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Abstract

Better ride comfort and controllability of vehicles are pursued by automotive industries by
considering the use of suspension system which plays a very important role in handling
and ride comfort characteristics. This paper presents the design of an active suspension of
quarter car system using Robust H-infinity, Robust H,, Robust Mu-synthesis controllers
with passive suspension technique. Paramefric uncertainties were also considered to
model the non linearities associated in the system. Numerical simulation was performed
to the designed controller. Results shows that inspite of introducing uncertainties, the
designed active controller improves ride comfort and road holding of the car when
compared to the traditional passive suspension system.

Keywords: active suspension, suspension system, quarter car, robust H.control, robust
H, control, Mu-synthesis

1. INTRODUCTION

While in motion, vehicles experience vibration from various sources such as road
roughness, wheel assembly, engine excitation, driveline eXcitation, transmission
excitation and aerodynamic forces. Usually, disturbance from road is the major source
that excites the car body while vibrations from other sources contribute less because of
because of their own design that its noise transmits through longer routes until it reaches
passenger [1]. To reduce this major source of vibration from road, suspension system is
used which acts as a bridge between the passenger and the surface it travels. These
suspension systems are categorized as passive, semi-active and active systems.
Conventional shock absorber creates tradeoff between vehicle body’s vertical acceleration
and vehicle’s tire contact with the road [2].

In passive suspension system, these parameters are coupled to each other, i.e., for
better ride comfort, it is desirable to limit body acceleration by permitting high relative
velocity between body and wheel with a softer shock rate. But in-turn it experience higher
variation in tire and road contact thus reducing vehicle’s handling performance. On the

other hand, by reducing relative velocity by designing a stiffer shock absorber promise

ISSN: 2005-4238 1JAST
Copyright ® 2019 SERSC 836



nternational Journal of Advanced Science and Technology
Vol. 28, No. 16, (2019), pp. 836-855

better tire and road contact with increased handling performance but compromises ride
quality. [3]studied on unconstrained optimization for passive suspension systems which
indicates the desirability of reduced wheel mass, low suspension stiffness and an optimum
damping ratio for the best car handling. The main drawback is that the spring and damper
do not provide energy to the suspension system and controls only the motion of the body
and wheel by limiting the suspension velocity with respect to the rate determined by the
designer. Thus, the performance of the passive suspension system varies subject to road
profile.

Researcher has proposed many designs to improve semi-active suspension
performance ranging from simple adjustable shock absorber to complex hydraulically
actuated suspension system. Driver adjustable shock absorber is one such example of
semi-active suspension system, where, the driver can adjust the amount of damping in the
shock absorber with a switch depending on driver’s preference and road condition. The
switch determines the position of the valve inside the shock absorber which in turn
provide different amount of passive damping. One setting may provide smooth ride with
poor car handling, whereas, another setting may provide a firm ride with good handling.
By using intelligent systems to make decision instead of the driver, these systems uses
sensors that identify the steering wheel position, brake pedal position, vehicle speed and
road profile. However, the amount of damping is decided by the system based on
information from various sensors [4].

The semi-active device must be either conserve or dissipate energy in a
suspension system. One such device is a variable resistor which dissipates energy.
Constitutive laws between the system variables of force and velocity characterize these
elements which can be altered using a control input. In a typical suspension system it is
known as variable orifice viscous damper because damping characteristics change from
soft to hard and vice versa by closing or opening the orifice. Recently, electro-rheological
or magneto-rheological fluids are being used for flow control. The other popular semi-
active suspension elements are variable force transformer and variable stiffness which
converse and dissipate energy respectively.

Active suspension system dynamically responds to continuously changing road profile
because of its ability to supply energy to produce relative motion between the sprung
mass and the unsprung mass. Typically. it uses sensors to measure variables such as body
acceleration, wheel acceleration, body velocity, wheel velocity, suspension deflection.
The use of electronic control in automobile suspension system design has attracted much
attention. Such suspension system does not only improve the performance of the vehicle
but also overcome various design trade-offs intrinsic in conventional passive suspension

system. Active suspensions are a kind of electronic suspension in which conventional
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spring damper arrangement are supplemented by actuators which can be powered by
hydraulics and controlled by an algorithm. Overall performance of a car suspension is
determined by two main factors. They are vehicle handling and passenger’s ride comfort.
The former determines the performance under the dynamic loads experienced during
cornering and braking. This in-turn gives rise to low frequency dynamics. The vehicle
ride comfort is its response to an uneven road profile in which high frequency dynamics
arise from the wheel motion. The design of an active suspension controller should meet
both this criteria without compromising either of them.

Various types controller are being used from the past few decades on active suspension
system of vehicle with different degrees of freedom. Control techniques such as sliding
mode control [5], sliding mode neural network interference fuzzy logic control [6],
optimal controls [7], backstepping control [8], fuzzy-PID control [9], fuzzy logic control
[10][11], linear quadratic controller (LQR) [12], linear quadratic Gaussian control [13],
gain scheduling control [14], fuzzy sliding mode control [15], hybrid control [16-19],
skyhook [16-19], groundhook[16-19], adaptive sliding mode control [20] and so on.

[21]developed robust tracking control scheme to improve ride comfort at any
specified location by designing two ideal vehicles so that ride comfort becomes best at
each different location. [22]designed the whole system linearly except actuator which was
designed nonlinearly. Robust H.. control method was used to design linear part to achieve
robustness and non-linear adaptive based on back-stepping control method was used to
design the actuator. [23] considered the error between the desired acting force from
H.controller and force generated by actuator as the disturbance to the linear system.
[23Jused pragmatic approach to select the uncertainty and performance weight.
[24]considered vehicle inertial properties to design robust controller. Ride comfort is
optimized by minimizing H.norm, while, road holding of the vehicle and suspension
deflection are carried out by constraining the generalized H, norm. [25]presented robust
control method with MR damper and evaluated the performance in a Hardware-in-the-
loop HiL platform to evaluate the performance using Robust H.. control. [26]used an
input delay approach to change the sampling measurement to continuous time signal with
delay in the state. A polytopic parameter uncertainty was used to characterize the
uncertain situation and lyapunov functional approach was employed to achieve the H.,
performance. [27]designedH.. control with a three dimensional kinematic model of
Macpherson suspension system to study the influence of the control force variation in
wheel motion such as wheel performance, toe angle, camber angle and track width were
simulated. However, in this study, the passenger ride comfort and car handling were not
carried out and were ignored. [28] designed Robust H.. controller with ER suspension

system subject to parametric uncertainty. Dynamic bandwidths of cylindrical ER damper
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operating with two different fluids (fast response and slow response characteristics) were
identified. [29]used sampled data for H.. control to ensure asymptotical stability of the
closed loop system with a given level of disturbance attenuation and to satisfy desirable
output constraint performance, input delay approach with sampled data H.. control were
introduced. [30]proposed robust H..state feedback quadratic controller from the solution
of convex optimization problem. [31]investigated the issue of robust quantized H.. control
by considering the vehicle load variation. Then required performance of the wvehicle
suspension such as ride comfort, car handling and suspension deflection was transformed
with sampling and quantization measurements into a continuous time system with input
delay and sector bound uncertainties by using input delay method.

During the last decade of the twentieth century, many researchers explored non-
linearities of suspension system which requires the use of non-linear model and non-linear
control scheme [32-33]. These non-linear models make active suspension control system
too complex and challenging to employ in practice. In application, engineers often have to
deal with complex systems having multiple parameter models with possible non-linear
coupling. The linear way of modeling such a system for predicting its behavior based on
analytical techniques can be proved to be inadequate even at the initial stages of
mathematical modeling. It is evident that one has to deal with high degree of uncertainty
in real time systems [34]. Thanks to robust control in dealing with system uncertainties
which include unmodelled lags (time delay), parasitic coupling, hysteresis and other non-
linearities. Such perturbation represents variation of particular system parameters over
some possible range [35]. In this paper, we have designed different types of robust
controllers namely, Robust H., Robust H, and Robust Mu synthesis with system
uncertainty to study the performance of a quarter car system. These active suspension

techniques were further compared with passive suspension system.
2. QUARTER CAR MODELING

A quarter car model as shown in the Fig. 1 is considered in this paper. In the
suspension model shown in Fig. 1, mzdenotes body mass of the vehicle, m,, denotes mass
of the wheel, k; is the suspension stiffness, c¢;is the suspension damping, k, is the tire
stiffness, x;, and x,, refers to vehicle and wheel displacement respectively, f denotes an

actuator which exerts control force.
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Fig. 1. Quarter car suspension model

The dynamic equation for the above vehicle model can be derived as follows,
m,x, +c, (%, —x,)+k,(x, —x,)=f (1)
mx, +c,(x, —x,)+k,(x, —x,)+ kw(xw - xg) =—f 2

In realistic system, mass of the body varies significantly with and without passenger
which is very uncertain in nature. The uncertainty of the spring stiffness and damping
coefficient should also be considered. However, it is considered that their values are

within certain known intervals.

m, :;b( 1+ p,:0,:)

F.o=ks (1+p,. 6,

s =Ho (1P ) @)
c, =cs(1+p,0,)

kw - %w( ]. + pk\‘.éh. )

Where, m,,k,,c,,k, and ms, ks, c,, k., are uncertain parameters and its
corresponding nominal values respectively. On the other hand, p, .. p; . P, P;, and

0,501,550, »Op, represents possible perturbations on the parameters listed in Table 1. In

this study, we have taken p,;= 0.3, piz = 0.2, pos= 0.2, pry, = 0.1 and 6,5, 033, O, Ome< 1. It
should be noted that this represents up to 30% uncertainty in body mass, 20% uncertainty
in damping coefficient, 20% uncertainty in sprung mass spring stiffness and 10%

uncertainty in tire stiffness. Moreover, uncertainty of the actuator is also included.

The nominal values for the quarter model is taken from [12] and are shown in table 1,
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Table 1.
Model parameter Symbol Values Unit
Vehicle body mass my 285 Kg
Suspension stiffness ky 17756 N/m
Suspension damping rate ¢y 535 N/(mv/sec)
Wheel assembly mass My 41 Kg
Tire stiffness ke 190125 N/m

3. CONTROLLER DESIGN
Robust controller design is selected due to uncertainty in the model and the difficulty to

predict the disturbance.

P(s)

Figure 2., Robust controller K(s)

In Fig.2.P(s) is the generalized plant, d denotes all external disturbance, output signal is
taken as error e which is to be minimized, y is the input to controller X and u is the vector

of controlled signals which is also to be reduced to avoid the saturation of the actuator.

3.1 H-Infinity Theory

Robust H.technique with nominal model and modeling uncertainty is considered due
changing system parameters owing.
x=Ax+B,d+ B,u
e=Cyx+D,,d+D,u (4)
v=C,x+D,d+D,,u

The above state space representation can be written in matrix form as,

(R Pa)
P(S)_{Pn(s) Pn('sj )

4 B, B,
=6 D, Dy, (6)
¢, D, D,

By taking lower LFT for the plant matrix P(s),
F,(P.K) =B, +B,K(I-P,K)"'P, (7)
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The goal of H-infinity controller is to find a stabilizing controller K(s) to minimize

L, =|F. (P.K)| (8)

w

Usually it is sufficient to find a stabilizing controller K, such that H-infinity norm of the

closed loop transfer function is less than a given positive number, i.e.,
|F, (P.K)|_ <7 9)
We may obtain an optimal solution by successively reducing the value of y from a large

number [36]. It should be taken care that reducing » more than the nominal range makes

the solution unreliable [37].

We could approximate

4 B, B,
P(s)=|C, 0 D, (10)
C, D, 0

In order to simplify the computation D;; and D,; are assigned zeros in Eq. (10)

We also define two Hamiltonian matrices as given in Eq. (11) and Eq. (12)

H, = A* 7 BB, —*3232 (11)
-C, C, -4

J. = A * yC C -C,C, (12)
— BB, -4

It is assumed that
1. The pair (4,B;) is stabilized and the pair (4,C;) is detectable,
2. The pair (4,B-) is stabilized and the pair (4, C>) is detectable,

Drlﬁ[q Dlz]: [0 I]

B

The H infinity controller further states that there exists an admissible controller such

L8]

b

that [T,

< y if the following three conditions hold
1. H_edom(Ric) and X_:Ric(H_)=0
2. J_edom(Ric) and Y_:Ric(J_)=0

3. p(X_Y_) <y (the spectral radius of the product X_Y, )

When these conditions hold, one such controller is
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4. -Z.L.
F. 0

ow

K,,.(s)= (13)

Where,
A =A+y?BB X_+BF, +ZL.C,
F,=-B X,

s o}

L, =-Y.C,

Z =(I-y7Y.X_)"
3.2 H; control theory

7,

The first objective in this is to find an admissible controller K which minimizes |7,

-
s

We can define the two Hamiltonian matrices belong to dom(Ric)

g,=| 4 BB (14)
-C, Cl1 -4
P (15)
" |-B,B —A4
Moreover, X, = Ric(H,)and Y, = Ric(J, ) are positive semi definite.
4., =A+BF, C,, =C, +D,F,
A, =4+L,C, B,,, =B, +L,D,,

M

A4, =A+B,F, +L,C,

Where, F, =-B, X,, L, =-Y,C"

The unique optimal controller is K,(s) is given in Eq. (16),

M

4 -L,

K, .(s)=
: F, 0

(16)

3.3 Mu-Synthesis
Mu synthesis is an optimization problem which relies on structured singular value Mu
rather than larger maximum singular value resulting in a less conservative design

approach.

min sup 4, {F,[G(jo).K(jo)]} (17)

K(s)e§ ner
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To avoid complexity in computing Mu synthesis, lower and upper bounds are

computed. Lower bound is the spectral radius of M given in Eq. (18).
p(M) < (M) < (M) (18)

Scaling matrix D and its inverse is one of the ways to reduce upper bound on Mu
without affecting the value of Mu.

D =\diag\D,.....Ds.d/1 ,....dz I, . I -}:

D,eC™ D =D >0.d,eR.d, >0}
... (19)

The upper bound on Mu can be written as
inf c(DMD™) (20)
DeD

Our goal is to minimize both K(s) and D(s).

min inf | D(s)F, (P(s). K()D7'(s) | 21)

X(s)=S p plera=
It should be noted that, D-K iterations is solved through iterations by alternating
between a minimization over K and over D.

Step 1: Minimizing over K while D is fixed. Usually D is set to I.

min
K(5)=5

| DE,(G.K)D™ | (22)
Step 2: Minimizing over D while K is fixed.

inf
D.D L erE=

DF,(G,K)D™ | (23)

The above equation is solved first by minimizing the below equation over each
frequency from the range of frequency of interest and then followed by fitting the

frequency dependent Dw with a transfer function DERHin

mjgg'[DmFL (G.K) (jo)D,™] (24)

Dws

Reducing the upper bound allows increased performance while still being robust.

3.4 Weighting function

Choosing the appropriate weighting function is an important step in designing robust
controller. The weighting functions are useful to avoid actuator saturation, closed loop
performance specification and to represent the frequency content of sensor noise and road
disturbance [38]. The weighting function We and Wu represents error and actuator
weights respectively. Whereas, Wn = 0.01 and Wd= 0.06 represents sensor noise and road

disturbance respectively.
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W; = # (25)
0.02s +1
100(s +1000x 27)
(26)

“ " (5+1000x 27 % 1000)

4. RESULTS AND DISCUSSION

Frequency domain response
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Figure 3. Body travel
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Figure 4. Body acceleration
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Figure 5. Suspension deflection

While in motion, human body is more prone to the effects of vibration in the frequency
range of 10 — 20 Hz [39]. Figure 3 — 5 show the frequency response plot of body travel,
body acceleration and suspension deflection of Robust H-infinity, Robust Mu-synthesis,
Robust H; controllers and passive suspension technique. From the result, it is evident that
there exist two natural frequency which can be classified as lower frequency and higher
frequency. Higher frequency which is of wheel mass and cannot be controlled, all
controller show similar response, whereas, at lower frequency which is of vehicle body,
active controller technique is more effective is suppressing the vibration than passive
suspension technique. However, robust H, controller does have the effect of vehicle’s
body natural frequency which is not completely suppressed unlike in Robust H-infinity
and Robust Mu-synthesis. Comparing all the results, it is clear that Robust H-infinity and
Mu-synthesis controllers is better than H; and passive in controlling the vibration at low

frequency region.
Time domain response

To study the effect of disturbance on vehicle, two types of input signal, namely bump and
pothole disturbance with 0.05 m maximal value is considered as shown in the figure 6 (a)

and 6(b) respectively.
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Figure 7 — 10 show the plot of body travel, body acceleration, suspension
deflection and actuator force of all the controllers used namely, robust H-infinity, robust
Mu-synthesis, robust H, and passive controller with bump input disturbance and pothole
disturbance. Fig 11 — 17 shows the comparison graph of settling time and peak to peak
performance of controllers with different disturbance.

It can be seen in figure 11 that H-infinity controller has faster settling time in all
results except in body acceleration with pothole input. On the other hand, Mu-synthesis
controller performs closely with H-infinity controller as far as settling time is concerned.
Passive suspension technique proves to be worst from the active suspension controllers.

Mu-synthesis has the best peak to peak response from other controllers except in
body acceleration with pothole disturbance, as shown in fig 14 — 16. However, in this
case, H-infinity controller closely follows the performance of My-synthesis. H, controller
performance remains to be worst among active controller technique.

External enerygy required by the actuator depends on required control force, so
that an acceptable trade-off between controller effectiveness and energy consumption can
be achieved. As shown in figure 17, Robust H, performs better than H-infinity controller
and Mu-synthesis controller but it is at the expense of ride comfort. Control force for
passive is zero as shown in figure 10(a) and 10(b) since passive controller do not have
actuator, whereas, Mu-synthesis requires highest external engery for actuator force
generation. Robust. It should be noted that the better performance of Mu-synthesis in peak

to peak response is with the expense of more external energy required by the actuator.
CONCLUSION

This paper presents the design of active suspension of quarter car system using Robust H-
infinity, Robust H,, Robust Mu-synthesis controllers and passive suspension technique.

Parametric uncertainties were also considered to model the non-linearities associated in
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the system. Numerical simulation was performed to simulate the designed controller.

Results show that inspite of introducing uncertainties, the designed active controller

improves ride comfort and road holding of the car when compared to the traditional

passive suspension system. However, Robust H-infinity and Robust Mu synthesis

controller showed promising performance from other active suspension technique used in

this study. Overall performance of passive suspension technique proved to be worse due

to the limitation of actuator force.
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