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The spectrum of a bound state of three identical particles with a mass m in a finite cubic box is studied.
It is shown that in the unitary limit, the energy shift of a shallow bound state is given by
ΔE ¼ cðκ2=mÞðκLÞ−3=2jAj2 expð−2κL= ffiffiffi

3
p Þ, where κ is the bound-state momentum, L is the box size,

jAj2 denotes the three-body analog of the asymptotic normalization coefficient of the bound state wave
function, and c is a numerical constant. The formula is valid for κL ≫ 1.

DOI: 10.1103/PhysRevLett.114.091602 PACS numbers: 11.10.St, 11.80.Jy, 12.38.Gc

Introduction.—Strong interactions between two particles
can be studied in ab initio lattice simulations, like for
hadron-hadron scattering in quantum chromodynamics or
dimer-dimer scattering at ultracold temperatures. At
present, Lüscher’s approach [1] represents a standard
way to study two-body scattering observables on the lattice.
In its original form, this approach relates the two-particle
scattering phase in the elastic region to the measured energy
spectrum of the Hamiltonian in a finite volume. In the
literature, one finds different generalizations of the Lüscher
approach. For instance, the approach has been formulated
in the case of moving frames [2], (partially) twisted
boundary conditions [3], and for coupled-channel scatter-
ing [4] (for a recent application of this approach to the
analysis of the two-channel case on the lattice, see Ref. [5]).
A closely related framework based on the use of the
unitarized ChPT in a finite volume has also been proposed
[6]. Further, a method for the measurement of resonance
matrix elements and form factors in the timelike region
has been worked out [7]. Note, however, that all of these
generalizations explicitly deal with two-body channels.
Studying a genuinely three-body problem in a finite volume
has proven to be a far more complicated enterprise and,
albeit there have been several attempts to solve this problem
in the past few years [8–13], the method is still in its
infancy. On the other hand, recent progress on the lattice,
related to the study of the inelastic resonances such as the
Roper resonance [14] and of the properties of light nuclei
[15–17], indicates that the generalization of the Lüscher
method to the multiparticle (three and more) systems is
urgently needed.
The main obstacle that one encounters in generalizing

Lüscher’s approach from two to three particles has a trans-
parent physical interpretation. In the center-of-mass (c.m.)
frame, the two-body scattering can be considered as a
scattering of one particle in a given potential. If this potential
has a short range (much smaller than the box size L), then

the scattering wave function at the boundaries will depend
only on the scattering phase shift in the infinite volume and,
therefore, the discrete spectrum in a finite box will be
determined by this phase shift only. In other words, the
spectrum in a large but finite box does not depend on the
details of the interaction at short distances. This is not so
obvious in the case of three particles. In this case, each pair
of particles can come close to each other and still be
separated from the third one by a large distance of order
L. It took a certain effort to prove that, despite the fact that
such configurations are allowed, the finite-volume spectrum
is still determined solely by the infinite-volume S-matrix
elements and does not depend on the short-range details
of the interaction [8]; see also Refs. [9,10]. For instance,
in a recent paper [9], the authors succeeded in deriving a
quantization condition for the three-particle spectrum in a
finite volume. It has a quite complicated structure, in
particular, due to the fact that the infinite-volume amplitudes
that enter this condition are defined in an unconventional
manner (the necessity of such a definition has been pointed
out already in Ref. [8]). For this reason, it is not an easy
task to use this quantization condition for the analysis of
lattice data—in fact, we are not aware of a single explicit
prediction for the volume dependence of physical observ-
ables except for the ground-state shift of identical particles
[18], which was done in this formalism [19]. Note also that
in Ref. [13], in the framework of the nonrelativistic effective
field theory, it has been explicitly demonstrated that carrying
out the renormalization in the infinite volume leads to the
cutoff-independent three-particle bound-state spectrum in a
finite volume that is equivalent to the statement that this
spectrum is determined by the S-matrix elements in the
infinite volume.
The aim of this Letter is to obtain such an explicit

volume dependence for the physical quantity that, in our
opinion, is the easiest to handle. In particular, we consider
shallow bound states of three identical particles in the
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unitary limit. This means that the two-body scattering
length a tends to infinity and the corresponding effective
range is zero. The three-body bound-state momentum κ,
which is related to the binding energy ET through
ET ¼ κ2=m, is much smaller than the particle mass m
or the inverse of the interaction range. Still, we consider
large boxes where κL ≫ 1. Our treatment of the three-body
bound state is not based on the quantization condition
derived in Ref. [9], but closely follows the two-body pattern
of Ref. [20] (see also Refs. [12,21], where, in particular, the
result of Ref. [20] is generalized to the case of an arbitrary
angular momentum). For this reason, our explicit result
provides a beautiful testing ground for the general approach
formulated in Ref. [9] and helps us to better understand its
structure. On the other hand, our result can be immediately
verified through numerical calculations in a finite volume
similarly to those carried out, e.g., in Ref. [13] that provides
an additional check on the theoretical framework.
Derivation of the formula for energy shift.—We start

from the Schrödinger equation for three identical particles
in the infinite volume,

�X3
i¼1

�
−

1

2m
∇2
i þ VðxiÞ

�
þ ET

�
ψðr1; r2; r3Þ ¼ 0; ð1Þ

where∇i ¼ ∂=∂ri and the Jacobi coordinates are defined as

xi ¼ rj − rk; yi ¼
1ffiffiffi
3

p ðrj þ rk − 2riÞ; ð2Þ

with ðijkÞ ¼ ð123Þ; ð312Þ; ð231Þ. Here, for simplicity, we
assume that no three-body force is present. The inclusion
of the latter can be done in analogy with Ref. [8].
In a finite volume, the potential V is replaced by a sum

over all mirror images

VLðxiÞ ¼
X
n∈Z3

Vðxi þ nLÞ; ð3Þ

and the Schrödinger equation takes the form

�X3
i¼1

�
−

1

2m
∇2
i þVLðxiÞ

�
þEL

�
ψLðr1;r2;r3Þ ¼ 0: ð4Þ

In the c.m. frame, the bound-state wave functions ψ ;ψL
depend on two Jacobi coordinates xi; yi. For three identical
particles, ψðxi; yiÞ ¼ ψðxk; ykÞ; i; k ¼ 1; 2; 3, and similarly
to the finite-volume wave function ψL.
In order to evaluate the finite-volume shift

ΔE ¼ ET − EL, in analogy to Ref. [20], we define in
the c.m. frame the trial wave function (we choose i ¼ 1
from now on)

ψ0 ¼
X
n;m

ψ

�
x1 − ðnþmÞL; y1 þ

1ffiffiffi
3

p ðn −mÞL
�
: ð5Þ

Denoting HL ¼ P
3
i¼1½−ð1=2mÞ∇2

i þ VLðxiÞ�, it can be
straightforwardly checked that ψ0 obeys the equation
ðHL þ ETÞψ0 ¼ η, where

η ¼
X
n;m

V̂nmψ

�
x1 − ðnþmÞL; y1 þ

1ffiffiffi
3

p ðn −mÞL
�

ð6Þ

and

V̂nm ¼
X

k≠−n−m
Vðx1 þ kLÞ þ

X
k≠n

Vðx2 þ kLÞ

þ
X
k≠m

Vðx3 þ kLÞ: ð7Þ

Since the potential VðxÞ has a short range, the quantity η
exponentially vanishes at a large L, η ∝ expð−const × κLÞ.
Further, applying perturbation theory, it can be verified that,
to all orders, the energy shift is given by

ΔE ¼ hψ0jTjψ0i
hψ0jψ0i

;

T ¼ ðHL þ ETÞ − ðHL þ ETÞQGQðHL þ ETÞ; ð8Þ
where

G ¼ 1

HL þ EL
; Q ¼ jψ0ihψ0j

hψ0jψ0i
: ð9Þ

Since the quantity η is exponentially suppressed at a large
L, the leading exponential correction to the energy shift is
given by (cf. Ref. [20])

ΔE ¼ hηjψ0i
hψ0jψ0i

þ � � � : ð10Þ

Note that in Ref. [12] this formula in the case of more than
two particles was given without derivation. A detailed
derivation in the case of two particles is given in Ref. [21].
In the next step, one substitutes the expression for η from

Eq. (6) into the above expression for the energy shift and
picks those terms that give a leading exponential contri-
bution at large L. Taking into account the fact that the
argument of the exponent in the infinite-volume wave
function ψðx1; y1Þ is proportional to the hyperradius
R ¼ ð1= ffiffiffi

2
p Þðx2

1 þ y21Þ1=2, one has to minimize the sum
of two hyperradii, coming from two wave functions in the
overlap integral. Finally, the expression of the energy shift
at leading order takes the form

ΔE ¼ 6 × 2 × 3

Z
d3x1d3y1ψðx1; y1ÞVðx1Þ

× ψ

�
x1 − eL; y1 þ

1ffiffiffi
3

p eL

�
þ � � � ; ð11Þ

where e ¼ ð0; 0; 1Þ denotes a unit vector and the ellipses
stand for the exponentially suppressed terms. In this
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formula, the infinite-volume wave function ψ is normalized
to unity. The factor in front of the integral reflects the
symmetries: 6 for different orientations of the unit vector e,
2 for different signs in the second argument of the wave
function y1 � ð1= ffiffiffi

3
p ÞeL, and 3 for three different pair

potentials.
Evaluation of the energy shift.—In order to evaluate the

overlap integral that defines the leading-order energy shift,
an explicit expression for the bound-state wave function
should be supplied. Only the asymptotic tail of the wave
function matters, since the finite-volume spectrum is
uniquely determined by the S-matrix elements in the
infinite volume [8]. Here, we shall be working in the
unitary limit. In the context of the lattice this means that
the two-body scattering length a ≥ L, i.e., even at the box
boundaries, the hyperradius R ≤ a. On the other hand, we
assume that the interaction range is much smaller than L.
Under these assumptions, almost everywhere in the con-
figuration space, the wave function can be approximated by
the well-known universal expression (see, e.g., Ref. [22])

ψðx1; y1Þ ¼ ANR−5=2f0ðRÞ
X3
i¼1

sinh½s0ðπ=2 − αiÞ�
sinð2αiÞ

≐X3
i¼1

ϕðR; αiÞ; ð12Þ

where

f0ðRÞ ¼ R1=2Kis0ð
ffiffiffi
2

p
κRÞ ð13Þ

and KνðzÞ denotes the Bessel function. Here, αi ¼
arctanðjxij=jyijÞ are Delves hyperangles and the numerical
constant s0 ≃ 1.00624 is the solution to the transcendental
equation

s0 cosh
πs0
2

¼ 8ffiffiffi
3

p sinh
πs0
6

: ð14Þ

Further, N is the normalization coefficient of the exact
asymptotic wave function in Eq. (12), so thatZ

d3x1d3y1jψðx1; y1Þj2 ¼ jAj2: ð15Þ

Evaluating the integral explicitly, one gets

N 2 ¼ κ2C0;

C−1
0 ¼ 8π3

sinhðπs0Þ
�
3

4
sinhðπs0Þ −

3πs0
4

−
4πffiffiffi
3

p sinh
πs0
3

þ 2πffiffiffi
3

p sinh
2πs0
3

�
: ð16Þ

Finally, the quantity jAj2 denotes a three-body analog of the
asymptotic normalization coefficient for the wave function.
It encodes the information about the short-range dynamics

in the system. Namely, if in the creation of the bound state
the long-range effects dominate, it is expected that the
quantity jAj2 is close to one [23].
Next, we evaluate the overlap integral in Eq. (11) by

using the explicit wave function from Eq. (12). In analogy
to Eq. (12), the second wave function in the integral can be
written as

ψ

�
x1 − eL; y1 þ

1ffiffiffi
3

p eL

�
¼

X3
i¼1

ϕðR0; α0iÞ: ð17Þ

As L → ∞,

R0 ¼ ½ðx1 − eLÞ2 þ ðy1 þ eL=
ffiffiffi
3

p Þ2�1=2ffiffiffi
2

p →

ffiffiffi
2

3

r
L; ð18Þ

whereas the angular variables tend to the following limiting
values:

tan α01 ¼
jx1 − eLj

jy1 þ eL=
ffiffiffi
3

p j →
ffiffiffi
3

p
þ � � � ;

tan α02 ¼
jx2 þ eLj

jy2 þ eL=
ffiffiffi
3

p j →
ffiffiffi
3

p
þ � � � ;

tan α03 ¼
jx3j

jy3 − 2eL=
ffiffiffi
3

p j →
ffiffiffi
3

p

2

jx3j
L

þ � � �

¼
ffiffiffi
6

p
R sin α3
2L

þ � � � : ð19Þ

The expansion of the angular part of the second wave
function yields

X3
i¼1

sinh½s0ðπ=2 − α0iÞ�
sinð2α0iÞ

→
Lffiffiffi
6

p
R

sinhðπs0=2Þ
sinðα3Þ

þ � � � : ð20Þ

Using the Faddeev equation

ψðx1; y1ÞVðx1Þ ¼
�
1

m

� ∂2

∂x2
i
þ ∂2

∂y2i
�
− ET

�
ϕðR; α1Þ; ð21Þ

the expression for the overlap integral in the hyperspherical
coordinates can be rewritten as

ΔE ¼ 63=2L sinhðπs0=2ÞAN
� ffiffiffi

2

3

r
L

�
−5=2

×

ffiffiffi
π

2

r
exp

�
−
2κLffiffiffi
3

p
�

1

ð ffiffiffi
2

p
κÞ1=2

× 2

Z
R5dRsin2ð2α1Þdα1dΩx1dΩy1

1

R sin α3

×

�
1

m

� ∂2

∂x2
i
þ ∂2

∂y2i
�
− ET

�
ϕðR; α1Þ: ð22Þ
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Here, we have used the asymptotic expression for the
hyperradial wave function

f0

� ffiffiffi
2

3

r
L

�
→

ffiffiffi
π

2

r
exp

�
−
2κLffiffiffi
3

p
�

1

ð ffiffiffi
2

p
κÞ1=2 þ � � � : ð23Þ

Integrating by parts and averaging over solid angles with
the use of the following formula,

Z
dΩx1dΩy1

1

sin α3
¼ 64π2ffiffiffi

3
p

sinð2α1Þ

�
sin α1θ

�
π

3
− α1

�

þ
ffiffiffi
3

p
cos α1θ

�
α1 −

π

3

��
; ð24Þ

we arrive at the final result,

ΔE ¼ cðκ2=mÞðκLÞ−3=2jAj2 expð−2κL=
ffiffiffi
3

p
Þ þ � � � ; ð25Þ

where

c ¼ −144 × 31=4π7=2C0

sinh2ðπs0=2Þ
coshðπs0=2Þ

≃ −87.886; ð26Þ

and the ellipses stand for the subleading terms in L, both
exponentially and power-suppressed ones. Note that this
behavior qualitatively agrees with the result given in
Ref. [13], albeit a more detailed numerical study of the
problem is needed.
Equation (25) is the main result of this paper. Measuring

the binding energy at different volumes, one may determine
the infinite-volume quantities ET and jAj2 through the
extrapolation procedure.
Conclusions.—Equation (25) is an explicit prediction of

the volume dependence for a genuine three-body observ-
able. This dependence can be readily verified by using
numerical methods that represent a highly nontrivial check
of thewhole approach.Moreover, understanding the present
result in the more general context of the three-body
quantization condition, one may gain insight into the
complicated three-body formalism. In view of the recent
progress in the study of inelastic resonances and nuclei in
lattice QCD, this kind of information will be very important.
As mentioned above, the present result is valid within

certain approximations. In the future, we plan to go beyond
these approximations. For example, the next step could be
to study the effects of the partial-wave mixing in the three-
particle systems as well as the effects of a finite scattering
length and interaction range. Further, it would be extremely
interesting (and much more challenging) to address the
observables from the scattering sector as well.
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