 2.1 and
Appendix A]. For similar discussions in the case of the Ricci flow, see | , § 2.6] (with
explicit computations) and [ , Chapter 3, Section 2.3] (more focused on the relationship

between the diffeomorphism invariance and the zero eigenvalues of the operator). The
DeTurck trick was originally described in [ 1.

The symbol £y T will denote the Lie derivative of the tensor T with respect to the vector
field V.

7.2 Lemma. Let M" be a smooth compact manifold with boundary, g(t) be a smooth family
of metrics and ¢; be a smooth family of diffeomorphisms, for t € [0, T]. Then

0,(p;§(1) =, (0,:8(1) + Ly, (1)),
where V; = d,p o7l
Proof. See [ , Lemma A.1]. O
Lemma 7.2 implies that g(¢) solves the equation
0:8(t) = P(g(1))
at point (x, t) € Mt if and only if g(¢) = (w;l)* g(t) solves the equation

0:8(1) = P(g(1) — Zv,8(1)
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at point (¢;(x), t) € M7, where V; is as in the lemma. The DeTruck trick consists in choosing
V; to be a differential operator depending on g(¢) so that P(g(1)) — Ly (g(r)&(?) is a uniformly
elliptic operator and Theorem 6.1 can then be used to obtain the existence of the flow g(1).
Then g(¢) can be recovered as g(¢) = ¢j (g(1)), where ¢, is defined by

09 =V(g(1) (7.7)
@ =1dpy, (7.8)
for € € [0,00).

7.3 Remark. When the manifold M has no boundary it is natural to choose € = 0, which
ensures that g(0) = g(0) and it avoids the introduction on another parameter. However when
M has a boundary the solution g is not always guaranteed to be regular in 0 M x {0}, so it is
better to avoid the time zero. See also [ , Remark 4.4.2].

So we are now left with choosing the operator V. For the Ricci flow the following field is
used:

(VR)i(g) = —gmg” (@, —T5,). (7.9)
According to [ , Proposition 2.1], a valid choice for the Bour flow is
% . 2ap-a)-1
(VB):(8) = A(VR);(§) + %di}?g. (7.10)

Technically the tensors Vi and Vg are defined as covectors, but we will sometimes call them
vector fields because of how they are interpreted in Lemma 7.2.

As said above, g is a smooth family of metric depending on time, which at the present
stage can be completely arbitrary. Different choices for g will, in general, induce different
solutions g for the modified equation, corresponding however to the same flow g once the
DeTurck trick has been reversed. The Bour-DeTurck operator is defined as

Q@ :=P(g+ xvg(g_)g
and Lemma 7.1 can be reformulated for it.
7.4 Lemma. Let ay,a; € R and let P be a smooth operator of the form (7.2). Then there are

A€ €™ Map(Sy(Mr); T*S3(Mr))
F € €*°Map(So(Mr),..., Top_1S2(M71); S(Mr7))

such that
(QED)) 1,0 = AP (x, 1, §(x, D) - V] 8K, (x, 1) + B, (x, £, 8 (x, 1), ..., V& (x, ).
Moreover
Ai‘KZ (x, 1, g(x, ) = _§6ﬁ15k2g]1]2g]3]4 +a- (ghkl gjzkz g]llzgkl kz) (5535{3 _ §j3j4§i1 iz)'
(7.11)

Proof. We can rewrite

(VR); =

OQl

_ 1_
égquf;qungg I —Thg)

10818 (Vp&iq +Vq8ip — Vigpg) +10m

0Q|

.-bl»—u-hl»—'l\blr—'
OQl

pa (2@,,gqi — @,-g,,q) + LOTs.
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Using (7.6) we also have that

. ik jl
Rg = Rlemfjk[g’ g/
=g gIt (ViVeg ik —ViVigje) +10ms.
We can use the fact that g is a Riemannian metric, so that for V € 97 (M) it holds:
(fvug)ij :vivj"'vjvi'
Combining the two previous formulae:
1 _._ Aa A L Ala A A A Aa A L
(VB)i = Zg]kgpq [2VViVp&ai =V iViVigpg + 2(az — a1) = 1) (ViV;Vp&ikq = ViVVigpg)]
+ LOTs, (7.12)

from which, using the symmetries of the principal symbol,

ENEEE PUR G . ,
I | sz giski sk g4 ko oJa
($V§g)zz_2vf4gf<2 8l grn0/0;, +0;,03)

1 .. . . o

+(1-a=) -4 grmiohol ool

+(a» — ay) .gj1j2gk1k2 (6{?5{;‘ +6{f6{j) + LOTs

R L : 1 ) ) .
. = j1j2 53kt sk ~jiky 5 jok
=V§4g1<2' [gf”zgf3 16i126£;‘+((a2—a1)—§)-gh 1g/)2 26?36]4

i2

+ (az — a1) 'ghjzgklk%ﬁ’é{; + LOTs.

It is now a simple computation to show that (7.11) can be found as difference of (7.3) and the
above. O

Substituting (7.11) in (5.8), the principal symbol of the operator Q for ¢ € 77 (M) is found
to be

1
20 (x! L, lé) p) = (P - 5'6'4) IdSz(M) +a; <Rf|> Rf) (713)

1
= (p — 5|f|4) Ing(M) +a1R5 ® RI,

where
Rei(g)=é®E—|El°g

and A’ denotes the transpose of the matrix or vector A.

7.5 Proposition. Let a; € (—oo, ﬁ) and ay € R. Then the principal symbol £, satisfies the
strong parabolicity condition with a constant §(n, a;) > 0.

Proof. We have to estimate the eigenvalues of —% 114 1d +a; (R¢|*) Re. Clearly, on the ortho-
gonal space to R, the morphism %, behaves as —%I«E [41d, so the eigenvalue —%If |4 has
multiplicity r — 1. Also, the vector R is an eigenvector, with eigenvalue

1 1
—5|£|4+ a1|Re|* = —§|€I4+ a(n—1)[&*.

The thesis follows immediately. O
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Lemmata 7.2 and 7.4 and Proposition 7.5 have purely local content, so they apply to
manifolds with boundary without problems. The only element in this section that requires
some care when there is a boundary is the existence of the diffeomorphisms ¢/, since the
integral flow of a vector field can stop existing because it is “required” to cross the boundary.
We then add V), = 0 among the boundary conditions. In line of principle we could
just require that Vs, is tangent to the boundary, but making it zero will ensure that the
diffeomorphisms ¢, are the identity when restricted to 0 M, which in turns guarantees that
boundary conditions imposed on the Bour-DeTurck flow g can be brought back to the actual
geometric Bour flow g. Once V is required to be at least tangential to the boundary, the
existence of ¢; can be proved using [ , Theorem 9.34].

7.3 The complementary condition

The complementary condition presented in Section 5.2 can be reformulated in a simplified
manner taking into account the specific form of % given by (7.13). Let us recall that r =
@, b =2 and a; and a, are two real numbers with a; < ﬁ Since we will use a; much
more often than a,, we stipulate that a = a;. We also introduce the constant y = m,
which will be useful to shorten formulae. The condition on a is equivalentto y >0and a=0
corresponds to y = 1.

From (7.13) and using Lemma A.1 we have that

L(x,t,i¢, p) =detZLy(x, t,i¢, p)

~ 1.7 1-2(n-1a 4)
~(prgier) - (pe G

_ 1o o 22)r_1.( 1 o 22)
—(p+2(ICI +7°) p+zy(IC| +1°) .

In the second expression we have substituted ¢ = ¢ + v, which implies |é[* = (|| + 72)°%,

7.6 Remark. The expression for |{ |* must be considered a polynomial with real coefficients
in T which has been subsequently complexified (and for which complex roots in 7 will be
searched). In particular, by writing 72 we mean the actual squaring operation, and not
the squared complex norm |72 = 7T. In other words, when expanding the norm of [{| the
expression is not “aware” of being a complex expression, so does not have any conjugation
operation.

It will be convenient to introduce a few notations: given p € C, let us fix a certain square
root of p, which we will call /p. This selection is not continuous in p, but it does not need to
be. For fixed p and ¢ (such that | 18+ pl2 =1, according to Definition 5.5), let us search the
rootsin 7 of p+ % (112 + 2)%, Clearly they have to satisfy at least one of

=T =P +i-\2y-yp or  TP=T;:=—[(P-i-\/2y-/p.

Neither T; nor T, can have real roots (this is also mandated by Lemma 5.2). Let us call T;,_
the root of TY+ with positive imaginary part and 7, the root of T, with positive imaginary
part. Furthermore call P;,r ()= (1 - T;j )(T-1,) and P, (1)=(T+ T;j )T +715) (notice that + and
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— are used with different meanings between 7 and P), so that
1 1
+ 5|£|4 =SPi(@-P (0
Lt = et po
Applying (5.11) we obtain:

L(x,t,i((+71Vv),p) = L (P1 (T) Py @)~ P;,’(T)P; (1)
M*(x,t,{,T,p) = (P1 )~ -P;(T).
7.7 Remark. If p = 0, then for every y > 0 it holds
o =11 =1, =17 =il{|.
If p#0andy =1, then it holds
Ty =T, #T, =17,

because T;" # Ty .
If p #0and y # 1, then the four numbers T;, Tf, T, and 7] are all different.

7.8 Lemma. Lety € (0,00). Then ford < 4(y)
Im T = C(y) Imz, > C(y).

Proof Let a + ib be either 77 or 7., with a € R and b € (0,00); we know that it solves p +

Y Y’
3 ((a+ib)*+[¢] 2)? 0. Then

p= (@@= + (P +2iab)’

2y
_ 1 2 2 2.2 212
Rep——g((a -b"+|(|°) —4a b) (7.14)
= —% (a*+b* +1¢1* +2a*(I¢1* - 36 — 2% ) (7.15)
Ipl* = (@ - D+ (D) + 46D (7.16)
p= s ).

Since by hypothesis |{ I8 + IpI2 =1 we divide the proof in two cases, depending on which of |{ 18
and | p|? is greater than % Let us begin by assuming that |{|® > % By hypothesis, Re p > —6(|%,
so, from (7.15),

4 4

2b% > (=28y + DIC1* + a > 2(I(I -3b%)
14 I(I
ICI 2 (|(| -3b°)
1|2
as soon as & < If (12 —3b? is positive, then the 1nequa11ty implies that b >1 511 > \/5 If

()% —3b% is nonposmve, then automatically b > ?IC | > m
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This closes the case |(|® > %, SO we pass to assuming 1 > Ipl2 > % From (7.14) and (7.16),
using again Rep > —6|( |* we have that

V2y <(@® =P+ 1{P)° +4a? b2 < 2y (7.17)
(@ - b*+ %)~ 4a®b* < 28I 1",

By subtracting the two inequalities we get

V2y <8a?b? +28y(()%,
from which, if § < %,
4a’b* > gy. (7.18)
From (7.17) we also get
b* > a*—/2y. (7.19)

Ifa®>2 2y, then (7.19) implies b > {/2y. If a’ <2, /27, then we can substitute in (7.18)
and obtain
VY

V2 1
V>—y —>
16 4 a? = 32
In either case the theorem is finally settled. O

Using Lemma A.1 we can also compute the adjugate matrix %

A 1 4 r_l [ d h
ZLo(x, 1,18, p) = p+ =< | Ild—————R:®R

2 priet
1 4 - 2 t

=|p+=¢l : (1——|R | )~Id+—R ®R
2 \ pediet prligd e
A 1-2(n-1a

= p+5|cf|4 : (p+flf|4)-ld+aRf®R§

1
= oz

r2 [ 1 -
(P ()P} (1)) ~*- [EP;(T)P}, (r)-1d+aR; ® R;

Leveraging this structure, we can give a first simplification of the complementary condition:
in general we are required to check that

.1 L1
Byo o= 5= (PT P () 2y Py Py (- %M+ alBoM) RO©F; | (7.20
has independent rows modulo
M* = (Py@) P, (7.21)

However the next proposition shows that when y =1 the polynomials can be greatly simpli-
fied.

7.9 Proposition. Ify = 1 and 5 <8 for a universal 5 > 0, then it holds

3 ((Bo 0 L) mod M*) > C(n, 1) -|det (2o(r) mod P} (1))|".
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Proof. If y=1, then a=0and

1
2r—1

(By o Lp) mod M+ = ((Pl+ T P] () - %, (r)) mod (P; (1))".

We can repeatedly use Propositions A.11 and A.12 to simplify all the factors P{ (7) and P; (1)
close to %8y(7). In the end we have that

(Pf @ Pr @)™ o)) mod (P (1) = [(o(x)) mod P} (1)]-Q}+++Qh 1) Q-+ Qar-1,

where Q; and Q:. are copies of the matrices Q and Q' appearing in Propositions A.11 and A.12.
When computing X on such matrix, the factor %8,(r) mod P; (7) is square, because

deg P (r) = 2, so we can use Lemma A.6. Each of the matrices Q; is square too, and has

determinant equal to a power of P (—77) or P{"(-77): in the first case we have that

P (—t]) = (=17 =) (=17 —77) =277 (7] +1]).
By Lemma 7.8, the imaginary part of 7] and 7] is bounded below, so
Ty @y + DI =171 7] + 77| = Im7] - Im7] +Im7])

is bounded below. The same goes for P{"(-77). So we can drop all the matrices Q; by
modifying appropriately the constant C.

In the end we only need to evaluate Z(Q; ----- Q2(r-1)). However, looking at their form
described in Proposition A.11, one can readily see that the tail minor of maximum order is a
triangular matrix with all eigenvalues 1. So Z(Qy - ---- Q2(r-1)) = 1 and we are done. O

Proposition 7.9 implies that, in order to check the complementary condition, it is enough
to check that the determinant of the matrix 9,(r) mod P; (7) stays bounded away from zero.
Equivalently, according to Proposition A.13, instead of considering the remainders of %(1)
when divided by P (7), we can evaluate it on the roots of P{ (7).

7.10 Proposition. Suppose thaty = 1. Then there is a universal 4 > 0 such that if § < 6 then
the complementary condition is satisfied as soon as the 2r x 2r matrix

Bo(17) | PBo(r7) (7.22)

is nonsingular for all p € C\ {0} and { € TOM such thatRep > —511¢1* and () + Ipl2 =1and
its determinant decays to 0 as p — 0 not faster than | plg.

Proof. The result follows from Propositions 7.9 and A.13. The squared determinant of P" is 1,
because P is a permutation matrix. Also, the matrix Q" contains r blocks, each of which is
the 2 x 2 matrix
(& )
7 17 )

having a total determinant (7] —77)". By Lemma 7.8, 71 + 7] is bounded away from zero, so

Vol = —é(ﬁ)z — (1)) = —é(rf D@ 1))

has the same order of magnitude of 77 — 7] and the proposition is proved. O
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7.11 Remark. The formulation of Proposition 7.10, while still rather abstract, already suggests
a few informal “guiding principle” about how to effectively choose a boundary operator. In
particular, suppose that, for a certain operator 28, the boundary operator 9 features normal
derivatives of k different (and possibly zero) orders of %:

VIR =E

Vo*%B = Ey.

Then, if @0 (1) is the principal simbol of 9B, the rows in 2 (1) corresponding to the conditions
above are
@)™ - Bo(ry) | 7)™ Bo(ty) )™ 1d (r)*-1d N
i ) _ ) ) _ ( Po(1;) )
. ~ - - . . % (T_) .
(@)% Bo(rd) | (15)% - Bo(17) @H%.1d (r5)%-1d oo
If k > 2 (or, in general, if k > b), then the rows are necessarily linearly dependent, thus
in general one cannot put in a boundary symbol more than b different order of normal
derivation of the same equation. Instead, if k = b a condition of this type allows to “split”
78 (ry) and Ay (7,), and therefore it appears particularly natural. The “determinant price”

paid, which is the determinant of the matrix ((Tg)“"), is comparable with (7] — 7, )? where d
is the dimension of 8; this is exactly the expected order to satisfy the decay speed mandated
by Proposition 7.10.

The propositions above give a relatively simple criterion to check the complementary
condition when y = 1. Unfortunately the general case is more difficult, and we do not have
yet a complete result for it. However, because of continuity reasons, we can still obtain the
following proposition.

7.12 Proposition. Suppose that the complementary condition is satisfied fory = 1. Then there
is a neighbourhood U of 1 such that the complementary condition is satisfied for eachy € U.

Proof. Equations (7.20) and (7.21) show that the coefficients of %8, o % and M+ are con-
tinuous in y, therefore the coefficients of %, o .520 mod M™* are continuous too. Finally, it is
clear from the definition that X (%, o j:% mod M™) is itself continuous in y. It follows that if
(% 0 %y mod M™) is positive for y = 1, it is positive for an entire neighourhood of 1. O

7.4 Possible boundary conditions

In the previous section we have shown that complementary conditions can be established by
computing the determinant of a suitably constructed matrix. We shall now pass to enumerate
a few geometrically significant boundary conditions the we might desire to impose on the
boundary of our flow. From now on we assume that M has dimension n = 4; also, for
simplicity we assume that a; = ay in (7.2).

For each of the conditions below we will indicate the principal symbol with respect to the
tangential covector { € 97 (M). The variable p does not appear, because all the boundary op-
erators we consider do not depend on the time derivative of the flow. The point (x, t) is never
mentioned explicitly, because all the conditions are indepdendent of it. The components of
the variation of the metric will be indicated with £; j, and will be, of course, symmetric in i
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and j. The Latin indices will be assumed to range on all the directions (for 0 to 3), while the
Greek indices will be assumed to range on the tangential directions (for 1 to 3).

By comparison, let us recall that Gianniotis, in [ ], proves that the Ricci-DeTurck
flows satisfies the complementary condition with the following boundary conditions (using
the notation below):

g”(x, 0] = [y(x, 1)]
JC(x, 1) =0(x,1)
VR(JC, t) =0.

In the case of the Ricci flow he studies, only 10 conditions have to be set in dimension 4,
because b =1 (the Ricci flow has order 2).

Tangential metric tensor Possibly the most natural condition to require on the boundary is
that the tangential metric is assigned during the evolution; for a given y € 57; (OM7) we
require

gT(x, D=yt
(we recall that 57; (0MTr) is the space of metrics on the boundary 0 M, while 5”2+ (OMr7)
would have allowed to have also a normal component).

While in line of principle the assigned datum y can depend on the time (like any of the
conditions), it can be particularly convenient to set it constantly equal to the initial
tangential metric gT (0).

The associated symbol is clearly the identity on the tangential directions as soon as a
local chart that is normal for y is chosen. Its dimension is therefore 6 and the symbol is:

haﬁ a,f=1,2,3.

Conformal class of the tangential metric tensor Assigning the tangential metric tensor can
often violate boundary conditions. We will thus considered a more relaxed condition,
namely that the conformal class of the tangential metric tensor is assigned; for y €
?; (M7) we require

(g (x, 01 = ly(x, 0],
where [-] denotes the conformal class of a tensor.

This condition does not fit the general form for boundary conditions as it is, because it
does not take values in a tensor space. We therefore rewrite it as

1
g—gtryg-y:O.

From the PDE viewpoint, this means that y is not considered a forcing term anymore,
butitis embedded in the boundary operator itself. The consequences of this are not
significant from our perspective.

Using a local chart that is normal for y the symbol turns out to be:

1
haa__zhﬁﬁ a:1,2,3
3%

hap a,f=1,2,3,a#p.
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Its dimension is 5, and not 6 as it might look, because one equation can be removed
by linearity. When using this boundary condition, the resulting boundary symbol is
ensured to satisfy the extended complementary condition, according to which one of
the first three equations must be removed.

Second fundamental form The second fundamental form IT appear in virtually every bound-
ary term as a byproduct of a integration by parts, thus it is very important to be able
to control it. For instance, it appears as a boundary term of the Chern-Gauss-Bonnet
formula and it also implied when defining the Yamabe constant on a manifold with
boundary (see Chapter 1). For y; € F(OMr) we require that

H(x) t) = Yl (x) t);

though in general particular emphasis will be given to the case y; = 0. In order to
compute its symbol we have to apply the argument in the proof of Lemma 7.1 to the
definition of the second fundamental form. We obtain that

Hgp =(Vavldp)
= gﬁl .vavi
= 8pi Vavi +gﬁl~Dékvk.

. 0i
It is simple to show that vi = $4—. So

1 . . 1 . .

(V&%)
+ 858" V* (Vagke + Vigar —Vigak)
= I)k -@kgaﬁ - Vk . ﬁagkﬁ - Vk 'ﬁﬁgka +kavl©agkg.

Once coordinates adapted to the boundary are chosen, the symbol is

Theg—Cahpo —(phao a, =123 (7.23)

and the dimension is clearly 6.

Controlling the second fundamental form also appears to be natural in view of Re-
mark 7.11, since the second fundamental form is related, although not exactly the same
thing, to the normal derivative of the tangential metric tensor.

Normal derivative of the mean curvature Let us recall again the criterion in Remark 7.11:
when we assign the conformal class of the metric and the second fundamental form at
the boundary, it appears that one condition is missing: every tangential component
of g appears in the symbol with two different order of derivation (0 and 1), except its
trace which only appears with only 1 derivative. It would be pointless to add it with 0
derivatives, since this would just resurrect the condition on the whole tangential metric
tensor, which we might want to exclude when it does not allow the complementary
condition to be satisfied. The next sensible thing to do is then to add it with 2 derivatives,
which, in the geometric interpretation, means to assign the normal derivative of the
mean curvature at the boundary. Such condition is expressed by

V,A(x,t) =0(x, 1),
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where o is a function 0 M7 — R. As before, it will usually be sensible to take o = 0. The
condition has dimension 1 and the symbol

Tzzhaa_ZTZCahaO
o a

can be obtained by tracing (7.23) and multiplying by 7 (representing a normal derivat-
ive).

Scalar curvature The scalar curvature of M at the boundary is another geometrically relev-
ant boundary condition we will take into consideration:

Rg(x,t) =r(x,1).

It has dimension 1 and the symbol can again be recovered reasoning as in the proof of
Lemma 7.1:

Zfifjhij—lflzzhii
i,j i

Normal derivative of the scalar curvature The normal derivative of the scalar curvature ap-
pears in the Chern-Gauss-Bonnet formula, in the control of the flow energy and in the
control of the volume of the manifold during the flow (see again Chapter 1):

vVRg(xy t) = rl (x) t)-

It has dimension 1 and symbol:
Ty & jhij—TIEP Y hyi
ij i
Normal derivative of the normal Ricci curvature The normal derivative of the normal Ricci
curvature appears in the control of the flow energy (see again Chapter 1):
V,RicS, = ra(x, 1).
It has dimension 1 and symbol:

—11élPhoo—7°Y_hii +27°Y_&ihig
i i

Bour-DeTurck field The Bour-DeTurck field V3 is discussed in Section 7.2, at the end of

which it is said that it needs to be zero at the boundary, so that the integral flow of V3
exists for a positive time:

VB ()C, [) =0.

The field has dimension 4 and its symbol was computed in (7.12) as part of the proof of
Lemma 7.4. Here we use the assumption a; = ay:

21617 &Ejhij =&Y Ejichik i=0,1,2,3.
J jk
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Ricci-DeTurck field The Ricci-DeTurck field, defined in (7.9), has no direct geometric mean-
ing when considering the Bour flow. However, in practice it seems to be useful to build
boundary operators that satisfy the complementary condition:

Vr(x,t) =0.

It has dimension 4; the symbol can again be extracted from the proof of Lemma 7.4,
and is:

20 §ihij=8i) hjj 1=0,1,2,3.
j 7

As a variant, we can reduce it to dimension 3 by taking only its tangential component,
dropping the row with i = 0 in the symbol.

7.5 Existence theorems

We have at last all the tools in order to give an existence theorem for the Bour flow.

7.13 Theorem. Let (M?*, §) be a smooth compact Riemannian manifold with boundary, where

g is a smooth metric with geometry bounded at order 4, used as background metric for spaces of

functions. Take moreover gy € €™°.%," (M), y € €%, (0Mr) andy, € €™ (0Mry), requiring

thathTIaM =7(0), Hgylarr = ¥1(0) and dRg,lon = 0. Take at last K € (0,00) and p € (16,00).
Then there is

T(K) p) ||g0||<€,oo,My ”Y”%,OO,@M]U ”/)/1 ”‘g,oo,@MT; ”g”4)V01(M) g))VOI(aM) g))

such that, for a € R sufficiently close to zero and an operator P(g) of the form (7.2) with
a) = az = a, there is g € W2PV'P 2+ (My) such that

0:8(1) =P(g(1) (7.24)
gl lom(D) = y(t) (7.25)
Hglon () =y1(2). (7.26)

Also, || g — gollw,2n,p,mr < K, g() converges to gy for t — 0 in the €’ (M) metric for all ¢ <
4 (1 - %) up to a diffeomorphism of M that fixes 0M, and g is smooth in M7\ 0(M x {0}).

Proof. First we need to set up a system for g, modified with the DeTurck trick as we have
discussed in Section 7.2:

0:8(1) =Q(g) (7.27)

8(0) =go
gl lam(® =70 (7.28)
Hglam(t) =y1(2) (7.29)
Vr(glanm) () =0 (7.30)
VB(&lam) () =0, (7.31)

where Vi and Vp are defined by (7.9) and (7.10). By Proposition 7.5, the system (7.27) satisfies
the parabolicity condition with a uniform constant 6.
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Let us check that the compatibility conditions expressed by Theorem 6.1 are satisfied: by
hypothesis, equations (7.28) and (7.29) are satisfied at time zero, so we are done with them.
Looking again at (7.9), it is evident that in order to satisfy compatibility conditions for (7.30) it
is enough to take g|;=0 = go (at this stage we can even take § = go independent from the time).
Then, since by hypothesis we have d R0 = 0, compatibility conditions are also satisfied
for (7.31).

At last, let us concern ourselves with the complementary condition. Thanks to Proposi-
tion 7.10, the complementary condition can be reduced to checking that the determinant
of a 20 x 20 matrix is not zero. This is a long and tedious task, but fortunately it is purely
mechanical and can be delegated to a computer, which is able to solve it in a handful of
seconds. So here we limit ourselves to stating that one can check that the complementary
condition is satisfied; further details on how to actually do the computation are given in
Appendix B.

All the hypotheses being satisfied, we can use Theorem 6.1 to show the existence of a
solution g on M7, for an appropriate time 7. Also, by Theorem 6.3, g is smooth on M7\
(0M x {0}). To conclude, we need to reconstruct the actual geometric flow g from g. Let us
consider the vector field

Vi(x, 1) := Vp(g(1) (%),

which is defined on My and smooth at least on M x (0, T]. Since § € WDP(My) < 628 (M)
(by Proposition 4.43), it follows that V is uniformly continuous near M x {0}. For a small
€ >0, the system of ordinary differential equations given by (7.7) and (7.8) then has a solution,
which converges to a diffeomoprhism ¢q for £ — 0. See for instance [ , Theorem 9.34].
At last, we can define the flow as g(1) := ¢;(g(#)). By Lemma 7.2, the equation (7.24)
is satisfied on M7. The boundary conditions (7.25) and (7.26) are also satisfied, on O0Mr,
because the diffeomorphisms ¢, fix the boundary 0 M. All the other claims in the theorem
follow easily. O

7.14 Remark. 1f we want to have more regularity at 0 M x {0}, then all we need is to ensure that
higher order compatibility conditions are satisfied by the DeTurck modified system (7.27)—
(7.31). We have in particular a degree of freedom in selecting the metrics g(t): if they are
taken so that 6’; gl:=o coincides with 6’; gli=o as given by equation (2.5), then the compatibility
conditions for Vy are automatically satisfied.

7.15 Remark. The introduction of the condition Vj in the proof does not appear to have any
deep geometric sense; however, the author could not find any set of boundary conditions
satisfying the complementary condition that did not include Vy or at least its tangential
component. This fact will be subject of further investigation.

Similar theorems can be written for different sets of boundary conditions. All the proofs
are identical, so will not be repeated: the only steps that changes each time is the verification
of the complementary condition; Appendix B contains details on how the related computa-
tions can be verified. In some of the cases below instead of adding the condition on V in
the proof, we only add its tangential component VI which makes room for an additional
boundary condition.

7.16 Theorem. Theorem 7.13 remains true if we substitute (7.25) and (7.26) with the following:
(8" lom (D] = [y(1)]

Mglan () = y1 (1)
V., 72(t) = o(t).
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The compatibility conditions at time zero and the dependencies of T must also be updated
accordingly.

7.17 Theorem. Theorem 7.13 remains true if we substitute (7.25) and (7.26) with the following:

(g7 1om (D] = [y (D]
Mglon(t) = y1(2)
Rg(t) = (D).

The compatibility conditions at time zero and the dependencies of T must also be updated
accordingly.

7.18 Theorem. Theorem 7.13 remains true if we substitute (7.25) and (7.26) with the following:

(g7 1om (D] = [y (1)]
Mglon(£) = y1(2)
VyRg(t) = 1 (1)

The compatibility conditions at time zero and the dependencies of T must also be updated
accordingly.

7.19 Theorem. Theorem 7.13 remains true if we substitute (7.25) and (7.26) with the following:

18" lom(0)] = [y (1))
Hglop (1) =y1(2)
V,RicS, () = ro ().

The compatibility conditions at time zero and the dependencies of T must also be updated
accordingly.

7.20 Theorem. Theorem 7.13 remains true if we substitute (7.25) and (7.26) with the following:

(g7 1om (D] = [y (D]
Mglon(t) = y1(2)
V., #(t) =0o(t)

VyRe (1) = 11(1).

The compatibility conditions at time zero and the dependencies of T must also be updated
accordingly.



Appendix

Linear algebra lemmata

A.1 Rank one perturbations of the identity

A.1 Lemma. Let A be a matrix with is a rank 1 perturbation of the identity, i.e, A=1d+X®Y.
Let us indicate with A the adjugate matrix, i.e., the matrix such that AA=AA=detA-1d. Then

detA=1+(X|Y) (A.1)
Al=1d- X®Y when det A #0 (A.2)
det A
A=detA-ld-X®Y (A.3)
Ker A = span X whendetA=0 (A.4)
RanA=Y" when det A= 0. (A.5)

Proof. Identity (A.1) can be proved by induction using the Laplace expansion for the determ-
inant. It is clearly true if the matrix has size 1, so let us suppose it is true for all matrices of
size strictly less than n: we want to prove it for matrices of size n. By doing Gauss moves we
have that (we can assume y; # 0 up to permuting X and Y, otherwise Y =0 and the result is
again trivial):

I+x1n X1)2 X1¥n 1+x1n —% —%
X201 1+x2y2 ... X2) X 1
det ) _ I _ det 2.)/1 | A6
Xn)y1 Xny2 ... l+Xpyn Xn )1 o ... 1

Let us take X’ and Y’ such that X = (X', x,,) and Y = (Y’, y,,). Taking the Laplace expansion
with respect to the last column, we need to consider two cases: the determinant of the minor
associated to the 1 in the corner is 1+ (X'|Y’), by the inductive hypothesis (using (A.6) right

to left); the minor associated to the entry —% is
X201 1 0 . 0
X3)1 01 . 0
Xn-1)1 00 1
xpy1r 0 0 0
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whose determinant is (—1)"x,y; (notice that this last matrix has size n —1). In the end we
have that

Vn

detA=(-1)*"-1-(1+ (X 1Y) + (-1 (_ y
1

)'(—1)nxny1:1+<X|Y>-

All the other formulae are trivial to derive. O

A.2 Matrices of polynonials with maximum rank

In Section 5.2 we need a tool to establish quantitatively how much a matrix is far from not
having maximum rank. For square matrices a good measure is the square of the determinant:
it is always nonnegative, it depends continuously on the coefficients and it is zero if and only
if the matrix is singular (i.e., it does not have maximum rank). These properties of the squared
determinant can be generalized to rectangular matrices be mean of the following lemma.

A.2Lemma. Let Ac 4" " (C) withn> m andleto,, ..., oy be its singular values. Then:
m
[[o%=det(AA*)= Y |detBl, (A7)
i=1 Bey(m*m
B<A

where B ranges on all the m x m submatrices of A.
In particular, A has maximum rank if and only if any of those numbers is non zero.

Proof. Let A= USV™ be a singular value decomposition. Then AA* = USS*U™ and, since S
is diagonal and U is unitary, the first equality follows.

The second equality descends from the Cauchy-Binet formula, proved for example
in [ , Chapter 2, Theorem 6.1] (it is said that the base field must be R, but the proof
works for C as well, appropriately replacing transposition with conjugate transposition). [

A.3 Definition. For a matrix A, let us call X(A) the common value in (A.7).

When A: V — W is alinear morphism (without a selection of default bases on V and W
to see it as a matrix), then X cannot be defined in general, because changes of basis will not
necessarily preserve values in (A.7). However, if reference Hermitian products are considered
on V and W, then they induce the isomorphisms ¢y : V — V* and oy : W — W*,

A.4 Definition. Let A: V — W be a linear morphism and consider, for some chosen Her-
mitian products, the two isomoprhisms ¢y and ¢ defined above. Then we can define:

T(A):=det(Ao ' o A* o).

A.5 Remark. 1f coordinates on V and W are taken so that the two Hermitian products are the
standard Hermitian products (i.e., they are described by the identity matrices), then ¢y and
¢w are trivial and the two definitions of Z coincide.

In general, differently from the determinant, the function X is far from being multiplicative.
An easy example is

A=(10) B:((l)g) A-B=(1 0),

for a small €. Clearly 2(A) = 2(A-B) =1, but Z(B) = €2. However, X is multiplicative if the left
factor is square (but not if the right one is square, as the example above shows).
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A.6 Lemma. Suppose that Ae 4™ " (C) and B € 4" "(C). Then
Y(A-B)=2(A)-Z(B) = |det A]* - 2(B).
Proof. Just a computation:
2(A-B) =det(ABB* A*) = det A-det A* - det(BB*) = |det A|* - Z(B). O

Another tool needed in Section 5.2 is the concept of linear independence modulo a
polynomial, which now we define and for which we give the essential properties.

A.7 Definition. Let A€ .#"""(C[t]) be amatrix of polynomials in ¢ with complex coefficients.
Let also p € C[¢] be a polynomial of degree d. The matrix of remainders, also indicated with
A mod p, is the matrix B € .4 mxdn(C) whose entries are the coefficients of the remainders
of the entries of A divided by p. More formally, B is the (clearly unique and existing) matrix
such that, foralli=1,...,m, j=1,...,n,

d-1

k
plAij— ) Biaj+k-d+n -t
k=0

where a | b means that the polynomial a divides the polynomial b.
A.8 Definition. Let A € .4"*"(C[t]) and p € C[t]. We say that the rows of A are linearly

independent modulo p is the rows of A mod p are linearly independent on the base field,
according to the usual definition.

A.9 Definition. Let A€ .#"*"(C[t]) and p € C[t]. We say that the rows of A are uniformly
linearly independent modulo p with constant 9, if it holds 2(A mod p) > 6.

A.10 Remark. In a fashion similar to Definition A.4, we see that if we change the coordinates
with a unitary complex matrix, then Z(A mod p) is preserved.

In general we expect to be able to simplify polynomials in the usual way: for example,
we expect that A(#) has linearly independent rows modulo p(#) if and only if (¢ — £;) A(?)
has linearly independent rows modulo (¢ — #;) p(f); and we expect A(f) to have linearly
independent rows modulo p(t) is and only if (¢ — #;) A(¢) has linearly independent rows
modulo p(t) it #; is not a root of p(t). We therefore proceed to study to what extent these
simplifications hold when uniformity of ¥(A mod p) is taken into consideration.

A.11 Proposition. Let Ae .#"*"(C[t]) and p € C[t], withdegp = d. For t, € C it holds
[(t—t)- A(®)] mod [(t~ 1) - p(9)] = [A(») mod p(1)]-Q,

where Q is a matrix of size nd x n(d + 1) made of n identical blocks of size d x (d + 1) in this

way:
7]

Also, 2(T) > 1 and Z(Q) > 1.
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Proof. Let us call C4[1] the space of polynomials in C of degree less than d. It is a vector
space of dimension d, which we consider with the canonical basis (1, ¢, £2,..., t4"!). Then the
multiplication by ¢ — #; is a linear morphism from C;[¢] to C;.;[¢], whose matrix according
to the canonical bases is T (when vectors are represented as row matrices).

Let a(t) be any entry of A(#). Clearly, as polynomials,

[(t—1n)-a®] mod [(t-n)-p()] = (t- 1) [a(t) mod p(1)].

Passing to the matrices of remainders (which is equivalent to expressing the remainder
polynomials in the basis of C;[¢]) and repeating the reasoning above for all the entries, the
identity is proved.

Using the rightmost expression in (A.7), we have X(T) > 1, because the last d columns of
T have determinant equal to 1. The inequality 2(Q) > 1 follows in the same way. O

A.12 Proposition. Let A€ /"™ (C[t]) and p € C[t], with p(t) = t* + c4_1t* 1 +---+ ¢y. For
t € C it holds
[(t— 1) A(r)] mod p(r) = [A(r) mod p(1)]-Q',

where Q' is a matrix of size nd x nd made of n identical blocks of size d x d in this way:

[T"]

!
W
(7]
-4 1
-n 1
T =
—-h 1
—C —C - —Ci2 —lLi—C4-1

Also, Z(T") = |det T'|? = |p(t)) 1> and Z(Q") = | p(t)|*".

Proof. The proofis similar to Proposition A.11: now, for each entry a(t) in A(¢), we have to
consider the polynomial
b(r) = [(t—t)-a(t)] mod p(r).

If a(t) is already reduced modulo p(t), then b(¢) is obtained multiplying it by ¢ — #; and then
subtracting a scalar multiple of p(¢) to reduce it again. This operation is described by the
matrix T, from which the matrix Q' is obtained in the same way as above.

Since T is square, X(7") = |det T'|2. Also, if T’ is considered as a polynomial in ¢;, then its
determinant is the characteristic polynomials of the companion matrix

0 1
0 1
0 1
—C —C - —Cg-2 —Cg-1

which is the polynomial p(t;) itself (this can be proved by induction, see for example [ ,
Theorem 3.3.14]). O
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In general a monic polynomial p (say of degree d) can be equivalently described by its
coefficients or by its roots (counting the multiplicity). When considering congruence classes
modulo that polynomial, two preferred bases can be considered, depending on whether one
wants to place emphasis on coefficients or roots:

* the first basis consists of the congruence classes of the monomials up to degree d —1, i.e.

(11,121, [£2],..., [t%1]); the associated coordinates of a polynomial g are the coefficients
of g after reduction modulo p;

¢ the second basis consists of the polynomials [r;] that have value 1 on the i-th root of p
and have value 0 on all the other roots; the associated coordinates of a polynomial g
are the evaluations of g on the roots of p.

When p has multiple roots the second basis is ill-defined: one can fix it by considering the
derivatives of g at the multiple roots, but we leave aside this discussion; we will assume that
p has distinct roots. In this lemma we discuss the determinant of the change of basis between
this two representations.

A.13 Proposition. Let p € C[t] be a monic polynomial of degree d, with d distinct roots t;,
oo, tg. Letalso Ae 4" (C[t]). We call A(ty, ..., ty) its evaluation on the roots of p, i.e. the
m x dn matrix

A(ty,. ..., tg) = Aln) | A(L) | ... | A(ta)

Then
A(ty, ..., tz) = [A(®) mod p(n)]-Q"- P",

where Q" is a matrix of size nd x nd made of n identical blocks of size d x d in this way:

T//
QN TI/
TN
1 1 eee 1
4] [5) cee tq
2 2 2
= & 5 .. f
d.—l d.—l . d.—l
A - O

and P" is a permutation matrix of size nd x nd made of n x d blocks of size d x n and with the
following structure:

Pll Plz cee Pld
P Py Py ... Pog
Pmpi Pua ... Ppg

P;j being a matrix with just one eniry equal to one in position j,i and all the other entries
equal to zero.

Also, 2(T") = |det T"|* = [1;<;(t; — t;) and 2(Q") = (ITi<;(t; - t]-))z”. For P", evidently,
2(P") = |detP"|* =1.
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Proof. As usual, first we need to compute the matrix that expresses the coordinate trans-
formation on each single polynomial, then replicate it multiple times in the fashion of Q and

Q.
Let g(t) be a polynomial; then the map

q(t) — (q(t),...,q(ta))
is a linear morphism, whose kernel contains the polynomial p(t). This implies that the map
[g(D]— (g(tr),...,q(ta))

is well defined, and of course linear again. By evaluating it on the basis ([1], 7], ..., [£9-1)),
the Vandermonde matrix T” appears. The value of its determinant is a known fact, see for
example [ , Section 0.9.11]. The complicated matrix P” appears as a result of entries
in A(fy,...,tq) being “packed” by their original column in A instead of by the root they are
computed onto. O



Appendix

Practically veritying the complementary
condition

B.1 The difficulty with the complementary condition

In the proof of the theorems in Section 7.5 the details of the computation used to verify the
complementary condition are not reported. They are, unfortunately, very long and involved,
and it turns out that it is impractical not only write them down in this work, but even to
perform them by hand.

Let us recall that, thanks to Proposition 7.10, in order to verify the complementary condi-
tion one first has to compose the 20 x 10 matrix 98, by stacking a subset of the rows described
in Section 7.4. Then, for any selection of p, a complex number, and ¢, a vector tangent to 0 M,
subject to the conditions mentioned in Section 7.3, the entries in the matrix %, can be seen
as polynomial with complex coefficients in 7. By substituting 7] and 7] and stacking the two
outcomes horizontally, one obtains the matrix (7.22), which has entries in the complex field
and dimension 20 x 20. What we need to check is that the determinant of this matrix is not
zero, and does not go to zero quicker than |p|> when p — 0.

Expanding the determinant of a 20 x 20 matrix depending on the parameters p and { gives
expressions that are very difficult to handle by hand, even when one takes into account the
symmetries and structure of the matrix 9. On the other hand, there is essentially nothing
creative or smart in this computation: one just needs to expand polynomials with a lot of
terms in them and then check where their roots are located. Activities of this type are usually
much better performed by a programmable computer instead of by a human being, not only
in terms of time wasted, but also in terms of probability of errors. The author thus wrote a
computer program to do the computations and automatically check whether some set of
boundary conditions verifies or not the complementary condition.

The program is written in the popular Python programming language and is based on the
SageMath software [ ]. SageMath is a free and open source mathematics software, which
self-describes its mission as “creating a viable free open source alternative to Magma, Maple,
Mathematica and Matlab”, four proprietary software packages often used for doing scientific
and technical computations. Version 7.2, the latest available when these computations were
began, was used, but the same program is expected to work, perhaps with minor modifica-
tions, on more recent ones. Also, SageMath has the advantage of working consistently on all
the major operating systems available today.

It is worthwhile to mention that, although numerical computations with the computer are

93
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often associated to approximation errors, internal algorithms in SageMath use either interval
arithmetic or exact representations of rational and algebraic numbers, so they are guaranteed
to give a correct answer, unless a programming bug is present in the implementation. Even in
that case, being the source code of SageMath (and of the program described below) available
to everyone for audit and modification, chances are that potential bugs are eventually found
and corrected. The SageMath developers community has furthermore adopted a peer review
scheme for all the modifications that are accepted in SageMath, similarly to what happens
for academic papers.

The SageMath package is already able to handle a lot of common mathematical ob-
jects, like polynomials, equations, different rings and fields, functions, and many other.
All of them can be seen as objects of the Python programmin language, and, by calling
appropriate methods or operators on them, a programmer can automate a procedure for
performing certain operations. For example, an object of type “polynomial” has a method
named “factor”, that returns a factorization of that polynomial (provided that the base field
is one for which SageMath knows a factorization algorithm). Similarly, an object of type
“matrix” will have methods for computing the determinant, adding, multiplying, selecting
some rows or columns; or an object of type “complex” will support arithmetic operations,
comparison with other object of compatible types and, for instance, operators that check if
a certain complex number is in fact real or rational. There also exists a SageMath package
called “SageManifolds” (] 1), at the moment of writing still in development, for working
with differential manifolds and other differential geometry objects, but it was not used for
this work.

Thanks to this formidable ground, the program that checks the complementary condition
turns out to be relatively straightforward. It runs in less than a second on a reasonably modern
computer, so the user can easily perform many different experiments changing the boundary
conditions as they please, in search of the one with the best geometric properties for the
problem in study. At the same time, it must be mentioned that the computations performed
by the computer tend to be rather opaque: one knows whether the answer is “yes” or “no”,
but it is difficult to understand the “deep” reasons for which a set on boundary conditions is
acceptable and another, maybe seemingly similar, is not.

B.2 How does the program work

The author’s program is distributed in a repository on the GitHub platform, at the address
https://github.com/giomasce/complementary-cond. It consists of a single file named
checker.sage; in order to run it, a working installation of SageMath is required: see install-
ation instructions on the website http://www.sagemath.org/. As mentioned above, the
version 7.2 of SageMath was used by the author; the same code should work in more recent
versions, unless some noncompatible changes were introduced. In any case, it should not be
difficult to adapt the program to more recent versions of SageMath. In this section we briefly
go through the program’s code to explain what it does; the description here is rather high
level and does not cover the details of what each line does, which is better described in the
documentation of the SageMath package. Also, the program contains some comments that
document what each individual method is supposed to compute.

By default, when executed with SageMath, the program checker . sage does the compu-
tation required to prove Theorem 7.13. It outputs some details on what it is actually doing,
and the last line of output says whether the complementary condition was actually verified or
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not (in particular, it says it is in the default configuration). If one wants to perform the check
for different boundary conditions, one just has to tweak the content of the matrix BO_egs,
generated at the beginning of the method main, for example commenting and decommenting
the example lines, or even adding new ones. Each element of BO_egs is an homogeneous
polynomial of first order in the variables h; j, whose coefficients depend on ¢;, exactly in the
same way they are represented in Section 7.4. The metric is assumed to be adapted to the
boundary, so 7 = ¢ and {4 = . In the code, h;; is represented with hi j (aliased also ashji
or hvars_mat [i] [j]); T is represented with t and (; is represented with zi (both are also
aliased to xi or xvars_real[i]).

All the variables above are defined in the first lines of the program checker . sage. Also,
for each variable there is a variant with an additional t at the beginning, which represent the
second instance of the same variable when the matric %, is doubled as per Proposition 7.10.
So, variable t will be evaluated to 7] and variable tt will be evaluated to 7]. No doubling
is done for variables (;, since in that case they are always evaluated on the same vector ;.
Another variable introduced at the beginning of the program is g, that stands for /—2p.
Immediately after, some relevant polynomials rings are defined, because SageMath often
needs to be explicitly told what is the exact algebraic structure on which it needs to operate.

Let us now consider what happens in main after the list BO_egs has been created. First,
the matrix DO, representing the matrix (7.22), is created, by doubling the entries on each row of
BO_egs and replacing variables in the second copy with their t variants (which corresponds,
as said above, to evaluating on 7] instead of Tf). Then the determinant is computed and
stored in det_poly; from the proof of Proposition 7.10, we expect the determinant to be
divisible by (7] - rl_)lo, so we check this fact and divide the determinant by that known
factor. After having removed the degenerate term, we expect the quotient to have no roots on
Re p > —61|¢|*, and the rest of the program is devoted to verify this hypothesis.

The polynomial det_poly is factored and processing continues independently for each
of the factors (this is not essential, the whole polynomial could be processed at once, but
working on individual factors helps speeding up computations and possibly catching a
glimpse of how much “bad” the complementary condition fails when this is the case). Each
factor is passed to the method check_factor, which will in the end return True or False
depending on whether the factor satisfies or not the complementary condition. The whole
program will terminate with success if all the factors were checked with success.

Let us now consider what happens inside the method check_factor, where the factor to
check is passed in the argument variable factor. Let us recall that factor is a polynomial
in7:=71], 7:=1, and the components {;. The variable p is not explicitly present, but will
appear as a result of substituting the definition of 7 and 77 . But first we would like to get
rid of the variables (;: first, since the boundary condition we have is geometric, we expect
that the dependence of factor on {; can actually be factored by |{ 12; second, we can spend
the homogeneity of the principal symbol and impose |{|? = 1. The dependency on |{|? is
recognized thanks to SageMath’s support for symmetric polynomials (calles “symmetric
functions”); SageMath supports many different bases for expressing a symmetric function:
we use the “powersum basis”, which is generated by the polynomials

po() =1
p1Q) =C1+--+(y
p ) =0+ + 05

When expressed according to this basis, factor depends on |{ 12 if and only if it only has
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components along py((), p»({) and their powers. While SageMath can automatically represent
a symmetric polynomial as a polynomial of the symmetric functions in the chosen base, it is
not able to compute a minimal expression using the fact that { is a 3-dimensional vector. This
simplification stage was then implemented in the method simplify_SF. Immediately after,
the method evaluate_sym is called, that evaluates the symmetric polynomial on |{ 2=1
(and, in particular checks that it does not depend on p;({) for i different from 0 and 2).

At this point, the variable atz1 containes the original polynomial factor after the evalu-
ation at |{|?> = 1. Now we need to substitute the definitions

=)= -(P+iyV2p=—-1+gq (B.1)
=) =-l*-iy2p=-1-q. (B.2)

This requires some care, because atz1 will not in general be a function of 72 and 72, meaning
that in general it will also contain odd powers of T and 7. In theory one can ask SageMath
to exactly solve a system of arbitrary polynomial equations, which is implemented using
Grobner bases and the Buchberger’s algorithm. However, it turns out that the computation is
really slow, and actually the author could not see a finished computation with this technique.
So, instead of using a generic one, a specialized algorithm for the specific polynomials in use
was devised. Suppose that we have a polynomial p(7, T), in which we want to substitute (B.1)
and (B.2). Without loss of generality, we can assume to already have substituted all the even
powers, so all monomials of p depend on either 7, T or 77. We rewrite

p(,7) = pi(1,7) + p2(7),

basically collecting all terms containing 7 in p; and all the others in p,. Then 7 | p;(7,7), so
72| pi(7,T) and we can substitute all instances of 72 in it with (B.1). So, if we consider the
polynomial

p,B)- (p1(1,5) — p2 (D) = pi(x,T) - p3(D), (B.3)

we have that all its instances if 7 can be substituted. After another iteration of the same
method, this time with 7, we obtain a polynomial that depend only on g = \/—2p, whose roots
can be enumerated thanks to SageMath’s factorization algorithms for univariate polynomials.
The algorithm described here is performed by the methods separate_vars (which compute
the p; + p2» decomposition), mangle (which substitutes (B.1) and (B.2)) and super_mangle
(which implements the iterative scheme and is directly called by check_factor).

In the end, the variable final contains a polynomial in g, whose roots are the values
v/ —2p for the numbers p for which the matrix describing the complementary condition
becomes singular. However, in the procedure above for substituting T and 7 some new roots
are likely to have been added in the step (B.3). So for each root in g we need to compute
p and the associated values 7 = 7] and 7 = 77, recalling that they are specified by the fact
of having positive imaginary part. The program computes two boolean flags: valid is true
when the original equation is satisfied by the chosen 7] and 7]; parabolic is true when p
has negative real part. In the end, a factor is accepted if there are not roots g that are valid
but not parabolic. Also, as already mentioned, the whole boundary condition is accepted if
all its factors are accepted.



Bibliography

[Ama09] Herbert Amann, Anisotropic function spaces and maximal regularity for parabolic
problems. Part 1, Jindrich Necas Center for Mathematical Modeling Lecture Notes, 6,
Matfyzpress, Prague, 2009, Function spaces. MR 2907677

[Aub98] Thierry Aubin, Some nonlinear problems in Riemannian geometry, Springer Mono-
graphs in Mathematics, Springer-Verlag, Berlin, 1998. MR 1636569 (99i:58001)

[Bis75] Richard L. Bishop, Infinitesimal convexity implies local convexity, Indiana Univ. Math.
J. 24 (1974/75), 169-172. MR 0350662

[Boul2] Vincent Bour, Flots géométriques d’ordre quatre et pincement intégral de la cour-
bure, Ph.D. thesis, Université Joseph Fourier — Grenoble, 2012, http://tel.
archives-ouvertes.fr/docs/00/77/17/20/PDF/Bour . pdf.

[BS09] Simon Brendle and Richard Schoen, Manifolds with 1/4-pinched curvature are space
forms, J. Amer. Math. Soc. 22 (2009), no. 1, 287-307. MR 2449060

[Cap13] Erasmo Caponio, Infinitesimal and local convexity of a hypersurface in a semi-
Riemannian manifold, Recent trends in Lorentzian geometry, Springer Proc. Math.
Stat., vol. 26, Springer, New York, 2013, pp. 163-177. MR 3064800

[CE75] Jeff Cheeger and David G. Ebin, Comparison theorems in Riemannian geomelry,
North-Holland Publishing Co., Amsterdam-Oxford; American Elsevier Publishing
Co., Inc., New York, 1975, North-Holland Mathematical Library, Vol. 9. MR 0458335

[CGYO03] Sun-YungA. Chang, Matthew J. Gursky, and Paul C. Yang, A conformally invariant
sphere theorem in four dimensions, Publ. Math. Inst. Hautes Etudes Sci. (2003), no. 98,
105-143. MR 2031200

[Cha93] Isaac Chavel, Riemannian geometry—a modern introduction, Cambridge Tracts in
Mathematics, vol. 108, Cambridge University Press, Cambridge, 1993. MR 1271141

[CK04] Bennett Chow and Dan Knopf, The Ricci flow: an introduction, Mathematical Surveys
and Monographs, vol. 110, American Mathematical Society, Providence, RI, 2004.
MR 2061425

[CLN06] Bennett Chow, Peng Lu, and Lei Ni, Hamilton'’s Ricci flow, Graduate Studies in
Mathematics, vol. 77, American Mathematical Society, Providence, RI; Science Press
Beijing, New York, 2006. MR 2274812

97


http://tel.archives-ouvertes.fr/docs/00/77/17/20/PDF/Bour.pdf
http://tel.archives-ouvertes.fr/docs/00/77/17/20/PDF/Bour.pdf

98 BIBLIOGRAPHY

[CQ97] Sun-Yung A. Chang and Jie Qing, The zeta functional determinants on manifolds
with boundary. I. The formula, ]J. Funct. Anal. 147 (1997), no. 2, 327-362. MR 1454485

[CQY00] Sun-Yung A. Chang, Jie Qing, and Paul C. Yang, Compactification of a class of con-
formally flat 4-manifold, Invent. Math. 142 (2000), no. 1, 65-93. MR 1784799

[CS96] G. M. Constantine and T. H. Savits, A multivariate Faa di Bruno formula with applic-
ations, Trans. Amer. Math. Soc. 348 (1996), no. 2, 503-520. MR 1325915

[DeT83] Dennis M. DeTurck, Deforming metrics in the direction of their Ricci tensors, ]J.
Differential Geom. 18 (1983), no. 1, 157-162. MR 697987

[Eic91] Jirgen Eichhorn, The boundedness of connection coefficients and their derivatives,
Math. Nachr. 152 (1991), 145-158. MR 1121230

[Esc92] José E Escobar, The Yamabe problem on manifolds with boundary, J. Differential
Geom. 35 (1992), no. 1, 21-84. MR 1152225

[GBM15] Eric Gourgoulhon, Michal Bejger, and Marco Mancini, Tensor calculus with open-
source software: the sagemanifolds project, Journal of Physics: Conference Series 600
(2015), no. 1, 012002.

[GHLO04] Sylvestre Gallot, Dominique Hulin, and Jacques Lafontaine, Riemannian geometry,
third ed., Universitext, Springer-Verlag, Berlin, 2004. MR 2088027

[Gial3] Panagiotis Gianniotis, The Ricci flow on manifolds with boundary, Ph.D. thesis,
State University of New York at Stony Brook, 2013, http://gateway.proquest.
com/openurl?url_ver=239.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:
dissertation&res_dat=xri:pqm&rft_dat=xri:pqdiss:3594670, p. 84. MR
3192837

[Gial6] ___, The Ricci flow on manifolds with boundary, ]. Differential Geom. 104 (2016),
no. 2, 291-324. MR 3557306

[Ham82] Richard S. Hamilton, Three-manifolds with positive Ricci curvature, ]. Differential
Geom. 17 (1982), no. 2, 255-306. MR 664497

[Ham95] , A compactness property for solutions of the Ricci flow, Amer. J. Math. 117

(1995), no. 3, 545-572. MR 1333936

[Heb96] Emmanuel Hebey, Sobolev spaces on Riemannian manifolds, Lecture Notes in Math-
ematics, vol. 1635, Springer-Verlag, Berlin, 1996. MR 1481970 (98k:46049)

[HJ13] Roger A. Horn and Charles R. Johnson, Matrix analysis, second ed., Cambridge
University Press, Cambridge, 2013. MR 2978290

[Hui85] Gerhard Huisken, Ricci deformation of the metric on a Riemannian manifold, J.
Differential Geom. 21 (1985), no. 1, 47-62. MR 806701

[Leel3] John M. Lee, Introduction to smooth manifolds, second ed., Graduate Texts in Math-
ematics, vol. 218, Springer, New York, 2013. MR 2954043

[Man02] Carlo Mantegazza, Smooth geometric evolutions of hypersurfaces, Geom. Funct.
Anal. 12 (2002), no. 1, 138-182. MR 1904561 (2003f:53118)


http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqm&rft_dat=xri:pqdiss:3594670
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqm&rft_dat=xri:pqdiss:3594670
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqm&rft_dat=xri:pqdiss:3594670

BIBLIOGRAPHY 99

[Mar98] Christophe Margerin, A sharp characterization of the smooth 4-sphere in curvature
terms, Comm. Anal. Geom. 6 (1998), no. 1, 21-65. MR 1619838

[MM88] Marvin Marcus and Henryk Minc, Introduction to linear algebra, Dover Books on
Advanced Mathematics, Dover Publications, Inc., New York, 1988, Reprint of the
1969 edition. MR 1019834

[Per02] Grisha Perelman, The entropy formula for the ricci flow and its geometric applications,
ArXiv Preprint Server http://arxiv.org/abs/math/0211159, 2002.

[Per03a] , Finite extinction time for the solutions to the ricci flow on certain three-
manifolds, ArXiv Preprint Server http://arxiv.org/abs/math/0307245, 2003.
[Per03b] , Ricci flow with surgery on three-manifolds, ArXiv Preprint Server http:

//arxiv.org/abs/math/0303109, 2003.

[Pet06] Peter Petersen, Riemannian geometry, second ed., Graduate Texts in Mathematics,
vol. 171, Springer, New York, 2006. MR 2243772

[Pul13] Artem Pulemotov, Quasilinear parabolic equations and the Ricci flow on manifolds
with boundary, J. Reine Angew. Math. 683 (2013), 97-118. MR 3181549

[Sagl6] Sage Developers, Sage Mathematics Software (Version 7.2), 2016, http://www.
sagemath.org.

[Sch84] Richard Schoen, Conformal deformation of a Riemannian metric to constant scalar
curvature, J. Differential Geom. 20 (1984), no. 2, 479-495. MR 788292

[Sch01] Thomas Schick, Manifolds with boundary and of bounded geometry, Math. Nachr.
223 (2001), 103-120. MR 1817852

[Shi89] Wan-Xiong Shi, Deforming the metric on complete Riemannian manifolds, J. Differ-
ential Geom. 30 (1989), no. 1, 223-301. MR 1001277

[Shu92] M. A. Shubin, Spectral theory of elliptic operators on noncompact manifolds, As-
térisque (1992), no. 207, 5, 35-108, Méthodes semi-classiques, Vol. 1 (Nantes, 1991).
MR 1205177

[Sol65] V. A. Solonnikov, On boundary value problems for linear parabolic systems of differ-
ential equations of general form, Trudy Mat. Inst. Steklov. 83 (1965), 3-163, English
translation in Boundary value problems of mathematical physics III (1967). MR
0211083 (35 #1965)

[Tri78] Hans Triebel, Interpolation theory, function spaces, differential operators, North-
Holland Mathematical Library, vol. 18, North-Holland Publishing Co., Amsterdam-
New York, 1978. MR 503903

[Yam60] Hidehiko Yamabe, On a deformation of Riemannian structures on compact mani-
folds, Osaka Math. J. 12 (1960), 21-37. MR 0125546


http://arxiv.org/abs/math/0211159
http://arxiv.org/abs/math/0307245
http://arxiv.org/abs/math/0303109
http://arxiv.org/abs/math/0303109
http://www.sagemath.org
http://www.sagemath.org

	Contents
	Introduction
	Context
	Purpose
	Overview of the work

	First properties of a parabolic system of PDEs
	Notations
	The evolution differential equation
	Compatibility conditions

	Geometry on manifolds with boundary
	Manifolds with convex boundary
	Bounded geometry
	Sobolev and interpolation inequalities

	Parabolic function spaces
	Tools for function spaces
	Parabolic Hölder spaces
	Parabolic Sobolev-Slobodeckij spaces
	Sobolev embeddings in parabolic spaces

	Linear parabolic systems
	Linear parabolic systems
	Parabolicity and complementary conditions
	Linear systems in Hölder spaces
	Linear systems in Sobolev-Slobodeckij spaces

	Semilinear parabolic systems
	Semilinear parabolic systems

	The Bour flow
	A class of geometric flows on manifolds with boundary
	The DeTurck trick
	The complementary condition
	Possible boundary conditions
	Existence theorems

	Linear algebra lemmata
	Rank one perturbations of the identity
	Matrices of polynonials with maximum rank

	Practically verifying the complementary condition
	The difficulty with the complementary condition
	How does the program work

	Bibliography

