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Abstract

In recent years, low-rank matrix completion (LRMC) has received much attention
as a paradigm to recover the unknown entries of a matrix from partial observations.
It has a wide range of applications in many areas, including recommendation system,
phase retrieval, 10T localization, image denoising, milimeter wave (mmWave) commu-
nication, to name just a few. In this dissertation, we present a comprehensive overview
of low-rank matrix completion. In order to have better view, insight, and understanding
of potentials and limitations of LRMC, we present early scattered results in a structured
and accessible way. To be specific, we classify the state-of-the-art LRMC techniques
into two main categories and then explain each category in detail. We further discuss
issues to be considered, including intrinsic properties required for the matrix recov-
ery, when one would like to use LRMC techniques. However, conventional LRMC
techniques have been most successful on a general setting of the low-rank matrix, say,
Gaussian random matrix. In many practical situations, the desired low rank matrix
might have an underlying non-Euclidean structure, such as graph or manifold struc-
ture.

In our work, we show that such additional data structures can be exploited to im-
prove the recovery performance of LRMC in real-life applications. In particular, we
propose a Euclidean distance matrix completion algorithm for internet of things (IoT)
network localization. In our approach, we express the Euclidean distance matrix as a
function of the low rank positive semidefinite (PSD) matrix. Since the set of these PSD
matrices forms a Riemannian manifold in which the notation of differentiability can
be defined, we can recycle, after a proper modification, an algorithm in the Euclidean
space. In order to solve the low-rank matrix completion, we propose a modified con-
jugate gradient algorithm, referred to as localization in Riemannian manifold using

conjugate gradient (LRM-CG). We also show that the proposed LRM-CG algorithm



can be easily extended to the scenario in which the observed pairwise distances are
contaminated by the outliers. In fact, by modeling outliers as a sparse matrix and then
adding a regularization term of the outlier matrix into the low-rank matrix completion
problem, we can effectively control the outliers. From the convergence analysis, we
show that LRM-CG converges linearly to the original Euclidean distance matrix under
the extended Wolfe’s conditions. From the numerical experiments, we demonstrate
that LRM-CG as well as its extended version is effective in recovering the Euclidean
distance matrix.

In order to solve the LRMC problem in which the desired low-rank matrix can
be expressed using a graph model, we also propose a graph neural network (GNN)
scheme. Our approach, referred to as graph neural network-based low-rank matrix
completion (GNN-LRMCQ), is to use a modified convolution operation to extract the
features across the graph domain. The feature data enable the training process of the
proposed GNN to reconstruct the unknown entries and also optimize the graph model
of the desired low-rank matrix. We demonstrate the reconstruction performance of the

proposed GNN-LRMC using synthetic and real-life datasets.

keywords: low-rank matrix completion, Frobenius norm minimization, localization,
Riemannian optimization, graph neural network.

student number: 2015-30751
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Chapter 1

Introduction

1.1 Motivation

In the era of big data, the low rank matrix has become a useful and popular means to
express two-dimensional information. One well-known example is the rating matrix in
the recommendation systems that represents users’ tastes on products [1]. Since users
expressing similar ratings on multiple products tend to have the same interest for a new
product, columns associated with users sharing the same interest are highly likely to
be the same, resulting in the low rank structure of the rating matrix. Another example
is the Euclidean distance matrix formed by the pairwise distances of a large number
of sensor nodes. Since the rank of an Euclidean distance matrix in the k-dimensional
Euclidean space is at most k£ + 2 (if £ = 2, then the rank is 4), this matrix can be
readily considered as a low-rank matrix [2, 3].

One major benefit of the low rank matrix representation is that the essential infor-
mation, expressed in terms of degree of freedom, in the matrix is much smaller than
the total number of entries. Therefore, even though the number of observed entries is
small, we still have a chance to recover the whole matrix. There are variety of scenar-
ios where the number of observed entries of a matrix is tiny. In the recommendation

systems, for example, users are recommended to submit the feedback in a form of rat-



ing number, e.g., 1 to 5 for the purchased product. However, users often do not want
to leave a feedback and thus the rating matrix will have many missing entries. In the
example of IoT networks, sensor nodes have a limitation on the radio communica-
tion range or the power outage so that only small portion of entries in the Euclidean
distance matrix are available.

When there is no restriction on the rank of a matrix, the problem to recover un-
known entries of the matrix from partial observed entries is ill-posed. This is because
any value can be assigned to unknown entries, which in turn means that there are in-
finite number of matrices that agree with the observed entries. As a simple example,

consider the following 2 X 2 matrix with one unknown entry marked ?

M = : (1.1)

If M is a full rank, i.e., the rank of M is two, then any value can be assigned to
7. Whereas, if M is a low-rank matrix (the rank is one in this trivial example), two
columns differ by only a constant and hence unknown element ? can be easily de-
termined using a linear relationship between two columns (? = 10). This example is
obviously simple, but the fundamental principle to recover a large dimensional matrix
is essentially not much different from this and the low-rank constraint plays a central
role in recovering unknown entries of the matrix.

In recent years, low rank matrix completion (LRMC) has become a powerful
and attractive tool to complete the low rank matrices using a subset of entries. This
paradigm has been received much attention ever since the works of Fazel [4], Candes
and Recht [5], and Candes and Tao [6]. Over the years, various LRMC techniques
have been proposed [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. These in-
clude convex optimization, singular value thresholding (SVT), alternating minimiza-
tion, heuristic greedy technique, alternating steepest descent, and optimization over
Riemannian manifolds, to name just a few.

Basically, the LRMC problem can be modeled as a rank minimization problem to



find the lowest rank matrix given the observed entries. However, since the rank func-
tion is nonlinear, non-convex, and non-smooth, it is computationally infeasible to solve
the rank minimization problem directly. In fact, it is known that the rank minimization
problem is a NP-hard problem. Over the years, various approaches relaxing the rank
constraint have been proposed. Roughly speaking, depending on the way of using the
rank information, LRMC techniques can be classified into two main categories: the
LRMC using the rank information and those without the rank information.

When one tries to understand LRMC, there are fundamental issues and principles
that one needs to be aware of. There are two key properties characterizing the LRMC
problem: the sparsity of the observed entries and the incoherence of the matrix. Spar-
sity indicates that an accurate reconstruction of the undersampled matrix is possible
even when the number of observed entries is very small, while incoherence indicates
that nonzero entries of the matrix should be spread out widely for the efficient recovery
of a low-rank matrix.

Further, when the desired low-rank matrix has an underlying structure, such as
graph or manifold, we want to make the most of the given structure to maximize profits
in terms of performance and computational complexity. In particular, to cope with the
Euclidean distance matrix completion in which the Euclidean distance matrix has an
underlying Riemannian structure, we cast the LRMC problem into the unconstrained
optimization problem on a Riemannian manifold. Advantage of Riemannian manifold
is that the notion of differentiability is well-defined and hence many useful ingredients
for solving optimization problems can be used in the design of the LRMC algorithm.

We also propose a graph neural network (GNN)-based scheme to reconstruct the
low-rank matrix with underlying graph structure. In our approach, we use a modified
convolutional filter to extract the meaningful features across the graph domain. These
features can then be used in a neural network-based output model to justify the graph

model mismatch and eventually update the desired low-rank matrix.



1.2 Outline of the dissertation

In Chapter 2, we study the LRMC problem and its practical significance. We present
its wide range of applications and the state-of-the-art LRMC techniques. We also dis-
cuss the intrinsic properties required for the matrix recovery and present the recovery
performance guarantee of the LRMC techniques. In Chapter 3, we propose the LRM-
CG algorithm to reconstruct the Euclidean distance matrix of IoT sensor nodes by
exploiting the low-rank structure and Riemannian manifold structure of PSD matri-
ces. From the convergence analysis, we present the extended Wolfe’s conditions under
which the recovery performance of LRM-CG is guaranteed. In Chapter 4, we pro-
pose an extended LRM-CG to solve the outlier problem and also examine the recovery
performance of both LRM-CG and its extended version. In Chapter 5, we propose
a GNN-based LRMC algorithm to reconstruct the rating matrix using its underlying
graph structure. Chapter 6 is the conclusion and the future research.

Parts of the material in Chapter 2 appear in [22]. Parts of Chapter 3 and 4 appear
in [23]. Parts of Chapter 5 appear in [24].



Chapter 2

Low-Rank Matrix Completion

2.1 LRMC Applications

In recent years, LRMC has received much attentions as a mean to recover the matrix
accurately from small number of observed entries as long as the rank of a matrix is

sufficiently small. Notable LRMC applications are as follows.

2.1.1 Recommendation system

In 2006, the online DVD rental company Netflix announced a contest to improve the
quality of the company’s movie recommendation system. The company released a
training set consisting of ratings of more than 17,000 movies by more than 2.5 million
users. The number of known entries is only about 1%, each entry an integer from 1 to
5 [1]. The training data can be represented in a large dimensional matrix in which the
row and columns are indexed by user IDs and movie names, respectively. The primary
goal of the recommendation system is to estimate the users’ interests on products using
the sparsely sampled rating matrix. Since many users sharing the same interests in key
factors (e.g., the type, the price, and the appearance of the movie) often have the same
ratings on the movies. Hence, the ratings of those users might form a low-rank column

space, resulting in the low-rank model of the rating matrix (see Fig. 2.1).



(a) (b)

Netflix rating matrix with each entry an integer Submatrix M of size 50 x 50

from 1 to 5 and zero for unknown
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(c) (d)
Observed matrix M, (70% of known entries of M) Reconstructed matrix M via LRMC using M,

Figure 2.1: Recommendation system application of LRMC. Entries of M are then

simply rounded to integers, achieving 97.2% accuracy.



2.1.2 Phase retrieval

Phase retrieval is known as the problem to recover a signal (not necessarily sparse)
from the magnitude of its observation. It is an important problem in X-ray crys-
tallography and quantum mechanics since only the magnitude of the Fourier trans-
form is measured in these applications [7]. Consider the unknown time-domain signal
m = [mg --- my_1] and suppose its measured magnitude of the Fourier transform is

given by

w € €, @2.1)

1 n—1
_ - —j2nwt/n
‘Zw‘ - \/ﬁ the ’
t=0
where () is the set of sampled frequencies. If we denote

1 . .
£, = ﬁ[l e—]27rw/n L e—]Qﬂw(n—l)/n]H (2.2)

and M = mm?, then (2.1) can be expressed as

1202 = |(£,, m)|? = tr(fmm?£,) = tr(mmf ) = (M, F,), (2.3)

w

where F,, = fwff is the rank-1 matrix of the waveform f,. Using (2.3), we can
reformulate the phase retrieval problem as the problem to reconstruct the rank-1 matrix

M in the positive semi-definite (PSD) cone [7]:
min  rank(X)
X
subjectto (M, F,,) = |z,]?, w € Q 24
X = 0.

The desired signal m can then be computed via the eigenvalue decomposition of M.

2.1.3 Localization in IoT networks

In big data era, internet of things (IoT) has a wide range of applications including
healthcare, automatic metering, environmental monitoring (temperature, pressure, mois-

ture), surveillance, to name just a few [25, 26, 2]. In most of IoT applications, the
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Figure 2.2: Localization via LRMC. The Euclidean distance matrix can be recovered

with 92% of distance error below 0.5m using 30% of observed distances.



location information of sensor nodes is often needed to make a proper action, such
as fire alarm, energy transfer, emergency request, on the data center. In network lo-
calization (a.k.a. cooperative localization), each sensor node measures the pairwise
distances with its adjacent nodes and then sends it to the data center. Then the data
center constructs a map of sensor nodes using the collected distance information [27].
Due to various reasons, such as the power outage of a sensor node or the limitation of
radio communication range (see Fig. 2.2), only small number of distance information
is available at the data center. Also, in the vehicular networks, it is not easy to measure
the distance of all adjacent vehicles when a vehicle is located at the dead zone. An

example of the observed Euclidean distance matrix is

L0 @2, A2 7 7
a0 7 7 7
? 7 di; 0 di

77 d2y dZ, 0

where d;; is the pairwise distance between two sensor nodes 4 and j. Since the rank
of Euclidean distance matrix M is at most k+2 in the k-dimensional Euclidean space
(k = 2 or k = 3) [3, 23], the problem to reconstruct M can be well-modeled as the

LRMC problem.

2.1.4 Image compression and restoration

Image compression and restoration is a well-known problem to recover a “true” image
from an observed image that has been corrupted by some noise process (e.g., dirt or
scribble). One simple solution is to replace the contaminated pixels with the interpo-
lated version of adjacent pixels. A better way is to exploit intrinsic domination of a
few singular values in an image. In fact, one can readily approximate an image to the
low-rank matrix without perceptible loss of quality. By using clean (uncontaminated)

pixels as observed entries, an original image can be recovered via the low-rank matrix

10



Original image

Figure 2.3: Image reconstruction via LRMC. Recovered images achieve peak SNR >

32dB and structural similarity index (SSIM) at least 0.95.
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completion.

2.1.5 Massive multiple-input multiple-output (MIMO)

By exploiting hundreds of antennas at the basestation (BS), massive MIMO can offer a
large gain in capacity. In order to optimize the performance gain of the massive MIMO
systems, the channel state information at the transmitter (CSIT) is required [28]. One
way to acquire the CSIT is to let each user directly feed back its own pilot observation
to BS for the joint CSIT estimation of all users [29]. In this setup, the MIMO channel
matrix H can be reconstructed in two steps: 1) finding the pilot matrix Y using the least
squares (LS) estimation or linear minimum mean square error (LMMSE) estimation
and 2) reconstructing H using the model Y = H® where each column of ® is the
pilot signal from one antenna at BS [30, 31]. Since the number of resolvable paths P is
limited in most cases, one can readily assume that rank(H) < P [29]. In the massive
MIMO systems, P is often much smaller than the dimension of H due to the limited
number of clusters around BS. Thus, the problem to recover H at BS can be solved via

the rank minimization problem subject to the linear constraint Y = H® [31].

2.1.6 Millimeter wave (mmWave) communication

In mmWave-based wireless system, training beamforming finding the beamformer-
combiner pair of the highest channel gain is required to compensate the path loss
of the mmWave frequency bands [32]. One way to estimate the mmWave channel is
based on its sparse scattering nature. Specifically, let B and C be full-rank matrices
constructed by all vectors in the pre-determined beamforming/combining codebooks 13
and C, respectively. The observation matrix Y, of the combined signal at the receiver
can be expressed as Y, = BXHC + N where H is the channel matrix and N is the
matrix of noise [33]. Since mmWave channels spread in the form of clusters of paths
over the angular domains (e.g., angle of arrival (AoA) and angle of departure (AoD))

in many practical cases, it can be shown that the rank of Y = B#HC is less than
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the sparsity level of the channel [34, 33]. The problem to recover H is now equivalent
to the problem to reconstruct the low-rank matrix Y from its noisy version Y, since
H=B")"'yc L

Other than these, there are a bewildering variety of applications of LRMC in wire-
less communication, such as millimeter wave (mmWave) channel estimation [32, 33],
topological interference management (TIM) [35, 36, 37, 38] and mobile edge caching
in fog radio access networks (Fog-RAN) [39, 40].

2.2 Intrinsic Properties of LRMC

There are two key properties characterizing the LRMC problem: 1) sparsity of the
observed entries and 2) incoherence of the matrix. Sparsity indicates that an accurate
recovery of the undersampled matrix is possible even when the number of observed
entries is very small. Incoherence indicates that nonzero entries of the matrix should
be spread out widely for the efficient recovery of a low-rank matrix. In this section, we

go over these issues in detail.

2.2.1 Sparsity of Observed Entries

Sparsity expresses an idea that when a matrix has a low rank property, then it can
be recovered using only a small number of observed entries. Natural question arising
from this is how many elements do we need to observe for the accurate recovery of the
matrix. To answer this question, we need a notion of a degree of freedom (DOF). The
DOF of a matrix is defined as the number of freely chosen variables in the matrix. For
example, one can easily see that the DOF of the rank-one matrix in (1.1) is 3 since one

entry can be determined after observing three. As an another example, we consider the
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Figure 2.4: LRMC with colored entries being observed. The dotted boxes are used to

compute: (a) linear coefficients and (b) unknown entries.
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following rank-one matrix

1 3 5 7
2 6 10 14
M = (2.5)
3 9 16 21
| 4 12 20 28 |

Suppose we observe all entries of one column and one row. Then it is true that the rest
can be determined by a simple linear relationship between these. Specifically, if we
observe the first row and the first column, then the first and the second columns differ
by the factor of three so that as long as we know one entry in the second column, the
rest would be recovered. Thus, the DOF of M is 4 4+ 4 — 1 = 7. Following lemma

generalizes our observations.

Lemma 1 The DOF of a square n. x n matrix with rank r is 2nr — r2. Also, the DOF
2

of n1 X ng-matrix is (ny + ng)r — r°.
Proof: Since the rank of a matrix is 7, we can freely choose values for all entries
of the 7 columns, resulting in nr degrees of freedom for the first » column. Once
r independent columns, say my, - - - m,, are constructed, then each of the rest n — r
columns can be expressed as a linear combinations of the first r columns (e.g., m, 1 =
aymj; + - - - 4+ a,m,) so that r linear coefficients (o, - - - ;) can be freely chosen in
these columns. Adding nr and (n — r)r, we have the desired result. Generalization to
n1 X ng matrix is straightforward. O

This lemma says that if n is large and r is small enough (e.g., 7 = O(1)), essential
information in a matrix is just in the order of n, DOF= O(n), which is clearly much
smaller than the total number of entries of the matrix. Appealingly, the DOF is the
minimum requirement of observed entries to reconstruct a matrix. If the number of
observed entries is less than the DOF (i.e., m < 2nr — r?), the matrix is unrecover-
able. In Fig. 2.4, we illustrate how to recover a low-rank matrix when the number of
observed entries equals the DOF. In this figure, we assume that blue colored entries are

I ey 1
":l"\-_i _'-;.- ok 11
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Figure 2.5: An illustration of the worst case of LRMC.
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observed.! In essence, unknown entries of the matrix are found in two-step process.
First, we identify the linear relationship between the first r columns and the rest. For
example, the (r + 1)-th column can be expressed as a linear combination of the first

columns. That is,
my] = qmy + - -+ a,m,. (2.6)

Since the first 7 entries of my, - - - m, 4 are observed (see Fig. 2.4(a)), we have r un-
knowns (a1, -, ;) and r equations so that we can identify the linear coefficients
azi, - - - o With the computational cost O(r3) of an r X r matrix inversion. Once these
coefficients are identified, we can reconstruct the unknown entries 7,1 741+ My41,n
of m,, 1 using the linear combination in (2.6) (see Fig. 2.4(b)). By repeating this step
for the rest of columns, we can reconstruct all unknown entries with O(rn?) compu-
tational complexity?.

Now, an astute reader might notice that this strategy will not work if one entry of
the column (or row) is unobserved. As illustrated in Fig. 2.5, if only one entry in the
r-th row, say (r,[)-th entry, is unobserved, then one cannot recover the /-th column
simply because the matrix in Fig. 2.5 cannot be converted to the matrix form in Fig.
2.4(b). Obviously, the measurement size being equal to the DOF is a necessary condi-
tion for the accurate recovery of the rank-r matrix. This seems like a depressing news.
However, DOF is in any case important since it is a fundamental limit (lower bound)
of the number of observed entries to ensure the exact recovery of the matrix. Recent
results show that the DOF is not much different from the number of measurements

ensuring the recovery of the matrix [5, 41].3

''Since we observe the first 7 rows and columns, we have 2nr — r2 observations in total.
For each unknown entry, it needs r multiplication and » — 1 addition operations. Since the number

of unknown entries is (n — )2, the computational cost is (2 — 1)(n — r)2. Recall that O(r?) is the cost

of computing (a1, - - , @) in (2.6). Therefore, the total cost is O(r> + (21 — 1)(n — 7)?) = O(rn?).
3In [41], it has been shown that the required number of entries to recover the matrix using the nuclear-

norm minimization is in the order of n'-? when the rank is O(1).
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2.2.2 Coherence

If nontrivial entries of a low-rank matrix are concentrated in a certain region, we gen-
erally need a large number of observations to recover the matrix. In contrast, if the
entries are spread out widely, then the matrix can be recovered with a relatively small

number of entries. For example, consider the following two rank-one matrices in R™*"

(110 - 0 111 --- 1
110 - 0 111 - 1
Mi=|000 -+ 0|, Mag=1|1 11 -+ 1
(000 - 0| 111 e 1

The matrix M has only four nonzero entries at the top-left corner. Suppose n is large,
say n = 1000, and all entries but the four elements in the top-left corner are observed
(99.99% of entries are known). In this case, even though the rank of a matrix is just
one, there is no way to recover this matrix since the information bearing entries is
missing. This tells us that although the rank of a matrix is very small, one might not
recover it if nonzero entries of the matrix are concentrated in a certain area.

In contrast to the matrix M, one can accurately recover the matrix My with the
minimum requirement of known entries, only 2n — 1 (= DOF) known entries. In other
words, one row and one column are enough to recover My). One can deduce from
this example that the spread of observed entries is important for the identification of
unknown entries.

In order to quantify this, we need to measure the concentration of a matrix, check-
ing the concentration in both row and column directions. This can be done by checking
the concentration in the left and right singular vectors. Recall that the SVD of a matrix

is

T
M=UsV" =) guv], .7
=1
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Figure 2.6: Coherence of matrices in (2.10) and (2.11): (a) maximum and (b) mini-

mum.
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where U = [u; --- u,]Jand V = [v; - v,] are the matrices constructed by the
left and right singular vectors, respectively, and 3 is the diagonal matrix whose diag-
onal entries are o;. From (2.7), we see that the concentration on the vertical direction
(concentration in the row) is determined by u; and that on the horizontal direction
(concentration in the column) is determined by v;. For example, if one of the standard
basis vector e;, say e; = [1 0--- 0]7, lies on the space spanned by uy, - - - u,. while
others (eg, e3, - - - ) are orthogonal to this space, then it is clear that nonzero entries of
the matrix are only on the first row. In this case, clearly one cannot infer the entries of
the first row from the sampling of the other row.

The coherence, a measure of concentration in a matrix, is formally defined as [41]

n
1(U) = = max || Pye;|?, (2.8)

r 1<i<n

where e; is standard basis and Py is the projection onto the range space of U. Since

the columns of U = [u; --- u,] are orthonormal, we have
Py =UU' = yuTu)tu? = uu”.

Note that both 1(U) and u(V) are needed to check the concentration on the vertical

and horizontal directions.

Lemma 2 (Maximum and minimum value of n(U)) u(U) satisfies

1 <pu(U) <

33

. 2.9
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Proof: The upper bound is quite clear since the ¢3-norm of the projection is not

greater than the original vector (|| Pye; |3 < |lei||3). The lower bound is because

1 n
max | Pueil5 > - > lPueills
i=1

1 n
= E elTPUei
i=1

1 n
= — Z e/ UU e,
n
i=1
n T
— 1 ’ .A’2
= n ’U/Z‘]
i=1 j=1

T
)
n

where the first equality is due to the idempotency of Py (i.e., PSPU = Py) and the
last equality is because > ; |u;;[* = 1. O

Coherence is maximized when the nonzero entries of a matrix are concentrated
in a row (or column). For example, consider the matrix whose nonzero entries are

concentrated on the first row

3 2 1
M=|0 0 0. (2.10)
0 00
Note that the SVD of M is
1

M = oyuyv? =3.8417 | | [0.8018 0.5345 0.2673).
0

Then, U = [100]7, and thus || Pyei |2 = 1 and || Pyez||2 = || Pues||lz = 0. As shown
in Fig. 2.6(a), the standard basis e; lies on the space spanned by U while others are
orthogonal to this space so that the maximum coherence is achieved (max; || Pue;||3 =

1 and p(U) = 3).
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In contrast, coherence is minimized when the nonzero entries of a matrix are spread

out widely. For instance, we consider the matrix

210
M=|2 1 0]|. (2.11)
210
In this case, the SVD of M is
—0.5774

M =3.8730 | —0.5774 | [-0.8944 — 0.44720].

—0.5774
Then, we have
1 1 1
PU:UUT:é 11 1],
1 11
and thus ||Pye1]|3 = |Puesls = |Pueslls = % As illustrated in Fig. 2.6(b),

|| Pueill2 is the same for all standard basis vector e;, achieving lower bound in (2.9)
and the minimum coherence (max; || Pye;[|3 = 1 and x(U) = 1). It can be shown
that the number of measurements to recover the low-rank matrix is proportional to the

coherence of the matrix [5, 6, 41].

2.3 Rank Minimization Problem

The most straightforward and intuitive way to model the LRMC problem is known as

the rank minimization problem:

min  rank(X)
X (2.12)
subjectto  x;; = myj, (i,7) € €,

where m;; is the entries of the desired low-rank matrix M and €2 is the index set of ob-

served entries. For example, from the example in (1.1)), we have Q = {(1,1),(1,2),(2,1)}.
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Alternatively, we can express the problem (2.12) based on the sampling operator Pq

defined as

Qij if (Z,j) e
[Po(A))i; =
0 otherwise,

where a;; is the (i, j)-th entry of A. Using P, the problem (2.12) can be equivalently
formulated as
min  rank(X)
X (2.13)
subjectto  Po(X) = Po(M).
A possible simple way to solve the rank minimization problem (2.13) is based on the
combinatorial search. In this approach, we start with the assumption that rank(IM) =
1. Then, any two columns of M are linearly dependent and thus we have the system
of equations m; = «; ;m; for some «; ; € R. The solution of this equation system
is also the solution of (2.13) since rank(IM) = 1 is the smallest rank matrix satisfying
the constraints*. If the system has no solution for the rank-one assumption, we move
to the next assumption of rank(M) = 2. In this case, we solve the new system of
equations m; = «;;jm; + «; pmy. This procedure is repeated until the solution is
found. Obviously, the combinatorial search strategy would not be feasible for most
practical scenarios since it has an exponential complexity in the problem size [42]. For
example, when M is an n X n matrix, it is not difficult to check that the number of the
system expressions to be solved is O(n2").

As a cost-effective alternative, various low-rank matrix completion (LRMC) algo-
rithms have been proposed over the years. Depending on the availability of the rank
information, the LRMC algorithms can be classified into two main categories: 1) those
without the rank information and 2) those exploiting the rank information. In the next
sections, we provide an in depth discussion of two categories (see the outline of LRMC

algorithms in Fig. 2.7).

*Since the observed entries of M are supposed to be nonzero, rank(M) > 0.

23



[ Matrix Completion Techniques ]

4

——— =y,

N\

When therank is unknown

—[ Rank minimization technique ]

NNM via convex optimization

—[ Nuclear norm minimization (NNM) Singular value thresholding (SVT)

Iteratively reweighted least squares (IRLS)
minimization

Heuristic greedy algorithm

———

Alternating minimization technique

Optimization over smooth Riemannian manifold

Truncated NNM

-

-_———— e ———

Figure 2.7: Outline of LRMC algorithms. Depending on the availability of the rank,

we can naturally classify LRMC techniques to two main categories: the techniques

with and without the rank information
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24 LRMC Algorithms Without the Rank Information

In this section, we explain the LRMC algorithms that do not require the rank informa-

tion of the original low-rank matrix.

2.4.1 Nuclear Norm Minimization (NNM)

NNM is known as the most popular convex relaxation of the rank minimization prob-
lem. Since the rank minimization problem (2.13) is NP-hard [4], it is computationally
intractable when the dimension of a matrix is large. To overcome this, one common
trick is to replace the non-convex objective function with its convex surrogate, convert-
ing the combinatorial search problem into a convex optimization problem. There are
two clear advantages in solving the convex optimization problem: 1) a local optimum
solution is globally optimal and 2) there are many efficient polynomial-time convex
optimization solvers (e.g., interior point method [43] and semi-definite programming
(SDP) solver).
In this approach, the nuclear norm ||X||., the sum of the singular values of X, has
been widely used as a convex surrogate of rank(X) [5]:
min  [X].
(2.14)
subjectto  Pq(X) = Po(M)
In fact, it has been shown that the nuclear norm is the convex envelope (the “best”
convex approximation) of the rank function on the set {X € R"*"2 : || X]|| < 1}
[4].5 Note that the relaxation from the rank function to the nuclear norm is conceptually
analogous to the relaxation from ¢y-norm to ¢;-norm in compressed sensing (CS) [44,

45, 46].

3For any function f : C — R, where C is a convex set, the convex envelope of f is the largest convex
function g such that f(z) > g(z) for all z € C. Note that the convex envelope of rank(X) on the set
{X e R"*"2 . ||IX|| < 1} is the nuclear norm || X||. [4].
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In order to solve (2.14), we first recast it as a semidefinite program (SDP). We

recall that the standard form of an SDP is

min (C,Y)
subjectto  (Ax,Y) <bg, k=1,---,1 (2.15)
Y =0

where C is a given matrix, and {A;},_, and {b;}!_, are given sequences of ma-
trices and constants, respectively. There are two main steps to reformulate the NNM
problem in (2.14) as the standard SDP form in (2.15). First, since minx [|X]|. =
minx (ming x|, <¢t) = minx ¢).|x|.<¢t» we convert the NNM problem in (2.14)

into the epigraph form as

min ¢
Xt

subjectto || X« < ¢, (2.16)
Po(X) = Po(M).
Next, we transform the constraints in (2.16) to match with the standard form
in (2.15). Note that ||X||. < ¢ if and only if there are symmetric matrices W; €

R™"%"1 and Wo € R™2%"2 gych that [4, Lemma 2]

wW; X
tr(W1) + tr(W2) < 2¢ and = 0. 2.17)
X' W,
WwW; X —~ 0 M
Then, by denoting Y = ' € Rmtn2)x(nitn2) and M =
X w, 1Y K
where O, is the (s x t)-dimensional zero matrix, the problem in (2.16) can be refor-
mulated as
min 2t
Yt
subjectto  tr(Y) < 2t,
(2.18)
Y -0,
P5(Y) = P5(M),
] 1
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0 Po(X)| | .
(Y) = is the extended sampling operator. We now

(Po(X))T 0
consider the equality constraint (Ps(Y) = Pg(M)) in (2.18). One can easily see that

where Pﬁ

this condition is equivalent to

(Y,eiel,, )= (M,eiel,, ), (i,§) €, (2.19)
where {e1, - ,€,,1n,} be the standard ordered basis of R™ "2, Let Ay, = eiejTJrn1
and <M, eieJ-T+n1> = by, for each of (¢, j) € Q. Then,

(Y,Ap) =bp, k=1,---,|Q), (2.20)

and thus (2.18) can be reformulated as

min 2t
Yt

subjectto  tr(Y) < 2t
2.21)

Y >0
(Y,Ag) =bg, k=1,---,]9Q|.
For example, we consider the case where the desired matrix M is given by M =

and the index set of observed entries is 2 = {(2,1), (2,2)}. In this case,
2 4

A, =esel, Ay =esel, by =2, and by = 4. (2.22)
3 4

In the final step, one can express (2.21) in a concise form as

i Y
min tr(Y)
subjectto  (Y,Ay) =bg, k=1,---,]Q (2.23)
Y = 0.

The problem (2.23) can be solved by the off-the-shelf SDP solvers such as SDPT3 [47]

and SeDuMi [48] using interior-point methods [49, 50, 51, 52, 53, 54]. It has been
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shown that the computational complexity of SDP techniques is O(n?) where n =
max(ny,ng) [53]. Also, it has been shown that under suitable conditions, the output
M of SDP satisfies |[M — M||z < € in at most O(n® log(1)) iterations where w is
a positive constant [54]. Alternatively, one can reconstruct M by solving the equiva-
lent nonconvex quadratic optimization form of the NNM problem [55]. Note that this
approach has computational benefit since the number of primal variables of NNM is
reduced from ning to r(ny + ng) (r < min(ny, ns)). Interested readers may refer

to [55] for more details.

2.4.2 Singular Value Thresholding (SVT)

While the solution of the NNM problem in (2.14) can be obtained by solving (2.23),
this procedure is computationally burdensome when the size of the matrix is large. As
an effort to mitigate the computational burden, the singular value thresholding (SVT)
algorithm has been proposed [10]. In essence, the key idea of this approach is to add
the regularization term into the objective function of the NNM problem:

. 1 2

min 7|+ 5|3
(2.24)

subjectto  Pp(X) = Po(M),
where 7 is the regularization parameter. In [10, Theorem 3.1], it has been shown that
the solution to the problem (2.24) converges to the solution of the NNM problem as
6

T — OQ.

Let £(X,Y) be the Lagrangian function associated with (2.24), i.e.,
1
LX,Y) = 7| X[« + §||XH% + (Y, Po(M) — Po(X)) (2.25)

where Y is the dual variable. Also, let X and Y be the primal and dual optimal solu-

®1n practice, a large value of 7 has been suggested (e.g., 7 = 5n for an n X n low rank matrix) for
the fast convergence of SVT. For example, when 7 = 5000, it requires 177 iterations to reconstruct a

1000 x 1000 matrix of rank 10 [10].
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Table 2.1: The SVT Algorithm

Input observed entries Pn(M),
a sequence of positive step sizes {J }r>1.
a regularization parameter 7 > 0,
and a stopping criterion T’

Initialize iteration counter k = 0

and Yo = Oy xny»

While T = false do
k=k+1
(Uk—1,2k—1, V1] = svd(Yy_1)
Xy = Uy diag({(04(Zk-1) — 7)+ }i})VE_| using (2.30)
Yi=Yyo1 + 65(Po(M) — Po(Xy))
End

Output  X*
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tions. Suppose that the strong duality holds true [43]. Then, we have
maxmin £(X,Y) = £(X,Y) = min max £(X,Y). (2.26)
Y X X Y

The SVT algorithm finds X and Y in an iterative fashion with the updated expressions

given as

X = arg m}én L(X, Y1), (2.27a)

OL(X,Y)

Yi=Yyp_1+0p Y

(2.27b)

where {05 };>1 is a sequence of positive step sizes. Note that (2.27a) can be expressed

as

. 1
X = argmin 7| X[« + gHXH% — (Yj-1, Pa(X))
. 1
@ argmin 71X, + SIX|F — (Po(Yi1), X)
() : Lsen2
= argmin 7| X[« + S [ X|[F — (Y1, X)
. 1
= argmin 7| X[l + 5| X = Y ||7, (2.28)
where (a) is because (Po(A),B) = (A, Po(B)) and (b) is because Y1 vanishes
outside of Q (i.e., Po(Yk_1) = Yi_1) by (2.27b). Due to the inclusion of the nuclear
norm, finding out the solution Xy, of (2.28) seems to be difficult. However, thanks to

the intriguing result of Cai et al., we can easily obtain the solution.

Theorem 3 ([10, Theorem 2.1]) Let Z be a matrix whose singular value decomposi-

tion (SVD) is Z = UXVT. Define t, = max{t,0} fort € R. Then,
1
D-(2) = argmin 7| X||. + [ X — Z|%, (2.29)
where D is the singular value thresholding operator defined as

D,(Z) = Udiag({(c:(%) — 7), }:}) VL. (2.30)
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By Theorem 3, the right-hand side of (2.28) is D, (Y_1). Thus, the update equations
for X and Y}, are given by

Xy = Dr(Yi_1), (2.31a)

Yi =Y 1+ 6p(Po(M) — Po(Xyg)). (2.31b)

From (2.31a) and (2.31b), one can notice that the SVT algorithm is computationally
efficient since we only need the truncated SVD and elementary matrix operations in
each iteration. In fact, let 75 be the number of singular values of Yj;_; being greater
than the threshold 7. Also, we suppose {ry} converges to the rank of the original
matrix, i.e., limg_,o, i = 7. Then the computational complexity of SVT is O(rninz).
Note also that the iteration number to achieve the e-approximation” is O(ﬁ) [10]. In
Table 2.1, we summarize the SVT algorithm. For the details of the stopping criterion
of SVT, see [10, Section 5].

Over the years, various SVT-based techniques have been proposed [9, 56, 57]. In
[56], an iterative matrix completion algorithm using the SVT-based operator called
proximal operator has been proposed. Similar algorithms inspired by the iterative hard

thresholding (IHT) algorithm in CS have also been proposed [9, 57].

2.4.3 Iteratively Reweighted Least Squares (IRLS) Minimization

Yet another simple and computationally efficient way to solve the NNM problem is
the IRLS minimization technique [58, 59]. Note that the NNM problem can be recast
using the least squares minimization as
min  [W2X|}
xw (2.32)
subjectto P (X) = Po(M),

"By e-approximation, we mean ||M — M*||r < € where M is the reconstructed matrix and M* is

the optimal solution of SVT.
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where W = (XXT) =2 Tt can be shown that (2.32) is equivalent to the NNM problem
(2.14) since we have [58]

X[ = tr((XX7)2) = [|[W2X|%. (2.33)

The key idea of the IRLS technique is to find X and W in an iterative fashion. The

update expressions are given as

1
X = i W2 X|%, 2.34
) = arg PQ(Xr)n:lII;Q(M)II Xl w (2.34a)

W, = (X, XI) 2. (2.34b)

For the weighted least squares subproblem (2.34a), we can easily find out its solution
by updating each and every column of X}, [58]. Then, to update W, we need a matrix
inversion (2.34b) of Xsz. However, it is possible that some of the singular values of
X}, approach to zero, resulting in an ill-conditioning of the matrix. To avoid this, an
approach to use the perturbation of singular values has been proposed [58, 59]. Similar
to SVT, the computational complexity per iteration of the IRLS-based technique is
O(rnins). Also, IRLS requires O(log(2)) iterations to achieve the e-approximation

solution. We summarize the IRLS minimization technique in Table 2.2.

2.5 LRMC Algorithms Using Rank Information

In many LRMC applications, the rank of a desired matrix is known in advance. Some
examples include localization in IoT networks, recommendation system, image restora-
tion, to name just a few. As aforementioned, the rank of a Euclidean distance matrix
in a localization problem is at most k£ + 2 (k is the dimension of the Euclidean space).
In such situation, the LRMC problem can be more suitably formulated as a Frobenius

norm minimization (FNM) problem:
) 1
min 2| Po(M) - Po(X)[l3

subjectto  rank(X) < r.
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Table 2.2: The IRLS Algorithm

Input aconstant g > r,

a scaling parameter v > 0,

and a stopping criterion T’
Initialize iteration counter k = 0,

a regularizing sequence ¢y = 1,

and Wy =1

While T = false do
k=k+1
X}, = argminp, x)=p, (m) IWe X3
ex = min(ex—1,70¢+1(Xy))
Compute a SVD perturbation version }Nik of X [58]
W), = (X, X]) "2
End

Output  X*
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Due to the inequality of the rank constraint, an approach to use the approximate rank
information (e.g., upper bound of the rank) has been proposed [11]. The FNM problem
has two main advantages: 1) the problem is well-posed in the noisy scenario and 2) the
cost function is differentiable so that various gradient-based optimization techniques
(e.g., gradient descent, conjugate gradient, Newton methods, and manifold optimiza-
tion) can be used to solve the problem.

Over the years, various techniques to solve the FNM problem in (2.35) have been
proposed [11, 17, 13, 14, 12, 19, 21, 20, 15, 18]. Well-known FNM-based LRMC
techniques include greedy techniques [11], alternating projection techniques [13], and
optimization over Riemannian manifold [20]. In this section, we explain these tech-

niques in detail.

2.5.1 Greedy Techniques

Greedy algorithms have been popularly used for LRMC due to the low computational
simplicity. In essence, they solve the LRMC problem by making a heuristic decision at
each iteration with a hope to find the right solution in the end. To be specific, let M =
UX VT be the singular value decomposition of M € R™*" where U, V € R"*" and
r = rank(M). That is, M can be expressed as a linear combination of r rank-one

matrices as

M=) o;(Muv], (2.36)
=1

where o;(M), u;, and v; are the singular value, the left singular vector, and the right
singular vector, respectively. Then the main task of greedy techniques is to investigate
the atom set Anp = {p; = w;v! }7_, of rank-one matrices representing M. Once the
atom set Ay is found, the singular values o;(M) = o; can be computed easily by

solving the following least squares problem:

(01, ,0y) = argmin [ Po(M) — Pa()_ ciy)| . (2.37)
’ i=1
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Let A = [vec(Pq(epy)) -+ vec(Pa(p,))], a = [a1 -+ a;]T and b = vec(Po(M)).

Then, we can easily find out the solution of (2.37) as
(0'1’ e ;UT) = argmin Hb — Aa||2 — ATb
[0

One of the well-known greedy techniques in LRMC is atomic decomposition for
minimum rank approximation (ADMiRA) [11], which can be viewed as an extension
of the compressive sampling matching pursuit (CoSaMP) algorithm in CS [60, 44, 45,
46]. ADMiRA is based on the idea of adding as well as pruning to identify the atom
set Ang. In the adding stage, ADMIRA identifies 2r rank-one matrices representing a
residual best and then adds the matrices to the pre-chosen atom set. To be specific, if
X1 is the output matrix generated in the (¢ — 1)-th iteration and .4;_1 is its atom set,
then ADMIRA computes the residual R; = Po(M) — Po(X;_1) and then adds 2r
leading principal components of R; to .A;_;. That is, the enlarged atom set ¥, is given

by
Uy = Aoy U{ugr,;jvg, 1 <j <2}, (2.38)

where ugR,; ; and vg, ; are the j-th principal left and right singular vectors of R;,
respectively. As a result, ¥; includes 37 rank-one matrices in total. In the pruning
stage, ADMiRA refines ¥; into a set of r atoms. To be specific, if il is the best rank-

3r approximation of M, that is,?

X; = i Po(M) — Po(X)||r, 2.39
arg _min [[Pa(M) ~ Pa(X)|r 239)

then the refined atom set A; is expressed as

_ T . ;
A = {uii’jvii7j 1 <j<r}, (2.40)
where ug and Vg, are the j-th principal left and right singular vectors of )~(Z~,

respectively. We note that the computational complexity of ADMiRA is mainly due

8Note that the solution to (2.39) can be computed in a similar way as in (2.37).

35



Table 2.3: The ADMiRA Algorithm

Input

Initialize

observed entries Po(M) € R™*™,
rank of a desired low-rank matrix r,
and a stopping criterion 7'

iteration counter k = 0,

Xo = Onxns

and Ag =0

While

End

T = false do

Ry = Po(M) — Po(Xj)

[Ur,,XR,, Vr,] = svds(Ry, 2r)

(Augment) Wy, y = A, U {ug, jvg, ;:1<j<2r}

Xj41 = argmin [|Po(M) — Po(X)||r using (2.37)
Xespan(Vy41)

[Uilﬂ»l’ Ekarl ’ ka+1] = SVdS(Xk-i-la T)

T .
— ~ vi : < <
(Prune) Ak {uxk+1aJvXk+17j l<j=r}

(Estimate) X1 = argmin |[[Po(M)— Po(X)||r
Xespan(Ag41)

using (2.37)
k=k+1

Output

Ay X,
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to two operations: the least squares operation in (2.37) and the SVD-based operation
to find out the leading atoms of the required matrix (e.g., Ry and }~(k+1). In fact,
since (2.37) involves the pseudo-inverse of A (size of |Q2| x O(r)), its computational
cost is O(r|Q2]). Also, the computational cost of performing a truncated SVD of O(r)
atoms is O(rnng). Since 2] < nina, the computational complexity of ADMiRA per
iteration is O(rning). For the convergence rate, it has been shown that the iteration
number of ADMiRA to achieve the e-approximation is O(log(2)) [11]. In Table 2.3,
we summarize the ADMiRA algorithm.

Another well-known greedy method is the rank-one matrix pursuit algorithm [17],
an extension of the orthogonal matching pursuit algorithm in CS [61]. This approach is
also known as a simplified version of ADMiRA. In this approach, instead of choosing
multiple atoms of a matrix, an atom corresponding to the largest singular value of the

residual matrix Ry, is chosen. Interested readers may refer to [17] for more details.

2.5.2 Alternating Minimization Techniques

As an effort to further reduce the computational burden of SVD (expressed as O(rn?)),
which has been used in many of LRMC algorithms [10, 11], alternating minimization
techniques have been proposed [13, 14, 12]. In these techniques, the desired low-rank
matrix M € R™*"2 of rank r is factorized into tall and fat matrices, i.e., M = XY
where X € R"*"and Y € R"™™"2 (r < n1,ng2). Using this factorization model, one
can find out X and Y by minimizing the residual defined as the difference between
the original matrix and the estimate of it on the sampling space. That is, they recover

X and Y by solving

1
min o [[Po(M) = Po(XY)|7 (2.41)
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As a simple alternating minimization algorithm, power factorization can be used to

update X and Y in an alternating manner as [13]

X1 = argmin [|Po(M) — Po(XY)|%, (2.42a)
Y = argmin || Po(M) — Po(Xi1Y)|[7- (2.42b)
Alternating steepest descent (ASD) is another alternating method to find out the so-
lution of (2.41) [14]. In ASD, X and Y are updated by applying the steepest gradi-
ent descent method to the objective function f(X,Y) = 3| Po(M) — Po(XY)|/%

in (2.41). To be specific, ASD first computes the gradient of f(X,Y) with respect to

X and then updates X along the steepest gradient descent direction:
Xi-l-l = Xz - twi \V4 in (XZ)7 (243)

where the gradient descent direction v/ fv, (X;) and stepsize ¢, are given by

V fy,(Xi) = —(Po(M) — Po(X;Y;) Y], (2.442)
(X3
1 Po(V fy. (X)) Y37
After updating X, ASD updates Y in a similar way:
Yi-i-l =Y; - tyi \Y4 fX¢+1 (YZ)’ (2.45)
where
V fxi (Yi) = =X2 (Pa(M) — Pa(Xi1Y5)), (2.462)
- OY)?

C PeXin V fxen (YIRS
The low-rank matrix fitting (LMaFit) algorithm finds out the solution in a different

way by solving [12]

arg_min {[[XY — Z||% : Po(Z) = Po(M)}. (2.47)
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With the arbitrary input of Xg € R™*" and Yy € R™"2 and Zy = Po(M), the

variables X, Y, and Z are updated in the ¢-th iteration as

X1 = argmin [XY; - Zi||% = Z; YT, (2.48a)
Yip1 = argmin [ XY — Zif[} = X! 1Z;, (2.48b)
Zit1 =Xit1Yip1 + Po(M — X;11Y11), (2.48¢)

where X is Moore-Penrose pseudoinverse of matrix X.

The computational cost of the alternating minimization algorithms is not much
expensive due to the following reasons: 1) it does not require the SVD computation
and 2) the size of matrices to be inverted is smaller than the size of matrices for the
greedy algorithms. While the inversion of huge size matrices (size of |Q2| x O(1)) is
required in a greedy algorithms (see (2.37)), alternating minimization only requires
the pseudo inversion of X and Y (size of n; X 7 and r X ng, respectively). In fact, the
computational complexity of this approach is O(r|Q| + r?n; + r2ns), which is much
smaller than that of SVT and ADMiRA when r < min(ni,n2). Also, the iteration
number of ASD and LMaFit to achieve the e-approximation is O(log(%)) [14, 12]. Tt
has been shown that alternating minimization techniques are simple to implement and
also require small sized memory [16]. Major drawback of these approaches is that it

might converge to the local optimum.

2.5.3 Optimization over Smooth Riemannian Manifold

In many practical situations, when the rank of the desired matrix is known in a priori
(i.e., rank(M) = r), one can strengthen the constraint of (2.35) by defining the feasible

set, denoted by F, as

F={X e R"™ ™ : rank(X) = r}.
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Since F is not a vector space’

, conventional optimization techniques in the Euclidean
space cannot be used to solve the problem defined over /. While this is bad news, a
remedy for this is that F is a smooth Riemannian manifold [62, 19]. Loosely speaking,
smooth manifold is a generalization of R™ *"2 on which a notion of differentiability
exists. Interested readers may refer to [63, 64] for more rigorous definition of mani-
fold. A smooth manifold equipped with an inner product, often called a Riemannian
metric, forms a smooth Riemannian manifold. Since the smooth Riemannian manifold
is a differentiable structure equipped with an inner product, one can use all necessary
ingredients to solve the optimization problem with quadratic cost function, such as
Riemannian gradient, Hessian matrix, exponential map, and parallel translation [63].
Therefore, optimization techniques in R *"2 (e.g., steepest descent, Newton method,
conjugate gradient method) can be used to solve (2.35) in the smooth Riemannian
manifold F.

Recently, many efforts have been made to solve the matrix completion over smooth
Riemannian manifolds. These works are classified by their specific choice of Rieman-
nian manifold structure. One well-known approach is to solve (2.35) over the Grass-
mann manifold of orthogonal matrices'® [21]. In this approach, a feasible set can be
expressed as F = {QRT : Q7Q =1,Q € R™*", R € R™*"} and thus solving
(2.35) is to find an n; X r orthonormal matrix Q satisfying

f(Q) = min_[[Po(M) — Po(QRT)[|7 =0. (2.49)
ReR2 X"

In [21], an approach to solve (2.49) over the Grassmann manifold has been proposed.
Recently, it has been shown that the original matrix can be reconstructed by the

unconstrained optimization over the smooth Riemannian manifold F [20]. Often, F is

%This is because if rank(X) = r and rank(Y) = r, then rank(X + Y) = r is not necessarily true

(and thus X + Y does not need to belong F).
19The Grassmann manifold is defined as the set of the linear subspaces in a vector space [63].
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expressed using the singular value decomposition as

F={UsVT.UecR"" VR % >0,

UTu=VvTV =1,% = diag([o; --- o,])}. (2.50)

The FNM problem (2.35) can then be reformulated as an unconstrained optimization

over F:

1
i | Po(M) — Po(X)||%. 2.51
min 2H (M) — Po(X)||% (2.51)

One can easily obtain the closed-form expression of the ingredients such as tangent

spaces, Riemannian metric, Riemannian gradient, and Hessian matrix in the uncon-

strained optimization [62, 63, 64]. In fact, major benefits of the Riemannian optimization-

based LRMC techniques are the simplicity in implementation and the fast conver-
gence. Similar to ASD, the computational complexity per iteration of these techniques
is O(r|Q + r%n1 + r?ny), and they require O(log()) iterations to achieve the e-

approximation solution [20].

2.5.4 Truncated NNM

Truncated NNM is a variation of the NNM-based technique requiring the rank infor-
mation .'" While the NNM technique takes into account all the singular values of a
desired matrix, truncated NNM considers only the n — r smallest singular values [18].
To be specific, truncated NNM finds a solution to
min ||,

(2.52)
subjectto  Po(X) = Po(M),

I Although truncated NNM is a variant of NNM, we put it into the second category since it exploits

the rank information of a low-rank matrix.
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Table 2.4: Truncated NNM

Input observed entries P (M) € R™*",
rank of a desired low-rank matrix r,
and stopping threshold € > 0
Initialize iteration counter £ = 0,
and Xy = Po(M)
While Xt — Xk_1]|p > € do
(U, X, Vi] = svd(Xy,) (Ug, Vi € R™T)
Xkl = argmin || X[, — (UL XVy)
X:Pa(X)=Po(M)
E=k+1
End
Output  X*
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n
where | X||, = > 0;(X). We recall that o;(X) is the i-th largest singular value of
i=r+1
X. Using [18]

r

Y oi=  max w(UTXV), (2.53)
im1 uru=v7Tv=l,
we have
1X] = | X« — max  tr(UTXV), (2.54)
UTuU=v7Tv=IL,

and thus the problem (2.52) can be reformulated to

min || X, — o DAX tr(UTXV)

subjectto  Po(X) = Po(M),

which can be solved in an iterative way. To be specific, starting from Xy = Pn(M),

truncated NNM updates X; by solving [18]
min || X, — tr(UL,XV,;_)
x (2.56)

subjectto  Pp(X) = Po(M),

where U;_1, V;_1 € R™™" are the matrices of left and right-singular vectors of X;_1,
respectively. Note that an approach in (2.56) has two main advantages: 1) the rank
information of the desired matrix can be incorporated and 2) various gradient-based
techniques including alternating direction method of multipliers (ADMM) [65, 66],
ADMM with an adaptive penalty (ADMMAP) [67], and accelerated proximal gradient
line search method (APGL)[68] can be employed. Note also that the dominant oper-
ation is the truncated SVD operation and its complexity is O(rning), which is much
smaller than that of the NNM technique (see Table 2.5) as long as r < min(ng, na).
Similar to SVT, the iteration complexity of the truncated NNM to achieve the e-
approximation is (’)(\%) [18]. Alternatively, the difference of two convex functions
(DC) based algorithm can be used to solve (2.55) [69]. In Table 2.4, we summarize the

truncated NNM algorithm.
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2.6 Performance Guarantee

When using LRMC techniques, one might concern the performance guarantee to re-
construct the desired low-rank matrix M. In NNM-based techniques, exact recov-
ery of M can be guaranteed based on the uniqueness condition of the NNM prob-
lem [5, 6, 41]. To be specific, let M = UX VT be the SVD of M where U € R %7,
¥ e R, and V € R"*", Also, let R™*"2 = T' P T+ be the orthogonal decom-
position in which T is defined as the subspace of matrices whose row and column
spaces are orthogonal to the row and column spaces of M, respectively. Here, 7' is the
orthogonal complement of 7. Since the NNM problem is a convex optimization with
M being a feasible, the important observation is that M is the unique solution under

two conditions [5, Lemma 3.1]:

1) there exists a matrix Y = UV? + W such that Po(Y) =Y, W € T, and
W <1,

2) the restriction of the sampling operation Pp to T is an injective (one-to-one)

mapping.

The establishment of Y obeying 1) and 2) are in turn conditioned on the observation
model of M and its intrinsic coherence property.
Under a uniform sampling model of M, suppose the coherence property of M

satisfies

maX(IU’(U)v M(V)) < Mo, (2.57a)

max ey < pry | —, (2.57b)
) nina

where 1o and p1 are some constants, e;; is the entry of E = UV, and (U) and

p(V) are the coherences of the column and row spaces of M, respectively.

Theorem 4 ([5, Theorem 1.3]) There exists constants o and (8 such that if the number
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of observed entries m = |§)| satisfies
1 1
m > amax(pf, pug p1, pon)ynrlogn (2.58)
where v > 2 is some constant and n1 = ny = n, then M is the unique solution of the
NNM problem with probability at least 1 — Bn~"7. Further, if r < ualn1/5, (2.58) can

be improved to m > Cuyyn'-2r log n with the same success probability.

Intuitively, the desired low-rank matrix can be reconstructed (with no error) with
overwhelming probability even when m is much less than njns. Alternatively, the
exact recovery of NNM has been shown under the restricted isometry property (RIP)
based condition of a linear sampling operator [55].

In FNM-based techniques, the performance guarantee of greedy algorithms has
been given under the RIP-based condition of the sampling operation [11]. To be spe-
cific, suppose that rank(M) = r and d4, is the RIP constant [55] satisfying d4, <
0.065. Let { Xy } be the generated sequence of ADMiRA. Then the global convergence

is guaranteed by
X — M| < 275 Xo|| - (2.59)

where X is the initial value.
Recently, the recovery guarantee of the LRMC techniques using gradient-based
algorithms has been proposed [70, 71, 72]. Consider the FNM problem (2.35) with the

fixed rank constraint as

1
in  —||Po(M) — Po(X)|?
min 2|| (M) — Po(X)||%

(2.60)
subjectto  rank(X) =r.
Suppose there exists a positive constant A such that
A A
p(U) < /25, and p(V) < /20 2.61)
no niy
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Then under some suitable conditions, it has been shown that if the sampling ratio

p = |Q]/(n1ne) satisfies

A6k log n,

p > Q (2.62)

min(n1 y ng)

where n, = max(ni,n2) and & is the condition number of M, then gradient-based
algorithms to solve (2.60) globally converges to M with the probability at least 1 —
1/poly(n,) [71]. Here, poly(n,) is some polynomial function of n,. Intuitively, as the
number of the observed entries is large enough, all local optima of (2.60) becomes the

global optimum at M.

2.7 Empirical Performance Evaluation

In this section, we test the performance of the LRMC algorithms listed in Table 2.5 and
2.6. In our experiments, we generate the original matrix as the product of two random
matrices A € R™*" and B € R™*" ie., M = AB”. Entries of these two matrices
are identically and independently distributed (i.i.d.) random variables according to the
normal distribution N (0,1). Sampled elements are also chosen at random with the
sampling ratio p defined as

_ 19

ning’
where |Q2] is the cardinality (number of elements) of 2. In the noisy scenario, we use
the additive noise model where the observed matrix M, is expressed as M, = M+ N

where the noise matrix N is formed by the i.i.d. random entries sampled from the

Gaussian distribution (0, o). For given SNR, 0> = — | M||2.10~ 10 . Note that

nin2

the parameters of the LRMC algorithm are chosen from the reference paper. For each
point of the algorithm, we run 1, 000 independent trials and then plot the average value.

As the performance metrics, we use the mean square error (MSE) and the exact
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Table 2.5: Summary of the NNM-based LRMC algorithms.

Cost
Technique Algorithm Features Com- fer. .
plexity Complexity
Convex SDPT3 A solver for conic programming prob- | O(n?) O(n¥ log(%)
Optimization | (CVX) [47] lems
NNM via SVT [10] An extension of the iterative soft | O(rn?) O(ﬁ)
Singular thresholding technique in compressed
Value sensing for LRMC, based on a La-
Thresholding grange multiplier method
NIHT [9] An extension of the iterative hard | O(rn?) O(log(%))
thresholding technique [8] in com-
pressed sensing for LRMC
IRLS IRLS-M An algorithm to solve the NNM prob- | O(rn?) O(log(%))
Minimiza- Algo- lem by computing the solution of a
tion rithm [58] weighted least squares subproblem in

each iteration

* The number of iterations to achieve the reconstructed matrix M satisfying | M — M*||r < e where

M* is the optimal solution.

* The rank of a desired low-rank matrix is r and n = max(n1,n2).
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Table 2.6: Summary of the FNM-based LRMC algorithms.

Cost
Technique Algorithm Features Com- Hter. .
plexity Complexity
Greedy ADMIRA An extension of the greedy algorithm | O(rn?) | O(log( %))
Technique [11] CoSaMP [60, 44] in compressed sens-
ing for LRMC, uses greedy projection
to identify a set of rank-one matrices
that best represents the original matrix
Alternating LMaFit [12] | A nonlinear successive over-relaxation | O(r|Q|+ O(log(%))
Minimization LRMC algorithm based on nonlinear | r2n)
Gauss-Seidel method
ASD [14] A steepest decent algorithm for the | O(r|Q|+ (’)(log(%))
FNM-based LRMC problem (2.35) r2n)
Manifold SET [21] A gradient-based algorithm to solve the | O(r|Q|+ O(log(%))
Optimization FNM problem on a Grassmann mani- | r2n)
fold
LRGeomCG | A conjugate gradient algorithm over a | O(r|Q|+ O(log(%))
[20] Riemannian manifold of the fixed-rank r2n)
matrices
Truncated TNNR- This algorithm solves the truncated | O(rn?) O(%)
NNM APGL [18] NNM problem via accelerated proxi-
mal gradient line search method [68]
TNNR- This algorithm solves the truncated | O(rn?) (’)(ﬁ)
ADMM NNM problem via an alternating direc-
[18] tion method of multipliers [65]
CNN-based CNN-based An gradient-based algorithm to express | O(r|Q|+ 0(log(%))
Technique LRMC Al- | alow-rank matrix as a graph structure | 72n)
gorithm [73] and then apply CNN to the constructed
graph to recover the desired matrix

* The number of iterations to achieve the reconstructed matrix M satisfying |M — M*||r < e where

M* is the optimal solution.

* The rank of a desired low-rank matrix is 7 and n = max(ni,na).
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recovery ratio, which are defined, respectively, as

1 —
MSE = ——||M — M7,
ning

n_ number of successful trials

9

total trials

where M is the reconstructed low-rank matrix. We say the trial is successful if the
MSE performance is less than the threshold e. In our experiments, we set ¢ = 1076,
Here, R can be used to represent the probability of successful recovery.

We first examine the success recovery of the LRMC algorithms with respect to
the sampling ratio and the rank of M. In our experiments, we set n; = no = 100
and compute the phase transition [74] of the LRMC algorithms. Note that the phase
transition is a contour plot of the success probability P (we set P = 0.5) where the
sampling ratio (z-axis) and the rank (y-axis) form a regular grid of the z-y plane.
The contour plot separates the plane into two areas: the area above the curve is one
satisfying P < 0.5 and the area below the curve is a region achieving P > 0.5 [74]
(see Fig. 2.8). The higher the curve, therefore, the better the algorithm would be. In
general, the LRMC algorithms perform poor when the matrix has a small number of
observed entries and the rank is large. Overall, NNM-based algorithms perform better
than FNM-based algorithms. In particular, the NNM technique using SDPT3 solver
outperforms the rest because the convex optimization technique always finds a global
optimum while other techniques often converge to local optimum.

In order to estimate the computational efficiency of LRMC algorithms, we measure
the running time of each algorithm as a function of rank (see Fig. 2.9). The running
time is measured in second, using a 64-bit PC with an Intel i5-4670 CPU running at
3.4 GHz. We observe that the convex algorithms have a relatively high running time
complexity.

We next test the efficiency of the LRMC algorithms for different problem size (see
Table 2.7). For iterative LRMC algorithms, we set the maximum number of iteration

to 300. We see that LRMC algorithms such as SVT, IRLS-M, ASD, ADMiRA, and
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LRGeomCG run fast. For example, it takes less than a minute for these algorithms to
reconstruct 1000 x 1000 matrix, while the running time of SDPT3 solver is more than
5 minutes. Further reduction of the running time can be achieved using the alternating
projection-based algorithms such as LMaPFit. For example, it takes about one second
to reconstruct an (1000 x 1000)-dimensional matrix with rank 5 using LMaFit. There-
fore, when the exact recovery of the original matrix is unnecessary, the FNM-based
technique would be a good choice.

From the simulation results in the noisy scenario, we also observe that FNM-
based algorithms perform well (see Fig. 2.10 and Fig. 2.11). In this experiment, we
compute the MSE of LRMC algorithms against the rank of the original low-rank ma-
trix for different setting of SNR (i.e., SNR = 20 and 50 dB). We observe that in the
low and mid SNR regime (e.g., SNR = 20 dB), TNNR-ADMM performs compara-
ble to the NNM-based algorithms since the FNM-based cost function is robust to the
noise. In the high SNR regime (e.g., SNR = 50 dB), the convex algorithm (NNM with
SDPT?3) exhibits the best performance in term of the MSE. The performance of TNNR-
ADMM is notably better than that of the rest of LRMC algorithms. For example, given
rank(M) = 20, the MSE of TNNR-ADMM is around 0.04, while the MSE of the rest
is higher than 1.

Finally, we apply LRMC techniques to restore images corrupted by impulse noise.
In this experiment, we use 256 x 256 standard grayscale images (e.g., boat, cameraman,
lena, and pepper images) and the salt-and-pepper noise model with different noise
density p = 0.3,0.5, and 0.7. For the FNM-based LRMC techniques, the rank is given
by the number of the singular values o; being greater than a relative threshold € > 0,
ie.,0; > ¢€ mzax o;. From the simulation results, we observe that peak SNR (pSNR),
defined as the ratio of the maximum pixel value of the image to noise variance, of all
LRMC techniques is at least 52dB when p = 0.3 (see Table 2.8). In particular, NNM
using SDPT3, SVT, and IRLS-M outperform the rest, achieving pSNR> 57 dB even

with high noise level p = 0.7.
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Table 2.7: MSE results for different problem sizes where rank(M) = 5, and p =
2 x DOF

ni1 = ng = 50 n1 = ng = 500 n1 = ng = 1000
MSE Time | Iter. | MSE Time | Iter. | MSE Time | Iter.
(s) (s) (s)
NNM using | 0.0072 | 0.6 13 | 0.0017 | 74 16 | 0.0010 | 354 | 16
SDPT3

SVT 0.0154 | 04 300 | 0.4564 | 10 300 | 0.2110 | 32 300
NIHT 0.0008 | 0.2 253 | 0.0039 | 21 300 | 0.0019 | 93 300
IRLS-M 0.0009 | 0.2 60 | 0.0033 | 2 60 | 0.0025 | 8 60
ADMiRA 0.0075 | 0.3 300 | 0.0029 | 49 300 | 0.0016 | 52 300
ASD 0.0003 | 1072 | 227 | 0.0006 | 2 300 | 0.0005 | 8 300
LMaFit 0.0002 | 1072 | 241 | 0.0002 | 0.5 300 | 0.0500 | 1 300
SET 0.0678 | 11 9 0.0260 | 136 | 8 0.0108 | 270 | 8

LRGeomCG 0.0287 | 0.1 108 | 0.0333 | 12 300 | 0.0165 | 40 300
TNNR-ADMM | 0.0221 | 0.3 300 | 0.0042 | 22 300 | 0.0021 | 94 300
TNNR-APGL 0.0055 | 0.3 300 | 0.0011 | 21 300 | 0.0009 | 95 300
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Figure 2.10: MSE performance of LRMC algorithms in noisy scenario with SNR = 20

dB (70% of entries are observed).
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Figure 2.11: MSE performance of LRMC algorithms in noisy scenario with SNR = 50
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Table 2.8: Image recovery via LRMC for different noise levels p.

p=0.3 p=0.5 p=0.7
pSNR | Time | Iter. pSNR | Time | Iter. pSNR | Time | Iter.
(dB) | (s) (dB) | (s) (dB) | (s)
NNM using | 66 1801 | 14 59 883 14 58 292 15
SDPT3
SVT 61 18 300 59 13 300 57 32 300
NIHT 58 16 300 54 6 154 53 2 35
IRLS-M 68 87 60 63 43 60 59 15 60
ADMIRA 57 1391 | 300 54 423 245 53 210 66
ASD 57 3 300 55 4 300 53 2 101
LMaFit 58 2 300 55 1 123 53 0.3 34
SET 61 716 6 55 321 4 53 5 2
LRGeomCG | 52 47 300 48 18 75 44 5 21
TNNR- 57 15 300 54 18 300 53 18 300
ADMM
TNNR- 56 14 300 56 19 300 53 17 300
APGL
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2.8 Choosing the Right Matrix Completion Algorithms

So far, we discussed various LRMC algorithms. A natural question one can ask is
what algorithm should one choose? While this question is difficult to answer, one can
consider NNM-based techniques including SVT and convex optimization with global
convergence and exact recovery guarantee in the scenario when the rank of the original
matrix is unknown. When the rank is known and the exact recovery of the original
low-rank matrix is unnecessary, FNM-based techniques such as ADMiRA, LMaFit,
and LRGeomCG can also be used since they have a fast convergence.

The other point that one should consider in the choice of LRMC algorithms is
computational complexity. In the era of big data, the dimension of a matrix to be
completed is large (in the order of hundred or thousand) so that the computational
complexity is a big concern. Several options including SVT, NIHT, TNNR-APGL,
TNNR-ADMM, ASD, and SET can be applied for large-scaled problems since their
computational complexity is in order of the square of the dimension. The running time
of LRGeomCQG is proportional to the number of the observed entries. LMaFit might
be the fastest matrix completion algorithm since it only requires to solve a system
of linear equations. In general, there is a trade-off between the running time and the
recovery performance. For example, gradient-based algorithms might converge to lo-
cal optimum but with low computational complexity, whereas convex solvers always
guarantees to find the global optimal solutions but might have a computational burden

with the large problem size.
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Chapter 3

IoT Localization Via LRMC

Localization refers to the problem to recovery the sensor locations (a.k.a. sensor map)
in IoT. To solve this problem, a popular approach is to let each sensor node measure the
pairwise distances with its neighboring nodes using various measurement techniques
such as received signal strength indication (RSSI) [75], time of arrival (ToA) [76],
time difference of arrival (TDoA) [77], and angle of arrival (AoA) [2]. The pairwise
distances are then collected at a data center (basestation) and can be represented in the
Euclidean distance matrix D. Using the whole matrix D, one can easily reconstructed
the sensor location matrix X using multidimensional scaling method, each row the
coordinate vector of each sensor node [78, 79].

However, in practice, the data center might not have enough distance information
to identify the locations of sensor nodes. This is due to various reason such as the
power outage of a sensor node or the limitation of radio communication range, only
small number of distance information is available at the data center. Also, in the vehic-
ular networks it might not be possible to measure the distance of all adjacent vehicles
when a vehicle is located at the dead zone. Similar behavior can also be observed
in underwater acoustic communication environments. In our approach, we propose a
Euclidean distance matrix completion technique for the IoT network localization. We

first express the Euclidean distance matrix D as a function of the low rank positive
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semidefinite (PSD) matrix. Since the set of these matrices forms a Riemannian man-
ifold in which the notation of differentiability can be defined, we can recycle, after
a proper modification, an algorithm in the Euclidean space. Then to solve the prob-
lem, we propose a modified conjugate gradient algorithm, referred to as localization in
Riemannian manifold using conjugate gradient (LRM-CG).

In this chapter, we first present our main FNM-based problem model in localization
and useful notations used in Riemannian optimization (e.g., tangent space, Riemannian
gradient, and retraction operation). Then we show the proposed LRM-CG algorithm as
well as its computational complexity. Finally, we discuss on the performance guarantee

of LRM-CG under extended Wolfe’s conditions.

3.1 Problem Model

In the problem model, we suppose there is n sensor nodes scattered in 2 or 3-dimensional
Euclidean spaces (k = 2 or 3). The coordinate vectors of sensor nodes are represented
as the rows of the location matrix X € R™**. Also, we recall that the squared pairwise
distances d?j are the entries of the Euclidean distance matrix D. From the definition of

pairwise distance d7; = [|x; — x;|5 = x/x; + x] x; — 2x] x;, we have
D = g(XX"), 3.1)

where g(XX') = 2Sym(diag(XX")1” — XXT'). For example, as shown in Fig. 3.1,

we have
T
7 2 11 12 15
T
X:[Xl X9 X3 X4 X5]: 9 7 7 4 6 )
10 0 0 O
:I-!_'-I.'\' '|| _-"l:

57



Figure 3.1: Sensor nodes deployed to measure not only environment information but
also their pairwise distances. The observed distances are represented by two-sided
arrows. The shadow spheres represent the radio communication range of the sensor

nodes.
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and

0 30 21 51 74
30 0 81 109 170
D=gXX")=121 81 0 10 17
51 109 10 0 13
74 170 17 13 0

The next lemma follows immediately from this.

Lemma 5 [f n sensor nodes are distributed in k-dimensional Euclidean space and

n >k, then rank(D) < k + 2.

Proof: From (3.1), we have rank(D) = rank(g(XX7)), which gives

rank(D) = rank(2Sym(diag(XX")1T — XXT))
(a)
< rank(2Sym(diag(XXT)17T)) + rank(XXT)
= rank(diag(XXT)17 + 1diag(XX™)T) + rank(XX7")
®)
< 2+ rank(XXT)
(©)
< 24k,

where (a) is because rank(A + B) < rank(A) + rank(B) and Sym(XX”) = XX7,

(b) is because rank(diag(XX7)17) = rank(1diag(XXT)T) < 1, and (c) is because

rank(XXT) = rank(X) < k and rank(ab’) < 1 for any two vectors a and b. O
Using Lemma 5, we reformulate the matrix completion problem as

_min %H'PE‘(]S) - PE(])OIJS)H%?7
D € Rnxn 3.2)

s.t. rank(D) < k + 2.

Also, to account for the measurement accuracy, we can incorporate a weight matrix
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W into (3.2) as'

_min  3[|[Wo (Pp(D) — Pp(Dos))| %,
B Rxn (3.3)

s.t. rank(D) < k 4 2,

where entries w;; of W satisfy w;;>0 for (¢, j) € E, and zero otherwise.
Since rank(D) = rank(g(XXT)) < k + 2 for any X, we can further simplify the
problem as

min LW o (Pg(g(XXT)) — Pp(Doss)) || (34)

X € Rnxk

Recalling that Y = XXT, we have
min - 3[We (Pp(g(Y)) = Pr(Dobs)) 7+ (3.5)

where ) = {)~Q~(T . X € Rxk }. We note that the purpose of the variable change
is to simplify the problem. To be specific, let X* be the solution to (3.4), then so
are X*F for all orthonormal matrix F € R*** since X*FF/X*T = X*X*T. To
avoid this confusion, we focus on the problem (3.5) instead of (3.4). We note also
that many of our works in the next sections can be easily extended to (3.4) using
dY = dXXT + XdXT where dY and dX are the total differentials of Y and }NC,
respectively.

When the sensor nodes are randomly distributed in k-dimensional Euclidean space,
we can show that rank of the location matrix X is k almost surely. In fact, con-
sider the case that sensor nodes are randomly distributed in 2D Euclidean space, then
rank(X) = 1 if and only if all of nodes are co-linear. This event happens if there

exists a constant p such that x;; = pz;e for any i-th row. The probability of this

'Note that when the observed entries are accurate, w;; should be the same constant for all (i, j) € E,
say, wi; = 1. In many practical scenarios where range-based techniques are employed, the measurement
accuracy might be proportional to the magnitude of the observed distances [80], which can be reflected
in the choice of w;;. For example, the smaller the observed distance d;; is, the larger the corresponding

weight w;; would be.
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n
event [[ P(zi1 = pxiz) = [P(x11 = pri2)]|™ is negligible when the number of sen-
i=1
sor nodes are sufficiently large. Thus, we can strengthen the constraint set from ) to
Y ={XXT:X € R"**, rank(X) = k}, and thus

min_ 1[|W o (Pe(g(Y)) = Pe(Doss)) |3, (3.6)
Yecy

In the sequel, we denote f(Y) = 1[|[W o (P(9(Y)) — Pr(Dobs))||% for notational

simplicity.

3.2 Optimization over Riemannian Manifold

Foragiven'Y € Y, one can take its eigendecomposition to obtain Y = QAQ” and

thus comes up with an alternative representation of Y as
Y={QAQ":QeS,AcL} (3.7)

where S = {Q € R™* : QTQ = I;}? and £ = {eye([\; --- M\JP) : A >
Ag > -+ > A\p>0}. It has been shown that )7 is a smooth Riemannian manifold [81,
Ch.5] [19]. Our approach to solve the problem in a smooth Riemannian manifold is
beneficial in two major respects: First, one can easily compute the gradient of the cost
function in (3.6) using the matrix calculus. Second, we can recycle an algorithm in the
Euclidean space to solve the problem (3.6).

Since our work relies to a large extent on properties and operators of differential
geometry, we briefly introduce tools and ingredients to describe the proposed algo-
rithm. Since ) is an embedded manifold in the Euclidean space R™ "™, its tangent
spaces are determined by the derivative of its curves, where the curve -y of Yisa map-
ping from R to Y. Note that the tangent space on the smooth Riemannian manifold is a
generalization of the notion of tangent hyperplane to surfaces in Euclidean space. Put

it formally, for a given point Y € Y, the tangent space of Yat'Y, denoted Ty Y, is de-

’Sisan orthogonal Stiefel manifold embedded in R™* k [64, Theorem 5.12].

61



te R4

(b)

Figure 3.2: Illustration of (a) the tangent space Tyfﬁ and (b) the retraction operator
Ry at a point Y in the embedded manifold V.



fined as Ty Y = {7/(0) : yisacurve in Y, 7(0) = Y} (see Fig. 3.2). In the following

lemma, we characterize the tangent space of V.

Lemma 6 For the manifold Y defined by (3.7), the tangent space T~ vYatY is

B CT QT

: BT =B € RM* € e R(mR)*F
Cc o | |QT

TyY = {Q QL]
(3.8)

Proof: See Appendix A. O

A metric on the tangent space Ty) is defined as the matrix inner product <
B1,By >= tr(BYB;) between two tangent vectors By, By € TyY. We next de-
fine the orthogonal projection of a matrix A onto the tangent space Tyj}, which will

be used to find the closed-form expression of Riemannian gradient in Subsection 3.3.

Definition 1 The orthogonal projection onto Ty is a mapping PTY37 R
Ty such that for a given matrix A € R™", < A — PTYj(A)»B >= 0 for all
B e Tyj).

The following theorem provides a closed form expression of the orthogonal pro-

jection operator.

Theorem 7 For a given matrix A, orthogonal projection PTY37(A> of A onto the

tangent space Ty') is

P

TY);(A) = PqSym(A) + Sym(A)Pq — PqSym(A)Pq, (3.9)

where Pq = QQTL.

Proof: See Appendix B. O

In order to express the concept of moving in the direction of a tangent space while

staying on the manifold, an operation called retraction is used. As illustrated in Fig.

63



3.2(b), the retraction operation is a mapping from 73 y Y to Y that preserves the gradient

at Y [82, Definition 4.1.1].
Definition 2 The retraction Ry (B) of a vector B € TyY onto Y is defined as
Ry(B) =argmin ||Y + B — Z||r. (3.10)
zey

In obtaining the closed form expression of Ry (B), an operator Wy keeping k
largest positive eigenvalues of a matrix, referred to as eigenvalue selection operator, is
needed. Since the projection Ry (B) is an element of ), Ry (B) should be a symmet-
ric PSD matrix with rank k. Thus, for given square matrix A, we are interested only in
the symmetric part Sym(A). If we denote the eigenvalue decomposition (EVD) of this
as Sym(A) = PXPT and the k topmost eigenvalues of this as o1 > 09 > -+ > 0y, ,
then W (A) is defined as

Wi(A) = PX,PT, (3.11)

T
where 3, = eye ([ o1 ... o 0 ... 0 } > We can obtain an elegant expres-

sion of Ry (B) using the eigenvalue selection operator W.
Theorem 8 The retraction Ry (B) of a vector B € T~ Y)~) can be expressed as

Ry (B) = W(Y + B). (3.12)

Proof: Our goal is to find a simple expression of the retraction operator Ry (B).
First, since Z = Sym(Z) for Z € ), we have

IY +B-Z|[; = [Y+B-sym(Z)|z
(

e

) ||Skew(Y + B) 4+ Sym(Y + B) — Sym(Z)||%
®  [ISkew(Y + B)| % + [Sym(Y + B) - Z| %,

where (a) is because Sym(A )+Skew(A) = A and (b) is because < Skew(C), Sym(D) >=
0 for any C and D. Since [|Skew(Y + B)||% is unrelated to Z, it is clear that

Ry (B) = argmin ||[Sym(Y + B) — Z|| .
zey
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Using the eigenvalue decomposition Sym(Y + B) = KXK', we have

Ry(B) = argmin|KEZK' - Z||p
Zcy
= argmin |K (¥ - K"ZK) K" ||r
VASNY
@ argmin ||X - KTZK||p,
Zey

where (a) is because |[KUK” |2 = tr(KUTKT"KUK') = ||U||2 for any matrix
U. Now let Ry(B) = Z*, ¥* = KZ*K', and Q = KTZK, then

> = KZ'K? =arg inn 1= - Q. (3.13)

Since X is a diagonal matrix, 3* should also be a diagonal matrix. Also, 3* > 0 and
rank(X*) = k.3 Thus, * is a diagonal matrix with only & positive entries and the rest

being zero. That is,

_01 0 0 0 0|
0 oy 0 0 0
0
=10 0 or 0 01, (3.14)
0 0 - 0 0 0
0
0 0 --- 0 0 0

where o1 > 09 > -+ > 03,>0. Recalling that Sym(Y + B) = KXK', we finally
have

Ry(B) = KZ*KT = Wi (Y + B),
where the last equality is from (3.11). U

Finally, to develop the conjugate gradient algorithm over the Riemannian manifold

V. we need the Euclidean gradient of the cost function f(Y).

3Since Z* € Y, Z* = 0 and also &* = KTZ*K = 0 and rank(X*) = rank(K7Z*K) =
rank(Z*) = k.
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Theorem 9 Euclidean gradient Vy f(Y) of f(Y) with respect to'Y is
Vy f(Y) = 2eye(Sym(R)1) — 2Sym(R), (3.15)

where R = W o W o (Pr(g(Y)) — Pr(Dobs)).

Proof: See Appendix D. O

3.3 Localization in Riemannian Manifold Using Conjugate

Gradient (LRM-CG)

In our approach, we solve the problem in (3.6) using the conjugate gradient (CG)
method. Note that CG method is widely used to solve sparse symmetric positive def-
inite linear systems [83]. In CG algorithms, the optimal value can be obtained in a
finite number of searching steps. This is because the conjugate direction is designed
such that it is conjugate to previous directions and also the gradient of the cost func-
tion. Also, the CG algorithm can be readily applied to a sparse symmetric positive
definite system and thus can be used to solve our main problem due to the quadratic
form of the cost function f(Y). In fact, noting that Pg and g are linear mappings, one

can easily show that

1
FY) = SIWo(Pe(9(Y)) = Pe(Dows)) 7
1 .
= 5lIWo Pe(g(>_ 3iE)) — Doy )|[7
0,J
1 .
@ Slivee(K) o (3 yiyvee (Pr(g(B))) — vee(Pe(Dass)))|
%]
© JlAvec(Y) - bl (3.16)

where (a) is because | M| = |[vec(M)||2 and (b) follows from

T
vec(Y) = [ Y1 Y21 - Ynn } , b =vec(W o Pr(Dgs)),
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and A formed by column vectors vec (W o P (g(E )))) From (3.16), it is obvious
that f(Y') has the quadratic form of a sparse symmetric positive definite system.

Recall that the update equation of the conventional CG algorithm in the Euclidean
space is

Yit1 =Y+ Py, (3.17)

where «; is the stepsize and P; is the conjugate direction. The stepsize «; is chosen by
the line minimization technique (e.g., Armijo’s rule [84, 85]) and the search direction
P; of the CG algorithm is chosen as a linear combination of the gradient and the
previous search direction to generate a direction conjugate to the previous ones. In
doing so, one can avoid unnecessary searching of directions that have been searched
over and thus achieve the speedup of the algorithm [86, 83].

In our work, since we consider the optimization problem over the Riemannian
manifold ), the conjugate direction P; should lie on the tangent space. To make sure
that the update point Y, lies on the manifold, we need a retraction operation. The

update equation after applying the retraction operation is

Yii1 = Ry,(oP)

As observed in Theorem 8, the eigenvalue selection operator VW, guarantees that the
updated point Y ;1 lies on the manifold.
We next consider the conjugate direction P; of LRM-CG. In the conventional non-

linear CG algorithm, conjugate direction P; is updated as
P; = —Vvy f(Y;) + BiPi-1, (3.19)

where f3; is the conjugate update parameter*. Since we optimize over the Riemannian
manifold )Ni, conjugate direction in (3.19) needs to be modified. First, we need to use

the Riemannian gradient of f(Y) instead of the Euclidean gradient Vy f(Y) since

“There are a number of ways to choose f3;. See, e.g., [83, 87, 88, 89].
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Figure 3.3: Riemannian gradient gradf(Y) is defined as the projection of the Eu-
clidean gradient Vy f(Y) onto the tangent space Ty'Y while the Euclidean gradient is
a direction for which the cost function is reduced most in R”*", Riemannian gradient

is the direction for which the cost function is reduced most in the tangent space Tyj~).
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we find the search direction on the tangent space of Y. Riemannian gradient, denoted
grad f(Y), is distinct from Vv f(Y) in the sense that it is defined on the tangent space
Tyjiv (see Fig. 3.3).

Definition 3 Ler f be the function differentiable everywhere in the Riemannian mani-
fold Y. The Riemannian gradient gradf(Y) of f at'Y is defined as the unique element
in Tyfﬂ satisfying

< B, gradf(Y) >=< B, Vy f(Y) >, (3.20)

where B is any element in Tyy.

As shown in Fig. 3.3, gradf(Y) € TyYisa component of the Euclidean gradient
Vy f(Y) in Ty Y. In other words, gradf(Y) is the projection of Vy f(Y) onto Ty Y.
Indeed, from Definition 1, < B, Vv f(Y) — P 5(Vy f(Y)) >= 0 for any matrix

~ Ty
B € Ty ). Hence,
<B, P, 5(Vyf(Y)) >=<B,Vy f(Y) >. (3.21)
From (3.20) and (3.21), it is clear that
grad f(Y) = Pp_5(Vy /(Y). (3.22)

Second, since the Riemannian gradient gradf(Y;) and previous conjugate direc-
tion P;_; lie on two different vector spaces Tyijiv and TYFl)?, we need to project
P;_; onto the tangent space Ty, VS before performing a linear combination between

of two. In view of this, the conjugate direction update equation of LRM-CG is

Pi = —gradf(Yi) + ﬁiPTyif)(Pifl)' (323)

3In transforming a vector from one tangent space to another, an operator called vector transport is
used (see Definition 8.1.1 in [63]). For an embedded manifold of R™*™, vector transport is the orthogonal
projection operator [63]. Hence, the vector transport of P;_; is the orthogonal projection of P;_; onto

Iy, Y
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Algorithm 1: LRM-CG algorithm

1 Input: D,s: the observed matrix,
‘W: the weight matrix,
‘Pr: the sampling operator,
¢: tolerance,
p € (0 1): given constant,
T': number of iterations.
2 Initialize: i = 1,
Y, € : initial point,
P;: initial conjugate direction.
3 Whilei <7 do
4 R;=WoWo (Pg(9(Yi)) — Pe(Dobs))
5 Vy f(Y;) = 2eye(Sym(R;)1) — 2R;
6 gradf(Yy) = Pr, 5(Vyf(Yi))
7 H, = gradf(Y;) — PTYif)(gradf(Yi_l))
8 h=<P; H; >
9 Bi=5 <hH; —2P;|H;||%, grad f(Y;) >
10 P, = —gradf(Y;) + ﬁiPTYif)(Pi,l)
11 Find a stepsize «;>0 such that
f(Y3) = f(Ry,(a;Pi)) > —poy; < gradf(Y;),P; >
12 Y1 = Ry, (a;Py)
13 Diy1=9(Yi+1)
14 If [W o (Pe(Dit1) — Pe(Dobs))|| r<e then
15 Exit from while loop
16 End If
17 Obtain Q and A using the eigendecomposition
Y1 =QAQ"
18 X =QAY7?
19 1=1+1
20 End While
21 Output: X
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Table 3.1: Computational complexity of LRM-CG for each iteration.

Algorithm operation | Flops order

Euclidean gradient O(k|E| +n)

Orthogonal projection | O(kn? + k?n + k3)

Retraction O(kn* + k*n + k3)

Finally, in choosing the stepsize a; in (3.18), we use the Armijo’s rule, a widely used
line search strategy. Note that the Armijo’s rule is an effective way to find a stepsize
«; minimizing the cost function f, that is, a; ~ mixg FOV(Y; + o P;) [84, 85].

a>

The proposed LRM-CG algorithm is summarized in Algorithm 1.

3.4 Computational Complexity

In this subsection, we analyze the computational complexity of LRM-CG in terms of
the number of floating point operations (flops). As discussed in Section 3.2, major
steps in LRM-CG is to compute Euclidean gradient, Riemannian gradient, and the
retraction operation.

In order to compute the Euclidean gradient Vy f(Y;) in (3.15), we need to con-
sider the computation of Y; from the (i — 1)-th iteration. Since Y; = QAQ” (Q
is a n X k matrix and A is a k x k diagonal matrix), it requires 2k multiplica-
tions and (k — 1) additions to compute y;; = Zk: Atqitqje so that the associated
computational complexity is (3k — 1) flops. Furtth:elr, from (3.1), we need to com-
pute [g(Y)]ij = vis + yj; — vij» Which requires (9% — 1) flops. The residual ma-
trix R; = Pgr(g(Y;)) — Dyys requires 9k|E| flops (|E| is the number of the ob-
served entries of D). In addition, since it takes (9% + 2)|E| flops to compute
Sym(R;) = £(R; + RY), it requires at most (9% + 4)|E| + n — 1 flops to compute
2eye(Sym(R;)1). Since the cardinality of Sym(R,;) is | E'|, computational complexity
of Vy f(Y;) = 2eye(Sym(R;)1) —2Sym(R;) in (3.15) is at most (9k+5)|E|+n—1.
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Second, recalling that the Riemannian gradient grad f (Y;) is an orthogonal projec-
tion of Vv f(Y;) onto the tangent space 7 Yif/, we need to estimate the computational
complexity of the orthogonal projection operator PTY_3~). In computing PTY&(A) for
an n x n matrix A, we need Sym(A), B = Sym(l&)Q, and C = QTS;m(A)Q,
which require (2k — 1)n?, 2n? + (2n — 1)kn, and (2n — 1)kn + (2n — 1)k? flops,

respectively. Then, from (3.9), we have
PTYJ,(A) = QB" +BQ” - QCQT,

which requires O(kn? + k*n + k3) flops.

Finally, in applying Armijo’s rule to find the stepsize «;, we need to compute
the retraction operation Ry, (a;P;). From (3.12), the retraction operation is obtained
via the eigenvalue selection operator Wi, and this requires the EVD of (Y; + P;).
In general, computational complexity of the EVD for a n x n matrix is expressed as
O(n?). However, using Y; = QAQ” and P; € TYZ.JNJ, we adopt the computational

strategy in [20] to simplify the EVD operation. First, since P; € TYZJN?, we have

B, CI T
P, — [Q Q L} Q. (3.24)
C: 0] |Qf
Thus,
: B.+A CT| [qQ”
Yi+Pi = [Q Q. .
) C; 0 i QL
- B;,+A RI| QT
= @ q] .
) RC 0 Qc
i QT
_ IywT
- _Q Qc} KAK QT

where Q.R. is the QR-decomposition of Q| C;, which requires (2n — 2k — 1)kn +
O(nk?) flops. Now the EVD of (Y; +P;) is simplified to the EVD of the 2k x 2k ma-
B, +A RI

trix , which requires only O(k?) flops. Also, computing [Q QC} K
R, 0
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needs (4k — 1)kn flops. Thus, computational complexity of the retraction operation
is O(kn? + nk? + k3), which is O(kn?) for k < n. The computational complex-
ity of Euclidean gradient, Riemannian gradient, and the retraction in each iteration is
summarized in Table 3.1.

In summary, computational complexity of the proposed algorithm per iteration is
O(k|E| + kn? 4+ k*n + k3) = O(kn?). Since k = 2 or 3 in our problem, complexity

per iteration can be expressed as O(n?) flops.

3.5 Recovery Condition Analysis

In this section, we analyze a recovery condition under which the LRM-CG algorithm
recovers the Euclidean distance matrices accurately. Overall, our analysis is divided
into two parts. In the first part, we analyze a condition ensuring the successful recovery
of the sampled (observed) entries, i.e., |Pz(D) — Pg(D)||r = 0. In the second part,
we investigate a condition guaranteeing the exact recovery of the Euclidean distance
matrices, i.c., |[D — D||p = 0. By exact recovery, we mean that the output D; of

LRM-CG converges to the original Euclidean distance matrix D.

Definition 4 For a sequence of matrices {D;}5°,, if lim ||D; — D|p = 0, we say
1—00

{D;}32, converges to D. Further, we say {D;}?°, converges linearly to D with con-

vergent rate X if there exists A (1>\ > 0) satisfying

lim |Diy1 — Dl

= I -
1—00 HD, —D”F

3.5.1 Convergence of LRM-CG at Sampled Entries

In this subsection, we show that {Pq(D;)}{°, sequence of matrices generated by
0 29 20
LRM-CG at sampled points, converges to P (D). Forexample,if D = | 29 (0 81

20 81 O
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0 29 20
and £ ={(1,2),(1,3)},then Pg(D)=| 29 0 0 |[.Thus, we will show that

20 0 0
0 d3y(c0)  d34(00) 0 29 20

lim Pp(Dy) = | d3i(cc) 0 0 =129 0 0 |="PrD).
d3; (00) 0 0 20 0 0

The minimal set of assumptions used for the analytical tractability are as follows:
Al: f(Y:)—f(Ry,(a;P;)) > —71oy < gradf(Y;), P; > for 7 satisfying 0<7<1/2,

A2: | < gradf(Ry,(0;P;)),P; > | < —p < gradf(Y;),P; > for u satisfying
T<pu<1/2,

A3 : cllgradf(Yi)||r > [|Vy f(Y:)||F for ¢ satisfying ¢>1.

In essence, A1 and A2 can be considered as extensions of the strong Wolfe’s con-
ditions® [90]. The assumption A1 says that the cost function f(Y;) decreases mono-
tonically as long as P; is chosen in an opposite direction of gradf (Y;) on the tangent
space Tyij} (i.e., < gradf(Y;), P; >< 0) (see Lemma 13). Note that A1 is reasonable

assumption since there always exists a stepsize satisfying this assumption.

Lemma 10 There exists a;>0 satisfying A1l.

Proof: See Appendix E (]

SConsider an unconstrained minimization in R™ with a differentiable cost function f(x) (i.e.,
m%gn f(x)). The update equation is given by x;11 = X; + a;p; for a stepsize o; and a descent di-
xER™

rection p;. The well-known strong Wolfe’s conditions is given by

f(xi) = f(xig1)

| < Vif(xit1),pi > | < —p < Vxf(xi),pi >,

A%

—To; < Vi f(x:i), pi >,

A

for some constants 0<7<pu<1.
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Note that if the stepsize «; is chosen to be very small, then Y; 1 = Ry, (o, P;) =

Ry,(0) =Y, and thus
f(Y3) = f(Ry,(sP;)) = 0.

and —7a; < gradf(Y;),P; >~ 0. In this case, Al holds true approximately. How-
ever, there would be almost no update of Y; so that the algorithm will converge
extremely slowly. To circumvent this pathological scenario, we use A2, which is in
essence an extension of the strong Wolfe’s condition for the Riemannian manifold.
Under this assumption, «; cannot be chosen to be very small since otherwise we have

Ry, (a;P;) ~ Y, and thus
| < gradf(Ry, (iPy)), Pi > | = | < gradf(Y;), Py > | > —pu < grad f(Y3), Pi >,

which contradicts the assumption A2.

The assumption A3 is needed to guarantee the global convergence of LRM-CG.
We will discuss more on this in Remark 2.

Our first main result, stating successful recovery condition at sampled entries, is

formally described in the following theorem.

Theorem 11 (strong convergence of LRM-CG) Ler {D; = ¢(Y;)}°, be the se-

quence of the matrices generated by LRM-CG and D be the original Euclidean dis-
tance matrix. Under A1, A2, and A3, {Pr(D;)}5°, converges linearly to Pg(D).

Remark 1 (strongly convergent condition in R™) Note that lim ||Pr(D;)—Pgr(D)||r =
1—00
0 is equivalent to

Zliglo IVy f(Yi)|lr =0. (3.25)

This condition is often referred to as the strongly convergent condition of the non-
linear CG algorithms in the vector space. The equivalence can be established by the

following sandwich lemma.
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Lemma 12

2|Pe(D;) — Pe(D)llr < Vv f(Yi)lr < (2vn+2)[|Pp(D;) — Pr(D)||F

Proof: See Appendix F U

Remark 2 Recently, an attempt has been made to extend the convergent analysis of
the conventional CG algorithms (over the Euclidean space R") to the Riemannian

manifolds. In [91, Theorem 4.3], it has been shown that under certain assumption,
lim inf ||gradf(Y;)||r = 0. (3.26)
71— 00

One can observe that the Euclidean gradient Vy f(Y;) is replaced by the Riemannian
gradient gradf(Y;). Unfortunately, the convergence of the Riemannian gradient in

(3.26) does not imply the convergence of Euclidean gradient in (3.25) because

INYfF(Y)IE = IPrs (VY f(Y)lE + P 5 (Vy f(Ya)lE

lgrad f(Yi)l[F + 1P, 5(Vy £ (Yi)) I (3.27)

where gradf(Y;) = Pr_5

condition in (3.26) is not sufficient to guarantee (3.25), that is, one cannot guarantee

(Vv f(Yi)) (see (3.22)). One can observe from this that the

lim ||Pe(D;) — Pe(D)||r = 0 just from (3.26). However, by the introduction of
1—00
A3, equivalence between (3.25) and (3.26) can be established. We will show that the

assumption A3 holds true with overwhelming probability in Section 3.5.3.

We are now ready to prove Theorem 11.
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Proof of Theorem 11

First, we show that under A1 and A2,

Pr(D;) — Pe(D)||F is non-increasing. That
is, if y is defined by

IPE SOV o
sup 1 Y F
= dvetvne,  IVXTOTE

, (3.28)
1 otherwise

then there exists >0 such that y(1 — x?) < 1 and
IPE(Dit1) = Pe(D)|E < (1= 7(1 = x*)) IPe(D:) = Pe(D)|F  (3.29)
We need the following lemma to prove this.

Lemma 13 If 3; is chosen based on Fletcher-Reeves’ rule’, that is,

< gradf(Y;),gradf(Y;) >

Bi = ; (3.31)
" < gradf(Yi-1),gradf(Yi-1) >
then '
<gradf(Yit1),Pi1 > _ 1-2p pt!
lgradf(Yir)|Z = 1-p 1-n
Proof: See Appendix G. O

Lemma 14 ||gradf(Y;)|% > 8(1 — x?)f(Y3).

"In our simulation, we employ Hager-Zhang’s rule in the choice of §; to improve the empirical per-

formance of the CG method [89]:

1
Bi =5 <hH; - 2P, ||H;||3, grad f (Y) > (3.30)
where H; = gradf(Y;) — PTyj(gradf(Yi_l)) and h =< P;,H; >. In our analysis, however, we

use Fletcher-Reeves’ rule for mathematical tractability.
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Proof: See Appendix H. U

We are now ready to prove (3.29). First, from A1, we have

f(Yip1) < f(Ys) +7a; < gradf(Y;),P; >
1-2 ‘
O 1) - o (T2 4 ) lemar (v

< f(Yi) Ty (11__25> |l grad f (Y3) ||,

Y g - sra (122) (-3

where (a) and (b) follow from Lemma 13 and Lemma 14, respectively. Let

Vi = 8Ty ,
I—p

then ;>0 (since «;>0) and hence

F(Yir) < (1 =%l = x))f(Y).
Recalling that f(Y;) = 1||Pg(D;) — Pr(D)||%, we have
IPEDi+1) = Pe(D)|F < (1 —%(l = X)) IPe(D:) — Pe(D)|[3-

By choosing v = min ;, we get the desired result.
7
Now, what remains is to show that lim ||Pg(D;) — Pr(D)||r = 0 under (3.29).
1—00

From (3.27) and (3.28), we have 0 < x < 1, and thus we need to consider two cases:

1) x<1 case: In this case, one can easily show that 1>(1 — ~(1 — x2))'/2. Using

this together with (3.29), we have

lim |Pe(Diy1) — Pe(D)|F

iwoo ||Pe(D;) — Pe(D)||F
and hence

= (1= h(1 =)<l

Lim |Pe(D;) — Pe(D)||r = 0.

Thus, the sequence {Pg(D;)}°, converges linearly to P (D).
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2) x = 1 case: In this case, we show that there exists j satisfying ||Vy f(Y;)||r =
0. As discussed in Remark 1 and Lemma 12, this is a sufficient condition to guar-
antee the strong convergence of LRM-CG. In this case, no further update can be
made after j-th iteration (and thus linear convergence is naturally guaranteed).
To show this, we use the contradiction argument. Suppose that ||Vvy f(Y;)|| r #

0 for all . Then, from (3.28) we should have

||P%Y37(VYJC(Y))HF

sup =X =
veiviye, VY Sf(Y)lr
Further, from (3.27), we have
1Pr 5(VY SOYDIE = IV S(Ya)llE — lleradf(Y3)l[E

< Ve f(Ya)llz — 12Hva(Yi)H%v

e
where the inequality is from A3 (¢>1). Thus,
1P 5(Vy fOY)II
= sup Ty

vervye, VY f(Y)%
IVy f(Y)IE — SV F(Y)%

< 2
Yel{Y, )z, IVy f(Y)%
1
= 1-5

which is contradiction. Thus, ||Vy f(Y;)||r = 0 for some j.

3.5.2 Exact Recovery of Euclidean Distance Matrices

So far, we have shown that the output of LRM-CG converges to the original Euclidean
distance matrix D at sampled entries (i.e., Pg (Do) = Pg(D)). In this subsection, we
show that all entries of D; converge to that of the original Euclidean distance matrix
D with overwhelming probability.

Before we proceed, we briefly discuss the probability model of the sampling oper-

ator Pg. Let d;; be a Bernoulli random variable that takes value 1 if d;; < r (recall that
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7 is the radio communication range) and O otherwise. Since the distance is symmetric
(i.e., d;j = dj;), we have 6;; = 0j;. Also, since the diagonal entries of D are all zeros,

we define d;; = O for all 7. Then, for a matrix A, Pr(A) can be expressed as

PE(A> = Z(Sw < A, eie;‘-F > eie;‘-F,

i#j
— Z(;ijaij’ (3.32)
i#j
0 10 17
where e; is the standard basis of R”. For example, if A = 10 0 3 and
17 3 0
E =1{(1,2),(2,3)}, then
0 10 0
Pe(A) = [10 0 3
0 3 0
010 0 0O 0 0O 0 00
= 10000 O0(|+3]0 0 1|+10]1 0 o0]|+3|l0 0 0
0 00 0 00 0 00 010

We now characterize the random variables ¢;; using P(d;; < r). Since d;; =
||x; —xj]|2, it follows P(d;; < r) = P(||x; —x;j||2 < r). In this work, we assume that
elements of x; (locations of sensor nodes) are i.i.d. random and uniformly distributed
over unit interval. By denoting p = P(d;; < r), the probability mass function (PMF)

of ;; can be expressed as
F(8i5:p) = p% (1 = p)' 0. (333)

The following lemma provides an explicit expression of p in terms of the radio com-

munication range 7.

Lemma 15 If an element of the location vectors X; is i.i.d. and uniform on unit inter-

val, then
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Sampling parameter p
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0 . . .
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Radio communication range r

Figure 3.4: The sampling parameter p gets close to 1 as r increases. Here, elements of

x; are i.i.d. random variables according to the uniform distribution over unit interval.
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a) If k = 2 (2-dimensional Euclidean space),

=8+ Lt jfo<r<i1
p= p1(r) if1<r<+v2,

1 else

b) If k = 3 (3-dimensional Euclidean space),

%Trr3—37”7”4+§7“5—%7"6 fo<r<l1
- pa(r) fl1<r<v2
" p3(r) FV2<r<yV3
1 else

where

2 1 1
pi(r) = 3 2r? — 57“4 + §(8r2 +1)vr2 -1

2 2
4+2r2sin~t <2 1)+ , (3.34)
r sin’1<%—1>
I +tan | ———+
1w +37 6m+1, 8713 3w+3, 1
p2(r) = 30 + 5 T 37“+ 5 r+3r
1 2 44 16
+2rtsin™t /1 - 3 + (15 — ETQ _ 5r4> r2 1
1 2
—2r*sin ™! <> — rtgin™! (2 — 1>
r r
16
3 (1 + tan (% sin—! (r% — 1)))3
4
+ , (3.35)
(1 + tan (% sin—! (r% — 1)))2
| -1]
1 _li
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2" 15 15 )

2
7“ tan™ 2 + (2 -8 tan"t /12 — 2

3 — 2
—(2r* — 4r?) sin™ \/ (r* 4 2r%) sin ™! <7’2 _r1>
t + 812t L
7“ an~ \/ r?tan~ !/
_ 2 2 r2_9
4 /
+(2r* — 47?) sin~ )))3

4 , (3.36)

(1+ tan (4 sin? (fgjj))f

7 1 2 44
p3(r) = —E+9* L~ —3T4—r6+<6+2+8r4> 2 — 2

1 + tan (% sin™ (

Proof: See Appendix I. (]
It is worth noting that p;(r), p2(r), and p3(r) increase monotonically with r (see
Fig. 3.4).

‘We now state our main result.

Theorem 16 Under the assumption A1, A2, and A3, the output sequence {D; =
Y ) }7° of LRM-CG converges globally to the Euclidean distance matrix D ( lim |D;—
1—00
D||r = 0) with the probability at least

1-—
1 —exp <— <(1—c)10g< ) + clog ( >>> (3.37)
I=p p
for some constant c satisfying 0<c<1 and c<p.

Remark 3 From Lemma 15, we see that p gets close to I as the radio communication
range r increases. Thus, as shown in Fig. 3.5, the chance of recovering D increases

with r.

Remark 4 Theoretical guarantee on the recovery of a matrix has been provided by

Candes and Recht in [5], and later improved in [6, 41]. In short, if entries of a
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(b)

Figure 3.5: The Euclidean distance matrix D can be recovered with overwhelming

probability in (a) 2D and (b) 3D Euclidean space when r is large.
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matrix are chosen at random, then the n X n matrix with rank k can be recovered
with overwhelming probability as long as the number of measurements m follows
m = O(kn'?log(n)). The analysis in these works is based on the assumption that
observed entries are sampled i.i.d. ( and follow Bernoulli or uniform distribution).
Whereas, our analysis does not require independence assumption among the sampled
entries of D since the elements of D are related. In other words, random variables
d0i; do not need to be independent. For example, consider the scenario illustrated in
Fig. 3.6. Since the sensor node 4 is located inside the triangle formed by three sen-
sor nodes (nodes 1, 2, and 3), one can see that diy < max(di2,d13). Thus, if di2
and dy3 are already known (i.e., dio < r, dis < r), then so is dy4. In other words,
P(014 = 1012 = 613 = 1) = 1, while P(014 = 1) is not necessarily one. In our work,
we do not put any assumption on the independence of the entries of D yet show that

D can be recovered exactly with overwhelming probability when r is large.

Following lemma is useful to prove Theorem 16.

Lemma 17 For a given matrix A, if the diagonal entries are zeros (i.e., a; = 0 for

all i) and || A||p<oo, then there exists a constant t (0<t<1) satisfying
AR < [Pe(A)lIE, (3:38)

with the probability at least 1 — exp (— ((1 — mt) log (%";f) + mtlog (%)))for

some constant m > 1, provided that 0<mit<p<1.

Proof: See Appendix J. U

Proof of Theorem 16: Let A = D; — D. Then from Lemma 17, we have

|D; —=Dllr <

1
< %HPE(DU —Pe(D)||r (3.39)

with the probability at least 1 — exp (— ((1 — mt) log (11:";'5) + mtlog (m?t))) for

some constant 1 satisfying m > 1 and 0<m<%. Combining this with lim [|Pg(D;)—
1—00

-+
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Pr(D)||7 = 0 (Theorem 11), we can conclude that

lim |D; — D||r =0,
1—>00

with the probability at least 1 — exp (— ((1 —¢)log (

<+ clog (<)) where

c=mt.

3.5.3 Discussion on A3

In this section, we show that the assumption A3 (c|gradf(Y;)||% + e>||Vy f(Y3)||%
for some c>1 and e>0) holds true with overwhelming probability when r is large. Note

that when € is sufficiently small, one can simply put c||gradf(Y;)[|% > | Vv f(Y:)|%

which is the strict form of A3. Intuitively, if the generated sequence of Riemannian
gradient goes to zero (lim ||gradf(Y;)||r = 0), so does the corresponding sequence
11— 00
of the Euclidean gradient (lim ||Vy f(Y;)|[z = 0). In order to show this, we first
71— 00

need to define the coherence, a measure of concentration in a matrix [5].

Definition 5 (Coherence [5]) Let Q) be a subspace of R" of dimension k and P be

the orthogonal projection onto Q). Then the coherence of Q) is defined by

wQ) =

n
& max [Poei3

Consider a matrix A of rank k£ whose singular value decomposition is given by

k
A=UxV"=> ouv/, (3.40)

where U = | u; .- uy, | and V = [ Vi e Vi } are the matrices con-
structed by the left and right singular vectors, respectively, and X is the diagonal
matrix whose diagonal entries are ;. From (3.40), we see that the concentration on
the vertical direction (concentration in the row) is determined by u; and that on the

horizontal direction (concentration in the column) is determined by v;. For example,
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— ' Nd

1 3

Figure 3.6: Suppose that the sensor node 4 is inside the triangle formed by three sensor
nodes 1, 2, and 3. Then for a given r, it can be shown that di4 < max(d;2,d13),
and thus P(d14 < r|di2 < 7r,d13 < r) = 1 which is not necessarily equivalent to

P(d14 S r).
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T
if one of the standard basis vector e;,saye; = | 1 0 --- (O | ,lies on the space

spanned by uy, - - - , uy while others (es, es, - - - ) are orthogonal to this space, then it
is clear that nonzero entries of the matrix are only on the first row. Since we need to
check the concentration on both vertical and horizontal directions, we need to inves-
tigate both 1(U) and p('V). In this regard, the coherence of a matrix A is defined by
(5]

H(A) = max(u(U), u(V)). (3.41)
In particular, if A is a positive semidefinite matrix, then it is clear that U = V and

thus u(A) = p(U).

Theorem 18 Suppose 1(Y;) < po for a given matrix Y; € Y. Then, for any ¢>1 and
>0,
c|lgradf(Yo)|E + e[ Vy £ (Ya) |, (3.42)

with probability at least

1—exp <— (me log <1m_€p> + (1 — me) log (1 _p”%))) (3.43)

. . 1—p .
Jfor some constant m satisfying m>0 and 0<m<=_, provided that n > 2cpok.

Remark 5 From Lemma 15, we see that p gets close to I as r increases. Thus, as

shown in Fig. 3.7, when r is large, (3.42) holds true with overwhelming probability.
Following lemmas are needed to prove the theorem.

Lemma 19

IVy F(Y)|[F = llgradf (Y)|| %
< Zz&j\ < B,eief >< B,e. el >
i#£j uFv

<(Z-¢P

rop)l(eie]), lewey) > |, (3.44)

where B = g(Y) — D and I[(A) = 2eye(Sym(A)1) — 2Sym(A).
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Figure 3.7: The condition (3.42) holds true with overwhelming probability when the

radio communication range r is large.
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Proof: See Appendix K. U

Lemma 20 Ifn? > 4cu(Y)%k? and i # j, then

4ep(Y)%k?

T T

| < (Z —cPp yp)leie;),l(eej) > | =4 (1 v (3.45)
where ¢>0 and [(A) = 2eye(Sym(A)1) — 2Sym(A).

Proof: See Appendix L. ([
Lemma 21 Let 61,99, - - , O be identically (not necessarily independently) distributed

Bernoulli random variables with P(6; = 1) = p and P(6; = 0) = 1 — p. Also, let
ai,as,--- ,an be positive values. Let q be the largest integer obeying 29 < N. Then,

for any >0,

P(é §ia; > €) < exp <_ (me log (J’fp) + (1 me) log (1 —pme>>) :

(3.46)

N PR—
72221:; T With A, = min a;, provided that 0<me<1 — p.
min 7

where me =
Proof: See Appendix M. U

Now, we are ready to prove Theorem 18.

Proof: [Proof of Theorem 18] Let

I = |Vyf(Y)lE = ¢|lgradf (Y%,
sij = < g(Yl) — D,e,-e? >,
and
9ij = Z |Sij5uv < (I — CQPTYii)l(eie]T),l(euef) > ‘
uFv
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In this proof, we will show that P(I < ¢) is lower bounded by the quantity in (3.43).
First, since I < ) 0;;g;; from Lemma 19 and hence P(I < €| ) 0;50i;j < €) =1,
j i#j

i#]
we have

P(Z 0ij9ij <€) = P(Z di59i5 < €)P(I <€ Z5ijgij <€)

7 i oy
= PI<e) 6jgij<e)
i#i
= P gy <elI<e)P(I<e)
i#i
< P<e) (3.47)

What remains is to find out a lower bound of P(}" d;;9i;; < €). Equivalently,
i#j
we find out an upper bound of P() d;;g;; > €). First, in order to use Lemma 21,
i#j
we need to find a lower bound of g;; for (i,5) € Q (Q = {(4,7) : si; # 0}). Let

s = min_|s;;|, then
(1.5)€2

gj = Y lsijsuw < (T—Pp p)l(eie]),l(esey) > |
UFAV
> ]s?j < (- czPTYj;)l(eie]T),l(eie]T) > |

—

Ve

) 452 (1 —4u(Y:)%k* /n?)
> 4s® (1 — 4 pgk? /n?)

where (a) follows from Lemma 20. Now using Lemma 21, we have

P(Z 0ij9ij > €)
i#]

< exp < (me log <1m_ep> + (1 —me)log (1 —pme>>> ,  (3.43)

where m = (30; e 9ij — €)/(2%c1) (e1 = 45 (1 — 4c®ughk? /n?)), provided that

0<m<1%p and n > 2cpuok. Here, g is the largest integer obeying 27 < |Q (|€2| being
the cardinality of €2). From (3.47) and (3.48), and noting that P(}_ d;jg;; < €) =
i#]
1 — P() 0ijgi; > €), we get the desired result. O
i#]
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Chapter 4

Extended LRM-CG for The Outlier Problem

In many practical scenarios, observed pairwise distances can be contaminated by the
outliers. It might be due to various reasons, including the power outage, obstacles,
adversary attacks, hardware (Tx/Rx) malfunction, to name just a few. In general, the
presence of outliers might reduce localization accuracy, resulting in incorrect locations
of sensor nodes. As a motivation example, we consider 4 sensor nodes with the true

observed distances given as (see Fig. 4.1)

0 5 13 7

5 0 2 10
Do = )

5 2 0 2

?7 10 2 0

where ? marks the unknown distance dy4. Without the outlier, one can easily find out
dyq = V/17. Now we suppose that the distance di2 between the node 1 and node 2 is
contaminated by outlier. That is, we use an arbitrary number to substitute the true value
of dy9, say, dis = 9. As a result, the reconstructed distance 314 = /13, which has a
large reconstruction error. This obviously leads to the wrong location of the sensor
node 1 (see Fig. 4.1).

In this chapter, we extend the proposed LRM-CG algorithm to solve the outlier

problem in IoT localization. We first present the outlier problem model, and then show
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Unknown

Sensor 1

distance

Sensor 4

True
N

distance

Sensor 1

AY
14— Wrong location

Sensor 4

(b)

Figure 4.1: Outliers might reduce the localization accuracy: (a) accurately recon-
structed locations when there is no outlier and (b) inaccurate locations in the presence

of outliers
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the extended LRM-CG in detail. Finally, we show the simulation results of both LRM-

CG and its extended version.

4.1 Problem Model

In general, an entry d7; of the observed matrix D, is called an outlier if d7; # d;; [92].
Often we use the relaxed definition using the tolerance level p of observation error.
That is, df; is defined as an outlier if |df; — d;;|>p. Since the outlier often degrades
the localization performance severely, we should control it in the recovery process. To
be specific, we model the observed distance as d% = d;j +l;; (I;; is the outlier). Thus,
Pr(D,) = Pr(D+L) where L is the outlier matrix. Since L is considered as a sparse
matrix, we can modify the problem in (3.6) as

min W o (Pe(g(Y) + Pu(L) - Po(D)} + 7Ll @D

Yey
LeRnXTL

where ||L||, is the number of nonzero entries of L and 7 is the regularization factor
controlling the tradeoff between the sparsity of L and the consistency of the observed
distances. Since ||L||, is nonlinear and non-convex, we instead use the convex surro-
n n
gate [|L[|; = 3° 21 |lij

i=1j=

, and thus

. 1
g, SIW @ (Pe(9(Y)) + Pp(L) = Pe(Do))llF + 7l|Li- (42)
S

LeRTLXn

Thus, the modified cost function is f = WO (Pe(9(Y))+Pr(L)—Pr(D,))||%+
7L

4.2 Extended LRM-CG

In order to solve the outlier problem, we use a slight modification version of the pro-

posed LRM-CG and update the solutions Y and L of (4.2) in an alternating manner.
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To be specific, the problem in (4.2) can be solved iteratively using alternative mini-

mization as

1
Y11 = arg min §HW ©® (Pe(9(Y)) + Pr(L;)

Yey
~PeDu)|IF + 7||Lillx (4.3)
1
Liyi = arg min —|W o (Pe(9(Yis1)) + Pe(L)
LeRan 2
~PeD,)|F + 7IIL|1. (4.4)

The subproblem in (4.3) can be solved using the proposed LRM-CG with simple mod-
ifications of the cost function and the residual matrix R; in Algorithm 1. The modified
residual is

R, = WO WO (Pr(g(Y:)) + Pe(L;) — Pr(D,)). (4.5)

Note that Pg(L;) is added to the original residual R,;.
The subproblem in (4.4) can be solved using the soft-thresholding operator, which
gradually truncates the magnitude of the entries of a matrix [93]. For a given matrix

A, the soft-thresholding operator output 7 (A) is defined as

Wi Q55 —T .
7”1022] if wijaij Z T
ij
) Wi Qi +7 -
T(az]) - % if Wi Qi < -7
0 else

Using the soft-thresholding operator, the solution of (4.4) is given by [93]
Lit1 = T(W © (Pe(Do) — Pr(9(Yit1))))- (4.6)

In the sequel, we call this modified version of LRM-CG as the extended LRM-CG
(ELRM-CG) (see Algorithm 2).

In addition, by extending the convergence analysis of LRM-CG, we can readily
obtain the convergence guarantee of ELRM-CG. First, for the subproblem (4.3), we
can trivially extend the convergence analysis of the problem (3.6) in Section 3.5 and

then have h(Y;4+1,L;) < h(Y;,L;) where h is the cost function of (4.2). Second, for
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Algorithm 2: ELRM-CG algorithm

1 Input: D,ys: the observed matrix,
‘W: the weight matrix,
‘PEg: the sampling operator,
¢: tolerance,
p € (0 1): given constant,
T': number of iterations.
2 Initialize: : = 1,
Y, € Y, E; € R™*": initial points,
P : initial conjugate direction.
3 While: <T'do
4 R;=WoWOo (Pe(g(Yi)+ Pr(Li) — Pe(Dobs))
5  Vy/f(Y;) = 2eye(Sym(R;)1) — 2R,
6 gradf(Y,) = Pr, 5(Vy/(Y)
7 Hi=gndf(Yi) - Pr, 5(gadf(Yio1))
8 h=<P; H; >
9 Bi = 75 < hH; — 2P;||H;||%, grad f(Y;) >

10 Pz = —gradf(Yi) + BiPTyj(Pi—l)

11 Find a stepsize a;>0 such that

F(Yi) = F(Ry, (0iPy)) > —pa; < grad f(Y;), P >
12 Y11 = Ry, (o;P;)
13 L1 =T(Wo (Pe(D,) — Pr(9(Yit1))))
14 D1 =9g(Yis1)
15 If {[Wo (Pe(Dit1 + Eit1) — Pe(Dobs))|| r<e then
16 Exit from while loop
17 End If
18 Obtain Q and A using the eigendecomposition
Yii1 = QAQT
19 X=QAY?
20 t=1+1
21 End While
22 Output: X
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the subproblem (4.4), we can compute L;;; in one step using the soft-thresholding
operator in (4.6) and thus we always have h(Y;+1,Li+1) < h(Y;t1,L;). Combining
these, we have A(Y;41,Lit1) < h(Yit1,L;) < h(Y;, L;) for all 4, which ensures the
convergence of ELRM-CG.

4.3 Numerical Evaluation

In this section, we test the performance of the proposed LRM-CG and its extended
version ELRM-CG. In our simulations, we compare LRM-CG with following matrix

completion algorithms:

e APG [94]: an algorithm to solve the robust PCA problem via an accelerated

proximal gradient method.

e LRGeomCG [20]: this algorithm can be considered as the CG algorithm defined
over the Riemannian manifold of low rank matrices (but not necessarily positive

definite).

e SVT[10]: an algorithm to solve the NNM problem using a singular value thresh-

olding technique.

e TNNR-ADMM [18]: an algorithm to solve the truncated NNM problem via an

alternating direction method of multipliers.
Also, we compare LRM-CG with the following localization algorithms:

e MDS [78]: this is a multiscaling dimensional algorithm based on the shortest

path algorithm and truncated eigendecomposition.

e SDP [95, 96]: an algorithm to solve the localization problem using a convex

relaxation of nonconvex quadratic constraints of the node locations.
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4.3.1 Simulation Setting

In our experiments, we generate an n X k location matrix X whose entries are sam-
pled independently and identically from a uniform distribution in the interval with 50
meters. Using X, we then compute the Euclidean distance matrix D = g(XX7). As
aforementioned, an entry dfj of D, is known (observed) if it is smaller than the radio
communication range (i.e., d7; < r). In the scenario with observation error, an obser-
vation error matrix N € R™*" is added to D. In general, the accuracy of the observed
distances is inversely proportional to the true distances [97, 80]. In our simulations,
we employ the RSSI-based model in which the cumulative effect of many attenuation
factors of the wireless communication environment results in a log-normal distribu-
tion of the received power [97]. Specifically, let § be a normal random variable with
zero mean and variance o35. Then, each entry n;; of N is n;; = (nloﬁ — 1)d;;
where ¢ is the constant dB error in the received power measurement, n, is the path loss

o2z 10
- 2 . .
parameter, and k = 10  ?°"» is a constant to enforce the unbiasedness of the ob-

served distances (i.e., E[n;;] = 0). In measuring the performance for each algorithm,
we perform at least 1000 independent trials.

For initialization of the parameters in the proposed LRM-CG, we simply generate
the initial entries of X and L at random according to the standard normal distribution.
In the simulation with observation errors, we choose the weight matrix to suppress
the large magnitude errors. For the (i, j)-th entry w;; of W (see (3.3)), we consider
two settings. To account for the RSS-based measurement model, we set w;; inversely
proportional to the error term [df; — d;;| as

exp(—|df; — dig|T) if (i,5) € E

0 else

where c?ij = d‘?jc3/4/(1 +1/¢!/8 — 1)%is an estimate of d;;'. When we do not use the

1,

'Using the moment method, we obtain the approximate distance gﬁ by solving (dfj)l/ 4 x

E[(d;))"*] + y/Var((dg)'/4).
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RSS-based measurement model, we set w;; = 1 for (¢, j) € E and zero otherwise.

4.3.2 Convergence Efficiency

As performance measures, we use the mean square error (MSE) and the root mean

square errors (RMSE), which are defined respectively as

1 ~
MSE = ———|D-D|,

1 ~
RMSE = |3 (d;; —dy)*

i g
Note that the number of non-trivial entries of D is n?> — n since the diagonal elements
are zero (i.e., d;; = 0). Also, in order to compare the localization performance of the

proposed algorithm, we use the mean square localization error (MSLE):

1 o~
£ = Total unknown nodes Z [1%i = |2

All unknown nodes i
In Fig. 4.2, we plot the log-scale MSE as a function of the number of iterations for
the 2-dimensional sensor networks. Note that the results are obtained for the scenario
where 200 sensor nodes are randomly distributed in 50 x 50m? square area. We ob-
serve that the log-scale MSE decreases linearly with the number of iterations, meaning
that the MSE decreases exponentially with the number of iterations. For example, if
r = 35m, it takes about 60, 80, and 100 iterations to achieve 10~1, 1073, and 1075,
respectively. Also, as expected, required number of iterations to achieve the given per-

formance level decreases with the radio communication range 7.

4.3.3 Performance Evaluation

In this subsection, we investigate the recovery performance of LRM-CG for scenarios
with and without observation error. In Fig. 4.3, we plot the performance of the scenario
without the observation error as a function of the sampling ratio, which is defined as

the ratio of the number of observed pairwise distances to total number of pairwise
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Figure 4.2: The MSE performance of LRM-CG for £ = 2 (2-dimensional location

vectors).
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Figure 4.3: The MSE performance of the matrix completion algorithms for scenario

without observation error for (a) 2-dimensional and (b) 3-dimensional location vectors.
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distances. Here, the sampling ratio is controlled by the radio communication range
2. We observe that LRM-CG outperforms conventional techniques by a large margin,
achieving MSE < 10~° using 40% of measurements.

In Fig. 4.4, we plot the performance of LRM-CG as a function of o45/n,. In this
experiment, sensor nodes are randomly distributed in 50 x 50m? square area (k = 2)
and 50 x 50 x 50m?® cubic space (k = 3). We set the radio communication range
r = 30m, resulting in 125 and 84 average connections per node for k = 2 and k = 3,
respectively. While the performance of conventional matrix completion algorithms is
poor (i.e., RMSE > 5m) in mid and high o45/n,, regime, the performance of LRM-
CG is still good in small o4 /n, regime, achieving RMSE being less than 2.5m when
oap/npy < 1.5.

We next investigate the localization performance of LRM-CG. We compare the
performance of LRM-CG with the APG, LRGeomCG, SVT, TNNR-AMMD, MDS,
and SDP-based algorithm [95]. In this experiment, 50 sensor nodes are randomly dis-
tributed in 50 x 50 x 50m® (k = 3) and 4 anchor nodes are used to reconstruct the
global node locations. The stopping threshold ¢ of LRM-CG is set to 1078, Since the
reconstructed matrix of the conventional matrix completion algorithm including APG,
LRGeomCG, SVT, and TNNR-AMMD, is not necessarily an Euclidean distance ma-
trix, we use the MDS technique [78] as a post-processing to project the output matrix
on the Euclidean distance matrix cone. In Fig. 4.5, we observe that conventional lo-
calization algorithms perform poor (MSLE > 5m) for mid and high 045 /n, regime,
but the proposed LRM-CG algorithm performs well in low 045 /1, regime, achieving
MSLE being less than 3m for o45/n, < 1.

We next examine the running time complexity of the algorithms under test as a
function of the number of sensor nodes. In our simulations, we set the maximum iter-

ation number to 200 and the stopping threshold e of the matrix completion algorithms

%In 2 and 3-dimensional Euclidean spaces, it can be shown that the sampling probability (sampling

ratio) can be expressed as a non-decreasing function of r (see Appendix B in Supplementary Material).
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Figure 4.5: The RMSLE performance of the algorithms for 3-dimensional location

vectors.
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of n x n rank-k matrix.

Table 4.1: Computational complexity of the matrix completion algorithms in recovery

. Total computational
Major .
Algorithms computation con.lplex.lty
per iteration
APG Soft-thresholding SVD O(kn?)®
LRM-CG Truncated EVD O(k*n + k|E))
LRGeomCG Truncated EVD O(k*n + k|E|)
MDS Truncated EVD O(kn?)
SDP Convex operator O(n?)
SVT Soft-thresholding SVD O(kn?)
TNNR-ADMM | Soft-thresholding SVD O(kn?)

“Note that k is the number of singular values being larger than the threshold

used in the soft-thresholding based SVD technique [94, 10, 18].
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to 1076, From Fig. 4.6, we observe that the running time of the SDP-based technique
is fairly large since it should solve the primal and dual problems using SDPT3 solver
[47, 98]. The running time of APG, LRGeomCG, MDS, and the proposed LRM-CG
is more or less similar when n < 200. In Table 4.1, we summarize the computational
complexity of the algorithms under test in terms of flops. We observe that the com-
putational complexity of LRM-CG is linearly proportional to the problem size n and
the number of the observed distances | F/|, and thus competitive with the conventional

approaches.

4.3.4 Outlier Problem

We next investigate the performance of the proposed LRM-CG algorithm and its ex-
tended version in the presence of outliers. When the outlier ratio 4 is given, we ran-
domly choose a set of the observed distances and replace this set by a set of random
numbers. In this experiment, sensor nodes are randomly distributed in 50 x 50m?
square area. In our simulation, we consider the scenario in which the magnitude of
outliers is comparable to the distance level. We could observe that the extended LRM-
CG outperforms the original LRM-CG, achieving MSLE being less than 0.5m up to
the 20% outlier ratio (see Fig. 4.7).

In order to show the robustness of the proposed LRM-CG algorithm, we also plot
the histogram of the localization error ||X; —x;||2 for two outlier ratios (# =0.1 and 0.3).
In Fig. 4.8, we observe that the localization error of the extended LRM-CG is much
smaller than that of the original version. For example, when 6 = 0.1, the extended
LRM-CG reconstructs most of the sensor locations with the error being less than 0.5m

irrespective of the outliers.

4.3.5 Real Data

In this subsection, we examine the performance of the proposed LRM-CG algorithm

using real measurements. In this simulation, we use the RSS-based measurement model
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Table 4.2: Localization errors with real measurements.

MSLE (m)
Average .
r > . SDP with
(m) connectcllon oG Extended ast lc?llljt\g lctgst least square
er node | LRM- i} .
p LRM-CG function [95] | €Ot function
[96]
5.5 14 5.4893 4.9860 4.5038 3.7241
7.5 22 5.2796 49170 3.1287 3.3394
9.5 30 2.9917 2.8620 2.9274 3.0526
11.5 37 2.2636 2.2023 2.6272 2.5151
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in [97]. This network consists of 44 sensor nodes randomly distributed in the 14 x 14m?2
square area and the transmit signal is generated via a wideband direct-sequence spread-
spectrum (DSSS) operating at a center frequency of 2.4 GHz. For a given radio com-
munication range r, we assume that dfj is known if d;; < r and unknown otherwise.
We observe from Table 4.2 that the performance of the proposed LRM-CG is compa-
rable to the SDP techniques in [95, 96]° when r = 9.5m.

3The SDP-based techniques have various cost functions. In [95], the cost function is expressed as a
sum of absolute errors in terms of the observed distances while that in [96] is a least squares function.

" :
1 © 1]
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Chapter 5

LRMUC Via Graph Neural Network

In previous chapters, we present the proposed LRM-CG algorithm to reconstruct the
Euclidean distance matrix, which has the underlying Riemannian structure. We have
shown that such additional structure can be used to significantly improve the recov-
ery performance of LRMC in localization. In the same spirit, we propose a LRMC
scheme, referred to as graph neural network-based LRMC (GNN-LRMC), to recon-
struct the rating matrix in recommendation systems using its underlying graph struc-
ture. Recall that the rows and columns of the rating matrix are often indexed by users
and products, respectively. In the user graph, users are represented as vertices and the
(undirected) edge connecting two user nodes shows the correlation between the users’
favorite products (see Fig. 5.1). Similarly, we use the product graph to represent the
correlation among the products in term of their similar properties (e.g., color, appear-
ance, and utility).

Such additional graph structure of the data can be easily incorporated into the
matrix completion setting. To be specific, we can express the low-rank matrix M as
M = UVT € Rm*"2 where U € R %k V € R™*k and k = rank(M). Here,
U and 'V can be related to the user and product graphs, respectively. For example, the
rows of U are indexed by the nodes in G,, each row is assigned as multidimensional

data for the corresponding node. The correlation between the row vectors of U would
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Figure 5.1: User graph with nodes indexed by user IDs and edges to show the correla-

tion between the users’ favorite products.
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be matched to the edge weights in the graph!. Similarly, V can also be characterized
by the column graph G, (see Fig. 2.7). Thus, the LRMC problem can be reformulated
as the problem to reconstruct the row and column graphs of M. While it seems that
the graph reconstruction problem is as difficult as the original problem, the low-rank
property of M allows each node value to be updated based on the local connectivity of
the corresponding node (see Fig. 2.7). In other words, convolutional neural networks
(CNN) can be readily used to update the node values by performing the convolution
across the graph domain [99, 100].

In recent years, graph-based CNN, referred to as graph neural network (GNN),
has been proposed [73, 101, 102, 103]. In GNN, convolutional layers are first used
to extract meaningful features in the graph and then a proper output model is used to
map these features to the reconstructed low-rank matrix. This approach benefits from
its low computational cost since just a few number of the shared weights are needed
in the convolution. However, in the conventional GNN-based LRMC techniques, the
key assumption is that the graph connections are pre-defined precisely and given as a
priori in the training process, which might be impractical in real scenarios [22, 73].

Our main goal is to propose the GNN-based LRMC scheme, referred to as GNN-
LRMC, to reconstruct the row and column graphs of M (and eventually recover M
itself). Our approach is motivated by recent results in GNN, which deploys multiple
GNN layers to extract the feature and then update the node values using a fast and
localized filter defined in the graph Fourier domain [73, 101]. In GNN-LRMC, an
adaptive model is used to update the graph connections using the extracted features.

In this chapter, we first present the graph model of the low-rank matrix and then

show the proposed GNN-LRMC in detail.

"When the weight is zero, there is no connection between two nodes in the graph.
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Figure 5.2: (a) Graph model of M = UV? and (b) the value of each node updated
based on the local connectivity of this node. Each row u; or v; is the vector-valued
representation at each node. N;(u;) is the t-hop neighbors of u;, the nodes with the
shortest path to u; not being greater than ¢. In GNN, a polynomial filter of degree 3

affects on a local area of u;, i.e., N3(u;).
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5.1 Graph Model

We consider the LRMC problem in which the desired low-rank matrix M € R"™ *"2
possesses an additional graph structure [22]. To be specific, let M = UV, and also
let G, = (V;, E,,W,) and G. = (V,, E., W_) be the row and column graphs of M,
respectively. Here, V. and V, are vertex sets, E, and E, are edge sets, and W, and W,
are the weight matrices. We suppose that there exists the mappings f, : V,, — R¥ and
fo : V. — R¥ such that f,(v,.;) = ug fe(vej) = vj where v € Vi, v € Ve, and u;
and v; are the i-th row and the j-th row of U and V, respectively. In practice, f, and
fe are nonlinear functions and might not need to have closed-form expressions. Our
main problem is to learn f, and f. in a supervised manner using GNN and eventually
reconstruct M. As aforementioned, W, and W, are also adjusted during the learning

process of f,- and f. to avoid the graph model mismatch.

5.2 Proposed GNN-LRMC

In GNN-LRMC, we first initialize G, and G, using trainable matrices U, and V,,
respectively. An adaptive model is used to update the graph connections of G, (and
also G.) using a modified full-connection neural network. In this model, the weight
matrices of G, and G, are updated by applying a nonlinear activation function to nor-
malized Euclidean distance matrices of U, and V,, respectively. A proper choice of
the activation function (e.g., rectified linear unit (ReLLU)) allows us to maintain the
sparsity of the graphs and thus reduce the computational cost of the proposed scheme.
To update the node values of the graphs, our approach is motivated by recent results
in GNN, which deploys multiple GNN layers using a polynomial filter defined in the
graph Fourier domain [73, 101]. In the graph domain, such filter is expressed as a
polynomial function of the graph Laplacian matrix, which is used to update each node
value by performing the convolution between the shared weights and the values of the

neighboring nodes of this node. In our approach, we express the filter in term of a
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normalized Laplacian matrix and show that this filter can be used to maintain the DC
component and thus stabilize the learning process. The filter paramters as well as U,
and V, can be updated using a back propagation with a training cost function based
on the Frobenius norm minimization in LRMC.

The main procedures of GNN-LRMC are (see Fig. 5.3):

1) Initialize U, and V, at random and assign each row of U, and V, to each

vertex of the row graph G, and the column graph G, respectively.

2) Build the graph connection by computing the weight matrices W,. and W using

full-connection neural network-based adaptive models (see Subsection 5.2.1).

3) Extract the feature matrices U and V by performing a graph-based convolution

operation on G, and G, respectively (see Subsection 5.2.2).

4) Update M by feeding the feature matrices U and V to an output model (see
Subsection 5.2.3).

5) Compute the loss function in (5.15) and (5.16) using the updated features and
the weight matrices and perform the back propagation to update U, and V, and

the filter parameters.

6) Repeat the above procedures until the value of the loss function is smaller than

a pre-chosen threshold.

In the next subsections, we discuss on three fundamental components of our pro-
posed scheme in detail. They include 1) full-connection neural network-based adaptive
models to update the weight matrices, 2) multilayer GNN to extract the features across
the graph domains, and 3) an output model to reconstruct the low-rank matrix M using

the updated features.
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Figure 5.3: Block diagram of the proposed GNN-LRMC.
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5.2.1 Adaptive Model

In the conventional techniques, the weight matrices W,. and W, are often computed in
a pre-processing procedure and then provided to GNN models as a priori. As a result,
the mismatch of the pre-processing model might degrade the learning performance of
the GNN. To overcome this issue, we propose an adaptive model to adjust the weight
matrices based on full-connection neural network.

To be specific, W, and W, can be learned using a simplified full-connection neu-

ral layer. In the training process, the update expressions of W, and W, are

W, = 0(Cuy+b,1?) (5.1

W. = 0(Cy, +b,17), (5.2)

o is the rectified linear unit (ReLU) activation function and C,, and C,, are the
correlation matrices of two trainable variables U € R"™1%ko and V e R"2*ko re-
spectivelyz. Here, we compute the correlation matrix C,,, (respective C,,) using the
Euclidean distance matrix D,, of the trainable variable U, € R"™ *ko (respective D,

of V,, € R"2%ko) a5 [23]

1
Cuu = —— (Dy — 0, 117), (5.3)
Bu
1

=3 >_;j[Dulij and B, = max;;[Dy];; are used to make D, centralized

where o, = —5
ny

and normalized.

5.2.2 Multilayer GNN

One important issue in the GNN-based LRMC approach is to define a graph-based con-

volution operation to extract the meaningful features across the graph domain. Since

2Note that the dimension k, of U, is not necessarily the same as the dimension k of U. This is
because in practice the graph models of M might be characterized using more degree of freedom (DOF)

than the DOF of M itself.
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the input data ;- and G do not lie on regular lattices like images, classical convolu-
tional neural network (CNN) cannot be directly applied to GG, and G. One practical
way is to define the convolution operation in the Fourier domain of the graph.

To be specific, the Fourier transform of a graph can be computed using the (nor-
malized) graph Laplacian. For simplicity, we show the useful expressions related to
G, The similar expressions of G, can be easily derived. Let R, be the graph Laplacian
of G, (e, R, = I — D, /W, D, /2 where D, = diag(W,1,,,x1)) [102]. Then,

the graph Fourier transform F,.(U) is defined as
F(U)=QU, (54)

where R, = QTATQ,? is the eigen-decomposition of the graph Laplacian R, [102].

Also, the inverse graph Fourier transform 7,1 (U’) of U’ is defined as®
FH(U)=QU" (5.5)

Let g(@) € R™ be the filter characerized by the parameter vector & € RY, then the

output Z of the graph-based convolution is defined as [102, 101]
Z = 9(0)+U = F, ' (F:(9(6)) © (1)), (5.6)

where © is the Hadamard product (element-wise product). From (5.4) and (5.5), (5.6)
can be expressed as
7= Qr(fr(g(a)) © QZU)
= Qrdiag("rr (9(0)))Q7TU

=Q,GQ!U, (5.7)

where G = diag(F,-(¢g(0))) is the diagonal matrix of filter parameters defined in the

graph Fourier domain. Conventional settings of G include:

e Non-parametric filter: G = diag(0).

3One can easily check that 7, (F,.(U)) = U and F,.(F,}(U")) = U".
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q=1 4
e Polynomial filter of Laplacian eigenvalues: G = ) 6; Al From (5.7), we have

1=0
q—1 q—1
Z=>) 6QAQ U=) 6R/U (5.8)
=0 =0

q—1 ~
e Polynomial filter of Chebyshev basis: G = > 6,T;(A,) where T; is the Cheby-
i=0
shev polynomial of the i-th order* and A, = —2—A, — L Then (5.7) can be

max \;
K2

expressed as
q—1 _
Z=) 60,Q.T,(A)QU. (5.9)
i=0

Among the possible choices of G, non-parametric filter is the most simple and
straightforward way. However, since this filter performs on all the graph vertices, it
has no locality property as in the conventional convolutional neural network (CNN).
In contrast, it has been shown that polynomial filters are exact g-localized filters® [102,
101]. Also, the computational cost of the Chebyshev polynomial filter can be further
reduced using a recurrent update procedure [101].

Note that (5.8) and (5.9) use the symmetric normalized Laplacian R, to learn the
dissimilarity between the rows of U. It can be shown that the eigenvalue spectrum of
R, carries a notion of frequency on the graph domain. However, it might not handle
the DC component well. To be specific, let y; be the ¢-th row of Y = R, U, which is

the extracted feature in the neighborhood of u;. Then we have

ye=(1— D Apu+ > Ayl —uy), (5.10)

J:(tj)EE, J:(tj)EE,

*Chebyshev polynomial T;(A) of order i (¢ > 2) is computed using the recurrent expression T} (A) =

2AT;_1(A) — T;—2(A) with To(A) = Tand 71 (A) = A where A is a diagonal matrix.
>The filter affect on the neigboring nodes of a node the (m,n)-th entry [R%],, vanishes (i.e.,

[Ri];mn = 0) when the minimum number of edges connecting two vertices m-th and n-th is larger

than q.
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where \y; is the (t, j)-th normalized weight of A = D; "/*W,D; /% In (5.10), the
DC component (1 — >, Aj)u; might vanish when }_; A;; = 1. Also, in most of
practical situations, it might require that this DC component is dominant in (5.10) to
stabilize the learning process. To overcome these issues, we proposed multilayer GNN
scheme using an extended version of the polynomial filters based on a generalized

Laplacian. That is,
R,=(1+7)I—-7D,'W, =1+ 7(1-D;'W,), (5.11)
where 7 is some tuning parameter. Using (5.11), we reformulate (5.10) as
yt :ut—l- Z Tth<ut —Uj), (5.12)
j:(t,j)eEr
where y; is the ¢-th row of Y = f{,.U and Xij is the normalized weights of D, w,.
We note that the DC component is also included into (5.8) and (5.9) using the multiple

coefficient §y. However, our approach is distinct from these since we maintain the DC

component based on the generalized Laplacian matrix (see (5.11)).

5.2.3 Output Model

In GNN-based LRMC, output model is a mapping between the extracted feature and
the reconstructed low-rank matrix. To be specific, let (fJ, \A/') be the output of the GNN.

Then, the reconstructed matrix is
M = ¢(UVT), (5.13)

where ¢ is the function representation of the output model. The output model heavily
depends on the data type of M. For example, in recommendation systems, the entry
of M is an integer ranging from 1 to 5. An output model based on a recurrent neural
network (RNN) has been proposed. In our work, to avoid the additional model com-
plexity, we are interested in the simple way to reconstruct the desired low-rank matrix

as M = a(sIAJ\AfT + b117) where s is a scale parameter and b is a offset constant.
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5.2.4 Training Cost Function

In our approach, the training cost function is based on the Frobenius norm minimiza-
tion in LRMC. Let ) be the set of indices of known entries, and also let P be the
sampling operator defined as

aij if (Z,j) €N

[Po(A))i; = ) (5.14)
0 otherwise

Then the training cost function of U and V is

(U, V) = wr gl - ujuz+zwwuvz Vil
(4,9) (4,9)

+ p| Pa( Zuz Po(M)||F, (5.15)

where p is a regularization parameter and w,.;; and w,;; are the entries of W,. and
W, respectively. In other words, we find U and V such that the Euclidean distance
between the connected vertices is minimized.

In our adaptive model, we use a pre-train cost function x(U,, V,) to initialize the

weight matrices W, and W.. That is, we define

H(an Vo) = Z ‘wr,ij - wro,ij| + |wc,z'j - wco,ij|> (516)

]
where wy,;; and w., ;; are the entries of the given weight matrices W, and W,
respectively. We note that the ¢;-norm in (5.16) is useful to enhance the sparsity of

W, and W, as long as W,,, and W, are given sparse matrices.

5.3 Numerical Evaluation

In this section, we investigate numerical performance of the proposed GNN-LRMC
and compare it with the state-of-the-art matrix completion techniques, including ASD,

NIHT, SET, SVT, sSRMGCNN, and TNNR-APGL [22, 73]. As performance measures,

123



0.9

—— ASD
0.8 —=— GNN-LRMC
—— NIHT
0.7 SET
—— TNNR-APGL
0.6
i 0.5
wn
2 0.4
031
021
0.11
0.0 : : , , : —
03 0.4 0.5 0.6 0.7 0.8 0.9

Sampling Ratio

Figure 5.4: RMSE performance of the LRMC algorithms.
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Table 5.1: RMSE performance of the matrix completion algorithms using Netflix

dataset.

n=5000 | n=1000 | n=500

ASD 0.2968 0.6892 | 0.8344

GNN-LRMC 0.2233 0.2176 | 0.2375

NIHT 0.2921 0.6309 | 0.7563

sRMGCNN 0.2347 0.2318 | 0.2497

TNNR-APGL | 0.2969 0.8314 | 0.8921

we use the relative mean square errors (RMSE) and the reconstruction accuracy L,

which are defined as

M — M| 1
and L = E Lz —mi 1,
M| 7| A= tma=mial
(i,9)€T

RMSE =

where M is the desired low-rank matrix, ﬁ is the reconstructed matrix, and 7' is the
index set of test entries with the cardinality |7'|. Here, we define /4 as the indicator
function satisfying Iy 4 = 1if A holds true, and otherwise 0. For the implementation
of the proposed GNN-LRMC, we simply use two GNN layers with the filter size ¢ = 5
(see (5.8) and (5.9)).

In our simulation, we generate the entries of M € R™*"2 at random, each entry
an integer ranging from 1 to 5. We set n; = ng = 300 and perform at least 1000
independent trials. The sampling ratio is defined as the fraction of the training entries
to the total entries. From the simulation results, we observe that the proposed GNN-
LRMC outperforms the conventional techniques, resulting in 50% improvement of the
RMSE performance in the small regime of the sampling ratio (see Fig. 5.4 and 5.5).

We also test the recovery performance of the proposed scheme using the Netflix

database [1]. In our experiment, we reconstruct n. X n rating matrix M using 30% of
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the known entries and run simulation for n = 5000, 1000, and 500. From the simula-
tion results, we observe that the proposed GNN-LRMC outperforms the conventional

techniques (see Table 5.1).
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Chapter 6

Conculsion

In this thesis, taking into account of the availability of the rank information, we nat-
urally classified state-of-the-art LRMC techniques into two main categories. In fact,
when the rank of a desired matrix is unknown, we formulated the LRMC problem as
the NNM problem and discussed several NNM-based LRMC techniques such as SDP-
based NNM, SVT, and truncated NNM. When the rank of an original matrix is known a
priori, the LRMC problem can be modeled as the FNM problem. We discussed various
FNM-based LRMC techniques (e.g., greedy algorithms, alternating projection meth-
ods, and optimization over Riemannian manifold) and also presented fundamental is-
sues and principles that one needs to be aware of when solving the LRMC problem.
In particular, we have proposed the LRMC algorithms to exploit the underlying
structure of the desired low-rank matrix so that we can improve the recovery per-
formance of LRMC in real-life applications, including IoT localization and recom-
mendation systems. In IoT localization, we have proposed the LRM-CG algorithm to
recover the Euclidean distance matrix (and therefore the location map) from partially
observed distance information. In solving the Frobenius norm minimization problem
with a rank constraint, we expressed the Euclidean distance matrix as a function of the
fixed rank positive semidefinite matrix. By capitalizing on the Riemannian manifold

structure for this set of matrices, we could solve the low-rank matrix completion prob-
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lem using the modified nonlinear conjugate gradient algorithm. In the scenario when
the observed distances contaminated by outliers, we proposed an extension of LRM-
CG which is efficient in the outlier detection and the reconstruction of missing entry
using an alternating algorithm. We have shown from the recovery condition analysis
that the proposed LRM-CG algorithm converges to the original Euclidean distance ma-
trix in the sampling space under the extended Wolfe’s conditions. We have also shown
from numerical experiments that the LRM-CG algorithm is effective in recovering
the original Euclidean distance matrix while exhibiting reasonable computational cost
scalable to the matrix dimension. In recommendation systems, we have proposed the
GNN-LRMC scheme, which can nicely combine the multilayer GNN and the adaptive
model of the graph weight matrices. Empirical study shows our proposed GNN-LRMC
can significantly improve the accuracy of the low-rank matrix reconstruction and out-
perform conventional techniques.

While in our work, we apply LRMC to IoT localization and recommendation sys-
tems, our proposed algorithms can be easily extended to other LRMC applications in
which the low-rank matrix has some underlying non-Euclidean structure (e.g., graph
or manifold structure). Also, given the importance of the location-aware applications
and services in the IoT era, we believe that the proposed LRM-CG algorithm will be a
useful tool for various localization problems. While our work focused primarily on the
centralized localization scenario, extension to the distributed and cooperative network

scenarios would also be interesting direction worth pursuing.
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Chapter A

Proof of Lemma 6

Proof: LetY bea tangent vector at Y € V,ie,Y € Tyj~). Also, let

B C”| |QT
S = [Q QL] T
c oll|QT

BT =B e Rt Ce R(”_k)Xk}. (A1)

Then, what we need to show is that Y is an element in S. By the definition of Tyji,
there exists a curve y(¢) in ) such that Y = ~(0) and Y = jt'y(t)‘ . For conve-
t=0
nience, we denote y(t) = Z(t). Using the eigenvalue decomposition Z(t) = Q(t)A(t)Q(t)?,

we have

. d
Y - %Z(t) o
= QAQ" +QAQ" + QAQ” (A2)

Since Q7'Q = I, Q is an element of the Stiefel manifold Q@ = {A : ATA =T, A ¢
R™**}. The tangent vector of Q at the point Q is given by [63, Example 3.5.2]

Q=QN+QIK, (A.3)
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where Q is the k x k skew-symmetric matrix (i.e., @ = —Q7) and K is the (n — k) x

(n — k) matrix. From (A.2) and (A.3), we have

Y = (QQ+Q.K)AQ”T + QAQT

+QA(QQ + QLK)
B QA+ A+AQT AKT| QT
= [Q QL} KA 0 Qr

If we denote B = QA + A + AQ” and C = KA, then one can easily see that
YeTyYCS.

To complete the proof, we need to show that S = T3 YJNJ. This implies that two
vector spaces S and Tyj~2 have the same dimension. Indeed, from (A.1), we can easily
check that the dimension! of S is %]{:(27@ — k + 1), which is the dimension of y [81,

Proposition 1.1]. (]

"The dimension of S is obtained by counting the number of independent entries of an element in S.
Since B is a k X k symmetric matrix, the number of independent entries of B is @ In addition,
since C is an arbitrary (n — k) X k matrix, the number of independent entries of C is (n — k)k. Thus,

the dimension of S is @ +(n—k)k=1k@2n—k+1).
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Chapter B

Proof of Theorem 7

Proof: First, we partition a matrix A into two parts: A = A1+ Ao where A; € Tyj~/
and Ay € (TyY)L. Then, it is clear that P, 5(A) = Ay and thus the goal is to find
out the closed form expression of A ;. From Lemma 6, there exist a symmetric matrix

B < RF*F and a matrix C € R("=%)*k gych that

-~ |B ct| .,
A =Q Q, (B.1)
C o0

where@ = [ Q Q. }.Since< A1, As >= 0, we have

0 = <A1,A2>

= <A ,A—-A; >

- |B CT ~ - |B cT ~
= <Q Q .,A-Q >
C o C o
B Cc'l .. ~ |B CT
- < .QTAQ - > . (B.2)
C o C o
Let
Ay A ~ o~ QT'AQ QTAQ.
=QTAQ = , (B.3)

Asi Ay QTAQ QTAQ.
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then we have

B CT A A B CT
0 = < , - >
C o Ay Ay C o0

1
= <B,A;-B>+< C,i(A21+A{2) —~C >,
where the equality is because

(62T 8 5))

4
B B
< , >=Y <o B>

a3 Oy 53 ,34 i=1

Since B and C are chosen arbitrarily, we should have

<B,A;;1 —B>=0, (B.4)

<C, %(Agl +AL)-Cc>=o0. (B.5)
First, it is clear from (B.5) that
C= %(Azl +AD). (B.6)
Next, noting that A1; = Sym(A ;) + Skew(Aq;), (B.4) becomes

0 = <B,A;—-B>
= <B,Sym(A;;) —B >+ < B,Skew(A;;) >

@ < B,Sym(AH) —B >,

where (a) is because B is the symmetric matrix (i.e., B = Sym(B)) and < Sym(C), Skew(D) >=

0 for any matrices C and D. Since B is any symmetric matrix, we should have
1 T
B = Sym(Aq;) = §(A11 + Aqy). (B.7)

Substituting (B.6) and (B.7) into (B.1), we have

1 1
A, _g |2 AnTAL) 3(AL+ AL & (B.8)
3(Ag1 + AT,) 0
» J ¢ o ] "'l:} ]
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where A1, A9, and Ao are the components of A (see (B.3)).

Now, what remains is to find a closed form expression for A in terms of A. First,

we can rewrite (B.8) as

A - O %(Au +AT) (AL +Ap) Qr
3(A21 + AD) (A +AL)
Q 0 0 ~ 7
0 ;(Axn+ A7)
T
_ 1@( A A N A A &

Ao A Az Ag
—%QL(Am +A2)QT.
Substituting (B.3) into (B.9), we have
A = ,QQ7(A+A")QQ"
~5Q.(Q1AQ, +QIA"Q.)Q!

~ J(A+AT)-1Q,QI(A+AT)Q.Q]

= Sym(A) - Q,Q7Sym(A)Q. Q.
Since QQT + Q. QY =T and Pq = QQ7, we have

A; = Sym(A)—(I-QQ")Sym(A)I-QQ")

= Pstm(A) + Sym(A)PQ — PQSym(A)Pq,

which is the desired result.
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Chapter C

Proof of Lemma 8

Proof: Our goal is to find a simple expression of the retraction operator Ry (B).

First, since Z = Sym(Z) for Z € ), we have

IY +B - Z||% IY +B — Sym(Z)||%

= ||Skew(Y + B) + Sym(Y + B) — Sym(Z)||%  (C.1)

ISkew(Y + B)|[% + [Sym(Y + B) — Sym(Z)|| (C.2)

= |Skew(Y + B)|[% + [Sym(Y + B) - Z| %, (C3)

where (C.1) is because Sym(A)+Skew(A) = A and (C.2) is because < Skew(C), Sym(D) >=

0 for any C and D. Since the first term in (C.3) is unrelated to Z, it is clear that

Ry (B) = argmin ||Sym(Y + B) — Z||r.
Zey

Using the eigenvalue decomposition Sym(Y + B) = KXK', we have
Ry(B) = argmin|KXZK”? - Z||p
Zey
= argmin |K (¥ - K"ZK) K" ||r

Zcy
(@ argmin || — KTZK||F,
Zcy
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where (a) is because | KUK’ |2, = tr(KUTKTKUK) = ||U||% for any matrix
U. Now let Ry(B) = Z*, ¥* = KZ*K7', and Q = KTZK, then

¥ = KZ'K? =arg inn 1= - Qlr. (C.4)

Since X is a diagonal matrix, 3* should also be a diagonal matrix. Also, X* > 0 and
rank(X*) = k.! Thus, $* is a diagonal matrix with only k positive entries and the rest

being zero. That is,

op 0 0 0 0
0 o9 0 0 0
0
=10 0 - o 0 01, (C.5)
o o0 --- 0 O 0
0
o 0 --- 0 O 0

where o1 > 09 > --+ > 03,>0. Recalling that Sym(Y + B) = KXK7, we finally
have

Ry(B) = KXZ'K" = Wi(Y +B),

where the last equality is from (3.11). O

'Since Z* € Y, Z* = 0 and also £* = KTZ*K = 0 and rank(X*) = rank(K”Z*K) =
rank(Z*) = k.
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Chapter D

Proof of Theorem 9

Proof: 1In general, Euclidean gradient Vy f(Y) can be obtained by taking partial
derivatives with respect to each coordinate of the Euclidean space. Since Vy f(Y) is
interpreted as a matrix whose inner product with an arbitrary matrix H becomes the

Frechet differential D f(Y)[H] of f at'Y [104], that is,

Df(Y)H] = Z hijajijf(Y)a

ij

it is convenient to compute Vv f(Y) as a unique element of R”*™ that satisfies
< Vy f(Y),H>=Df(Y)[H], (D.1)

for all H. We first compute D f(Y)[H] and then use (D.1) to obtain the expression of
Vy f(Y). Note that the cost function f(Y) = 3||Pr(9(Y) — Pr(Dops)||% can be
expressed as f(Y) = h(k(Y)) = (ho k)(Y) where

hR) = %HRH%, (D:2)
k(YY) = Wo(Pg(9(Y)) — Pr(Dos))
= Wo(Pgog)(Y)—WoPgr(Dus). (D.3)

Thus,
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For any two square matrices R and A, we have

Dh(R) [A] = aij (;h(R)
X ij

)

o 1
= ZaijaTU(g > ")

i,j Pq

= > ayri;

]

= <R, A>. D.5)
By choosing R = k(Y) and A = Dk(Y)[H] in (D.5), we can rewrite (D.4) as

Df(Y)H] = <k(Y),Dk(Y)H] >

@ < k(Y),D(W o (Pg(g9(Y) — Dops)) [H] >
® <k(Y),D(Wo (Pgog)(Y)) [H] >
= < Wok(Y),D(Pgog)(Y)H] >

© < Wok(Y),DPs(g(Y))[Dg(Y)[H]] >,

where (a) follows (D.2), (b) is because Pr(Dps) is not a function of Y and thus the
Frechet differential of this is zero, and (c¢) is due to the chain rule.
Before we proceed, we remark that if S is a linear operator (i.e., S(a1A; +

O[QA.Q) = alS(Al) + QQS(AQ)), then
DS(A)[B] = S(B) (D.6)

for all matrices A and B (see Example 4.4.2 [105]).
Since Pg is a linear operator, DPg(g(Y))[Dg(Y)[H]] = Pr([Dg(Y)[H]) and
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hence

Df(Y)H] = <Wok(Y),Pr(Dg(Y)H]) >

_
Iz

< Pp(Wok(Y)),Dg(Y)H] >

—
=
=

<Wok(Y),Dg(Y)H] >

—
3
~

< W o k(Y), g(H) >

—~
S
=

2 < W o k(Y), Sym(1diag(H)T) >

—2 < Wok(Y),Sym(H) >, (D.7)

where (a) is because Pg is a self-adjoint operator', (b) is because Pr(k(Y)) =
Pe(Wo(Pgog)(Y)—WoPg(Dgs)) = Wo(Pgog)(Y)—=WoPg(Dys) = k(Y),
(c) is because g is also a linear function and thus Dg(Y)[H] = ¢g(H), and (d) is due to

3.1).
Now, the first term in (D.7) is

2 < W o k(Y), Sym(1diag(H)T) >

_
IS

2 < Sym(W o k(Y)), 1diag(H)”

—
=
=

—
2]
~

2 < Sym(W o k(Y))1, diag(H) >

)

2 < Sym(W o k(Y)), diag(H)17 >
)
(

_
I=

2 < eye(Sym(W o k(Y))1),H XD.8)

where (a) is because Sym() is a self-adjoint operator, (b) is because < U,V >=<
UT, VT >, (c)is because < A, b1” >=tr(ATb1T) = tr((A1)"b) =< A1,b >,
and (d) is because eye() is the adjoint operator of diag(). Next, the second term in

D.7)is

—2<Wok(Y),Sym(H) > = —-2<Sym(Wok(Y)),H>. (D.9)

"Let A and B be two linear operators in R™*". If < A(A),B >=< A,B(B) >, we say .A and B

are adjoint to each other in R™*™. Further, if A = B, then we say it is a self-adjoint operator.

138



From (D.7), (D.8), and (D.9), we have

DfF(Y)H] = 2 < eye(Sym(W ok(Y))1),H > —2 < Sym(W o k(Y)),H >

= < 2eye(Sym(W o k(Y))1) —2Sym(W o k(Y)),H >  (D.10)
From (D.1) and (D.10), we have
Vy £(Y) = 2eye(Sym(W o k(Y))1) — 28ym(W o k(Y)),

which is the desired result.
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Chapter E

Proof of Lemma 10

Proof: If Y; is the optimal point (i.e, Y; = arg H%i(n f(Y)), then gradf(Y,;) = 0

and Y;11 = Y;. Forall a; > 0, we have
[(By,(iPi)) = f(Yiy1) = f(Yi) + 7oy < grad f(Y;), Pi >,
satisfying A1. Next, we consider the case where Y,; # arg n%i(n f(Y). First, we let

gla) = f(Ry,(aPy)),
ha) = f(Y;)+7a<gradf(Y;),P; >. (E.1)

Note that < gradf(Y;),P; >< 0 (see Lemma 13) and g(a)) > 0. Since ¢g(0) =
f(Ry,(0)) = f(Y;) = h(0), g(o) and h(«) intersect at « = 0. Also, when 7
varies from 0 to 1, the slope of h(«) varies from 0 to | < gradf(Y;),P; > |. Since
% =< gradf(Y;),P; >, h(a) is the tangential curve of g(«) at « = 0 when
T = lfl"ﬁ)lus, there exits 0<7<1/2 such that h(«) intersects g(«) at some point av>0,

which means that there exist ;>0 satisfying
f(Ry,(aiP;)) = g(ai) < h(ai) = f(Y3) + 7os < grad f(Y;), P; >,

which completes the proof.

140



Chapter F

Proof of Lemma 12

Proof: First, a lower bound of ||Vy f(Y;)| r is given by

IVY f(YD)lIE @ [2eye(Ri1) — 2R %

—
=
=

12eye(Ri1) |1 + [|2Ra] 7

v

2R |7

4|W o W o (Pp(D;) — Pp(D))|%, (E1)

where (a) is from (3.15) and (b) is from the fact that diagonal entries of R ; are all zeros
and eye(R ;1) is a diagonal matrix. That is, positions of nonzero elements in eye(R;1)
and R; are disjoint. An upper bound is obtained as follows.
IVyf(Yi)llr < [2eye(Ril)||r + [ 2R F
@ Jl2Ri1 2 + | 2Rl
QD 2RilFllllz + 2|Rillr
< (2vVn+2)|Rillr
(2vn +2)[[Pe(Di) — Pe(D)|lF, (F2)

IN

where (a) is because ||eye(b)|| = ||b]|2 for any vector b, and (b) is because ||Ab||2 <
|A||r|/b||2 for any matrix A and any vector b. By combining (F.1) and (F.2), we

obtain the desired result. O
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Chapter G

Proof of Lemma 13

Proof: Recall from (3.23) that we have

Piy1 = —gradf(Yi1) + /Bi—&-lPTYHIj}(Pi)‘

Thus,
< —gradf(Yit1),Piq1 >
= | —eradf(Yir )i+ Bir1 < —gradf(Yis1), Pry | 5(Pi) >
= || —gradf(Yiz) |} + Bir1 < —Pp, . yleradf(Yip)), Py >
@ || - grad f(Yir1) | F + Bi1 < gradf( i+1), Py >

where (a) is because gradf(Y;+1) € Ty

it+1

?. Then we have

|< grad f(Yis1), Pip1 > +grad f (Yo )z = Bir1|< gradf(Yis1), Py >|

where (a) is from the assumption A2.

@ By < —gradf(Y,), P >,

If we denote (; = — M, then

l[gradf (Y:)1%

|~ Givtllgradf (Yo )T + llgrad f(Yirn) 7| < BisapGllgradf (Yo) |7
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and also
lgrad f(Y4) (1%

lgradf (Yit1)lI%

llgrad f (Y|

| = Gir1 + 1] < pBita G- (G.1)

From Fletcher-Reeves rule in (3.31), we have ;11 TeradF (Yo )% = 1 and thus
i F
| = Gir1 + 1| < s
In other words,
Gr1 > 1—pg, (G.2)
and
Gir1 < 14 pug
G < 14 pG-1
G < 1+ upG,
where we set (; = 1. Thus,
-1
G < >
§=0
1— 7
- ul (G.3)
I—p
From (G.2) and (G.3), we finally have
1—
. > 1-—
Gir1 = % 1— 4
B 1—2u+ IuiJrl
= - ,
which is the desired result. O
[
SR
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Chapter H

Proof of Lemma 14

Proof: From (3.22), we have

grad f(Yy) = Pry 5(Vy f(Y3)),

where Vy f(Y;) is the Euclidean gradient. Let PY% 5 be the orthogonal operator on

Y5

the complement space of Tyij}, then we obtain

IVY FOYIE = 1Py, 5(Tv S (Y0) + P (Vv (Vo)

= “PTYij(VYf(Yi))||%+HP;_Yij}(va(Yi))H%‘y (H.1)

and hence

leradf (Yo)le = 1Pr, 5(Vy f(Yi)lE

= Vv /(Y)E - ||PTLYi3~,(Vyf(Yi))H%- (H.2)

Now, we define

I1PE (Y f(Y))IF
sup Yo i VY f(Y)|r #0

X e YE{Yz}fi1

(H.3)
1 otherwise
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Note that 1 > y > O because | Vy f(Y)||r > ||P:# j}v(VYf(Y))HF (see (H.1)). From
(H.2) and (H.3), we have

1P (Vv F(Yi)lE
IV (IR
> (L=O)IVyf(Ya)lE (H.5)

lgrad f(Y3)|7 = |1 IVy (Y7  (H4)

Now, what remains is to show that | Vy f(Y;)||% > 8f(Y;). Indeed, from Lemma 9,
we have

IVy f(Y)l[E = lleye((R + R)1) — 2R||%,

where R = Pg(g9(Y;)) — Pr(D). Noting that R is symmetric with zero diagonal

entries r;; = 0, we have

1
EHVYf(Yi)H% = eye(R1)|% + |R[% — 2 < eye(R1),R >
= IRUB R -2 (S | v
( J
= Rl + |R|%
> |IR|%
= 2f(Yy). (H.6)
By substituting (H.6) into (H.5), we obtain the desired result. O
] |
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Chapter I

Proof of Lemma 15

T
Proof: Bydenoting x; = | x;; o -+ T } , we have
k
p=P(d; <r)=P(|xi — x|} < %) = P (i — 20)* < 1?).
t=1

Before finding the general form of p, we compute the distribution of Y = (X — X5)?
where X and X5 are i.i.d. uniformly distributed random variables at unit interval. Let

Z = X3 — Xo, then the cdf of Z is given by

E

Fz(z) = Z < z)

I
)i

X1 — X2 S Z)
1
P(Xl <z+ l‘Q‘XQ = J‘Q)fxz(l‘g)dxg

1
P(X;<z+ $2)fX2 (z2)dxs

1
Fx, (Z + $2)fX2 ($2)dl'2-

I
S— S— S—

Thus,

fa) = Fe
- { _ |2 ifly <1

otherwise
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Now, we can easily obtain the cdf of Y = Z2

1 ifl1 <y
Fy(y)=q2yy—y if0<y<1.
0 ify <0
and also the pdf of Y
1 .
—-=—1 if0<y<1
Fry)=4qv" : (LD

0 otherwise

Using this, we can compute p as

k
p = Pr(Zyt§r2>
t=1
= // fyhm,yk(al,...,ak)doq...dak

a1 tagt...+ag <r?

_ // Fy(a)... fy (an)davy...day,, 12)

artag+t...tap<r?

where y; = (x; — :cjt)Q. When the sensor nodes are located in two dimensional Eu-
clidean space (k = 2), we have
p= / fyi (o) fys (a2)daq dors.

a1taz<r?

Lett = a1 + ao, then we have

p = / fvi (1) fyy (@2)dardag

a1taz<r?

r2 1
= / {/ fvi(a1) fry(t — a1)day | dt
0 0

2
= /0 ' fvi () * fry (t)dt. 1.3)
After some manipulations, we have
T—4Vt+t ifo<t<1
fr®)* fro(t) = q2sin ' (2 1) +4V/T—1—t—-2 if1<t<2. (14
0 otherwise
] -1]
= -
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u

Let hi(u) = [(m — 4Vt +t)dt (0 < u < 1) and ho(u) = [(2sin™!(

[N
\
—
~—
+

)—‘%g

0
4yt — 1 —t —2)dt (1 < u < 2), then we have

hyi(r?) ifo<r<1
p=19hi(1)+ ho(r?) ifl1<r<+2,
1 otherwise

where hi(u) and ha(u) are given by

u

8 1 8 1
hl(u) = mt— §t3/2 + §t2 = TTU — §U3/2 + 5’11/27
0
u u
8 1 2
ho(u) = g(t —1)%2 - 5152 —2t| + 2/sin_1 <t - 1> dt
1

1

1 [ 2
— =) J-Du+5)+2 [ sin! (t - 1) d,

1

B -1 (2
= 3(u 1) 2(u 1)(u+5) + 2usin " 1

2
+3vu—1—m—1.

sin_l(%—l)
14 tan <2>

Denoting p1 () = h1(1) + ha(r?), we get the desired result for k = 2.

+

Similarly, when the sensor nodes are located in three dimensional Euclidean space

(k = 3), we have

p = // fvi (1) fr, (@2) fys (as)dardasdas

a1 tastaz<r?

r2 1 1
— /0 |:/0 /0 le (al)fYQ (a2)fY3 (t — Q] — a2)da1da2:| dt

_ /0 Uol Uol Fra () fry (1 — al)dal} Fra(t — u)du] dt

2

- /0 " () % Fu (0] % frs (1)t
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After some manipulations, we have

ha(t) if0<t<1

ha(t) if1<t<2
[fY1(t)*fY2<t)]*fY3(t) — 3\~ . > (L5)
h5<t) 1f2§t§3

0 otherwise

1
h3(t) = 4tVt+ 2wVt — 3mt — 5:52,

1 1
ha(t) = 31 —4mVi+ (3 +4)t + t2—8t\/t—1—3\/t—1+2(t—1)2

—4tsin™ \/7+4tsm \/1—7—2tsm <—1>

1+ tan <Sin_lg§_1)> ’

~ 1 t—2
hs(t) = 3\/t—2+4t\/t—2—4t—5(t—1)2—3+8\/itan—1 —
—8tan" '/t —2—4(t —1)sin! o —|—2(t+1)s1n "
1
—8v/ttan™! + 8tan~? +4 t—1)sin~
t(t—2) t—1
_|_

sin—1(2=t )
1+ tan <2(t_1)>

u

Now, we let hz(u th £)dt (0 < u < 1), hy(u) = [ha(t)dt (1 < u < 2), and
1
hs(u) = [ hs(t)dt (2 < u < 3), then we have
2
h3(r?) ifo<r<1
hg(l) + h4(7“2) fl1<r< \/i 16)
p= ; :
ha(1) 4+ ha(2) + hs(r?) ifvV2<r <3
{ 1 otherwise
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where hg(u), ha(u), and hs(u) are given by

4 1
hs(u) = lu\/ﬂ—i- §u2\/ﬂ — %uQ — 6u3,
3 4 1 1 )
hy(u) = 37ru——uf F+ 2+6u3+6(u—1)3—g—§—6\/u—1
28 16 1
—g(u—l)\/u—l—g(u—l) Vu—1—2u?sin™ \/;
1 2 1
2u?sin ™! A /1 —— —u?sin! ( - 1> — 6 3
U U 3(1+tan( sin 1(%—1)))
. 1
(1 —I—tan( sin 1(%—1)))27
1 2
hs(u) = 2(u—2)\/u—2—2u2—é(u—1)3—3u+?9+§(u—2)2\/u—2

16v/2

22
—(u—2)Vu—2+ 14vVu — 2 +<—12)7r—|—2tan_1\/u—2

3
u—2

-2
—8utan~' Vu — 2 —i——u\ftan \/L 2u(u — 2)sin~!

Fu(u + 2) sin~? (3 — 1;) — —u\ftan + 8u tan~
u— \/ \/ _

1

A T )
(1—|—tan< sin~ (%)))2

By denoting p2(7) = h3(1) + ha(r?) and p3(r) = hg(1) + ha(2) + hs(r?), we get the

+2u(u — 2)sin~!

desired result for k = 3.
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Chapter J

Proof of Lemma 17

Proof: Since [|[A|% = |Pr(A)||2+|P5(A)|

2, we canrewrite t| Al|% < | Pe(A)|%
as

tIAlE < |AIE — IPE(A)E,

and also

IPE(A)IE < (- t)lA]E. d.n

To show that (J.1) holds true with overwhelming probability, we first have

P(|Pg(A)|E > (1 - t)l|A[%)

= P(exp(e| Pr(A)|[F) = exp(e(1 — t)[|A[|F))

@ exp(—e(1- 1)) AlI})E [exp<eu%<A>u%>}
® exp(—e(1 —t)||AF)E | [ exple(1 - dij)af)) | , J.2)
i#£]

for any >0, where (a) follows from the Markov inequality and (b) is from || P54 (A)||% =
> (1 = dij)af; (see (3.32). Let Q = {(4,]) : aij # 0} (i.e., Q is the index set of
i#]

nonzero entries of A), and N = 2108219} (] is the cardinality of Q). Also, let Q be
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a subset of Q) such that || = N, then

H exp(e(l — (5ij)agj)

i)
< [T exmea)E| J[ exp(et - dij)al)
(6,)€(2\Q) (i.4)€Q
1/N
(@) H exp(ea ( H E [exp(Ne(1 — 6;5)a w)})
(1,5)€(Q\Q) (i,5)€Q
1/N
= I ewea) T[ (0 -p)exp(NeaZ)+p)"
(i,4)€(2\D) (i,)eC
= H exp( ea H exp( ea 1—p+pexp( Nea?j))l/N
(1,5)€(\D) (i,5)€
2 \\1/N
= H exp( ea H 1—p—|—pexp( Neaij))
(,4)€Q (4,§)€Q
2 \\1/N
= exp(c|Al7) J] (1-p+pexp(—Nea)))
(1,/)€Q
N
O exple|al}) T] (1-p+pexp(-Nead;,)"
z,j)eﬂ
(:) exp(ﬁHA”F)( _p+pexp( Nﬁamln))? (J3)

1M
where (a) is because E [H A; ] ( ITE [AM ]) for positive random variable A;
=1 =1

and M = 29 (¢ > 1), (b) is because ami, = (m)mQ |a;j], and (c) is because \§| =
N

In summary, we have

P(IP5(A)lE > (1 - t)|AlE) < g(e),

where g(€) = exp(mtNea2;,) (1 —p+ pexp(—Nea2,,)) (m = ||A]|%/ (a2, N)).
If 0<mt<1, we obtain the minimum value of g(e) at ¢* = 1/(Na?. )log((1 —
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mt)p/((1 — p)mt)). Thus,

P(IIPz(A) 7 > (1 - t)|AlE)
g(e”) o

(i) )

= exp (— <(1 — mt) log <11—_n;

which is the desired result.

IN
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Chapter K

Proof of Lemma 19

Proof: We first denote B = g(Y) — D, and then express B =}, < B,eie? >

e;e] , which gives
PE(B) = Zél] < B,eie? > eief.
i#£]

Recalling that [(A) = 2eye(Sym(A)1) — 2Sym(A), we have

Vy f(Y) = U(Pe(B))
= l(z d;j < B, el-e]T > eie]T)
i#]
(a) Zéij < B,eiejT > l(eie]T)
i#]
= Z 5ijsijl(eiejr),
i#]

where s;; =< B, eie;r > and (a) is because [(aC + D) = ol(C) + BI(D).
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Now, if we let I = ||[Vy f(Y)|% — ¢?||grad f(Y)||%, then we have

I =

Z Z 5ij5uv5ij3uv < l(e’ie?)a l(euez;) >
i#£j uFv
~Y ) 6i0usijsun < Prg(l(eie])), Pr 5(l(euer)) >
1#£j uFv
D) ijbuvsijoun < lese] ), l(eue] ) >
i#£j uFv
—? Z Z 6ij5uvsijsuv < PTYj;(l(eiejT)), l(euef) >
1#£] uFv
Z Z 5ij6uv5ij5uv < (I — c2PTY§)l(eie;‘~F), l(eueg) >
i#j uFv
DD Sijbulsijsun < (T —EPp p)l(eie] ), l(ewey) > |
i;éj uFv
= ZZ 52 + 02 )|8158u0 < (T — CQPTYj)l(eieJT),l(euef) > |
z;éj uFV
1
5 Z Z(dij + Ouw)|SijSuv < (Z — cQPTYj;)l(eie;‘-F),l(euef) > |
i#£j uFv
1
3 D 05> Isigsun < (T — PPy p)l(eie] ), l(ene]) > |
i#£j uFv
1
+5 D 0 Y lsijsun < (T = Ppy)l(eve] ), l(ese] ) > |
1#£] uFv
Z dij Z |8ijSuw < (T — CQPTyj;)l(eie]T), (e el) > |
z;éj uFv
1
—|—§ Z dij Z |8ij5un < l(eyel), (T — cQPTYy)l(eieJT) > |
1] uFv

Z dij Z |sijSuy < (L — C2PTY3~})l(eZ~eJT), l(eyel) > |,
1#£j uFv

where (a) is because

il
<Pp 3(E).F> = <P, 3E),P5F)>+<Pp5(E), PTYy(F) >
= < P 3(E), P 5(F) >,
(b) is because z2 + y?> > 2zy (x,y > 0), and (c) is because (Z — C2PTYj;') is a
self-adjoint operator. U
] -11
= ]

155



Chapter L

Proof of Lemma 20

Proof: Recalling that [(A) = 2eye(Sym(A)1) — 2Sym(A ), we have

l(eie?) = Qeye(Sym(eie]T)l) - QSym(eiejT)
= eye(eie;‘-Fl + eje;fpl) — eie;fr - ejez-T
@) eye(e; + ej) — eiejT — eje;fF
= eie;-r + ejejT — eie;r — ejeiT

= (ei—ej)(ei —e))’,

where (a) is because eye(e;el'1) = eye(e;). Let § = e; — e, then [(e;el) = 657 .
y 7 y J J
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Also, if n? > 4cu(Y)2k?, then

| < (Z - cPTYj)l(eie;‘-F),l(eie;"F) > |
= |<(T- cPTnyv)(saT, 86T > |
= | < 88" —cPp 5(667),86" > |
= | <688",66" > —c < Pp 5(667),88" > |
@ | < 867,807 > —c <PusdT + 66" Py — PpddT P, 867 > |
= | <867,86" > —c(< PpodT, 867 > + < 667 Pg, 667 >
— < Ppdd Py, 867 >)|
® 1676675 — (6" P76+ 6756 Pos — 6 P85 Poo))|
© ]18]l2 — c(2Pod|3]181I3 — IPalI2)]

@ |4 —4c|[Pdll5 + cl[Pqd|l.
4u(Y 2..2 1 Y 4.4
p(Y)“r L 6u(Y)"r

© 4-4c — v
4 Y22
> 4<1_cu<2>r>7
n

where (a) follows from Proposition 7, (b) is because < X, zz! >= tr(XzzT) =
z"' Xz, (c) is because P{P = Pg and thus 6" Pod = 6" PLPo6 = [[Pd|[3, (d)

is because ||§|3 = 2 for i # j, and (e) is because |Pgd|l2 = [|[Pge; — Pgejll2 <

IPgeill2 + |[Pgejll2 < 2u(Y)r/n (see Definition 5). O
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Chapter M

Proof of Lemma 21

Proof: For any t>0, we have

N

N
P(Z dia; > €) = P(exp(tz&ai) > exp(te))
i=1 i=1
exp( Zé a; ]
2n
(? exp(—te+t Z a;)E exp(tz&ai)]
i=1

(%) exp(—

i=2n+1 L
N 2n
= exp(—te+t Z a;)E Hexp(téiai)]
i=2n+1 i=1
1
on
(g) exp(—te+t Z a;) <HE exp(td;a;))? ])
=2n41
a1
A 2"
= exp(—te+t Z a;) < E [exp(td;a;2 )])
=241 =1
1
2n o
@) exp(—te+t Z a;) (H 1—p+pexp(t2 al))>
1=2"+1 i=1
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N

= exp(—te+t Z a;)

i=2n41

on om
<H exp(t2”a;)((1 — p) exp(—t2"a;) + p))

i=1
N
= exp(—te+t Z a;)
i=2n 41
1 1
2n 77 /on o
(H exp(t2”ai)> <H((1 —p)exp(—t2"a;) + p))
i=1 i=1
N
= exp(—te+t Z a;)
i=2n41
1
2n 2n 7
[ exp(ta:) (H(a — p) exp(—t2"a;) + p)>
i=1 i=1
N
= exp(—te+t Z a;)
i=2n 41

2n on o
exp(tz a;) <H((1 —p)exp(—t2"a;) —|—p)>

i=1

N 2 7
= exp(—te +t Z ai) (H((l — p) exp(—t2"ai) + p))

i=1 i=1

N on am
(Z) exp(—te+t Z a;) (H((l — p) exp(—t2" amin) + p))

i=1 i=1
N

= exp(—te+t Z a;)((1 — p) exp(—t2"amin) + p),
i=1

where (a) follows from the Markov’s inequality, (b) is because d; < 1 for all 4, (c) is
M M

because E[[] Xi] < ( [XM])}/M for positive random variables X; and M = 29
i=1 i=1

(g > 1), (d) is because J; is Bernoulli random variable with P(é; = 1) = p, and (e) is

because @i, = min a;.
KA

N
Let g(t) = exp(—te +t > a;)((1 — p) exp(—t2"amin) + p), then the minimum
i=1
of g(t) is obtained at t* = 1/(2"amin) In((1 — me)(1 —p)/(mep)) (m = (Zf\il a; —
#:x_'i _'-.;.'2. 7 |i
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€)/(2"€amin)). Thus, we have

N
=1

g(t")

()

—-p
me

me
exp <— <me log <1—p

when 0<me<1 — p, which establishes the lemma.
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