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Optimal quantization of probabilities
concentrated on small balls

Wolfgang Kreitmeier*

Abstract

We consider probability distributions which are uniformly distributed
on a disjoint union of balls with equal radius. For small enough radius
the optimal quantization error is calculated explicitly in terms of the ball
centroids. We apply the results to special self-similar measures.
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1 Introduction

Approximating a probability distribution by another discrete one with finite
support, one can study the deviation in terms of the induced L,—error and
ask for an optimal approximation measure under the constraint of fixed (finite)
support cardinality.

More exactly let d € N ={1,2,..} and p be a Borel probability distribution
on R?. For n € N and r > 0, we define the n—optimal quantization error

Vi) = int{ [ in || 2 = b " du(z) : 5 € R, card(5) < .

where || - || is the Euclidean norm and card is the cardinality. A set o C R¢
consisting of at most n-points is called n—optimal (of order r) for the probability
po it

Vo) = [ min 2~ a | di(a).

The problem of optimal quantization is to determine for every n € N all
n—optimal sets, which are also called n—optimal codebooks, and to calculate
the optimal quantization error V;, ().

Historically the problem of optimal quantization is mainly motivated from
electrical engineering and information theory in connection with signal process-
ing and data compression. It’s history goes back to the 1940’s. A good survey is
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the article of Gray and Neuhoff [6]. A comprehensive mathematical treatment
of this problem was given by Graf and Luschgy [3],[4].

Despite of the difficulties in determing an explicit solution of the quantization
problem, the asymptotic behaviour of (V;, ,(1t))nen could be described for large
classes of probability distributions pu. Mainly the existence of the so-called
quantization dimension and quantization coefficient was investigated by several
authors (cf. [3],[5],[8],[11],[12],[14],[15]).

Only for a very few non-singular distributions, the optimal quantization error
and the optimal codebooks can be determined exactly (cf. [3], Sections 4.4 and
5.2). A few years ago, progress was made for one-dimensional singular distribu-
tions. The quantization problem was solved for the classical self-similar Cantor
distribution (cf. [2]) and later on for more generalized Cantor distributions,
which are not necessarily self-similar (cf. [§],[I0]). For » = 2 and probabilities
which are uniformly distributed on a finite support of cardinality N, the prob-
lem of optimal quantization reduces to the calculation of the centroids of all
appearing partitions of the support (cf. [3], p.35).

The main objective of this paper is to generalize this centroidal representa-
tion of the optimal quantization error for distributions with finite support to
distributions which are uniformly supported on a collection of N disjoint balls.
If the balls are small enough, this generalization is possible for singular and non-
singular distributions in arbitrary finite dimension. If, additionally, the distrib-
ution concerned counsists of identical parts on each ball (modulo translation), we
can calculate the quantization error explicitly for n = 1,.., N. This is the main
vantage of our approach and we will utilise it for special self-similar measures.
Somewhat more precisely we investigate the quantization problem for measures,
which are concentrated on a disjoint union of N closed balls (B(x;,1))ie{1,... 5}
on R? with equal radius I > 0 and midpoints z; € R?. We assume that p is
equidistributed on the balls, i.e.

w(B(x;,l)) = % for every i € {1,..,N}. (1)

For small enough radius [ > 0 we derive a formula for the optimal quantization
error Vi, o(p) for all n € {1,..,N} in terms of the y—centroids on the balls
and we give a characterization of the optimal codebooks (cf. Theorem |4.4)).
The main idea in our proofs is an approximation argument between p and the
equidistribution @, on the finite set w = {z1,..,2n}.

The results will then be applied to self-similar measures, which are satisfying
condition . If, additionally, the iterated function system, which generates the
self-similar measure, does not contain any rotation part, we can calculate the
ball centroids explicitly. Hence, we will get a formula for the optimal quanti-
zation error of these special singular distributions, which does not contain any
p—integrals. (cf. Theorem . As special examples we briefly discuss the uni-
form distributions on modified versions of the Cantor sets, the Sierpinski gasket
and the Cantor dust.
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2 Basic notions and results about optimal quan-
tization

For the reader’s convenience we briefly present in this chapter some well-known
general facts about optimal quantization, which will be frequently used in the
sequel. Let u be a Borel probability distribution and B be a Borel-measurable
subset of R? with u(B) > 0. We define

5u(B) = (u(B) " [ aduta) 2)

as the p—centroid of B. Let n < card(supp(u)), where supp(u) is the support
of pi. For each r > 1, we denote by C,, (1) the set of all n—optimal sets for u
of order r. For any finite nonempty set a C R% and a € « let

Wiala)={zeR': |o—a| =min|z—b]} (3)

be the Voronoi cell of a with respect to a. A bijective mapping T : R? — R?
is called similarity transformation if there exists ¢ € ]0, oo[, the scaling number,
such that | Tz — Ty ||=c || @ — y || for every z,y € RY.

Theorem 2.1.

(1) There always ezists an n—optimal set for p of order r.

(2) Only one 1—optimal set for pu of order 2 exists. It equals {s,(R%)}.
(3) For any o € Cy, (1) and § # 8 C « with card(8) = m < n we have

(a) card(a) = n,
(b) if r>1, then w(W(a| )N W(b|a)) =0 for every a,b € a with a # b,
(¢) u(W(a|a)) >0 for every a € a,

(d) B € Crmy(1l- | Upes W(b | a))).

(4) For a similarity transformation T : R? — R with scaling number ¢ > 0 we
have Cp (o T™Y) =TC,, (1) resp. Vo, (poT™1) ="V, (1).

Proof. For a proof of (1) see [3], Theorem 4.12. A proof of (3a),(3c) and (3d)
can be found in [3], Theorem 4.1. The assertion (2) follows from [3], Theorem
2.4 (i) and [3], Example 2.3 (b). From [3], Theorem 4.2 we deduce (3b). The
assertion (4) is an easy consequence of the definition, but also stated as Lemma
3.2 in 3. O

Denote < -,- > as the inner product on R?. The following two results are
quite simple but useful in later chapters.



Optimal quantization on small balls 4

Lemma 2.2. Let a = s,(R?) and z € R%. Then

/Ilr—ZIIQdu /\Ix—GIIQdu( i lla—z|?.

Proof. Obviously we have

lz—2]2 = |z—a|*+|la—z|*P4+2<z—a,a—2z>.
Integration with g and the linearity of < -, > are yielding the assertion. O
Corollary 2.3. Let B be a Borel measurable subset of R with u(B) > 0. If

a = s,(B), then

/nxsz?du /waallzdu()w( Vlla—z?.

If we approximate p by another probability distribution, the optimal quan-
tization problem will also be approximated. To state the exact result for the
optimal codebooks, we first have to define the distance between two probabil-
ity measures in terms of the so called Wasserstein-Kantorovich-distance. Let
M, = M,.(R?) be the space of all Borel probability measures v on R¢ with
[l z||" dv(z) < oo and vy,v5 € M. Then

1/r
i) =int ([ o=y 1" X))

is called the Wasserstein-Kantorovich (or L,—minimal) distance between v4 and
5. The infimum is taken over all Borel probability measures A on R? x R? with
marginal measures vy and vy. Let U,V C R? be arbitrary sets. We denote

dy (U, V) —max{max min ||u—v]|, max mm | u—v ||}
uelU veV \%4

as the Hausdorff distance between U and V.

Proposition 2.4. Let p € M, and n < card(supp(p)). For every e > 0, there
exists 6 > 0 satisfying the following: for every v € M, with pr(p,v) < 6 and
every o € Cy, (1), there ezists § € C, (V) such that dg (o, §) < €.

Proof. See [3], Theorem 4.21 (b). O
Essential is the following characterization.
Proposition 2.5. Let p € M, and py € M, for every k € N. Then
(g, ) = 0,

if and only if puy converges weakly to u and

J el dw — [ o1 dutz)

Proof. See Theorem 2.6.4 in [13]. O
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3 Optimal quantization of distributions with fi-
nite support

At first in this section we briefly discuss the optimal quantization problem of dis-
tributions with finite support. In this situation, optimal quantization is reduced
to an optimal partitioning problem for the support (Remark . If r = 2, the
optimal quantization error can be calculated in terms of the centroids of an
optimal partition (Proposition . Moreover we will prove, that an optimal
partition of the finite support, which is induced by an appropriate optimal set,
will also be generated by another set with the same cardinality, if the Hausdorff
distance between the two sets is small enough (Lemma [3.5]).

Let N > 2 and w = {z1,..,75} C R? be a set consisting of N different
points. We denote @, as the equidistribution on w, i.e.

1
szﬁzaxa

rew

if ¢, denotes the Dirac measure on x. For n € {1,.., N} let Z,, be the set of all
partitions of w consisting of n—elements. For any non-empty finite set @ ¢ R?
and a € o we write w(a | @) =w N W(a | @).

Proposition 3.1. Letn € {1,..,N}. Then

Vaa(Qu) = 5 min 57 e s, () I 4)
~NEZ TEY

Proof. From [3], Example 3.5 we obtain

V(@) = x, min 3 e -sa )
werew
1
< NneunZan—sQw P )
~EZ TEY

On the other hand let o be an n—optimal set for Q,,, i.e. @ € Cp, 2(Q,,). From
Theorem (3) we deduce, that {w(a | @) : @ € a} is a n—partition of w.
Moreover due to Theorem (2) and (3) we have a = sg_ (w(a | @)) for any a
in a. Hence,

Via(@) = [min ol dQu()

%Z Z | 2 —sq,(wa|a))|?

aca rew(ala)

Nz“élzn DY e —sq.(0) 11 (6)

YEZ xEY

Y
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The combination of and @ yields the assertion. O

Let n € {1,.., N} and define

1
20 =02 € 20 Va2(Qu) = YD e —sq.(0) I

YEZ xEY

as the set of all n—optimal partitions of w. For any Z € Z,, denote
s(Z) ={sq.(v) : v € Z} as the set of all Q),-centroids induced by the partition
Z.

Remark 3.2. For any n € {1,..,N} Proposition reduces the calculation
of Vi 2(Quw) to the analysis of all possible n—partitions of w. The proof of
Proposition also shows, that every n-optimal set of Q., is generated by the
Q. -centroids of an appropriate n—optimal partition, i.e.

Cn2(Qu) ={s(2): Z € Z,}.

On the other hand , every n—optimal partition is induced by an n—optimal set,
1.e.

Zr={{w@|a):aca}:aecC,2Qu)}
Even stronger, if a € Cy2(Qw) and Z = {w(a | a) : a € a} we have oo = s(Z).
IfZe Z:, then Z ={w(a|s(Z)) :a € s(2)}.

From Theorem (4) we know, how the quantization error scales under a
similarity transformation. The following lemma does preserve this result for the
discrete distribution @, if the transformation is defined only on w instead of
R?. We will need this result in Section [5]

Lemma 3.3. Let ¢ > 0 and f : w — R?® with

| f)=fW)ll=cllz—yll
for every x,y € w. If n € {1,..,N}, then

Vn,T(Qf(w)) = C2Vn,r(Qw)'
Proof. Immediate consequence of Proposition [3.1] O
Remark 3.4. Obviously the set f(Z) is identical with the set of all optimal
n—partitions of f(w).

For a set B C R? let é be the interior of B. Let 8 C R? be finite and
consisting of more than one point. Let o C R? with card(a) = card(3). We
define

dmin(8) = min{|| z —y |- z,y € Bz # y}

as the minimal appearing distance in § and p = min(dmin(@), dmin(6))/2. If

aﬂé(b,p)#@forallbeﬂ (7)
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and 5
BN B (a,p) #0 for all a € o, (8)

we can define a bijection G4 g from § to o by taking G, g(b) as a unique element

ofan B (b, p) for every b € S.
The conditions and are satisified, if

dn (. 5) < p = 5 win(din () doin (9)). )

If dpg(a, B) < dmin(5)/2, it is easy to see, that

1 . 1
5 mln(dmin(a)v dmin(ﬁ)) 2 § mln(dmin(ﬁ) - 2CZH (aa ﬁ)) dmin (ﬁ))
1
= Qdmln(ﬁ) _dH(aaﬁ)

As a consequence, if dy(a,3) < dmin(3)/4 holds, then (9) is satisified and
therefore and are also satisfied.

For an arbitrary set U C R? we denote its boundary by OU. For any = € R¢
and [ > 0 let B(x,l) :={z € R?: || 2 || < I} be the closed ball with radius [ and
midpoint x.

Lemma 3.5. There exists a § € |0, dmin(w)/2], such that for everyn € {1, .., N},
every 3 € Cpn2(Qu) and every a C R with card(a) = n and dg(a, 8) < § the
relation

VbefB:wb|p) = {x€w:B(x,0) cW(OH|pA)}
= {x€ew:B(z,0) CW(Gapd)|a)}=w(Gas®d) |a)
hold.
Proof.

1. We determine § € ]0, dmin(w)/2].

By taking the minimum over {1,.., N} it suffices to prove the assertion for
one arbitrary n € {1,..,N}. Let n € {1,..,N} and 8 € (), 2(Q.,). From
Theorem (3b) we obtain Qu(Uyez OW (b | B)) = 0, which yields

wn | Jow (| ) =0. (10)
beps
According to the definition of a Voronoi cell and the identity we obtain
o=t —lz—t]>0

for every t,t' € § with ¢t # ¢’ and x € w(t | 8). Because 8 and w are finite, we
get

H(w,B) :=min min min c—tl=1llz=t|)>o0. 11
@8 =min min  min (o=t |~ ]o=t]) )
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Let v C R? with card(y) = n and dg (v, 8) < min(H (w, 8)/2, dmin(3)/4). Next
we will show, that for every t € 3 the relation

w(t [ B) = w(Gys(t) | 7) (12)
holds. Let t € § and © € w(t | B). Let ¢ € 5\{t}. Then we have

2= Gyp) Il =l 2= Gyp() |
> e =t | = 1¥ =Gy | =(lz =t + 1t = Gy s(t) I})
> le=t' | = lz—t| —2du(v,5)
> H(w,p)—2du(y,53) > 0.

The bijectivity of G, g ensures G, g(5\{t}) = Y\{G,,5(t)}. Hence, we obtain
for all ' € Y\{G, 3(t)}, that

[z —d | =llz—=Gyp(t) || >0,

which yields € w(G4,5(t) | 7).

On the other hand, let € w(G, 3(t) | 7). By similar arguments one gets
x € w(t | B). Thus, the equality is proved.

Now we will show, that for every ¢ > 0 and every v C R% with card(y) = n
under the condition

1 1
dH(’)/a ﬂ) < min (QH(wv ﬁ)v dein(ﬁ)v ;)

the relation

|H(w7ﬁ)_H(w77)‘§E (13)
holds. The definition and the identity lead to
H(w,B) — H(w, = min min @ min (Jz—¢ || - ||z -t
(@9~ Hw) = piy omin i (o=t~ -t )

— min min  min (|z—d||-]z—al])
a€y a’ev\{a} z€w(aly)

= min min min  (Jz—=t||=z—t]|)
tef t'eBf\{t} z€w (G~ p(t)]7)

— min min  min (|z—-d||-|z—al).

€y a’ev\{a} z€w(aly)

Because G, g is bijective, we obtain

H(w,0) — H(w, = min min  min z—Gg )] — ||z —Gg(b
()~ Hlo) = min min i (= Gao () | = | 2= Gan(8) )
— min min  min (|Jz—d || -|z—al)
a€y a’€v\{a} z€w(alv)
> min min min z=b || —=||z—=0bl —2d ,
> i winmin (o= ¥~ 2= b ~2du(y.6)
— min min  min (|Jz—d || -]z—al)

a€y a’€y\{a} z€w(aly)
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In the same way one can show, that H(w,) — H(w,v) < 2dg(y,3), which
implies . As an immediate consequence of we derive the dy—continuity
of the mapping H(w,-) in . Therefore a 61(8) > 0 exists such that for all
§ < 61(8) and for all v C R? with card(y) = n and dg(83,7) < § the relation

H(w,v) > 461(8) > 45 >0 (14)

hold.
Note, that C), 2(Q.) consists of finitely many partitions of w (cf. Remark
. Hence the inequality still holds if we exchange d1 () by the positive

value
(51 = min{(Sl (6/) : ﬁ/ S Cn,Q(Qw)}.
Let 62 = min{dmin(8)/4: 8’ € C,2(Qu)} and

o€ }O,min (dmi;(w),52,5/1)]

be chosen independently of 3. Let a C R? such that card(a) = n and dg(a, §) <
0. Let b € §. To show the assertion of Lemma [3.5] we divide the rest of the
proof into several steps.

2. We will show that w(b | 8) C {z € w: B(z,d) C W(Gag(d) | @)}
Let z € w(b | B) and z € B(z,d). It holds that

min z—all =1 z—Ggqpa(b
aeg\{GW(b)}(H =1 80) )
= min z2—r+x—Gpo(a)+Gpala)—a || — || z=2+2—b+b—Gq4 g(b
veor foms o s.a(a)+Gpala)=a | — | 50) 1)
> min z2—Ggolad)]| =l z—z | — || Ggala) —a
> _min (2= Gaola) |~ 2=~ | Gpala) ~al
—le=bl=llz=z| = 1b=Gas®) )
> min z—Ggola)|| = ||z—=0]) — 20 —2dy(a,
> _min(r - Gpal) | - 2 b ) (. 9)
> min (|| z = Gpala) | ||z —b]]) — 44.

aca\{Ga,p(b)}

Due to Gg,on = G;’lﬁ and we have

min r—Ggala)||=||z—=0b])—45
aEa\{Ga,g(bn(” gala) [l — |l I
= min (Jz—=b|—-|z—0b])—46

b'ep\{b}
> H(ww@)_45>07

which yields z € W(Gq,5(b) | ), resp. B(x,0) C W(Ga,g(b) | @).
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3. We will show that w(b| 8) D {x € w: B(z,§) C W(Gqap(b) | a)}.
Let z € w and assume that B(z,d) C W(Gq g(b) | @).
Hence x € W (G4 5(b) | o) and we get

min r—bll=lz—5b
b,eﬁ\{b}(H =1 I
= . _ bl bl 7b/ o B b b 7b
b/enﬁn\l%b}(” T —Gap(b)+ Gap() | = || £ — Ga,g(b) + Go g(b) I
> min (|| 2= Gap®) || = ||z = Gap(d) |l) — 26
2ot SOl 50 1)
= mln Tr—a _ x_Ga b —26
weorfin [ 0) 1)

> H(w,a)—26>46—26 >0,
which implies x € W (b | ).
4. We will verify the identity w(b | 8) = {x € w: B(z,d) C W(b| 8)}.

Note, that dy (8, 8) = 0 < ¢. Hence, the identity of Step 4 is an immediate
consequence of Step 1 to Step 3.

5. We will prove, that {x € w: B(z,d) C W(Ga(b) | &)} = w(Gag(b) | @).
It is obvious, that

{r ew:B(z,0) CW(Gap®)| @)} Cw(Gapsd) | a). (15)
Let z € w(Gap(b) | @) and z € B(zx,d). We deduce

min z—al| =1 z—Gas(d
wear B0 oyl =1l 50) 1)
- min z—ztz—al|-[z-z+z—Gapld
sear TR [ 50 1)
2 min rT—aj — |- Ga b — 20
N =1 50 1)

> H(w,a) —26>46—26 >0,
which implies
W(Gap) | a) C{xrew|B(x,0) C W(Gap) | a)}. (16)

The combination of and shows the assertion of Step 5.
Hence Step 1 to Step 5 are proving the assertion of Lemma [3.5 O

4 The quantization error for ball-separated mea-
sures

Based on the results from the previous section we intend in this section to derive
a formula similar to , which decomposes the quantization error by an optimal
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partition and the according centroidal sums (see Theorem [4.4)). The main idea
is an approximation argument between the discrete set w and the ball collection
(B(,1))ieq1,..,n3y Whose union contains the support of the Borel distribution p.

Recall w = {1, ..,zx} C R? and consider the collection (B(z;, D))ieq1,..,ny of
N pairwise disjoint closed balls on R? with equal radius I > 0. The distribution u
is called (I, w)—separated, if relation (1)) holds. Obviously @, is (I,w)—separated
for every I €]0, dmin(w)/2[. Let Z € Z,, and recall s(Z) = {sq,(7) : v € Z} as
the set of all (),,-centroids induced by the partition Z.

Lemma 4.1. There exists aly € |0, dmin(w)/2], such that for everyn € {1,.., N},
every | < lo and every (I,w)-separated probability measure v the following hold:

(a) for every Z € Z! and v € Z we have
v={rcw: B(x,1) CW(sq,(7v) | s(2))} = wlsq.(v) | 5(2))

(b) for every n—optimal set o € Cy, 2(v) there exists an n—optimal partition
Z € Z} coinciding with the partition induced by «, i.e.

Z = {w(sq,() | 8(2) v € Z} = {w(a| ) :a € a}.
Moreover

Z = {{rew:B(xl)cW(a]|a)}:aca}
= {{rew: Bln,l) < W(sq(1) | s(2)} 7 € 2.

Proof. As a consequence of Proposition [2.5| one derives that for all € > 0 an
I3 > 0 exists such that for all I <!y and for all (I,w)—separated measures v the
inequality

p2(V,Qu) < e (17)

holds. From (17) and Proposition we get for every € > 0 the existence of
1 > 0 satisfying the following: for any ! <3, n € {1,..,N} and a € C,, 2(v),
there exists 3 € C, 2(Q.) such that

dy(a,B) < e. (18)

Now fix § € 0, din(w)/2] according to Lemma [3.5 and let n € {1,..,N}. We
take [y so that holds with ¢ = §. We define ly := min(ly,4) and choose
I <lp. Let v be a (I,w)—separated measure.

(a) Let Z € Zf and v € Z. Remark [3.2| and Lemma [3.5] are yielding

7= wseu() s(2))
= {zew:B(x,6) cW(sq,(v) [ s(2))}-

If we substitute B(z,!1) for B(x,d), the part (a) of the assertion follows.
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(b) Let o € Cp2(v). We take 3 so that holds with ¢ = §. Lemma
guarantees for all b € 3, that
w(Gap)|a) = {rew:B(r,d) CW(Gasb)|a)}

s

{r ew:B(z,l) C W(Gap®d) | a)}

)

w(Ga,p(b) | @). (19)

N N

Moreover Lemma [3.5] implies that

wb|p) = {rew:B(z,d) CcW(OH|pL}
C {z€ew:Blx,))cW(O|B)}Ccwbd|p) (20)

and

w(Gapb) | a) =w(b]|p). (21)
Now we define the partition Z = {w(b | 8) : b € 8}. From Remark we
deduce Z € Z}. Applying Remark and Theorem (2) we obtain

8 =s(Z). (22)
From the definition of Z and 7 it follows that
Z=A{w|[pB):bepf} ={w(se.(7) | 5(2)) : v € Z}.
The identity and the bijectivity of G, g yield
Z={w(|pB):be f} ={w(Gapb) [a):bef} ={w(a]a):aca}
Hence we get from and the relation

Z = {{rew:Bx)cW(|a)}:aca}
= {zew:Bl) cW(sq,(7)[s(2))}:ve 2},

which proves the part (b) of the assertion. O

One could expect in general the existence of a lower bound for [y in Lemma[4.1
E.g. it could be conjectured the existence of £ > 0 independent of w such that
lo > € dmin(w). The following example shows that this is unfortunately not
true.

Example 4.2. Let ¢ € |0,1/4] and
w = {(07 0)7 (170)7 (1 - q, l)a (Qa 1)}
Applying Proposition [3.] and Remark[3-4 one recognizes that
1
C3,2(Qw) = {{(07 0)7 (17 0)7 (ia 1)}}
Now let | € [0,2q] and

k=1{(0,0); (1,0); (1 —q+1,1);(¢ = 1,1)}.
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The equidistribution Q. is a (I,w)—separated measure.
Ifl < q, then C32(Qk) = C32(Quw). Ifl > g, then

Cs2(Qu) = {{(g — L1 (1 — g +1,1): (3, 0)}}.

In case of l = q we have

Cra(@) = {{ZF U= et smy e mlla -y =1},

Obuviously the statements (a) and (b) in Lemma are becoming wrong, if we set
v=Q; andl > q. They are true if | < q. Because dmin(w) =1—2q > 1/4 > ¢,
and q could be chosen arbitrary small, it is not possible to fix a & > 0, which is
independent of w, such that the relation lg > £ - dypin(w) would hold.

As a last auxiliary result in this section we need a partition formula for the
quantization error in case of n = 1.

Lemma 4.3. Let ! € ]0,dmin(w)/2[ and 0 # k C w. Let v be a (I,w)-separated
measure and n = card(k). Then

it (*WU))

:iZ(HSV( (x,1) ——Zs ? +Via(v (|B(9c,l)))>

TER YER

Proof. Using Theorem (2) one gets

{so(|J B@. 1)} € Cralw(- | | Blx,1))),

TER TER
which yields
Via(- | | B, 1) Z/ I 2= su(|J B D) |12 dv(2).
TEK zer Y B(@0) YER

The application of Corollary @ implies

Vﬁg | LJ‘B xl

TEK

_ Z( I 5o B) — (B, 0) 2

TEK YER

= %Z (” su(|J By, 1) = su(B(x,1)) || +Va2(v(- | B@,;)))) ,

TER YER



Optimal quantization on small balls 14

From the definition of s,, we obtain

sl B D) <u<UB<y,Z>>) L )

YER YEK

N
— Z/ zdv(z)
n YER B(y,l)

= Y (B

YER

As a consequence we deduce

Via(v(-| | Bl 1)

TER

= *Z <|| *Z B(y,1)) = su(B(x,1)) |* +Via(v(-| B(%D))) :

TER YER

Now we can state and prove the main result in this section.

Theorem 4.4. There ezists a lp € |0, dmin(w)/2], such that for every
n € {1,.., N}, every l < ly and (I,w)—separated probability distribution v the
identity

va (- | B(z, 1))+

:cEw

iy 3 I aB6 (d 2 5B )'2 9

YEZ TEY

hold. Moreover for every n—optimal set o € Cn’g(l/) an n—optimal partition
Z € Z} of w exists, which induces «, i.e.

Cna(w) C {{s,(| B(a,1)) :v€ 2}: Z € 2} (24)

rey

Proof. We choose [y according to Lemma Let n € {1,..,N}. Let I <y and
v a (l,w)-separated probability measure. Let o € C), 2(v). We subdivide the
remaining proof into several steps.

1. We show relation .
According to Lemma (b) the set « induces an n—optimal partition Z of
w, i.e.
Z=A{w(a|a):a€a}leZ. (25)

Again by Lemma (b) we have for every a € a, that

{rew:B(x,))cW(al|a)} =w(a|a). (26)
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In the same way as for @), in Remark we deduce from Theorem (2) and
(3) that « consists of the v-centroids of its Voronoi cells, i.e.

a={s,(W(a]|a)):acal (27)
Because the support of v is a subset of U,e, B(z,1) we get from and ,
that

a = {s,( |J B@l):aca}

rEw(ala)

= {su(|UB@):y€e 2z}

rey
Because a was chosen arbitrarily, we have proven .
2. We prove a lower bound for V,, »(v).
Following the comments in [3], p.9 one recognizes that a Borel measurable
partition {4, : a € a} exists with
Wola | a) C Ap C W(a | a),
if we denote Wy(a | a) ={z € RY: ||z —a| < minyeq\(a} | #— 0 |}. From
[3], p. 31/32 we obtain
Vaa(0) = D v(4a) - Vip(w(- | Aa)).
acao
Applying Theorem (3)(b) we get
Vo) = > v(W(ala) - Via((- | W(a|a)).
aco

Because v is (I,w)—separated we have v(B(xz,l)) = 1/N. The application of

and yields

card(y
Vi (v) = Z N( Via(v(-| U B(z,1))

YEZ TEY
Therefore, Lemma implies

Vor0) = 5 ¥ 3 (Viall:| Bla1)
'yeZmG'y
lulBlaD) ~ s S8 n)I?).

and

Y

V2 (v) ZHeuzI’l -~ Z Z(Vl 2(v(- | B(,1)))

vEZ TEY

+ || su(B(z,1)) card ZS” ||2) (28)
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3. For the upper bound we proceed indirectly.
Assume the existence of Y € Z¥\{Z} satisfying

Va0) > 1 330 (Va- | Bla)

TIGY TEN

1B D) - s S s (BlD) |2).

card
U yen

Using Lemma [4:3] we recognize that the right hand side of this inequality is

identical to ()
car
5 vm( U B )

ney TEN
We define 8 = {sq_(n) : n € Y}. From Lemma (a) we deduce

card(y V12< U B ) ST u(W (b | B)WVaslo(- | W] 8)).

ney z€N bep

According to [3], Lemma 3.3 the right hand side of this inequality is greater
than or equal to V), 2(r). Hence, we end into a contradiction. Therefore
turns into an equation and the identity is proved. O

5 Application to self-similar measures

Let d, N € N, N > 2 and consider N contractions Si,.., Sy with identical
contraction factor ¢ € ]0, 1], which is the number satisfying

|'Si(z) = Si(y) [[=cllz -yl (29)

for every i € {1,..,N} and z,y € R?. We call these N contractions a uniform
iterated function system (UIF'S). Every UIF'S has a unique nonempty compact
set A C R? with the characteristic property

A=51(A)U..USN(A). (30)

For a proof of this fact the reader is referred to [7], Theorem 3.1 (3) (i). In
the literature on fractal geometry (see e.g. [I], p.31) the set A is often called
invariant attractor or invariant set.

Moreover a unique Borel probability distribution px on R? exists, which is
characterized by

1 N
== posSt (31)
Ni:l

We call p the uniform distribution (UD) of the UIFS. The support of u
coincides with the invariant set A. A proof of these facts can also be found in
.
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Every contraction S : R — R? with contraction factor ¢ € ]0, 1[ has a unique
fixed point . Moreover an orthonormal mapping O : R? — R? exists such that

S(z)=c-O(z—2x)+x

for every z € R?. For a proof see [7], Proposition 2.3 (1)).

We denote by w = {z1,..,zn5} the set of fixed points of the UTF'S. We will
assume that the fixed points are pairwise different. It holds that w C A.

Now we intend to apply the results of Section |4 to self-similar measures. To
this end, we need further restrictions to the UIF'S. For the rest of this paper
let us assume, that all contractions of the UIF'S do not contain a rotation part,
i.e. for every x € R? and i € {1,.., N} we have

Si(z) =c- (v —x;) + x;. (32)
For any nonempty set B C R? we define
diam(B) = sup{|| z — y ||: 2,y € R% z # y}.

We assume that
1 dmin(w)
< o
2 diam(A)
Remark 5.1. Because the set A depends also on the contraction factor c the
existence of co satisfying for every c € 10, co| is not obvious. Due to A =
U?;l Si(A) there exists i,j € {1,..,N} and = € S;(A), y € S;(A), such that
diam(A) =|| z —y || . Hence we obtain

(33)

diam(A) e =i ||+ @i — s | 4+ | 25 =yl

<
< 2¢-diam(A) + diam(w),

which yields

diam(A4) < - diam(w), (34)

1-2c
if we assume that ¢ €10,1/2[. A simple calculation using shows that

is satisfied for every c €10, ¢ol, if we set ¢g = dmin(w)/(2(dmin(w) + diam(w))).

Remark 5.2. Due to the balls (B(x;,c - diam(A)))ieq1,..,n} are pairwise
disjoint. Using (@) and we deduce that

p(B(ay,c - diam(A))) = u(Si(A) =

for everyi € {1,.., N}. Hence, the probability distribution u as UD of the UIF'S
is a (c-diam(A),w)—separated measure.
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Lemma 5.3. Let 0 # 1 C {1,..,N} and
w={Si(s,(A)):ie{l,.,N}}.
Then
(a) s5u(A) =L, @i/N,
(6) su (Uses Blwi,c- diam(A))) = 3¢, Si(su(A))/ card(D),
(¢) Va2(Qy) = (1 = 0)*Vn2(Qu) for every n € {1,..,N},
(@) Via(u) = (1= ¢)/(1+¢)) - V12(Qu)-

Moreover we obtain for every i € {1,.., N}, that
(¢) Via(u(- | B(zi,c-diam(A)))) = ¢* - (1 = ¢)/(1+¢)) - V12(Qu).-

Proof.
(a) Obviously
Si(4) C B(z;, c- diam(A)) (35)

for every i € {1,.., N}. Due to we therefore get
Si(A) N S;(A) =0, (36)

for all 4,5 € 1,.., N with ¢ # j. From , and the definition of the
centroid we deduce

su(A) = / xdp(x Z/ xdu(x
Si(
Using and again we obtain
N
-1 _ —1
u(A) —Z/ ZMOSJ- (x))—ZN/SL zdp o S;(z).
From (32) we deduce

W) = 3 [ (o= )+ ) duta)

(5 o+ )

N
1
= cnA)+ -9y Y,
=1

N
i=1
N
i=1

which yields s, (A4) = Ef\il x;/N.
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(b) Because p is a (c- diam(A),w)—separated measure (cf. Remark [5.2)), we get
by a simple calculation, that

54 (UB(xi,c-diam(A)>_Card ZSM (zi,c - diam(A))). (37)

iel

Due to supp(p) = A and we have for every k € {1,.., N} that
p(- | B(zg,c- diam(A < U Si(A) N B(zg,c- d1am(A))) .

The combination of (36]), and implies
u(- | B(ag, ¢ diam(A))) = p (- [ Sk(A))- (38)
From and we deduce
. 1
5, (U B(mi,c~dlam(A))> = e ;s#(Si(A))

el
— i SN[ aduta),

card(I) Pyt Si(A)

Using and we get together with , that
S (U B(x;,c- diam(A)))

iel

- ZN( / (@)dn(o))
- =T Z/ )+ 22) du(a)

= Car;(I)Z(c/Axdu(x)+(1—c) = card ZS su(A

iel

(c) We define a mapping T from w to RY by

T(x)=c- <<]1[sz> —£C> +x

for every € w. Applying (a) and we get T'(w) =&. Now let z,y € w.

Obviously
[ T(x) =T = Q=c)z-yl.

The assertion (c) is now a direct consequence of Lemma
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d) With and we derive

N
JlelPanta) = 5 3 [ lew = a0) + il o)

Using s,,(A) = [@du(z) and by some elementary calculations we deduce

/lel\Qdu ( lelel [0 )II2>+IISu(A)Il2~

By (a) we have

N
Vial@u) = 5 3 a1 = su(4) |P= (Nanﬂ) Isu (A

Hence we obtain

1-
1+

/Hxllzdu(ﬂf) = Isu(A))* = 1.2(Qw)-

By Theorem [2.1] (2) we know, that {s,(A)} is a 1—optimal set for . Thus we
get from Lemma [2.2| that Vi o(pu) = [ [|z||*dp(z) — ||s.(A)||?, which proves the
assertion (d).

(e) From identity and it follows for all ¢ € {1,.., N}, that
p(- | B(xg, e - diam(A))) = p(- | Si(A)) = po 77"
Using and Theorem (4) we deduce
Via(p(- | B(zi ¢ diam(A)))) = Via(uo S71) = *Via(p).

The assertion (e) then follows immediately from (d). O

In order to keep notation simple, we denote Z* from now on as the set of all
n—partitions of the set {1,.., N} instead of the set w. To stress the dependence
of the UD of the UIF'S on the contraction factor ¢ € |0, 1] we denote p. instead
of p.

Theorem 5.4. Let p. be the UD of a UIFS, which consists of the mappings

Si(z) =c- (v —x;) + x;.

with contraction factor ¢ €10,1] and i € {1,.., N}, z € R%
Then a cg € |0, dmin(w)/(2diam(A))] exists such that for every n € {1,..,N}
and every ¢ < cg the equation

Voalhe) = T Via(@u) + (1= Va2l Qu) (39)
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holds. Additionally for every n—optimal set o € Cy, 2(pc) an n—optimal parti-
tion Z of {1,..,N} exists such that
1 ¢ &
— i - i — Xy : I Z
card(T) zeZI it N Z(xj %) <

j=1

Proof. Fix lyp > 0 according to Theorem Let ¢y := ly/(2lp + diam(w)) and
choose ¢ < ¢g. As in Remark [5.1] one recognizes, that

lO < dmin(w)
diam(A) — 2diam(A)’

c <

Remark [5.2 ensures that p. is a (¢ - diam(A),w)—separated probability distrib-
ution. Now let n € {1,.., N} and | = ¢ - diam(A).

1. From Theorem 4] it follows that

Voo () = Zvu (ne(- | B(xi, 1))+
i=1

2
ZHEUZI}* ~ Z Z | s (B(zi, 1)) — Card Zsuc (2, 0) | I7-

n Y reziel
The application of Lemma/[5.3] (b) and (e) yields

1-
1+c

Va 2(:“0) =c- (Qw)

ZHEHZH* ~ Z Z ISi(sp. (A card ZS Spe( [l

IeZ iel

According to Remark [3.4] and Proposition [3.1] we have

_ 2 1—c¢
Via(pe) = ¢ 1+c 2(Qu) + Vnﬁ(QJ)-
By Lemmal[5.3] (c) we deduce
1—-c
Vn,Q(ﬂc) =c*. , (Qu) + (1 - C)2Vn,2(Qw)'

1—|—c'

2. Theorem [4.4] implies

Cr2(tte) € {5 (| Blwi, c- diam(A))) : T € Z}: Z € Z}}.
iel
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Lemma (b) yields

{{SMC(U B(z,c-diam(A))): T e Z}: Z € 21}
1

= U ;si(s#C(A)) leZy:ZeZ}

From Lemma 5.3 (a) and we obtain

{{Car;([);&(suc(fl)) IeZ}:Z¢eZ)

N
1 c
= _— 3 — i — X : I Z : Z Z* 5
{{Card(f)z x+NZ(xJ i) €Z}:Z¢€Z,}
el j=1
which finishes the proof. O

From the equation we obtain that the quantization error differences of p.
are scaled versions of the ones of @),,. To be exactly let v be a Borel probability
distribution on R¢ with a support consisting of at least N points. If N > 2 we
define

Dmin(Nv V)
= min{VmQ(u) - Vn+1,2(V) — (Vn_;,_l’g(l/) - Vn+2,2(V)) tne {1, ooy N — 2}}
= min{V, 2(v) + Vog22(v) —2Vpt12(v) :n e {1,..,N — 2}}
as the smallest quantization error difference for n =1,.., N.
Corollary 5.5. There exists ¢y € 10, dmin(w)/(2 diam(A))] such that for every
c <
(a) Vna(pe) = Via(pe) and
(b) Dmin(N7 ,um) = (1 - C)2Dmin(Na Qw)’ ZfN > 2.

Proof. Immediate consequence of Theorem [5.4 O

To demonstrate the applicability of our results we discuss briefly three famous
UIFS and the optimal quantization of their related UD’s.

Example 5.6 (one-dimensional Cantor set). Let d =1 and w = {x1, 22} with
z1 = 0, xo = 1. With a contracting factor ¢ €]0,1/2] we consider the UIFS
defined by (33). From Theorem[5.4] we obtain for small enough c €10,1/2] that

1—c 1—c
Via(u) = T e Vi2(Qu) = TEE) (40)
and 1 1
—ec —c
Vaal) = 77 ¢ V12(Qu) = 024(1+c)'
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By elementary considerations using and Theorem (2), one can prove
the equation (40) directly for every c € ]0,1/2]. For the special case c = 1/3 the
reader is also referred to [2], Lemma 3.4. and [2], Theorem 5.2. Insofar our
results are substantially incorporated by the already known facts regarding this
example.

Example 5.7 (Sierpinski gasket). Let d = 2 and w = {x1, 22,23} with

x1 = (0,0), 2o = (1,0) and 23 = (1/2,4/3/2). With a contracting factor ¢ €
10,1/2] we consider the UIFS defined by (39). If ¢ = 1/2, the invariant set
A of the UIFS is the (classical) Sierpinski gasket. Using Proposition we
obtain

3
1 1
Vi2(Qu) = 32 llzi = s (@) IP= 5.
3 3

=1

Applying Theorem [5.]) and Proposition [3.1) we derive

V) = 152 Via(Qu) = g
02 — C
Vaalt) = G + 51— (41)
and
(1 —c)
Vaa(p) = EE]

for small enough ¢ > 0. By direct calculations or Corollary (b) one gets

Dain(3, 1) = (1 — ) ((jg) . (;)) ~0.

From Theorem (2) we know that s,(A) is the only 1—optimal set for p.
Using Lemma (a) we obtain that s, (A) = (1/2,v/3/6). Fori € {1,2,3} we
denote

21, = Si(su(A))

and
13
120 =5 Z Sj(su(A)).
=
Applying Theorem and Lemma (a) we get
0272(/1) - {{xl,i,xgi} 1= 1, 2, 3}
According to symmetry arqguments one easily recognizes that
Coa(p) = {{z1,i, 22,4} :i=1,2,3}. (42)
Again by Theorem we obtain

03,2(M) = {{731,17 r1,2, $1,3}}-
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The identities (@ and are becoming wrong, if ¢ > 3/7. To see this, let
B = {b1,bs} with by = (1/2,v/3(1/2—¢/3)) and by = (1/2,¢V/3/6). A direct
calculation shows that

(W (by | B) — S3(A)) >0,

if ¢ > 3/7. Hence, in this case

bi # E(u(- | W(b1 | 5))), (43)

if E(-) denotes the expected value. If we assume ({3), then Theorem[2.1] (3)(d)
implies Cyo(u(- | W(by | 8))) = {{b1}}. Moreover, Theorem [2.1] (2) yields

by = E(u(- [ W(b1 | 8)));

which contradicts . Thus, B = {b1,ba} could not be a 2—optimal set, and
and (@ do not hold in this case.

Example 5.8 (Cantor dust). Let d =2 and w = {x1,x2, x3,24} with

z1 = (0,0), z2 = (1,0), z3 = (1,1) and x4 = (0,1). Consider the UIF'S defined
by (33) with a contracting factor ¢ €]0,1/2]. Similar to the other ezamples we
get for small enough contracting factor ¢ > 0 the following identities

el = g
Vsl = (e
Vaa) = GSdEAI)
Vial) = g’

Here as well, the relation Dyin(4, u) = 0 hold.
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