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We report on the design, construction, and magnetic field measurements of a system of high field
sextupole magnets made from NdFeB compounds. The magnets are utilized as a focusing system for
neutral hydrogen~or deuterium! atoms in a polarized atomic beam source based on Stern–Gerlach
spin separation. Each magnet consists of 24 segments of permanently magnetized material differing
in remanence and coercivity to reduce demagnetization. According to quadratic extrapolation to the
pole tip the magnetic flux density reaches values of up toB051.69 T. Three-dimensional field
calculations using theMAFIA code were carried out to optimize the magnet performance and to avoid
demagnetization by selecting appropriate materials for the individual segments. Measurements of
the radial, azimuthal, and longitudinal magnetic flux density distributions were carried out by means
of a small Hall probe (1003200315mm3). The measurements with the small probe permitted to
extract experimentally higher order multipole components very close (;100mm! to the inner
surface. Experimental values obtained are compared to predictions based onMAFIA calculations and
on the Halbach formalism. ©2000 American Institute of Physics.@S0034-6748~00!05309-0#
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I. INTRODUCTION

The production of intense beams of polarized hydrog
and deuterium atoms is of great interest to the nuclear
particle physics community.1 Among the various method
employed up to the present time, Stern–Gerlach separa
of atoms in inhomogeneous magnetic multipole fields
most widely employed for the production of nuclear sp
polarized beams of hydrogen and deuterium. The ato
beam method is applicable to all atoms possessing an
paired electron in the neutral configuration.2–4 In atomic
beam sources systems consisting of sextupole magnet
commonly used because of their harmonic focusing prop
ties. The magnitude of the magnetic flux density inside
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sextupole of inner radiusr 1 and pole-tip fieldB0 at a dis-
tancer from the axis of the magnet is given by

B~r !5B0~r /r 1!2. ~1!

The force acting on atoms with spin projectionmj is propor-
tional to the gradient of the magnetic flux density, i.e., p
portional to2mjB0r . The atoms withmj51 1

2 are therefore
focused and undergo harmonic motion inr about the magne
axis, while atoms withmj52 1

2 are deflected.
The design of multipole magnets consisting of perm

nently magnetized segments has been described in deta
Halbach.5 With the advent of a new generation of magne
materials in 1984, developed by researchers fr
Sumitomo,6 based on Nd, Fe, and B, energy densit
(BH)max;290 kJ/m3 could be achieved,7 resulting in a two-
fold increase over previously existing magnetic materi
based on Sm and Co. These new materials were su
quently used in nuclear physics to build magnet systems
ion8–10 and atomic beam sources,11–13yielding at most pole-
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tip fields of ;1.4 T. Modern permanent magnet materia
such as VACODYM14 510HR reach typical energy densitie
of (BH)max;385 kJ/m3.

Recently pole-tip fields of 3.2–4.6 T of sextupoles w
inner radii of 14–44 mm have been reported in Ref. 15 us
hybrid magnets consisting of superconducting coils s
rounded by an iron yoke. A superconducting sextupole s
tem free of iron is described in Ref. 16, which, when excit
in a sextupole mode, generates pole-tip fields of 1.54 T a
inner magnet radius of 65 mm.

In this article we describe the design and construction
permanent sextupole magnets together with detailed fi
measurements. The work was carried out in the contex
the development of a new atomic beam source by an in
national collaboration. The source is intended for nucl
physics research at the ANKE facility17 installed at the
Cooler Synchrotron18 of the Forschungszentrum Ju¨lich. In
Sec. II we describe the design of the sextupole magnets
briefly review the Halbach formalism. Finite-element calc
lations with theMAFIA code19 were carried out on the on
hand to optimize the magnetic flux density and on the ot
to avoid the risk of demagnetization of the material. The fi
configuration has been assembled from three different m
net materials: VACODYM 510HR, 383HR, and 400HR, r
cently manufactured by Vacuumschmelze~see Table I!. In
Sec. III we briefly describe the equipment used to exp
mentally determine the properties of the magnetic field
side the magnet bore. Section IV contains a summary of
various field measurements of the final magnets. The data
compared to calculations performed withMAFIA and to re-
sults obtained from the Halbach formalism.

II. DESIGN OF SEXTUPOLE MAGNETS

A. Multipole magnets from permanently magnetized
segments

A cylindrical 2N-multipole magnet is assembled fromM
segments permanently magnetized such that the magne
tion axis of each segment advances azimuthally by an a
(N11)2p/M with respect to a fixed coordinate system,
sketched in Fig. 1. In Cartesian coordinates using comp
numbers,z5x1 iy5reif, the field inside the magnet bore
a distancer from the central axis is given by the Halbac
formulas@Ref. 5, Eqs.~24a! and ~24b!#

BW ~z!5J(
n50

` S z

r 1
D n21

HnKn , ~2!

TABLE I. Minimal and typical values of the properties of the magne
materials utilized to manufacture the magnets discussed in this article
manenceJ, coercivity of polarizationHcJ , and energy density (BH)max.a

Remanence Coercivity Energy density
J ~T! HcJ ~kA/m! (BH)max (kJ/m3)

Material Min Typ Min Typ Min Typ

VACODYM 510HR ~1! 1.38 1.41 950 1030 360 385
VACODYM 383HR ~2! 1.22 1.28 1430 1670 275 320
VACODYM 400HR ~3! 1.10 1.16 2150 2470 225 255

aSee Ref. 14.
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n5N1nM , ~3!

Hn5
n

n21 F12S r 1

r 2
D n21G , ~4!

Kn5
sin@~n11!ep/M #

~n11!p/M
. ~5!

Here the radiir 1 and r 2 correspond to the inner and oute
boundaries of the magnet, respectively, andJ is the remanent
magnetization of the material. The filling factore, which
accounts for slits between the segments required for glue
is close to 1. From the above set of equations@Eqs.~2!–~5!#
one can derive the radial and tangential components of
magnetic field as a function ofr andf in cylindrical coor-
dinates

Brad~r ,f!5J(
n50

` S r

r 1
D n21

Hn cos~nf!Kn , ~6!

Btan~r ,f!5J(
n50

` S r

r 1
D n21

Hn sin~nf!Kn , ~7!

wheren, Hn , and Kn are defined by Eqs.~3!–~5!, respec-
tively. The pole tip fieldB0 of an ideal sextupole magne
given in Eq.~1! is related to quantities in the Halbach fo
malism presented above by

B05JH3K3 , ~8!

whereH3 and K3 are defined by Eqs.~4! and ~5!, respec-
tively, for n53 (n50).

With respect to the design of sextupole magnets fr
permanently magnetized material, a number of conclusi
can be drawn from the Halbach formalism outlined abov

~i! The pole-tip field of a sextupole magnet,B0 @Eq. ~8!#,
consisting of 24 segments exceeds the one of a m
net assembled from 12 segments by 15.5%~assuming
the two magnets compared employ the identical m
net material and are of the same dimensions!.

~ii ! Deviation from the field generated by an ideal sex
pole magnet will manifest itself in higher multipol
components only very close to the surface, beca
the exponent of the radial field dependence for m

e-

FIG. 1. One quadrant of a cylindrically symmetric sextupole magnet c
sisting of 24 segments. The arrows denote the direction of magnetiza
while the number code indicates the material employed in the final ma
design, listed in Table I.
P license or copyright, see http://rsi.aip.org/rsi/copyright.jsp
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3333Rev. Sci. Instrum., Vol. 71, No. 9, September 2000 Permanent sextupole magnets
nets composed fromM524 segments becomes ve
large, e.g., 26 and 50 forn51 andn52, respectively
@see Eqs.~6! and ~7!#. Higher multipole components
of the ordern51 (n527) andn52 (n551) corre-
spond to azimuthal field dependences of a 54 pole
a 102 pole, respectively.

~iii ! For a given inner radiusr 1 of a sextupole magnet th
maximum gain in pole-tip field@Eq. ~8!# by increasing
the outer radius beyond 3r 1 (4r 1) is only 12.5~6.7%!.

The magnet design discussed in this article reports
the first time a segmentation into 24 pieces~Fig. 1! even for
inner radii down tor 155 mm. The focusing properties o
the complete magnet system, consisting of six magnets, h
been determined from ray tracing calculations using nom
pole-tip fields of 1.5 T. The magnet dimensions, given
Table II, are the result of an optimization procedure with t
objective of maximizing the number of atoms transported
unit time into a feeding tube of 10 mm diameter and 100 m
length located 300 mm behind the exit of the last sextup
magnet. The achromatic focusing properties of the mag
system could be improved by making the first two magn
conical, such that the focusing of the magnet system
comes more independent of the particle velocity.

B. Magnet design using MAFIA

A permanent magnet can be characterized by the re
nenceJ and the~temperature dependent! coercivity of polar-
ization HcJ . Superposition of the field strengths of differe
segments leads to demagnetization, if the projection of
resulting field strength on the original magnetization dire
tion is antiparallel and exceeds the maximum coercivityHcJ

tolerated by a particular segment. Demagnetization pres
an unwanted effect because it limits the achievable pole
field of the magnets. Therefore, using the nominal dim
sions of the magnets~Table II!, three-dimensional field cal
culations with theMAFIA code were carried out to localiz
these critical regions. A typical result of such a calculation
shown in Fig. 2, where the magnitude of the magnetic fl
density uBW u is shown for one quadrant of magnet 5 in t
central plane perpendicular to the longitudinal axis of
magnet. The most critical regions are located near the in
surface of segments labeled3 in Fig. 2, where apparently th
magnitude of the magnetic flux density is smallest, he

TABLE II. Nominal and measured dimensions of the six sextupole magn
length l , inner and outer radiir 1 and r 2 ~Fig. 1!, respectively.

Nominal Measured

Magnet
l

~mm!
r 1

~mm!
r 2

~mm!
l

~mm!
r 1

~mm!
r 2

~mm!

1 40 5/7a 20 40.01~1! 5.20(2)/7.06(2)a 19.99~1!
2 65 8/11a 32 65.01~1! 7.99(1)/11.06(2)a 32.02~2!
3 70 14 47 70.01~2! 14.02~1! 47.00~1!
4 38 15 47 38.01~1! 15.02~2! 47.01~1!
5 55 15 47 55.01~1! 15.03~1! 47.00~1!
6 55 15 47 55.00~1! 15.01~2! 47.02~2!

aMagnet with conical opening, the first value denotes the radius at the
trance, the second value the radius of the exit aperture.
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according toBW 5mm0HW 1JW the field strengthHW is largest and
antiparallel to the original magnetization direction. For
more detailed investigation thex component of the field
strengthHx is plotted in Fig. 3~left-hand side! as a function
of they coordinate~at x50). The critical region is the mini-
mum of Hx near the magnet boundary. The resulting fie
strengthHx521.13103 kA/m requires to select a materia
of high coercivity for these segments. The correspondinx
component of the magnetic flux densityBx is plotted as a
function of they coordinate~at x50) in Fig. 3 ~right-hand
side!. As expected, the tangential component ofHW is continu-
ous when passing through the magnet surface, while the
gential component of the magnetic flux densityBW is discon-
tinuous. Thex components ofHW and BW are plotted as a
function of thex coordinate~at y50) in Fig. 4. The super-
position yields a field strengthHW ~left-hand side! parallel to
the original magnetization direction. Therefore material
highest remanence and lowest coercivity of polarization~1 in
Fig. 2! can be employed. The situation for the other se
ments~2 in Fig. 2! is such that medium remanence and m
dium coercivity of polarization compared to segments1 and
3 are appropriate.

In order to avoid demagnetization, while maximizing th

s,

n-

FIG. 2. ~Color! Magnitude of the magnetic flux densityuBW u in the centralxy
plane of sextupole magnet 5~see Table II for dimensions!, calculated using
MAFIA . The number code reflects the employed material properties liste
Table I. The original direction of magnetization in the material prior
assembling is indicated in Fig. 1.

FIG. 3. x component of the magnetic field strengthHW ~left-hand side! and

magnetic flux densityBW ~right-hand side! of magnet 5~Fig. 2! as a function
of the y coordinate atx50.
P license or copyright, see http://rsi.aip.org/rsi/copyright.jsp



-
a

m

M
ar

-
th
ye
ld

ca

ia

a-
-

ts

th
I,

cu-
tion
ep-
that

.

he

er,

all

be
sup-
ow
the
g-
n
the.
the

xis
llel
ents

er
the
tive
f a
Hall
nts.
re

by

et.
ure-

no-

is
in
nals

te

en
tio

f

ls
t
n-
ing
ts

l
xis

e
ith

va

3334 Rev. Sci. Instrum., Vol. 71, No. 9, September 2000 Vassiliev et al.
resulting pole-tip field, an upper limit of the operating tem
perature of the sextupole magnets around 60 °C was
sumed, which led to the selection of the three magnetic
terials employed in the construction of the magnets~Table I!.
For the segments magnetized in radial direction VACODY
510HR ~1! is used, segments magnetized tangentially
made from VACODYM 400HR~3!, for all other segments
VACODYM 383HR ~2! is employed.

The expected pole-tip fieldB0 of the magnet configura
tion shown in Fig. 1 was calculated separately for each of
six sextupole magnets from the properties of the emplo
materials. In the calculation of the expected pole-tip fie
from the Halbach formalismB0

HAL Eq. ~8! is utilized, where
only the pure sextupole term of the Halbach series (n50)
enters. The results obtained with the minimal and typi
values of theaverageremanenceJ are given in Table III.
The average remanencesJmin51.233 T andJtyp51.283 T
were calculated taking into account the employed mater
~Table I! in proper proportion. The results obtained withMA-

FIG. 4. x component of the magnetic field strengthHW ~left-hand side! and

magnetic flux densityBW ~right-hand side! for magnet 5 as a function of the
x coordinate aty50 ~Fig. 2!.

TABLE III. Properties of the sextupole magnets. The range of expec
pole-tip fields from the Halbach formalismB0

HAL from Eq. ~8!, utilizes the
average remanence, calculated from the minimal and typical values giv
Table I, by taking into account the employed materials in proper propor
~Fig. 1!, which yieldsJmin51.233 T andJtyp51.283 T, respectively. The
predictions fromMAFIA B0

MAF were arrived at by using the typical values o
the magnetization of the constituting segments~Table I! and quadratic ex-
trapolation of the resulting flux density to the pole tip of the magnets. A
listed are the measured~extrapolated! pole-tip fields in the central plane a
z5l /2 of the magnets.B0 is obtained from fits using the radial field depe
dence@Eq. ~9!#. B0* is obtained from the azimuthal field dependence us
Eqs.~10! and~11!. The statistical errors of the fits are indicated in bracke
The uncertainty of the calibration of the Hall probe is;4%. In the last
column we list the radial offset parameterDr obtained from the azimutha
field measurements as well, which denotes the distance between the a
rotation of the Hall probe and magnet axis.

B0
HAL ~T! B0

MAF ~T!

Magnet Min Typ Mina Typ B0 ~T! B0* ~T! Dr ~mm!

1 1.607 1.672 1.569 1.633 1.654„10… 1.630„4… 0.129~3!
2 1.615 1.680 1.577 1.641 1.684„6… 1.689„2… 0.043~3!
3 1.609 1.674 1.578 1.642 1.625„4… 1.628„4… 0.111~9!
4 1.586 1.650 1.503 1.564 1.565„2… 1.583„3… 0.040~9!
5 1.586 1.650 1.542 1.605 1.621„3… 1.607„2… 0.017~5!
6 1.586 1.650 1.542 1.605 1.621„3…b 1.611„3… 0.176~10!

aThe minimal values for theMAFIA predictions are obtained by scaling th
results obtained with the typical values of the average remanence w
factor Jmin/Jtyp.

bThe radial dependence of magnet 6 was not separately measured, the
given is for magnet 5.
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FIA were arrived at by using the typical values for the rem
nence of theindividual segments listed in Table I. A qua
dratic extrapolation to the surface yields the valuesB0

MAF ,
listed in Table III, where higher order multipole componen
were suppressed by a proper radial cutoff.

Apparently, the predicted pole-tip fields obtained wi
MAFIA and from the Halbach formalism, given in Table II
differ systematically. One notices thatB0

HAL is always larger
thanB0

MAF and that the discrepancy between the two cal
lations is largest for the shortest magnet 4. This observa
can be explained by noting that the Halbach formalism r
resents a two-dimensional calculation, which assumes
the extension in the third dimension is large, while theMAFIA

code represents a true three-dimensional field calculation

III. FIELD MAPPING APPARATUS

The equipment employed during the field mapping of t
magnets was chosen such as to allow for:

~i! measurements along the magnet radius,
~ii ! full turn azimuthal mapping in the entrance, cent

and exit planes of all magnets, and
~iii ! mapping parallel to the longitudinal magnet axis.

The measurements were performed using a small H
probe (2003100mm2, thickness 15mm! sensitive to the
component of the magnetic flux density normal to the pro
plane. The probe was mounted on a lathe using a brass
port, consisting of a cylindrical centering piece and a narr
finger, sufficiently long to permit measurements along
full longitudinal extension of each of the magnets. The ma
nets were mounted in tightly fitting aluminum cylinders o
the axis of a rotatable table that was attached to the la
The positioning accuracy of the probe with respect to
axis of rotation on the lathe was;10 mm. The probe plane
was carefully adjusted perpendicular with respect to the a
of rotation of the magnets with the short probe edge para
to the axis. Special care was taken to enable measurem
as close as;100mm from the inner magnet surface in ord
to access experimentally higher multipole components of
magnetic field. For that purpose it is essential that the ac
volume of the Hall probe is small, because in a region o
large magnetic field gradient, e.g., near the surface, the
probe does not only respond to the radial field compone
Corrections arising from the finite size of the Hall probe a
discussed in Appendix A.

The probe was calibrated in the range of 0–1.7 T
comparison to a standard nuclear magnetic resonance~NMR!
probe in the homogeneous field of a large dipole magn
The calibration procedure was repeated after the meas
ments had been completed. The final calibration curve~mag-
netic flux densityB versus Hall voltage! was obtained from
the combined calibration data using a second order poly
mial fit. The uncertainty of the Hall probe calibration from
the combined calibration data was determined to be;4%.
The temperature coefficient of the employed Hall probe
small ~20.005%/K!, thus no corrections due to a change
the ambient temperature needed to be applied. The sig
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from the probe were measured using a multimeter20 and read
out to a PC via a general purpose interface bias interfac

IV. RESULTS AND COMPARISON TO MAFIA
CALCULATIONS

A. Radial field dependence

A measurement of the radial magnetic field depende
in the central plane atf50 ~in front of a pole! yields infor-
mation about the pole-tip field and about the deviation
magnetic and geometric axis. A typical result of a radial fie
measurement is shown in Fig. 5. The measured data are
with a two parameter function

B~r !5B0S r 1Dr

r 1
D 2

, ~9!

whereB0 is the pole-tip field andDr a radial offset, which
accounts for a lateral displacement of the magnet axis w
respect to the axis of rotation of the magnet. The radial
pendence of the magnetic flux density was measured at
twice for every magnet, once with the magnet atf50 and
once rotated by 180°. The magnetic field deviates from t
of an ideal sextupole in that higher multipole compone
become sizeable near the magnet surface~see Fig. 5!. In the
determination of the pole-tip field from a quadratic extrap
lation using the resulting parameters of the fit, values
tained at large radii were not taken into account. In Table
the results obtained forB0 from fits using Eq.~9! are given
for all magnets, except magnet 6, which is of equal dim
sion as magnet 5 and was not measured separately. In
extrapolation to the pole tip the nominal magnet dimensi
~Table II! were used, except for magnet 1, for which t
measured inner radii in the entrance and exit plane di
significantly from the nominal ones. In the listed values
B0, the average of the measurements was taken. The
placementDr is on the order of 100mm. The errors ofB0

given in Table III are statistical only.

FIG. 5. Magnetic flux density normal to the Hall probe as a function of
radial position for magnet 4~upper panel!. The dashed line indicates th
magnet boundary. The solid line represents a fit with Eq.~9!, which does not
take into account data points at radii above 12 mm. In the lower pane
differenceDB between the data and the fit is shown.
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B. Azimuthal magnetic field dependence

1. Medium radii

Another method for the determination of the pole-t
field of the magnets makes use of the measured azimu
dependence of the magnetic fields. For that purpose the m
nets were rotated in steps of 4°. Measurements were take
different radii and in planes perpendicular to the axis of
tation at the entrance, center, and exit of the magnet. In o
to reduce the influence of higher multipole componen
measurements at medium radii were selected, for which
contribution to the measured magnetic flux density from a
plitudes of higher harmonics (n51, . . . ,̀ ) is at most 3
31023 of the total amplitude given in Eqs.~2!–~5!. In this
case the pole-tip field can be extracted from a fit to the a
muthal field dependence. As in the measurements of the
dial field dependence discussed above, a correction nee
be applied, which takes into account a lateral displacem
Dr between the axis of rotation of the table and that of
magnet. The displacement,Dr;100mm!r 1, is mainly
caused by mechanical inaccuracies due to the protec
measure to mount the magnets inside aluminum cylinders
the rotatable table of the lathe. The fitting function for t
magnetic flux density as a function of radiusr and azimuthf
for the component normal to the Hall probe is given by

Bnorm~r ,f!5J(
n50

` S r

r 1
D n21

HnKnCn . ~10!

The correction factor

Cn5F11~n21!
Dr

r
cos~f2f0

Dr !G
•cosFnf1f0

r 2~n11!
Dr

r
sin~f2f0

Dr !G , ~11!

introduced in Eq.~10!, is derived in Appendix B. The angle
f0

r andf0
Dr correspond to the initial phases. One example

a measured azimuthal field dependence is depicted in Fig
The resulting pole-tip field valuesB0* obtained from this pro-
cedure are listed in Table III. The two different methods gi
consistent results.

2. Large radii

Measurements at large radii~near the surface! yield in-
formation about higher multipole components. One exam
of such a measurement on magnet 5 at a radius ofr 514.9
mm with a step of 4° is shown in Fig. 7. At this radius, th
amplitudes of the higher harmonicsn51 (n52) according
to the Halbach formulas@Eqs.~2!–~5!# correspond to 10.0%
~4.5%! of the total amplitude. Additional azimuthal measur
ments were carried out with a smaller step of 0.5° for each
the six sextupole magnets discussed here in a reduced a
lar range~one quadrant!. In Fig. 8 the azimuthal field depen
dence is shown for magnet 5. The results of aMAFIA calcu-
lation are also shown in Fig. 8. The agreement of
measured data with theMAFIA calculation is quite good. A
fitted curve using Eqs.~10! and~11! for n50, . . . ,10 isalso
indicated. In the fitting procedure the amplitudes of the m
tipole components have to be corrected by taking into

e
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count the finite size of the Hall probe. This is discussed
detail in Appendix A.~The correction terms for a Hall prob
of h50.2 mm lateral dimension are listed in Table IV.! From
the fit an average remanence ofJ51.29360.008 T results,
which agrees well with the expected value for the aver
remanenceJtyp51.283 T, calculated from the employed m
terials. Also shown in Fig. 8 is then50 term obtained from
the fit with n50, . . . ,10,which corresponds to a pure se
tupole. Omitting higher order termsn.10 is justified, be-
cause the amplitude of all higher harmonics correspond
only about 1% of the total amplitude.

FIG. 6. Azimuthal dependence ofBrad for magnet 4 at a radius of 12.5 mm
The solid line represents a fit with a function taking into account the fi
component normal to the Hall probe and a radial offset@Eqs.~10! and~11!#.

FIG. 7. Azimuthal dependence ofBrad for magnet 5 at a radius of 14.9 mm
~The solid line serves to guide the eye.!
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In order to access the first order multipole compon
n51 the difference between a pure sextupolen50 and the
measured data, both shown in Fig. 8, is computed and plo
in Fig. 9. The resulting distribution exhibits the typical fre
quency of the next harmonicn51, which corresponds to a
54 pole. Also plotted in this graph is the result of the Ha
bach fit to the azimuthal distribution shown in Fig. 8 forn
51, . . . ,10.Subtraction of both terms,n50 andn51 of
the fitted Halbach series from the data, yields the distribut
shown in Fig. 10. The typical 102-pole structure of then
52 term is clearly visible.

A measurement of the azimuthal field dependence at
entrance and exit of each magnet was carried out in orde

d
FIG. 8. Azimuthal dependence ofBrad for magnet 5 at a radius of 14.9 mm
for one quadrant. The measured data (!) are shown together with the result
of a MAFIA calculation~thin solid line!. A fit to the data with Eqs.~10! and
~11! for n50, . . . ,10 of the Halbach series using as a free parameter
average remanenceJ is indicated ~dash-dotted! and yields J51.293
60.008 T, in good agreement with the expectationJtyp51.283 T. The mul-
tipole amplitudes in the fit were corrected as described in Appendix A
order to account for the finite size of the Hall probe. Then50 term of that
fit alone ~pure sextupole! is indicated as well~dashed line!.

TABLE IV. Correction termsC(n) calculated for magnet 1~inner radius
r 156 mm! at r 55.9 mm and for a magnet with an inner radius ofr 1515
mm at r 514.9 mm up to ordern510 for a Hall probe ofh50.2 mm.

n
C(n,r 156 mm,

r 55.9 mm, h50.2 mm)
C(r 1515 mm,

r 514.9 mm, h50.2 mm)

0 0.999 1.000
1 0.964 0.994
2 0.877 0.980
3 0.747 0.958
4 0.587 0.927
5 0.410 0.889
6 0.234 0.844
7 0.073 0.793
8 20.060 0.736
9 20.156 0.675

10 20.211 0.610
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detect a possible spirality of the magnets. It was found t
the positions of the maxima of the magnetic flux density
the entrance and exit plane coincide within 1° with the po
tion of the maxima found in the center plane.

3. Small radii

Measurements at small radii were carried out as w
While at medium and large radii the effects of a nonpoi

FIG. 9. Multipole componentsn>1 (!), corresponding mainly to a 54 pol
(n51), extracted from the measured data shown in Fig. 8 by subtractio
the pure sextupole componentn50 from the data. The Halbach series fo
n51, . . . ,10 of the fit to thedata of Fig. 8 with the full series (n
50, . . . ,10) isindicated as a solid line.

FIG. 10. Multipole componentsn>2 (!) extracted from the data by sub
traction of n50 andn51 terms from the data shown in Fig. 8 yield th
typical 102-pole structure, corresponding ton52. Also shown as a solid
line is the result of the fit with the Halbach series (n50, . . . ,10,shown in
Fig. 8! for n52, . . . ,10 only.
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like Hall probe can either be ignored or corrected for,
small radii these effects become large and make a mean
ful measurement virtually impossible. A detailed discuss
of finite-size Hall probe effects is given in Appendix A.

C. z dependence

In order to investigate the uniformity of the magne
measurements ofBrad in an axial direction were carried ou
One such measurement on magnet 6~cylindrical bore! at a
radius of 14.5 mm is shown in Fig. 11. The agreement
tween the data and the results of aMAFIA calculation, also
shown in the figure, is good. In Fig. 12 the result of a me
surement ofBrad parallel to the axis of magnet 1~conical
bore! at a radius of 4.5 mm is shown. The solid line corr
sponds to a calculation based on the measured pole-tip
B0* ~Table III! and the Halbach formulas, in that for eac
longitudinal coordinate an infinitely long magnet with th
appropriate inner and outer radii,r 1 and r 2, respectively, is
assumed.

Ray tracing calculations in most cases assume a fi
integral *Brad(z)dz calculated for a box-shaped magne
flux density, as indicated in Fig. 12. In Table V we compa
the calculated field integrals of the six sextupole magn
discussed here to the measured ones, obtained by integr
over the measuredz dependence. The calculated values
the cylindrical magnets were obtained using the pole-tip fi
valuesB0* , listed in Table III, multiplied by a factor (r /r 1)2

to account for the radius at which the longitudinal field d
pendence was measured. For the conical magnets the
sured pole-tip field in the center plane,B0* , was used also
Here in addition to the factor discussed above, the chang

of
FIG. 11. Magnetic flux densityBrad (!) along the axis of magnet 6 at a
radius of 14.5 mm atf50. The upper solid line indicates the result of
MAFIA calculation using typical values for the remanenceJtyp of the indi-
vidual segments~Table I!. The lower solid line for the configuration with
minimal values of the magnetization is obtained by scaling the results
tained with Jtyp by a factorJmin/Jtyp. The dashed lines correspond to th
physical boundaries of the magnet.
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magnet thickness was factored in using@12(r 1 /r 2)2#. Ex-
cept for magnet 1, where the discrepancy between meas
and calculated field integral reaches;10%, the agreement i
quite good~Table V!.

V. DISCUSSION

We have reported on the development of segmented
tupole magnets which employ a new generation of perm
nently magnetized materials now available. The six perm
nent magnets consist of 24 segments with inner radii dow
5 mm. This represents an improvement because previo
for radii of that size only magnets consisting of 12 segme
have been produced.13 It should be pointed out that the sub
stantial increase in pole-tip field of about 16% going from
to 24 segments reduces to a mere 3.5% when the numb
segments is increased by another factor of 2 to 48 segm
Thus the additional technical effort involved in building 4
segmented magnets is presumably not justified.

The MAFIA code is a powerful tool that can be use
efficiently to predict with good accuracy the pole-tip fie

FIG. 12. Measured magnetic flux densityBrad along the axis of magnet 1
(!) at a radius of 4.5 mm atf50. The solid line corresponds to the resu
of a calculation based on the measured pole-tip fieldB0* ~Table III!, using a
factor (r /r 1)2

•@12(r 1 /r 2)2# to account for the radiusr at which the distri-
bution was measured and for the change in material thickness.

TABLE V. Measured and calculated values for the field integr
*Brad(z)dz of the six magnets at radiir.

Measured Calculated
Magnet r ~mm! *Brad(z)dz ~T mm! *Brad (z)dz ~T mm!

1 4.5 40.11 36.05
2 7.5 71.12 70.18
3 13.5 101.92 105.77
4 14.5 57.68 55.57
5 14.5 83.47 83.31
6 7.5 22.33 22.28

14.5 84.15 83.31
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and all other observed features of segmented multipole m
nets. The only uncertainty in the prediction arises from
insufficient knowledge of the remanence of the materials e
ployed, which holds for the Halbach formulas as well.

The measurements presented here constitute the firs
perimental determination of amplitudes and multipolarit
related to the first and second order (n51, 2! multipole field
components ever carried out for segmented multipole m
nets. We have confirmed experimentally, that the Halb
formalism5 for permanent multipole magnets consisting o
finite number of segments of different magnetization d
scribes these tiny effects near the magnet surface with g
accuracy, in particular in the azimuthal field dependence

We find no experimental evidence for the stateme
made in Ref. 11 with respect to the multipolarity in sextupo
magnets consisting ofM524 segments, namely that the e
pected higher order symmetries correspond to an 18 pole
a 30 pole.

Since higher multipole components appear only ve
close to the magnet surface, the number of atoms affecte
them is small. In addition, it can be shown using the Halba
formulas that the integrals over the full azimuth of the g
dient of the magnitude of the magnetic flux density for a pu
sextupole and for the more realistic case including hig
multipole components~e.g.,n50, . . . ,100) yield the same
results. Thus one can conclude that higher multipole com
nents in a segmented sextupole magnet have no effect o
magnets’ focusing properties.

One of the conditions for the validity of the Halbac
formalism is the spatial independence of the magnetiza
vectorJ within each magnet segment. It is treated as a c
stant scalarJ. Rather inhomogeneous magnet material wo
result in the appearance of more and other harmonics.
fact that we found exactly the harmonics predicted by H
bach proves the good homogeneity of the magnet mate
used.

The pole-tip field values for the six magnets report
here, with values in the range of 1.58–1.69 T, represen
substantial improvement for the magnet systems employe
atomic beam sources. The larger pole-tip field enables
use of wider magnet apertures, without compromising
field gradient. Since the acceptance of a magnet syste
thereby increased, a somewhat higher flow of polarized
oms transported by the magnet system should be obtain
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APPENDIX A: HALL PROBE FINITE SIZE EFFECTS

The magnitude and direction of the magnetic flux de
sity inside a multipole magnet change within the volume
the Hall probe that is used to measure the field. Therefor
is necessary to investigate to what extent the finite size of
detector probe has to be taken into account. The discus
presented here refers to measurements carried out with a
probe, where the sensitive plane is perpendicular to the
dius of the magnet. The signal measured by the Hall prob
proportional to the normal component of the magnetic fl
densityBnorm averaged over the lateral dimensionh of the
probe, as indicated in Fig. 13:

Bmeas5
1

h
•E

2h/2

h/2

Bnormdl. ~A1!

The normal component at pointP @coordinates (r 8, f8) in
Fig. 13# is given by

Bnorm~r ,f,r 8,f8!5Brad~r 8,f8!•cos~f82f!

2Btan~r 8,f8!•sin~f82f!. ~A2!

Brad andBtan are defined in Eqs.~6! and ~7!, wherer andf
are the coordinates of the center of the Hall probe. The ab
expression converts into

Bnorm~r ,f,f8!5J•(
n50

`

HnKn

•S r

r 1
D n21 cos~~n11!f82f1f0

r !

cosn21~f82f!
,

~A3!

wheref0
r denotes the starting phase. Integration of Eq.~A1!

using forBnorm the expression from Eq.~A3! yields

Bmeas5J•(
n50

`

HnKn•S r

r 1
D n21

cos~nf1f0
r !•C~n,h!,

~A4!

FIG. 13. Coordinate system to determine the influence of the finite siz
the lateral dimensionh of the Hall probe.
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where the effects of a nonpoint-like Hall probe have be
taken into account by a correction termC(n,h) that depends
on the ordern of the harmonic contributions involved and o
the lateral dimensionh of the Hall probe employed in the
measurements. The correction term is given by

C~n,h!5S 2r

h D •E
0

arctan(h/2r ) cos@~n11!j#

cosn11j
dj. ~A5!

It should be noted thatC(n,h) is independent of the azimut
f and that for an ideal~point-like! Hall probeC(n,h50)
[1. Although it is possible to express the integral giv
above through elementary functions, here we discuss the
fect of the correction term in the central plane for two of o
magnets: the smallest one withr 156 mm and a magnet with
r 1515 mm. In Table IV the correction factors are listed th
have to be applied to the multipole components up to or
n510 in a measurement where the Hall probe is position
at r 514.9 mm (r 1515 mm! and atr 55.9 mm (r 156 mm!,
respectively. Forn52, for the small~large! aperture magne
with a probe of lateral dimensionh50.2 mm the correction
is already sizeable,;12.3% (;2.0%). For larger Hall probe
dimensions, e.g.,h50.5 mm, the correction term for th
small aperture magnet forn52 amounts to;63.5%. Thus it
is not feasible to study effects related to higher order mu
polarities with Hall probes of large lateral dimension.

At small radii (r ,3 mm!, multipole components othe
thann50 can be neglected. However, the corrections aris
from the nonpoint-like Hall probe become large as well,
indicated in Fig. 14, where the ratio of the ideal~point-like!
and measured magnetic flux densityBmeas/Brad is plotted for
radii r below 3 mm for the three lateral probe dimensio
(h50.2, 0.5, and 1.0 mm!. One must conclude that it is no
possible to carry out meaningful measurements at small r

of

FIG. 14. Calculated ratio of magnetic flux densitiesBmeas/Brad near the
magnet axis for three different Hall probe dimensions. The solid line co
sponds toh50.2 mm, the dashed-dotted line toh50.5 mm, and the dashed
line to h51.0 mm.
P license or copyright, see http://rsi.aip.org/rsi/copyright.jsp
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with a Hall probe of inappropriate dimensions. When high
orders other thann50 are omitted, the maximum of th
magnetic flux density given in Eq.~A4! simplifies to

Bmeas~r !5B0•F8S 2r

h DarctanS h

2r D271
1

3 S h

2r D
2G

•S r

r 1
D 2

, ~A6!

whereB0 is the quadratic coefficient of the pure sextupo
component. From Eq.~A6! it is possible to deduce the Ha
probe sizeh required for measurements near the magnet c
ter. Figure 15 shows the radial dependence of the meas
field valueBmeas(r ) for the three different Hall probes. Ob
viously, with a Hall probe of finite size a magnetic flux de
sity of zero is measured at two radii already a few tenths
a mm away from the magnet axis, depending on the siz
the Hall probe, while in the center the magnetic flux dens
does not vanish. For the example discussed above (h50.2
mm, B051.6 T, andr 1515 mm! the limit of

lim
r→0

Bmeas~r !5
1

12
B0S h

r 1
D 2

~A7!

corresponds to a negligibly small flux density ofBmeas(r
→0)52.431022 mT.

APPENDIX B: HALL PROBE OFFSET CORRECTION

In order to account for a transverse displacement of
axis of rotation of the Hall probe with respect to the mag
axis, a correction to the Halbach@Eqs.~6! and~7!# has to be
applied. The mathematical derivation leading to Eqs.~10!
and ~11! is presented in this Appendix.

FIG. 15. Radial dependence of the magnetic flux density near the axis
magnet withB051.6 T andr 1515 mm for three different Hall probe sizes
The dotted line corresponds to a point-like Hall probe, the solid line t
Hall probe of h50.2 mm lateral dimension, the dashed-dotted line toh
50.5 mm, and the dashed line toh51.0 mm.
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The magnet is centered in thex8y8 coordinate system
shown in Fig. 16. Azimuthal measurements are carried
by rotating the Hall probe, located at pointP, about the cen-
ter of the unprimed coordinate system, which is displac
with respect to the primed system byDrW5(Dx,Dy)
5(cosf0

DrDr,sinf0
DrDr). The Hall probe responds to the no

mal projection of the magnetic flux density, thus with th
conventions of Fig. 16 one can write

Bnorm~r ,f,Dr ,f0
Dr !5Brad~r 8,f8!cosf2

1Btan~r 8,f8!sinf2 , ~B1!

where Brad and Btan are defined by Eqs.~6! and ~7!. The
coordinatesr 8,f8 have to be expressed as functions
r ,f,Dr , andf0

Dr . Applying the law of sines to the triangle
OO8P yields

sin~f2f8!5
Dr

r
•sin~f82f0

Dr !. ~B2!

If one assumes that the offsetDr is small compared tor,
which is justified at larger radii by the alignment precision
the field mapping apparatus, then with sin(f2f8)'f2f8 it
follows that

f85f2
Dr

r
•

sin~f2f0
Dr !

11
Dr

r
•cos~f2f0

Dr !

. ~B3!

The law of cosines for the triangleOO8P yields a second
expression

f a

a

FIG. 16. Coordinate system for azimuthal field measurements. The
probe is located at pointP. The magnet is centered in thex8y8 coordinate
system, while the probe is rotated about the center of thexy coordinate
system. The distanceDr (!r ,r 1) denotes the offset between magnet ax
and axis of rotation on the lathe,f0

Dr corresponds to a starting phase.
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r 825Dr 21r 212•Dr •r •cos~f2f0
Dr !. ~B4!

Neglecting the quadratic term inDr in the above expressio
and substituting it in Eq.~B1! the corresponding expression
for f8 and r 8 from Eqs.~B3! and ~B4!, respectively, yield
after some algebraic transformations Eqs.~10! and ~11!.
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