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4Forschungszentrum Jülich, Institut für Kernphysik, Institute for Advanced Simulation and Jülich Center for Hadron Physics,
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We analyze the low-energy spin structure of the nucleon in a covariant effective field theory with

explicit spin-3=2 degrees of freedom to third order in the small scale expansion. Using the available data

on the strong and electromagnetic width of the � resonance, we give parameter-free predictions for

various spin polarizabilities and moments of spin structure functions. We find an improved description of

the nucleon spin structure at finite photon virtualities for some observables and point out the necessity of a

fourth-order calculation.
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I. INTRODUCTION

The internal spin structure of the nucleon which is
described by structure functions in deep inelastic lepton-
hadron scattering has been extensively studied in the last
decades both theoretically and experimentally, see e.g.,
Ref. [1] for a review. The structure functions are related
to the real [2–17], virtual or double virtual Compton scat-
tering (V2CS) amplitudes [18–27] by various sum rules
[28] which connect information at all energy scales. On the
experimental side, only recently has it become possible to
work with polarized beams and polarized targets, which
are necessary for studying the nucleon spin structure. One
of the main goals of the Jefferson Lab activities is to
provide a precise experimental mapping of spin-dependent
observables from low-momentum transfer to the multi-
GeV region, see e.g., Refs. [29–31] for the early measure-
ments (that also cover the low-energy region). Concerning
the low-energy spin structure—which is at the center of
this investigation—more data also at smaller photon vir-
tualities Q2 have been taken at the Jefferson Lab, and their
analysis will be completed soon; see e.g., Refs. [32,33].
Therefore, it is timely to reconsider the theoretical
predictions for the moments of the nucleon spin structure
functions.

At very low energies, far below the chiral symmetry
scale of the order of 1 GeV, the nucleon dynamics is
dominated by chiral symmetry of QCD and for this reason
can be rigorously described by chiral perturbation theory
(CHPT). This theory provides a systematic expansion in
low momenta and masses of the Goldstone bosons (iden-
tified with the pions in the case of two flavors). At low

photon virtualities, one can make rigorous predictions for
the spin-dependent part of V2CS and use the Jefferson Lab
data to test the chiral dynamics of QCD.
V2CS has already been considered within the CHPT

framework up to Oðq4Þ in the chiral expansion by several
theoretical groups; see Ref. [34] for a review (here, q
denotes a genuine small parameter such as external mo-
menta or the pion mass). In standard CHPT, all effects of
the �ð1232Þ-resonance degrees of freedom are encoded in
the low-energy constants. Chiral symmetry prevents spin-
dependent counter terms ofOðq3Þ andOðq4Þ in V2CS such
that their first contribution is possible at Oðq5Þ in this
scheme. However, once one introduces the spin-3=2
degrees of freedom explicitly, one realizes that their
tree-level contributions are large and far from being sup-
pressed. This suggests the need to perform a systematic
analysis of V2CS with explicit deltas by using a covariant
version of the so-called small scale expansion (SSE) [35].
In that extension of CHPT, the nucleon-delta mass split-
ting, � ¼ m� �mN, is counted as an additional small
parameter, thus the generic small parameter " collects
external momenta, the pion mass and �. Note that calcu-
lations within the SSE employing the heavy-baryon expan-
sion were already performed by Kao et al. [24]. Here, we
address this issue up to the order "3 in a covariant SSE. In
contrast to the covariant CHPT calculation of Bernard et al.
[25,26], we do not use the method of infrared regulariza-
tion here as it leads to deformations of the analytical
structure at higher virtualities that leave a trace in the Q2

dependence of certain observables (see also Ref. [27] for
an early study of �0ðQ2Þ using a relativistic version of
baryon CHPT). We obtain parameter-free predictions
for various moments of the spin-structure functions at
low virtualities. We focus, in particular, on the so-called
forward and longitudinal-transverse spin polarizabilities,
as these have posed particular problems to the CHPT
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calculations. More precisely, the proton spin polarizability
at the photon point comes out larger in magnitude than
experiment for most calculations and also the magnitude of
the Q2-dependent neutron longitudinal-transverse spin po-
larizability is predicted much smaller than found in experi-
ment. This latter finding is particularly puzzling as the
leading �-resonance contributions are expected to cancel
here. In this paper, we will shed new light on these issues. It
is also important to stress that the contributions considered
here are nothing but the leading-order terms in the chiral
expansion of these spin polarizabilities based on an effec-
tive Lagrangian of pions, nucleons, deltas and photons.

Our paper is organized as follows: In Sec. II, we give the
necessary formalism for double virtual Compton scattering
off the nucleon and the definition of the pertinent moments
of spin structure functions that are amenable to a low-
energy expansion. Section III is devoted to a short discus-
sion of the underlying effective Lagrangian, the covariant
treatment of the baryon fields and the pertinent Feynman
diagrams to be calculated. Our results are discussed and
presented in Sec. IV. We end with a short summary and
outlook in Sec. V.

II. FORMALISM I: DOUBLE VIRTUAL
COMPTON SCATTERING

The forward tensor for double virtual Compton scatter-
ing in terms of the electromagnetic current J� is given by

T½��� ¼ i
Z

d4xeiq�xhPSjTJ�ðxÞJ�ð0ÞjPSi;
J�ðxÞ ¼ X

i

ei �c iðxÞ��c iðxÞ:
(1)

Here, c iðxÞ denotes a quark field of flavor i with charge ei,
while P and S are the momentum and spin polarization of
the nucleon, respectively. The spin-dependentV2CS tensor
can be parametrized by two structure functions,

T½��� ¼ � i

2
�����q�

�
S�S1ð�;Q2Þ

þ 1

m2
N

ðP � qS� � S � qP�ÞS2ð�;Q2Þ
�
; (2)

which depend on two independent scalar variables Q2 ¼
�q2 (the photon virtuality) and � ¼ P � q=mN (the photon
energy), where mN is the nucleon mass. On the other hand,
the differential cross section of polarized spin-dependent
inclusive lepton-nucleon scattering (in the one-photon-
exchange approximation) is proportional to the antisym-
metric tensor,

W½��� ¼ 1

4�

Z
d4xeiq�xhPSj½J�ðxÞ; J�ð0Þ�jPSi; (3)

which can be parametrized again by two structure
functions

W½��� ¼ � i

2
�����q�

�
S�G1ð�;Q2Þ

þ 1

m2
N

ðP � qS� � S � qP�ÞG2ð�;Q2Þ
�
: (4)

The amplitudes for V2CS can be analytically continued to
the complex �-plane. They have poles at �c ¼ �Q2=2mN,
corresponding to s- and u-channel elastic scattering and
two cuts on the real axis extending from � ¼ ��c to �1.
Using analyticity and assuming a sufficient fast falloff of
the structure functions at large �, one can relate the corre-
sponding structure functions to each other by dispersion
integrals [36],

S1ð�;Q2Þ ¼ 4
Z 1

Q2=2mN

dzzG1ðz;Q2Þ
z2 � �2

; (5)

S2ð�;Q2Þ ¼ 4
Z 1

Q2=2mN

dz�G2ðz; Q2Þ
z2 � �2

: (6)

In the derivation of these relations crossing symmetry,

S1ð��;Q2Þ ¼ S1ð�;Q2Þ; S2ð��;Q2Þ ¼ �S2ð�;Q2Þ;
(7)

has been used. Usually one works with the inelastic version
of the dispersion relations, where by inelastic we mean that
the elastic part of the amplitudes—which have a pole at
Q2=2mN—is subtracted. In this case the cut starts at the
pion production threshold s ¼ s0 ¼ ðmN þM�Þ2, which is
equivalent to �0 ¼ ðQ2 þM2

�Þ=ð2mNÞ þM�. The disper-
sion relations are then given by

�S 1ð�;Q2Þ ¼ 4
Z 1

�0

dzzG1ðz;Q2Þ
z2 � �2

; (8)

�S 2ð�;Q2Þ ¼ 4
Z 1

�0

dz�G2ðz;Q2Þ
z2 � �2

; (9)

with �Sið�;Q2Þ ¼ Sið�;Q2Þ � Selastici ð�;Q2Þ.
For small photon energies, the V2CS amplitudes can be

expanded in powers of �2,

�S 1ð�;Q2Þ ¼ X1
i¼0

�Sð2iÞ1 ð0; Q2Þ�2i; (10)

�S2ð�;Q2Þ ¼ X1
i¼0

�Sð2iþ1Þ
2 ð0; Q2Þ�2iþ2: (11)

The next-to-leading order coefficients (called the forward
and the longitudinal-transverse spin polarizability, respec-
tively) in this series are directly related to the moments of
structure functions and can be measured. In this work, we
concentrate on the low-energy region. The aforementioned
forward and longitudinal-transverse polarizabilities are
given by
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�0ðQ2Þ ¼ 1

8�

�
�Sð2Þ1 ð0; Q2Þ � Q2

mN

�Sð3Þ2 ð0; Q2Þ
�
; (12)

�LTðQ2Þ ¼ 1

8�

�
�Sð2Þ1 ð0; Q2Þ þ 1

mN

�Sð1Þ2 ð0; Q2Þ
�
: (13)

They obviously can be described as dispersion integrals
and can be rigorously calculated by CHPT at low virtual-
ities. Using a dispersion representation one has access to
experimental data such that polarizabilities provide a test-
ing ground for chiral dynamics of QCD. Similar formulas
can be given for the generalized GDH integral IAðQ2Þ and
the first moments of the spin-structure functions �1ðQ2Þ;
see Ref. [36]. For completeness, we give the corresponding
expressions,

IAðQ2Þ ¼m2
N

4e2

�
�Sð0Þ1 ð0;Q2Þ� Q2

mN

�Sð1Þ2 ð0;Q2Þ
�
;

�1ðQ2Þ ¼ Q2

2m2
N

I1ðQ2Þ; I1ðQ2Þ ¼m2
N

4e2
�Sð0Þ1 ð0;Q2Þ:

(14)

These observables will also be calculated here.

III. FORMALISM II: EFFECTIVE LAGRANGIAN
AND ONE-LOOP CALCULATION

We now consider the underlying chiral Lagrangian. In
Ref. [26], the chiral pion-nucleon Lagrangian in the pres-
ence of external sources, L�N½U;N; �N; s; p; v�; a��, was
utilized combined with infrared regularization to separate
the soft (long-range) from the hard (short-distance) dynam-
ics. Contributions from the �ð1232Þ resonance at tree level
were added in a phenomenological approach and shown to
be important. Here, we improve this calculation by extend-
ing the underlying effective field theory to include the delta
based on the so-called covariant small scale expansion to
Oð"3Þ. We use the explicit form of the spin-3=2 propagator
from Ref. [37]. Also, we do not use infrared regularization
as done in Ref. [26] but rather utilize dimensional regu-
larization. For the case at hand, this is a consistent scheme
as counter terms in the four-point function only show up at
Oð"5Þ. Gauge-invariant structures with two virtual photons
coupling to nucleon fields at the order �3 are given by [38]

i �Nðd6½D�; ~fþ��� þ d7½D�; hfþ��i�ÞD
�

2m
N þ H:c: (15)

at the order �4 one has

�
�
�N

�
e117
2

hf���f��
�þfþ��fþ�

�iþe90hfþ��ihfþ�
�i

þe92 ~f
þ
��hfþ�

�iþe94h~fþ�� ~fþ�
�i
�
D��

4m2
NþH:c:

�

þ �N

�
e89hfþ��ihfþ��iþe91 ~f

þ
��hfþ��iþe93h~fþ��ih~fþ��i

þe118
2

hf���f
���þfþ��f

þ��i
�
N; (16)

where N denotes the nucleon bi-spinor and ei are low-
energy constants. More details on the notation are given in
the text below, see also Ref. [38].1 All these structures are
spin independent. To construct a spin-dependent structure
one needs at least one extra derivative of photon fields.
These structures, however, are of the order �5 or higher
[26]. An example of such an operator is given by

�N ~fþ�	½D	; hfþ��i���������5N: (17)

Therefore, no power-counting violating contributions
appear up to and including Oð"4Þ, and the corresponding
loop corrections to V2CS are all finite after mass and
coupling-constant renormalization. Note, however, that
one has to deal with some low-energy constants (LECs)
in the three-point functions that appear as parts of the
fourth-order diagrams. In the case of nucleon intermediate
states, these are nothing but the anomalous magnetic mo-
ment of the proton and the neutron; see also Ref. [26]. In
the case of delta intermediate states, we have in addition

dimension-two LECs fromLð3Þ
�N�, which can be fixed from

� ! N transition form factors.
The chiral Lagrangian for V2CS in the pion-nucleon

sector is given in Ref. [26]. The pertinent new Lagrangian
structures related to the inclusion of the spin-3=2 fields read
(for the construction principles, see Ref. [35])

Lð1Þ
�N� ¼ hA �c �

i !
i
�N þ H:c:;

Lð1Þ
��� ¼ �c �

i ði 6Dij
�� �m�����

ijÞc �
j ;

Lð2Þ
�N� ¼ 1

2
b1 �c

�
i if

iþ���
��5N þ H:c:;

(18)

with

6Dij
�� ¼ ����D

�
ij; D�

ij ¼ ð@� þ��Þ�ij � i�ijkh
k��i;
�� ¼ 1

2
½uy; @�u� � i

2
uyðv� þ a�Þu� i

2
uðv� � a�Þuy;

fiþ�� ¼ 1

2
h
ifþ��i; !i

� ¼ 1

2
h
iu�i;

���� ¼ 1

4
f½��;���;��g; ��� ¼ 1

2
½��;���: (19)

Here, c �
i is a conventional Rarita-Schwinger spinor for the

spin-3=2 fields, hA is the leading �N� axial-coupling
(analogous to gA in the pion-nucleon sector) and b1 is the
leading photon-nucleon-delta coupling of chiral dimension
two (much like the nucleon magnetic moment that appears

first inLð2Þ
�N). As usual, the pions are collected in thematrix-

valued fieldUðxÞ ¼ u2ðxÞ.We only need the external vector
source v� ¼ QA�, with A� the photon field and Q ¼
diag ð1; 0Þe the nucleon charge matrix. Therefore, fþ�� ¼
F��ðuQuy þ uyQuÞ. The Lagrangians in Eqs. (18) are

manifestly invariant under chiral transformations and are

1Our f�� corresponds to F�� of Ref. [38].
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related to the ones of Ref. [39] via a field redefinition [40].
In that formulation the off-shell spin-1=2 degrees of free-
dom are projected out, but the Lagrangian is not manifestly
invariant under chiral transformations. We also do not in-
troduce any off-shell parameters into our chiral Lagrangian
since they are redundant and can be absorbed into counter
terms at any order in the chiral expansion [41].

Based on this, we are now in the position to calculate
V2CS at low energies in the covariant SSE. At orderOð"3Þ,
we have tree and the leading one-loop graphs involving the
� resonance; see Figs. 1 and 2, respectively. The corre-
sponding third-order pion-nucleon loop graphs are e.g.,
displayed in Fig. 1 of Ref. [26]. Note that since the delta
propagator is ofOð"�1Þ, the tree graphs with two insertions
from Lð2Þ

�N� appear first at third order in the SSE. Note

further that at this order there are no unknown LECs, since
the couplings hA and b1 can be determined from the decays
� ! N� and � ! N�, respectively. More precisely, the
strong width of the � is given in terms of the LEC hA as

�str
� ¼ h2A

ððm� �mNÞ2 �M2
�Þ3=2ððm� þmNÞ2 �M2

�Þ5=2
192F2

��m
5
�

¼ ð118� 2Þ MeV (20)

and similarly for the electromagnetic width in terms of b1,

�em
� ¼ e2b21

ðm2
� �m2

NÞ3ð3m2
� þm2Þ

576�m5
�

; (21)

with �em
� =ð�em

� þ �str
� Þ ¼ ð0:55–0:65Þ%. The predictions

for the generalized spin polarizabilities and other moments
of the spin structure functions are thus parameter-free. It is
also important to stress that in the covariant scheme em-
ployed here, one has more loop diagrams at leading order
as compared to the heavy baryon approach (cf. Fig. 2 in
Ref. [24]). In that approach, the ‘‘missing’’ graphs only
appear at fourth order due to the additional counting in the
inverse baryon mass. Here, we have to deal with 14 differ-
ent topologies as shown in Fig. 2. None of them involves
the leading, dimension-two �N�-vertices; such contribu-
tions only start at Oð"4Þ. Still, the algebra to evaluate the
diagrams shown in Fig. 2 is nontrivial. In particular, the
box diagram (right-most graph in the upper row of Fig. 2)
and its crossed partner generate 53 ¼ 125 times more
terms than the corresponding pion-nucleon box graph since
the spin-3=2 field propagator is given by

S�� ¼ 6pþm�

p2 �m2
�

�
�g�� þ 1

3
���� þ 1

3m�

ð��p� ���p�Þ

þ 2

3m2
�

p�p�

�
: (22)

Therefore, we have developed our own algebraic program
that combines FORM [42] and MATHEMATICA to calculate
the tree and the loop diagrams. The code is able to reduce
tensor integrals of any rank in the relativistic and the heavy
baryon formalism. FORM is used to reduce the pertinent
tensor integrals with higher powers of propagators and
shifted dimensions, while MATHEMATICA is utilized to
perform the standard Passarino-Veltman reduction [43]
(if required). In particular, the program allows for an
easy heavy mass reduction of any given relativistic
formulation.

FIG. 1. Tree diagrams atOð"3Þ. Solid, double and wiggly lines
denote nucleons, deltas and photons, in order. The filled circle is

an insertion from Lð2Þ
�N�.

FIG. 2. Delta-loop diagrams at Oð"3Þ. Solid, double, dashed and wiggly lines denote nucleons, deltas, pions and photons, in order.
Crossed graphs are not shown.
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We have calculated the spin polarizabilities �0ðQ2Þ,
�LTðQ2Þ, the generalized GDH integral IAðQ2Þ and also
the first moment �1ðQ2Þ for the neutron and the proton. The
resulting expressions for the loop contributions are very
lengthy and will not be given here explicitly.2 However, we
mention that our framework allows us to take the heavy
baryon limit in which the nucleon and the delta are con-
sidered as heavy, static sources, keeping the mass splitting
fixed. Indeed, we recover the heavy baryon results of
Ref. [24]. For better comparison, we give here the explicit
Born terms corresponding to Fig. 1,

S�-Born1 ð�;Q2Þ¼2e2b21
9m2

�

1

ðm2
��m2

NþQ2Þ2�4m2
N�

2

�½2m2
N�

2ðm2
N�3ðQ2þm2

�ÞÞ
þQ2ðm2

��m2
NþQ2Þ

�ð3m2
��2m2

Nþ2Q2�2mNm�Þ�;

S�-Born2 ð�;Q2Þ¼�4e2b21m
2
N�

9m2
�

�ðmNþm�Þðm2
NþQ2�2mNm�Þ

ðm2
��m2

NþQ2Þ2�4m2
N�

2
: (23)

IV. RESULTS AND DISCUSSION

For obtaining numerical results, we use the following
set of parameters: gA ¼ 1:27, F� ¼ 92:21 MeV,
M� ¼ 138:04 MeV, mN ¼ 938:9 MeV, �v ¼ 3:706,
�s ¼ �0:120, m� ¼ 1232 MeV (in the Appendix, we
also discuss some results obtained using the S-matrix
pole mass as determined e.g., in pion-nucleon scattering).
For the � couplings, we obtain from Eqs. (20) and (21),

hA ¼ 1:43� 0:02; b1 ¼ �ð4:98� 0:27Þ=mN: (24)

For comparison, the corresponding large-NC relations yield

hA ¼ ð3gAÞ=ð2
ffiffiffi
2

p Þ ¼ 1:35, and b1 ¼�3ð1þ �p � �nÞ=
ð2 ffiffiffi

2
p

mNÞ ¼ �5:0=mN , which are consistent with the em-
pirical values. Note that we take the sign of hA and b1 to be
consistent with the large-NC relations, as the formulas for
the corresponding width are quadratic in these couplings.
We will generate theoretical errors by varying these cou-
plings within the ranges given above. Uncertainties due to
neglected higher orders will not be considered.

First, we consider the forward and the longitudinal-
transverse spin polarizabilities at the photon point, �0ð0Þ
and �LTð0Þ, respectively. We find using the central values
of the input parameters,

�p
0 ¼ 2:07q3 � 3:65�3;tree � 0:16�3;loop ¼ �1:74½�0:40�;

�n
0 ¼ 3:06q3 � 3:65�3;tree � 0:18�3;loop ¼ �0:77½�0:40�;

�p
LT ¼ 1:54q3 � 0:36�3;tree þ 1:22�3;loop ¼ 2:40½�0:01�;

�n
LT ¼ 2:41q3 � 0:36�3;tree þ 0:33�3;loop ¼ 2:38½�0:03�;

(25)

in units of 10�4 fm4. The first term refers to the third-order
pion-nucleon loop result, whereas the second and third
terms are the delta tree-level and loop corrections at third
order in the SSE. In brackets, we give the results due to the
variation of hA and b1 within the bounds given above. We
do not attempt here to estimate the error stemming from the
fourth (and higher) order terms—this issue will be dealt
with in the future when we present the results of the com-
plete one-loop analysis. As already found in Ref. [26], the
corrections from tree-level delta graphs are large in
the forward spin polarizabilities, whereas the delta loop
corrections for �n;p

0 are very small.3 This is different for

the transverse-longitudinal polarizabilities, where the tree
contributions are suppressed (as it was also found in the
heavy baryon calculation of Kao et al. [24]). We note that
the parameter-free prediction for �p

0 agrees within 1:5�
with the empirical number, �p

0 ¼ �1:00� 0:08� 0:12
[44]. We note that the latter number is obtained using the
well-known sum rule for �0 in terms of the measured
difference of the photon-proton cross sections with helicity
1=2 and 3=2 for photon energies between 200 and
1800 MeV combined with the MAID2003 prediction for
the region between the threshold and 200 MeV. See, how-
ever, also Ref. [45] for an earlier experimental estimate,
�p
0 ¼ �1:5� 0:15� 0:03. This is a clear improvement as

compared to earlier calculations employing either heavy
baryon chiral perturbation theory with explicit deltas or the
covariant Oðq4Þ calculation adding tree-level � contribu-
tions. Of course, before one can claim success, one must
consistently evaluate the fourth-order contributions from
nucleon and delta intermediate states. We also note the
marked difference in the delta-loop contribution to �p

LT .
While in the heavy baryon scheme this contribution is
small, it is sizeable in our relativistic approach. This can
be largely traced back to the box diagram (the right-most
diagram in the upper row of Fig. 2). As mN and m� (with
the splitting fixed) tend to infinity, the contribution
from this diagram vanishes, whereas its value is 1:32�
10�4 fm4 in our case. We have analyzed the
1=mN-expansion

4 of the box diagram. In the heavy baryon
approach the minimal coupling of the photon to the delta
field is proportional to � � v, with v ¼ ð1; 0; 0; 0Þ, modulo

2They can be made available as a MATHEMATICA notebook
upon request from Hermann Krebs.

3In this work we use dimensional and not infrared regulari-
zation as in Ref. [26]. For this reason only qualitative compari-
son is possible between our results and that of Ref. [26].

4The 1=mN expansion with fixed � ¼ m� �mN leads to the
usual heavy baryon SSE.
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1=mN corrections. In this work we use the gauge � � v ¼ 0.
For this reason, the box diagram starts to contribute at
Oð1=m2

NÞ. The sizeable contribution of the covariant box
diagram indicates that the convergence of the 1=mN expan-
sion is very slow. The effect is much more dramatic for the
proton than for the neutron due to a much larger prefactor.
This shows that the heavy baryon expansion does not
provide a good approximation to the covariant result for
this observable.

Next, we consider the various observables at finite pho-
ton virtuality. In Fig. 3, we show the neutron (left panel)
and proton (right panel) forward spin polarizabilities for
virtualities Q2 � 0:15 GeV2. For the neutron, there is only
one data point atQ2 ¼ 0:1 GeV2, which lies slightly above
the predictions. The trend of the proton data is not recov-
ered, the discrepancy between the chiral prediction and the
data grows with increasing photon virtuality. This is also
reflected in the deviations of the isoscalar and isovector
combinations at Q2 ¼ 0:1 GeV2 given in Ref. [46]. To get
more insight into these trends, we display the same decom-
position for �p;n

0 ðQ2Þ at Q2 ¼ 0:1 GeV2 as given at the

photon point in Eq. (25):

�p
0 ¼ 1:17q3 � 4:29�3;tree � 0:13�3;loop ¼ �3:25½�0:48�;

�n
0 ¼ 1:49q3 � 4:29�3;tree � 0:15�3;loop ¼ �2:95½�0:48�:

(26)

We see that the decrease of �p;n
0 ðQ2Þ is a combined effect

of a decreasing positive contribution of the pion-nucleon
loops and an increase in magnitude of negative contribu-
tion from the � tree graphs. Again, a complete fourth
calculations is required to settle the issue. Given that the
prediction for �p

0 at the photon point is already close to

experiment, one may hope that such a fourth order calcu-
lation would provide a fine test of the chiral QCD dynamics
in view of the upcoming data at low photon virtualities
from Jefferson Lab (down to Q2 � 0:01 GeV2). It is
also interesting to confront our predictions with the
isospin separated forward spin-polarizabilities of Ref. [46].

At Q2 ¼ 0:1 GeV2, these authors find �p�n
0 ¼ 1:53 and

�pþn
0 ¼ �2:51. This should be compared with our predic-

tions of �p�n
0 ¼ �0:30 and �pþn

0 ¼ �6:20 for the central

values (all in canonical units). The third order SSE
calculation disagrees markedly from the experimental val-
ues. As stressed before, a complete Oð"4Þ calculation is
called for.
The Q2-dependence of the transverse-longitudinal spin

polarizability is shown in Fig. 4. In contrast to the infrared
regularized calculation of Ref. [26], it is a monotonically
decreasing function of Q2 for both the neutron and the
proton. This is a generic feature of using dimensional
instead of infrared regularization. Still, the only empirical
value of �n

LTðQ2 ¼ 0:1 GeV2Þ is slightly missed by the
chiral prediction, but again a clear improvement as com-
pared to earlier calculations is achieved. We remark again
that the uncertainty shown here does not involve the effects
of higher orders not considered here. The decrease of
�p;n
LT ðQ2Þ is mostly due to the pion-nucleon loop graphs,

cf. Eq. (25)

�p
LT ¼ 0:59q3 � 0:53�3;tree þ 1:23�3;loop ¼ 1:29½�0:03�;

�n
LT ¼ 0:95q3 � 0:53�3;tree þ 0:33�3;loop ¼ 0:75½�0:05�:

(27)

The Q2-dependence of the generalized GDH sum rule
IAðQ2Þ is shown in Fig. 5. Here, we find a clear difference
to the data point atQ2 ¼ 0:1 GeV2, whereas the phenome-
nological inclusion of the tree level �-terms produced a
broad band that was consistent with this datum. It remains
to be seen how the complete one-loop calculation will
do, as we know that there are sizeable Oðq4Þ pion-nucleon
loop corrections.
Finally, the Q2-dependence of the first moment

�1ðQ2Þ for the proton and the isovector combination

�ðp�nÞ
1 ðQ2Þ are displayed in Fig. 6. While the Oð"3Þ con-

tributions slightly improve the chiral prediction for the
proton, more curvature from the pion-nucleon and
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FIG. 3 (color online). Forward spin polarizability in units of 10�4 fm4 at finite photon virtuality for the neutron (left) and the proton
(right). Neutron data: Ref. [30] and proton data from Ref. [44] (Q2 ¼ 0) and Ref. [31] (Q2 > 0). Only statistical errors are shown.

BERNARD et al. PHYSICAL REVIEW D 87, 054032 (2013)

054032-6



pion-delta loop graphs at fourth order is required. This

again points towards the necessity of performing such a

complete fourth order calculations within the framework

outlined here. However, we note that the third order

calculation already describes the admittedly relatively

imprecise data for the isovector combination �ðp�nÞ
1 ðQ2Þ

taken from Ref. [46]. Therefore, in this combination the

fourth order corrections should largely cancel, which was

found to be the case in the heavy baryon approach [36] but

not in the infrared regularized covariant calculation [25].
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FIG. 5 (color online). Generalized GDH integral IA for the neutron (left) and the proton (right). Neutron data: Ref. [29]. The two data
points at the same value of Q2 refer to different extraction methods as described in Ref. [29]. Only the dominant systematic errors
are shown.
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V. SUMMARYAND OUTLOOK

We have presented a calculation of the nucleon spin
structure at low energies in the framework of a covariant
formulation of baryon chiral effective field theory with
explicit spin-3=2 degrees of freedom. We have included
all terms up to and including Oð"3Þ in the small-scale
expansion. At this order, one has contributions from
delta-tree diagrams supplemented by the leading pion-
nucleon and pion-delta loop graphs. Having fixed the
LECs from the strong and the electromagnetic widths of
the � resonance, we can make parameter-free predictions.
This is particularly useful in view of the upcoming preci-
sion data from Jefferson Lab at low photon virtualities.
The main results of this investigation can be summarized
as follows:

(1) We find an improved description of the forward spin
polarizability �0 for the neutron and the proton. In
particular, the value of �p

0 ð0Þ is consistent with the

determination from the GDH collaboration.
However, the Q2 dependence of the �p

0 ðQ2Þ is not
consistent with the data, with the discrepancy in-
creasing with larger photon virtuality.

(2) For the longitudinal-transverse spin polarizability,
we find an improved description as compared to
earlier calculations. Still, the experimental value of
�n
LTðQ2 ¼ 0:1 GeV2Þ is slightly larger in magnitude

than the chiral prediction.
(3) The generalized GDH integral IAðQ2Þ shows a faster

falloff with increasing photon virtuality as indicated
by the data on the neutron. �N and �� loops at
fourth order are expected to supply the necessary
curvature.

(4) Similar statements can be made for the first moment
�1ðQ2Þ, where the approximate Q2 independence of
the proton data (for small values of Q2) is not
captured by the third-order calculation. However,
we find that the prediction for the isovector combi-

nation �ðp�nÞ
1 ðQ2Þ is in agreement with the few

existing but not very precise data.
All this points towards the necessity of performing a
complete one-loop calculation [47]. However, we would
like to stress that what was considered here are just the
leading contributions based on a covariant effective
Lagrangian with explicit deltas—as such, most of the
results can be considered quite encouraging. In view of
the upcoming Jefferson Lab data at very small photon
virtualities, one can finally hope to test the chiral QCD
dynamics related to the nucleon spin structure with suffi-
cient precision.
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APPENDIX: MODIFYING THE
� RESONANCE INPUT

So far, we have used the Breit-Wigner mass for the �,
m� ¼ 1232 MeV and the corresponding width, as was
done e.g., in Ref. [26]. However, one might alternatively
use the parameters from the S-matrix pole deduced from
pion-nucleon scattering and pion photoproduction, which
are currently listed as

m� ¼ 1210 MeV;

�2 Im�� ¼ �str
� þ �em

� ¼ ð100� 2Þ MeV:
(A1)

Using these values, the couplings hA and b1 change to

hA ¼ 1:51� 0:02; b1 ¼ �ð5:10� 0:27Þ=mN: (A2)

These are consistent within uncertainties with the earlier
values, cf. Eq. (24), but we note that the central value for
b1 has increased by about 3%. Using this new input, we
have repeated the calculation. Here, we only show the
modified results for the spin polarizabilities �0 and �LT

at the photon point and one finite photon virtuality. We
find at Q2 ¼ 0,

�p
0 ¼ 2:07q3 � 4:52�3;tree � 0:22�3;loop ¼ �2:67½�0:49�;

�n
0 ¼ 3:06q3 � 4:52�3;tree � 0:23�3;loop ¼ �1:69½�0:48�;

�p
LT ¼ 1:54q3 � 0:42�3;tree þ 1:40�3;loop ¼ 2:52½�0:01�;

�n
LT ¼ 2:41q3 � 0:42�3;tree þ 0:37�3;loop ¼ 2:36½�0:04�:

(A3)

While there are only small changes in the delta-loop
contributions, the delta-tree terms are markedly enlarged,
which is particularly relevant for �0. This increase is
approximately to one third due to the increased value
of b1 and to two thirds related to the smaller � mass in
the denominator, cf. Eq. (23) (see also Eq. (39) in
Ref. [24]). Also consistent with the heavy baryon results
[24], the corrections to �LT are less significant. These
trends persist at finite photon virtualities. At Q2 ¼
0:1 GeV2, we find
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�p
0 ¼1:17q3 �5:52�3;tree�0:17�3;loop¼�4:52½�0:60�;

�n
0 ¼1:49q3 �5:52�3;tree�0:20�3;loop¼�4:23½�0:60�;

�p
LT ¼0:59q3 �0:65�3;treeþ1:42�3;loop¼1:36½�0:03�;

�n
LT ¼0:95q3 �0:65�3;treeþ0:37�3;loop¼0:67½�0:06�:

(A4)

These data show the same trends as at the photon point,

cf. Eqs. (26) and (27). As we are only considering the

leading delta tree-level and loop graphs here, we expect

that some of the uncertainty induced by the values for

m�, �� will be reduced when the subleading Oð"4Þ
corrections are included.
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