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A theoretical and experimental justification of an approach proposed and developed by us for
surface impedance standard measurements of HTS films is presented. An analysis of the electro-
magnetic properties of quasi-optical dielectric resonators with conducting endplates, which pro-
vides a theoretical background for studies of HTS films in the millimeter wave range, is per-
formed. With this technique, the highest-quality modes, namely whispering gallery modes, are
excited in a dielectric cylindrical disc sandwiched between HTS films. Considerable enhance-
ment of the sensitivity of surface resistance measurements in the millimeter wave range is dem-
onstrated, which is important for the fundamental investigation of superconductor physics. It is
also shown that the measured frequency shift in the resonator with the HTS endplates as a func-
tion of the temperature reveals a possibility for accurate evaluation of the field penetration depth
in HTS films. © 2006 American Institute of Physics. �DOI: 10.1063/1.2215377�
I. INTRODUCTION

Microwave surface impedance Zs measurements of high-
temperature superconducting �HTS� films are important for
fundamental studies and also for technical applications.1 The
resonant systems developed for contactless measurements of
unpatterned films are of special interest.2 A well-known tech-
nique of surface resistance Rs measurement based on a sap-
phire �Al2O3� resonator with lower mode oscillations was
used in the classic microwave band ��25 GHz�.3 Various
types of the Hakki–Coleman dielectric resonator have the
advantage of being able to evaluate the total energy
dissipation.4 The dimensions of dielectric resonators operat-
ing in the millimeter wavelength range ��25 GHz� and uti-
lizing lower-mode oscillations �waves� become unacceptably
small. The quality factor Q of the resonators decreases cor-
respondingly. The highest quality factor can be obtained for
the resonators using the highest order of azimuthal modes,
i.e., whispering gallery �WG� waves �J. K. Wait, Radio Sci-
ence 2, 1005 �1967��. The dimensions of such a resonator in
the millimeter wavelength range are acceptable for use in
resonant structures with HTS films.5

We recently reported an accurate technique for the Rs

measurement of large-area HTS films using a sapphire quasi-
optical dielectric resonator �QDR� with conducting endplates
�CEP�.6 In this approach, the WG modes are excited in a
dielectric cylindrical disc sandwiched between HTS films or
between one HTS film and one copper endplate �Fig. 1�. The
approach was used in the Ka band and no fundamental limi-
tations for use in a shorter wavelength range were found. It
has been shown experimentally that the resonant frequency
shift of QDR with HTS film as a function of the temperature
can be used for accurate measurement of the surface reac-
tance X and, hence, a field penetration depth �=X / �� � �,
s s 0 0
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where �0=2�f0 ; f0 is a resonant frequency, �0

=4� ·10−7 Hr/m.7

The aim of the present work is a complete analysis of the
approach developed on the basis of QDR for HTS micro-
wave surface impedance measurements which was reported
briefly in Refs. 6, 8, and 9. The theoretical and experimental
investigation both of the impedance properties of the HTS
films and particular features of the proposed approach itself
are highlighted here.

II. ELECTRODYNAMICS OF QUASI-OPTICAL DIELECTRIC
RESONATORS WITH CONDUCTING ENDPLATES

The electromagnetic fields distribution of monochro-
matic oscillations in a disc QDR made of an anisotropic
uniaxial single crystal with its anisotropy axis parallel to the
disc axis is described in Ref. 10.

The frequency �p=�p�− i�p� for the pth mode of the reso-
nant oscillation �where the subscript p equals nsm, which are
the azimuthal �n�, radial �s� and axial �m� subscripts, respec-
tively� is found from a solution to the characteristic equation

��H − �0���z�E − �0� = a2, �1�

where

� j =
1

qjr0

Jn��qjr0�
Jn�qjr0�

, �0 =
1

q0r0

Hn
�1��q0r0�

Hn
�1��q0r0�

, a

=
kkzn

q0
2qH

2 r0
2 �1 − ��� , �2�

a prime denotes differentiation with respect to the argument;
and Jn�x� and Hn

1�x� are the nth-order Bessel and Hankel
functions of the zeroth kind. For resonators with perfectly
conducting endplates, the axial component of the wave vec-
tor is kz=m� / l, where l is the height of the resonator and
© 2006 American Institute of Physics
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m=0,1 ,2 , . . . The subscript j stands for H or E; k=� /c; the
azimuthal subscript n equals 0 ,1 ,2 , . . .; qH= ���k2−kz

2�1/2;
qE= ��z /���1/2qH and q0= �k2−kz

2�1/2 are the radial compo-
nents of the wave vector inside and outside the insulator,
respectively; Cnand Dn are constant factors; and q2=qH

2 when
r	r0 and q2=q0

2 when r
r0.
A QDR supports independent EH and HE oscillations.

When the condition

��H − �0�1/2��z�E − �0�−1/2 � 1 �3�

is met, the free oscillations of the resonator are of the HE
type.

If the axis of the uniaxial crystal forms an angle � with
the geometrical axis of the resonator, the permittivity tensor
components depend on the azimuthal angle �. This depen-
dence splits the EH and HE oscillations into the ordinary and
extraordinary modes, as follows from experiments.11

For the case where the endplates are not perfectly con-
ducting planes, a rigorous theory does not exist. In the
present work, the radial and azimuthal components of the
wave vector are described by the characteristic equation �1�,
and the effective height of the resonator is defined as leff

=m� /kz.
The quadrature relations obtained from Maxwell’s equa-

tions for resonant oscillations in resonators with perfectly
and imperfectly conducting endplates is integrated over the
entire space.12 Using the radiation condition, the continuity
of the tangential electric and magnetic field components at
the curved surface of the resonator, and the impedance
boundary condition at the end faces of the resonator, one can
obtain an integral equation that defines a shift in the reso-
nance frequency due to imperfect conductivity of the CEP:

�� − �p
*��HHp

* + E��ij�Ep
*�dV=

V

=2iZs�ez�ez,H��Hp
*dS

S �4�

where ez is a unit vector along the QDR axis; �, E, and H
are the frequency and the electric and magnetic field vectors
for the resonator with the imperfectly conducting endplates;
and �p ,Ep, and Hp are the frequency and the electric and
magnetic field vectors for the pth mode of the resonator with
the perfectly conducting endplates. On the left-hand side of
this formula, integration is performed over the entire volume

FIG. 1. Quasi-optical dielectric resonator with conducting endplates:
1—sapphire disc; 2—HTS films; 3—dielectric substrates.
V; and on the right-hand side, over the surface S of the CEP
having the surface impedance Zs=Rs+ iXs.

When Zs is small and the mode interaction is neglected
�Ip�p=0 if p��p�, one can obtain a relationship

�� − �p
*� + iZs

Ipp
2

Wp
= 0 �5�

where Ip�p is the surface current induced on the finite-
conductivity endplates by the electromagnetic wave, and Wp

is the energy of the pth electromagnetic mode in the resona-
tor with the perfectly conducting endplate.

Relationship �5� can be used to calculate the surface im-
pedance Zs of the CEP from the measured QDR resonance
frequency �. We also use �5� for evaluation of the expected
frequency shift of the QDR with HTS CEP. This relationship
defines the shift between the resonance frequencies of a
QDR with the imperfect CEP and that with the perfect CEP
for a particular oscillation mode. The shift in the real part of
the resonance frequency is specified by the imaginary part of
the surface impedance Zs �the surface reactance Xs�. The re-
actance specifies the nondissipative energy stored in the sur-
face layers of the CEP. The surface resistance Rs is respon-
sible for the period-averaged Joule loss Ip�p

2 Rs in the
impedance CEP of the resonator.

The evaluations show that resonant frequencies of the
QDR made of Teflon with copper CEP differ from those for
the resonator with perfect CEP by �10 MHz. The estimated
QDR frequency shift at superconducting-to-normal state
transition in HTS CEP is approximately equal to the same
value. This shift ensures a sufficient sensitivity for reactance
measurements of HTS films.

The surface resistance Rs of the CEP is more convenient
to determine using a direct definition of the quality factor Q
in terms of the stored and dissipative energies:

Q0
−1 = k tan 
 + AsRs + Qrad

−1 , �6�

where Q0 is the eigen Q-factor of QDR with CEP, coeffi-
cients k and As show the contribution of dielectric and con-
ductor losses in the energy total loss in QDR, tan 
 is the
dielectric loss tangent, and Qrad is the radiation loss quality.
As was shown in Ref. 6 one can neglect Qrad

−1 in QDR in the
case of CEP with a large diameter �Qrad=109–1010�.

The expressions for k and As can be obtained from the
electrodynamic solution of the field structure in the QDR
with CEP10

k = 1/�1 + R0
Y�; �7�

As = 2/��0�0lRY� . �8�

The expressions for RY
0 and RY �index Y means HE or

EH mode� depend on the dimensions of the resonator and the
wave mode within it.13 In the case of the axially homoge-
neous HEns0 mode, which is excited relatively easily, expres-
sions for RY

0 and RY are cited in Ref. 6. The coefficient k is
very close to 1 and the coefficient As is shown in Fig. 2 as a
function of the azimuthal index n together with the corre-
sponding values of frequencies for the HEn10 and HEn20

modes. It can be underlined that �i� As decreases with in-
creasing frequency, and �ii� the values of A are the same for
s
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the HEn10 and HEn20 modes at the same frequency �here,
however, the values of n are different for different modes�.

III. THE QDR-BASED APPROACH TO SURFACE
RESISTANCE MEASUREMENT

The main element of the measurement setup is a sap-
phire �l=2.41 mm� or ruby �l=2.54 mm� cylindrical disc
with diameter d=14.40 mm. The optical c axes of the single
crystals were found at the angles 56� and 15� with respect to
the geometric �longitudinal� axis for sapphire and ruby, re-
spectively. Values of the loss tangent �tan 
� measured at
77 K were found to be 2.9�10−6 and 2.3�10−6, respec-
tively. The coupling of the QDR to the transmission lines
was formed by dielectric waveguides with one side covered
by metal �quasi-image waveguides�. The angle between the
longitudinal axis of the input and the output waveguides was
about 10°. This allowed us to control the coupling between
the QDR and the feeder lines by moving the resonator be-
tween these lines.

A small splitting of the resonance line was observed at
Rs measurements of high-quality HTS films forming CEP
�Fig. 3�. The Q-factor and Rs in the case of a split resonance
can be determined also. However, in this case it is necessary
to develop the special approach to determine the Q-factor.6,14

At the beginning, test measurements were carried out with
annealed Cu which showed very good coincidence of the
measured and calculated values of Rs at T=290 K �48.8 m�
and 48.4 m�, respectively�. The experimental data on Rs

�m�� of three YBa2Cu3O7−
 films, measured at T=78 K us-

FIG. 2. The coefficient As and resonant frequency dependence on azimuthal
index n for HEn10 and HEn20 modes. Symbols correspond to calculated val-
ues at the corresponding azimuthal index n.

FIG. 3. Transmittance �i.e., resonance lines� of different QDR configura-
tions in the Ka band at T=77 K: �a� a sapphire disc with one HTS film and
one Cu endplate; �b� a sapphire disc with two HTS film endplates.
ing a “round-robin” procedure,15 are as follows: film 1—9.7,
film 2—8.3, film 3—10.1. As an example Fig. 4 shows the
temperature dependence of Rs for two different YBaCuO
films.

For accurate Rs measurements both a dielectric with
minimal loss tan 
 and the oscillation wave mode with maxi-
mal As should be used. The coefficient RHE depends slightly
on the resonator geometric dimensions, the resonator mate-
rial permittivity ��, and the wave mode. For the sapphire
resonator one obtains As=2.92�10−3 �−1 and 
As /As

�0.5%. It should be noted that 
Rs /Rs depends on the value
of Rs itself. Using the approach discussed in Ref. 3, the ef-
fects of other several factors on 
Rs /Rs have been analyzed
in Ref. 16. The accuracy of the Rs measurements is 5.5%
under the conditions of the given case, i.e., tan 
=2.3
�10−6, 
�tan 
� / tan 
=5%, 
k /k=0.5%, and can be im-
proved to 1.5% by improving the Q-factor measurement ac-
curacy to 1%.

Using the above-mentioned approach,3,16 the minimum
value of Rs available for measurement can also be calculated:

Rs
min = �
Q0

Q0
� k tan 


As
. �9�

As follows from �9�, Rs
min is determined by the resolution

of the Q-meter, loss tangent of the dielectric, and the filling
factor As of the superconductor. It can be seen that even at

Q0 /Q0=0.1 and tan 
=10−6, the value of Rs

min is equal to
4�10−5. This value is lower than Rs for the best HTS films
in the Ka band,1 which allows one to perform new experi-
ments on fundamental study of Rs at very low temperatures.

As a result, the QDR-based technique of Rs measure-
ment of HTS films has a number of distinguishing features,
namely:

— the technique is convenient for application in the mil-
limeter wavelength range;

— the technique does not demand a calibration proce-
dure, i.e., it is a first principles measurement technique;

— for QDR with CEP, axially homogeneous WG modes
HEns0 are excited the most efficiently �where n is the azi-
muthal index, s means the number of field variations along
the radius of the dielectric disc, and 0 means a uniform field
distribution along the disc height�;

— at excitation of the resonator in a regime of traveling
waves, an observed resonant line splits, as a rule;

FIG. 4. Temperature dependence of a quality factor and surface resistance of
a quasi-optical dielectric resonator with HTS films.
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— there is the opportunity to apply distributed and con-
trolled �in a same temperature cycle of measurement� cou-
pling with transmission lines.

The above mentioned features allow us:
— to achieve the highest sensitivity of surface resistance

measurement at liquid helium temperatures, which opens up
a new approach for studying the problem of microwave re-
sidual resistance both in HTS materials and other unusual
superconductors;

— to measure microwave properties of large-area HTS
films;

— to develop submillimeter �THz� technique for imped-
ance measurements;

— to consider QDR with CEP as the basis for develop-
ing of new microwave devices in millimeter-wave range �for
example, high-stability oscillators, filters, etc.�.

IV. APPROACH TO SURFACE REACTANCE STUDY

Surface reactance Xs is the next important impedance
characteristic of the HTS thin film. As a rule, the same reso-
nant structure is used for both Rs and Xs measurements.
However, this method does not allow one to obtain absolute
values of Xs �in contrast to Rs�, which is due to the impossi-
bility of determining the eigenfrequency of resonators with
ideal conducting surfaces and the insufficient reproducibility
of the frequencies upon reassembling the resonator.

Consideration of the above-mentioned difficulties allows
one to conclude that, evidently, in a given case, analogously
to all other resonator techniques, the most appropriate ap-
proach can be one in which the reactance variation Xs�T�
with temperature is determined and the relations1

�Xs�T� = −
2�f

Asf0
; �10a�

���T� =
�Xs�T�
2�f0�0

�10b�

are used, where �f0 is the shift of the eigenfrequency and
���T� is the temperature variation of �.

Here small air-gaps �microslots� which exist between the
HTS films used as CEP and the dielectric disc with WG
modes are one of the important considerations affecting ac-
curacy of impedance measurements. It is worth noting that
the air-gap effect was negligible in microwave measurements
of the dielectric properties of low-loss materials by the
lower-mode dielectric resonator method.17 This problem was
later considered numerically in connection with the use of
the same lower-mode dielectric resonator for HTS film
characterization.18 It was confirmed that the calculated influ-
ence of air gaps between the sapphire disc and CEP on the
Q-factor can be accepted as insignificant. However, as the
calculations showed, the same air gap reduced the resonant
frequencies of the resonator rather noticeably. Naturally, the
calculated data demand experimental verification, all the
more in the given case, where the resonator is a quasi-optical
element with WG modes, because a rigorous solution of the
electrodynamic problem of QDR with air-gap has not yet
been obtained. In addition, it is important to determine the
temperature dependence of the air-gap effect. We are forced
to study this effect in QDR because it is distinct in eigenfre-
quency measurements upon reassembling of QDR with CEP.

To clarify the air-gap effect in QDR with CEP for Zs

measurement, the structures shown in Fig. 5 were studied. In
a structure shown in Fig. 5a, a dielectric disc of 14.40 mm in
diameter with copper layers sputtered directly onto its end
face is placed between bulk copper discs of 30 mm in diam-
eter. The thickness of the copper layers is about 2 �m, i.e.,
t�
�0.35 �m, where 
 is a skin depth. The copper discs
are necessary to avoid the edge effect.

Comparison of resonant frequencies of the HE1410 mode
for the structure shown in Fig. 5a �the air gaps are absent�
and the structure shown in Fig. 5b �the air gaps are present�
demonstrates that the air gap cause a frequency increase of
120 MHz. The use of springs to force the CEP onto the di-
electric disc causes an increase of the frequency �300 MHz
�Fig. 5c�. The latter is analogous to the case of QDR with
HTS CEP.

However, despite the variation of the absolute value of
the frequency, the temperature dependence of the frequency
shift for structures in Figs. 5a and 5c is practically identical
�Fig. 6�. Therefore, the presence of the air gaps does not have
a noticeable effect on the temperature dependence of the fre-
quency shift �f which is used for the determination of
�Xs�T� in accordance with �10a�. The effect of the air gaps
on Rs measurement can be evaluated easily by using the
coefficient As dependence on frequency. This makes the error
of the measured Rs less than 1.5%. Test Rs measurements of
the annealed Cu samples verify this conclusion.6

FIG. 5. Three versions of a quasi-optical dielectric resonator with conduct-
ing endplates in the form of copper films sputtered directly on dielectric disc
�a�, copper bulk discs �b�, and copper films sputtered directly on dielectric
substrates �c�.
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In our case the dependence Xs�T� for HTS films can be
determined by using experimental dependence of the reso-
nant frequency variation �f0�T� with temperature for QDR
with HTS films as CEP. However, the observed dependence
�f0�T� is related to both the variation of the reactance Xs�T�
and variation ���T� of the permittivity ���T�=����T�
+ i����T� of the dielectric of which the resonator is made,
i.e.,

�f0S�T� = �fS�T� + �f��T� . �11�

Correctness of �11� follows from the condition
�f0S�T���f0. One can exclude �f��T� from �11� by carry-
ing out additional measurements �f0N�T� of QDR with CEP
made of metal with the normal skin-effect

�f0N�T� = �fN�T� + �f��T� . �12�

From �11� and �12�, we obtain the expression

�f0S�T� − �f0N�T� = �fS�T� − �fN�T� = �F�T� . �13�

For small variations �f��T� the true relation is

�Xs�T� − �Xs
N�T� = −

2�F�T�
Asf0

. �14�

In �14� an unknown �Xs
N�T� will remain. However, use

of the normal metal allows one to determine �Xs
N�T� by its

measured �Rs
N�T�, because �Xs

N�T�=�Rs
N�T�. It is worth not-

ing that measurements of frequency shift depending on tem-

FIG. 7. Temperature dependence of resonance frequency variation for a
quasi-optical dielectric resonator with conducting endplates: 1—Y-123;
2—Ti; 3—the difference of curves 1 and 2.

FIG. 6. Temperature dependence of resonant frequency shift of a quasi-
optical dielectric resonator with copper endplates.
perature are carried out at rather weak coupling. Here the
coupling change is shown to produce a negligible effect in
the frequency shift, contrary to the change in a loaded quality
factor. The approach described above was used for finding
Xs�T� of Y-123 films, the Rs�T� of which was measured in a
preceding Section. As a normal metal, Ti was used �Rs

=203.1 m�, T=78 K, Ka band�. Figure 7 shows the tem-
perature dependence of �f0S�T�, �f0N�T�, and their differ-
ence �F�T�. The Y-123 thin film dependence Xs�T� obtained
from �14� is presented in Fig. 8. The error of Xs�T� in the
temperature interval from 78 K to 89 K changes from 20%
to 2% �at the absolute value �8 m� of Xs measurement
error�. It is necessary to emphasize that the Xs�T� displayed
in Fig. 8 is the dependence of the variation of the effective
reactance, because the film thickness df �� and the surface
impedance is a function of df. A connection of the effective
impedance Zs=Zs�df� with the intrinsic value Zs�df → � �
=Zs� can be found on the basis of the impedance transfor-
mation rule in view of the substrate properties.1 This enables
us to compare the experimental and calculated dependences
of Xs�T� taking into account the film thickness df �Fig. 9�.

Restricting the work so far to only phenomenological
models for Xs�T� calculation, one can generalize an expres-
sion for ��T� on the basis of Refs. 19–21 in the form

��T�/��0� = �1 − �T/Ts���−n, �15�

where ��0� and the coefficients � and n are fitting param-
eters. The use of different physical models results in different

FIG. 8. Temperature dependence of surface reactance variation: 1—Y-123;
2—Ti; 3—the difference of curves 1 and 2.

FIG. 9. Comparison of experimental and calculated dependences of the
surface reactance of Y-123 thin films.
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values of ��0�, �, and n, which are obtained by applying a
fitting procedure �Table I�. As follows from Fig. 9 the XY
�3D� critical regime approach follows the observed tempera-
ture dependence closer than Ginzburg–Landau �GL� behav-
ior and the two-fluid �TF� model. This result seems to be in
agreement with a number of measurements19 of the field pen-
etration depth in Y-123 single crystals for temperatures very
close to Tc and is inconsistent with Ref. 21, where the ex-
perimental data have displayed good agreement with GL
theory. However, it may also be appropriate to continue work
on the accurate measurement and theoretical analysis of the
temperature dependence of the surface reactance near Tc.

V. CONCLUSION

The QDR-based technique proposed and developed by
us allows the investigation of HTS film microwave proper-
ties. It permits the highest sensitivity to be achieved in the
millimeter wave range. The evaluation of the sensitivity en-
hancement obtained at very low temperatures indicates the
possibility of studying residual microwave surface resis-
tance, which is an important fundamental problem of high-
temperature superconductivity. The technique is also useful
for the study of reactance properties. No restrictions on de-
veloping this QDR-based approach to submillimeter �THz�

TABLE I. Fitting parameters for three phenomenological models of ��T�.
impedance measurements can now be found.
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