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1 Introduction

Wilson loops [1] are among the most important physical observables in gauge theories.
They describe the phase developed by a charged particle moving in a gauge background
and are physically detectable in quantum theory. In the confining phase of QCD they allow
to compute the static quark-antiquark potential. They are also one of the basic notions en-
tering a lattice formulation of strongly coupled gauge theories. In topological theories, like
pure Chern-Simons theories in three dimensions, their vacuum expectation values provide
information on the topological invariants of the model. In the context of the AdS/CFT
correspondence some supersymmetric Wilson loops may have a dual description in terms of
minimal string worldsheet solutions. Therefore they play an important role in testing the
correspondence, especially when they are amenable to exact evaluation via localization.

In supersymmetric gauge theories a distinguished class of Wilson loops are the so-
called BPS Wilson loops. These are operators that are invariant under a fraction of the
supersymmetry charges. They are in general formulated in components, and are expressed
as the holonomy along ordinary contours of generalized connections which contain matter
fields in addition to the ordinary gauge connection. Studying their invariance under super-
symmetry and classifying them in terms of their BPS degree is not always an easy task.
Therefore a manifestly supersymmetric formulation would be desirable.

The supersymmetric generalization of an ordinary Wilson loop appeared for the first
time in [2], for four dimensional gauge theories in N = 1 superspace. Roughly speaking, it
corresponds to replacing the ordinary path-ordered exponential as

W =TrPehd 4 5 Ty pelsdAu (1.1)

where M = (2%,0%,6%) are superspace coordinates running on a supercontour A and
Ay = (Ag, Aa, Ag) is the gauge superconnection. Further study of these operators has
been done later in the development of supersymmetric field theories [3—7]. More recently,
this kind of operators have been investigated within the context of the AdS/CFT correspon-
dence [8-10], and integrability and Yangian invariance of the N =4 SYM theory [11-13].
Light-like super-Wilson loops have been studied as dual to super-amplitudes in N = 4
SYM [14-17], also in a twistor formulation [18-20].

In this paper we discuss a geometric formulation of supersymmetric Wilson loops
alternative to (1.1), which makes use of integral forms in supermanifolds.! Our proposal
for a super-Wilson loop in superspace is the following

W=TePe", T=/[ A0D,yltm (1.2)
SM

where A9 is the gauge superconnection evaluated on the entire (n|m)-dimensional su-
permanifold SM and Yf\n_llm) is a superform representing the Poincaré dual (PCO) of the
immersion of the supercontour A into the supermanifold. Since the integration measure on

Integral forms have been already used to develop a geometric formulation of some simple topological
theories such as super Chern-Simons theory [21-23] towards d = 3 N = 1 supergravity.



SM is [dxdfd(dzx)d(dB)] (see [24]) with = and 6 the bosonic and fermionic coordinates, re-
spectively, this formulation puts on the same ground even/odd coordinates and even/odd
differentials in a unified treatment, so it can potentially help to clarify the role of the
fermionic part of the supercontour.

Ordinary (bosonic) loops are naturally built-in. In fact, it is sufficient to set the m
fermionic coordinates and the corresponding differentials to zero to recover the bosonic
counterpart of (1.2). In that case the bosonic PCO Yg\n_l‘o) describes the immersion of an
ordinary path A into the bosonic slice of the supermanifold.

This formulation can be easily generalised to include a given parametrization of the
supercontour coordinates in terms of a variable 7 € T C R. In this case the integration is
performed on the extended supermanifold SM x T and all the 7 dependence is assigned to
the PCO, which lifts to an (n|m)-superform. This becomes very useful especially in non-
abelian gauge theories, as the problem of dealing with the path-ordering can be totally
encoded in the PCO ordering.

A crucial advantage of our formulation regards the study of symmetries and invariances
of the Wilson operator. Since I' in (1.2) is expressed as the integral of an integral form on
the entire supermanifold, invariance under (super)diffeomorphisms is manifest. Moreover,
being the integrand factorized into the product of two objects, invariance translates into
the important identity

SAM0) A Yg\n—llm) ~ — A1) A 5Y§\”_1|m) (up to d — exact terms) (1.3)

which relates the variation in form of I' (and then of the Wilson loop) to the variation of
its supercontour. Therefore, the invariances of the Wilson operator are totally ascribable
to the isometries of the PCO, which in turn can be investigated using differential geometry
and cohomology.

As we discuss in the main text, all the PCOs belong to the same d-cohomological class,
i.e. the addition of a d-exact term does not change their defining properties. However dif-
ferent representatives, that is PCOs corresponding to different contours, exhibit in general
a different spectrum of isometries. This freedom of choosing a particular representative can
be used to algebraically impose a given set of isometries on Y%_l‘m), leading to a Wilson
loop that possesses a given set of symmetries. We exploit this mechanism of d-varying
symmetries to investigate the behaviour of a super-Wilson loop under supersymmetry and
kappa symmetry. A notable example is the BPS Wilson-Maldacena loop in N = 4 SYM
that we prove to be obtainable from the ordinary non-BPS operator by the addition of a
suitable d-exact term to the original PCO.

As clearly appears from this discussion, in our formulation the problem of classify-
ing BPS Wilson operators translates into a cohomological problem. In particular, the
d-equivalence of all PCOs implies that 5Y5\n_1|m) in (1.3) is always a d-exact term. If we
restrict to supersymmetry variations, this gives rise to a Killing spinor equation whose
solutions allow to classify the whole spectrum of BPS operators with different degree of su-
persymmetry. We do not discuss this in general, but recover some known examples in four
and ten dimensions. In particular, we find that constraints for kappa-symmetry invariance

in ten dimensions correspond to BPS constraints in four dimensions [9, 12, 13].



Our formulation of Wilson operators is ready to be generalized to the case of curved
(super)manifolds, so leading to Wilson operators in (super)gravity, which technically is
already built-in. It is also easily adaptable to the description of higher dimensional objects
like Wilson (hyper)surfaces.

The paper is structured as follows. In section 2 we briefly review the main tools
of superdifferential calculus, primarily integral forms and Poincaré duals. Section 3 is
focused on the geometrical construction of abelian Wilson loops along the lines described
above, both for the bosonic and the supersymmetric cases. Within the present geometric
framework, in section 4 we investigate Wilson loop invariance under a reparametrization
of the path, superdiffeomorphisms, supersymmetry and kappa symmetry. In particular, we
show how Killing spinor equations corresponding to BPS Wilson loops arise in the present
formalism. In section 5 the generalization to Wilson loops in non-abelian gauge theories is
briefly presented. Finally, section 6 contains a brief discussion about the interesting relation
between our geometric construction of Wilson operators and a similar construction in the
context of pure spinor string theory. A brief summary of our main results and a discussion
on possible follows-up can be found in section 7. Five appendices follow, which provide
some technical material to support the main text and the equations therein.

2 Integral forms and Picture Changing Operators

The geometric formulation of supersymmetric Wilson loops that we propose in sections 3
and 5 heavily relies on differential supercalculus. Therefore, we begin by briefly recalling
the main concepts that will be used. We refer to appendices A, B and C for more details.

The basic ingredients of differential supercalculus are differential superforms defined on
supermanifolds [24]. In the space of differential superforms there is no notion of top form,
that is a form that can be suitably integrated on the supermanifold. This is due to the
commuting nature of the fundamental one-forms df’s corresponding to odd f-coordinates.
As proposed in [24-28], the notion of top form has to be found into a new complex of
forms known as integral forms. Here we follow the strategy pioneered by Belopolsky [29],
where integral forms are distributional-like forms on which a suitable Cartan calculus can
be developed [22, 24, 30, 31].

The strategy that we use for constructing integral forms and the corresponding su-
permanifold integrals is the following. Given a bosonic p-form w®®) on a supermani-
fold SM of dimensions (n|m) (n > p), its integration over a p-dimensional submanifold
N C SM can be defined as the integration on the entire supermanifold of the integral
form w®l0) A Yﬁ\?_plm), where Yj(\n/_p‘m) is the Poincaré dual to the immersion of A into

SM [29, 32]. Precisely, if we denote wﬁp ) = Lxw®9) where ¢ is the immersion of A into

SM,? we define
/ P10 / w0y qphm) (2.1)
N SM

2Precisely, we consider N C M where M is the bosonic component of SM known in the literature as
the body.




The second expression is the integral over the whole supermanifold of a (n|m)-dimensional
top form to which we can then apply the usual Cartan calculus rules. Operator Y(Nn_p Im)
is also known as Picture Changing Operator (PCO), being related to a similar concept in
string theory (see e.g. [27, 33, 34]).

This is a well-known formula in differential geometry (see for example [35]) which
allows to disentangle the geometrical properties of the immersed surface A in the entire
supermanifold from the properties of the w®9 integrand. In topological field theories it
is a powerful tool used to prove the Duistermaat-Heckman formula [36-38] for the local-
ization technique and to implement the computations in that framework using the Thom
isomorphism [39].

An interesting advantage of prescription (2.1) is that it converts the integration region
from N to the entire supermanifold, so making invariance under superdiffeomorphisms
manifest.

The PCO in (2.1) is independent of the coordinates, it only depends on the immersion
through its homology class. It has two crucial properties. First, it is closed but not exact

dym—rim) — 0, y (n—plm) o+ dx(n—p—1im) (2.2)

Second, by changing the immersion ¢ to an homologically equivalent surface N/, the new
Poincaré dual Y(Nn,_ M) Qiffers from the original one by d-exact terms. It is important to
note that if w®% is a closed form, then (2.1) is automatically invariant under any change
of the embedding (we will always assume there are no boundary contributions).

A notable example of application of this formalism is represented by the action of a
rigid supersymmetric model, which can be written as

S= [ £@, V) AYOm™ (V) (2.3)
SM

where the (n|0)-form lagrangian L9 (®,V,4) is built using the rheonomic rules
(see [40-42]) and turns out to be a function of dynamical superfields ® and the rigid
supervielbeins V%, ¢ defined in eq. (B.3). The PCO Y©I™) instead contains only geomet-
ric data, for instance supervielbeins or coordinates themselves. If dﬁ(”‘o)(@, V,¢) =0 we
can change the PCO by exact terms without changing the action. This can be conveniently
exploited for choosing for instance a PCO that possesses manifest symmetries.

This example has a natural generalization to supergravity. After the change (A.8),
(E*, E*) are promoted to dynamical fields and the action becomes

Ssugra = / LM (@, By A YOm () (2.4)
SM(rlm)

The closure of the lagrangian and the closure of the PCO imply the conventional supergrav-
ity constraints that reduce the spectrum of independent fields to the one of physical fields.



3 Geometric construction of a supersymmetric Wilson loop:
the abelian case

We present a general construction of supersymmetric Wilson loops in terms of integral
forms. The main goal is to obtain a general expression suitable for any geometry of the loop
and whose invariances are easily analysable. For the time being we restrict to the case of an
abelian gauge theory. The generalization to the non-abelian case is discussed in section 5.

3.1 Ordinary Wilson loops as integral forms

As a warm-up, we begin by discussing how to write ordinary (i.e. bosonic) Wilson loops in
terms of integral forms.

Given an abelian gauge theory with gauge connection A defined on a manifold M
of arbitrary dimension n, a Wilson loop along a curve A C M is given by

W=el, F:/A@ (3.1)
A

where AS}) is the pull-back of the connection one-form A = A,dz® along the curve. The
integration of a one-form ensures the parametrization independence of the loop. As usual,
by choosing a suitable parametrization, one can compute the integral.

When A is a closed path the W operator is gauge invariant. This can be made manifest
by alternatively expressing the Wilson loop in terms of the curvature two-form F(2 = dA®.
In fact, using the Stokes theorem we can rewrite I as an integral over a two dimensional

F:éAP:LF@ (3.2)

This expression is then manifestly invariant under gauge transformations.

surface S whose boundary is A

We now prove that I' can be rewritten as the integral of an n-form on the entire manifold
M. To this end we introduce the PCO dual to the immersion of the one-dimensional curve
A into the manifold M

n—1 n—1
¥ = T 6(60)6(dss) = [ (1) do (3.3)
=1 =1

where {¢;}i=1,..n—1 is a set of (n — 1) functions whose zero locus
A={reM| ¢i(x)=0, i=1,...,n—1} (3.4)

defines the curve A C M. In the second equality we have used 6(d¢;) = d¢;, being do;
anticommuting differential one-forms.

As a simple example we consider the unit circle in two dimensions. In this case we
have a single function ¢(zg, 1) = x% + 2% — 1 whose locus defines the curve. The Poincaré
dual to the immersion is then

YW =26 (22 + 23 — 1) (wodao + z1dar) (3.5)

and it is manifestly invariant under the O(2) isometry group of the circle.?

3For the 2d manifold M where the circle is immersed, we can use the invariant vielbeins Vang = zodz; —
z1dxo, Viad = Todzo + x1dx1, which are the usual angular and radial vielbeins Vang = d¢ and V. = rdr.



The PCO in (3.3) possesses the following fundamental properties
ay" V=0, YV a2

5,0 = d T[6(e) | Y 66505 | (de) (3.6)
i J

where ¢; is the contraction along the vector field 0; and acts as ¢;0(d¢;) = 0/0(d¢p;)d(de;),
while d¢; is the variation of the constraints.

The first identity can be proven by using the chain rule dé(¢;) = (3_; dqﬁja%j)é(d)i) (the
differential d¢; is kept on the left hand side of the delta) and the distributional property
d¢;6(d¢p;) = 0. To prove the second identity one needs to list all possible candidates for
n™=2) and then check that there is none. The last identity is more elaborated and makes
use of the additional distributional identity (integration by parts) d¢;t;6(de¢;) = —d(de;)
(i is not summed) [29]. In particular, it states that any variation of Y/\nfl by changing the
immersion of the curve A into M is d-exact. In other words, each homologically equivalent

curve A corresponds to a single cohomological class represented by Yf\nfl).
Given a path X in M and the corresponding Poincaré dual Yf\n_l) as in (3.3) the Wilson

loop holonomy (3.1) can be rewritten in the following way

= /A AW = /M AW Ay (3.7)

that is as a top form integrated over the entire manifold. The two expressions are clearly
equivalent, but their interpretation is rather different. On the left hand side, the connection
is computed on a submanifold corresponding to the curve suitably parametrized. On the
right hand side instead, the connection is a generically assigned abelian gauge field on
M while the geometrical data concerning the path are entirely captured by the PCO.
In particular, the latter can be modified as Yf\nfl) — Yf\nfl) + dX(™2) while preserving
properties (3.6) and leaving the connection unchanged. This freedom can be exploited
to enhance the set of manifest symmetries of I'; these algebraic properties embody the
strength of this method, since it would be much more difficult to ascribe these properties
to the curve A, namely on the homology side.

The T integral in (3.7) is manifestly invariant under gauge transformations and defor-
mations of the path within the class of homologically equivalent contours.

Gauge invariance is manifest thanks to the closure property of Poincaré duals (first
equation in (3.6)). In fact, under a gauge transformation §A") = da the integral trans-

0T = / do A Y = / a(anvi) (3.8)
M M

and the r.h.s. vanishes if 9M = () or if we impose « to vanish at the intersection A N IM.

forms as

Invariance of the Wilson loop under a deformation of the path is also easy to study. In
fact, from the last identity in (3.6) it turns out that a deformation of the path equations

amounts to a shift of Yg\n_l) by an exact term dn("~2). Therefore, integrating by parts,
we have
o [ AOAYET = [ A A5 0T = [ PO gD (3.9)
M M M



and the r.h.s. vanishes if the connection has zero curvature on the surface connecting the
loop and its deformation, namely if the curve A has been deformed without encountering
singularities. This shows the equivalence between Wilson loops computed on homologically
equivalent curves.

It is interesting to investigate how to recast in this new framework the identity in (3.2)
which states the equivalence between the line integral of the connection A(!) and the surface
integral of the field strength F?). Given a surface S with S = X, we call Ygl_Q) the PCO
dual to the surface immersed in the space M. Therefore, we can write

/ F® = / FO AV = / AW A gy (3.10)
S M M

where we have assumed that d-exact terms integrate to zero. As discussed above, Stokes
theorem (or equivalently eq. (3.2)) implies dan_Q) = Ys\n_l), where Yf\n_l) is the PCO of
the path A. However, this condition seems to violate the second identity in (3.6).

This apparent contradiction can be sorted out by observing that Y‘(gnﬂ) does not have

compact support, while Yg\n_l) is a distribution with compact support. In order to elaborate
on this point we assume that locally we can split the manifold as M = M’ x R, with the
factor R* described by the additional coordinate z’. We take X to be immersed into M’

only and the surface S to be the union S = AU {2/ > 0}. Moreover, we denote by Yf\nc_/a),

the PCO dual of A in M’ while ¥{"~") is still the dual of A in M. If we define
Y& = o)yl (3.11)

where ©(z’) is the Heaviside theta function, a non-compact support distribution equal to
1 for 2/ > 0, it follows that

av§ ) =a (@)Y ) =do)n (Yid) =06 A (YR ) =vi ) (3.12)

This is the expected identity which establishes relation (3.2) in the language of integral
forms.
Before closing this section, we give a simple formula for the bosonic Wilson loop and
the corresponding PCO when the curve is parametrized as 7 — z%(7), with 7 € T C R.
We enlarge the manifold to M x T with coordinates (z*,7) and we construct the PCO
dual to the embedding 7 — (z#(7),7) as follows

v = f[lé(x - xa(T)) /n\ (dz® — 3%dr)

a=1
— i 5(1-“ - x“(r)) /i\ldx“ + bzn;(—l)b:'cde /7é\bda:a (3.13)

a=1

It then follows that

n

AW A Yg\n) = Acdz® A ﬁ 5(37“ - xa(7)> Z(—l)ba':de /\ dz®
a=1 b=1 a#b

— Agitdr ﬁ 5(95@ - xa(T)) /n\ dz® (3.14)
a=1 a=1



where ¢ = g—fc. Integrating on M x T we obtain

/ AW Ay = / dr i(7) A(z(1)) (3.15)
MXT A

which is the usual expression for a Wilson loop along A parametrized by 7.

To summarise, we have proposed a new expression for the holonomy of a bosonic
Wilson operator as the integral of a top form on the entire manifold (see eq. (3.7)). To our
knowledge this is a new formulation, which has never appeared in the literature before. It
has the advantage to split the field and the contour dependences, making the investigation
of invariances easier. Moreover, it allows for a natural generalization to the supersymmetric
case, as we are going to discuss in the next section.

3.2 Supersymmetric Wilson loops as integral forms

The supersymmetric version of eq. (3.1) can be defined as [2, 43]

W=e', TI= / A% (3.16)
A

where A,(,}'O) is the pull-back of the connection superform on a supercurve A defined in a
supermanifold SM and parametrized by a set of local coordinates zM (1) = (2%(7), 0% (1)),
a =1,....,n and a = 1,...,m. For example, in ten dimensional N = 1 superspace
(n = 10, m = 16) the connection superform is given by (C.1), and using definitions (B.3)
it can be explicitly written as

AN [Aa(x'a +0~°6) + Aaé"‘} dr (3.17)

Similarly, in four dimensional N = 1 superspace (n = m = 4), the corresponding gauge
superform reads

A0 [Aa(sb“ + 07°0 + 07°0) + A0 + flaéa] dr  a=da=1,2 (3.18)

For closed supercontours, W in (3.16) is a non-local operator, invariant under su-
pergauge transformations A1) = dw. Its lowest component coincides with the ordinary
Wilson loop in (3.1).

Generalizing the procedure used in the bosonic case, we construct a super-Poincaré
dual which localizes the integrand on the supercurve and allows to rewrite I' in (3.16)
as an integral over the entire supermanifold. Precisely, if the immersion equations of the
supercurve A in SM are

¢a(x,0) =0 a=1,...,n—1
9% (x,0) =0 a=1,....m (3.19)



with {¢,} a set of bosonic superfields in SM and {¢g®} a set of fermionic ones, we introduce
a factorized PCO Yg\n_llm) = Yg\n_lw) A Yf'm), with

n—1 n—1
YO0 = TT 6(6a(.0))5(dga) = T 6(du(x,0))des
a=1 a=1
Y™ =TT 6(o% (. 0)6(dg®) = T 9% (. 0)6(dg®) (3.20)

1

Q
Il
—
Q
Il

The second PCO carries no form degree, but it carries picture number equal to m.

Assigned the PCO, we can rewrite the Wilson loop exponent I' in (3.16) as
r —/ AWO) A yln=tim) (3.21)
SM

The superconnection is generically defined on SM, while the geometrical data featuring

the supercurve are captured by the Poincaré dual Ys\n_llm).

This expression for I' can be made more explicit if we parametrize the supercurve
A in terms of smooth functions 7 — zM(7) on T C R. For the bosonic part of the
PCO we can proceed exactly as done in section 3.1 by including 7 as an extra bosonic
coordinate and extending the integration to the supermanifold SM x T. A straightforward
supersymmetrization of eq. (3.13) leads to

v = [T8(2* - o)) A (v - 1%(r)ar) (3.22)

where we have defined V%(7) = I1%(7)dr = (2% + 6~%0)dr.

For the PCO of the fermionic sector we choose

Yo — ﬁ(ga — 96“(7))5(1/;@ - 9“(T)d7> (3.23)
a=1
=T —0(r)) | 1= Y 6P (r)dres | T (%)
a=1 B a=l

where in the second line we have expanded the Dirac delta functions exploiting the presence
of the anticommuting one-form dr. Here 13 is the contraction along the Dg vector field.
Using a shorter notation we can then write

v = y (o) yOlm — (3.24)
= 0"z — a(r)) (V = (r)dr)" A (0 —0(7))™ 8™ (¢p — O(7)dr)



Focusing on the fermionic part, we can write I" as

= / AW0) A yelm) (3.25)
SMxT
:/ A010) A H —02(r) [ 1= 3 6°(r)dres | TT ow) Ay (M
S./\/l><'ﬂ‘ a1l 3 a1

N /SMX'J[‘ <Aa(x, b))V + Aa(l’, 9(7))¢0‘)

H —6°(r) | 1 - Zeﬁ T)dris H 5() A Y1

a=1 a=1

where we have used the product [ (6% — 6%(7)) to localize the superfield #-coordinates
on the supercurve. Due to the presence of the factor [], 6(¢*) the only non-vanishing
contributions come from terms in the integrand which do not contain any power of ¥¢, like
for instance Ay(x,(7))dz® from the first term, or terms linear in ¢® where the action of
the contraction ¢4 has the effect to replace ¢* — §%dr. Therefore, using the PCO (3.22)
to localize also the bosonic coordinates on the supercurve A, from eq. (3.25) we easily find

= z,0(7))(dz" “Ydr o(z,0(7))0%r 1 C—6%(1 1 a (n|0)
F—/Sﬂm (Aa(@,0(r))(da +07"ddr)+ Aa(w,0(r))0dr) [T (6°—0°( >>ar_[la<w AYY

a=1

_ /A (Al )T (7)+ Aa ()% () ) dr (3.26)

In the special case of ten dimensional N = 1 superspace, this expression coincides
with (3.16), (3.17) and describes the supersymmetric Wilson operator studied in [9, 12].
Similarly, in the four dimensional N = 1 case I' reduces to the well-known superholonomy

and gives rise to the super Wilson loop proposed in [2].*

Properties of the fermionic PCO. The fermionic PCO defined in (3.20) satisfies the
m)

same properties of the bosonic one, egs. (3.6). Therefore the total operator YXIl is closed,
but not exact and its variations are d-exact.
The last statement is a consequence of a remarkable feature of the fermionic PCQO’s:

given the non-supersymmetric PCO
Y(()Olm) = 6™ 5(m) () (3.27)

corresponding to immersion functions ¢*(7) = 6% (i.e. 6%(r) = 0), then describing an
ordinary curve localized at % = 0, all the fermionic PCO’s turn out to be in the same d-

(0m) 0lm)

cohomological class of Y In order to prove this property we consider a generic Yg

as given in eq. (3.23). Restricting to the simplest case of a single fermionic dimension

4An alternative construction of abelian supersymmetric Wilson loops has been proposed in [6], in terms
of superfield strengths rather than superconnections. The two formulations should be related by a super-
Stokes theorem in analogy with what happens in the bosonic case (see eq. (3.2)).
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(m = 1), and using d6§'(df) = —4(dh), dAs"(d6) = —24'(dh), we can write the following
chain of identities

YO = (6 — 9(7))5<d9 - é(T)dT) — (6 — 6(r)) (5(d9) - 9(7)d75/(d0)>
= 05(d0) — 0(7)5(d0) — 00(7)drd'(dF) + 0(7)0(T)drd (db)
= 05(df) — d {0(7) (0(5’(d9) + ;é(T)dTea”(de))]
= Y(()Ou) + d—exact term (3.28)

so proving the property in the m = 1 case. Since the generalization of the proof to more
than one fermionic coordinate is straightforward, we conclude that a generic fermionic PCO
is d-equivalent to the non-supersymmetric one, independently of the particular defining
function ¢g*(xz,0). It then follows that any pair of PCOs that differ for the choice of the
supercontour, i.e. for the choice of the immersion functions, are d-equivalent (clearly, if the
two contours are linked by a deformation that does not cross singularities). In particular,
this implies that any variation of the PCO induced by a deformation of the path is d-exact,
as stated above. The same conclusions remain true when we complete the PCO with its
bosonic part Yﬁ\nlo).

Although the addition of d-exact terms does not change the cohomological properties
of a PCO, it can change its degree of supersymmetry, that is the number of supercharges
under which the operator is invariant. We now elaborate on this important point.

Using the geometrical approach, a supersymmetry transformation generated by a
spinor € acts on the PCO as the Lie derivative (B.6). Exploiting its d-closure property
we can write

syl = g, yelm) (3.29)

The Y(()()'m) operator introduced above breaks supersymmetry completely, 5€Y(()O|m) # 0.
In fact, its defining constraints 8% = 0 are trivially not invariant under supersymmetry
transformations, 00% = €¢“. However, we can perform the shift (we include also the bosonic

part)
yiim oy =y 4 gt (3.30)
and determine (=1 in such a way that 5€Y§\n|m) = (. This condition is equivalent to
requiring
sexr=1m) — _, y{nim) (3.31)

If this equation is true for arbitrary €*, then the shifted PCO is manifestly invariant under
all the supersymmetry charges. In general the Killing spinors € are a function of 7 and
supersymmetry is realized locally on the contour.

Therefore, by simply adding a d-exact term we can move from a PCO localizing on a
non-supersymmetric contour to a PCO localizing on a supersymmetric one. Between these
two extreme cases we may have a plethora of intermediate situations where eq. (3.31) holds
only for a subset of Killing spinor €* components, so defining PCO localizing on partially
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supersymmetric supercontours. An easy way to convince about this fact is to consider for
instance the following PCO in ten dimensions

YOO = €y, a8 070 (Ve ) 1061% (af) (3.32)

obtained from the non-supersymmetric Y((]O‘w) = €ay..060% ... 0916516(d0) by replacing
0216 with the supersymmetric expression (V,y%1)*16. Writing V¢ explicitly as in (B.3), after
little algebra one can show that this PCO is d-equivalent to the non-supersymmetric one

YOO — y O _ 4 en, argl® ... 0415 q (%) 166 (dB)] (3.33)
and is invariant under a supersymmetry transformation generated by the Killing spinor
e = (1,0,...,0), that is it preserves only one supercharge. More generally, if in Y(()OHG) we

replace 01 ... 0% with p factors (V%)% we obtain a well-defined fermionic PCO which
preserves p supercharges. We note that this procedure can be applied as long as p < 10.
Beyond that limit, we would end up with an exceeding number of V forms that would
trivialize the expression. In particular, this construction cannot be used to generate a fully
supersymmetric PCO.

In the fully supersymmetric case, we claim that the solution to (3.31) is given by the

following expression
YT = o7 (2 = 2%(7) = (Vy = Tydr) (6 — 6(7)) 1) (V = Tldr)" (3.34)
A —0(r) — (dz® — %dr) yat)™ O™ (de - 9d7)
= e Lo [5” (ma — VbQ’y“bL) V™ (0 — dzya)™ ™ (d@)] = e Fory’

where we have introduced the Lie derivative along the vector field 0;, the tangent vector
along the curve.

In order to support this statement we prove that (3.34) is d-closed and invariant under
supersymmetry transformations. To this end, it is convenient to remind the following
identities

[dv an—] =0, [ﬁea ﬁ&—] = ‘C[e,&r] = ﬁ—éo‘Qa =L (335)

which easily imply
d(e “orY') = e “ordY',  Leexp(—Ly,)Y =exp(—Ly,) LY + LY (3.36)

Here we have introduced the super-vector field € = (1 — exp(—0;))e“Q,. We note that
this super-vector is vanishing in the case of supersymmetry globally defined on the super-
contour. From egs. (3.36) it then follows that it is sufficient to study the closure and the
supersymmetry invariance of Y. For sake of clarity, we do the calculation in the simplest
case of n = m = 1, being the generalisation lengthy but straightforward. For the d-closure
we have

dY' = d[6(z — dz0.)V (0 — dz1)5(dB)] = &' (x — dz0i)(dz + dzdf)V (0 — dxe)5(d6)+
+ 6(z — dz61)(d0)* (0 — dxt)6(df) + 6(x — dzfr)VdOS(dh) = 0 (3.37)
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whereas for the supersymmetry variation we obtain

6Y' =66 (x — dxb) V (0 — dxe) 5 (dB)] = &' (x — dzb) e (0 + V1) V (0 — dwe) § (dF) +
4§ (x— dzfl) V (e + edfu) 6 (d9) = 0 (3.38)

and the same for 6:Y’. The results have been obtained by using nilpotence properties
like 2 = 0 = dx A dz and the usual distributional properties recalled in section 2. Now,
inserting back in (3.36) we conclude that YXl'm) is indeed closed and fully supersymmetric.

To close this section it is important to observe that if two PCO’s correspond to two
different supercontours, and therefore differ by a d-exact term, they give rise in general
to two different Wilson operators. In fact, if we start from (3.21) and perform the shift
y(r=1m) _y y(r=1m) L g53(n=2Im) the T integral undergoes the following non-trivial change

P = [ AW (\Y(”—”m) + dz(n—QW) T+ / FEID) A nm=2m) (3 39)

SM SM
where F20) = A9 i the field-strength which is in general non-vanishing on SM.
Therefore, by tuning the d-exact term we can flow from one operator to another one. In
particular, since different choices of PCQO’s may correspond to different degrees of super-
symmetry preserved by the corresponding supercontours, the d-cohomological equivalence
can be used to vary the number of supercharges preserved by the Wilson loop. This will
be discussed in detail in section 4.3, whereas in the next subsection we give a first example
of this mechanism at work.

3.3 The Wilson-Maldacena operator in N = 4 SYM theory

In this section we provide an explicit example of the d-varying supersymmetry mechanism
described above by studying the remarkable case of the Wilson-Maldacena loop in four
dimensional N =4 SYM theory [44, 45].

We consider the four dimensional N = 4 SYM theory formulated in the (4]|16)-
supermanifold. An ordinary Wilson loop along a curve A parametrized by 7 — x%(7),
is defined as in eq. (3.25) by taking the non-supersymmetric PCO

16

4
Y10 _ H 5(95 e ) N (dz — i2dr) ] 0~0(4*) (3.40)

a=1 a=1

As already observed, it never preserves any supercharge, no matter is the choice of the
contour. Instead, let us consider the d-equivalent PCO

y(he) Y(()4\16) + g xB16) (3.41)

with

<3|16—dTH(ep 0° (r >H(5<x — (7)) earad VLV

(NAB ab, QALBB + Nype® ﬁ 4 3)516(¢) (3.42)
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Here ¢, is the contraction respect to fermionic vector field d,, and N4p is a real vector of
the SU(4) R-symmetry group satisfying Nap = eapcpNP.
Plugging the shifted PCO (3.41) into the general expression for I" we obtain a shifted

(210)

holonomy of the form (3.39). If we now replace F' with its explicit expression (C.18)

valid for the N = 4 case, thanks to its non-trivial dependence on the scalar fields, we obtain
r— / (Agd® + N Bpap + Napop?P) dr (3.43)
A

This expression coincides with the integral of the Wilson-Maldacena generalised connection
that includes non-trivial couplings to the six scalars ¢!45l. As is well-known, under a
suitable choice of the A contour and the internal couplings Np this operator is partially
supersymmetric [8]. Therefore, this example proves that d-exact terms can be used to
enhance the degree of supersymmetry of a Wilson operator.

More generally, if we start from the super-Wilson loop (3.25) corresponding to a generic
PCO (3.24) and perform the shift Y%m) — YXHIG) +d X610 with a similar procedure we
find the supersymmetric version of the Wilson-Maldacena operator

I = / (AaH“ + A + N4Bd 4p + NAB¢A3> dr (3.44)
A

which has been proposed in [12].

This construction holds for any gauge theory with extended supersymmetry N > 2. In
fact, in all these cases the superfield strength F(219) contains terms of the form F, 18 FUREVEER
with Fi, 7, being proportional to the scalar fields of the gauge multiplet [40-42]. Therefore,

(n—1fm)

as in the Wilson-Maldacena example, a careful choice of leads to an operator which

contains non-trivial couplings to the scalar sector.

4 Variations and symmetries

In this section we study how invariances of a super-Wilson loop can be studied in the
language of supermanifolds. As representatives we will consider operators in NV =1 SYM
in ten dimensions and N = 4 SYM in four dimensions. We begin by checking invariance
under a reparametrization of the path, and then move to the study of invariance under
superdiffeomorphisms, supersymmetry and kappa symmetry.

4.1 Reparametrisation invariance of the PCO

We start by briefly studying the reparametrisation invariance of the PCO in (3.24). To
this end, it is convenient to rewrite it in the following form

Y™ = (LT 0%+ H%a) Vol (4.1)
where we have introduced the volume form

Vol = 6 (& — z(7)) Vdr x (0 — 0(7))™ 6™ () (4.2)
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Now, under a given reparametrisation 7 +— o(7), the PCO variation, expressed as usual by
a Lie derivative, reads

50Y§Xn|m) = dLng\n‘m) =d {0 (L-,- + 0%, + H“La> YA} =d |:O' (LT + 6%, + Haba)Z Vol| =0

(4.3)
since the object inside the round brackets is odd. This proves the independence of the I"
integral from the contour parametrization.

4.2 Variation under superdiffeomorphisms

Given a super-Wilson loop W = el with I' written as in eq. (3.21), we study its behavior
under an infinitesimal superdiffeomorphism generated by a vector field X. This is equiv-
alent to studying how the I' exponent transforms. Since we have written I' as a top form
integrated on the entire supermanifold and a generic superdiffeomorphism is nothing but
a change of coordinates in the supermanifold, we can immediately conclude that by con-
struction I', and then W, are manifestly invariant under superdiffeomorphisms. Explicitly,
taking into account that for an infinitesimal trasformation the PCO changes by a d-exact

term, 5XYE\"|m) = dLXYE\Mm), we can write
5xT = / (ex FEO AYEI™ 1 A0 A dxey (™) = 0 (4.4)
SMxT

If in the second term we integrate by parts and assume that there are no boundary terms,
this identity can be equivalently written as

LxF(Qlo) A YXﬂm) + F(2|0) A nyg\nlm) — dQ(”|m) (45)

for any arbitrary Q™) form.

Identity (4.4) is equivalent to state that in superspace the variation in form of the
superconnection induced by the X-tranformation is compensated by the variation of the
supercontour A encoded in the PCO. In other words, we can write

(6xT)(A) = —~T(5xA) (4.6)

where dx on the Lh.s. is the X-variation done by keeping the supercontour fixed.> When
uplifted at the level of the super-Wilson loop, taking into account that a PCO identifies a
supercontour uniquely, this implies that (6xW)(A) = —W(éxA). Therefore, the variation
of the Wilson operator follows from the X-transformation of the supercontour. In particu-
lar, a given X-diffeomorphism is a symmetry for W if (6xT")(A) = 0, but from identity (4.6)
this is true if and only if dx A = 0. Therefore, the set of VW invariances coincides with the
set of A symmetries. We note that the same reasoning can be applied to bosonic loops
defined in ordinary manifolds: (6xW)(\) = 0 if and only if xA = 0.

5Here we use the same symbol dx to indicate both the variation in form of the fields and the variation
of the coordinates of the supermanifold.
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4.3 Supersymmetry invariance

A supersymmetry transformation is a particular superdiffeomorphism generated by the
vector X = € = €“Q,, where @), are the supersymmetry charges. Therefore, the behav-
ior of a Wilson loop under supersymmetry transformations can be easily infered from the
discussion in the previous section. In particular, I' is manifestly supersymmetric by con-
struction, and from (4.6) we can write (6.I')(A) = —T'(6.A). This means that its variation is
entirely due to the variation of the supercontour. This property has been already discussed
in [11, 12]. What is interesting to stress here is that in the present formalism, being the
I’s integrand factorized into the product of a contour-independent superfield and a PCO
that encloses the whole dependence on the contour, this pattern arises straightforwardly.

A Wilson loop preserves a given amount of supersymmetry (it is BPS) when for a
particular generator e it satisfies (6¢WW)(A) = 0, or equivalently (6.I')(A) = 0. But, from
the previous reasoning this can be traded for the condition I'(§cA) = 0. Therefore, counting
the number of supersymmetries preserved by W gets translated into counting the number of
supersymmetries preserved by the corresponding supercontour. More precisely, from (4.5)
we read

BI)A) =0 <« F@O A,y =0 (4.7)

up to d-exact terms that we neglect.

As discussed in section 3.2, we can exploit the d-equivalence of super-PCQO’s to vary
their degree of supersymmetry. Precisely, given a particular supersymmetry transformation
generated by an assigned € we can always construct an e-preserving PCO from an e-breaking
operator by performing the shift (3.30), with X("~11™) satisfying condition (3.31). There-
fore, choosing a specific representative within the d-class corresponds to fixing the amount
of supersymmetry preserved by the corresponding Wilson loop. Enhancing or de-enhancing
supersymmetry can then be done by adding d-exact terms. This result may have impor-
tant implications in the study of renormalization group flows between Wilson operators
preserving different amount of supersymmetry [46-48].

Equation (4.7) is the Killing spinor equation selecting the supersymmetry invariances
of an assigned Wilson operator. We study it in details, in the ten dimensional case.

First of all, if we express the PCO as in eq. (3.24) and take into account identities (B.8),

the te-contraction on Y&wlm) gives rise to the following two terms

(YU = 609 (2 — (7)) 26y 010 (V —T1(7)dr) 0 A (6 —6(7)) 10 619 (3 —b(r)dr)
+610 (@ — (7)) (V =TI(r)dr) O A (0—-0(7)) 0 106D (p—b(r)dr)  (4.8)

Now, according to (4.7), this expression has to be multiplied by F' (20), Using the rheonomic
parametrization (C.6), it is easy to see that from the first term in (4.8) we obtain a non-
trivial contribution both from FVeV? and (v, W)V®, whereas from the second term we
obtain only one contribution from (y,W)V%, being the VV term trivially zero. Summing
all the contributions and factorizing out the volume form (4.2), we finally obtain that the
Killing spinor equation reads

(267“9HbFab — 2670 Wrya + 67aWHa)‘A =0 (4.9)
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where all the quantities are evaluated on the supercontour.
When we deal with a supersymmetry preserving PCO, identity (4.5) implies that the
following equation
L PO Ay (1016 — (4.10)

has to be automatically satisfied, up to d-terms. There are two possibilities for which this
is true. Exploiting the d-closure of the PCO, the first possibility is that ¢ F(20) = g1 ©I0)
on the entire supermanifold, or the even stronger condition ¢ F/?) = 0. These conditions
imply a constraint on the gauge field itself and are rarely satisfied. The second possibility
is that

L FCI0) ¢ ker Y<A10|16> (4.11)

up to d-terms, which means that ¢ F @0

is vanishing or it is a total derivative on the
supercontour only. Using the explicit expression (C.6) for the superfield strength it is easy
to check that this condition leads exactly to the Killing spinor equation (4.9). This is a
consistency check of the manifest supersymmetry invariance in superspace.

In general, for arbitrary values of the field strengths, equation (4.9) can be solved
locally on the contour, leading to a local supersymmetry generated by a Killing spinor (7).
Remarkably, in the case of a Wilson loop defined on an ordinary bosonic path (8(7) = 0

on the supercontour) it leads to the well-known condition
€(T)Yyqz(1) =0 (4.12)

When reduced to four dimensions, solutions to this equation for € constant lead to Zarembo-
like BPS operators in N =4 SYM [49]. Instead, in the case of ten dimensional light-like
paths, eq. (4.12) has a non-trivial kernel, since it automatically squares to 0. Reduced
to four dimensions it defines 1/2-BPS operators in N = 4 SYM if the extra coordinates
are identified with the internal couplings to the scalars [8, 44]. In this case a systematic
classification of solutions to (4.12) has been given in [50], which involves ten dimensional
pure spinors. We note that the light-like nature of the contour in ten dimensions is related
to kappa-symmetry, as we are going to analyse in the next section.

4.4 Kappa symmetry

The superconnection I' that defines a Wilson loop can be interpreted as the action of a
non-dynamical superparticle moving in an electromagnetic field. Since the superparticle
in ten dimensions exhibits kappa-symmetry invariance [51], it is sensible to study how
the ten dimensional I' behaves under this symmetry. This has been extensively discussed
in [9, 12, 13]. Here we reformulate the problem in the language of superdifferential forms.
In particular, we will confirm the result that kappa-symmetry invariance in ten dimensions
is strictly related to BPS properties of the super-Wilson operator in N =4 SYM theory.

5We note that this is generically what happens for a supersymmetric invariant action, 1ed M0 = 0.
If the action is d-closed (which is possible when auxiliary fields are present), then we have a manifest
supersymmetric action. In other cases, the absence of auxiliary fields implies that the action satisfies the
weaker condition.
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A kappa-symmetry transformation is generated by a vector k = k*D,,, with the kappa-
symmetry parameter expressed in terms of geometric data as

K = (Y)Y L, Kp (4.13)

Here Kj is a 0-form carrying a spinorial index and £, is the infinitesimal translation oper-
ator. As is well-known, only half of the k“ components are independent. This can be easily
understood by proving that the operator (’ya)o‘ﬁ L, has a non-trivial kernel, thus allowing
to fix half of the fermionic components. An alternative proof, as well as kappa-symmetry
transformations of the coordinates, of the basic one-forms and of generic superfields are
reviewed in appendix A.

4.4.1 Kappa-symmetry for the super-Wilson loop in 10D

We investigate the action of kappa-symmetry on the Wilson operator W = el', with T" given
in (3.24). Since kappa-symmetry transformations fall into the class of superdiffeomorphisms
discussed in section 4.2 the Wilson loop is manifestly invariant under kappa-symmetry by
construction. In particular, it has to satisfy identity (4.4) with X = K, which once again
tells us that the Wilson loop variation is entirely due to the variation of its supercontour,
ie. (GzW)(A) = —=W(0zA).

We want to study the WL behavior (0zW)(A) at fixed A and see under which conditions
this variation, or equivalently (0zI')(A), vanishes. As just said, and in analogy to what we
have done for supersymmetry invariance, this is traded by the following condition

T(rA) =0 <= FCOALY™ =0 (4.14)
Specializing to ten dimensions and using identities (B.14) we have
Y UOMY = (0= 0(7))'0 6102 — (7)) (V — TMdr)'° k%0086 () — Bdr) (4.15)
The wedge product with F*0) in (C.6) eventually gives
FEO) Ay 1O — 1011 (Wy,k) x Vol (4.16)

with the volume form given in (4.2). Integrating on SM x T we eventually obtain that
invariance under kappa-symmetry transformations is ensured by the condition

I*(Wry,k) AT 0 (4.17)

Substituting x with expression (4.13) in momentum representation and localised on the
supercontour we end up with 6zI" oc IT2. Therefore, the Wilson loop invariance under kappa-
symmetry is ensured by the light-like condition, I1?(7) = 0 at each point of the contour.
In the AdS/CFT framework, the worldline kappa-symmetry invariance of the Wilson loop
corresponds to the kappa-symmetry invariance of the dual string worldsheet [9].

We note that the fact that we are in ten dimensions has not played any special role in
the derivation of this result. Therefore, the same procedure can be applied to super-Wilson
loops in 4D without the Wilson-Maldacena terms. Also in that case we find that kappa-
symmetry is ensured by the light-like condition on the supercovariant momentum [19].
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4.4.2 Kappa-symmetry for the Wilson-Maldacena loop in 4D

We now study the kappa-symmetry variation of the four dimensional Wilson-Maldacena
connection given in eq. (3.43). As discussed in section 3.3 this connection can be written
in terms of an integrable superform associated to PCO (3.41), (3.42), which differs from
the PCO localizing the path at §% = 0 by a d-exact term. Explicitly it is given by

Y10 = y(H16) 4 g5GI16) — w416 | (NABMDQ ALgB + NABEC'“BDQLHB) x Vol  (4.18)

where D 4, Dg‘, A =1,...,4 are the covariant spinorial derivatives in the non-chiral N = 4
superspace.

As discussed above, the kappa-symmetry invariance of the corresponding Wilson loop
is ensured when the form

F0) L%Y%uﬁ) — p2l0) o LEY84|16) + F20) 5 L%dg(iﬂlfﬁ) (4.19)

is integrated to zero.

Being the first term in (4.19) similar to the ten dimensional expression studied in the
previous section, its variation can be easily figured out by reducing the previous result (4.17)
to four dimensions. We obtain

FCO Ay = 4 (WoARS 4+ W8 kT, x Vol (4.20)

The second term in (4.19) is new and requires a separated analysis. First of all,
neglecting d-exact terms, from (4.18) we obtain
Lgdz(?"m) =2 [NABGQBDQALQB + NABﬁdBDdALﬁB} (R’YCLVC + H%L?) x Vol
Now taking the wedge product with the superfield strength given in (C.18), it is easy to
realize that only the last two terms there contribute and we are left with

FCO A qsBI10) — 4 <W“A/£BB6Q5NAB + Wf{/_ﬁ’g edBNAB> x Vol (4.21)

We now have to sum the two expressions (4.20) and (4.21), and choose a particular
parametrization for the four-dimensional spinors in terms of independent components. The
most general expression with the correct index structure is

KOA = TIK4 + NAPKS RS =T1%“Kog + NapKsP (4.22)

Inserting in the previous equations it is easy to see that mixed II-N and II-N contribu-
tions cancel, whereas from (4.20) we obtain a term proportional to the four-dimensional
12 = M1, and from (4.21) an expression proportional to NAZN,p. The total vari-
ation ;I turns out to be proportional to (IT2 + N4BN4p). Therefore, invariance under
kappa-symmetry requires 11?2 = —NAB N ,5. This is the well-known condition that in four
dimensional N =4 SYM theory leads to BPS Wilson loops [8].

Again, this formalism allows for an easy extension to the general case (3.44).
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5 Generalization to non-abelian gauge groups

The construction of super-Wilson loops in terms of integral forms can be strightforwadly
generalized to the case of a non-abelian gauge theory. In fact, it is sufficient to recall that
in the non-abelian case the ordinary definition of a gauge invariant Wilson operator reads

W =TrgPe’, TI'= 7€A9) (5.1)

where ) is a closed path, Trg is the trace in representation R and the exponential has been
generalized to a path ordered exponential.” Therefore, in the present set-up it is sufficient
to use definition (5.1), but write I' as in (3.7) for the bosonic operator and (3.21) for the
supersymmetric one.

What is interesting to investigate is how in this geometric set-up the invariances of the
(super)-Wilson loop discussed in sections 3 and 4 generalize to the case of a non-abelian
(super)connection. As prototypical examples, we are going to study gauge invariance of the
bosonic Wilson loop and the conditions for supersymmetry invariance of the super-Wilson
operator in ten dimensions.

5.1 Gauge invariance

For a gauge theory associated to a non-abelian group G, we consider the bosonic W operator
expanded as®

W =Trg (1 + / A(l)(x)Yg\n) (x,7) (5.2)
MxT
1 n n
+— // A(l)(xl)A(l)(atg)P [Yg\ )(azl,n)YE\ )(1'2,7'2):| +.. >
2 MXxT

where Yg\n) is given in (3.13) and localizes the integrands on a closed path A, while the

path-ordered product of PCOs is defined as

P [Yg\n)(&?l, Tl)Yg\n)(xQ, 7'2)] = @(Tl — TQ)YE\n) (.%'1, Tl)Yg\n) (m‘g, 7'2) (5.3)

+ @(7‘2 — Tl)Yg\n) (l’l, TQ)YE\n) (.%'2, 7'1)
We note that in (5.2) the path ordering involves only the PCOs, since it is well-defined only
for functions living on the contour. Inserting (5.3) in the W expansion and performing the

M integrals we are back to the usual path-ordered expansion defined in footnote 7.
We consider the gauge variation of (5.2) under

6AW = dw + [AW W] = Vw (5.4)

"We use the convention P (fx Aﬁl))n =n! fttif dt1 f:il dtg- - ftf;”*l dtn, AS})(tl)Ail)(tQ) o Ail)(tn).

8To simplify the reading we avoid writing explicitly the wedge product symbol. Moreover, we intro-
duce the notation Y&")(:cim'i) to denote the PCO which localizes the x;-integral on the curve 7, — x(7;)
parametrized by 7;.
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where w is a smooth function on the M manifold with values in the Lie algebra of G. Due to
the second term in this transformation, the gauge invariance of (5.2) requires cancellation
of terms arising from different orders in the expansion. We are going to check gauge
invariance up to cubic order in the connection.

We start discussing the variation of the linear term in (5.2). At this order gauge
invariance easily follows from the chain of identities

i) A0en = [ (e@yPen) = [ 9 (w@ien)

MXT
_ //vmr AV @)Y (@, 7), () (5.5)

where in the first line we have used VYg\n) = dYE\n) = 0, being the PCO a d-closed, gauge
singlet form. Moreover, in the second line we have neglected d-exact terms. This expression
trivially vanishes when the trace is taken.

We now move to the second order term in (5.2). We begin by considering the contri-
bution coming from §AM) — dw. It is explicitly given by

s [ A AD P [0, ) s, 7]
- ;//M T (dlw(il)A(l)(@) + A(l)(xl)dw(@)) P [Y(An) (:U1,T1)Y(An) (2, Tz)]

_ % / /MXT () A (@2)ds P [Y) (21, 70) Y (2, )]
AW () w(z2)dy P [ng (1, 7)Y (azg,@)}) (5.6)

In the last step we have integrated by parts the differentials d; and dy acting on =1 and 9
coordinates, respectively. Now, we can use the following identities (we refer to appendix E
for their proof)

d1 P [Yg\n)(thl)Yg\n)(xQ,Tz)} :2d7'15(71—72)5(")(x1—x2) /\ dl‘%/\Yg\n)(.TQ,TQ)

a=1
d2P [Yg\n) (ml,ﬁ)Yg\n) (.732,7'2):| = —2d7‘25(7’1—T2>Yg\n) (.%1,7'1)/\(501) (%1—1‘2) /\ dm% (5.7)
a=1

where the minus sign in the second equation is due to the path ordering. We can then
write (5.6) as

// <w(:c1)A(1)(x2) dT1(5<T1 — 7'2) 5(n) (xl — :L'Q) /\ d:L'lll A Yg\n) (xg, 7'2)
MxT

a=1

+ AW (21 w(z2) drad (11 — 72) Yg\n) (z1,71) A 8™ (@1 — x5) /\ dx%)

a=1

= / [w(:p), AWM () Yf\n) (x,7) (5.8)
MXT
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where in the last line we have integrated in the (z9, ) variables using the identity (7 —
7o) = —d(m2 — 71) in order to preserve the orientation of the loop. By taking the trace this
term eventually vanishes.

We now consider the contribution from the variation of the second order term in (5.2)

under 6AM (z) — [AW(z), w(x)],
,5 Trg / /M ] AW (z)AD (29) P [Yg”)(xl,ﬁ)yg”>(x2,72)] (5.9)

=5[] TR (1A0 @0, sl A0 (@) + AV @) A ). ()]

x P [Y( )(:clel)Y( )(3:2,7'2)}

— //MXT TrR([A(l)(:cl),w(x1)]A(1)(gg2))P [Yg\”)(gghﬁ)yg\n)(@ﬂ_ﬁ]

This term is not vanishing itself, but it is expected to compensate the variation of the cubic
term in (5.2) under 6AM (z) — dw(x). In fact, integrating by parts, the variation of the
cubic term gives rise to

1 n n n
? 5T1“R /// 1‘1 A(l)(xg)A(l)(fbg)P |:YE\ )(IL‘l, Tl)Yg\ )(I'Q,TQ)Yg\ )(1'3,7'3)}
: MXT

1
s [f] i (o)A @) AV @) dyP [V 1, )Y 0, )Y (0, )
: MXT
FAD (@) )eo(2) AV () daP [Y (w1, )Y (w2, m2) VS (5, 7) |

—AD (@) AW @o)w(ws) ds P |V (21, )Y (@2, 72) Y3 (23, 73)] )
(5.10)

As described in appendix E (see for instance eq. (E.6)), the action of the d;— 2 3 differential
on the path-ordered product of PCO’s has the net effect to replace® O(1j—1 — 1) with

—drj6(1j—1—7;) and correspondingly Y&n) (24, 7) with 60 (z;_1—x;) (/\Z’:1 dx?); or O(7;—
Tj+1) with dr;0(7; — 7j41) and Yf\n) (z,7j) with 80 (2; — 241) (/\Z:1 da:?) In both cases

the delta functions allow to perform the dr; (/\Z:1 da:?) integrations, so reducing (5.10) to
a double integral. Moreover, having the two terms opposite sign, we can easily reconstruct
a commutator [w(z;), AV (x;)] for every j = 1,2,3. Exploiting the symmetries of the
integrand under the exchange of integration variables the six terms in each path-ordered
product give eventually the same contribution, so that we end up with

1 3| / /M TrR A(l)(xl)] A(l)(m))P [Yg“)(xml)ygn) (xwz)} (5.11)

This expression cancels exactly the contribution in (5.9). We have then proved gauge
invariance of (5.2), up to cubic order. However, it is an easy task to realize that the
same pattern keeps repeating order by order, so ensuring gauge invariance of the complete
Wilson operator.

A similar analysis holds also in the case of non-abelian super-Wilson loops.

9Here we use the cycling convention 79 = 73, 74 = T1.
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5.2 Supersymmetry invariance

We now consider the non-abelian generalization of a super-Wilson loop, W = Trg Pe! with
super-holonomy I given in (3.21), and study its variation under supersymmetry transforma-
tions. For the abelian case, in section 4.3 we have discussed conditions that can be imposed
in order to have either local or global supersymmetry. In this section we briefly show that
in the non-abelian case slight differences arise. Given an expansion for W in powers of the
supergauge connection similar to (5.2), we will restrict to the study of the linear term.

We first recall that the supersymmetry variation of a non-abelian gauge superfield,
obtained as usual by the action of a Lie derivative, can be expressed as

5. A0 — 57, AQI0) ) p(2(0) (5.12)

where V = d + [A(”O), /] is the gauge covariant differential in superspace. The supersym-
metry variation of the linear term in the W expansion can then be written as

/SM Trr (6€A(1‘°) A YX‘_””‘)) = /SM Tr [v (LEA(”O) A YSX”_”’”)) PP A YE\n—um)]

(5.13)
where we have used VY&"me) = 0. For closed paths the first term vanishes identically.
Therefore, the only term that may affect the supersymmetry invariance of W is the second
one. Following the discussion in section 4.3 and adapting it to the non-abelian case, this
term drops out if we require

L F20) L =VT (5.14)

As in the abelian case, neglecting V-exact terms this condition reduces to (4.9).

6 Relating Wilson loops and pure spinor vertex operators

The Wilson loop expectation value (W), which describes the motion of a superparticle
along a path A in a gauge background has a stringy interpretation within the AdS/CFT
correspondence [44, 45]. In fact, being the particle excited by an open massless vertex
operator at the boundary of the string worldsheet, the Wilson loop expectation value
equals the string partition function on a worldsheet ending on A at the boundary.'® In
particular, in the o/ — 0 limit the partition function can be computed semiclassically and
leads to a prediction for (W) at strong coupling [8, 44, 45].

On the other hand, in the pure spinor approach to string theory the integrated vertex
operator for the massless spectrum of the open superstring reads [52]

V= / dr (Aana + Ag0% + F N, + Wada> (6.1)

where d, is a worldsheet field related to the conjugate momentum to 8% and Ny, is the
Lorentz generator in the pure spinor space. At quantum level it is invariant under the
BRST transformations [52]

Qda = Ha(’)/a)\)a ) QNab = da(’)/ab)aﬁ)\ﬁ (6'2)

0This is strictly true for Wilson loops in fundamental representation. For Wilson loops in higher-

dimensional representations the dual description is in terms of D3- or D5-brane configurations [53-55].
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where the nilpotency conditions Q%d, = Q?Ny, = 0 follow from the requirement for A, to
be a commuting pure spinor, i.e. Ay*A = 0.

Comparing equation (6.1) with the expression for the ten dimensional superholonomy
I' given in (3.26) we see that the first two terms are identical. Therefore, from the per-
spective of relating Wilson loops to open string worldsheets, we investigate whether it is
possible to modify I' in such a way to obtain an expression formally identical to the string
vertex operator. Indeed, we show that this is possible by applying a d-deformation to the
PCO (3.24) along the lines described in section 3.2.

To prove this statement we deform the original PCO in (3.24) as

Y016y y(1016) 4 goii6) (6.3)

2(9|16) = d7—€al---ﬂb1ova1 N VaSNagam(Slﬁ(w) + d7-5a1..-a10Va1 AV, (7a1°>a5€h(?15 616(1/})

where we have introduced the two-vector N, and the ten dimensional spinor d,. In order

(9]16)

to compute dX we need to specify how the differential acts on these new fields. In

analogy with the action of the @) operator in eq. (6.2) we propose

1
ddo =V*(yat)ar  dNap = d*(vap)as?’ = 5Va A Vb (6.4)

We note that, without imposing any pure spinor constraint, these definitions automatically
satisfy the Bianchi identities d?d, = 0 and d’>N,, = 0. In particular, for Ny, this is
guaranteed by the addition of the extra term —%Va A Vp, which is instead absent in (6.2).

Given these definitions we can now evaluate how the original superholonomy gets
modified. Recalling that

r-I'=T+ / Fl0) A n0116) (6.5)
SMxT

we focus only on the new term proportional to F(9  Inserting (6.3) and the superfield
strength (C.6), it is explicitly given by (we shortly indicate d, (7‘“0)0‘5# = dy™10y)

/ (V“ AVPF, + (maW)V“) A (dT€ay. .arg V™ A VS N990516 (3))
SMxT
+ drea,y . q, VAN VPdy?10, 516 (1!1))
_ / (ArVe AV Ay Vo AV N0515(y)
SMxT
F dr(Wa W)V A €ay.asVE A VOdy@0, 516(¢)) (6.6)

In the first term we simply antisymmetrize the vielbeins to obtain a desidered term propor-
tional to F® N, times a factorized volume form V10516(4)). In the second term we first in-
tegrate by parts ¢ on the v spinor and, after a bit of algebra, we produce a contribution pro-
portional to W%d,, times a factorized volume. In total, summing the two terms we obtain

/ (F™ Ny, + Wdy) dr V05019 () (6.7)
SMxT
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We can now project the integrand onto the Wilson path by performing the integrations
on the supermanifold coordinates. The obtained contributions, when added to the original
I" as in (6.5), reproduce the pure spinor vertex operator (6.1) written as a supermanifold
integral.

7 Conclusions

We have constructed super-Wilson operators in terms of integral forms describing the
immersion of the supercontour in a supermanifold. In such a formulation the corresponding
superholonomy is written as an integral over the entire supermanifold and the invariance of
the operator under superdiffeomorphisms becomes manifest. As a by-product, we obtain an
alternative description also of the ordinary Wilson loops, which can be obtained from the
supersymmetric one by setting all the spinorial coordinates to zero. We have reformulated
kappa-symmetry in this language and studied the Killing spinor equations associated to
supersymmetry invariance.

We have highlighted the role of the d-cohomology in the construction of the Picture
Changing Operators (PCO). Different PCOs corresponding to different supercontours are
all comohological equivalent. Nevertheless, they may preserve a different amount of su-
persymmetry and more generally they exhibit a different spectrum of symmetries. In
particular, it follows that by adding d-exact terms we can tune the BPS degree of a Wilson
operator and we can easily relate two operators which preserve a different fraction of su-
persymmetries. As a remarkable example, we have shown how the BPS Wilson-Maldacena
loop of N = 4 SYM theory can be obtained from the non-BPS one by the addition of a
suitable d-exact term to the ordinary non-supersymmetric PCO.

It would be interesting to generalize our formulation at quantum level to compute
perturbative corrections to Wilson loops. In particular, it would be nice to understand
which is the effect of the d-varying symmetries mechanism, in a frame where d-exact terms
could be treated as perturbations. More ambitiously, it could be interesting to understand
how to reformulate localization in a geometrical framework and exploit our expression for
the Wilson loop to compute its vacuum expectation value exactly.

Finally, as emphasised in the paper, this formalism allows for a straightforward gener-
alization to curved supermanifolds, hence leading to Wilson operators defined in a super-
gravity framework [56, 57]. This geometrical setting might be also applied to Wilson loops
in different dimensions, for example to the well known bosonic BPS Wilson loops in three
dimensional Chern-Simons-matter theories [58-61].
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A Superdifferential forms

We briefly review definitions and properties regarding superdifferential calculus that have
been used in the main body of the paper. For a more extensive introduction to this topic
we refer the reader for example to [22, 24, 29, 32, 57, 62].

We consider a supermanifold SM with n bosonic and m fermionic dimensions. We
denote the local coordinates in an open set as (2%, 6%). A (p|q)-form wP19) has the following
structure

w9 (2,0, dz, df) = w(x, ) dz® ... dz® do>* ... do% 6OV (%) .. 60 (%) (A1)

where the df% appearing in the product are independent of those appearing in the deltas
(a; # Bj for any pair 4, j) and the b; indices denote the number of derivatives acting on the
delta functions. The w(z, ) coefficients, explicitly given by wia, . .a,)(a1...as)[8:...8, (%5 0), are
a set of superfields. The indices a; ...a, and ..., are anti-symmetrized, whereas the
indices a ..., are symmetrized, because of the rules'!

dzda’ = —dabda®, dz®df® = do“dz?, do*de® =dePde™, (A.2)
5(d6*)6(d6P) = —6(d6P)6(de%), dx®d(d6%) = —5(d6%)dx®, dO*6(d6”)=5(d6”)de

From the first identity of the second line we note that 0(df) has to be treated as an
anticommuting object, unlike the standard § distribution. This is due to the fact that
d(df) is used to compute the oriented volume of the supermanifold. Indeed, ¢ (df) is not
a distribution on smooth functions, but rather on “smooth differential forms”. This is
mathematically called a de Rham current (see [24] for further explanations).

The two quantum numbers p and ¢ in eq. (A.1) correspond to the form number and
the picture number, respectively, and they range as —oo < p < 400 and 0 < ¢ < m. The
total form degree is given by p = r + s — Zi(f b; since the derivatives act effectively as
negative forms and the delta functions do not carry any form degree. The total picture ¢
of w®l9) corresponds to the number of delta functions. In particular, we call it superform
if g =0,

w0 (2.0, da, dh) = w(z,O)dz™ ... dz*do™ ...d0%, p=r+s, (A.3)
or integral form if ¢ = m,
q

WP (2 0. dx, dB) = w(z, 0)dz™ ... dz* 5O (P ... 50 (dhPa =7 — b; (A4
(z,0,dz,df) = w(z,0) (do™) (do”), p i (A4)
i=1

Otherwise it is called pseudoform.
A top integral form w(™™) corresponds to an element of the line bundle known as
Berezinian bundle (the transition functions are represented by the superdeterminant of the

1We also recall the following properties (the « index is not summed)

ds'Nde™) =0, 0“6 (d6*) = —as " NdO™), a >0,  dO“6(dI%) =0
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Jacobian) and it can be locally expressed as in eq. (A.4) with p = n. As in conventional
geometry, we can define the integral of a top form on the superspace T*SM endowed with
a super-measure [dzdfd(dz)d(d)] as

w] = w™m) — w(x T T T .
1] /S N /T ., 0.0 do.d0) dzdod ) ()] (A.5)

where the order of the integration variables is kept fixed and the measure is invariant
under coordinate transformations. We refer the reader to [24] for a complete discussion on
the symbol [dzdfd(dz)d(df)]. Here we simply recall that while dx and d(df) are ordinary
Lebesgue integrals, the integrations over df and d(dzx) are Berezin integrals. Therefore, the
following identities hold

/ dr d[da] = / 5(dz) dida] = 1, / 5(d0) d[do] = 1 (A6)

where in the first relation we emphasised the fact that being dx an odd variable, it coincides
with its Dirac delta function. Performing the Berezin d[dx] integrations and the algebraic
d[df] ones in (A.5), it is then easy to check that I[w] is nothing but the ordinary superspace
integral

Iw] = / w(z,0)dz! ... dz"do" ... do™ (A7)
SM

of the w(z, #) superfield. In the present formulation the Stokes theorem for integral forms
is also valid.
By changing the one-forms dx®, df“ as

dz® — E* = E%da™ + ESd9*,  d6* — E® = ESda™ + ESd6" (A.8)

n|m)

a top form w' transforms as

W™ Ber(E) w(x, 0) da' ... da™ 6(d6Y) ... 5(d0™) (A.9)

where Ber(F) is the superdeterminant (i.e. Berezinian) of the supervielbein (E®, E%).

B Superspace conventions

In this appendix we collect the conventions on supermanifolds that we have used in the
main text. To be definite we focus on the A" = 1 superspace in ten dimensions described
by coordinates zM = (z#,0%), with p =0,...,9 and a = 1,...,16. Here # are Majorana-
Weyl spinors.

Introducing ten dimensional 16 x 16 gamma matrices 75 5,12 supercharges and super-
covariant derivatives are defined as

Qa =00 +0°9250.,  Da =00 —0°7530, (B.1)

128imilarly, we can use matrices (’7“)0‘6 which have the same numerical values as vq5.
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with Qo = Dy + 29573/3 0y- They satisfy
{Qa,Qp} =270y , {Da,Dg} =—-27"0, , {Qa,Dp} =0 (B.2)
Flat supervielbeins are defined as
Ve = efde™ = da® + 0°955d0° @ = efpdM = do” (B.3)
and satisfy the Maurer-Cartan equations
AVt =y . dyp® =0 (B.4)

Introducing the ordinary super-differential basis (dz®, df“) through the defining iden-
tities (Oa, dzb) = 62 and (D, d0°) = 5&, the differential operator d is given by

d = dz®d, + d0°0, = Vg + 1V Da (B.5)

Supersymmetry transformations. In the present framework, a supersymmetry trans-
formation is a superdiffeomorphism whose action on differential forms is represented by a
Lie derivative along the vector field € = €*D,, + 2e7%00, = €*Qa,

Le=ted~+ die (B.6)
where in general ¢, is the contraction operator defined on a p-form as t,w(vi,...,vp—1) =
w(vi, ..., Vp—1,v). Using 10" = tcx* = 0, it then follows that

L0 = (1ed + die)0* = 1edh” = €
Lex® = (ted + die)z® = tedz® = ey?0 (B.7)

which are the ordinary supersymmetry transformations of the superspace coordinates. In
particular, these defining identities follow

LV =270, L) = €* (B.8)

As a consistency check of our conventions we find that (V¢,4®) are invariant under super-
symmetry as a consequence of identities (B.4) and (B.7)

L)p® = tedp® + diep™ =0,
LV =1dV 4+ diV* = 2ey™) + d(2ev*0) =0 (B.9)
The supersymmetry variation of a scalar function ® on the supermanifold is defined as
0P =L =dee® + 1ed® = 1e(VIO,P + ¥ Dy P)
=26700,P + €Dy ® = QP (B.10)

where @, is the supersymmetry generator introduced in eq. (B.1).
Similarly, the supersymmetry variation of a superconnection A9 reads

LA — g (LGA(HO)) + 1 F20) (B.11)

where the first term is a gauge transformation of AM9 and in the second term F(l0) g

the superfield strength defined as F(I0) = gA10) 4 [4110) A(10)],
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Kappa-symmetry transformations. A kappa-symmetry transformation is generated
by a vector k = k“D, which differs from the supersymmetry generator by the simple
replacement

€=¢"Qo — K =K"Dy = K*Qq — 2670 0, (B.12)

In particular, it follows that a kappa-symmetry transformation can be formally written as
the action of the Lie derivative £z = {tz,d} where

lg = Ly — 26701, (B.13)
When 1 acts on the flat supervielbeins (V?,1%), using 1,V® = 62 we find
WP = KT, GV =0V = (269°0) VO = 0 (B.14)

Therefore, kappa-symmetry transformations of the superspace coordinates and the basic
one-forms read

6x0% = Lz0% = KP1gp® = Kk (B.15)
0z = Lzx® = k%q (dx® — 07Y) + KY1007"Y = k7?0 (B.16)
oY = Liy® = d(izy") = dr” (B.17)
oV = LV = zdV*" = 15(Yy*Y) = 267" (B.18)

In the case of rigid symmetry, ds® = 0.

It is interesting to note that the replacement of the @ with the D generators in (B.12)
leads to the following dual situation between supersymmetry and kappa-symmetry trans-
formations of the bosonic supervielbein

L€V 75 0 L;;V =0 (B.lg)
['eva =0 LgV“ 75 0
Applied to a generic superfield ®, a kappa-symmetry transformation reads
0:0 =Lz 0 = (Lgd + diz)® = 1z (V2O P + ¥ Dy ®) = KD, @ (B.QO)

and can be correctly obtained from a supersymmetry transformation (B.10) by replacing
the Q. generator with D,,.
Parametrizing the & generator as

f= (v L,Ks D, (B.21)
with K a O-form and £, the infinitesimal translation operator, we shift Kz as
Kg— Kjp=Kg+ L, K"(7")4 (B.22)
Consequently, the k“ parameter transforms as
Y = K+ (799 LaLy KT ~ K + %6210“ (B.23)
where we have exploited [L,, L] = 0. If K is an harmonic function, then transforma-

tion (B.22) is a symmetry of the kappa-symmetry parameter, i.e. Kg and K /ﬁ give rise
to the same kappa-symmetry transformation. This degeneracy can be used to halve the
number of independent components of the K spinor.
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C Geometry of supersymmetric gauge fields

We recall some basic facts about the geometrical construction of supersymmetric gauge
theories. We discuss the abelian and non-abelian theories separately. We primarily consider
the 10D N=1 SYM theory, since other cases can be obtained by dimensional reduction and
suitable truncations. The special case of 4D N = 4 abelian theory is reviewed at the end
of this section.

The abelian case. The 10D gauge supermultiplet is represented by one vector superfield
and one spinor superfield (the gaugino) with degrees of freedom matching on-shell [63-65].
No off-shell superspace formulation is known, which includes the correct spectrum of aux-
iliary fields allowing to construct a superspace action that leads to the correct equations
of motion. However, a super-geometric formulation can be developped, which stems from
promoting the gauge field to a superfield (1]0)-superform (with V* and “ defined in (B.3))

A0 — A Ve 4 A (C.1)

The corresponding field strength, defined as
FEO = gA00) = p,vevt 4 F, V4 + Fopyp®? (C.2)
is subject to Bianchi identities supplemented by the conventional gauge invariant constraint
Fop = Do Ag) + Vapda =0 (C.3)

from which we obtain A, as a function of the spinorial components A,. As a consequence,
the other components turn out to be uniquely expressed in terms of the gaugino (0]0)-
superform W

Foo = (’YaW)OH Fop = (D’YabW) (C4)

and satisfy the additional constraints
D*W, =0, DoFop = (700 W)a (C.5)

These constraints automatically imply the equations of motion for all the physical fields.
By using suitable gamma matrices identities, one can prove that the previous relations
can be recast in the following superform equations

1
FEO = VEANVI Egy + (praW)VE, dW® = VAW — 2 (y9) Fap (C.6)

The great advantage of using the geometric formulation is that supersymmetry trans-
formations can be expressed as superdiffeomorphisms along the fermionic directions (see
appendix B for the geometric definition of supersymmetry transformations). In particular,
the gauge superfields transform as

6 AN = £, 40100 —, g A010) _ g(,, A110))

= ey WV + 4ey20VO Fopy — 267000y, W — d(1, A1)

1
SW = LW = 1.dW = —E(VG%)FM, (C.7)
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These relations give rise to the ordinary supersymmetry transformations up to a gauge
transformation of the gauge field A, while the gaugino superfield W is gauge covariant.
We note that these rules remain true also in the case of local transformations.

The non-abelian case. As for the abelian case, an off-shell superspace formulation of
gauge superfields with auxiliary fields is not known, but a geometric formulation can be
provided [63-65].

For a non-abelian gauge group the superfield strength is defined as

1
FC0) = gA00) 4 5A“lﬂ) ANAYO = FL Vvt 4 B VO 4 Fygip? (C.8)

where the A9 superconnection is still expanded as in (C.1). The superfield strength is
subject to the Bianchi identities
VFECED = (C.9)

with the covariant derivative defined as VFI0) = qF®l0) 1[40 FCIO] = 0. This is
supplemented by the conventional gauge invariant constraint

Fop = V(OCA/B) + ”ygﬁAa =0 (C.IO)

from which one obtains A, as a function of the spinorial components A,. The other
components turn out to be expressed in terms of the gaugino superfield W% as

Faoc = (’YaW)oc y W = fyaaﬁ(vaAB - VﬁAa) y Fab = va(Vab)a[?W'B (Cll)
and satisfy the additional constraints
VW, =0, Vol = (Vo VoW )a (C.12)

Equations (C.11), (C.12) imply the equations of motion, which are then a consequence of
the superspace constraints.
Supersymmetry transformations are easily expressed as

5. A0 — £ 4000 _ <dA<1|o> 140 /\A(1IO)> (1 AU 4 400, 4(110)
2 9y Y€

= VWV + 4ey?0VP Fp — 2677007, W + V(1 ALO)

1

S W = LW = 1 VW — [LEA@‘O), W} =~ (y"€) Fup [LGA“lO), W} (C.13)

These relations give rise to the ordinary supersymmetry transformations up to a gauge
transformation of the gauge field A, while the gaugino superfield W is gauge covariant.

Dimensional Reduction to 4D. As is well-known, D = 4, N = 4 SYM theory can
be obtained by dimensional reduction of the D = 10, N = 1 theory, while preserving
the maximal amount of supersymmetry. Here we clarify how to perform the dimensional
reduction in the geometric set-up. For simplicity, we restrict to abelian theories.
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Given the set of ten dimensional superspace coordinates (z%, 6%), a = 0,...,9 and
a=1,...,16, we decompose z% = (:cad,y[AB]) and 0% = (GAa,éf‘l), where o, & = 1,2 are
spinorial indices in Weyl representation and A =1,...,4 are SU(4) R-symmetry indices.

Starting from the ten dimensional superform (C.1), we first perform the following
decompositions

AV = AV + g VI Ay® = Aot + 4395 (C.14)

Here V¢ can be identified with the components of the four-dimensional vielbein, whereas
V4Bl is the vielbein along the extra six directions. It satisfies the self-duality constraint
Vap = eapcpVI€Pl Similarly, ¥ = (1/1‘4’0‘,15%) represents the decomposition of the rigid
gravitino field. They satisfy the following equations

dvad — TE%wA’av dv[AB] — GABCDGC'!IB"ZZJ%TZJIB) 4 GQ,BTZJA’QTZJB’IB
dypte =0, dipg =0 (C.15)

In the same way, we decompose the gaugino superform W, = (W2, Wy 4) according
to its SL(2,C) x SU(4) representation.

The dimensional reduction is then achieved by removing the dependence of the fields
upon the transverse coordinates y4Bl. The four A, components then describe the gauge
connection in four dimensions, ¢4p] are the six real scalars of the N = 4 SYM theory
and Wy . give rise to the four gaugini. As a consequence, from the definition of the field
strength F2I% in (C.6) we obtain

FOO) = yod NyOSE ot 2VO AVABE g ap+
— VO @DaaWi + 0iWas) — VAP (aaWi+eapoptd W) (C.16)

As described in [66], in order to complete the dimensional reduction we have to redefine
the connection as
A0 5 AT @y gy VAP (C.17)

where ®4p) are six chiral superfields containing the ¢4p) scalars. As a consequence, the
superfield strength becomes

FEO) oS VIR, o= VO (B WA+t W a) + (PP g0+ apt 0P )@ a
(C.18)

and coincides with the expression for the superfield strength of the N = 4 SYM theory
obtained directly in four dimensional non-chiral superspace (see for instance [40-42]). We
note that additional pieces proportional to the flat gravitinos appear, which carry an ex-
plicit dependence on the scalar fields ¢ 4p]. As we explain in the main text, these terms
are crucial for the construction of the supersymmetric version of the Wilson-Maldacena
loop in four dimensions.

The dimensional reduction of non-abelian theories works exactly in the same way, with
the obvious covariantization of the equations.
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D An alternative expression for the ordinary Wilson loop

In this appendix we show that we can re-express formula (3.7) for the bosonic Wilson loop as

/ A<1>AY§”‘”_/ Vol(™ H5 o) | (D.1)
M

where Vol™ is the volume form on M, given by Vol = A1) A Hz;ll dog.

This formula can be proved as follows. Given the Poincaré dual YE\nfl) in eq. (3.3)
that defines the immersion of the A curve, we choose a (local) basis of vectors {X “}Z;ll of
At normalised by tad¢® = X (¢) = dp. Then, it is easy to prove that

n—1

I taVol™ =AM (D.2)
a=1

and we can write the following chain of identities

[ AvAvg = [ Ao Hd«zsa @)= [ [Hd% (6 ta
— /Mvol(”)anla (¢a) (D-3)

where in the last equality we have used the Leibnitz rule and

ix., [d% Ao A dba, yix., ...LX%_IVOI(n)} =0 (D.4)

Vol =

since the form inside the brackets is an (n + 1)-form in an n-dimensional manifold.

E Proof of identity (5.7)

Here we want to compute the following expression

d;P [Y@(ml, A AY (@0, ) (E.1)
where d; = d:):] a7 + de 91, j = 1,..., M, denotes the exterior derivative w.r.t. the

set of coordinates ( T, ;) actlng on the path—ordered wedge product of M PCO’s of the
form (3.13). This expression is required to prove gauge invariance of the non-abelian Wilson
operator, as discussed in section 5.1.

All the PCO’s localize on the same contour, but parametrized by different parameters

7; € T. The definition of the corresponding path-ordering is'?

P [\Y&")(;cl, ) Y (2, 7o) (E.2)
= Z O (o —0(12)) O (o(12) — 0 (73)) ... O (0(Tar—1) — o(Tar))
oeY

<Y (@1, 0(m)) - Y (@ar, o (rar)

where ¥ denotes all the possible M! permutations of {71,...,7as}.

13In order to avoid cluttering, in what follows we will neglect the wedge symbol.
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As a warming-up we compute (E.1) for M = 2. From the previous definitions, recalling
that dY(An) = 0, we can write
di P Yf\n) (x1,71) Y()\n) (x2,72)| = d1©O(11 — T2) Yg\n)(xl,ﬁ) Yg\n) (x2,T2) + T1 > T2
= dri8(11—72)0™ (21 — 2 (1)) (dz1 — i (71)dm ) "6 (29 — (7)) (dag — &(T9)dT2)"™ + T4 < T2
= 2d7‘1 (5(7’1 — 7'2) 5(n) (xl — ZL‘Q) dniL'l Yf\n) (I‘Q, 7'2)

where in the last step the product of all the delta functions has been used to generate
5 (r1 — x2). Similarly, it is easy to realize that applying the dy differential we end up with

dQP [Yg\n) (.21?1, ’7’1) Yg\n) (.%'2, 7'2)] = —2d7‘2 5(’7’1 — 7'2) Yg\n) (1'1, 7'1) 5(n) (1‘1 — :ch) dn.CL‘Q

where the minus sign comes from applying ds to O(7; — 7). This is indeed the sign that
turns out to be crucial for producing eventually the integral of a commutator (see eq. (5.8)).

We now generalize the calculation to the product of M PCQO’s. For the sake of clarity,
we focus on a single term of (E.2), namely

O(r1 —12)0O (o —73)...0 (Tavr—1 — ™M) Y()\n) (x1,71) .- .Yf\n) (xar, 7o) (E.3)

and first consider applying dy. Since d; acts on a single theta function, we obtain the
following chain of identities

d1 [@ (7‘1 — 7'2)@(7'2 —Tg) ...@(TM,1 - TM)Yg\n)(xl,n) Y&n)(xM,TM)}

= dT1 5(7‘1 — 7'2) @(TQ - Tg) NN @(TN,1 - TN)Yg\n)(xl, T1) N Yf\n)(a;M,TM)
=dno(n —72) (e —73)...0(Tvi-1 — ™M) (E.4)

X (5(”)@1 — 9) /\ d:v‘f) A Yg\n)(:pz,m) A Yg\n)(xM,TM)
a=1
If we now apply do we have to take into account that this time the differential acts on two
different theta functions. Therefore, in this case we obtain
d2 [@ (7’1 - 7'2) @ (7'2 - 7’3) .o @ (TM—l - TM) Yf\n)(xl, 7’1) .o Y&n)(xM,TM) (E5)
=—drd(r —12)O(ra — 13)0O(13 — 74) ... O(Tar—1 — ™M)

X Yg\n)(azl,ﬁ) A (6(")(:61 — 2) /\ daz%) A Yf\n)(.’bg,Tg) Ao A Yg\n)(xM,TM)

a=1

+ @(7'1 — 7’2) dry (5(7’2 — 7'3) @(Tg — 7'4) .. -@(TM—l — TM)

X Yg\n)(l‘l,ﬂ) A (5(n)($2 — x3) /\ d:v%) /\Y(An)(%ﬁs) /\---/\Yg\n)(f’cM’TM)

a=1

We see that the first term is exactly minus the term in (E.4), whereas the second term
will coincide with minus one of the two terms which arise when we apply ds. This pattern
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repeats itself for any other differential acting on intermediate theta functions. The d;
differential will produce two terms

d [@ (1= 72)© (r2 — 73) ... 0 (rar—1 — 1) Y (@, 71) ... Y (2, TM)] (E.6)
=—0(r —m)...d1; 6(1j—1 — 75) O(15 — Tjg1) ... O(T—1 — Tna)
X Yf\n)(l‘l, 7'1) e (5(n)(l‘j1 — {L‘j) /\ dl‘?) Yg\n)(.%‘j+1,Tj+1) e Yg\n)(.TM,TM)
a=1

+ O(rp —T2) ... drj (5(7']' — Tj+1) @(Tj+1 - 7—]'-1-2) . O(Tar—1 — i)
x Y (@1,m). . (5(n)(9€j —zj1) \ dx?) Y3 (@41, 7j41) - Y8 (@ar, 7r)
a=1

the first one being opposite in sign to a term coming from d;_; and the second one opposite
to a term from the application of d;1.
The same pattern holds for any other term of (E.2) when we consider the con-

tributions coming from the application of dy(r,_,), dy(r;) and dy on the product

Ti+1
O (o(ri-1) — o(7:)) © (o(7i) — 0(7i11))). Precisely, the dy(,) derivative+p1)foduces two terms
which come in pair with opposite signs with one term from dy(;,_,) and one from dy(,,, ).
As we discuss in section 5.1, these signs are crucial for reconstructing commutators and
ensure cancellation in the gauge variation of the Wilson loop.

It is important to observe that an identical proof works also in the case of a supermani-
fold SM, i.e. for products of super-Poincaré duals of the form Y0 A Y™ (see eq. (3.20))

localizing super-integrals on supercontours.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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