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We study the van der Waals frictional drag force induced by liquid flow in low-dimensional systems
�two-dimensional �2D� and one-dimensional �1D� electron systems, and 2D and 1D channels with liquid�. We
find that for both 1D and 2D systems, the frictional drag force induced by liquid flow may be several orders of
magnitude larger than the frictional drag induced by electronic current.
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A great deal of attention has been devoted to the problem
of frictional drag in low-dimensional systems1–7 because of it
importance for nanoscale detectors. Such detectors would be
of great interest in micromechanical and biological
applications,8,9 where local dynamical effects are intensely
studied.

A frictional drag will act on a two-dimensional �2D�-
electron system if an electric current flows in a second par-
allel 2D-electron system. This drag effect, suggested many
years ago,10,11 has been studied in two-dimensional quantum
wells.6,7 Experiments6 show that, at least for small separa-
tions, the frictional drag can be explained by the interaction
between the electrons in the different layers via the fluctuat-
ing Coulomb field. However, for large interlayer separation
the friction drag is dominated by phonon exchange.12

Recently, it was observed that the flow of a liquid over
bundles of single-walled carbon nanotubes induces a voltage
in the sample along the direction of the flow.1,2 The depen-
dence of the voltage on the flow speed was found to be
logarithmic over five decades of variation of the speed. There
have been attempts to explain this flow-induced voltage in
electrokinetic terms, as a result of the streaming potential
that develops along the flow of an electrolyte through a mi-
croporous insulator.13,14 Earlier Král and Shapiro4 proposed
that the liquid flow transfers momentum to the acoustic
phonons of the nanotube, and that the resulting “phonon
wind” drives an electric current in the nanotube. They also
suggested, qualitatively, that the fluctuating Coulomb field of
the ions in the liquid could drag directly the carriers in the
nanotube. However, the first mechanism4 requires an enor-
mous pressure,2 while the second mechanism4 results in a
very small current, of order femtoamperes.2 In Ref. 2 another
mechanism was proposed, which is related to the second idea
of Ref. 4, but which requires neither localization of carriers
nor drag at the same speed as the ions. In fact, Ref. 2 con-
sidered the friction between a moving point charge and the
surrounding medium. An external charge will induce an “im-
age” charge in the surrounding medium. Because of the finite
response time this image charge lags behind the moving
charge, which results in a force acting on the charge, referred
to as the electrostatic friction. For neutral systems, such as a
nanotube, the electrostatic friction proposed in Ref. 2 will
vanish.

In Ref. 5 it was assumed that the liquid molecules nearest
to the nanotube form a 2D solidlike monolayer, pinned to the
nanotube by adsorbed ions. As the liquid flows, the adsorbed

solid monolayer performs stick-slip type of sliding motion
along the nanotube. The drifting adsorbed ions will produce
a voltage in the nanotube through electronic friction against
free electrons inside the nanotube.

In Ref. 3 model calculations of the frictional drag were
presented involving a channel containing overdamped
Brownian particles. The channel was embedded in a wide
chamber containing the same type of Brownian particles
with drift velocity parallel to the channel. It was found that
the flow of particles in the chamber induces a drift of the
particles in the channel.

In this Brief Report we will address the intriguing idea of
using frictional drag as a noncontact means to detect motion
in surrounding liquid. We present a frictional drag theory
based on the theory of the van der Waals friction.15,17,16 The
origin of the van der Waals friction is connected with the
fluctuating electromagnetic field which is always present out-
side of any medium due to thermal and quantum fluctuations
of the charge density inside the medium. This fluctuating
electromagnetic field induces polarization of the medium,
and is responsible for many important phenomena such as
radiative heat transfer and the van der Waals interaction.16

When two media are in relative motion, the induced polar-
ization will lag behind the fluctuating polarization inducing
it, and this gives rise to the so-called van der Waals friction.

The origin of the van der Waals friction is closely con-
nected with the Doppler effect. Let us consider two flat par-
allel surfaces, separated by a sufficiently wide insulator gap,
which prevents particles from tunneling across it. If the
charge carriers inside the volumes restricted by these sur-
faces are in relative motion �velocity v� a frictional stress
will act between surfaces. This frictional stress is related
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FIG. 1. �Color online� Two bodies moving relative to each other
will experience van der Waals friction due to Doppler shift of the
electromagnetic waves emitted by them.
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with an asymmetry of the reflection amplitude along the di-
rection of motion; see Fig. 1. If one body emits radiation,
then in the rest reference frame of the second body these
waves are Doppler shifted which will result in different re-
flection amplitudes. The same is true for radiation emitted by
the second body. The exchange of “Doppler-shifted photons”
will result in momentum transfer and to the van der Waals
friction. According to Refs. 15 and 17, the frictional stress
between two flat parallel surfaces at separation d��T
=c� /kBT is determined by

�� =
�

2�3�
−�

�

dqy�
0

�

dqxqxe
−2qd��

0

�

d	�n�	� − n�	 + qxv��
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where n�	�= �exp��	 /kBT�−1�−1 and �1↔2� denotes the
terms which are obtained from the preceding terms by per-
mutation of indices 1 and 2. Rip �i=1,2� is the reflection
amplitude for surface i for p-polarized electromagnetic
waves. The reflection amplitudes for a 2D-electron system
are determined by17

Rip =
�ip − 1

�ip + 1
, �2�

where �ip=4�iq�i�	 ,q� /	�+1, �i is the longitudinal con-
ductivity of the layer i, and � is the dielectric constant of the
surrounding dielectric. The longitudinal conductivity can be
written in the form �l�	 ,q�=−i	l�	 ,q� /q2, where l is the
finite lifetime generalization of the longitudinal Lindhard re-
sponse function for 2D-electron gas.18,19 The friction force
per unit charge in the layer is determined by E=�� /nse,
where ns is the 2D-electron concentration in the layer. For
v�vF, where vF is the Fermi velocity, the friction force de-
pends linearly on velocity v. For d=175 Å at T=3 K, and
with ns=1.5
1015 m−2, the electron effective mass m*

=0.067me, vF=1.6
107 cm /s, the electron mean free path
l=vF�=1.21
105 Å, and �=10 �which corresponds to the
condition of the experiment�6 we get E=6.5
10−6v V /m,
where the velocity v is in m/s. For a current 200 nA in a
two-dimensional layer with the width w=20 �m the drift of
electrons �drift velocity v=60 m /s� creates a frictional drag
force per unit charge in the adjacent quantum well E=4

10−4 V /m. Note that for the electron systems the frictional
drag force decreases when the electron concentration in-
creases. For a example, for 2D-quantum wells with high
electron density �ns=1019 m−2, T=273 K, �=4
10−14 s, �
=10, and m*=me� at d=175 Å we get E=1.2
10−9v V /m.

Let us replace one 2D layer by a semi-infinite chamber
with liquid containing ions. The reflection amplitude for the
interface between dielectric and liquid is given by Eq. �2�,
where

� =
�0��DqD

2 − i	�
��DqD

2 q − i	��
, �3�

where D is the diffusion coefficient of the ions, �0 is the
dielectric function of liquid without ions, qD

=�4�ne2 /�0kBT is the Debye screening wave number, �
=�q2+qD

2 − i	 /D, and n is the ion concentration. In this case,
for v�vF the friction force also depends linearly on velocity
v. In particular, for n=1024 m−3, T=273 K, �0=80, and D
=10−9 m2 /s for high electron density �ns=1019 m−2� for 2D-
electron system we get E=1.4
10−6v V /m. This friction is
3 orders of magnitude larger than the friction between the
2D-electron systems with high electron concentration, and of
the same order of magnitude as the friction between 2D-
electron systems with low electron concentration.

Let us replace the second 2D layer by a narrow 2D chan-
nel with thickness dc. For qDdc�1 the flowing liquid in the
channel can be considered as a 2D liquid. The conductivity
of a 2D liquid with ions performing Brownian motion is
given by

��	,q� = −
i	dc

4�
�− 1 + �c1 +

qDc
2

q2 − i	/Dc
�
 , �4�

where �c, Dc, and qDc are the dielectric function, the diffu-
sion coefficient, and the Debye wave number for the liquid in
the channel, respectively. Figure 2 shows the dependence of
the frictional drag force per unit charge in the channel on the
liquid flow velocity in the semi-infinite chamber for identical
liquid in the channel and in the chamber. We have used the
same parameters as used above for the liquid and with the
separation between the channel and chamber d=1 nm. The
frictional drag force on the ions in the channel initially in-
creases with the flow velocity, reaches a maximum, and then
decreases at large value of the flow velocity, in agreement
with the model calculation in Ref. 3. The position of maxi-
mum decreases when the density of ions decreases. The fric-
tional drag force induced by liquid flow in the narrow chan-
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FIG. 2. �Color online� The frictional drag force per unit charge
for ions in a 2D channel with liquid induced by liquid flow in a
semi-infinite chamber as a function of the flow velocity for identical
liquids in the channel and chamber. The temperature T=300 K, the
ion concentration in liquid n=1024 m−3, the diffusion coefficients of
ions D=10−9 m2 /s, the dielectric constant of the liquid �0=80, and
the separation between the channel and semi-infinite chamber d
=1 nm.
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nel is 9 orders of magnitude larger than the friction force
induced in a 2D-electron system.

As a limiting case of the situation considered above, let us
consider a 2D system immersed in a flowing liquid in an
infinite chamber. We assume that the liquid flows along the x
axis, and that the plane of 2D system coincides with the xy
plane. According to the fluctuation-dissipation theorem, the
average value of the correlation function for the Fourier
components of the Coulombic potential for a infinite medium
in the plane of 2D system is determined by16

�� f�	,q,0��*f�	,q,0�� = 4��n�	� + 1/2�Im ��	,q,0� ,

�5�

where

��	,q,0�, = − �
−�

� dkz

2�

1

k2�0��k�
, �6�

where k= �q ,kz�. The dielectric function of the Debye plasma
is determined by

��k� = 1 +
qD

2

k2 − i	/D
. �7�

According to the fluctuation-dissipation theorem the average
value of the correlation function for the Fourier components
of the fluctuating current density in 2D system is determined
by16

�jq
f �	,q�jq

f*�	,q�� =
�q2

�	
�n�	� + 1/2�Re ��	,q� . �8�

The friction force per unit area of 2D system is given by

�� =� d2q

�2��2

qx

q
�Eq�	,q,0��*�	,q�� , �9�

where Eq=−iq�q=Eq
f +Eq

ind, �=� f +�ind. The fluctuating elec-
tric field Eq

f is the sum of the fluctuating field which exists in
the infinite medium without the 2D system, and the electric
field created by the fluctuating charge density �q

f =qjq
f /	 in

the presence of the flowing liquid. The induced electric field
Eq

ind is created by the charge density �q
ind=qjq

ind /	 induced in
the 2D system by the electric field Eq. The correlation func-
tions �5� and �8� are determined in the rest reference frames
of the liquid, and 2D system, respectively. To find the rela-
tion between electric fields in the different reference frame
we use the Galilean transformation, which will give rise to
Doppler shift of the frequencies of the electric fields in the
different reference frames. Solving the Poisson’s equation
with the fluctuating charge density � f, and the charge density
induced by the fluctuating electric field Eq

f =−iq� f as the
sources of the field we get Eq, and from Ohm law we get �.
The result of these calculations is
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where �	�qxv↔	� denote the terms which are obtained
from the preceding terms by permutations of the arguments
	�qxv and 	. With the same parameters as used above for
the liquid, and for the high density 2D-electron system, we
get E=8.1
10−6v V /m. For a 1D-electron system we ob-
tained a formula which is similar to Eq. �10�. Figure 3 shows
the result of the calculations of the friction drag force �per
unit charge� for a 1D-electron system with the electron den-
sity per unit length nl=3
109 m−1, the temperature T
=300 K, and with the same parameters for the liquid as used
above. For the 1D-electron system we obtained a slight de-
viation from the linear dependence of the frictional drag on
the liquid flow velocity. The frictional drag for the 1D-
electron system is 1 order of magnitude larger than for the
2D-electron system.

Figure 4 shows the dependence of the frictional drag force
per unit charge acting on the ions in the liquid in the 2D
channel with liquid on the liquid flow velocity in the infinite
chamber, assuming identical liquid in the channel and in the
chamber. In this case the maximum in the frictional drag
force is larger, and the decay at large velocities is slower in
comparison with the semi-infinite chamber at separation d
=1 nm. Qualitatively, we obtained the same results for a 1D
channel.

For a channel with open ends the frictional drag force will
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FIG. 3. �Color online� The frictional drag force per unit charge
in a 1D-electron system induced by liquid flow in infinite chamber
as a function of the flow velocity with the same parameters for
liquid as for Fig. 2. The electron concentration per unit length in 1D
system nl=3
109 m−1, and the electron relaxation time �=4

10−14 s.
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induce a drift motion of the ions in the liquid with velocity
vd=DceE /kBT. The positive and negative ions will drift in
the same direction. In contrast to electron systems, for the
channel with closed ends, in the case of equal concentration
of the positive and negative ions, the frictional drag will not
induce a voltage because displacement of the ions under the
action of the frictional drag force will not generate any non-
zero macroscopic charge distribution in the liquid. However,
the frictional drag will induce a pressure difference �p
=nLeE, where L is the length of the channel. For example, if
n=1024 m−3, L=100 �m, and E=1000 V /m we get pressure
difference �p=104 Pa, which should be easy to measure.
Another situation realizes, when as a result of adsorption,
one type of ions is fixed on the walls of channel, and the
equal number of mobile ions of opposite sign is distributed
in the liquid phase. In such system the motion of polar liquid
in the adjacent region will lead to the frictional drag force
acting on the mobile ions in the channel. In the channel with

the closed ends this frictional drag will induce the voltage,
which can be measured.

In this Brief Report we have shown that the van der Waals
frictional drag force induced in low-dimensional system by
liquid flow can be several orders of magnitude larger than the
friction induced by electron current. For a narrow 2D and 1D
channel with liquid the frictional drag force is several orders
of magnitude larger than for 2D- and 1D-electron systems. In
the contrast to electron system the frictional drag force for a
narrow channel with liquid depends nonlinearly on the flow
velocity. These results contradict to the calculations in Ref.
2, where it was assumed that the observed nonlinear depen-
dence of a voltage on the liquid flow velocity was connected
with the frictional drag of electrons in the nanotubes. How-
ever, according to our calculations, frictional drag force due
to van der Waals friction acts considerably greater on the
mobile ions in the channels of porous medium than on the
electrons in low-dimensional electronic structures. Thus, liq-
uid flow-induced voltage observed in Ref. 2 is more prob-
ably connected with the frictional drag of mobile ions in an
electrolyte in the channels between nanotubes, but not elec-
trons in the nanotubes. In contrast to the streaming potential,2

which is created by liquid flow in the porous medium, the
considered mechanism is connected with the liquid flow out
of the porous medium; therefore it does not require an enor-
mous pressure difference. These results should have a broad
application for studying of the van der Waals friction and in
the design of nanosensors.
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FIG. 4. �Color online� The same as Fig. 2 but for infinite
chamber.
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