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Toy model for pion production in nucleon-nucleon collisions
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We develop a toy model for pion production in nucleon-nucleon collisions that reproduces some of the
features of the chiral Lagrangian calculations. We calculate the production amplitude and examine some
common approximations.
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I. INTRODUCTION

Interest in studies of pion production in nucleon-nucle
collisions at energies near threshold has been revitalize
the appearance of excellent high quality data@1#. The fact
that low- and medium-energy strong interactions are c
trolled by chiral symmetry led to an early hope that chi
effective theories could be used to analyze these proce
and achieve a fundamental understanding of the produc
process. Indeed, there are now tree-level calculations@2–7#
and even loop calculations@8–10# available in the literature
@11#. The early excitement was quickly abated by the re
ization that proper evaluation involves surmounting seve
severe difficulties, which are caused by the high momentu
transfer nature of this threshold process. The initial relat
momentum between the two nucleons must be at leaspi

5AmpMN. This means that the chiral expansion is in ter
of powers ofAmp /MN instead ofmp /MN @2,12#, which
complicates carrying out the expansion and verifying its c
vergence. However, issues of convergence are not the f
of the present work. Instead, we address some techn
questions that arise during the evaluation of the relevant
trix elements.

It is worthwhile to discuss some general features of
pion production process before describing our specific te
nical issues. Pion production occurs when the mutual in
actions between two nucleons cause a real pion to be e
ted. The leading term is one in which the initial- and fina
state two-nucleon (NN) scattering allow a pion to be emitte
by a single nucleon emission. The next tree-level contri
tion occurs when a virtual pion of four-momentumq pro-
duced by one nucleon is knocked on to its mass shell by
interaction with the second nucleon. This is the so-cal
rescattering diagram. This process typically occurs accom
nied by low-momentum-transfer initial- and/or final-state
teractions. The evaluation of these diagrams, including
case when the pion exchanged between the two nucle
may be on shell, is our focus. Our strategy will be to intr
duce a toy model, which is simple enough to allow the ex
evaluation of certain amplitudes. Then we may assess v
ous approximations by comparing the resulting amplitu
with the exact results.
0556-2813/2001/63~4!/044002~7!/$20.00 63 0440
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In general, one could obtain the necessary transition
trix elements by evaluating the relevant Feynman diagra
However, the initial- and final-state interactions are ac
rately treated using an appropriateNN potential within a
three-dimensional Schro¨dinger equation formulation. Thu
one needs to obtain a three-dimensional formulation from
more general Feynman procedure. This has been done i
ad hoc manner in Refs.@2,3,6–8#: one guesses the energ
dependence of the virtual pion-nucleon (pN) interaction and
uses a Klein-Gordon propagator for the pion propaga
However, there is a general method to derive a thr
dimensional theory that is equivalent to the Feynman d
gram approach, namely, the method of considering all
time-ordered diagrams—the use of time-ordered perturba
theory ~TOPT!. In this formulation, one finds onlyNN,
pNN, andppNN propagators in the tree-level rescatteri
diagrams. The Feynman Klein-Gordon pion propagator d
not appear explicitly. Thus our first focus is the appropria
propagator. In particular, we will compare different prescr
tions used in the literature with the exact result derived in
toy model.

Another issue to be addressed is that of the proper ch
of the energy variableq0 of the exchanged pion. The valu
of q0 is critical because the chiralpN interaction includes
seagull vertices involving]0p such as the isovecto
Weinberg-Tomozawa interactionN†tN(p3]0p) and the
isoscalarN†N(]0p)2. In the case of the isoscalar rescatte
ing, which is most relevant for thresholdp0 production, this
seagull term is}q0mp . Its actual size is crucial: for on-she
pN scattering at threshold (q05mp), there is an almost
complete cancellation of different, individually large term
leading to a very smallpN isoscalar scattering length@13#. If
one moves away from the threshold or the on-shellpN ki-
nematics, however, this cancellation gets less and less e
tive. Thus the numerical value of the isoscalar rescatter
term is very sensitive to the details of the individual term
Note that, because of the Weinberg-Tomozawa term,
proper choice forq0 is also relevant for the isovector resca
tering that contributes to charged pion production.

If one simply evaluates the rescattering diagram at thre
old, neglecting initial- and final-state interactions, it is cle
thatq05mp/2. Keeping this value fixed also when includin
©2001 The American Physical Society02-1
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the distortions leads to an amplitude that is opposite in s
to the on-shell scattering amplitude, and interferes dest
tively with the single-nucleon emission term@2,3#. This
choice for q0 in combination with the use of the Klein
Gordon propagator for the pion will be calledfixed kinemat-
ics approximationin what follows. References@2,3# found
that the computed cross sections fell well below the da
unless many other even less well constrained terms are
cluded @6#. However, once the nucleons are no longer
shell, there are other prescriptions in the literature for cho
ing q0. In a Feynman diagram this is the difference betwe
the zeroth components of the nucleon four-momentum
fore and after pion emission. Thus one might find it natu
to setq0 equal to this difference in energies. Using this e
ergy difference prescription in the distorted wave Born a
proximation~DWBA! calculation of pion production leads t
a rescattering diagram that also has a sign opposite to th
the single-nucleon term, but which is about three times lar
in magnitude@4#. As a result, one can reproduce the mag
tude of the total cross section using only the rescatte
diagram. This energy prescription will be called (E2E8)
approximationbelow.

In addition, having the toy model at hand, we also wan
study the importance of terms that go beyond the DWB
namely, the so-called stretched boxes~cf. Fig. 1, diagrams
F3 and F4!. These necessarily occur in the three-dimensio
framework and represent diagrams where there is no
nucleon cut.

Note that the questions under investigation affect not o
chiral perturbation theory calculations, but also more p
nomenological approaches. For example, Ref.@14# used the
(E2E8) prescription for the pion rescattering when inves
gating the influence of nucleon resonances on the produc
process. In the so-called Ju¨lich model @15# the full TOPT
propagator was used, but with its energy fixed to the prod
tion threshold. Thus, a clarification of these formal issue
necessary before one can draw conclusions about the ph
of the process. This paper is meant to be a step in that d
tion.

It is important to realize that one cannot resolve the a
biguity in the choice ofq0 or the properpNN propagator~in
what follows this quantity will sometimes, in a somewh
sloppy way, be called ‘‘pion propagator’’! by appealing to
data. These are questions about the theory that arise d
the manner in which the DWBA procedure was implemen
@2–4,8#. Furthermore, the slow convergence of the mom
tum expansion requires one to resolve these difficulties
fore evaluating loop diagrams.

FIG. 1. The diagrams that occur when the sigma exchange
pears as final-state interaction. The analog diagrams I1–I4 with
sigma exchange in the initial state are considered as well. For
first two diagrams the two possible time orderings for the sig
exchange lead to identical expressions.
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One needs to construct anab initio theory of pion produc-
tion. Doing this for the realistic case requires that one c
siders several important features including~i! the spin and
isospin of the two-nucleon system,~ii ! the Goldstone boson
nature of the pion as an odd parity system degenerate
the vacuum, and~iii ! a realisticNN potential. However, none
of these features affects directly the questions that we w
to examine. Therefore, it is appropriate to construct a
model that is simple enough to evaluate so that exact
swers can be obtained. Then we can consider the var
choices forq0 and for the pion propagators as testable a
proximations. In Sec. II we formulate our toy model, an
examine the various approximations for final- and initia
state interactions in Secs. III and IV, respectively. Our co
clusions are summarized in Sec. V.

II. THE TOY MODEL

The first step is to construct the necessary solvable mo
~i! We consider the production of a scalar ‘‘pion’’ fiel

that has a Yukawa coupling with the nucleons.~We shall
leave out the quotes around pion in the following text.!

~ii ! We include two nucleon fields or alternatively, tre
nucleons as distinguishable. As a consequence, we need
include pion emission from one nucleon, but not the sy
metric term where the pion is emitted from the oth
nucleon. We do not have to worry about several spin-isos
channels and respective projections. The simplicity of
model is retained by allowing the pion to couple to on
one-nucleon field. As a result, the effects of pion exchan
between two nucleons does not enter.

~iii ! A focus of the paper is the pion rescattering by o
nucleon. This pion rescattering is described by apN seagull
vertex that is inspired by the chiralpN interaction Lagrang-
ian.

~iv! In order to mock up the nuclear interactions we i
clude the exchange of a scalar sigma field, which a
couples to nucleons via Yukawa coupling. Since the mag
tude of this coupling has nothing to do with the way to tre
the pion energy, we consider the case of small coupling,
therefore need to only consider one sigma exchange.

~v! Becausepi /MN5Amp /MN,1, it is typical to treat
this problem using a nonrelativistic expansion. In the follo
ing we will examine only the leading terms in this expansio
In particular, contributions from antinucleons are not cons
ered.

Therefore, we consider the following toy model defin
by the Lagrangian:

L5 (
i 51,2

Ni
†S i ]01

¹2

2MN
DNi1

1

2
@~]mp!22mp

2 p21~]ms!2

2ms
2s2#1

gp

f p
N2

†N2p1gs (
i 51,2

Ni
†Nis

1
c

f p
2 (

i 51,2
Ni

†Ni~]0p!2. ~1!
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TOY MODEL FOR PION PRODUCTION IN NUCLEON- . . . PHYSICAL REVIEW C 63 044002
HereMN is chosen as the physical nucleon mass of 939 M
and similarlymp is taken as 139 MeV. The mass of thes
meson and the cutoffL on the momentum integrals are take
as parameters in the theory, to be specified below.

It is important to immediately display some of the nonr
alistic features of this toy model. For simplicity, we did n
enforce chiral symmetry, which would have required a d
rivative coupling of the pion to nucleon spin, instead of t
simpler Yukawa coupling. We are concerned with ne
threshold kinematics so that a scalar particle is produce
an S wave, as is the finalNN pair. Angular momentum con
servation requires that the initialNN pair also be in anS
wave. In the real world, however, pions are pseudoscalar
thus the production ofS-wave pions calls for aP wave in the
initial state. Furthermore, the toy model includes no stro
short-range repulsiveNN interactions that keep the nucleon
apart. Thus the nucleons have stronger overlap for our
model than in a more realistic treatment. However, to a gi
order in the coupling constants we can obtain exact am
tudes for this model, and are therefore able to study the v
ous treatments ofq0 and thepNN propagator to determine
which, if any, reproduce the exact model answers.

In a DWBA calculation of threshold pion production, th
tree-level rescattering diagram is influenced substantially
the contributions from the initial- and final-state interaction
In this toy model calculation we will therefore, for simplic
ity, concentrate on the DWBA terms where we have o
initial- or final-stateNN interactions. We will, in this paper
ignore the rescattering diagram with DWBA contributions
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both initial and finalNN interactions since this is a two-loo
integration term. Again for simplicity we will, as discusse
simulate theNN interactions with a singles exchange be-
tween the nucleons that occurs before or after the pion
cattering process—the initial-state interaction and the fin
state interaction, respectively. We will discuss these t
cases separately below. In addition, there are graphs in w
a s is exchanged in between the emission and rescatterin
the virtual pion. We ignore these here, as they are not
evant for the issue at hand. All our diagrams are evaluate
order (gp / f p)gs

2(c/ f p
2 ). In the following we do not display

these factors as well as other constants that are commo
all the amplitudes.

III. FINAL-STATE INTERACTION

The exchange of as meson in the final state is given b
the Feynman graph F0 in Fig. 1. We consider threshold
nematics in the center-of-mass frame and use the follow
notation.E(E8) represents the energy of a nucleon in t
initial ~final! state withEtot52E52E81mp5mp ~at thresh-

old: E850). In addition, vq5Amp
2 1qW 2 and vs

5Ams
21kW2 denote thep and s meson on-shell energies

and E95kW2/2MN the energy of an intermediate nucleo
Here kW5pW 1qW , where pW is the initial nucleon three-
momentum. We choose the pion momentumq to be the in-
tegration variable so that the diagram shown in Fig. 1~F0!
corresponds to the following four-dimensional integral:
egrals.

close the
a partial

e
rprise that
cription
E d4q

~2p!4
q0H 1

~E1q02mp2E91 i e!~E91q02E2 i e!

3
1

~q02vq1 i e!~q01vq2 i e!
3

1

~q02E1E81vs2 i e!~q02E1E82vs1 i e!
J . ~2!

All DWBA calculations are made using a formalism in which matrix elements are given as three-dimensional int
Thus the first step is to find the appropriate three-dimensional expression by performing theq0 integration. Obviously, Eq.~2!
contains three poles in the upper half-plane as well as three in the lower half-plane. One way to proceed would be to
contour on one of the half-planes and pick each of the three poles enclosed. However, it is more convenient to perform
decomposition, in which the poles of the pion propagator are isolated before theq0 integration is carried out. It should b
emphasized, however, that the final result does not depend on the method of its evaluation. It should not come as a su
the final result of theq0 integration agrees exactly, with the one of TOPT as the equivalence between the Feynman pres
and TOPT is well known. This is illustrated in Fig. 1, and the resulting amplitude is given by

E d3q

~2p!3

vq

4vqvs
H 2

~Etot2E82mp2E92vs!~Etot2mp22E9!~Etot2E2E92vq!

2
2

~Etot2E82mp2E92vs!~Etot2mp22E9!~Etot2E2E92mp2vq!

1
1

~Etot2E82mp2E92vs!~Etot2E82E2vs2vq!~Etot2E2E92vq!

2
1

~Etot2E82mp2E92vs!~Etot2E2E82mp2vq2vs!~Etot2E2E92mp2vq!
J , ~3!
2-3
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HANHART, MILLER, MYHRER, SATO, AND van KOLCK PHYSICAL REVIEW C63 044002
in which the successive four terms can be immediat
matched to the diagrams F1–F4. In particular, the last
terms are those of the stretched box diagrams that have
yet been considered in any calculation for pion producti
We will examine their importance below. Note that there
no freedom regarding the appropriate choice forq0 in the
numerator of Eq.~2!. The pole structure of Eq.~2! in com-
bination with the way the partial decomposition was p
formed forcesq05vq in Eq. ~3!, which is an exact equation

To compare Eq.~3! to expressions used in the literature
is useful to combine the first two lines to obtain the fin
state interaction contribution to the DWBA amplitude

E d3q

~2p!3
VsS 1

Etot2mp22E9
D mp

2
Gp

TOPT, ~4!

where the sigma potential is

Vs~k2!5
1

vs~Etot2E82mp2E92vs!
~5!

and the TOPTpNN propagator—the exact propagator—
given by

Gp
TOPT5

1

S mp

2 D 2

2S vq1
kW2

2MN
D 2 . ~6!

Apart from thekW2 term in the TOPTpNN propagator, Eq.
~4! agrees with what is known asfixed kinematics approxi
mation@2,3#. As was explained above, this approximation
defined by the use ofmp/2 for the pion energy in both in the
pN seagull vertex and in the pionic Klein-Gordon propag
tor. In the realistic case~when appropriate nucleon wav
functions are used for the distortions! the significance of the
kW2/2MN term in the pion propagator of Eq.~4! can be esti-
mated by noting thatkW2/2MN is of the order of the off-
shellness of the intermediate nucleons. Since the final sta
at rest we can estimatekW25O(mp

2 ) @12#. It then follows in
the absence of initial-state interactions that the loop thr
momentum isuqW u;pi . We can expand Eq.~6! in powers of
mp /MN , and get

Gp
TOPT5Gp

KGH 12OS S mp

MN
D 3/2D J . ~7!

Here the Klein-Gordon propagator in the fixed kinemat
approximation is defined by

Gp
KG5

1

S mp

2 D 2

2vq
2

. ~8!

The right-hand side of Eq.~7! is already expressed in term
of the expansion parameter of the underlying effective fi
theory,Amp /MN @2,12#. Thus—at the level of accuracy ac
cessible today—we expect this Klein-Gordon propagato
04400
y
o
ot
.

-

-

is

e-

s

d

o

be a good approximation for those diagrams where theNN
interaction appears in the final state. Such considerations
not necessarily germane here however, as we have no
forced the chiral symmetry on which power counting
based. The physical scales appearing in the final state of
model are set by the parametersL andms , which we take to
vary over a large range.

Let us now discuss the numerical significance of the in
vidual terms above. Our toy model allows us to answer
following three questions.

~i! What is the relative importance of the stretched box
~F3 and F4 in Fig. 1! compared to the ‘‘DWBA contribu-
tions’’ ~F1 and F2!?

~ii ! How good an approximation is the propagatorGp
KG of

Eq. ~8! compared to the exact propagatorGp
TOPT of Eq. ~6!?

~iii ! What is the effect of different treatments of the pio
energyq0 at thepN seagull vertex@fixed kinematics com-
pared to the (E2E8) prescription#?

The answer to the first question is obviously a function
the s mass since the DWBA contributions should lead
results that are proportional to (pi /ms)2, whereas the
stretched boxes lead to (pi /ms)4. In Fig. 2 we show the ratio
of the stretched-box contributions to the DWBA part as
function of the mass of the sigma meson. The three cur
correspond to three different values of the cutoff for the
dial integration. As expected, the curves all fall as 1/ms

2 for
largems . The strength of the stretched boxes never exce
6%. This justifies a DWBA treatment of the final state
this pion production process.

The answer to the second question is presented in the
panel of Fig. 3 as a function of the cutoff in the momentu
integration. We evaluated the DWBA piece, Eq.~4!, with the
exact propagator~6! and with the approximate propagato

FIG. 2. Importance of the stretched boxes for different choi
of the cutoff as a function of the mass of thes meson. The ratios of
the stretched boxes with respect to the DWBA piece, Eq.~4!, are
shown forL53mp ~solid line!, 10mp ~dashed line!, and ` ~dot-
dashed line!.
2-4
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~8!. The mass of the sigma was chosen to bems

5550 MeV. The solid curve shows the result using the
proximate pion propagator in units of the exact result. Th
the deviation of this approximation from the exact res
never exceeds 25%.

The third question goes to the choice of energy varia
q0 at thepN seagull vertex reported in the literature@4#. To
simulate this choice we replaceq0 5 mp/2 in the numerator
of Eq. ~4! with

FIG. 3. Effects of the different approximations to the ‘‘produ
tion operator’’ for different cutoffs. The left~right! panel shows the
result for a sigma exchange in the final~initial! state in units of the
exact answer of Eq.~4! @Eq. ~11!#. Using the ‘‘fixed kinematics
approximation’’ the pion propagator leads to the solid curve. T
dashed curve is the result when using the (E2E8) approximation.
.
xe
so
e
i

se
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q05E2E9, ~9!

together with the approximate pion Klein-Gordon propag
tor. This was defined as the (E2E8) prescription above. In
many reactions Eq.~9! is an appropriate replacement becau
the nucleons remain almost on the mass shell in the inter
diate states. However, as soon as large intermediate mom
are accessible, this treatment might be questionable. In F
the dashed curve shows the results of using the (E2E8)
prescription, again in units of the exact result. Within our t
model, the result shows that this approximation is not r
sonable for calculations of threshold pion production. No
that this amplitude is very sensitive to the sigma mass, wh
acts as a regulator. If the sigma mass is taken to be lar
then the result changes even more dramatically with the
off. A change in sign happens at the point where the cutof
big enough for the effect of thekW2/2M to overcome that of
mp/2 ~the larger the intermediate momentum, the largerE9).

The net result of the toy model for the final-state intera
tion case is that usingq05mp/2 in both the virtualpN
seagull scattering vertex~numerator! and in the approximate
pion Klein-Gordon propagator is very reasonable.

IV. INITIAL-STATE INTERACTION

We now consider the case when the sigma exchange
curs before the rescattering process. A reduction to the th
dimensional integral~or starting with the TOPT expression!
gives the following four terms:

e

MI5E d3q

~2p!3

vq

4vqvs
H 2

~Etot2E82Ē92vq!~Etot22Ē9!~Etot2E2Ē92vs!

2
2

~Etot2E82Ē92vq2mp!~Etot22Ē9!~Etot2E2Ē92vs!

1
1

~Etot2E82Ē92vq!~Etot2E2E82vq2vs!~Etot2E2Ē92vs!

2
1

~Etot2E82Ē92vq2mp!~Etot2E2E82vq2vs2mp!~Etot2E2Ē92vs!
J , ~10!
where againvq5Amp
2 1qW 2, vs5Ams

21(qW 1pW )2, and E8

50, but the energy of an intermediate nucleon isĒ9

5qW 2/2MN .
As before, the first two terms in Eq.~10! correspond to

box diagrams and the last two to stretched boxes, cf. Fig
In the case of the initial-state interaction the stretched bo
still turn out to be smaller than the boxes, but less
.30%. Note that this is also of the size expected in the r
world where the expansion parameter of the EFT
Amp /MN.0.4 @2,12#. We therefore concentrate on tho
1.
s
:

al
s

terms containing theNN propagator only,GNN5(Etot

22Ē9)21, only and obtain

E d3q

~2p!3

mp

2
GpNN

TOPTS 1

Etot22Ē9
D Vs , ~11!

where

Vs~qW 2,kW2!5
1

vs~mp/22Ē92vs!
, ~12!
2-5
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HANHART, MILLER, MYHRER, SATO, AND van KOLCK PHYSICAL REVIEW C63 044002
and in the initial-state interaction case the TOPTpNN
propagator reads

GpNN
TOPT5

1

S mp

2 D 2

2S vq1Ē92
mp

2 D 2 . ~13!

This looks like a DWBA expression using themp/2 prescrip-
tion. Due to the large initial momentum, the unitarity cut
GNN turns out to be an essential feature.

Similar to the section on final-state interaction, we inve
tigate thefixed kinematics approximationand theE2E8 ap-
proximationusing the free pionic Klein-Gordon propagato
Eq. ~8!. This means especially that in theGpNN

TOPT of Eq. ~13!

we setĒ95mp/2, which implies on-shell intermediate nucle
ons: qW 25mpMN . In the E2E8 approximationwe further
replaceq05mp/2 by E2Ē9. In the right panel of Fig. 3 we
demonstrate the inadequacy of both approximations, c
pared to the exact result given by Eq.~11!.

Due to the large initial momentum the imaginary part
these diagrams turns out to be of the order of the real p
~Since we work at the kinematical threshold of pion produ
tion the imaginary part fromGpNN is zero.! Since all the
approximations were constructed such that they agree o
the intermediate two-nucleon state goes on-shell, all the
dividual results agree for the imaginary part.

The question becomes why do both approximations sh
such a large deviation from the exact result of Eq.~11!. The
cause can be traced back to the appearance of apNN cut in
the exact propagator: from Eq.~13! we see that the propaga
tor GpNN

TOPT diverges asuqW u22 when qW approaches 0. On th

other hand, for smallqW the free pionic Klein-Gordon propa
gatorGp

KG goes to a constant. It is the very different natu
of the infrared behaviors of the propagatorsGp

KG andGpNN
TOPT

that leads to the large deviation of~the real part of! the am-
plitude from the result of Eq.~11!.

Having identified thepNN cut as an important feature o
the production reaction, a natural question that arises is
to set up a counting scheme capable of covering this. N
that contrary to the more conventional contributions wh
the scale of typical momenta is set by the initial moment
pi5AMNmp, the pNN cut pronounces momenta of the o
der of the external pion momentum. It cannot be a part o
toy-model investigation to completely resolve this matter
after all our model interaction is not consistent with the
quirements of chiral symmetry. However, we will use t
last part of this section to suggest a possible method to
dress the issue.

To this end we will rewrite Eq.~10! such that we isolate
both theNN and thepNN singularities. For this purpose w
are guided by the unitarity transformation method of R
@16,17#. This method is one way to isolate the different s
gularities of a particular diagram. In this case the scatter
amplitude can be written as~where for clarity we suppres
*d3q as well as some overall factors! @18#

MI5MNN1MpNN1•••, ~14!
04400
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e
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-
g

MNN5
1

mp22Ē9
S mp/2

Ē922vq
2D Vs , ~15!

MpNN52
1

mp2Ē92vq
S mp/2

Ē922vq
2D Vs , ~16!

where the ellipsis denotes the stretched-box TOPT diag
contributions. We see that the above amplitude has
physical singularities due to theNN and pNN scattering
states. We find numerically thatMpNN is about five times
larger than MNN when evaluated with a cutoff ofL
510mp . This large effect of thepNN cut in the toy model
is also responsible for the stronger effect of initial-sta
stretched boxes as the latter also contains thepNN cut @see
fourth line of Eq.~10!#. These two points highlight the nu
merical significance of the three-particle cut.

Note that this is not a unique separation of the two bran
cuts. To make closer contact with previous work@16,17# we
can rewrite Eq.~14! in a form closer to the (E2E8) pre-
scription,

MI5MNN8 1MpNN8 1•••, ~17!

MNN8 5
1

mp22Ē9
S Ē9

Ē922vq
2D Vs , ~18!

MpNN8 52
1

mp2Ē92vq
S ~Ē91vq!/2

Ē922vq
2 D Vs . ~19!

Clearly MNN1MpNN5MNN8 1MpNN8 , although some shift
of strength is then achieved betweenNN and pNN contri-
butions. In this case we find the contribution fromMpNN8
larger in magnitude thanMNN8 by a factor of 2, using the
same cutoffL510mp . It remains to be seen which splittin
is the most appropriate in the realistic case.

The most significant finding for the case of the initia
state interaction is, therefore, that in the toy model, the thr
body pNN branch cut ofGpNN is very important. The im-
portance of this cut has been advocated before, for exam
in Ref. @19#. Here the static propagator, which was defined
being part of thefixed kinematics approximationas well as
of the (E2E8) approximation, leads to erroneous results fo
the real part of the amplitude.

However, it is important to remark that we expect t
importance of this branch cut to be much smaller in the r
world. Indeed, as we have seen, close to threshold this
of contribution comes from three-momenta near 0. In the r
world, chiral symmetry suppresses such contributions. T
pion coupling in leading order in chiral perturbation theor
for example, goes through the pion three-momentum. In
toy, chiral symmetry does not play a role, the pion coupli
is a simple Yukawa coupling, and both initial and finalNN
states are in relativeS waves, which enhances the influen
of the pNN cut. The power counting developed in Ref
@2,12# does take into account chiral symmetry—thus the c
rect factors of momenta—and suggests a suppressio
2-6
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these branch effects as long as the momentum of the em
pion is O(mp) ~or less!. Clearly, it is important to further
study the power counting, in particular in conjunction wi
the unitary transformation method, in the realistic case.

V. SUMMARY AND CONCLUSION

We have investigated various approximations for p
production by defining a toy model that allows the compu
tion of exact model transition-matrix elements. Because
lacks chiral symmetry, this model has the unrealistic featu
that both the initial- and final-stateNN wave functions areS
states. The influence ofNN correlations that suppress th
short-distance wave functions are absent from the toy mo
Furthermore, diagrams with both initial- and final-state int
actions could also be important in more realistic calculatio
We have performed some test calculations using the R
NN potential, which indicate thatNN correlations do modify
some of the toy-model findings at a quantitative level. Ho
ever, the toy model allows the compilation of exact results
a given order in the couplings and thus some qualita
insight.

The findings of this paper can be summarized as follo
~i! The stretched box contributions are numerically sm

compared with boxes.
~ii ! For the final-state interaction, only thefixed kinemat-

ics approximation~for both propagator and vertex! turns out
to be appropriate.

~iii ! If a loop with the initial-state interaction is included
the contribution of thepNN cut is very important and has t
be taken into account properly, which is not done in t
common approximations.

The first two findings are in accordance with the expec
s.
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tion from the existing power counting for pion production
the effective field theory@2,12#. Indeed, according to this
power counting, stretched boxes involving pions are s
leading and those involving heavier mesons are absorbe
higher-order local operators. Moreover, due to infrared
hancements that lead to the~quasi! bound state in theNN
interaction, the effect of the final-state interaction in realis
calculations should be by far dominant close to threshold

The third finding is perhaps surprising. However, chi
symmetry is expected to be crucial in suppressing this c
tribution in the real world because thepNN cut emphasizes
small momenta. Clearly, the importance of the three-bo
nature of the intermediate state needs to be further exam
in realistic calculations.
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