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Abstract

We investigate spatial log-concavity and spatial power concavity of solutions to
parabolic systems with log-concave or power concave initial data in convex domains.

2010 AMS Subject Classifications: 35E10, 35K51, 35D40

1 Introduction

In a series of previous papers [18, 19, 20, 21, 22], two of the present authors investigated
concavity properties of solutions to parabolic equations with respect to space and time
variables, introducing also the notion of parabolic concavity. In a recent paper [15], the
authors of this paper treated weakly coupled parabolic systems with vanishing initial data
and investigated again concavity properties with respect to time and space variables. In
this paper we study spatial concavity properties of solutions to parabolic systems with
non vanishing initial data.

Concavity properties of solutions to elliptic and parabolic problems are a classical
subject of research and have been largely investigated. Here we just refer the reader to the
classical monograph by Kawohl [25] and to the papers [1]-[8], [10], [12], [14]-[24], [26]-[37],
some of which are closely related to this paper and the others include recent developments
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in this area. However very little is known concerning concavity properties of solutions
to elliptic and parabolic systems and the only available results to our knowledge are in
[15], which treats power concavity properties with respect to time and space variables for
weakly coupled parabolic systems with vanishing initial data. Unfortunately, in order to
be able to take account of the time variable, the arguments in [15] are not applicable to
the case of non vanishing initial data. To our knowledge, this paper is the first one dealing
with spatial concavity properties of solutions to parabolic systems with non vanishing
initial data.

Let Q be a bounded convex domain in RY (N > 1), D := Q x (0,00) and m €
{1,2,...}. We denote by S the space of real N x N symmetric matrices. Let

u= (.. u™)ec?(D:R")NCD:R™)
satisfy the parabolic system

ou® + F®) (gt u, Vu®) V2u®)y =0 in D, k=1,...,m,

u® (z,t) > 0 in D, k=1,...,m, 1)
u(z,t) =0 on 90 x [0,00), .
u(z,0) = up(z) in Q,

where uy = (u(()l), . ,u(()m)) € C(Q:]0,00)™) and

u(()j) >0 in Q, uéj) =0ond forj=1,...,m.
Throughout this paper we assume the following conditions on F = (F(1 ... F(m):
(A1) F=(FO ... FM) c (D xR™ x RN x SN : R™);

(A2) Foreach k € {1,...,m}, F®) is a degenerate elliptic operator, that is F'(*) (z,t,u,0,")
is non-increasing in S¥ for every fixed (z,t,u,0) € D x R™ x RV,

Here we refine the technique developed in [15], [20] and [22] and investigate spatial concav-

ity properties of the solution u under conditions (Al) and (A2). Our approach is based

on the construction of the spatially concave envelope of the solution and the viscosity

comparison principle, and it is different from those of [11], [13], [24] and [28]-[35] treating

spatial concavity properties of the solutions to parabolic equations.

We state our main theorems in Section 4. Here we state a result on the spatial log-
concavity of solutions to parabolic systems which directly descends from them.

Theorem 1.1 Let Q be a bounded convex domain in RN and dyi, da > 0. Let (u,v) €
C*Y(D :R?) n C(D : R?) satisfy

Ou — diAu+ f(x, t,u,v,Vu) =0 in D,

Ov — daAv + g(x, t,u,v, Vo) =0 in D,

u,v >0 in D, (1.2)
u(z,t) =v(x,t) =0 on 09 x [0, 00),

u(z,0) = up(z), v(z,0)=vo(z) in




where f and g are nonnegative continuous functions in D x [0,00)? x RN. Assume the
following conditions:

(i) The viscosity comparison principle holds for system (1.2);
(ii) The functions
fro(x,r,s) :=e "f(x,t,e", e, e"0) and gio(z,7,5) =€ g(z,t, e, e’ e’f)
are convex in 0 x (0,400)? for every fived t > 0 and € RN.

Then logu(-,t) and logv(-,t) are concave in Q for every fized t € [0,00), provided that
logug and logwvy are concave in €.

For the viscosity comparison principle for parabolic systems, see Section 4. As a corollary
of Theorem 1.1, we have:

Corollary 1.1 Let Q be a bounded convex domain in RN and dy, do > 0. Let (u,v) €
C*Y(D:R?) n C(D : R?) satisfy

Ou — diAu+v|Vu|* + cpu =0 in D,

Oy — doAv + u| V|’ + cov = 0 in D,

u,v >0 in D, (1.3)
u(z,t) =v(x,t) =0 on 09 x [0, 00),

u(z,0) = up(z), v(z,0)=vo(z) in Q,

where a >0, b >0, ¢; >0 and ca > 0. Then logu(-,t) and logv(-,t) are concave in § for
any fized t € [0,00), provided that logug and logvy are concave in Q.

Next we state a result on the power concavity for porous medium systems.

Theorem 1.2 Let Q be a bounded convex domain in RN and dy, dy > 0. Let (u,v) €
C*>Y(D:R?) N C(D : R?) satisfy

( Ou — d1A(u®) + f(v) =0 in D,
O — de A(v?) + g(u) = 0 in D,
u,v >0 in D, (1.4)

u(x,t) =v(x,t) =0 on 08 x[0,00),
u(z,0) = up(z), v(z,0)=vo(z) in

where a, § > 1. Assume the following:
(i) The wviscosity comparison principle holds for system (1.4);
(ii) The functions
(€)= f (n%) and g(&,1m) =11y (6%)

are convex with respect to (&£,n) € (0, 00)2.



Letp:=(a—1)/2 and q := (8 —1)/2. Then u(-,t)? and v(-,t)? are concave in Q for any
t > 0, provided that u}) and vl are concave in Q.

For sufficient conditions for the concavity of the functions f = f(§,7n) and g = g(&,n), see
e.g., [18, Lemma A.1].

The paper is organized as follows. In Section 2 we introduce some notation and recall
basic properties of concave functions. In Section 3 we recall some basic viscosity theory
for systems and prove a technical lemma. Furthermore, we give a uniqueness result for
parabolic systems (see Theorem 3.2) which is enough for the purposes of the next section.
In Section 4 we state and prove the main results of this paper, see Theorems 4.1 and 4.2,
which are general results on power concavity and log-concavity of solutions to problem
(1.1). Theorem 1.1 is a corollary of Theorem 4.2. In Section 5 we apply Theorem 4.1 to
the porous medium equation and related systems and prove Theorem 1.2.
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The third author was partially supported by the PRIN 2102 project “Elliptic and parabolic
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2 Preliminaries

Throughout the paper, let N and n be natural numbers and let SV denote the space of
N x N real symmetric matrices. If A, B € SV, by A > 0 we mean that A is non-negative
definite, while A > B means A — B > 0. For n € {2,3,...}, we set

A = {A:()\l,...,An) c0<N<1(i=1,...,n), Z)\izl}.
=1

For any 7 = (r(, ... r™) and s = (sU, ..., s() € R", we write
r<s ifr® <s® for each k = 1,...,n.
For any a = (aq,...,a,) € (0,00)", A € A, and p € [—o0, +00], we set

Ma? 4 Aoah + -+ Ayab] P i p # —o00, 0, +00,

max{ai,...,an} if p=-+o0,
M, (a; A) == N \ _

ayt---apm if p=20,

min{a,as,...,a,} if p=—o0,

which is the (A-weighted) p -mean of a. For a = (a1, ..., a,) € [0,00)", we define M, (a; \)
as above if p > 0 and My(a; ) = 0 if p < 0 and [[;", a; = 0. Notice that M,(a; ) is a
continuous function of the argument a. In the case n = 2, for simplicity, we write

My(a,b; ) :== My((a,b); (1 — p, 1))



for a, b € [0,00), p € [0,1] and p € [—o0, c0].

Due to the Jensen inequality, we have
Mp(a;A) < Mg(a;A) if —oo<p<gq< oo, (2.1)
for any a € [0,00)" and A € A,,. Moreover, it easily follows that

pginoo M, (a; \) = max{a1,...,an}, pl}]f_mOo M, (a; A) = min{ay,...,an}

and lim,_,o M, (a; A) = Mo(a; A).
We recall the definition of p-concavity of nonnegative functions in convex sets.

Definition 2.1 Let K be a convex set in RN, Q := K x (0,00) and p € [—o0,00].
A nonnegative function v is said spatially p-concave in Q if, for every fized t > 0,

v((1 = Nz1 + Awg, t) > My (v(z1,t), v(w2, t); A)
for all x1,29 € K and X € (0,1).
Roughly speaking, v is spatially p-concave in @ if
e case p = oo: for every fixed t > 0, v(-,t) is a nonnegative constant function in K;
e case p > 0: for every fixed ¢t > 0, v(,t)? is concave in K;
e case p = 0: for every fixed t > 0, logv(-,t) is concave in K;
e case p < 0: for every fixed t > 0, v(-,¢)P is convex in K;

e case p = —oo: for every fixed ¢t > 0, the level sets {x € K : v(z,t) > d} are convex
for every d > 0.

Then the following hold (see e.g., [28]).

(a) Let K be a convex set in RV, Q := K x (0,00) and —o0 < p < oo0. Due to
Definition 2.1 and (2.1), if v is spatially p-concave in @, then v is spatially ¢-concave
in Q for any —oco < ¢ < p;

(b) Let {vj}jen be nonnegative functions in @ such that, for every j € N, v; is spatially
pj-concave in @ for some p; € [—00, 00]. Let v be the pointwise limit of the sequence
vj in Q and limj o p; = p € [—00,00]. If v is continuos with respect to the time
variable, then v is spatially p-concave in Q;

(c) Let p, g € [0,00]. If v and w are spatially p-concave and ¢ -concave in @, respectively,
then vw is spatially r-concave in ), where



3 Viscosity solutions of parabolic systems

In this section we recall the definition of viscosity solutions of elliptic and parabolic systems
and some basic related notions and properties. Furthermore, we establish a comparison
principle for viscosity solutions of (1.1).

Let © be a bounded convex domain in R (N > 1) and T' > 0. For any function w in
Dr :=Q x (0,T), we denote the semi-jets P>Fw(z,t) of w at (z,t) € Dr by

PETw(x,t) ::{(a, 0,X) e Rx RY x SV : w(y,s) <w(z,t)+a(s—t)+ (0, (y—z))

+ (X(y—2),y—x)+o(|lz—y*+|t—s|) as DTB(y,s)%(x,t)},

N

PEw(x,t) :—{(Q,G,X) e R xRN xSV 1 w(y,s) >w(x,t)+a(s —t) + (6, (y — z))

N | —

+ (X(y—z),y—x)+o(|lz—y>+|t—s|) as DTB(y,s)—>(a:,t)}.

Furthermore, we define the closures of semi-jets by

fliw(x,t) ::{(a,O,X) € R x RY x SV : there exists a sequence {(z;,t;,a;,0;,X;)}
in Dy x R x RY x S such that (aj,0;, X;) € P>Fw(z;,t;)

and (zj,t5,a4,60;, X;) = (x,t,a,0,X) as j — o0 }

Then it follows that

PP+ w) (1) = (Dbl 1), Vbl ), V20, 1) + P (e, )
for all ¢ € C>1(Dr).
Definition 3.1 Let m € {1,2,...}. Assume (Al) and (A2).

(i) Let u = (uM, ... u™) be a vector of upper semi-continuous functions in Dy. We say
that u is a viscosity subsolution of (1.1) if

a+ F®(z t,u(z,t),0,X) <0

for (z,t) € Dr, ke {1,...,m} and (a,0,X) € 52’+u(k)($,t).
(ii) Let u = (uM, ..., ul™) be a vector of lower semi-continuous functions in Dy. We say
that u is a viscosity supersolution of (1.1) if

a+ F®(z t,u(z,t),0,X)>0

for (x,t) € Dp, ke {1,...,m} and (a,0,X) € fz’_u(k)(x,t).

(ili) We say that u is a viscosity solution of (1.1) if u is both a viscosity subsolution and
supersolution of (1.1).



The following trivial lemma and its corollary are crucial to the proof of our main results
(see Section 4).

Lemma 3.1 Let k € {1,...,m} and (x,t) € Dr. Assume that there exists (a, 0,X) €
P2=u®) (z,t) such that a + F®) (z,t,u(z,t),0,X) <0. Thena=a, § =0 and X > X
for every (a,0, X) € P>Hu®) (z,1).

Proof. If (a,6,X) € Pk (x,t), then
_ 1 -
w(z,t) +a(s = 1) + (0, (y = 2)) + (X (y = 2),y = 2) + o]z —y* + [t = s]) < w(y, s)

< wla 1) +als — 1) + {6, (g — 2)) + 5 (X (g~ 2),y — ) + ol — yl? + |t — 5]

for all (y,s) in a neighborhood of (x,t). This implies Lemma 3.1. O

Corollary 3.1 Assume (Al) and (A2). If, for every (z,t) € Drp, there exists ¢ =
(6D, ..., ™) of class C? touching u by above at (x,t) (i.e. ¢(x,t) = u(x,t) while
o(y,s) > u(y,s) for (y,s) in neighborhood of (z,t)), such that

0™ (x,t) + F®) (2, ¢, u(x,t), Vo) (2, 1), VoW (,1) <0 fork=1,....m,

then u is a viscosity subsolution of (1.1).

Proof. Set
a=010W(z,t), 0=VoP(z,t), X=vV2"(z,1),

and apply the previous lemma for every (z,t) € Dy and k = 1,...,m. Then Corollary 3.1
follows from Definition 3.1 (i), (A1) and (A2). O
Following [23], we introduce the following two conditions on F = (F},..., F),).

(C1) There exists A > 0 such that, if v = (v®,... 0™ w = (w®,... wM™) e R™,
maxke{l’m,m}(v(k) —w®) > 0 and (z,t,0) € Dy x RY, then there exists ¢ €
{1,...,m} such that

v —w® = max (W® —w®) >0
ke{l,...m}

and
F(E)(:x,t,v,e, X) — F® (x,t,w,0,X) > )\(v(g) - w(f))

for all X € SVV;

(C2) There is a nonnegative continuous function w on [0, 00) with w(0) = 0 such that, if
X,YeSY o>1and

I O\_(x o I -1
(o 9)=(o ¥) = (4 7).

F(k)(yvsarva(q:_y)’_y) —F(k)($7t,r,0(ﬂ§—y)7X) < W(O'(’l'—y’-f- |t_5|)2+1/0)

then

forall k € {1,...,m}, t,s € [0,00) , z,y € Qand r € R™.



Remark 3.1 (C2) implies (A2). See [9, Remark 3.4].

Similarly to [23, Theorem 4.7], we can prove the following comparison principle.

Theorem 3.1 Let Q be a bounded domain in RN, T > 0 and Dy := Q x (0,T). As-
sume (Al), (C1) and (C2). Let u = (u(l),...,ﬁ(m)) and v = (v, ... 0™ be upper
semi-continuous and lower semi-continuous on 2 x [0,T), respectively. If u is a viscos-

ity subsolution of (1.1) and v is a wviscosity supersolution of (1.1) such that u <v on
00 x [0,T) and Q x {0}, then u < v in Dr.

Proof. See the proof of Theorem 3.1 in [15]. O

However, to apply our main results, contained in the next Section 4, only the following
weak comparison principle is needed.

(WCP) If u is a viscosity subsolution of (1.1) and v is a viscosity supersolution of (1.1)
such that u > v in Qx[0,T), whileu=v on 90 x [0,T) and Q x {0}, thenu =v
mn Dp.

Sufficient conditions for (WCP) to hold are given in the following theorem.

Theorem 3.2 Let Q be a bounded domain in RN, T > 0 and Dy := Q x (0,T). Assume
(A1), (C2) and the following:

(C3) There exists X > 0 such that, if (z,t,0) € Dr x RN and v = (v, ... 0(™),
w = (wh, ... w™) e R™ withv > w and v # w, then there exists £ € {1,...,m}
such that

o —w® = max (v —w®) >0

and

F(K)(x,t,v,H,X) - F(g)(:v,t,w,G,X) > )\(v(ﬁ) - w(e))
for all X € SV
Then (WCP) holds.

Proof. The proof is again the same of Theorem 3.1 in [15], just using (C3) in place of
(C2). O

Remark 3.2 We pick the occasion to point out that Theorem 3.1 in [15] was wrongly
stated. Indeed condition (A1) in [15] coincides with condition (C3) here, which gives
Theorem 3.2, but it is not sufficient for Theorem 3.1 (which instead requires the stronger
assumption (C1)). On the other hand, this does not affect the results of [15], since (WCP)
is enough for [15, Theorem 4.1].



4 Spatial concavity

Let © be a bounded convex smooth domain in RY, D := Q x (0,00) and m € {1,2,...}.
Let u= (uM,...,u™) e C21(D: R™)NC(D : R™) satisfy

ou® + F®) (z t,u, Vu®) V2u®)) =0 in D, k=1,...,m,
u® (z,t) >0 in D, k=1,...,m, (4.1)
u(z,t) =0 on 09 x [0,00).
Let A € Any1, k€ {1,...,m} and p € [—o0, 00]. Define
k
UM (x, 1)
o n+1 (4.2)
= Sup{Mp (U(k)(yl,t% ot (Y, 1); /\) Sy CQ, v =) N }
=1

for (x,t) € D. Then we easily see that

(
U;ﬁ\) € C(D), U(? >u®(z,t) >0 in D, U(k)? =0 on 0Qx][0,00). (4.3)

p p,

We denote by U;,gk) the spatially p-concave envelope of u¥) defined by

Uk z,t) == sup U(k) z,t),
b ( ) AEAL11 p,/\( )

which is the smallest spatially p-concave function greater than or equal to u¥). Clearly,
u®) is spatially p-concave in D if and only if u® = Uék) in D; since Uék) > u®) by
construction, to have equality we just need to get the opposite inequality Uzgk) < uk),
which can be obtained via Comparison Principle if U®*) turns to be a subsolution of the
problem at hands. Thus in this section we give a sufficient condition for

U, = (U

(m)
o Up)

to be a viscosity subsolution of (4.1) in the case of 0 < p < 1 and study spatial concavity
properties of the solutions of (4.1).

4.1 Caseof 0<p<1
In this subsection we focus on the case of 0 < p < 1 and prove the following theorem.

Theorem 4.1 Let Q be a bounded convex smooth domain in RN, D := Q x (0,00),
me{1,2,...} and 0 <p < 1. Assume (A1), (A2) and the following condition:

F3) Let k€ {1,...,m}. For any fized 6 € RN and t, > 0,
(

.7-"9(2 (z, 00, ... 0™ A)

EO (m (60) o, (w0m) 7, (u)7 ", (w0) 7 A)

is convex with respect to (z,vM, ... v™ A) € Q x [0,00)™ x SV,



Letu= (uM, ... u™)eC>(D:R™) NC(D:R™) satisfy (4.1) and

hr&p Upy®) (& +v(z)p,t) =00 for (x,t) €9 x (0,00), k=1,...,m, (4.4)
p—

where v = v(x) is the inner unit normal vector to 0Q at x. Then U\ is a viscosity
subsolution of (4.1).

Proof. Let (z.,t.) € D, A= (A1,...,Any1) € Apyg and k € {1,...,m}. Since u®) =0
on 09 x (0,00) and 0 < p <1, by (4.2) and (4.4) we can find {xl(k)};fll C D such that

n+1
k k k k
Ty = Z)\zxg ), U;)?(:n*,t*) = M, (u(k)(xg ),t*), e ,u(k)(azi_gl,t*); )\) .

Furthermore, the Lagrange multiplier theorem assures that

0= uP @ L vu® @ ) = = u® ) va® @) ). (45)
n+1
Let {agk)}?ill C [0,00) be such that Z)\ial(k) =1. Set
i=1
v =Rty = a®6@B ), P @) = e @ ),
U, =0, U™y, ue= Wl d™)y.

It follows that

n+1

u® — (ugk)7...,u;?1;)\), v = leyl (4.6)
For k =1,...,m, we define
k
oM (@,1) = My(u® (417 (@), 1), ..., uP (G, (2),051) | (4.7)

which is a C%!-function in a neighborhood of (7.,t,) € D and satisfies
k k k k
P () = My, ul) ) = U = U (@, 1), (4.8)
Moreover, it follows from the definition of U, y and (4.6) that
k
U (1) > ¢®)(a, 1)

in a neighborhood of (z.,t).
We prove

10



for k=1,...,m. Let V' := (9/0x1,...,0/0x,,0/0t). By (4.5) and (4.7) we have

n+1

Vie® (1) = oM@, 0 3 A a4 (@), 1)
=1

-1
Vu® () (@), 1)

and

n+1
-1
V2@ (2,1) = P (2, )73 Ni(al)2u® (5P (@), 1) V2O (M (2), 1)
=1

n+1
+ (1 =)™ (2,1) PV (2,1) ® Z )\iagk) u®) (yz(k) (z),t)
=1

P ou® (P (2), 1)

n+1

— (1= )™ (2, )7 3" Ni(a)2u® (P (), 1)
=1

-2
Vu® (y® (2), 1) @ Vu® (4 (@), 1)

in a neighborhood of (x,,t.). Since yzgk) (zy) = :cz(k) and A\ € A,41, by (4.5) and (4.8) we
obtain

1- -1
0 (@, t) = (U9) "3 Mu® @ 0" 0 @)
i=1
(4.10)
(k) (1) 1P K~ (k) (k) P (k) () (R '7P
Ve (x*,t*):(U* ) Z)\iu (;7,t)  Vu'(z; ,t):<U>k ) 0
i=1
and
2 (k) — (& 1= g (N (NPT o2, (k) ()
Ve (x, ty) = (Us Z)\Z a; u; Vaul™ (z;7 ) ty)
i=1
—1
+(1—p) (Uﬂgk)) Ve (2., t.) @ Vo (x,, t.) (4.11)
n+1 _
X (1— (Uik)yZ)\i(aEk))Q (u,fk)) p)
i=1
Taking

we deduce from (4.8) that
(0) S0 () ()
i=1 Z Z

n+1 _
=Py n@®y = (00) gy (u, i n) =1
=1

11



This together with (4.11) implies that

V¥ (.. t,) = (UP) pZ)\ ()" (u)" 2u® @ 1)
= (U’Ek))l_gpni& (“5'“)) T (P, (4.12)
= (Uik))lgp%AiAi,
where -

3p—1
A; = (u§k>) P E® 1) o1 L

Then, by (4.10) and (4.12) we obtain
8tg0(k) (s, ts) + F®) (x*, te, Uy, Vgp(k)(a?*, te), V2<p(k) (2, t*)>

- (o) Y 2

i=1 <U§k)) o

7O (e, (00) 70 00) )y

i=1

On the other hand, it follows from (F3) that

- (v l—p’ilAZ (o) 0 ( I (Ul(k)>1—107 <vfk))1_3 Az>
i=1
= (E) TSN (ot )

Y

3 n+1
(o) 5 (St Snatte Saof S,
=1
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where UZ-(k) = (ugk)y and vil/p = ((U§1)>1/p e <v§m))1/p>. Since

n+1 n+1 ) P NP
Z )\ixgk) = Xy, Z /\in(]) = M, (ugk), ey u;k_gl; /\> = (U,E‘”) ,
i=1 i=1

where j = 1,...,m, we deduce that

&)\ 7P &)\ 7P (k) % m\P = . )
(U* ) > (U* ) For, <x (U* ) (U ) ,;&Al
— F(k) (l’ t.. U (U(k))l_p(g (U(k)>1_3pnz+:l)\AA.>
k9 Usky k9 * 9 * P 1 1 .

This together with (4.13) implies (4.9). Since (z«, t«) is arbitrary, by (4.3) and Corollary 3.1
we see that Uy , is a viscosity subsolution of (4.1). Thus Theorem 4.1 follows. O

Combing Theorem 4.1 with Theorem 3.2, we obtain the following.

Corollary 4.1 Assume the same conditions as in Theorem 4.1. Furthermore, assume
(C2) and (C3). Let 0 < p < 1 and u = (uM, ..., u™) satisfy (4.1) and (4.4). If the
wniatial datum uok is p-concave in Q for k =1,...,m, then u®) is spatially p-concave in

D forke{l,...,m}.

Proof. Let k € {1,...,m}. Due to the p-concavity of u(()k), we have

U;zg,’? (7,0) = U[gk) (,0) = u(()k) (r), z€Q,

for every A € A, 1. Then, by Theorem 4.1 we see that U,  is a viscosity subsolution of
(1.1) for every A € A,41. Applying Theorem 3.2, by (4.3) we see that U,y < uin D,
which implies that U, < u in D. On the other hand, it follows from the definition of
U, that U, > u in D. Therefore we deduce that U, = u in D. Then u®) is spatially
p-concave in D for every k € {1,...,m}. O

4.2 Caseof p=0

In the next theorem we give a sufficient condition for Uy = (Uél)g, el Uén;)) to be a
viscosity subsolution of (4.1).

Theorem 4.2 Let 2 be a bounded convexr smooth domain in RN, D := Q x (0,00) and
m € {1,2,...}. Assume (A1), (A2) and the following condition:

(F4) Letk € {1,...,m}. For any fized § € RN and t, > 0,
]_-(gli) <x70(1)7”_,v(m)7A) — o™ () (x,t*,e“(1)7_..,e“(m),e“(k)e,e”(k>A>

is convex with respect to (z, v, ... 0™ A)e D x R™ x SV,

13



Then Uy = (Ué’l/\)7 ce Ué??;)) is a viscosity subsolution of (4.1).

Proof. Let (x4, t:) € D and A = (A1,...,A\nt1) € Apy1. Thanks to the boundary
conditions and to the regularity of u and of the geometric mean, we can find {xgk)}?jll cD
such that

n+1
Ty = Z)\ixgk),
i=1
3 . n+1 k
UR erte) = Mo (u® @, 20), P @), 1) 0) = Hu ® )
Notice that the Lagrange multiplier theorem assures that
. Vu(k)(a:gk),t*) o Vu(k)(wgzklpt*)
- k - - k ’
a2t 1) ul) (), 1)
Set
U = UR @t Wl = a®@® ), @) =2+ @ ),
2,,F) (R 4
U= 0000, e (ol l™), A Tt
u;
It follows that
n+1
=Y ay(x). (4.14)
i=1
For k=1,...,m, we define
. N n+1
oM (@,1) = Mo (uB (o7 (@), 1), ... uP (o (@), 0) = Hu“f )0,

which is a C%!-function in a neighborhood of (z,,t.) € D and satisfies

n+1
k k k
oM@t = [T w1 = v = U8 (@, ).
=1

Moreover, it follows from the definition of Uy and (4.14) that
k
U (1) > ¥ (a, 1)

in a neighborhood of (z., t.).
We apply the same argument in the proof of Theorem 4.1 with p = 0, and prove

o™ (24, 1) + FF) (2, 1, U, Vol (2, 1,), V2o (24, £,)) < 0 (4.15)

14



for k =1,...,m. Similarly to (4.10) and (4.12), we have
n+1 (k ) TH-l k) (k)
opu® (x pu®) ( ty)
) — k t— 13 z ) VX

81590( (T4yt )—‘P( )(x*,t*) E :)‘1 ulk )( (k) t) Z)\ k) )

=1 *
n+1 (k)

Vu®) (23" 1)

A\ Ty ty) = U*(k) )\i—l’* —_ k) Tuyty) 0,

e ) ;1: u(’f)(xz(k),t*) e ( )

n+1

n+1

Vi o ) = 0 3, T

i=1

Then we deduce that

k)ZAA

%

(9tg0(k) (s, i) + F) (x*,t*,U*, Vgo(k) (s, ts), V2<p(k) (x*,t*)>

Z)\ -t it + F®) (x*,t*,U*,U* 0,U. Z)\ZA,)
“E ) i=1
n-‘rl (k: ( ) (k)
(k) x; b, ug, g 0, Ay)
= U, Z )\ ®
n+1
i=1
On the other hand, it follows from (F4) that
W FOEN a0 a) R FOEE e el e 4
DN (k) ‘ o)
i=1 Uy i=1 €
n+1
- ST Yl )
n+1
> Fy (ZAM Z Z)\vm)ZAA>
where vi(k) = log ugk) and eVi := (e” z(l),. ,ev o™ ). Since
n+1 n+1 ) n+1 ) )
Z )\ixz(k) = I, Z )\ivl@ = log H(ugj))Al = log Uy),
i=1 i=1 i=1
we deduce that
ntl k ( g ., (k) n+l
F(k t*au’n 9 Uu; AZ) k 1) (m)
Z)\ L0 > .7-"6(,72* <x*,logU*( s, log Uy ,Z)\ZAZ)
: i=1
O Che
iy o)) A
- (:pt U:™0,U, Z;)\,AZ)
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This together with (4.16) implies (4.15). Since (z,t,) is arbitrary, by (4.3) and Corol-
lary 3.1 we see that Uy is a viscosity subsolution of (4.1). Thus Theorem 4.2 follows.
|

By Theorem 4.2 we apply a similar argument as in the proof of Corollary 4.1 to obtain
the following result.

Corollary 4.2 Assume the same conditions as in Theorem 4.2. Furthermore, assume (C2)

and (C3). Let u = (uM), ... u(™) satisfy (4.1) with initial value ug = (u(()l), e ,u(()m)). If
the initial datum u(()k) is log-concave in Q fork =1,...,m, then u®) is spatially log-concave
in D for ke {1,...,m}.

Theorem 1.1 easily follows from Corollary 4.2. Corollary 1.1 follows from Theorems 1.1
and 3.2. Furthermore, we have the following well known result (see [7], [13] and [31]).

Corollary 4.3 Let Q be a bounded convex domain in RY. Let u € C?*(D) N C(D) satisfy

Ou—Au=20 in D,
u(z,t) =0 on 09 x [0, 00), (4.17)
u(z,0) = up(z) in Q,

where ug is a nonnegative continuous function on . Then u is spatially log-concave in D
provided that ug is log-concave in €.

Proof. Let u be a solution of (4.17) and A > 0. Then the function U := e~*u satisfies
U —-—AU+ XU =0 in Qx(0,00).

Applying Corollary 4.2 to the case where m = 1 and F(x,t,U, VU, V?U) = —AU + \U,
we obtain the spatial log-concavity of U in € x (0,00). Thus Corollary 4.3 follows. O

Similarly, we obtain Corollary 1.1.

5 Applications to porous medium equations

We apply our results in the previous section and study concavity properties of porous
medium equations and related systems. Concavity properties of solutions to the porous
medium equation have been studied in several papers, see e.g., [11], [17], [30], [34], [35]
and references therein (see also a survey book [38] for porous medium equations).

5.1 Porous medium equation

Let 2 be a bounded smooth convex domain in RY, D := Q x (0,00) and a > 1. Consider
the Cauchy-Dirichlet problem for the porous medium equation

Ou—A(u*) =0 in D,

u=0 on 908 x (0,00), (5.1)

u(z,0) =up(r) in €Q,
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where up € X = {weC(Q) :w>0 in Q w=0 on 9Q}. Problem (5.1) has a
unique classical solution in D (see e.g., [38, Theorem 5.5 and Proposition 7.21]). In this
subsection, as an application of Theorem 4.1, we prove the following theorem, already
given in [35].

Theorem 5.1 Let Q be a bounded smooth convex domain in RN and a > 1. Let u be a
classical solution of (5.1) with ug € X. Then u is spatially (o« —1)/2 concave in D provided
that ug is (« — 1)/2 concave in SQ.

Notice that our approach is completely different from that of [35] and enables us to obtain
concavity properties of solutions to general parabolic problems including parabolic systems
(see also Subsection 5.2).

For the proof of Theorem 5.1, we prepare the following lemma.

Lemma 5.1 Let n be a solution of
—An:nl/a in £, n>0 n €, n=0 1in 0.

Let 0 < B <1 be such that 28 < a(a —1). For any concave function 1 € C(2), such that
¥ >0 in Q and Y =0 on 02, and for every e > 0, set

2

1

ug(z) = uo(w)%1 + ew(x)ﬁ] L
Then uf is (o« — 1)/2 concave in Q and
ug(z) > on(x)* in Q (5.2)
for some 6 > 0.

Proof. Since u(()a_l)/2 and 1 are concave in  and 0 < 8 < 1, we see that uf is (o —1)/2
concave in €. So it suffices to prove (5.2). B
It follows from [3, Proposition 1] that n € C?T1/%(Q). Then

n(z) < Cidist (£,092) in Q (5.3)

for some constant C7 > 0. On the other hand, since v is concave, we see that

2

u(x) > erT(x)act > Coenctdist (2, 0)aT in 0 (5.4)

for some constant Co. Since 25 < a(a — 1), by (5.3) and (5.4) we have (5.2). Thus
Lemma 5.1 follows. O

Proof of Theorem 5.1. For any ¢ > 0, there exists a unique classical solution u. of (5.1)
with the initial data uf (see e.g., [38, Theorem 5.5 and Proposition 7.21]). By Lemma 5.1
we can find 7 > 0 such that

7o ip(x)® <wug(x) in . (5.5)

Set



which satisfies
22— A(z%) =0 in D, z=0 on 0N x (0,00).
By (5.5) we apply the comparison principle to obtain
ue(z,t) > z(x,t) in D. (5.6)
On the other hand, it follows from the Hopf lemma that

lim inf 717@ + pv(z))
p—0+ P

>0

for any = € 9. This together with (5.6) and the definition of z implies that

1
liminf p~ au, ) .
iminf p~eu (x 4+ pr(x),t) >0 (5.7)

for all (z,t) € 092 x (0, 00).
Let v := au®~!. Then we have
1
Ove — VAV, — 7|Vv6]2 =0 in D,
a—1

ve =10 on 09 x (0,00), (5.8)

v(z,0) = afuf(z)]* 1 in Q.
Set .

F(z,t,w,0,A) .= —wtr(A) — 71]9|2
a —_—

for (x,t,w,0, A) € D x (0,00) x RY x SV,
We apply Corollary 4.1 with p = 1/2 to v.. Then the function

1
Foi(z,w, A) = w  F(x,t, 0, wh,w T A) = —tr(A) — ﬁw|0|2

is convex with respect to (z,w, A) € Q x [0,00) x SV for any fixed § € R and t > 0.
This means that F satisfies condition (F3) with p = 1/2. Furthermore, we deduce from
(5.7) that

lim p~2v(z 4 pr(zx),t) = oo
p—=+0

for all (z,t) € 9Q x (0,00). Therefore, by Corollary 4.1 we see that v is spatially 1/2
concave in D, which means that u. is spatially (o — 1)/2 concave in D.
On the other hand, if 0 < ¢; < €3, the comparison principle implies that

0 <u(x,t) <ueg(z,t) <ue(x,t) in D.
Then, by [38, Proposition 3.6] we see that
ll_r% ue(z,t) = u(z,t) in D.

Therefore we deduce from the spatially (o — 1)/2 concavity of ue in D that u is spatially
(o —1)/2 concave in D. Thus Theorem 5.1 follows. O
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5.2 Porous medium systems

We discuss spatial concavity properties of the solution of the following nonlinear porous
medium system

([ Oou — i A(u®) + f(z,t,u,v,Vu) =0 in D,

v — do A(VP) + g(z,t,u,v,Vv) =0 in D,

u>0, v>0 in D, (5.9)
u=v=0 on 09 x (0,00),
u(2,0) = uo(a), v(z,0)=wo(z) i 9,

where o, > 1, di, d2 > 0 and ug, vg € X. Assume the following conditions:

(F3’) For any fixed # € R and t > 0, the functions

=3 2 2 3—a
fro (@, u) = us = fa tum T, 07T ue ),

B=3 2 2 3=
gt.0(z,v) ;== vi2g(x,t,vF-1, uo-1, vF-10)

are convex with respect to (z,u,v) € Q x (0, 00)2.

Then, setting U = au®"! and V = pv?~1, we have

. 1
@U—UAU+f@¢JLMVUy—EjﬂVUP:O in D,

) (5.10)
@V—VAV+§@¢JLMvvy—EjﬂVVP:0 in D,
where
f(z,t,U,V,VU)
U“Q a1 /V\FT 1 U\ a1
a—1 a—1 —1 a—1
_1 _- - — -
o0 (5 (e ()7 (5) T s (B ).
gz, t,U,V,VU)
B—2
1 a—1

=00 (5) o (e ()T (5) T s (5) ).

By a similar argument as in the proof of Theorem 5.1 with the aid of (F3’), we can apply
Theorem 4.1 with p = 1/2 to problem (5.10). Indeed, if the viscosity comparison principle
and regularity theorems hold for problem (5.9), then U and V are spatially 1/2 concave
in D, which means that v and v are spatially (a — 1)/2 concave and (8 — 1)/2 concave in
D, respectively. (We leave the details to the reader.) Theorem 1.2 is a direct consequence
of the consideration above.
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