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model and ab initio calculations
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Vaishali Shah
Interdisciplinary School of Scientific Computing, University of Pune, Pune 411007, India

H. G. Salunke
Technical Physics Division, Bhabha Atomic Research Centre, Mumbai 400085, India

(Received 2 June 2014; revised manuscript received 31 July 2014; published 18 August 2014)

We investigate the chiral magnetic order in freestanding planar 3d-5d biatomic metallic chains (3d: Fe, Co; 5d:
Ir, Pt, Au) using first-principles calculations based on density functional theory. We find that the antisymmetric
exchange interaction, commonly known as the Dzyaloshinskii-Moriya interaction (DMI), contributes significantly
to the energetics of the magnetic structure. For the Fe-Pt and Co-Pt chains, the DMI can compete with the
isotropic Heisenberg-type exchange interaction and the magnetocrystalline anisotropy energy, and for both cases
a homogeneous left-rotating cycloidal chiral spin-spiral with a wavelength of 51 Å and 36 Å, respectively, was
found. The sign of the DMI, which determines the handedness of the magnetic structure, changes in the sequence
of the 5d atoms Ir(+), Pt(−), Au(+). We use the full-potential linearized augmented plane wave method and
perform self-consistent calculations of homogeneous spin spirals, calculating the DMI by treating the effect of
spin-orbit interaction in the basis of the spin-spiral states in first-order perturbation theory. To gain insight into
the DMI results of our ab initio calculations, we develop a minimal tight-binding model of three atoms and
four orbitals that contains all essential features: the spin canting between the magnetic 3d atoms, the spin-orbit
interaction at the 5d atoms, and the structure inversion asymmetry facilitated by the triangular geometry. We find
that spin canting can lead to spin-orbit active eigenstates that split in energy due to the spin-orbit interaction at the
5d atom. We show that the sign and strength of the hybridization, the bonding or antibonding character between
d orbitals of the magnetic and nonmagnetic sites, the bandwidth, and the energy difference between occupied
and unoccupied states of different spin projection determine the sign and strength of the DMI. The key features
observed in the trimer model are also found in the first-principles results.
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I. INTRODUCTION

The recent discovery of chiral magnetism in low-
dimensional metals [1] has opened a new vista in the research
of magnetism. For a two-dimensional Mn monolayer film on
W(110) it was shown that the magnetic structure was not
the two-dimensional checkerboard antiferromagnetic one [2]
as thought of for a long time; instead by combining spin-
polarized scanning tunneling microscopy and ab initio theory
a left-rotating cycloidal spin spiral was found. A right-rotating
one, which would have the same energy in a conventional
achiral magnet, does not exist. Since then, chiral magnetism
has been found in other thin-film systems Mn/W(100) [3] and
in biatomic Fe chains on the (5 × 1)-Ir(001) surface [4]. Chiral
magnetism was recently also found in domain walls, e.g., in
Fe/W(110) [5,6], Ni/Fe/Cu(001) [7], Co/Pt(111) [8], Co/Pt [9],
FeCo/Pt [10] and in the magnon dispersion of Fe/W(110) [11].
In most cases the chirality is imprinted in one-dimensional
chiral spin spirals, but under certain conditions chirality can
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also appear in the form of two-dimensional objects known
as skyrmions, e.g., in the case of Fe/Ir(111) [12–14] and
Pd/Fe/Ir(111) [15]. The chirality in these low-dimensional
magnets opens completely new perspectives in domain-wall
motion, spin torques, or spin transport that all together have a
great impact on the further development of spintronics.

The origin of the chirality in low-dimensional itinerant
magnets is caused by the presence of the spin-orbit interaction
(SOI) in combination with a structure inversion asymmetry
provided by a substrate on which the film is deposited. This
leads to an antisymmetric exchange interaction, postulated
first by Dzyaloshinskii [16] and frequently referred to as
the Dzyaloshinskii-Moriya-type interaction (DMI), because
Moriya [17] provided the first microscopic understanding
on the basis of a model relevant to insulators. Although
the microscopic models for metals are naturally different
and go back to Smith [18], Fert and Levy [19,20], and
Kataoka et al. [21], the functional form of the antisymmetric
exchange remains unchanged. If the Dzyaloshinskii-Moriya-
type interaction is sufficiently strong, it can compete with the
conventional isotropic exchange interaction of spins and the
magnetocrystalline anisotropy (MAE), and the conventional
ferromagnetic or antiferromagnetic phase is destabilized in
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favor of a chiral one. The isotropic exchange interaction
goes back to the Coulomb interaction in combination with
the antisymmetric nature of the many-electron wave function
and the hopping of electrons. It is typically captured by
the Heisenberg model. The Heisenberg interaction is strictly
achiral and any spiral state produced by the Heisenberg
interaction is symmetric with respect to left or right chirality.
Whether the Dzyaloshinskii-Moriya-type interaction is strong
enough to stabilize a chiral spiral and which sign the interaction
will take on, determining the chirality of the rotating structure
(right- or left-rotating), is a priori unknown and depends on
the details of the electronic structure.

Homogeneous and inhomogeneous chiral spirals have been
investigated by Dzyaloshinskii [22] on a model level. Surpris-
ingly, little is known quantitatively about the Dzyaloshinskii-
Moriya-type interaction in low-dimensional metallic magnets.
Practically no systematic theoretical or computational results
exist. Obviously, it is a chiral interaction based on spin-
orbit interaction and requires the treatment of noncollinear
magnetism in a broken symmetry environment, which ne-
cessitates typically the computation of small quantities in
a complex geometry. In particular, this interaction is small as
compared to the Heisenberg exchange, and therefore we expect
chiral spirals of long wavelengths that deviate little from the
ferromagnetic state. Thus, in terms of ab initio calculations
this means an accurate treatment requires precise calculations
of gigantic unit cells that are unattainable even with modern
supercomputers. All in all, this makes the treatment rather
nontrivial.

In this paper we shed light onto the DMI by performing
calculations based on the density functional theory to a
well-chosen set of model systems, namely planar free-standing
zigzag biatomic chains of 3d and 5d transition-metal atoms
in a structure inversion asymmetric geometry. That means,
we have chosen a combination of 3d elements (Fe or Co)
exhibiting strong magnetism and heavy 5d elements (Ir, Pt, or
Au) as the source of strong SOI.

The asymmetric chain can be considered as a minimal
model describing a film of 3d atoms on a nonmagnetic
substrate with large spin-orbit interaction, or a chain of 3d

metals at the step-edge of a 5d substrate [23–27]. But it is also
a system in its own right. Recently, the magnetic properties
of various bimetallic 3d-5d chains of linear and zigzag shape
have been investigated [28–30].

The calculations are carried out within the full-potential
linearized augmented plane wave method (FLAPW) [31,32]
as implemented in the FLEUR code [33]. In order to deal with
the large unit cell anticipated for chiral magnetic spirals, we
treat the magnetic structure in reciprocal space by making
use of the generalized Bloch theorem [34–36] in the absence
of the spin-orbit interaction, which allows the calculation of
incommensurate magnetic spirals in the chemical unit cell. The
spin-orbit interaction is then treated in first-order perturbation
theory in the basis of the spin-spiral solutions. The MAE
is determined by separate calculations and all results are
discussed in terms of the model Hamiltonians for the different
spin interactions (viz., Heisenberg, DMI, and MAE).

Our findings show that without SOI all systems are
ferromagnets with the exception of the Fe-Pt and Co-Pt
biatomic chains. For these two chains, we expect a magnetic

exchange spiral that is degenerate with respect to the right- or
left-rotation sense. Including the spin-orbit interaction we find
that the hard magnetization axis is normal to the plane of the
zigzag chain and thus any spiral should be of cycloidal nature
where the magnetization rotates in the plane of the zigzag
chain. The DMI depends critically on the substrate, i.e., the
5d atom of the biatomic zigzag chain; the sign of the DMI
flips each time, when moving from Ir to Pt and then to Au.
Among all chains, for the Fe-Pt and Co-Pt chains, the DMI is
sufficiently strong to stabilize a chiral magnetic ground state
of the left-rotational sense.

Surprisingly little is known about the relation between the
DMI interaction and the electronic orbitals that contribute to
it. The rather clear nature of the electronic structure of the
biatomic zigzag chain invites the development of a minimal
tight-binding model consisting of four relevant d orbitals
located at two 3d atoms and one 5d atom arranged in a
triangular geometry. In this paper, we present the results of
this simple tight-binding model, which represents the essential
features of the problem elucidating the factors controlling
the sign and strength of DMI in these 3d-5d transition-metal
zigzag chains.

The paper is organized as follows: Sec. II describes the
computational methodology required for determination of the
DMI and MAE from first-principles calculations. In Sec. III,
the results for the 3d-5d biatomic chains are presented. In
Sec. IV we describe the tight-binding model for the trimer in
detail and from the results we draw analogies to the infinite
3d-5d chains. Finally, we conclude our findings in Sec. V.

II. COMPUTATIONAL METHODOLOGY

A. Structural optimization

We have modeled freestanding planar zigzag biatomic
chains of 3d-5d elements, as shown in Fig. 1. For the
calculations, we have used the film version of the full-potential
linearized augmented plane wave (FLAPW) method as imple-
mented in the Jülich DFT code FLEUR [33]. SOI is not included
at this point. For our one-dimensional structures, we choose a
large rectangular two-dimensional unit cell of 20 a.u. along the
y direction to minimize the interaction between periodically
repeated images of one-dimensional infinite chains containing
one 3d and one 5d atom. Then, we optimize the lattice
parameter a for the magnetic chains, corresponding to the
unit-cell length in the x direction, and the bond length d, by

FIG. 1. (Color online) Structure of the 3d-5d transition metal
chains. The lattice parameter a denotes the equilibrium bond length
between two consecutive 3d (5d) atoms. d represents the distance
between the 3d-5d atoms and α is the angle spanned by the 5d-3d-5d

atoms.

054412-2



DZYALOSHINSKII-MORIYA INTERACTION AND CHIRAL . . . PHYSICAL REVIEW B 90, 054412 (2014)

carrying out spin-polarized calculations applying the revised
Perdew-Burke-Ernzerhof (rPBE) [37] exchange correlation
functional within the generalized gradient approximation
(GGA). Our unit cell is perfectly embedded in two semi-
infinite vacua in the ±z directions. The muffin-tin sphere
around each atom was chosen to be 2.2 a.u. for all chains. A
careful convergence analysis shows that a plane-wave cutoff
of 3.8 a.u.−1 and 48 k points along the positive half space of
the one-dimensional Brillouin-zone are sufficient to obtain
converged structural parameters a and d in nonmagnetic
calculations. For completeness, we mention that in our setup,
the inversion symmetry is broken due to a lack of reflection
symmetry along the x-z plane.

B. Collinear magnetic calculations

Using the optimized geometry, we calculated the energy
difference between collinear states (ferromagnetic and antifer-
romagnetic, respectively) in scalar-relativistic approximation
with 48 k points, using the exchange correlation functional
GGA-rPBE on the one hand, and the Vosko, Wilk, and Nusair
(VWN) functional [38] within the local density approximation
(LDA) on the other. All magnetic interactions are provided as
calculated by the LDA functional as experience has shown that
it gives a more realistic description of the magnetic interaction
energies.

C. Spin-spiral calculations

We consider flat, homogeneous spin spirals, which are
defined by two quantities: the spin-spiral wave vector q and a
rotation axis. The former has three properties: (i) the direction
of q corresponds to the propagation direction of the spin
spiral (in our case it is limited to the x direction due to the
one-dimensional nature of the chains and we omit the vector
character of q in the following), (ii) its magnitude determines
the wave length λ = 2π |q|−1 of the spin spiral, and finally (iii)
the sign of q determines the rotational sense of the spin spiral.
If q > 0 (q < 0) we refer to a counterclockwise (clockwise) or
left (right) rotating spiral. To finalize the definition of the spin
spirals, we comment that for “flat” spin spirals all magnetic
moments are rotating in one plane perpendicular to the rotation
axis. There are two special q points in the one-dimensional
Brillouin zone that deserve mentioning, q = 0 that represents
the ferromagnetic alignment, and q = ±0.5 2π

a
that represents

antiferromagnetic alignment.
We have performed self-consistent total-energy calcula-

tions of spin spirals within the scalar-relativistic approximation
(i.e., without SOI) using both the GGA-rPBE and LDA-VWN
exchange-correlation functionals. In this case, we can without
loss of generality choose a rotation axis along the z direction
and exploit the generalized Bloch theorem [34–36], which
allows for a calculation of spin spirals in the chemical unit
cell rather than a possibly large supercell and thus reduces
the computational effort considerably. In a second step, we
have estimated the effect of SOI on the spin-spiral energies in
first-order perturbation theory (cf. Sec. II D). For all spin-spiral
calculations a dense k mesh of 384 k points has been used.

Let us first look at the case without SOI: the correspond-
ing interaction energy between magnetic moments can be

described in terms of a Heisenberg model as

E0(q) =
∑
i,j

Jij Si · Sj , (1)

where the direction vector of the magnetic moment, Sj ,
at lattice site j is parametrized by the magnetic spiral
Sj = ( cos(j a q), sin(j a q),0)T, and the sign of the isotropic
exchange integrals Jij determines whether the magnetic
interaction between the sites i and j is ferromagnetic (J < 0)
or antiferromagnetic (J > 0). Nontrivial spin-spiral ground
states can be formed, if the interaction between different
neighbors is competing in sign and strength in a form that
the mutual exchange interaction is frustrated. Such spirals are
exchange spirals in opposite to chiral spirals induced by the
DMI. Exchange spirals are achiral in the sense that the energies
are degenerate with respect q and −q, which is reflected by
the dot product of the Heisenberg model.

D. Calculation of Dzyaloshinskii-Moriya interaction

When considering the SOI for a spin-spiral state, two more
energy contributions appear: A magnetocrystalline anisotropy
energy (MAE; cf. Sec. II E) and the Dzyaloshinskii-Moriya
interaction, which in terms of a spin model is of the form

EDM(q) =
∑
i,j

Dij · (
Si × Sj

)
. (2)

Here, the antisymmetric exchange constants Dij are called
Dzyaloshinskii-Moriya (DM) vectors, which determine the
strength and sign of DMI. Due to the cross product between the
two magnetic moments, canted spin structures of a particular
handedness are favored by this energy term. The type of
handedness depends on the sign of the DM vectors with
respect to the spin-rotation axis. As a result, the degeneracy
of spin spirals with respect to the direction of the rotation
axis is lifted: EDM will become extremal for a rotation axis
parallel to the DM vector. For the zigzag chains investigated
in this work, the x-y plane is a global mirror plane [M :
(Sx,Sy,Sz) → (−Sx,−Sy,Sz)], and through plain symmetry
arguments the DM vector D = (0,0,D) is pointing along the
±z direction, thus preferring flat spin spirals with a rotation in
the x-y plane. Within our geometry, we define the chirality
index C = ez · (Si × Si+1) and call the magnetic structure
left-handed (right-handed) for C = +1 (C = −1).

For the calculation of the energy of spin spirals including
the SOI, the generalized Bloch theorem cannot be applied
any more, because atoms with different directions of the
magnetization can be distinguished by their spin-orbit in-
teraction energy. One possible way could be to use large
supercells in which the magnetic structure is commensurate,
to large computational costs. However, due to the much
smaller SOI energy compared to the total energy of the
spin spiral [39,40], we treat SOI as a perturbation to the
system. This allows us to find the energy levels and the wave
functions of the unperturbed system, ε0

kν(q) and ψ0
kν(q,r), for

the one-dimensional Bloch vector k and band index ν, using
the chemical unit cell only. Then we estimate the shift δεkν of
these levels due to the SOI Hamiltonian HSO, in the basis of
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spin-up and spin-down states as

δεkν = (〈ψ (↑)
kν |〈ψ (↓)

kν |)
(
H(↑,↑)

SO H(↑,↓)
SO

H(↓,↑)
SO H(↓,↓)

SO

)(
|ψ (↑)

kν 〉
|ψ (↓)

kν 〉

)
. (3)

Summing up these energy shifts over all occupied states
of the unperturbed system, we find an energy correction
corresponding to the Dzyaloshinskii-Moriya interaction,

EDM(q) =
occ.∑
kν

δεkν(q). (4)

Because each level exhibits the symmetry δεkν(−q) =
−δεkν(q), this antisymmetric behavior will be inherited by
the sum EDM(−q) = −EDM(q), and only the spin spirals with
positive q must be computed. Obviously, EDM(q) is an odd
function of q and for small |q|, EDM(q) � Dq, where D takes
the role of an effective DM vector in the z direction and is
a measure for the strength of the DMI. The Dzyaloshinskii-
Moriya interaction in the 3d-5d chains was calculated using a
LDA-VWN functional and with a dense mesh of 384 k points.

E. Magnetocrystalline anisotropy

The second energy contribution due to SOI is the magne-
tocrystalline anisotropy energy (MAE). It will generally tend
to a collinear alignment of magnetic moments along the easy
axis (i.e. the direction with lowest energy) of the system, and
thus competes against the DMI. To be more precise, it will
compete against any noncollinear magnetic structure, since
then there are always magnetic moments pointing away from
the easy axis that will increase the energy of the system. Based
on our results (as discussed in Sec. III), we can focus the
following discussion on an easy axis that is either in the x or
y axis. Then, let K1 be the difference between the energies of
these two directions, and let K2 be the difference between the
energies along the z axis and the easy axis. Any homogeneous,
flat spin spiral rotating in the x-y plane will then have an
average MAE per atom of 1

2K1.
In order to compute the MAE, we have performed collinear

(i.e., ferromagnetic) calculations, where we chose the magnetic
moments to be fixed along the three crystal axes, x, y, and z.
The spin-orbit interaction was included self-consistently in our
calculations, using 192 k points in the whole Brillouin zone.
By comparing the total energies of the three calculations, we
obtain values for K1 and K2. These calculations also allow for
a discussion of the magnetic orbital moments.

F. Ground-state formation and inhomogeneity

Considering these three energy contributions, a chiral ho-
mogeneous spin spiral with wave vector q will be established
by the DMI out of the ferromagnetic state, i.e., q = 0, only if
their sum yields an energy lower than the ferromagnetic state,
i.e., E0(q) + EDM(q) + K1/2 < E0(q = 0).

Although the ab initio calculations impose homogeneous
spin spirals, the possible formation of inhomogeneous spirals
can be analyzed on the basis of a micromagnetic model of
one-dimensionally spiralling magnetic structures developed by
Dzyaloshinskii [22] with micromagnetic parameters deduced
from the homogeneous calculations. In homogeneous spin

spirals the angle of the magnetization direction changes by the
same amount from atom to atom. If the magnetic anisotropy is
strong, it seems natural that the magnetization direction along
the easy axis is preferred and we expect small angles of rotation
in the vicinity of the easy axis accompanied by fast rotations
into the hard axes and back. Within this micromagnetic theory
the degree of inhomogeneity is quantified by a parameter [41]
κ = 16/π2 · AK1/D

2, whereas the micromagnetic parameters
are taken from a fit of a quadratic energy form E = Aq2 +
Dq + K1/2 to the ab initio energy dispersion in the vicinity
of the energy minimum. If κ = 0 the spiral is perfectly
homogeneous; for κ = 1 the spiral separates into two collinear
domains, separated by a chiral domain wall.

III. RESULTS AND DISCUSSION

A. Structural properties and magnetic moments

In the present paper, we have investigated zigzag 3d-5d

bimetallic chains as shown in Fig. 1. We observed that all
chains give well-defined, unique minima in the total energy
with respect to the lattice constant a (upper panel of Fig. 2).
Table I shows the optimized geometrical properties as well as
the magnetic moments of the two kinds of atoms. The values
of a and d indicate that isosceles triangles are formed, similar
to gold [42] and nickel [43] zigzag chains. The magnetic spin
moments of Fe in the Fe-5d chains are always larger than the
Co moments in the Co-5d chains. The 5d atoms show relatively
small induced magnetic spin moments. These moments couple
ferromagnetically to those of the 3d atom and depend only
weakly on it. The induced magnetization is larger for 5d atoms
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FIG. 2. (Color online) Total energies (upper panel) and magnetic
spin moments (lower panel) of Fe- and Co-5d chains plotted as a
function of lattice constants a [i.e., E(a,do) and M(a,do)] for optimal
do at given a. The results for Fe-5d chains are shown by red lines
with triangles, whereas the blue lines with squares denote results for
Co-5d chains.

054412-4



DZYALOSHINSKII-MORIYA INTERACTION AND CHIRAL . . . PHYSICAL REVIEW B 90, 054412 (2014)

TABLE I. Structural parameters of the optimized zigzag 3d-5d

metallic chains. ao is the lattice constant, do represents the 3d-5d

distance, and αo is the angle between the 5d-3d-5d atoms (cf. Fig. 1).
The magnetic spin moments MS on the 3d and 5d atoms always
couple ferromagnetically with values as listed. SOI has not been
included in these calculations.

MS (μB/atom)

System ao (Å) do (Å) αo (deg) 3d 5d

Fe-Ir 2.41 2.35 61.83 3.11 0.67
Fe-Pt 2.55 2.44 63.08 3.27 0.53
Fe-Au 2.62 2.59 60.76 3.26 0.08
Co-Ir 2.45 2.37 62.07 2.06 0.68
Co-Pt 2.50 2.43 62.02 2.18 0.34
Co-Au 2.59 2.57 60.42 2.15 0.07

with smaller atomic number (Z). Our results on the 3d-5d

distances and the spin moments in the Co-Pt, Co-Ir, and Fe-Ir
chains are in good agreement with values available in the
literature [28,29].

We have also investigated the variation of the total magnetic
moment in the unit cell [44] as a function of the lattice constant
a (lower panel of Fig. 2). As before, the magnetic moments
for Fe-5d chains are larger than those of Co-5d chains for
a large range of a. With increasing a, the magnetic moment
increases as the electron wave functions tend to become more
atomic. This variation in the magnetic moment in Fe-5d chains
is larger than that of Co-5d chains. In addition, the variation
in the magnetic moment decreases as the lattice constant is
increased in all 3d-5d chains. As the lattice constant decreases
close to 2 Å, the magnetic moment of Fe-5d chains decreases
sharply, indicating the possibility of a magnetic transition
during compression.

B. Isotropic exchange interaction

In Fig. 3, we present the calculated energies of flat,
homogeneous spin spirals of 3d-5d chains in the scalar-
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FIG. 3. (Color online) The dispersion energy of flat spirals for
Fe-5d (left) and Co-5d chains (right) without SOI as a function of
the spin-spiral vector q calculated using the LDA-VWN functional.
Because of the symmetry E0(q) = E0(−q), we show only the
dispersion energies for q > 0. The inset shows the magnified region
near the ferromagnetic state (q = 0).

relativistic approximation (not considering SOI). In this case,
the dispersion energy is an even function of the spin-spiral
vector [i.e., E0(q) = E0(−q)]. Our results demonstrate that
the ferromagnetic state is energetically most stable in most
3d-5d chains, except for Fe-Pt and Co-Pt, which show a
(noncollinear) spin-spiral ground state. In Co-Pt, the energy
at q = ±0.07 (henceforth the values of q will be given in
units of 2π/a, which corresponds in this case to an angle
of 25.20◦ between adjacent unit cells) is lower than that
of the ferromagnetic state by 4.4 meV/f.u. In Fe-Pt, the
energy minimum at q = ±0.03 (corresponding to an angle
of 10.79◦) is only 1.4 meV/f.u. lower than the ferromagnetic
state.

In Co-Ir and Co-Au chains, the spin-spiral dispersion
energies presented in Fig. 3 show a typical parabolic behav-
ior around the ferromagnetic (q = 0) and antiferromagnetic
(q = 0.5) states. For Fe-based chains and the Co-Pt chain,
the shape of the dispersion energies show deviations from
the pure cosine behavior with a minimum value at q = 0
and a maximum value at the zone boundary. Obviously,
exchange interactions Jij between more distant neighbors
become important. For example, a dip around q ≈ ±0.3 is
observed in the Fe-5d chains, with Fe-Ir having a more
pronounced manifestation. However, these longer-distance
interactions do not influence the magnetic ground state of
these chains. Instead, the further-distance interactions in the
Pt-based chains have an influence on the magnetic ground
state. They compete with the ferromagnetic nearest-neighbor
interaction between the 3d atoms, in total leading to a local
minimum at small q values. As result we obtain for these
systems an incommensurable spin-spiral ground state at q =
±0.035 for Fe-Pt and q = ±0.07 for Co-Pt.

For completeness, we compared for all chains the energy
difference between the ferromagnetic (FM) and antiferromag-
netic (AFM) configuration evaluated using the GGA-rPBE
exchange-correlation functional with the difference obtained
by the LDA-VWN functional for two types of calculations, one
carried out by the spin-spiral formalism and one by collinear
calculations. All energy differences have been evaluated for
the ground-state geometry obtained by the GGA functional.
From Table II it can be seen that the LDA-VWN functional
gives significantly larger (25% to 50%) energy differences.
The spin-spiral calculation and the collinear calculation for
the antiferromagnetic configuration are different in one respect

TABLE II. Energy difference in meV/f.u. between ferromagnetic
and antiferromagnetic states for 3d-5d chains. The collinear results
were obtained using a supercell approach, whereas the spin-spiral cal-
culations were performed exploiting the generalized Bloch theorem.
Some of the GGA spin-spiral calculations did not converge.

Collinear Spin spiral Collinear Spin spiral
System (GGA-rPBE) (GGA-rPBE) (LDA-VWN) (LDA-VWN)

Fe-Ir 92 105 117 121
Fe-Pt 112 126 162 170
Fe-Au 119 185 181
Co-Ir 154 294 296
Co-Pt 146 155 182 186
Co-Au 171 168 212 213
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TABLE III. Magnetocrystalline anisotropy energy in meV/f.u.
K1 represents the energy difference between the easy axis and its
perpendicular conjugate in the plane of the chain. K2 is the energy
difference between the easy axis and z axis.

System Easy axis K1 (meV/f.u.) K2 (meV/f.u.)

Fe-Ir x 2.4 5.3
Fe-Pt x 0.8 7.3
Fe-Au y 1.8 2.1
Co-Ir x 15.8 20.7
Co-Pt y 0.2 12.3
Co-Au y 1.4 2.1

in that the quantization axes of the 5d atoms are rotated by
90◦ with respect to the one of the 3d atoms for the spin
spiral but are parallel for the collinear calculations. However,
the magnetic moment of the 5d atom is much reduced
in the antiferromagnetic state due to frustration, and in turn
the direction of the quantization axis has little influence
on the total energy for the AFM. The frustration occurs
because the moment of the 5d atom couples ferromagnetically
to the moment of the 3d atoms (cf. Table I), and for an
antiferromagnetic configuration any finite moment of the 5d

atom would be parallel to the moment of the one 3d atom and
antiparallel to the moment of the other 3d atom. The energy
difference is in general larger for GGA results (14 meV/f.u.
for Fe-Pt and 9 meV/f.u. for Co-Pt) than for LDA results
(8 meV/f.u. for Fe-Pt and 4 meV/f.u. for Co-Pt). Thus, the
total energy depends only very little on the choice of the
quantization axis of the 5d atoms and a further optimization
of the direction of this axis is not necessary.

C. Effect of spin-orbit interaction on magnetism

1. Magnetocrystalline anisotropy energy and orbital moments

The magnetocrystalline anisotropy energy (MAE) is ex-
tracted from the total-energy calculations of ferromagnetic
states, with the magnetic moments pointing along the three
high-symmetry directions. We find that for all investigated
chains the z axis is the hard axis, K1 < K2 (cf. Sec. II E)
and subsequently, for all chains the easy axis lies in the x-y
plane (cf. Fig. 1) of the biatomic chains (Table III). The Fe-5d

chains, except for Fe-Au, prefer a uniaxial magnetization along

the x axis. In contrast, the Co-5d chains prefer the y axis as
the easy axis, except for Co-Ir. The 3d-Pt chains exhibit the
smallest in-plane anisotropy K1, whereas 3d-Ir chains have a
very large K1. The 3d-Au chains have the smallest out-of-plane
anisotropy. This is a consequence of the hybridization between
the spin-split transition-metal 3d states with the spin-orbit
interaction carrying 5d-states. This hybridization is smaller for
Au than for Pt or Ir, because the 5d states of Au are 3 eV below
the Fermi energy, while for Pt and Ir the 5d states are crossing
the Fermi energy and then the interaction of magnetism with
SOI is much stronger. In general, the magnetocrystalline
anisotropy energies found here are large compared to the
values found for typical bulk structures [45–47], as expected
for systems with reduced dimensions.

We also calculated the shape anisotropy due to the classi-
cal magnetic dipole-dipole interactions, using the magnetic
moments listed in Table I. For all chains, we observed
an energetically most favorable direction of the magnetic
moments along the wire axis. However, the magnetocrystalline
anisotropy due to spin-orbit coupling is 2–3 orders of magni-
tudes larger than the shape anisotropy and hence dominates
the magnetic anisotropy contribution to the energy of the
system.

We have calculated the magnetic spin and orbital moments
including the SOI for three different magnetization directions
x, y, and z (cf. Table IV). The inclusion of SOI reduces the
spin moments on the order of a few hundredths of a Bohr
magneton, explaining the smaller values as compared to the
spin moments listed in Table I. The orbital moments of the
3d metals are small and in the typical range of a few percent
of the spin moment. In the cases of the Ir and Pt chains the
orbital moments of the Ir and Pt atoms are larger than their spin
moments exemplifying that for these elements the spin-orbit
interaction is more important than the intra-atomic exchange.
In the case of the Fe-Au and Co-Au chains the orbital moments
of Au are small, due to the completely filled d shell of the
Au atoms. The spin moments depend only weakly on the
direction of the magnetization. This is different for the orbital
moments in particular of Ir and Pt that exhibit changes of up to
100%. The magnetic spin moments and the orbital moments
of each atom couple ferromagnetically for all investigated
chains consistent with Hund’s third rule for atoms with more
than half-filled d shells. The magnetization direction yield-
ing the maximum total orbital moment, i.e., (M3d

L + M5d
L ),

TABLE IV. The site-projected spin moments (MS) and orbital moments (ML) of 3d-5d nanowires listed in units of μB . The moments are
presented for the magnetization direction along x, y, and z.

Fe-Ir Fe-Pt Fe-Au Co-Ir Co-Pt Co-Au

System 3d 5d 3d 5d 3d 5d 3d 5d 3d 5d 3d 5d

MS

M ‖ x 3.12 0.62 3.27 0.47 3.25 0.08 2.06 0.64 2.15 0.29 2.14 0.07
M ‖ y 3.11 0.58 3.27 0.47 3.25 0.08 2.04 0.59 2.16 0.27 2.14 0.07
M ‖ z 3.10 0.56 3.27 0.45 3.25 0.08 2.04 0.59 2.16 0.24 2.14 0.07

ML

M ‖ x 0.09 0.40 0.05 0.20 0.07 0.02 0.22 0.48 0.11 0.06 0.17 0.02
M ‖ y 0.11 0.13 0.13 0.17 0.17 0.02 0.15 0.17 0.30 0.07 0.19 0.02
M ‖ z 0.03 0.00 0.05 0.10 0.03 0.03 0.15 0.17 0.02 0.06 0.09 0.02
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FIG. 4. (Color online) The isotropic exchange-interaction energy E0(q) (red circles), the Dzyaloshinskii-Moriya interaction EDM(q) (blue
triangles), and the sum of both (black squares) for the various 3d-5d chains as a function of the spin-spiral vector q is displayed, calculated
using LDA-VWN functional. The inset in each figure shows the magnified view in the vicinity of ferromagnetic state.

corresponds to the easy axis for the MAE, except for the Fe-Pt
chain.

2. Dzyaloshinskii-Moriya interaction energy

In order to investigate the DMI, we made use of the
generalized Bloch theorem applied to the magnetic state of
a flat homogeneous spin spiral and we have included the
SOI within the first-order perturbation theory as explained
in Sec. II D. The calculated energy contribution due to the
DMI, EDM(q), is shown in Fig. 4 for all the 3d-5d chains,
once as plain values and once in addition to the exchange
energy E0(q). We find that for all wave vectors with |q| � 0.08
(recall all wave vectors are given in units of 2π/a), the DMI
energy is linear in the wave vector, EDM(q) ≈ Dq, around

the ferromagnetic state, q = 0, and the sign of D, which
determines the potential handedness of the magnetic structure
changes sign from plus to minus and plus again when changing
the 5d atom from Ir to Pt and then to Au. The EDM vary
on a scale of 5–15 meV and changes sign several times for
one half of the Brillouin zone, e.g., for Fe-Pt at q values of
0.25 and 0.4. Obviously, EDM(q) does not follow the simple
sin q behavior for 0 � |q| � 0.5, but contains additional
oscillations indicating that the DM vectors Dij beyond the
nearest-neighbor interaction contribute significantly for larger
wave vectors.

Now we concentrate on the effect of DMI on the
ground state. Therefore, we compare the energy minimum of
E(q) = E0(q) + EDM(q) to the average MAE, where E0(q) is
the isotropic spin-spiral dispersion energy (cf. insets in Fig. 4).
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TABLE V. The comparison of the average magnetocrystalline
anisotropy energy K1 with the minimum of E(q) = E0(q) + EDM(q).
The columns for D, D(3d), and D(5d) represent the total strength
of DMI of the system and decomposed for 3d atom and 5d atom,
respectively, in the vicinity of q = 0.

1
2 K1 min

q
E(q) D(3d) D(5d) D

System (meV/f.u.) (meV/f.u.) (meV Å) (meV Å) (meV Å)

Fe-Ir 1.2 −0.5 4.7 26 31
Fe-Pt 0.4 −8.5 0.7 −88 −88
Fe-Au 0.9 −0.1 0.5 6.3 6.8
Co-Ir 7.1 −4.7 −3.4 20 16
Co-Pt 0.1 −19.7 −8.8 −124 −132
Co-Au 0.7 0.0 −1.6 2.5 0.8

(a) Fe-5d chains. Let us recall the results from Sec. III B: in
the absence of SOI, Fe-Ir and Fe-Au chains are ferromagnetic,
whereas the Fe-Pt chain shows a degenerate noncollinear
ground state at q = ±0.03. For the Fe-Ir chain, the DMI
lowers the energy of right-handed spin spirals around the
ferromagnetic state with an energy minimum of E(q) at q =
−0.02 [cf. Fig. 4(a)]. This energy minimum is 0.5 meV/f.u.
lower than the ferromagnetic state, and thus DMI is too
weak to compete against the average MAE of 1.2 meV/f.u.
(cf. Table V). Similarly, in Fe-Au chains the DMI prefers
right-handed spin spirals [cf. Fig. 4(c)], but the energy gain
of 0.1 meV/f.u. with respect to the ferromagnetic state is
too small to compete against the average MAE (cf. Table V).
However, in Fe-Pt chains the strong DMI lifts the degeneracy
in the spin-spiral ground state in favor of the left-handed
spin-spiral with a significant energy gain of 7.1 meV/f.u.
compared to the minimum of E0(q) [cf. Fig. 4(b)]. The
energy minimum with respect to the ferromagnetic state of
8.5 meV/f.u. is an order of magnitude larger than the average
MAE, leading to a left-rotating spin-spiral ground state with
q = +0.05 corresponding to a wave length of 51 Å or 20 lattice
constants.

(b) Co-5d chains. In the absence of SOI, Co-Ir and Co-Au
chains exhibit a ferromagnetic ground state (cf. Sec. III B), and
Co-Pt a degenerate noncollinear ground state. This picture
does not change when including SOI. In Co-Ir and Co-Au
chains, the DMI is too weak to compete against the average
MAE (cf. Table V). Interestingly, the EDM vanishes for Co-Au
in a relatively large region for |q| < 0.08 [cf. Fig. 4(f)]. In
contrast, the effect of DMI on the ground state in Co-Pt chains
is strongest among the systems investigated in this paper [cf.
Fig. 4(e)] and lifts the degeneracy in favor of a left-handed
spin spiral at q = +0.07 corresponding to a wave length of
36 Å or 14 lattice constants. The large additional energy gain
of 15.3 meV/f.u. leads to an energy minimum of E(q) being
19.7 meV/f.u. lower than the ferromagnetic state (compared
to an average MAE of only 0.1 meV/f.u.).

We estimate the inhomogeneity of the spin spirals in Fe-Pt
and Co-Pt by extracting micromagnetic parameters A and D

from fits to the energy dispersion E0(q) (for |q| < 0.2) and
EDM(q) (for |q| < 0.05), respectively. The DMI in those chains
is so strong that the inhomogeneity parameter κ is rather tiny,
κ < 0.04 for Fe-Pt and 0.004 for Co-Pt; i.e., the spirals are to
a very good approximation homogeneous.

In order to investigate the effect of SOI on the strength of
DMI, we have decomposed the DMI into contributions from
3d and 5d transition-metal chain atoms, collected in Table V.
We find interesting trends across the atomic species considered
in our calculations: the contributions to D for a specific atomic
species are always of the same sign; e.g., Fe atoms always yield
a positive contribution to D independent of the 5d atom. The
same holds for a specific 5d atom. Furthermore, we find that
for the Ir and Pt chains with their large induced 5d magnetic
moments and the spin-polarized 5d states, the Dzyaloshinskii-
Moriya strength is solely determined by those 5d metals. The
5d atoms contribute to the effective DM vector, D, by about
one order of magnitude more than the 3d atoms. This can be
different for the Au chains. Au atoms exhibit a rather small spin
polarization of basically s and p electrons and their contribu-
tion to the D vector can be of the same order as the one of the
3d metals, as our calculation shows. Also for the Co-Au chain
the contributions of the Co and Au atoms to the DM vector
are of similar size but opposite sign, and the total contribution
cancels resulting in a D vector with size close zero, at least on
a size that is at the verge of the numerical resolution.

It is worth noticing that the sign of D in the 3d-Ir
and 3d-Pt zigzag chain follows exactly the sign found in
respective 3d films. For Fe on Ir(111) [14] the right-rotating
D leads to the nanoskyrmion structure in this system, while
for Co/Pt(111) [8] a left-handed D was calculated and for
Co/Pt [9] and FeCo/Pt [10] left-handed chiral domain walls
were observed.

The SOI affects different parts of the Brillouin zone,
different bands, and even different parts of a single band
differently. To provide an understanding in how the electronic
structure of a chain is effected by the SOI we present in the
first three panels of Figs. 5(a) and 5(b) the one-dimensional
relativistic band structure along the high-symmetry line 
–X
for the bi-atomic Fe and Co zigzag chains, respectively,
for the same spiral magnetic state with a spin-spiral vector
chosen to be q = 0.15. The effect of SOI results in a change
of the energy dispersion of the Bloch states. The energy ε of
the states (kν) is shifted with respect to the scalar-relativistic
(SR) treatment of the electronic structure, i.e., neglecting the
spin-orbit interaction, by an amount δεkν = εSOI

kν − εSR
kν . These

shifts are highlighted by dots, whose size is proportional to
|δεkν |. A shift to higher (lower) binding energy, δεkν < 0 (> 0),
is indicated by red (blue) dots. At the first glance, we see that
the topologies of the six band structures are very similar. They
are determined by exchange-split 3d states and the 5d states of
Ir, Pt, and Au. They differ in the bandwidth and the position of
those states with respect to the Fermi energy. The Au d states
are all below the Fermi energy. Pt and Ir have one and two
electrons, respectively, less and their d states at the edge of the
5d valence band move through the Fermi energy. For Fe and
Co, the majority 3d states are all below the Fermi energy and
the minority d states cross the Fermi energy. For more details
we refer to the discussion of Fig. 6.

Considering now the shifts, δεkν , we find colored dots with
significantly larger radii as compared to the bands in the rest of
the Brillouin zone basically located in the bands related to the
5d states. Therefore, their energy position with respect to the
Fermi energy depends only on the 5d atom of the zigzag chain
and not on the 3d one. We have highlighted this region of the
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FIG. 5. (Color online) The relativistic electronic band structures, i.e., calculated including the SOI, of biatomic (a) Fe-5d chains and (b)
Co-5d chains are shown for a spin-spiral state with a wave vector of q = 0.15. The blue (red) dots indicate a positive (negative) shift of the
spectral energies δεkν , i.e., towards higher (lower) single particle energies, with respect to the scalar-relativistic eigenvalues, i.e., calculated
without SOI. For visual clarity, the radius of the dot represents the actual difference in eV magnified 140 times. The highlighted rectangle shows
the area in the band structure exhibiting the maximum SOI effect. The Fermi energy was chosen as origin of the energy scale. The fourth panel
shows the energy-resolved DMI contribution eDM(ε), separated into a curve originating from positive (blue) and negative (red) shifts only, for
the 3d-Au chains. In the fifth panel, the sum of the two and the effective energy-integrated DMI energy EDM(ε) is shown.

band structure by enclosing it within a rectangle. This region of
large shifts moves up towards the Fermi energy when changing
from Au to Ir atoms, just as the 5d states move upwards. The
actual size of the shifts depends on the hybridization between
the 3d majority states and the 5d states, and this hybridization
becomes smaller if the 5d states move up when changing the
Au atom by Pt or Ir, while the 3d states stay at energy where
they are. This energy is the same for both Co and Fe majority
states and therefore the size and position of shifts depend only
on the 5d metal atom of the chain.

The fourth panel of Figs. 5(a) and 5(b) shows the energy-
resolved DMI contribution for positive and negative shifts,
δεkν , when integrated over the Brillouin zone, eDM(ε,q) =∑

ν

∫
δεkν δ(ε − εkν) dk, and smoothened by a Lorentzian

function 1
π


/2
(δε−δεkν )2+(
/2)2 with a full width at half maximum of

0.2 eV, and plotted as function of the binding energy. We have
calculated the DMI distribution for all the chains; however,
in Figs. 5(a) and 5(b) only the results for Fe-Au and Co-Au
chains are shown. The last panel of Fig. 5 shows the effective
energy integrated DMI energy, EDM(ε,q) = ∫ ε

eDM(ε′,q) dε′,
calculated from the positive and negative SOI shifts of the
band structure. We observe that for both chains, Fe-Au and
Co-Au, the energy-resolved DMI has the largest contribution
at a binding energy of around 3.5 eV. From what is said above,
there is no surprise that the maximum is around the same
energy for both chains, as the maximum depends basically on
the 5d atom. In detail eDM(ε) are slightly different for both
chains due to the difference in the hybridization of the Fe
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FIG. 6. (Color online) Band structure without SOI (labeled as “scalar”) of the biatomic Fe-Au chain for q = 0.15, and analyzed in terms
of the orbital character on the Fe and Au site. The Fermi energy, EF , is chosen as origin of energy scale. In this figure, we have shown only
s- and d-projected orbitals. The majority (minority) states are highlighted by blue (red) dots. The radius of the dots at each point in the band
structure (kν) is proportional to the respective orbital character. Additionally, also the relativistic band structure including the shift of the
spectral energies due to SOI is shown in the lower left panel. The highlighted rectangle shows the area in the band structure where maximum
SOI effect is observed.

and Co 3d electrons with the Au 5d ones. Since all 5d states
of Au are below the Fermi energy the integral of the energy
resolved DMI contribution up to the Fermi energy for positive
and negative shifts are nearly the same and EDM(EF,q)
is very small. The energy-resolved DMI contribution for
positive and negative shifts are nearly the same and can in
first approximation be thought to be rigidly shifted by about
0.6 eV. Due to this finite shift of eDM(ε) between positively
and negatively shifted states, EDM(ε) oscillates as function
of the band filling. We observe a rapidly oscillating function
of large Dzyaloshinskii-Moriya energies of oscillating signs,
particularly in the center of the Au 5d bands. For example, the
first significant peak we find at about −1 eV and then large
peaks at around −4 eV. When the Au atom is replaced by a
5d metal atom with less d electrons, EDM(ε) moves relative to
EF. Assuming a rigid band model where the 5d band does not
change upon changing 5d metal we can adopt the 5d electron
number such that the Fermi energy is placed in one of those
peaks. This happens actually for the Pt and Ir chains. The Fermi
energy moves into the regime of the large peaks which explains
the large contribution of Pt and Ir to the DM vector as discussed
in Table V and explains the sign change of D between Pt and
Ir chains moving the Fermi energy by about 0.4 eV.

In this sense the EDM(E) allows a design of the strength and
the sign of the Dzyaloshinskii-Moriya interaction by selecting
the number of 5d electrons such that the Fermi energy EF is
in the right ballpark of the peak. To realize a chain with the
optimal number of 5d electrons one may require an alloyed
zigzag chain, where the 5d atom site is occupied randomly

by different 5d atoms with a particular concentration. Then,
additional ab initio calculations might be necessary for a fine-
optimization of the composition, overcoming the assumptions
made in the rigid band model.

In the discussion of Fig. 5, we have identified regions in
the band structure where SOI effects are large. To get a better
understanding of the underlying microscopic mechanism, we
have performed a site-, orbital- and spin-resolved analysis
of the scalar-relativistic band structure. In a spin-spiral
calculation, the up states and down states are calculated with
respect to the local spin-quantization axis in each muffin-tin
sphere. The resulting contributions are shown in Fig. 6 for
the Fe-Au chain for q = 0.15. The energy bands showing the
largest SOI effect in the band structure are mainly the Au dxy ,
dxz, and dyz states hybridizing with the Fe majority states. It
can be inferred that the effective DMI contribution obtained
from the positive and negative shifts is maximal where the SOI
effect as well as the orbital hybridization is maximal.

D. Comparison to results of Fe and Co chains on Pt substrates

The freestanding 3d-5d zigzag chains represent a minimal
model for 3d chains deposited on 5d surfaces or step edges, and
thus it is interesting to see how far this comparison goes at least
qualitatively. Therefore, we compare here to literature data for
Fe and Co chains on Pt substrate. Since the environment of the
3d atoms in those systems is quite different from freestanding
zigzag chains, e.g., in the values of the lattice constants or the
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FIG. 7. (Color online) The structure of the trimer. It consists of
two magnetic sites A and B represented by blue spheres with a dxz

orbital and one nonmagnetic site C represented by a brown sphere
with the dxz and dyz orbital. The magnetic moments of the magnetic
sites are canted by an angle ϕ with respect to the x axis, in which the
angle for the magnetic moment of the first/second site is defined in
a mathematically positive/negative rotation sense [see also Eq. (10)].
We denote this magnetic structure as right-rotating with a chirality
vector c = SA × SB = −ez .

coordination number, we only expect to be able to compare
general trends.

After structural relaxation of the Fe-Pt chain we obtained
a distance of 2.45 Å between the Fe atoms, whereas in
the presence of a Pt(111) substrate this distance is fixed to
2.77 Å [27]. For the freestanding chains we obtain Fe spin
moments of 3.4 μB and 0.5 μB for the Pt atoms, whereas the
Fe chain on the Pt substrate exhibits moments of 3.3 μB and
0.3 μB , respectively. This even quantitatively nice agreement
is a result of the strong ferromagnetism the Fe atom is
experiencing: the majority states are full and the minority states
are filled to reach charge neutrality. Therefore, factors such as
different number of nearest neighbors or different distances
between the Fe atoms have little influence on the moment.

Similarly, for the Co-Pt chain, our spin moments and orbital
moments of the Co atom are in good agreement with reported
theoretical and experimental values for a Co chain on a Pt(111)
step edge [23,25,26]. However, Co at the Pt(111) step edge is,
in some respects, rather special as it has a rather low symmetry
and thus the spin moments are predicted to be noncollinear
with respect to the orbital moments with a 2◦ noncollinearity
angle [24,25]. The high symmetry of the zigzag chain
prohibits such noncollinearity. Instead, the Co-Pt zigzag chain
exhibits a chiral ground state, which does not emerge at the
step edge. The magnetocrystalline anisotropy energies of the
zigzag chain and of the Co at the Pt(111) step edge are

quite different: The reported value of 2 meV/Co atom [26]
for a Co chain at the step edge is considerably smaller
than 12.3 meV/Co atom for the isolated zigzag chain. Also,
according to our predictions, the easy axis is different for
the two cases. One has to mention, however, that the MAE
is very sensitive to the electronic structure around the Fermi
energy, which is easily influenced by changes in symmetry or
charge transfer, and thus, the differences in the results are not
surprising.

As mentioned above it is worth noting that the sign of D

in the 3d-Ir and 3d-Pt zigzag chains follows exactly the sign
found in respective 3d films. For Fe on Ir(111) [14] the right-
rotating D leads to the nanoskyrmion structure in this system,
while for Co/Pt(111) [8] a left-handed D was calculated and
for Co/Pt [9] and FeCo/Pt [10] left-handed chiral domain walls
were observed.

IV. d-ORBITAL TIGHT-BINDING MODEL OF THE
DZYALOSHINSKII-MORIYA INTERACTION IN

ISOSCELES TRIMERS

A. The model

The minimal model exhibiting a nonvanishing
Dzyaloshinskii-Moriya interaction that can be associated with
the biatomic zigzag chains discussed above is an isosceles
trimer made of two identical 3d-metal sites carrying no
spin-orbit interaction (SOI) and one nonmagnetic 5d-metal
site having a large SOI. In this context, the word nonmagnetic
stands here for zero intrinsic on-site exchange splitting.
However, hybridization with the magnetic sites will lead to
a small induced spin polarization at the nonmagnetic site
and thus to a small magnetic moment after the calculation.
The magnetic sites will be denoted as A and B and the
nonmagnetic site as C, henceforth. Without loss of generality
the trimer is arranged within the x-y plane (Fig. 7).

The model is based on a tight-binding description restricted
to the two energetically degenerate dxz and dyz orbitals
for the nonmagnetic site and only the dxz orbital, with the
same on-site energy at each magnetic site. According to our
analysis in Sec. III C 2, these orbitals are those yielding the
main contributions to the Dzyaloshinskii-Moriya interaction
for this specific geometry. The following 8 × 8 Hamiltonian
in representation of the basis set (dA

xz,d
B
xz,d

C
xz,d

C
yz) with the

superscripts denoting the site index and with the x axis chosen
as global spin-quantization axis reflects this 8-state model:

H =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

EA − Im/2 cos ϕ 0 t1 t2 iIm/2 sin ϕ 0 0 0
0 EA − Im/2 cos ϕ t1 −t2 0 −iIm/2 sin ϕ 0 0
t1 t1 EC 0 0 0 0 iξ/2
t2 −t2 0 EC 0 0 −iξ/2 0

−iIm/2 sin ϕ 0 0 0 EA + Im/2 cos ϕ 0 t1 t2

0 iIm/2 sin ϕ 0 0 0 EA + Im/2 cos ϕ t1 −t2

0 0 0 iξ/2 t1 t1 EC 0
0 0 −iξ/2 0 t2 −t2 0 EC

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(5)
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where EA (=EB) and EC are the on-site energies, t1 and t2 are
the hopping parameters between atoms A, B with atom C, ϕ is
the angle of the magnetic moments relative to the quantization
axis, I is the Stoner parameter of the magnetic sites and m

the corresponding magnetic moment, and ξ is the spin-orbit
strength. The separation into the 4 × 4 subblocks highlights
the ↑↑, ↑↓, ↓↑, and ↓↓ spin blocks of H. In the following,
the model Hamiltonian (5) will be discussed in detail.

The Hamiltonian H comprises three contributions,

H = H0 + Hmag + HSO, (6)

where H0 contains the spin-independent hopping ele-
ments and the on-site energies of the system, Hmag in-
corporates magnetism, and HSO introduces the spin-orbit
interaction.

The hopping matrix elements of H0, t1, and t2 in
Eq. (5) describe the electron transition between the dxz

orbital at the magnetic sites and the dxz or dyz orbitals,
respectively, on the nonmagnetic site. We employed the
Slater-Koster parametrization [48] requiring two Slater-Koster
parameters Vddπ and Vddδ [49] that determine the matrix
elements as

t1 = R̂2
xVddπ + R̂2

yVddδ, (7)

t2 = R̂xR̂y(Vddπ − Vddδ), (8)

where R̂x and R̂y are the direction cosines of the bonding
vector between the sites involved in the hopping. This follows
from the Slater-Koster transformations [48] for our specific
geometry and choice of orbitals. Since direct hopping between
the magnetic sites is not necessary to obtain a nonvanishing
Dzyaloshinskii-Moriya interaction, this minimal model is
restricted to t1 and t2 only. Obviously t2 ∝ R̂y and thus t2 scales
with the structure inversion asymmetry of our trimer model;
i.e., t2 becomes zero if the trimer changes from a triangular to
a chain geometry. The on-site energies are denoted as EA for
both magnetic sites and EC for the nonmagnetic site. Note, to
simplify our model they depend only on the site and not on the
type of orbital.

To investigate the Dzyaloshinskii-Moriya interaction
(DMI) magnetism is incorporated within the Stoner
model [50,51], extended to the description of noncollinear
magnetic systems [52,53]:

Hmag = − 1
2I mσ , (9)

where σ is the Pauli vector. The exchange splitting of the
electronic structure depends on the Stoner parameter I and the
magnetic moment mi of the magnetic sites only, whereas no
intrinsic exchange splitting is assumed at the nonmagnetic site.
Due to symmetry, only the rotation of the magnetic moments
within the x-y plane is of interest in the determination of the
DMI, as discussed in Sec. II D. Therefore, the site-dependent
magnetic moment is

mi = mi(cos ϕ · ex ± sin ϕ · ey) (10)

with the plus sign for the site A and the minus sign for site B.
ϕ is the angle of the magnetic moment within the x-y plane
with respect to the x axis (see Fig. 7).

Since the DMI is the consequence of the spin-orbit interac-
tion (SOI), SOI has to be implemented into the tight-binding

model by expressing the term σ L within the atomic orbital
representation. By introducing a SOI parameter ξ for the
nonmagnetic site and taking into account that the interaction
is on site, the SOI matrix reads

[HSO]σσ ′
μν = 1

2ξ 〈μσ |σ L|νσ ′〉, (11)

where μ, ν indicate the orbitals and σ , σ ′ are the indices of the
spin. In this model the only nonzero matrix element of HSO

is the spin-flip element between the dxz and dyz orbital at the
nonmagnetic site, 〈dC

xz ↑|σ L|dC
yz ↓〉 = i.

Typically the spin-orbit interaction (SOI) is a small con-
tribution to the entire Hamiltonian; hence it is common to
calculate the SOI energy contribution and therefore also the
Dzyaloshinskii-Moriya interaction within first-order pertur-
bation theory [39]. The simple 8-state model can be easily
solved by diagonalizing the Hamiltonian H of Eq. (5), which
contains SOI; however to allow for a qualitative comparison
with the previously presented zigzag chain results, SOI is
treated within first-order perturbation theory. That means, the
Hamiltonian H0 + Hmag is diagonalized and the eigenvalues
εn and eigenvectors |n〉 are used to determine the contributions

δεn = 〈n|HSO|n〉, (12)

similar to Eq. (3). The Dzyaloshinskii-Moriya interaction
(DMI) energy can be calculated via the expression

EDMI =
∑

n

δεn · f (εn), (13)

where f (εn) displays the Fermi-Dirac occupation function.
This equation corresponds to Eq. (4) in the case of a finite
system. Since the only nonzero matrix element in HSO is the
transition between d

↑
xz → d

↓
yz and vice versa, it is the only

transition which is at the end responsible for δεn and EDMI.

B. Results

For the calculations the following parameters have been
used, which are chosen to be reasonable values for 3d and 5d

transition-metal systems: the Slater-Koster parameters Vddπ =
0.8 eV and Vddδ = −0.07 eV lead to the hopping parameters
t1 = 0.148 eV and t2 = −0.377 eV. The on-site energies of
the magnetic sites are EA = EB = 0 eV and EC = 1 eV for
the nonmagnetic site. A Stoner parameter of I = 0.96 eV and
magnetic moments of mA = mB = 1.2 μB lead to an exchange
splitting of 1.152 eV. The spin-orbit interaction parameter ξ

of the nonmagnetic site is 0.6 eV. The system is occupied by
6 electrons.

First the role of magnetism for the Dzyaloshinskii-Moriya
interaction (DMI) is discussed by comparing the density of
states (DOS) of the ferromagnetic case (ϕ = 0) with the
maximally canted case of ϕ = 45◦. The sign of ϕ as defined
in Fig. 7 is chosen such that the chiral magnetic structure
is stable, i.e., the DMI energy is negative. Both results are
displayed in Fig. 8 and the analysis is conducted by comparing
the site-, orbital- and spin-resolved DOS of the unperturbed
system H0 + Hmag to get more insight into eDM, which is the
sum of all contributions δεn due to the spin-orbit interaction
broadened by Lorentzian functions (see also Sec. III C 2). For
both the DOS and eDM a broadening of 25 meV with full
width at half maximum was used. In addition the DMI energy
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(a) ϕ = 0◦:

(b) ϕ = 45◦:

FIG. 8. (Color online) The site-, orbital- and spin-resolved den-
sity of states (DOS) of the trimer is displayed for two magnetic
configurations (a) ϕ = 0◦ and (b) ϕ = 45◦. In each case, the 8
eigenenergies are displayed in an upper panel above the respective
DOS. The upper (lower) panel of the spin-resolved DOS describes
the majority (minority) states with respect to the spin-quantization
axis chosen along the x-direction. The blue curve displays the DOS
of the two magnetic sites in the dxz-orbital (denoted as dA

xz + dB
xz)

and the brown solid, dashed curve represents the DOS of the dxz-
and dyz-orbital of the non-magnetic site (denoted as dC

xz and dC
yz).

Note that the DOS of the non-magnetic site has been enhanced by
a factor of 5. In the case of ϕ = 45◦, eDM (red solid curve) and the
integrated value EDM (black dashed curve) is displayed in the lower
panel. More information on these two quantities and details about the
two eigenenergies 1 and 2 and the corresponding DOS can be found
in the text.

EDM(E) is plotted, which is the integrated value of eDM up
to an energy E. So EDM(EF) corresponds to the definition of
EDMI of Eq. (13).

The DOS of Fig. 8(a) is easily understood in terms of our
8 × 8 model (5). The majority and minority channel consists of
4 states each. The energy distribution of the 4 states is a result
of the hybridization between the dxz states at the 3d-metal

sites and the dxz and dyz states at the 5d-metal site, with the
bonding states at low energies and the antibonding states at
energies around the Fermi energy. The energy splitting among
the states results from the different hybridization between the
dxz-dxz and dxz-dyz orbitals. The majority and minority states
of the 3d-metal sites are shifted by an exchange splitting Im.
Since the minority states are closer in energy to the states
of the 5d-metal site, there the hybridization is larger. This
hybridization leads also to a small exchange splitting of the
states at the 5d-metal site.

If the magnetic moments of the magnetic sites are ferromag-
netically aligned as in Fig. 8(a), no DMI can be observed [54]
and eDM vanishes, since an eigenstate has either pure dxz

or dyz character of the nonmagnetic site but not both, and
Eq. (12) is zero. Due to the Lorentzian broadening, the
eigenenergies 1 and 2 around the Fermi energy in Fig. 8(a)
seem to contribute largely to the DMI. However, eigenenergy 1
exhibits only d

↓
xz and eigenenergy 2 only d

↑
yz character. Hence,

their eigenfunctions cannot contribute to DMI. In contrast, the
case of ϕ = 45◦ of Fig. 8(b) shows that the noncollinearity of
the magnetic sites is crucial to obtain a nonvanishing DMI. The
dxz orbitals of the magnetic sites hybridize with the orbitals of
the nonmagnetic site differently for different spin channels and
induce a spin polarization. As a consequence the eigenstates
obtain both dxz and dyz character of different spin leading to a
nonzero eDM.

The quantity eDM shows an interesting characteristic
behavior. Each peaklike contribution comes along with an
energetically slightly shifted contribution of opposite sign.
This leads to sign changes in EDM if the Fermi energy is
in the middle of such a feature. This explains the sensitivity
of the magnitude and the sign of the asymmetric exchange
depending on the substrate as presented in Sec. III C 2. Since
EDM(EF) corresponds to the DMI energy EDMI, an electron
filling of 6 electrons leads to nonvanishing EDMI in Fig. 8(b),
whereas EDMI vanishes for the maximum occupation number
of 8 electrons in our finite system.

Beside the noncollinearity, the breaking of the inversion
symmetry is also crucial for the appearance of the DMI.
Contrary to the non-inversion-symmetric trimer as displayed
in Fig. 7, the inversion-symmetric trimer [55] exhibits no DMI
(not shown). Here, no hybridization between the dyz orbital of
the nonmagnetic site and the dxz orbital of the magnetic sites
occurs, since t2 = 0. This again shows that the hybridization
between the orbitals of the magnetic sites and the orbitals of
the nonmagnetic site is crucial, which can be also observed in
the ab initio results of several zigzag chains as presented in
Fig. 6.

It is interesting to take a look at the DMI as function of
the difference between the on-site energies EC − EA, which
controls the degree of hybridization between the magnetic sites
and nonmagnetic site. The results are summarized in Fig. 9.
The DMI becomes larger in magnitude for smaller on-site
energy differences, as can be seen by comparing the magnitude
of eDM in the lower panel of Fig. 9(a) and Fig. 9(b). In the case
(a), the orbitals of the nonmagnetic site and the magnetic sites
hardly overlap due to a large on-site energy difference of 3 eV.
Hence, the DMI is much smaller compared to the case (b)
with an on-site energy difference of just 0.5 eV for which
the orbitals are strongly hybridizing with each other. Figure 9
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(a) EC − EA = 3 eV:

(b) EC − EA = 0.5 eV:

FIG. 9. (Color online) The site-resolved but not spin-resolved
density of states (DOS) of the trimer within our tight-binding model
is shown for two different on-site energy differences: (a) EC − EA =
3 eV and (b) EC − EA = 0.5 eV. The maximally canted case with
ϕ = 45◦ resulting in a negative DMI energy has been considered.
The 8 eigenenergies of the system are displayed in the upper panel
for each case. The site-resolved DOS is displayed above with the blue
curve showing the DOS of the magnetic sites (denoted as A,B) and
the brown curve the DOS of the non-magnetic site (denoted as C). The
energy-resolved first-order SOI contribution eDM (red solid curve) and
the integrated quantity EDM (black dashed curve) are shown in the
lower panels. The inset displays the on-site energy difference between
the non-magnetic site and the magnetic sites (brown: C, blue: A and
B). A reasonable bandwidth of about 1-2 eV is indicated by the width
of the blue and brown boxes.

demonstrates again the sensitivity of the magnitude and sign
of EDMI on the details of hybridization between the strongly
magnetic 3d and the heavy 5d transition-metal atom. In a
simplified picture the main difference between, e.g., an Fe-Pt

and a Co-Ir zigzag chain can be seen in the differences in the
on-site energies, since the total number of electrons is the same
for both systems. The sensitivity of the DMI on the substrate,
as presented in Table V, can be verified in this simple model.

All results of this section have been calculated by adding
spin-orbit interaction (SOI) within first-order perturbation
theory. Although the results obtained by diagonalizing the
full Hamiltonian of Eq. (5) might be numerically different as
compared to the results obtained within perturbation theory,
the same conclusions on the behavior of the DMI can be drawn.
The difference between these treatments is expected to be
much smaller for the zigzag chains of Sec. III C 2, since there
the energy shifts δE within first-order perturbation theory are
an order of magnitude smaller as compared to the about 0.1 eV
changes in this simple model.

C. Spin-orbit interaction and noncollinear magnetism within
first-order perturbation theory

The Dzyaloshinskii-Moriya interaction (DMI) turns out to
be a very delicate quantity. Even for the simplified model
Hamiltonian (5) it is illuminating to investigate the sign and
the magnitude of the DMI treating the spin-orbit interaction
and the noncollinear alignment of the quantization axis at the
different atoms A and B within first-order perturbation theory.
We start from the unperturbed system, which is the ferro-
magnetically (ϕ = 0) aligned trimer with magnetic moments
pointing along the x axis, and without spin-orbit interaction.
Under these conditions the Hamiltonian (5) block-diagonalizes
into two 4 × 4 Hamiltonians for majority and minority states;
i.e., H0 + Hmag(ϕ = 0) = H↑↑ ⊕ H↓↓. The eigenstates of
this magnetic system are denoted as |n〉 = |nσ 〉 ⊕ 0, for the
first four eigenstates, n = 1, . . . ,4, which correspond to the
majority states (σ = ↑ or σ = 1), and |n〉 = 0 ⊕ |nσ 〉 for the
second set of four eigenstates, n = 5, . . . ,8, which correspond
to the four minority states (σ = ↓ or σ = −1). The four site-
and orbital-dependent components of |nσ 〉 are denoted by nσ

μi ,

where μi is the atomic orbital μ at site i. The matrix elements
of the unperturbed Hamiltonian, H0 + Hmag(ϕ = 0), are real
numbers and thus also the eigenstates |nσ 〉 can be chosen to
be real. The analytical solution of the eigenenergies εσ

n and
eigenvectors |nσ 〉 read

εσ
n = 1

2

(
EA − σ

1

2
Im + EC

)

+ τ

√
1

4

(
EA − σ

1

2
Im − EC

)2

+ 2t2
i , (14)

|nσ 〉 = 1√
2 + 4t2

i

(εσ
τ,i−EC)2

×

⎧⎪⎨
⎪⎩

(
1, 1, 2t1

εσ
τ,1−EC

,0
)T

for i = 1,(
1, − 1,0, 2t2

εσ
τ,2−EC

)T
for i = 2.

(15)

The 8 eigenvalues and eigenvectors characterized by n =
(τ,i,σ ) are a result of the hybridization of majority (σ = 1) or
minority (σ = −1) states at sites A and B with either the dxz
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(i = 1) or dyz orbital (i = 2) at site C, corresponding to the
hopping parameter ti = t1 or t2 that lead to bonding (τ = −1)
or antibonding (τ = +1) states. Notice, the eigenvectors have
either dxz or dyz character at site C, but not both. Although we
deal here with a discrete eigenvalue spectrum in a more abstract
sense we interpret the first term of the eigenenergies as the
center and the second term as half of a bandwidth Wσ

n , which
is the energy difference between the corresponding bonding
and antibonding state. These quantities will be used later when
displaying the energy correction δεn.

First, let us evaluate the perturbed eigenvector |n〉 under the
perturbation of a small exchange field B = γ ey along the y

direction, leading to a slightly canted magnetic configuration
with angle ϕ on magnetic site A. The parameter γ is directly
related to the angle ϕ and therefore it is connected to the degree
of noncollinearity. Note that this canted configuration is differ-
ent from that depicted in Fig. 7 in that we keep the spin on site
B along the x axis to simplify the notation. The corresponding
perturbation of the Hamiltonian in spin space reads

�V = −�
†
Aσ B �A = −γ σyδAA, (16)

where �A is a step function which is zero outside atom A,
and δAA is a projection onto orbitals localized on site A, with
the first part of this equality being basis-independent, and the
right side being in the representation of the localized atomic
orbitals. Henceforth, all equations will be given in both a basis-
independent form as well as the atomic orbital representation.
In the representation of the x axis as spin-quantization axis,
σy contains only spin-flip elements, leading to changes to
the unperturbed eigenstate |nσ 〉 that are of purely opposite
spin-contribution σ ′. Hence, the following equation for |n〉 in
first-order perturbation theory with σ �= σ ′ is obtained:

|n〉 = |nσ 〉 +
∑

n′ (�= n)
(σ ′ �= σ )

〈n′σ ′ |�V |nσ 〉
εσ
n − εσ ′

n′
|n′σ ′ 〉 (17)

= |nσ 〉 − iγ
∑

n′ (�= n)
(σ ′ �= σ )

δSn′σ ′
nσ

εσ
n − εσ ′

n′
|n′σ ′ 〉, (18)

where εσ
n and εσ ′

n′ are the corresponding eigenvalues to the
unperturbed eigenstates |nσ 〉 and |n′σ ′ 〉 and the real quantity

δSn′σ ′
nσ = −i〈n′σ ′ |�†

Aσy�A|nσ 〉 (19)

= −i〈n′σ ′ |σy |nσ 〉A = σn′σ ′
dA

xz
nσ

dA
xz
, (20)

where by 〈n′σ ′ |σy |nσ 〉A we introduce a short-hand notation for
the evaluation of the term 〈n′σ ′ |σy |nσ 〉 at site A. The prefactor
σ is 1 (−1) depending whether nσ belongs to the majority
(minority) spin channel.

Next, we evaluate within first-order perturbation theory
the correction to the energy of state |n〉 due to the spin-orbit
interaction by substituting the perturbed state |n〉 of Eq. (18)
into Eq. (12). Neglecting higher-order terms in ϕ and taking
into account that 〈nσ |HSO|nσ 〉 = 0 leads to the following

expression for the energy shift:

δεn = 2γ
∑

n′ (�= n)
(σ ′ �= σ )

δSn′σ ′
nσ

εσ
n − εσ ′

n′
Im〈nσ |HSO|n′σ ′ 〉 (21)

= γ ξ
∑

n′ (�= n)
(σ ′ �= σ )

δLnσ n′σ ′ δSn′σ ′
nσ

εσ
n − εσ ′

n′
, (22)

with

δLnσ n′σ ′ = Im〈nσ |�C
† (

Lyσy + Lzσz

)
�C|n′σ ′ 〉 (23)

= 1
2 Im〈nσ |L∓σ±|n′σ ′ 〉C (24)

= n′σ ′
dC

yz
nσ

dC
xz

− n′σ ′
dC

xz
nσ

dC
yz
, (25)

where in Eq. (24) L∓ are the angular moment ladder operators
and σ± the spin ladder operators with L−σ+ corresponding
to the case σ = ↑ and L+σ− to σ = ↓, respectively. For
our particular situation the Ly operator in the subspace of
considered local orbitals vanishes, which allows us to write
the contribution to the energy shift due to SOI as

δεn = −γ ξ
∑

n′ (�= n)
(σ ′ �= σ )

i〈n′σ ′ |σy |nσ 〉A〈nσ |Lzσz|n′σ ′ 〉C

εσ
n − εσ ′

n′

= −γ ξt1t2(−1)iσ
∑

n′ (�= n)
(i ′ �= i)

τ δσ,−σ ′τ ′

Wσ
n

(
εσ
n − εσ ′

n′
)
Wσ ′

n′
. (26)

The sum runs over the 8 states n′ = (τ ′,i ′,σ ′), but has only
nonzero summands if the orbital type i ′ on site C and the
spin direction σ ′ of state n′ are different from the state
n = (τ,i,σ ). σ = 1 (−1) stands for electrons of state nσ

taken from the majority (minority) spin channel. According
to Eq. (14), i = 1 (2) corresponds to the state with a dxz (dyz)
orbital component. The product ττ ′ = 1 (−1) if the bonding
character labeled by τ of both states is the same (different). The
quantities Wσ

n and Wσ ′
n′ play the role of the bandwidths, since

they are the energy differences between the corresponding
bonding and antibonding states of |nσ 〉 and |n′σ ′ 〉.

We remark that in general the energy shifts due to spin
rotation away from collinear configuration at the different sites
A and B are independent and should be added up in order to
comprise the total shift δεn. For example, upon a simultaneous
ϕ and −ϕ rotation of spins on A and B sites, respectively,
as shown in Fig. 7, the δεn from Eq. (26) corresponding to a
staggered B field on both sites should be simply multiplied
by a factor two, owing to symmetry. We confirmed that
Eq. (26) reproduces well the energy shifts δεn obtained by
diagonalization of H0 + Hmag and including then the SOI
through first-order perturbation theory as presented in Fig. 8.
The error for a canting angle of ϕ = 45◦ is about 10%.

The DMI energy, EDMI (13), is then obtained by the
summation over all the energy shifts δεn of states n that are
occupied. By this, the sum over n′ in Eq. (26) changes to a
double sum over n and n′ and all those combinations of states
n and n′ in sum (26) cancel out identically if occupied both.
Thus, at the end only those combinations of states contribute
to the DMI energy for which the initial and final state, n and n′,
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respectively, refer to spin-flip transitions between occupied and
unoccupied states that include in addition a transition between
the spin-orbit active states. Generalizing this thought means
that for half-metallic chains, i.e., chains that have a band gap
around the Fermi energy in one spin channel, a rather small
DMI energy should be expected. It also explains the small
DMI vectors D for the 3d-Au chains recorded in Table V. In
case of Au chains the d orbitals of Au that are responsible
for the spin-orbit matrix elements are all occupied and do not
contribute to the DMI energy, while for Ir and Pt chains we
have occupied and unoccupied state 5d orbitals, which make
essential contributions to D.

The strength of δεn or EDMI, respectively, increases with
increasing spin-canting angle ϕ (through γ ), increasing spin-
orbit interaction ξ and increasing hopping matrix elements t1
and t2, where in particular t2 is proportional to the degree of
structural asymmetry of the trimer. Exactly this asymmetry and
both spin-mixing processes together are the factors responsible
for the DMI. Due to the spin canting, the eigenstates are no
longer of pure spin character but contain a spin mixture of
basis components contributing to nonzero spin-flip matrix
elements at sites A, B, and to a superposition of dxz and
dyz orbital character of different spin character at site C and
thus to the spin-orbit-induced spin flip on site C. Hence, the
DMI is a nonlocal phenomenon since the state |n〉 needs
hybridization between the orbitals at the magnetic sites A
and B and the nonmagnetic site C carrying the spin-orbit
interaction. Since t/W is about 2t/|EA − σ 1

2Im − EC| for
small t relative to the on-site energy differences and

√
2 sgn (t)

if EC is in resonance with EA − σ 1
2Im, we can conclude that

the larger this hybridization either due to large hopping matrix
elements t or a small energy difference between the on-site
energies at the sites A and C the larger is δεn explaining
the strong dependence on the on-site energy difference in
Fig. 9.

Regarding the sign of δεn, Eq. (26) gives some insight
into the intricate relationship between the sign of the DMI
and the underlying electronic structure even for this simple
model. Apparently, the sign of the canting angle and the sign
of the asymmetry of the trimer atoms through the hopping
matrix element t2 control directly the sign of the DMI energy.
Further, the nature of the electronic structure in terms of
the spin projection σ of the occupied states, the sign of the
hopping parameters t1 and t2, as well as the orbital character
of the involved eigenstates |nσ 〉 are crucial. In addition, the
energetic position of εσ

n , εσ ′
n′ and their bonding character have

an influence on the sign, but also the magnitude of each term
in the sum is important, making it not straightforward to relate
the sign of δεn or EDMI to the physics of a system. Moreover,
since the DMI energy is the integrated quantity over the values
δεn of all occupied states, the sign and the magnitude of the
DMI depend on the magnitude and sign of all δεn.

To get a better understanding of the sign of the DMI on the
basis of Eq. (26) we focus now on the sign of the energy
shift δε in terms of the DMI energy density eDM and the
DMI energy EDMI. Namely, we will attempt to understand the
behavior of eDM and EDMI for ϕ = 45◦ displayed in Fig. 8(b),
in terms of the perturbation theory expression Eq. (26) applied
to unperturbed states for ϕ = 0◦, shown in Fig. 8(a). We
concentrate first on the two low-lying pairs of occupied states n

in Fig. 8(a), the two majority states (σ = 1) around −1.75 eV
and the two minority states (σ = −1) around −0.75 eV.
Both pairs are bonding states (τ = −1) with dxz character
of atoms A and B resulting from the hybridization with the
orbitals at C. The lower (upper) peak of each pair results
from the hybridization with dyz, i.e., i = 1 (dxz, i = 2). Since
the states of each pair are of the same spin and exhibit a
similar contribution of both orbitals at each site dA

xz and dB
xz,

the quantity δSnσ ′
nσ is approximately the same. The energy

differences εσ
n − εσ ′

n for these two states to all other states
|nσ ′ 〉 are also almost the same, since each pair of states
is well separated from the other states. Hence, the only
major difference turns out to be the sign in δLnσ nσ ′ , which
is determined by the orbital character of the states at the
nonmagnetic site and manifests as (−1)i in Eq. (26) and results
at the end in a sign change of eDM when passing through these
peaks in energy.

Now we focus on the pair of states n and n′ around the
Fermi energy [denoted as 1 and 2 in Fig. 8(a)], for which
the energy dominator |εσ

n − εσ ′
n′ | is smallest and consequently

whose contribution finally determines the DMI energy. n =
(−1,1, ↓) is the highest occupied minority (σ = −1) state
with dxz (i = 1) character and n′ = (−1,2, ↑) is the lowest
unoccupied majority state with dyz character (i = 2). Both
states are at the end of the eigenvalue spectrum and are
therefore antibonding states (τ = τ ′ = −1). Recalling that
t1 > 0, t2 < 0 and εσ

n < εσ ′
n′ we understand through (26) that δε

is negative. To the DMI energy there contributes also a second
pair of states of similar size but opposite in spin (σ = 1),
i.e., opposite sign, n = (−1,1, ↑) and n = (−1,2, ↓), but their
energy difference |εσ

n − εσ ′
n′ | is slightly larger than the previous

pair and thus the overall DMI energy is negative. Since
the canting angle ϕ = 45◦ produces a right-handed magnetic
structure with a chirality vector c = SA × SB = −ez , D in this
example is positive.

To conclude, we developed a minimal model that carries
general features of the DMI and is able to successfully
reproduce and explain the DMI of the trimer regarding the
symmetries, the magnitude, and the sign. DMI can only
occur in the presence of spin-orbit interaction in inversion-
asymmetric noncollinear magnetic systems and its driving
force is the hybridization between the orbitals of the magnetic
and nonmagnetic sites.

V. CONCLUSIONS

In the present paper, we have systematically investigated
the noncollinear magnetic properties of infinite length 3d-5d

biatomic zigzag chains. Our investigations show that 3d-5d

chains exhibit an induced spin polarization on the 5d atoms,
which decreases with increasing atomic number of the 5d

element. In comparison to the Co-5d chains, the magnetic
moments of Fe-5d chains show large variations as a function
of lattice constant. We find a parabolic behavior of energy
dispersion in the limit of large wave vectors q for spin-spiral
calculations without spin-orbit interaction. The ferromagnetic
(q = 0) and antiferromagnetic (q = 0.5) calculations per-
formed as special cases of the calculational model based
on the spin-spiral concept were in good agreement with the
conventional collinear ferromagnetic and antiferromagnetic
calculations. Without inclusion of spin-orbit interaction, the
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Fe-Pt and Co-Pt chains exhibit a degenerate spin-spiral ground
state at q = ±0.07 and ±0.03, respectively.

Including the spin-orbit interaction, all 3d-5d chains exhibit
a nonvanishing DMI with signs that depend on the choice
5d metal, but only for the Fe-Pt and Co-Pt chains the DMI
is sufficiently strong to compete with the MAE and the
Heisenberg exchange to arrive at a noncollinear ground state.
Since the noncollinear state is driven by the DMI, the magnetic
structure is chiral in nature exhibiting a homogeneously
left-rotating cycloidal spin spiral. The magnetic ground state
of the Fe-Ir and Fe-Au chains remains unaffected by the DMI
and exhibits a ferromagnetic ground state.

We analyzed the behavior and strength of the DMI on
the basis of the electronic structure by means of the single-
particle energy. We observe strong shifts of the single-particle
energies due to the spin-orbit interaction in an energy regime,
where 3d minority states hybridize with the d states of the
5d metal. Finite positive shifts of the energy eigenvalue
followed by negative ones lead to positive and negative
contributions to the Dzyaloshinkii-Moriya interaction energy
exhibiting an oscillating behavior of the DMI across the
center of the 5d band. Changing the 5d metal from Ir to
Au moves the Fermi across the 5d band which explains
the oscillatory sign of the DMI with the choice of the 5d

metal.

In order to provide a deeper understanding of the possible
factors that influence the sign and strength of the DMI in low-
dimensional systems on the level of the hybridization between
relevant d orbitals of the 3d and 5d atoms, we developed a
minimal tight-binding model of a cluster of two magnetic 3d

metal atoms and one nonmagnetic 5d atom carrying the spin-
orbit interaction assuming a triangular geometry. The model
catches the main features of the ab initio results. The tight-
binding calculations show that breaking of structural inversion
symmetry and the noncollinearity of the magnetic sites are
crucial to obtain a nonvanishing DMI. The strength of the DMI
is linear in the strength of the spin-orbit interaction of atom 5d.
Further, the sign and strength of DMI is also proportional the
sign and strength of the hybridization between magnetic and
nonmagnetic sites and inversely proportional to the the energy
difference between those states.
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